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ABSTRACT

The Planar k-Centra Single-Facility Euclidean Location Algorithm was used to
strategically locate an Air Ambulance Response Facility in the BrongAhafo Region of
Ghana which will be closest to the k-6 farthest districts. Sixteen(16) rectangular co-
ordinates were generated for 16 district capitals as the inputs for the algorithm. Matlab
codes were written and used to pin tha algoritintsJhe' algorithm generated (397.3km,
929.2km) as the plane Cartesian rectangular coordinate of the optimal point with
273.8km as its objective function value which. is given by sum of the distances of 6
farthest locations away from the optimal loeation. The proposed community for the Air
Ambulance Response Facility was found to coineide with Tadieso, a village which is

about nine (9) kilometres away from Techiman in the BrongAhafo Region of Ghana.



TA BLE OF CONTENTS

CONTENT

CERTIFICATION
DECLARATION
DEDICATION
ACKNOWLEDGEMENT
ABSTRACT

TABLE OF CONTENT
LIST OF TABLES

LIST OF FIGURES

CHAPTERI1: INTRODUCTION

1.1.Background Study

1.1.1. Ambulance

1.1.2. The History of Ambulance

1.1.3. Types of Ambulance

1.1.4. Air Ambulance

1.1.5. Facility Locatienr=An-Qyerview
1.1.5.1.Type of Location Problem
1.1.5.2.Nature of Solution Space
1.1.5.3.Distance Metric

/—4
1.1.5.4. Type of Objective Function

~___L1.6. Planar K-CentraSingle Facility Location Problem

1.2. Problem Statement

1.3. The objective to the study
1.4. Methodology -
1.5. Significance of the Study
1.6. Organization of the thesis

Vil

PAGE

II
III
IV

VI
IX

Q0 =~] N Lh Wb W W N



CHAPTER 1: LITERATURE REVIEW

2.1 Pure Location Problem

2.1.1 Rectilinear Distance Metric Problem
2.1.2 Euclidean Distance Metric Problem
2.1.3 Location Allocation Problems

2.1.4 K-Centra Problems

CHAPTER 3: METHODOLOGY

3.1.0ptimization

3.1.1. Definition of an Optimization Problem

3.1.2. Decision Variable

3.1.3. Objective Function

3.1.4. Inequality Constraints

3.1.5. Feasible Solution

3.1.6. Optimum Solution

3.1.7. Types of Optimization.problems

3.2.Problem formulation and the' Weizsfeld’s Adgorithm
3.2:1. M_gg‘lel Formulation

3.2.2. The Weiszfelds Algorithm

___32.3. Solved example for Weizsfeld’s Algorithm

3.3.Application of Weiszfeld’s Algorithm to k-centra problem

3.4.Solved Example Illustrating Real Life Location Scenarios

3.4.1. Problem with RandomExisting Locations

viil

18

20

20

21

22

22

25

23

25

27

27

27

28

28

28

31

31

32

34

37

40
40



CHAPTER 4: DATA COLLECTION AND MODELLING
4.1. Study Area (BrongAhafo Region)

4.2. Data Collection

4.3. Map of BrongAhafo Region with Its District Capitals
4.4. Data Processing

4.5. Model Formulation

4.5.1. ThePlanar K-Centra Algorithm

4.6. Computational Procedure

4.7. Results

4.8. Discussionof Results

CHAPTER 5: CONCLUSSION AND RECOMMENDATION

5.1 Conclusion
5.2 Recommendation

REFERENCES

APPENDICES

APPENDIX A-MATLAB-METHODOLOGY

APPENDIX B-MINIMAX LOGIC
APPENDIX C-MATLAB-CODE
APPENDIX D- MATLAB SOLUTION

_--""""-.-'F

iX

50
50
51
52
53
54
54
56
56

57

59

59
59

61
64
61

66
2
82



TABLE

TABLE:

TABLE:

TABLE:

TABLE:

TABLE:

TABLE:

TABLE:

TABLE:

TABLE:

3els

5

2.0,

3.4.

3.5.

3.6.

3.7.

3.8.

4.1.

LIST OF TABLES

Weiszfeld Example Coordinates
Problem of Random Cities
Elzinga-Hearn Algorithm
Distance Algorithm

viValues

A\;Values

WF Values

Objective Function Values

Table'showing sources of.data

TABLE: 4.2.Table showing codes for district eapitals and

their various x and y coordinates

PAGE

34

4]

44

45

46

47

48

48

52

53



FIGURE

FIGURE: 1.1.
FIGURE:
FIGURE:
FIGURE:
FIGURE:
FIGURE:
FIGURE:
FIGURE:
FIGURE:

FIGURE:

12
155
1.4.
15S:
Lyl I
£ 8
3:3.
4.1.

4.2.

LIST OF FIGURES

PAGE
Types of Location Problem 5
Nature of Solution Space 6
Classification of Distance Metric 8
Types of Objective Functions Involved 8
A schematic Examplé Qf"thé‘-.Single Eacility K-Centra Problem 13
A Flowchart showing k-centr@solution Approach 39
Graphical Representation of Problem of Random cities layout 42
Flowchart for the ElzingasHearn:Algorithm 43
The Map.of BrongAhafo Regien with its District Capitals 52
The figure is- shewing the 16 scatter points, 57

the diamond figured point'is the minimax and the-asterisk is the optimal point

Xi < h"*‘?ﬁg‘,ﬁc—%



CHAPTER ONE
INTRODUCTION
1.1 Background to theStudy
1.1.1 Ambulance

An ambulance is a vehicle for transportation of sick or injured people to, from or
between places of treatment forfan illess or injury, and in some instances will also
provide out of hospital medical care to the,patient. The word is often associated with
road going emergency ambulances which petform part of an emergency medical

service, administering emergengy ecaremtos those with acute medical problems

(Wikipedia, 17/09/20%11).

The term ambulance does however extend:to a wide range of vehicles other than those
with flashing warning lights and sirens, including a large number of non-urgent
ambulances which are for trénsport of patients without an urgent acute condition and
a wide range of vehielesdnchuding trucks, vans, bicycles;*metorbikes, statiop wagons,
buses, helicopters, fixed-wing-aitcraft, boats and-even hospital ships.

.--“'#‘J

The termrambulanceeomes from the Latin word ‘ambmulare’, meaning to walk or

move about which is a reference to early medical care where patients were moved by
SR

lifting or wheeling. The word originally meant a moving hospital, which follows an

army in its movements. During the American Civil War vehicles for conveying the

wounded off the field of battle were called ambulance wagons. Field hospitals were

still called ambulances during the Franco-Prussian War of 1870 and in the Serbo-



Turkish war of 1876 even though the wagons were first referred to as ambulances

about 1854 during the Crimean War. (Wikipedia, 17/09/2011).

There are other types of ambulance, with the most common being the patient transport
ambulance. These vehicles are not usually (although there are exceptions) equipped
with life-support equipment, and are usually crewed by staff with fewer qualifications
than the crew of emergency ambulances. Their purpose is simply to transport patients
to, from or between places of treatment. In most countries, these are not equipped
with flashing lights or sirens. In§ome'jurisdictions, thére is a modified form of the
ambulance used, that only carries one mgmber of ambulance crew to the scene to
provide care, but is not used to transport the patient. Such vehicles are called fly-cars.
In these cases a patient who requires transpoitation to hospital will require a patient-

carrying ambulancete.attend in.addition to the fast responder.

1.1.2 The History of Ambulance

The history of the ambulance begins in ancient times, wath the use of carts to transport

incurable patients by force.” Ambulanee was' first used for emergency transport in

1487 by the Spanish, and civilian vanants were put into operation during 1830s.
B _—

Advance in technology throughout the 19" and 20"™ centuries led to the modern self-

— powered ambulances.



1.1.3 Types of Ambulance

Ambulances can be grouped into types depending on whether or not they transport
patients, and under what conditions. In some cases, ambulances may fulfill more than
one function (such as combing emergency ambulance care with patient transport). The
functional types of ambulance are: emergency ambulance, patient transport
ambulance, response unit and charity ambulance. Other types of ambulance are
motorcycle ambulance, water ambulance, ambulance bus and air ambulance on fleet

but doing little work.

1.1.4 Air Ambulance

The study will mainly focus on anair-ambulance. An air ambulance is an aircraft used
for emergency medical assistancein situations where €ither a traditional ambulance
cannot reach the scene easily or quickly enough, or the patient needs to be transported
over a distance or térrain that ﬁlakes air transportation the most practical transport.
These and related operations-are referred to as Aero medieal. Air ambulance crews are
supplied with equipment that enables themsto provide medical treatment to a critically
injured or ill patient. Common equipment for air ambulances includes Ventilators,
medication, monitoring unit, CPR equipment and structures. An important distinction

—7hould be made between a medically staffed and equipped air ambulance which can

provide medical care in flight.

As with many innovations in Emergency Medical Service (EMS), the concept of
transporting the injured by aircraft has its origin in the military, and the concept of

using aircraft as ambulances is almost as old as powered flight itself. It is often stated .

3



that air medical transport likely first occurred in 1870 during the siege of Paris when
160 wounded French Soldiers were transported by hot-air balloon to France but this
canard has been definitively disproven. During the First World War air ambulances
were tested by various military organizations, and were used regularly for crash
rescue by the American Army and Navy within the United States, though none were
actually used in combat. Aircrafts were still primitive at the time, with limited
capabilities and the effort received mixed reviews. In post-World War 1, several

Dehavilland DH-4 were converted to air ambulances.for.the US Army and Navy.

The exploration of the idea continued, however, and fully organized air ambulance
services were used by France and the United Kingdom during the African and Middle
Eastern Colonial Wars of the 1920s; over 7,000 casualties were evacuated by the
French during this-period. By 1936, an organized military air ambulance service was
evacuating wounded“from-the Spanish Civil War for medical treatment in Nazi
Germany. The first use of helicopters to evacuate combat casualties was by the United
States Army in Burma during,World War 2, and the first'dedicated use of helicopters

by U.S forces occurred during the Korean War, during the pegiod from 1950-1953.

The first Civilian uses of aircraft'as ambulancesswere probably incidental. In Northern

Canada, Australia, and in the Scandinavian countries, remote, sparsely populated

.__._--"_'_' -

settlements were often in accessible by road for months at a time, or even year round.

_ A
Air ambulances were useful in remote areas, but their usefulness in the developed
world was still uncertain. Following the end of the World War II, the first civilian air

ambulance in North America was established by the Saskatchewan government in

Regina, Saskatchewan, Canada, which had both remote communities and great



distances to consider in the provision of health care to its citizens. The Saskatchewan

Air Ambulance Service continues to be active as of 2011 (Wikipedia, 17/09/2011).

1.1.5 Facility Location — An Overview

Since the thesis deals with the new facility location, the major elements considered
are type of location problems, the nature of the solution space, distance measures and

the objective function.

1.1.5.1 Type of Location Problem
A facility locatién preblem can.be classified according to the-nmimber of facilities

involved. As shown in-Figure 1.1, a new facility problem could be single or a multiple

facility problem.
New Eacilities
Single Multiple
| e
—  Point Area Parameter Decision Variable
Layout Problem - Other Independent Dependent

Figure 1.1: Type of Location Problem



A single facility location can be locating a single point or an enclosed area. Multiple
facility location problems can be problems defined by certain parameters like length
or certain decision variables. The obtained solution can be dependant or independent
of other parameters or decision variables. For examples, the new located point could

be dependent or independent of the existing customer’s location.

1.1.5.2 Nature of Solution Space

The other category of classification Svould“be’ the/solution space for the location
problem. As shown in Figure 1.2, some Spaces can be one-dimensional such as
locating points on a line while others are multidimensional as in locating points in 2-D
or 3-D spaces. The solution subspace can. be discrete (finite number of possible
location) or continuous (infinite number of possible locations). Also, the solution

space can be constraint bounded or.unconstrained.

Solution Space

Solution Dimension Muti-dimension
e
Discrete Continuous
Constrained Unconstrained

Figure 1.2: Nature of Solution Space



In continuous space, there is no restriction on the locationof the new facility. The new
facility could be located anywhere inside the convex hull. In the case of discrete space
problems, the new facility has to be located among one of the discrete points.

1.1.5.3 Distance Metric

Another form of classification is the distance metric sclected which could be
/NLLLICT. .
rectilinear, Euclidean or some +[h“~b‘ &ﬁgws (Figure 1.3). The most

common distanoe metric is the /, distance mtnic, where /, is given by Equation 1.
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Distance Measure

Rectilinear Euclidean Other

Figure 1.3:  Classification of Distance Metric

Other distance metrics include the weight 1 — o norm, round norm, mixed norms,

Jaccard, expected, central and mixed,gauges.

1.1.5.4 Type of Objective Function

The final category is'the.classifieation of objective functions. As shown in figurel .4, a
problem can be qualitative (generally facility layout problem) or quantitative (facility
location problem). Quantitative objectives could be minimization, maximization or

some other function depending on the formulated problem.

Objective

Qualitative Quantitative
”’."’—_—/_

Minimize Total Cost Minimize Max Cost

Other

Figure 1.4: Type of Objective Function Involved



Minisum is considered as one of the quantitative objective functions. It minimizes the
sum of the distance between the new facility to be located and the existing facility
locations. It is also known as the median problem. Minimaxinvolves minimizing the
maximum distance between the existing facility location and the new facility to be

located. It is also known as the center problem.

Maxisum is maximizing the sum of the distances between the new facility to be
located and the existing facility locations. Maximin is maximizing the minimum
distance between the existing facilitics and the“anew! facility to be located. The
maxisum and the maximin objective functions are useful for evaluating problems
involving undesirable facilities like nuclear waste sites, garbage dumps etc. a set
covering objective function refers to the problem in which a minimal number of new
facilities to be logated.are determined. The eonstraint involved is that the new facility
cannot be further than some pre-specified distance away from the existing facility.
The maximal covering problem has the number of new facilities to be located as the
problem input, but the distanee between the existing faeility and the new facilities is
to be maximised. These are the frequently, used objectivesfunctions of a facility

location problem.

In one important class of facility location problems, the goal is to find one or more

——

m—

center points in order Me the maximal distance between a demand point and
_—the facility that is nearest to it. These problems are called k-center problems, where k
is the number of desired facility locations. The simplest problem in this class is the
‘basic’ l-center problem, in which one is to find a point in the plane that minimizes

the maximal distance to a set of n demand points.



In another important class of problems, the goal is to find one or more median points
in order to minimise the average distance. (i.e. the sum of the distance) between a
demand point and the facility that is nearest to it. These problems are called k-median
problems, where k is the number of desired facility locations. When k = 1 the problem

is known as the Weber problem.

1.1.6 Planar K-Centra Single-Fagility Log¢ationProblem

Facility location handles problems with an aim of locating one or more service points
so as to satisfy objectives. In the case of this thesis, the optimizing factor 1s distance.
Median and center problems are well Known distance dependant location problems
with a multitude ©of applications.. The median approach locates a set of service points
in order to minimize the average distances from other customer location points. The
center approach handles a different type of location problem with the objective of
having farthest users as close.as possible. An application of center approach is the
location of emergency facilities. However, inwreal life applications, most problem that
come up generally require-a umique combination, of beth the discussed objective
functions. In the process of locating a néw facility, more than one deciding factors are
involved_.j"liis is due to the-faet that typically the cost associated with this decision 1s

very high. Thus approaches are evaluated and compared in order to be implemented.
Clele

A median approach provide solution where remote and low-population(less weight)
density areas are neglected compared to centrally situated or high-population (more
weight) density areas. On the other hand using a center approach may cause a large

increase in total travelled distance, thereby causing inefficient use of available space.

10



The problem is therefore to select the best factors out of the two objectives functions
to solve the problem. Similar logic problems are the centdian problem or the k-centra
problem. A centdian problem minimizes the convex combination of the center and
median objective function. The convex combination is decided depending on the

associated weights allocated to the customer points.

The objective of this thesis is to solve the planar k-centra single facilityproblem with
Euclidean distances. The problem statement is to locate a single service point that
minimises the sum of the distaneés t0 ‘the k-farthest démand points out of a set of
given points. A k-centra problem is a location analysis which encloses attributes from
both the center as well as the median approaches. However, this is not a linear
combination. In a k-centra problem, @ set value of % is predefined and is used in the
evaluation. If k=2;-then the corresponding,problem becomes a _center problem and
when k = n, the cortésponding problem becomes a median_problem, thus enclosed
both approaches. It also gives the decision maker a more flexible tool to make an
informed and a calculated deeision. A real life exampledfor a k-centra problem could
be locating warechouse to satisfy a.set-number of distant/customers. The advantage
here over a minimax solution for a similar preblem:is that the minimax approach
generally governed by a single largest distance. A good example here would be the
case of a;ti igi;lated unglg,czledma{ a significant distance from all other units. In this
case, the minimax problem is reduced to the minimization of the distance of the
e T

particular unit leaving few of the location decision unsatisfied.

A k-centra problem considers k largest distances thus encompassing more of the
problem characteristics before deciding on the solution. Another application is when

the problem is very large and there are a multiple of existing locations to evaluate,

LIBRaRY

KWAME NKRUMAM

INIVERSITY OF SCIENCE B TECLINM ne .
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thereby costing a lot of analysis time. The k-centra approach simplifies the solution
method by selectively evaluation does not sacrifice too many problem characteristics
and give a near optimal solution in a shorter period of time. However, the k-centra
method comes with a few disadvantages. Solution optimality is not guaranteed in case
of a k-centra method. The iterative nature of the solution method can cause the

problem to go in a loop.

The solution procedure used in this thesis is an extension of one of the oldest heuristic
methods existing in location s¢iengesWeiszfeldis algorithm. Starting out with
2nminimax solution (» being the number of demand points), the distance from the
radius of the solution would be reduced until & points lie outside the circle. Then,
minisum is applied on the problem and it is solved for the & points by considering the
smallest possible cirele that encompasses (# — &) points. The solution is tested for
feasibility, and if the eriginal & points are outside the smallest circle, the solution is
optimal. If not, this procedure is repeated again. The solution method used to solve
this problem would be an Alternating Weiszficld s _Algorithm. Here, Weiszfeld’s
algorithm would be alternated withaedueingadius points tntil all £ points are inside
the smallest possible cirele (one.ata time) and then Weiszfled’s is applied one more

time. This method is repeated until optimality is obtained.

-

—

12



Figure 1.5: A Schematic Example of the Single Facility k-Centra Problem

1.2 Problem Statement

The ambulance existed in most of the developed countries to transport sick or injured
people to places of treatment. This function of the;ambulance has saved a lot of life
especially accident\vietims and _has.alsosreduce maternal mortality in most of the
countries in the world.

Ghana as in-other developing countries, ambulance exist in only the regional capitals

g //’_
and some few district capitals and serve the purpose of transporting sick or injured

—people to referred hospitals. However, the people living in the remote areas have no

access to ambulance to serve the same purpose and as a result some of the victims die
before reaching hospitals inthe district capitals since most of the hospitals are sited at
the district capitals. Most of the people in Ghana living in the remote areas especially

BrongAhafoRegion are famers and sometimes get injured or snake bite in performing

13



their duties as farmers and find it difficult to be transported to the hospitals. Also
some of the pregnant women who live in the remote areas in the region also die in
cause of delivering especially when the condition becomes complicated because they
have no access to proper hospital or cannot be transported fastto the hospital.
Accidents generally occur in the region and some people have lost their lives as a

result of not reaching the hospital early.

Ghana being a developing country, most of the health facilities lack requisite medical
equipments to treat some of theé¢Complicated cases. In view of this most of the

complicated cases are referred to the so called well-equipped hospitals for treatment.

According to the Berekum Holy Family Hospital insthe BrongAhafo Region, in 2011,
7% out of 40 referred cases to the Sunyani Regional Hospital die before reaching the
hospital. Base on ‘this ther¢ is the need for a study that will eome out with useful
suggestions in order to minimize the situation. This prompted the researcher to locate
a single service point(an air ambulanee response unit) in the BrongAhato Region
using the Planar K-Centra Single-facility Fuelidean Location-Algorithm to minimizes

the sum of the distances to the k=farthest demand points-out-of.a set of given points.

Due to poor road network in the region and sometimes traffic and speed rumps on the
roads, so@__referred pa/t’igms—ﬂem clinics, maternity homes and hospitals die when

being referred to regional hospital in Sunyani.
PR

The aim of this thesis is to use the Planner K-Centra Single-Facility Euclidean
Location Problem Strategy to locate Air Ambulance Response Unit in the

BrongAhafo Region to minimize travel distances of K-6 farthest locations.

14



1.3 The Objectives of the Study

The objective of the study is to determine the optimal location of an air ambulance
response unit by the Planar K-Centra Single Facility Euclidean Algorithm in the

BrongAhafo Region of Ghana. Specifically, the study seeks:

1. To minimize the travel distances of transferring patients from the primary

hospitals to the Sunyani Regional Hospital in the BrongAhafo Region.

2. To reduce the rate at which patients di¢ when they have been referred to Sunyani

Regional hospital.

3. To locate a centre that is notytoo far from @ll the centres and also quickly

accessible to contribute to curb the situation.

4. To recommend to-.stakeholders the most appropriates’location for the Air

Ambulance Response Unit in the BrongAhafo Region.

1.4 Methodology

The problemis to locate an air ambulance response unit in the BrongAhafo Region so
as to minimize the travel distances between the new facility and the users using the
—planar K-Centra Single Facility Euclidean location strategy. The data type is a
primary data recorded from the map of BrongAhafo Region. The data was taken from
Town and Country Planning Department from BrongAhafo Regional Office. The

names of the hospitals in the region were obtained from the regional headquarters of

National Health Insurance Authority (NHIA). The data on the number of referred

15



cases was taken from the transport unit of Berekum Holy Family Hospital and
Sunyani regional Hospital in the BrongAhafo Region. The data will be in the x-y

coordinates. The algorithm used was the Weiszfield’s algorithm.

The scale for all the reading will be 1:50000. The software for the work will be the
Matlab and the focus will be on locating an air ambulance response unit to minimize
the total distance of the K-6 farthest customer locations. The resources for the study
include my personal laptop, the internet, Berekum College of Education Library, the
Sunyani Municipal Library, the Libragyhof Kwame,Nkmumah University of Science

and Technology (Kumasi) and Sunyani Polytechnic Library.

1.5 Significance of the Study
The study is significant because of'the following reasons:

e It will give an effective. coordinates for the computation distances and

subsequently a centrallocation for.an-air ambulance respofse unit.

e It will reduce the average-travel ‘timerand distances from all the k-6 farthest

costumer-locations to the air ambulance response unit.
e ‘_",..-"""__

e It will help to conserve fuel since the algorithm provides average shortest
O S5

distances for all customer locations.

e It will also help reduce the number of death cases when patients are being referred

to the regional hospital due to delay.

16



1.6 Organization of the Thesis

This thesis is structured as follows;

Chapter one deals with the introduction which comprises the background to the study,
the problem statement, the objectives, methodology, significance of the study and the

organization of the study.

Chapter two deal with the related literature relevant of the study. Chapter three
discusses the methodology used forsthe study, Chaptér four presents the results and
the discussion of the study. Chapter fivewhich is the last chapter, deals with

conclusion and the recommendations.
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CHAPTER TWO
LITERATURE REVIEW
2.0 Introduction

This chapter reviews the literature existing in the area of facility location. Facility
location problems date back to the 17" century when Fermat (1643) and Cavalieri, et
al. (1647) simultaneously introduced the concept, although this theory is widely
contested by location analyst expefts’ Liftte in 18"} dentury, Pierre Varignonpresented
NN D
"The Varignon Frame™” which an analog solution to the planar minisum location
problem. However, it started gathering more interest when Weber (1909) presented
the Planar Euclidean single facility -minisum problem in1909. The Weber problem
considers the example of locating a warehouse 1 the best possible location such that
the distance travelled. between the warehouse and ghe customer is minimized.
Weiszfeld f, 1937) conceptualised an tierative method (0-s6lve the minisum Euclidean

= = 4
problem today referred to as the Weiszfeld’s procedure.

_;

Hakimis (1964) mtroduﬂcd a bunmal paper-on lautmg one 1ar more points on a
network with the objective 10 minumze-the nmxxmum dlSlﬂnCL Francis et al. (1983)
presented a survey paper in location analysm which defined four classes of location
problems and described algorithms to optimize them. They are continuous planar,

discrete planar, mixed planar and discrete network problems.

Daskin et al (1998) reviewed various strategic location problems where they
emphasized that a good facility location decision is a critical element in the success of

any supply chain. They explained median problems, centre problems, covering
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problems, and other dynamic location problem formulations in the context of a supply

chain environment.

Facility location problems span many research fields like operation research,

mathematics, statistics, urban planning designing, etc.

Location analysis goes back to the influential book of (the German industrial author
Alfred Weber(1909). The research was motivated by observing a warehouse operation
and its inefficiencies. Weber considered the single warehouse location problem and
evaluated it such that the travel “distangesi for pigkups and replenishment were
reduced. Other notable work in this field"was by Fermat (1643), who solved the

location problem for three points constituting a triangle.

Another major concept in the field of location analysis was the concept of competitive
location analysis intreduced by (Hotelling, 1929). The-paper discussed a method to
locate a new facility considering already" existifig "eompetition. The considered
facilities were on a straight 1ine._ He proposed that the customers generally prefer
visiting the closest sérvice facility. He introduced the “Hotelling’s Proximity Rule”
which can be used to determiné-the market share-captured-by each facility. He just
considered the distance metric during-his-analysis: The Hotelling model was extended
by Dre.z_njrj_'f(’1_993) ﬁlmi/’ilgg@ged the concept of varying attractiveness among
competing facilities. He analyzed cost and quality factors in addition to distance
L
metric involved. Huff (1966) proposed the famous “Gravity Model” for estimating the
market share captured by competitors. The gravity model states that existing customer
locations attract business from a service in direct proportion to the existing locations

and in inverse proportion to the distance between the service location and the existing

customer locations.
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2.1 Pure Location Problem

Apure location problem deals with optimally locating one or more new service
facilities to serve the demand at existing customer locations. Selecting different
distance measures, and by using different constraints, we obtain different variants of
the multi or single facility location problem. Furthermore, we can introduce additional

variants by restricting new facility locations to specific sites, and by letting demands

be either stochastic or distributed over areas.

2.1.1 Rectilinear Distance Metric Problem

The rectilinear distance location problem 1s-a -variant of the classic location problem.
Rectilinear distance metric is-the axial distance between two corresponding points
taken at right angles from«egach other. Frameis (1963) first considered the single
facility location problem with rectilinear distances. The paper considered a simple
substitution method for solving the proposed problem. Francié (1964) also solved the
multi-facility rectilinear location problem with equal demand weights. The objective

function is as given by Equation 2.].

Minimize f@' == /l;@)ﬂ"f-/d(x o) IR SR S TR B @2.1)
___Where;

Wi = Weights associated with the locations.

m = Number of existing locations
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2.1.2 Euclidean Distance Metric Problem

The difference between Euclidean and rectilinear distances is that where rectilinear
distance metric considers right-angle distances, a Euclidean metric considers straight
line distances between points. In a plane with a points at (x;, y;) and (X3, y2), it is

given by Equation 2.2.

Minimize f(x, y) = \/(xl —x2)" + (y1 — y2)* TR ) " (2.2)

This problem is also known as the Weber problefit” It 1s also known as the planar
Euclidean minisum distance single facility docation problem, which adequately

defines its characteristic. The upper and lower bound on f.,. is as shown in Equation

2.3:

VEI(3)? + B(Y)2< = foe (Xt T o) S= Ftc G rec] Yo® re) ot vvneeens (2.3)

For collinear single facility loeation problems with Euelidean distances, a user can
always obtain an optimal,solution as _diseussed in the paper by (Rosen et al., 1993).
This thesis assumes thatthe existing facilities are.nen-cellinear. For non collinear
location problems, Weiszfield (1937) was-the first to propose a fixed-point iterative
method tbgt;s known as the Weiszfield procedure. Weiszfield’salogarithm iteratively

solves for the minisum location to the Weber problem based on the objective function.

_——-ﬂ-—.——“

Drezner (1985) in his paper conducted some sensitivity analyses for the single facility
problem. He studied various variants of the problem with weight restrictions and

location restrictions. <
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2.1.3 Location-Allocation Problems

Since 1963, when the first location-allocation model was formulated by Cooper
(1963), there has been extensive research on the field. The simplest location-
allocation problem is the Weber problem addressed by (Friedrich, 1929). This paper
discussed the steps in locating a machine so as to minimize the sum of the weighted
distances from all the raw materials sources. The seminal work in this area was on the
p-median problem, initially formulated by (Hakimi, 1964). The median problem was
considered on a graph and the objectiveifungtion was to réduce the average or the sum
of the transportation costs from the service facility to the demand locations. It was
derived that one of the optimal solutions locates the service facility on one of the

nodes of the network.

2.1.4 K - Central Problems

Most of the research-in.the field of location analysis focuses.on.the minimization of
the average (or total) distance. (median function) or'the minimization of the maximum
distance (center function) to somerservice-facilitys Approaches based on the median
model are Jp;_imarily concerned with achieving maximum spatial efficiency. This
approachEénerally prom::ms in which remote and low — population density
___areas are neglected in favour of providing maximum accessibility to centrally situated
and high — population density areas. To avoid this drawback, the center method can be
applied which primarily addresses geographical equity issues compromising optimum

spatial efficiency. Sometimes locating a facility using the center method doesn’t
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satisfy all the complex underlying constraints a location problem is associated with.

These factors led to more research in lieu of obtaining a compromise solution concept.

Halpern (1976) first introduced the cent — dian model as a parametric solution concept
based on the bicriteriacenter/median model. Halpern modelled the problem in such a
way that a compromise was achieved between median and centre objective functions
such that the inherent objective function characteristics of both the problems are
considered while solving. The two objective functions considered are total distance
minimization and the maximum distan¢e, minimization criterions. The goal here was
to find an optimal balance between efficiency (least - cost) and equity (worst - case).
However, this particular method can sometimesifail to provide a solution to a discrete
location problem mostly due to the limitations involved with direct combinations of

two different functions.

Hansen et al. (1991) intreduced.a" variation' of the cent’— dian problem in the
generalized center problem, which minimizes the difference between the maximum
distance and the average distance. This model can be extended to formulate solutions
for multiple facility location problems ona plane-as well.as on a network. This model

can also be applied to discrete location problems.

The k — centra problenj/rﬁlﬁqgt/was formulated by (Slater, 1978). The k — centra

model combines both the center as well as the median concepts by minimization of
o et

the sum of the k largest distances. If k = 2 the model reduces to a standard center

problem while with k=n it becomes a standard median problem. This paper

concentrated on the discrete single facility location problem on a tree graph.
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Peeters (1998) studied the k — centrum model and introduced a full classification of
the k — centrum criteria and some solution concepts. He proposed two different
variations on the median and the center functions each. The functions considered were
upper k — median where the sum of the k largest distances are minimized, lower k -
median where the sum of the £ smallest distances are minimized, upper k — center
where the k largest distances are minimized, and lower k— center where the k smallest

distance are minimized.

The k—centrum model is generally/reserved for {nweighted problems. However,
significant research has been performed to show that satisfying the above criteria is
not always necessary. Recently, Tamir (2001) selved a weighted multiple facility k —
centrum problem on paths and tree graphs using simple polynomial time algorithms.
In this method, weights are assigned to all the distances from the new location to the

existing locations and the distances are scaled aceordingly.

Ogryczak and Zawadski(2002) in their paper introduced the conditional median
method which is an extension of the k-centrum concept when applied to weighted
problems. The paper. propeses, that a K-centrum problem can be evaluated for
optimality by just considering only, that specifie-part of the demand which is in direct

proportion to the existing largest distances for a specified portion of the demand.

—

— ,,.-—-""——__
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CHAPTER THREE
METHODOLOGY

3.0 Introduction

This chapter discusses the methodology used to locate an ambulance response unit in

the BrongAhafo Region.

3.1 Optimization

Optimization is the process by which the best solution is selected from among
possible solutions. Most engineering problems, including those associated with the
analysis, design, construction;-eperation, and maintenance, involve decision making.
Usually, there will be a criterion that is to” be minimized or maximized while
satisfying several social, economical, physical, and technological constraints. There
will be a number of parameters that can be varied in the decision making process. As
the number of parameters. ineréases, it becomes. necessary to use systematic

procedures for solving the decisionsmaking probléms.

— ’/—‘”_—____

311 Definition of an optimization problem

The formulation of an optimization problem involves the development of a
mathematical model for the physical or engineering problem. In practice, several
assumptions have to be made to develop a reasonably simple mathematical model that

can predict the behavior of the system fairly accurately. The results of optimization
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will be different with different mathematical model of the same physical system.
Hence, it is necessary to have a good mathematical model of the system, so that the

results of optimization can be used to improve the performance of the system.

A general optimization problem can be stated in mathematical form as

X1

X2
Find X=
Xn
that minimizes f x)
subject to
gj(f) <0; j = 1L =
and
m@) <Ok = 1,227
g BT
where x; (i =1, 2, ..., n) are the decision variables, X is the vector of decision

variables, f (J? ) is the merit; or criterion, or objective, function, g ; (X) is the jth

inequality constraint function that is required to be less than or equal to zero, hi (X) 1s

the kth equality/ Constraint function that is required to be equal to zero, n is the
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number of decision variables, m is the number of inequality constraints, and p is the

number of equality constraints.

3.1.2 Decision variables

The formulation of an optimization problem begins with the identification of a set of
variables that can be varied to change the performance of the system. These are called
the decision or design, variables, and/thein values aré.freely controlled by the decision
maker. A set of numerical values, one for each decision variables, constitutes a

solution (acceptable or unacceptable) to the optimization problem.

3.1.3 Objective function

When different solutions are obtained by changing the decision variables, a criterion
is needed to judge whether one solution is better than another.. This criterion, when
expressed in terms of'the decision variables; 1s-called the objective, merit, or cost
function. The interest of the decision miakeristo:select suitable values for the decision

variables so as to minimize or maximize the objective function.

-

—_— /’—‘—”—-_ E’i
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3.1.4 Inequality constraints MINER W

In any decision making problem, there will be limitations or conditions imposed on
the decision variables that may include economical, physical, or functional

limitations. In many cases, the validity of the mathematical model used for the
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physical system imposes restrictions on the decision variables. These limitations, or
conditions, when expressed in terms of the decision variables, are known as constraint
functions. When the constraint function is restricted to have only negative or zero
values, the resulting constraint is known as the inequality constraint. On the other
hand, if the constraint function is required to be equal to zero, the resulting constraint

is called the equality constraint

3.1.5 Feasible Solution

Any set of decision variables that satisfy the constraints of the problem (both
inequality and equality constraints) is known as a feasible solution. A feasible
solution is an acceptable solution to the decision maker in terms of the constraints, but

may or may not minimizge the objective funetion.

3.1.6 Optimum Solufion

A feasible solution that minimizes the-objeetive function is known as the optimum

solution.

e——

3.1.7 Types of Optimization Problems

Optimization problem are also known as mathematical programming problems. In

some practical situations, the constraints may be absent, and the problem reduces to
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Find X=

that minimizes f X)

The problem is known as an unconstrained pptimizatign problem. Depending on the
nature of functions, optimization problems can be classified as linear and nonlinear

programming problems. A linear programming problem is one in which all the

functions involved, namely, 1 (X), g,—-;(}‘?), and A ()?) are linear in terms of the design
variables. A nonlinear programming problem.is one in which at least one of the

functions is nonlinear in terms of the decision variables.

Some practical problems requires the maximization a function f (X) instead of

minimization. However, the maximum ‘of a function f (}? ) can'be found by seeking the
minimum of the negative of the same function. This-Situationis illustrated below for
the case of a function of a single variable. In-this figure, x = x correspond to the

maximum of the function  (x). The same solution, x = x’, also corresponds to

—
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the minimum of the function F(x) = - f (x). Hence, without loss of generality, all

optimization problems will be of minimization type.

The solution of an optimization problem may be local or global. In diagram above
three solutions are indicated for the function f(x) in the absence of constraints. A local
minimum x* indicates the smallest value of the f (x) in the vicinity of x*. A global
minimum x*, on the other hand denotes the smallest value of the function in the entire
range of x. For a linear programming problem, the optimum solution can be proved to
be always a global minimum, /HoOwever, for a | nonlinear programming
problem—constrained or unconstrained—the solution can be local or a global minimum
of the problem. Unfortunately, most numerical Solutions can guarantee only a local
minimum of the problem. In spite of this limitation, optimization methods are quite
useful in solving seyeral practical (and eomplex) deeision-making problems.There are
several methods of solving location problem which comes under optimization and one

of the methods is Weiszfeld Algorithm.

3.2 Problem Formulation and the Weiszfeld’s Algerithm

3.2.1 Model Formulation
The Weizszfeld’s algorithm is the objective function used to minimize the sum of the

e —
distances between the existing demand locations and the new facility location.
Weiszfeld algorithm can be used to solve planar as well as network problems
considering two-dimensional or three-dimensional coordinates. Weiszfeld’s algorithm

iteratively solves for the minisum location to the Weber problem based on its

objective function as shown in equation 3.1.
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Minimize f(x, y) = zwf\/ e {3 s VRS ) e - g 3.1

Where,

w; = weight’s associated with the existing locations

X =  x coordinate of the starting solution and later obtained by successive iterations.
y =  y coordinate of the starting solution and later obtained by successive iterations.
a;= X coordinate of existing locations | b S y.€oordinate of existing locations.

Equation 3.1 is the sum of the weighted distance.

3.2.2 The Weiszfeld’s Algorithm

The steps followed in Weiszfeld’s Algorithm to solve a planar Euclidean location

problem are as listed below:
Stepl: Input initial coordinates(x;):

Step 2: Solve for every y;as per Equation 3.2.
Vi= Wi

B Iy I S L T e (3.2)

Where, x=  x-coordinates of starting point for the iterative algorithm.

y= y-coordinates of starting point for the iterative algorithm.
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Step 3: sum for every v; for I'(x,y) shown by Equation 3.3.

I'x,y)= Zy;-l(x,y) s It et ( 3:3)

Step 4: determine all A; = y,/I"as shown in Equation 3.4.

DR 7R s e IR T SRR M e oo (3.4)

I'(xy)
Step 5: Weiszfeld’s x)=WFx=) (i=1..m)Aha = .cceiveienian (3.5)
Weiszfeld’s (Y) = WFy=) AAIl- - MIRDLS I |  oievvinnnnns (3.6)

Step 6: Determine the objective function yvalue by summing the individual objective

function values for all i as per Equation 3.7

foue =Y, wi V(WFx— ai)>+ (WEy—b;)’ P LT
Step 7: Repeat until stopping conditions are met thatis |f euen+7 —/ cucn| 0 wevvvevee. 3.8

Considering a random-starting solution, the algorithm is evaluated to obtain a second
set of trial values (WFx, WFy). Thé obtained coordinates.are substituted to obtain the
third set of trial values and so on. By reiterating the Weisfeld’s values for x, y, we can
find the Euc{i@gan solution close to or equal to the optimal solution. The stopping
conditions are met when‘"t'ﬁe/d”iffe;;;ce between subsequent objective function values

__obtained is less than or equal to zero.
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3.2.3. Solved Example for Weiszfeld’s Algorithm

The objective of the Weiszfeld's algorithm is to find the minisum solution to a
location problem. The example problem considered here is a non — weighted planar

problem with coordinates listed in Table 3.1.

Column one is the points, column two is the x-coordinates of the existing locations

and column three is the y-coordinates of the existing locations.

Table3.1:  Weiszfeld’s ExampKoNlt:j S T

Points

Considering the initial solution as (x,y) = (3,2). This value could be selected as any
value depending on the user’s discretion. To reduce the number of iterations required
to solve the object function, the starting point based on visual judgment.(x,y) = (3,2)



By substituting the value of (x,y) in Equation 3.2 we get the following y;values:

uEy =1
NG 27 +(2-3) =0.707

72 (X,y) = 0.149

y3 (x,y) = 0.164

Y4 (X,y) =0.333

Ys (X,y) = 0.25

Y6 (X,y) = 0.277

The above yvalues are Summed uprto obtainthe/ value.

[(x,y) = (0.707+0.149+0.164+0.333+0.25+0,277) = 1.881

Using I” and the corresponding g value, A values were calculated for each of the

existing facility locatiens.as.in Equation.3.4.

M (x,y) = 0.707 =0.375
1.881
A2 (x,y) = 0.0792 o

%5 (X.y) = 0.0873

A (x,y) = 0.177

As (x,y) =(0.132
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As (x,y) =0.147

Using the obtained A values, Weiszfeld coordinates (WFx, WFy) are calculated using

the Equations 3.5 and 3.6.

m
WH(x) =) A *a;
i=1

= (0.375*2) + (0.0792*0) + (0.0873*9) + (0.177*6) + (0.132*7) + (0.147*1)
=3.14
m
WE®) =Y A *b;
i=1
= (0.375*3) + (0.0792*8) + (0.177*2):4#(0.132*2) +(0.147*5)

=3.201

By using the trial solution coordinates, calculate the individual function values for all
i, The sum of the obtained individual.function values would give the objective

function value for trial-selution 2 as shownin Equation 3.7.

Foueri= N (WE(x) —a; )” + (WE(y) =bi)’

foucrr =N (3.14=2)" + (3201 -3)° =1.157
— ,//—_

féucPZ = 5.734

_——-"-...‘

j;-tu' i 5863

_f;g-uP.f = 3101

j;upj = 4042
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Jeurs = 2.795

= e e i e B A T SR il g ol o R 3.9

The procedure described above is repeated until stopping conditions are achieved.

Stopping condition is defined as;

|fm,+1—fm£ 0 | T Ll N W L)

3.3. Application of Weiszfeld Algorithm to k — Centra Problem

The objective of this thesis is to solve asingle facility, unweighted, planar k — centra
problem with an aim to locate an ambulance response unit in the BrongAhafo Region
to minimize the distance to the-k — farthest customer-points among several existing
points. The input required for the problem includes.the-Coordinates for the existing
customer locations as well as k value. This & value depends on the type of problem,
the type of coverage.required, the existing customer locations.on the plane or the

discretion of the user.

The solution methodology used in this thesis-1s-an iterative heuristic method utilizing

Weiszfeld’s a gt_l_ébrithm. TPf’s’olmiQrLsteps are listed below:

__e —Step 1: Find the minimax solution for all the existing customer locations. This

minimax solution is used as starting point for following iterations.

e Step 2: The next step is to find the distances of all existing locations from the

minimax solution. The top k distances are considered to find the k farthest

locations points.
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e Step 3: the next step is to use the minisum approach to evaluate the obtained k
farthest points. Weiszfeld’s algorithm is applied to solve the minisum aspect.

After the first iteration, a new location point is obtained.

e Step 4: the step is to check whether the same k points still are the points

lyingfarthest away.
o If so, the solution obtained is the k — centra solution.

o If not, reiterate by considering thé ngw K-largestidistances and the corresponding

existing points.

o Stopping conditions are met when you end up with the same k-farthest points you

started with.

The procedure is illustrated with a flowchart as shown in fagure 3.1. However there
are chances that the algorithm may go in a loop. This happens when the solution
comes up with a different setwof k points and this kecps zepeating. This leads to an
infeasible solution. Generally it is observed that the infeasibility is due to a single
point getting displaced froni the initial set of & points. The only solution possible here
is a semi-optimal solution which négleets-the-coordinates of the rogue point. This
point is better féxplainedlxlllle,l_emtpart of the thesis where a MATLAB code for the

discussed k- centra approach is provided.

_._-——""'—'HJ
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STARTING POINT
- n # of existing locations

- k # of defined locations
\_ J

l

STEP 1
Find maximax solution:

- Elzinga Hearn Algorithm
- Solver Solution

l

STEP 2
Find the individual distances from
minimax solution:
- DigtapcegAlgarithm
STEP 3

Select k points with largest
distances frem the solution

l

STEP 4
solveminisum with. selected. ~%
points:

< Wfﬂﬂ?ﬁﬂ!d": Alonrithm

S—

WF Minisum Solution
(WEx, WFy)

No

farthest away?

Yes

K-Centra Solution

Figure 3.1: Flowchart showing k-centra Solution Approach
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3.4. Solved Examples Illustrating Real Life Location Scenarios

Three small location problems were solved in this thesis using the k — centra
methodology as discussed in the previous section. The analogy used was real life area
planning problems in cities. There are numerous examples of planned and unplanned
city layouts. Older cities generally fall in the unplanned category while newer cities
are methodically planned depending on population density, topographical features and
business sectors. Solution methodology for one of the considered examples is

discussed in detail while the other twQ problems§ aré explained briefly.

3.4.1. Problem with Random Existing Locations

This is most commoniayout seen in-most cities all'over the world.”A single — facility
planar location problem associated with such a layout presents one of the most
complex and time — consuming problems in the field of location analysis. However,
using the k- centra approach discu#sﬁ in thisthesis, only a selective few points are
randomly evaluated out-of all the existing Tocations. Thus the Computing time as well
as complexity of the problem™is’reduced; The problem considered is a 15 point
problem as shown in table 3.2 The problem is evaluated for different values of &

e "_,_’-—"’"___—_ : ' .
(k=1to 15). The flowchart as shown in figure 3.1 is used as the solution guideline for

~—evaluating the problem.
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Table 3.2:

Problem of Random Clities

Pomts® | P | F2 | B3 P4 |'BY || P& | P7 P8 PO NPIONRPITY M RPIZ NP1 S8 IFP TN (P15
a A 17 S i e B W e B 1 0 1 s 7 o s 5 2 3. | 8.8 1
b; 2 L4 N2 | 4 |45 |2 5.9 8 6.5 |65 |9 85 |9 9.5

The graphical representation is shown in Figure#3.2. As the graph suggests, the

existing points are randomly located on a planar layout. The aim is to locate a single

service facility in the plané se-as to minimize the sum of the distance to the k farthest

points. The data required fer this problemuincludes” the coordinates for existing

customer locations and a value for k' k value could depend on the nature of the

problem or it could be based on logical reasoning and demand flow.
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Figure 3.2: Graphical Representation of Problem of Random cities layout

The first step in the discussed methodology is<obtaining the minimax solution
considering Euclidean metric. Two different methods were used to obtain the
minimax solution. The first method is-a graphical solution based on the Elzinga-Hearn
algorithm. The Elzinga —Hearn algorithm is.a graphical method for solving the
minimax objective function for a location problem. The method funds is the smallest
circle covering method where the objective 1s to find the smallest possible circle

which encompasses all the existing docations'in the plane. THe-method is shown in the

flowchart below.

42



Starting Point
—n # of existing locations

Step 1 (Two Points)
Choose any 2 Points —a, b

STEP 2
Construct circle with diameter =

Rename the
points opposite
right/obtuse
angle as (a,b)

Obtuse

Right

Figure 3.3:

length (a, b)

CHECK
Circle contains all points?

Minimax Solution

at length (a, b) /2

STEP 3 (Two Points’Plus) Choose
a point c outside thecircle

CHECK
Triangle made by a, b, €.

STEP 4
Construct a eircle through the 3 points

Acute

CHECK
Circle contains.all points?

Minimax Solution

Yes at centre of circle

STEP 5 (Four Points)
Choose point d outside, Find largest distance from
(a, b, ¢) = point e and divide plane. Let pointfb e

_the—poimtin the opposite halfplane of (a ,b, c).
With points (d, e, f) go to step 3

Flowchart for Elzinga — Hearn Algorithm
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Table 3.3.Elzinga - Hearn Algorithm

— —

Procedure Called | Defining Points IOIM Point Radius
Two points 1,3 | 1.5
RS ~ o siyrd [
Two Points 1,3 2 l
AN | ,
Two Points Plus 132 1.8
| KINUST
Four Points 1,3,2
| _ |
Two Points Plus | 1,2,5 ’ 275
Four Points 1,2.5 16
——x— & & —2F5
Two Points Plus | 1,56% = = - 7 . A
Two Points 1.6
z |
Two Points Pl -> 49
WO roin us E&:ﬁn x>
Wos o -
Two Points 1,9
I—-—— — gt
TwoPoidBPlus |19T5— 6
L . !
11 eyaume
Two Points 1,15 None




- he minimax solution is obtained at x = 6.5 and y = 5.75. Excel solver was also used
D obtain the minimax solution and verify the results obtained by using the Elzinga —
Hearn algorithm. The next step is to find the distance between the calculated minimax
olution and all the other existing location points. This provides the starting point for
ne k — centra algorithm. Distance algorithm is used for this computation. The
astances are sorted in descending order as shown in Table 3.4. The top distances are

wnsidered and the problem is evaluated for just the obtained k farthest points.

Table 3.4: Distance Algorithm

Points Distance
Pl 5.857687
L3 5.857681
P12 5.550901
P 5.482928
P8 4L 5.006246
P2 4.828302
P3 4.038874
P14 3.816084
P9 B 15
P4 3.473111
| P6 /_______31;2_5
P13 2.926175
T P5 1.820027
P11 1.677051
P10 0.901388
s 5 :\M“ L OG"
"'m:; KOS e
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Considering k=6 for this illustration, points P1, P15, P12, P7, P8 and P2 are the
points farthest away from the minimax solution (6.5,5.75). Considering the minimax
solution as the starting solution, Weiszfeld’s algorithm is used to solve the minisum

objective function. The Weiszfeld’s function is shown in Equation 3.10.

Minimize fx,y) =YwiN x—a)  + = 58)° = eeeeieeeeeenn (3.1)

The next step is to solve for everyy; as shown in Equation 15. x and y are the starting

solution coordinates.

= I T —— (3.2)
V@ —a)” + (= b))’

The v; values obtaified-aie shownyn Table 35

Table 3.5:  v; Values

T 0:17072

12 0.180%F5

= ¥2 0.20711

__ v8 0.19975
V7 0.18238

015 0.17072
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The next step is to obtain the I(x,y) values by summing for every vy;. The value of

I1(x,y) comes out to be 1.1108 in this case. The I'(x,y) value calculation is shown in

Equation 3.3.

RO =S EED)® WERs e [ lomiigl | e e e (3.3)

1 =1
The next step to determine all A;values as shown in Equation 3.4 and the values

obtained are listed in Table 3.6.

Y=y 00 INIL IO L, (3.4)
I'(xy)

Table 3.6: A; values

Al 0.15368

hiia 0.16218

, 0.18645

N 0.17982

— o —— 0.16419

ek his 0.15368
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The final step is to find the Weiszfeld’s values for x and y and the objective function

value. The formulae are listed in Equations 3.5, 3.6, and 3.7. The WF values are

presented in Table 3.7.

Weiszfeld's (x)=WEx=Y (G = 1 tom) Aiai = & oo (3.5)
Weiszfeld’s (x) = WFy=> (i=1tom)A\.b; eeenen. (3.6)
Objective function value: f,..= Y w; \f(x-a;)z +- (y-bf)2 ........... (3:57)

Table 3.7: WEF values

WFEX) (WFE(y)

6.4876 | 5.29013

The objective function values aréshown mnslable 38,

Table 3.8: _:_ Objective Funetion Values

o ) T 5.5641
S
o | 46688
= 5.0174
i 5.1893

feucp1s 6.1717 = -.

Bl 32.4334 e W

K or st s
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Using the distance algorithm to find the distance from the obtained minisum solution
to all existing locations, it is observed that the same six points are farthest away. In
this case, this solution is feasible and optimal for k£ = 6. Thus the k-centra solution for

this problem lies at x = 6.4876 and y = 5.29013.
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CHAPTER 4

DATA ANALYSIS AND MODELLING

4.1. Study Area (BrongAhafo Region)

The BrongAhafo Region is located in mid-western Ghana, between the Ashanti
Region and the Northern Region. Its capital is Sunyani. The region was created in
1958 out of the then Western Ashanti. The region is the second largest region of
Ghana in terms of land mass with @stertitorial size 0%,39,557,08sq.kms. There are

twenty-two (22) districts in the region.

The region is boarded on the north by the Northern Region, Ashanti and Western on
the South, Eastern and Volta on the Southeast-and east respectively and the republic

of La Cote d’1voire to the West.

According to the 2000 population censes, the BrongAhafo region has a population of
about 1824,827 with an average growth rate of 3.1% and an economically active part

of 45% representing the 15-65 age bracket.

The region has a tropical climate with high*témperatures of between 23% and 39%

enjoying, however maximum rainfall of 45° in the northern parts to 65° in the south

of the region.

e il

e —

The region can boast of first class roads linking its major towns to the regional capital,

Sunyani and the rest of the country.
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The region has one secondary hospital which is the regional hospital in Sunyani, 24

primary hospitals according to National Health Insurance Authority (NHIA)

accredited facilities — July 2009 to July 2011.

Sunyani has airport, which connects the region by air to Kumasi, Accra and Takoradi.
Air transportation is however irregular and is therefore unreliable. Lake BrongAhafo
has three in-land lake ports on its portion of the Volta Lake. These are Yeji, New
Buipe and Yapei, which can all be reached from Akosombo using the Yapei Queen

among others.

4.2 Data Collection

The Government Ageney that was contacted for the primary dataand other important
information for this thesis was the Régional Town and Country Planning Department
(Sunyani) where the map of the BrongAhafo Region was obtained.The names of the
hospitals in the region-was also obtained from the regional headquarters of National
Health Insurance Authority (NHIA) and the data on the'number of referred cases was
taken from the transport unit of Berekum Holy family"Hospital and Sunyani Regional

Hospital.

il
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Table 4.1:  Table showing Sources of Data

Data Source

Map of Brong-Ahafo Region Regional Town and Country Planning
Department

Names of Hospitals in the Region | National Health Insurance Authority
(NHIA)

Referred Cases Berekum Holy Family Hospital and
Sunyani Regional Hospital

4.3Map of BrongAhafo Region¢with,its District capitals

The BrongAhafo Regional map which shows the district capitals was obtained from

Regional Town and Country Planning Department which was used for the thesis.
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Figure 4.1: shows the BrongAhafo Regional map with its district capitals.
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4.4 Data Processing

The rectangular co-ordinates of the district capitals were obtained with the help of a
grid sheet since the co-ordinates could not be found on the internet (Google map and
Microsoft Encarta).The district capitals were coded as numbers from 1 to 16. The co-
ordinates were converted from hundred thousand to hundreds. For example, the co-

ordinate for Asunafo North becomes (379, 899) instead of (379000, 899000).

Table 4.2 shows a list of 16 district clznlmhtj g\hsiuodes.

Table 4.2; Table Showing number codes for district capitals and their various x

and y co-ordinates

NUMBER | DISTRICT CAPITAL o X(a,) in km Y(b,) in km
- _—— ,-m - 7
1 ASUNAFONORTH S 3 a1 % | 899
2 ASUTIFI  Sraer S~ gy 908
3 BEREKUM - N 376 926
S — — —
4 DORMAA AHENKROpm: 915
5 JAMAN NORTH ] —F 943
6 JAMAN SOBTHEN v 929
- d:;‘.‘f__] b o
7 KINTAMPO NORTH=# = — N 416 962
—t 5 A DI i;-u_'_—j

8 KINTAMPO SOUTH 408 944
9 NKORANZA SOUTH 408 927
10 PRU e~ 459 951
11 SENE 465 933
e ——

12 SUNYANI 385 919
13 TANO NORTH 399 914
14 TANO SOUTH 398 911
15 TECHIMAN 403 928
16 WENCHI 393 937
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4.5 Model Formulation

foue =Y wN(WFx —x)? + (WFy —y)*>  Where,
X values of the existing location are in column 3 of Table 4.1.

y values of the existing location are in column 4 of Table 4.1.

W=l =0 AR S

4.5.1The Planar k-centra Algorithm

The sixteen rectangular co-ordinates wereused as the.inputs for the Planar k-Centra
Single-Facility Euclidean Location PreblemAlgorithm coded in Mathlab.The steps for

the algorithm are shown below;
Stepl: Input initial coordinates (x,y), the minimax.

Step 2: Solve for everyvyas per Equation4:1.

i Wi . ... ... (4.1)
V(> j,ﬂf)i +(y—by)”
Where, e

x=x-coordinates of starting point for the iterative algorithm

y=y-coordinates of starting point for the iterative algorithm

54



Step 3: sum for every vy; for I'(x,y) shown by Equation 4.2.

I s S A e TRt 4.2)

i =1

Step 4: determine all A; = y/I" as shown in Equation 4.3

MoV =R T T R N e (4.3)
I'(xy)

Siep - Weiszield's (x)="WEx—Y (i'= 1. 0m) Aiay s Y s oo (4.4)
Weiszfeld’s () = WFy=Y (i[K1.EmBH; §} ™ §...ccenneenoe. (4.5)

Step 6: Determine the objective function valie by summing the individual objective

function values for all i as per Equation4.6.

Fuc=Sw(WFx - OEy -~ 4 X . . (4.6)

Step 7:Repeat until stopping conditions are metithat 1s [ P oucir T Jeucn| < 0

Considering a random starting solution, the algorithm is-evaluated to obtain a second
set of trial values (WFx, WFY). The obtained.coordinates are-Substituted to obtain the
third set of trial values and so ofi. BY reiterating the Weisfeld’s values for x, y, we can

find the Euclidean solution close to or equal to the optimal solution. The stopping

=

—

-

conditions are-met when the-difference between subsequent objective function values

obtained is less than or equal to zero.
e
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4.6 Computational Procedure

Matlab program software (Siddarth, 2005) was used for the coding of the Planar k-

Centra Single-Facility Euclidean Location Problem algorithm.

The codes were developed and ran on the Intel(R) Pentium(R) Dual CPU T2370, 32
BG Operating system, 1014 MB RAM, 1.73 GHZ speed, with Windows Vista laptop

computer. The code runs successfully on the windows vista.

The number of iterations was 100and 4dest runs were carried out.

4.7 Results

The minimax location was (414.0km, 927:0km). The algorithm gave one location as

the optimal point. That is (397.3km, 929.2km) andwith.273.8km as the objective
function value (The sum of the distances of 6 farthest locations away from the optimal

location).
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- Scatter plot - k-centra Analysis K=6
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Figure 4.2: The Figure is showing the Sixteen (16) Scatter Points, the Diamond

Figured Point is the Minimax and the Asterisk is the Optimal Point

4.8 Discussion of Results

This work is similar to the facility located by Fernandez, et al. (2009) in the city of
e /_
Murcia in South-East Spain.

_—

The algorithm gave one location as the optimal point. That is (397.3km, 929.2km)

with273.8km as the respective objective function value (The sum of the distances of 6

farthest locations away from the optimal location).
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The Scatter plot below indicates the red diamond figured whichis the minimax (414.0,
927.0), the asterisks point is the optimal point (397.3051, 929.2434). The blue dots
are the 16 points for the District capitals of BrongAhafo Region which were used for

the thesis.
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Since BrongAhafo Region was used as the case study, the researcher recommends the
point (397.3km, 929.2km)which is located at Tadiesoto the regional office,
contractors, urban and feeder roads and other developers (Stakeholders) thatTadiesois

one of the most closest to the six (6 ) farthest districts in the region.
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APPENDICES

APPENDIX A-MATLAB METHODOLOGY

1. MATLAB is a high-level computer language recognize worldwide in the
mathematical community for its computational prowess in performing various
complex mathematical tasks. It is superior to various traditional solving methods
as well as programming languages like C, or C++ for handling computationally
intensive projects. The MATLAB package is available with many software add-
ons to solve a multitude of probléms In “Warious application areas. It is an
interactive tool with options for 2-D or 3-D viSualization of input or output data.
MATLAB can be integrated with various,other software applications to suit every

computational need.

MATLAB Application to the k-Centra Problem

The advantage of using MATLARB to solve a location problem over traditional manual
methods is better accuracy. as. well as increased-computational’speed. The manual
method for evaluating k-centra probléms.is a very.tedigus~one involving much
iteration to geL;..:;ore accurate-setution. The other advantage is you can massage the
code to suit your computational needs. The code discussed later in this appendix ¢ has
s
input options which are user-defined like the number of existing locations, value of k,
number of iterations, search space boundaries, and search space increment. The code
has been programmed to output the coordinate solution in a graphical representation.

You can add a lot more features like inputting coordinates data directly from other

applications, 3-D visualization, report generation, etc.
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The same logic used for manually solving a k-centra problem is used to code the

MATLAB program.

Data Flow Logic and MATLAB Functions

The k-centra example problems involved were solved in MATLAB 7.5.0(R2007B), in
the following manner. The user interface is a basic MATLAB program that prompts
the user to input various data point coordinates and other parameters. User input
includes the number of existing locations (N)pand respective egordinates entered one
by one (x and y separately), maximum fangel of\x and/y, search space increment, k-
term, and number of iterations. The added advamntage is that this can be modified
easily as per the user’s requirement and futureapgrades. This program then calls the
main program which stores the user inputted data, saves and computes the various

distances and k-centra parameters by calling the respective functions.
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C SOFTWARE FLOW DIAGRAM )

User interface — Prompts the user for data File
name: view .m

v
Main program that sorts and stores, computes
and calls the necessary functions for each process
File name: kot_wts.m

I

| Function: findpos.m is used to find the K
| maximum dlstaﬂceg kY| caordma;cs for
future compiiat @% msﬂﬁ:ldﬁ

I

Function: WFxy.m is used to compute the
Weiszfelds X and Y coordinates

Scatter Plot
Outputs-the values to the user

Software Flow Diagram

| APPENDIX B-MINIMAX'LOGIC
— .,_/-"'—-—__E -
The minimax function forms an important part of the logic flow for this program. The
minimax function is called upon after the “View” function and uses user input as its
starting variables. Data used for the function includes “N” number of existing
locations and corresponding coordinates. Consider the N data points to be Data 1,

57 e SRS Data N. The user reference is initiated as Xref and Yref and is started at

(0, 0) and is incremented on the basis of user input. The maximum range threshold is
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also set by the user (Xmax and Ymax). The distance or range for each data point from

this reference is then computed using the distance formula as shown by Equation *

below:

BN =Nyt G DT

The distances are represented as D1y, Dlgy..., Dlyg ., Dl .. DNyy. The

tabular representation is shown in table below;

Minimax Dati# Representation

Xref Yref Data 1 Data 2 - Data N Max
Data
0 0 DIl 00 D200 DN{]@ Dma}{gu
0 1 D1o; D201 DNy Dmaxg;
0 2 D1 02 ngz DN{}E Dmaxm_
0 Ymax=y | Dlg, [ D2, ; DNy Dmaxg,
1 0 Dl 10 D21n DNm Dmaxlg
1 1 Dlu D211 DN“ Dmaxu
1 2 Dl]_g Dziz DNIE _ Dmaxu
2 0 D1 20 DZI{} DNZ{} Dmax;g
2 1 i Dlgl D22| DN21 Dmaxz]
— o /,/‘__,__———'— ]
Xmax=x | Ymax=y | Dlyy D2,y DNyy Dmaxyy

After each increment, and progressively stepping through the search grid, the

program computes the maximum of each of these distances and is represented in the

program as Dmaxqo. .., Dmaxxyshown in table below
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Maximum Distance Matrix

Dmax Dmaxkan © 02 - | Dmax,y
Dmaxm Dma:xn ....... Dmaxly
Dmax»g | B enysv gy b e g el . Dmaxyy
Dmaxyg Dmax,y = ¥ KA. Dmaxyy

The minimum values from each of the values are calculated and forms an

intermediate step in the calculation. The matrix'is shown in table;

Intermediate Distance Matrix

Min of Dmaxg:

Dmaxyg

Min % of. “Dmaxgs:

Dmaxyg

aaaaaaaa

Mins of Dmaxyy:

Dmaxyy

=

.,/—_’r“

The next step is to find the minimum of these intermediate minimums. This is the

minimax solution distance. We can trace the (Xref, Yref) coordinate where this occurs

as the maximum distances matrix directly represents the search grid of (Xref, Yref)

coordinates as shown in Table 14 below, and the user data points (D1, D2....DN) will

also lie inside this grid.
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Search Grid Coordinates

00 01 Pl B il gt IS Oy
10 11 L2 5 ad et | o ly
20 21 22 S e NN 2y
x 0 X1 R Rt - e Xy

Thus the minimax-selution, its goordinates and 1ts'distance from other existing
locations can be calculated. The flow: chart for the minimax function is provided 1n

figure below. The function code is provided in this appendix.
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( LOCATION ANALYSIS USING K-CENTRA )

!

Enter the no. of data points N

Enter the data points coordinates (X,Y)
Enter the maximum range for location
search in X and Y (Xmax, Ymax)
Enter the space search increment :
Enter the K centra K term points for errors
Enter the Weiszfelds Weight and report to user

Cwtar tha nuambhar Af :farnf;nnn

Verify and,
monitor the data

-

Compute the MINIMAX SOLUTION
L

( For Xref = 0 to Xmax in steps of incr \
-
v
r For Yref = 0 to Ymax in/steps of incr b

¥

r For all the datapoints (Froni'l to'N) \l

Compute'the distance of.each data point-from the
: Xref and Yref
Distance = Sqrt{(X-Xref)"2-(Y-Yref) 2}

.

Compute and saye the maximum of the
distances computed for each iteration and find
the corresponding XY .eoordinates

Data Points Loop

=]

Yref Loop

. XrefLoop
l

Y

Find the minimum of these maximums, and output the X and Y
coordinate. This is the Minimax solution

Minimax Function Flowchart

- 'I* 1 QGq
e
Y c T &
C oW




Finding the k — Maximum x-y Coordinates

The next step in the flow is to find the coordinates associated with the k-maximum
distances from the minimax solution. The user inputs the data coordinates and the
value of k. The position for each of the coordinates from the minimax solution is
computed. Depending on the value of k, the x-y coordinates farthest from this
minimax solution is stored for future use. Say k is 5, the five farthest distances and
their coordinates are considered. The MATLAB process uses inbuilt functions like
‘find’ (to find the position of the data if it’s stored in an array), and “max” (to find the

maximum distance).

Since the data was stored in an array, wejzeroed the selected values to avoid

repetitions while it uses these inbuilt functions.

Weiszfeld’s Funection

In this case, the only difference is that the minimax solution 1s used as the reference
coordinates i.e., as the initialization parameters. In future iterations, the Weiszfeld’s
function (WFxy.m) are computed-iteratively, and proeessed-for the number of
iterations pron_l_ét_éd by the .lis;g;.,Ihe.Weiszfeld 1ogic 1s coded similar to the method

used in the manual solutions. The steps are repeated for as much iteration as requested

-—

—

but the user.

[n every iteration, we use the findpos.m function to compute the farthermost k points

for each iteratively computed WFxy. The flowchart is given below;
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l Minimax solution X-Y coordinates

Compute the K maximum X-Y coordinates from this
minimax solution for the given data set (findpos.m)

Using the minimax solution as the initial parameters for
Weiszfelds function, and using the selected KX-
Y coordinates compute the Weiszfelds X Y coordinates
(WFxy.m)
First Iteration

o

For the number of itéations specified by the user
(nuth_iter)
For i=1 to num iter

N

Find-the K maximum distance from the first iterative
" Weiszfelds X and Y coordinate

l

Compute the Weiszfelds XY coordinates iteratively, and
save for future use

No

it 1=
num_iter

f Yes

SCATTER PLOT and other methods of outputting the computed parameters

Weiszfeld’s Function Flowchart
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APPENDIX C-MATLAB CODE

The findpos.m

function [maxd,xx,yy,bdist,cnt]=findpos(bdist,k,data)

cnt=1;

while(k~=0)
maxdist(cnt)=max(bdist);

pos=find(bdist==maxdist(cnt)):

if(length(pos)>1)

for n=1:length(pos)
xx(cnt)=data(pos(n),1);
yy(cnt)=data(pos(n),2);
bdist(pos(n))=0;

cnt=cnt+1; o

end
end

clearpos
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The WFxy.m

function [WFx,WFy]=WFxy(kpts,bestx,besty,K, Wt)

for g=1:1:K
gamma(g)=Wt/sqrt((kpts(g,1)-bestx)"2+(kpts(g,2)-besty)*2);

end
tau=sum(gamma);

KNUST

for I=1:1:K

lamda(l)=gamma(l)/tau;

lam_x()=lamda(l)*kpts(l,1);
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The codes for the Planer k-centra

clearall;
closeall;

cle;

no=input ('Number of data points ');

KNUST

fprintf('Data Point%d\n',i);

—

data(i,1l)=input ('¥ ');
data (i, 2)=input ('Y ');

)
|
. W (1) =input _
£ e
.. : “'_;
‘ Eprintf('\n');

end

I - —

xmax=input ('Me

ymax=input ('Max R
incr=input ('Search-5Space
,_.,.,-"'
K=input("K Centra ¥ Term ');
t=input ('Weizfelds Weight ');
- Wt=input ('W : g ;

num iter=input ('Number of Iterations ');




B
v=1;
y=i:

g fe,f=0 incr:xmax
'l |
- foryref=0:incr:ymax

q':ll 3 - 5. ) ) i el s R . :

I for a=1:length(data)
g

 dist(i)=sqrt((data(i,1)-xref)~2+(data(i,2)-yref)"2);

maxdist (x,y)=max (dist);

- KNUST

xcols=[0:incr ixXmas

ygg]j: [0 iner:

- intmin=min(maxdist);
e ry/.- /

minimax=min (intmin) ;

[row, col]=find (maxdist==minimax);

L —
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) -:L"-; 5

dist(1)=sqrt((data(i,1)-bestX) "2+ (data(i,2)-besty)~2);

i
{
|

- [maxd, xx, yy,bdist, cnt]=findpos (bestdist, K, data) ;

.II .I
kpts=[xx' yy'l;

KNS T

-

for z=l:1l:num_iter

_newdist (i)=sqrt

k|
. -

a8
'\.l"“':! | ]




axis([340 480 865 980])

title('Scattdf plote
e,

holdon

clearnewdist;

end

WEXY

scatter (data(:,1),data(:,2))

KNUST

grid

xlabel ('X coordinate')

ylabel ('Y coordinate')

e
holdon

=
scatter (bestX, bestY, 48, 'td!

scatter (WFXY [

holdon

%function [maxd,xx,yy,bdist,cnt]=findpos (bdist, k,data)

cnt=1;

k=0;

iwhile (k~=0) ;

maxdist (cnt)=max (bdist) ;
pos=find (bdist==maxdist (cnt));
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if (length(pos)>1)

for n=1l:length (pos)

xx (cnt)=data (pos(n),1);
yy (cnt)=data (pos(n),2);
bdist (pos(n) )=0;

cnt=cnt+1;

TI— K N U ST

end
end
clearpos

cnt=cnt+1l;

if (ent==k+1)
o

_____-rr""'ﬂr_ k=0:

end

$code modification here
for n=1:1length(pos)
xx (cnt)=data (pos(n),1);

yy (cnt)=data (pos (n) ,2) ;
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cnt=cnt+1;

if (cnt==k+1)
k=0;
end

end

clearpos
end
maxd=0;
send
ifunction [WFx, {&H
gamma (g) =Wt /sqgrt
send

tau=sum(gamma) ;

for 1=1:K

lamda (1)=gamma(l) /tau;

e

lam X (l)=lamda (1) *kpts4i;17;

lam Y (1)=lamda(1l)*kpts(1,2);

.—--—l-""--—._
end

WFx=sum(lam X);

WEy=sum(lam Y);

L LkptsiC
~

| |
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APPENDIX D-MATLAB SOLUTION FOR THE CASE STUDY

DATA
(100 ITERATIONS)

NO.| Xkm Y km 7 km NO.[ Xkm Y km 7 km
1 [398.5 929.5 273.8 2 3982 929.7 273.8
3 [3982 929.6 273.8 4 13979 929.6 273.8
5 [397.8 929.5 273.8 6 |397.8 929.5 273.8
7 [397.6 929.4 273.8 8 [397.6 929.4 273.8
9 [3975 929.4 273.8 100 3975 929.3 273.8
11 |397.5 929.3 273.8 12 | 3974 929.3 273.8
13 [397.4 929.3 2738 | Q974 929.3 273.8
15 [ 3974 292.3 2738 6= 3974 929.3 273.8
17 | 397.4 929.3 273.8 3 3973 929.3 273.8
19 | 3973 929.3 273.8 205 3973 929.3 273.8
21 | 3973 929.3 273:8 22 (43973 929.3 273.8
23 | 3973 929.3 2738 SRS 397 3 929.3 273.8
25 | 3973 929.2 273.8 97 .3 929.2 273.8
oeat7a 9292 273.8 e * 397.3 929.2 273.8
20 [~ 3973 929.2 273.8 30 |0 397.3 0292 273.8
31 3973 929.2 273.8 32" [.,397.3 929.2 273.8
33 | 3973 929.2 273.8 34 3978 929.2 273.8
35 | 397.3 929.2 273.8 36 | 3973 929.2 273.8
37 | 3973 929.2 273.8 38 | 3078 929.2 273.8
39 | 3973 9202 273.8 40/ 73973 929.2 273.8
41 | 3973 92922 273.8 49— 397 3 929.2 273.8
43 397.3 929254 . 273.8 44 39713 929.2 273.8
45 | 3973 929.2 273.8 46+ 397.3 929.2 273.8
47 | 3973 | 9292 273.8 | | 48 | 397.3 929.2 273.8
49 | 3973 929.2 —1—273.8 50 | 3973 929.2 273.8
51 | 3973 929.2 273.8 52 3973 929.2 273.8
| 53 | 3973 929.2 273.8 s4 | 3973 929.2 273.8
| 55 | 3973 929.2 273.8 56 | 3973 929.2 273.8
57 | 3973 929.2 273.8 58 | 3973 929.2 2733
59 | 3973 929.2 273.8 60 | 3973 929.2 273.8
61 | 397.3 929.2 273.8 62 | 3973 929.2 273.8
63 | 397.3 929.2 273.8 64 | 3973 929.2 273.8
65 | 397.3 929.2 273.8 66 | 397.3 929.2 273.8
67 | 397.3 929.2 273.8 68 | 3973 929.2 273.8
69 | 3973 929.2 273.8 70 | 3973 929.2 273.8
71 | 397.3 929.2 273.8 72 93973 929.2 273.8
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73 397.3 929.2 273.8 74 397.3 929.2 273.8
75 397.3 929.2 273.8 76 397.3 929.2 273.8
77 397.3 929.2 273.8 78 3973 929.2 273.8
79 3973 929.2 273.8 80 3973 929.2 273.8
81 3973 929.2 273.8 82 397.3 929.2 273.8
83 397.3 9292 273.8 84 397.3 929.2 273.8
85 397.3 929.2 273.8 86 397.3 929.2 273.8
87 397.3 929.2 273.8 88 397.3 929.2 273.8
89 397.3 929.2 273.8 90 397.3 929.2 273.8
91 397.3 929.2 273.8 92 3973 929.2 273.8
93 397.3 929.2 273.8 94 3913 9292 273.8
95 397.3 929.2 273.8 96 3973 9292 273.8
97 397.3 929.2 2738 98 | \397.8 929.2 273.8
99 397.3 929.2 273.% 100 =39713 9292 273.8
— /
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