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Abstract

Convexity and inequalities have proved to be useful in many branches of
mathematics such as functional analysis, theory of differential and integral
equations, optimisation, interpolation, harmonic analysis and probability theory.
They have useful applications also in mechanics, physics, economics and other
sciences.

Over the last 80 years, inequalities have seen a lot of interest from researchers,
which has led to a great number of recent published books and articles. Thus, the
theory of inequalities has developed into an independent branch or area of
mathematics.

This thesis is dedicated to a new refinement of Jensen’s inequality, which permits
the use of non-continuous functions considered to be superquadratic. A
refinement of Minkowski’s inequality is established as a direct consequence of
our refined Jensen’s inequality.

A lower bound for Young’s inequality is also established as an application of
superquadratic functions.

Finally a refinement of the local submean inequality for subharmonic functions is

also presented as an application of superquadratic functions.
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Chapter 1

Introduction

Convexity, a basic notion in geometry, has evolved over the years into an
important subject and area of study in mathematics. It plays an important role
not only in mathematics but also in other related fields such as economics,
science, engineering, technology, physics, chemistry and biology just to mention
a few. In mathematics, for instance, the study of convexity(convex sets and convex
functions) has proven very useful and important to the study of number theory,
linear programming, game theory, polytopes, combinatorial geometry, real
analysis, bodies of constant width and the theory of inequalities.

Concerning the latter, two inequalities have proven over the years to be very
useful and significant in the evolution and proof of other important theories and
inequalities. They are Jensen’s and Young's inequalities.

Ever since their introduction to the world of mathematics, Jensen’s and Young’s
inequalities (motivated by the study of convex sets and functions) have proven
very useful and arguably two of the most important inequalities the world has
ever known.

Jensen'’s inequality, named after the famous Danish mathematician and engineer
Johan Jensen (8 May 1859 5 March 1925), is one of such inequalities derived from
the study of convex sets and functions. It relates the value of convex function of
an integral to the integral of the convex function. Simply put, Jensen’s inequality
states that the mean after convex transformation is greater or equal to the convex
transformation of the mean(where the converse is true for concave

functions).

Young's inequality, named after the English mathematician William Henry Young

(20 October 1863 7 July 1942), is an important inequality derived from the study



of convex functions. Young’s inequality has two different definitions which are
used independently based on the subject of study. One definition relates the
product of two numbers to their exponentiation whiles the other definition talks
about the convolution of two functions.

These inequalities (Jensen’s and Young’s) along side the smoothness properties
of convex functions have been very useful in economics (where together with
concave functions are used to explain optimisation problems) and in Probability
(in finding expectation in some unique problems). They tend to provide
overwhelming results wherever they are applied. They have equally contributed
to the proof and derivation of so many important inequalities in mathematics
such as the Arithmetic-Geometric Mean Inequality, the Holder’s and Minkowski's
in-

equalities.

Hence the study of convexity and it’s derived inequalities are undoubtedly one of

the most important branches of mathematics.

1.1 Justification

Two known definitions have been given for functions considered to be
superquadratic. These two definitions are not equivalent, one contains a larger class
of functions than the other. The definition of a superquadratic function according to
Shoshana Abramovich is : [Abramovich, Jameson, Sinnamon 2004a]A function ¢ :

[0,00) = R is superquadratic provided for all x = 0 there exists a constant

Px € R such that
d) 2 d(x) + Px(y = x) + ¢(ly - x])

forally = 0.



This superquadratic function is a simple modification of the geometric notion of
a convex function. For a superquadratic function we require that it lies above its
support hyperplane plus a translation of itself.

The Epigraph of a positive superquadratic function coincides with that of the
convex function it defines and superquadratic functions increase faster than
quadratic functions.

This definition has been used in many research works, for example [Abramovich
et al 2004a, 2004b, Bani'c et al 2008b ] which has led to the refinement of many
classical inequalities such as Jensen'’s, H'older’s and Hadamard'’s inequalities.

The other defintion for a superquadratic function given by [Smajdor 1987] is:

The function ¢ : R = R is superquadratic if,

dx+y) + plx-y) 2 2[p(X) + H(V)]

is satisfied for all x,y € R.

These definitions have given rise to two different classes of functions. The class of
functions from Abramovich’'s definition is contained in that from Smajdor’s
definition, thus under certain assumptions, functions satisfying Abramovich’s
definition also satisfy Smajdor’s.

However the second definition has not yet been used in the refinement of other
inequalities. Refinements given in [Abramovich et al 2004a, 2004b, Bani'c 2008b]
have used Abramovich’s definition of superquadratic function.

The main aims and justification of this thesis is to:

1. Expand the domain of functions that could be considered for refinementsvia
the second definition of superquadraticity, which allows us to consider non-

continuous functions. This would offer a broader scope of application.

2. Obtain a refinement of Jensen’s inequality via the second definition of
superquadraticity and to apply our result to refining some classical

inequalities such as Minkowski’s inequality.



3. Obtain a lower bound for Young’s inequality.

4. Open up the second definition of superquadraticity in the direction of

refinements of other inequalities.

5. Obtain a refinement of the local submean inequality for subharmonic func-

tions.

The first chapter, gives a general view of the scope of the thesis.

In the second chapter, convexity is discussed, where some basic notions,
properties and results from convex sets and functions are recalled.

In the third chapter, the two known definitions given for superquadratic functions
are discussed. Some properties and examples of superquadratic functions are
also given and the relationship between the two given definitions is also
established. Chapter 4 talks about the classical Jensen’s, Young’s and Minkowski’s
inequali-

ties.

The fifth chapter is devoted to Subharmonic functions: where we looked at some
of its properties, results and examples.

The sixth chapter, covers the main results obtained in this research work. These
results are refinement of Jensen’s, and Minkowski’s inequalities, a lower bound
for Young’s inequality and a refinement of the local submean inequality as an

application of superquadratic functions to subharmonic functions.

Chapter 2



Convex Sets and Functions

2.1 Convex Sets

Convexity has proved significantly important in recent years in the study of
number theory, extremum problems, linear programming, game theory and
theory of inequalities. It draws upon geometry, analysis, linear algebra and
topology. In this section we begin by reviewing some definitions and properties

of convex sets and functions.
Definition 2.1.1 [Florenzano 2001,Webster 1994] Let C be a subset of R”and let

x1,x2 be arbitrary points of C. C is said to be a convex set if
Ax1+ ux2€ C
where A,y € [0,1] and A + u = 1.
Generally speaking, a set C is called convex if it contains all of its convex
combinations. Thus a set C is convex if V x1,x2,-:* ,xn € C,3x € C such that;
X = A1X1+ A2Xx2 + +++ + AnXn
where A1,A2,+++,An € [0,1] and A1 + A2 + -+ + An = 1 are scalars.

Theorem 2.1.2 [Webster 1994, Eggleston 1958] The operations: intersection,
scalar multiplication, closure, interior, vector sum and linear transformation

performed on convex Sets preserve convexity.

2.2 Convex Functions

Definition 2.2.1 [Florenzano et al 2001,Wayne 1973, Webster 1994] Let f: I S

R — R be a function. fis convex if the domain of fis a convex set, and f{ax + (1 -

a)y) < af(x) + (1 - a)f(y),V xy € domain of fand a € [0,1].



fis strictly convex if flax + (1 - a)y) < af(x) + (1 - a)f(y) for x 6=y and a € (0,1).

It is important to look at three equivalent definitions of convex functions of one

real variable.

Definition 2.2.2 [Dineen 1989] A real-valued measurable function f of a real

variable x, is convex on the interval (a,b), if V xy € (a,b),

r+y
2

FESY) < 1@ + Fw)

Definition 2.2.3 [Dineen 1989, Webster 1994] A C? function fon (a,b) is convex
dE

if and only if, %% = 0on (a, b)

where C?implies the collection of twice continuously differentiable functions.

2
Lastly we consider the functions fon (a,b), for which @z2= 0. These are continuous

affine functions.

Definition 2.2.4 [Dineen 1989] Let g be a function on (a,b), then g is convex if and
only if, Vx,y € (a,b),x <y and for any affine function ¢, we have g(x) < ¢(x) and g(y)
< o).

This implies that g(t) < ¢(t) forx<st<y.

Definition 2.2.5 [Boyd 2004, Florenzano et al 2001] The epigraph of a function

f: 1S R - Ris the subset of R2 given by
Epi(f)={(xw) : x € domain of fw € R f{x) < w}.

Theorem 2.2.6 A function fis convex, if and only if, Epi(f) is a convex set.
Definition 2.2.7 [Wayne 1973, Niculescu, Persson 2006] A function f: I €S R = R

is said to be midconvex if

f(;vl —;— 1172) <




An equivalent definition is given for midconvexity using n points, this definition
depends on the notion of rational convex combination of points. We give this

equivalent definition for midconvexity as a theorem.

Theorem 2.2.8 [Wayne 1973] fis midconvex on the convex set U C L if and only if

for any rational convex combination of points in U

f(i (l";i.mi) < i aif (x:)

. K . n o —
where a;i2 0 fort = 1,...,n, ;5 gre rational and2_i—1 % = 1

(2.0)

A convex function is continuous on the interior of its domain, while a midconvex
function is not necessarilly continuous and it is clear that convexity of a function
implies midconvexity.

Theorem 2.2.9 [Niculescu, Persson 2006] Let f: I = R be a continuous function.
Then fis convex if and only if f is midconvex, where I is a nondegenerate

interval

Proof

Let f: I = R be a continuous function and suppose fis convex then Vx,y € [ and VA

€ [0,1] we have

FOx+ (1 = Ay) < A1) + (1 - )fTy), Setting® = 3

into the above expression we obtain

F(50+ 50) < 2F(@) + 5 F)

thus fis midconvex.

Conversely: using proof by contradiction:
Suppose f is continuous and midconvex but not convex, then there exists a

subinterval [a,b] such that the graph of f][¢,5] s not under the chord joining (a,f(a))
and (b,f(b)); that is the function



F(z) = f(x) - (z —a) = f(a), =€ la,l]

verifies y = sup{F(x) : x € [a,b]} > 0.

Clearly F is continuous, since fis continuous and F(a) = F(b) = 0.
We claim that the function F: [a,b] — R is midconvex.

Proof of claim

Let F be as defined above and let x1,x2 € [a,b], then

F(%:}:l + %:]’?2) = f(%.rl + %.’1’)2) — w [(%:El + %-'152 - G')] — f(a)

< %f(a:l) + %f(.’]fg) - w [(%:ﬁ + %fl?z - @H - f(ﬂ'-)’

since fis midconvex. So

F(;:I:HL;I?Z) < ;f(Tl)+;f(L2)—w [(;$1+;:1;2;a;aﬂ ;j(a);j(n)

L 1/0) - f(a) 1, 1o 1) - f(a) 1
= =g (@) g gl -3 (rema) —5/@)

hence we have

which proves the claim.

Now let ¢ = inf{x € [a,b] : F(x) = y}; then necessarily F(c) = y and c € (a,b).

By the definition of ¢, for every h > 0 for which c+h € (a,b) we have
F(c-h) <F(c) and F(c + h) < F(c)

so that

Fle—h)+ F(c+h)
2

F(c)>

which contradicts the fact that F is midconvex, hence fis convex.



2.2.1 Operations that preserve the convexity of functions

Theorem 2.2.10 [Boyd 2004, Niculescu, Persson 2006] The sum of two convex
functions is a convex function which is a strictly convex function if one of the two

convex functions is strictly convex.

Proof

Letf:1— Randg:I—- R be two convex functions defined on / then
V,x1,x2 € [ and A1,A2 € [0,1] : A1+ A2 =1, we have that
fAxa + A2x2) < Aaf(x1) + A2f(x2)

and

g(Aix1 + A2x2) < A1g(x1) + A2g(x2).
Now defining a new function h: I = R such that Vx € |
h(x) = fix) +g(x),
and setting x = A1x1 + A2x2, since [ is convex then
h(A1x1 + A2x2) = fl[Aixa + A2x2) + g(A1x1 + A2x2) h(A1x1 +
A2x2) < Aif(x1) + A2f(x2) + g(Aixa + A2x2) h(Aix1 + A2x2) <
Aif(x1) + A2f(x2) + A1g(x1) + A2g(x2)

since fand g are convex.

So
h(A1x1 + A2x2) < A1 (f(x1) + g(x1)) + A2 (f(x2) + g(x2)) h(A1x1 + A2x2)

< A1h(x1) + A2h(x2)

follows from the definition of h.

Thus the function h is convex.



Theorem 2.2.11 [Boyd 2004, Niculescu, Persson 2006] The multiplication of a
convex function by a positive scalar preserves the convexity of the function while the
multiplication of a convex function by a negative scalar transforms the function into
a concave function.

Proof

Let f: I — R be a convex function and let ¢ be a positive scalar. We also define a
function h : I = R such that Vx € I, and Vc € R (a scalar ): h(x) = cf(x).

Now let x = A1x1 + A2x2, where x1,x2 €  and A1,A2 € [0,1] : A1+ A2=1, then

cf(A1x1 + A2xz2) = h(A1x1 + A2x2).

If c is a positive scalar, then

h(A1x1 + A2x2) = cf([A1x1 + A2x2)

h(A1x1 + A2x2) < c(A1f(x1) + A2f(x2))

since fis a convex function.

So
h(A1x1 + A2x2) < Aicf(x1) + Aacf(x2) h(Aixa +

A2x2) < A1h(x1) + A2h(x2),

hence h is convex.

If c is a negative scalar, then we have that

fTAxa + A2x2) < Aaf(x1) + A2f(x2),

since fis a convex function.

Now multiplying the above inequality by the scalar c(c < 0), we obtain

cf(A1x1 + A2x2) = c[A1f(x1) + A2f(x2)].

10



Thus
h(A1x1 + A2x2) 2 c(A1f(x1) + A2f(x2)) h(A1x1 +

A2x2) 2 Aicf(x1) + Azcf(x2) h(A1x1 + A2x2) 2
Ath(x1) + Azh(x2),

hence h is concave.
Theorem 2.2.12 [Niculescu, Persson 2006] If f: I = R is a convex function and g : R

— Ris also an increasing convex function, then the composition function given by g
o f:1—- Rdefined on the domain I by g » f(x) = g(f(x))Vx €l

is also a convex function.

Proof
Letf: [ — R be a convex function and let g : R — R be an increasing convex
function.

Taking x1,x2 €  and A3,A2 € [0,1] : A1+ A2=1, we have

(g° HA1x1+ A2x2) 9(fA1x1 + A2x2))
< g(Af(xa) + A2f(x2))
< Mig(f(x1)) + Azg(f(x2))

M(ge fix1) +A2(g° f)(x2),

hence the composite function g ° fis convex.

2.2.2 Smoothness Properties Of Convex Functions On In-
tervals.

Functions, in their generality, are classified according to the properties,
behaviours and characteristics of their derivatives. Higher order differentiability

corresponds to the existence of more derivatives of higher order and thus of

11



complex behaviour. Functions that have derivatives of all orders (that is: convex
functions such as the exponential function eX) are called free functions.

Hence the discussion on the smoothness properties of a convex function on an
interval is based on the characteristics and the behaviour of the convex function
with respect to its derivative and its characterisation in terms of slope of the
variables secant through arbitrary fixed points of its graph (where secant means
the intersection of straight line at a point or two of a curve of the graph).

The study of the smoothness properties of a convex function is a wide and
complex area and thus certain basic properties of convex functions such as the

continuity and differentiability of functions (convex) must be clearly understood.

Bounds of Convex Functions

Theorem 2.2.13 [Wayne 1973] Let f be a finite convex function defined on a closed
interval [a, b]. Then fis bounded above by M = max{f(a),f(b)}.

Proof
Let ¢ € [a, b]. Then c can be expressed as a convex combination of a and b and

SO:

c=Ma+Ab

where A1 andAz are scalars such that A1+ A2 = 1. Thus for

any cin [a, b], we have that

f(c) = flAra + A2b)

f(c) < Aif(a) + A2f(b).

Let M = max{f{a),f(b)} and thus

flc) < M + 12M

12



flc) = (A1 +A2)M f(c) <
M

since A1+ A2=1.

Thus fis bounded above by M.

Theorem 2.2.14 [Wayne 1973] Iffis a finite convex function defined on the interval

[a, b], then fis also bounded below.

Proof

Choose an arbitrary point c in the interval [a, b] and t > 0 an arbitrary small real

. — atbh ... .
number such that ¢ = aT ! From the definition of a convex function, we have

that:
Sa+b\ 1l (2(a+0b)
1(%57) = (52!
'l fa+b a+b
- fj( - +t—tN

'l fa+0b 1 fa+b
= f_i( 2 +t>+§( 2 _t)]
1ow(T -+ 1,[fa+b
§f(T+*)+§f( 2 ‘f)
since fis a convex function. So
a+Db 1, fa+b 1" »fa+b
= = e t
()2 (5 )= ()
a-+0b a+b a+0b
2 - —t) < f
() (G = ()
But 3" + 1= Candso

Qf(a;b)—f(a;b—t) < (o)

By Theorem 2.2.12., we have

IA

thus

SO

13



a+t
2( ;r )> —M < f(()
m=2f(%2) — M

Setting * we have

m < f(c),

thus fis bounded below.
Continuity of Convex function:

From a graphical observation, it is clear that a convex function fis continuous at
every point x in the interior of its domain.
We want to prove that a convex function satisfies the Lipschitz Condition in the

interior of its domain. More precisely, we want to show that if f: = R is a convex
function defined on the domain I, then Vxi,x2 € intl, we have that | f{x1) - f(x2) |<

k| x1 - x2| where k is a real constant.

Theorem 2.2.15 [Gruber 2007, Wayne 1973] Iff: I — R is convex, then

fsatisfies a Lipschitz Condition on any closed interval [a,b] contained in the interior

of L

Consequently, fis absolutely continuous on [a,b] and continuous on the interior of I.

Proof
Let > 0 so thata — eandb + € belong to I and let m and M be the lower and
upper bounds for / on [a —€,b + €]
If x and y are distinct points of [a,b], set
_ly=al
e+ ly—al,
Then? € [ — €0+ ¢].y = Az + (1 — \)z, and we have

z=y+ (y — =),

ly — x|

f) = M2) + (1 - D) = A[f(2) - AX)] + f)-

So

f@%am@gAmj_m%:W—m

(M —m) = K|y — x|
€

s (M—m)
wheref = ——

14



Since this is true for any x,y € [a,b], we conclude that

) = f) < Ky - xI.

Next we recall that fis absolutely continuous on [a,b] if

Ve >0, 3 0 >0 such that for any collection {(a;bi)}"; of disjoint open subin-
tervals of [a,b] with Do (b —a) <06, 350 | (b) — flai))| <,
Clearly the choice’ = ¥ meets the requirement.

Finally the continuity of fon the interior of I is a consequence of the arbitrariness

of [a,b].

Derivatives of Convex functions.

A function is said to be differentiable at a point a if there exists an affine map
tangent to the function at the point g, and the derivative at a is given by:

=@ 2

T—a % — Q

Convex functions, specifically, are better described and studied by the analysis of

their left and right derivatives defined below:

e The left derivative of a function fat a point a denoted byfi is defined by:
r—a~ 4y )
e The right derivative of a function fat a point a denoted byf | is defined

by: ‘ |
fi(a) = lim M

r—at Tr—a

The following theorems are important results that best describe the smoothness

properties of convex functions.

15



Theorem 2.2.16 [Wayne 1973, Webster 1994, Pe'cari’c et al 1992] If f: 1 = R is

convex [strictly convex|, then f-(x) and [+ (%) exist and are increasing [strictly

increasing] on the interior of I.

Theorem 2.2.17 [Gruber 2007, Webster 1994] Let f: I = R be a convex function.

Let x1,x2 and x3 € I such that x1 < x3 < X2. Then we have that:

f("l’?:a) - f(l'"l) < f(Tz) - f(Tl) < f(Tz) = f(-’f:z)

Ty — I - Ty — T - Ty — X3y

Proof

Let f: I = R be a convex function and let x1,x2 and x3 € I such that x1 < x3 < x2.
Consider p as a subinterval of I such that p is the line segment between x1 and x2
and consider x3 as a point on p. Then by the definition of convex sets, we have that
Xx3can be written as the convex combination of x1 and xz, thus x3 = A1x1 + A2x2, where
A1and Az are the required constants.

Now since x2 — x1 > x2 — x3 and that x2 — x1 > x3 — x1, we can express the

constants A1 and Az as the following:

Tg — T3 T3 — I
B_S S By,
Ty — I and ¥2 — 1
r2—ig r3—T] T2—I3 TI=T e
because 0 i z3—T] <1l,0< xa—T] <1 and thatzz—a1 + r2—21 L

So x3 can be re-written as the convex combination of x1 and xz as

To — T3 Iy — Iq
Tg=|——"7 |21+ | —— ) 22
5 — g o | ’

Thus

16



flxs) = [(ij_i:>.m+ -

(&
< (222 s+ (222 st
( °)

To — T+ T —

To — I

- [(B=2)- () e (a2 s
- (G Jre s (5=t ) e
+

= (o) - (”’3 - “) e

() s = (222 st
7 C%_%)U@ﬁ—ﬂ%n,

L9 — X

Lo — I

f(’l“a) - f(TL)

1
multiplying through the above inequality by «3—=: ~0, we have that

fzs) = f(z1) - fxs) — f(xy)

T T 0 To9 — X
Now from
Iy — I3 GN—lli .
x < ; .
flas) < $2_$1)f(581)+ x2_x1)f(:rg)

( (
N (:::2—:53) f($l)+(—:1:2+a:3+3:2—a:1)f($2)
( (

T2 — I Tg — I
(gm0 e (L) e
- (E=e (- E=) e
S (2:§ﬂfun+fwg—(zjzﬂf@a

and multiplying this through by -z ~ 0, we obtain
flxa) = flan) _ flx2) — flas)

T2 — T - To — T3
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Combining (2.1) and (2.2) we have
f(x3) — f(z1) - f(z2) — f(21) - f(x2) — f(x3)
T3 — I o To — I o To — X3 (2.3)

where x1 < X3 < X2.

Corollary 1 [Webster 1994] If f : I= R is a convex function, then we can define

another function gs: I\ {s} — R given by

where s € land x € I\ {s} such that gs: I \ {s} = R is an increasing function.

Proof

By definition, a function gs: I \ {s} — R is said to be an increasing function if

Vx1,x2 € I'\ {s} : x1< x2, we have that gs(x1) < gs(x2).
fla)—F(s)

Let f: I — R be convex and gs: I\ {s} = R be defined by 9s(r) = == “wherex €
L

We want to show that gs(x1) < gs(x2). To do this, we let x1,x2 € I \ {s} such that x1 <
x2. Then for our considerations we have three possible conditions:

Either s<xi<x2orxi<s<xzorxi<xz<s.

Case 1

If s < x1 < x2then we have from (2.3) by setting s = x1 and x3 = x1, that

fz1) = f(s) _ flxe) = f(5)  fme) — f(21)
€r,— s — To— S8 - To — I
and hence
f(x1) — f(s) < f(z2) — f(5)
7 —S - TS = &
that is

gs(x1) < gs(x2)

Hence gsis an increasing function if s < x1 < x2.

18



Case 2

If x1 < s < X2, then we have from (2.3) by setting x3 = s, that

f(s) = f(x1) < f(xa) — f(z1) < f(xa) — f(s)

s — I - To — X o To— 8§
and so
1(9) () _ f@s) = J()
S — I N To — S
that is
—[f(z1) — f(5)] < f(xa) — f(s)
—(zy—s) T wa—s
thus
flx1) = f(s) o flx2) = f(5)
Ty — 8 - Tg — 8
o]

gs(x1) < gs(x2)
Hence gsis an increasing function if x1 < s < x2. Case 3 x1 < x2 < s, then we

have from (2.3) by letting x3 = x2and x2 = s, that

flag) = f(x1) _ f(s) = f(x1) _ f(s) = f(x2)

s MR ) = @) F6) = £
() = F(s)) =l lan) = £(s)

a5

fon) = £15) _ (w2) = £15)

completes the proof regardless of the value of the variable s.
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Hence gsis an increasing function on I \ {s}.

Theorem 2.2.18 [Pe’cari’c et al 1992, Wayne] Let f: (a,b) = R be a function, then f
is convex [strictly convex] if and only if there is an increasing [strictly increasing]
function g : (a,b) — R and a point ¢ € (a,b) such that for all x €

(ab),
f@) ™ flo) = f otyit.

Proof
We suppose first that fis convex. ChooseY = [+ which exists and is increasing by

Theorem 2.2.15 and let ¢ be any point in (a,b).
By Theorem 2.2.14, fis absolutely continuous on [¢x], V x € (a,b).

By an elementary argument for Riemann integrals,

f(z) = fle) = / xf;(t)dt: / ) g(t)dt.

Moreover, if fis strictly convex, 9 = f ’+ will be strictly increasing (Theorem
2.2.15)
Conversely, suppose that/ (®) — f(c) = ey 9(1)dtholds with g increasing.
Let a,f be positive with a + f = 1. Then for x <y in (a,b), ;

af (@) + Bf () = (+B)f(az + By) = B git)dt—a [ gty

az+By x

To bound this expression below, we replace both integrands by the constant g(ax
+fy), this being the smallest value of the first integrand and the largest of the

second. We obtain on the right-hand side

Bglax + By)ly - (ax + By)] - ag(ax + By)[ax + By - x]
which simplifies to 0. Thus
af(x) + Bfly) - flax + By) 2 0

which is equivalent to the inequality that defines convexity.
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Finally, we note that the estimate made above is a strict one when g is strictly

increasing.

Theorem 2.2.19 [Pe’cari’c et al 1992, Wayne, Webster]| Suppose f is differen-
o tiable on
(a,b). Then fis convex [strictly convex] if and only if f is increasing

[strictly increasing].

Proof
0

Let f be differentiable, then by Theorem 2.2.15, fis increasing.
0

Conversely, suppose f is increasing [strictly increasing]. Then the fundamental

theorem of calculus assures us that
flay= ey = [ oy

for any c € (a,b). f being convex [strictly convex | follows from

Theorem 2.2.17.

00

Theorem 2.2.20 [Pe’cari’c et al 1992, Wayne 1973] Suppose f exists on (a,b). Then
fis convex if and only if fo= 0. And if fio(x) > 0 on (a,b) then fis

strictly convex on the interval.

Proof
0 00

Under the given assumption, fis increasing if and only if f  is non-negative and
0 00

f1is strictly increasing when f is positive. This combined with Theorem
2.2.18 gives us the result.

Theorem 2.2.21 [Webster 1994] Let f : I - R be a convex function. Then f is
continuous and differentiable at each point in the interior of its domain and has left

and right derivatives such that ¥xi,x2 € intl with x1 < x2, we have that

flx2) — f(x1)

i) < filo) < < f/(22) < f(w2)
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Proof
Let f: I - R be a real valued convex function defined on I. Let x1,x2,a € intl be such
thatxi1<a < xz2.

We can thus write from Theorem 2.2.16 that:

flz) = fla)  f(z) — fla)

T —a To—a
and thus
i J@)=I@ L f ) - fa)
si—a- T — @ za—at  To—a
fl(a) £ fi(a ) (2.4) since
fx1)—f(a) f(x2)—f(a)

f,_(a) - hnl;:_:lau* r1—a and thatf‘,“ (G.',) = limm2%u+ T2—a
Now we consider the following variables x1,x2,a,b € intl such that x1 <

x2< a < b and thus by Theorem 2.2.16, we obtain

fan) = f(a) _ () = f@) _ fB) - f(a)

r—a _— To—a = Do
and thus
lim flan) — fla) < lim f(z2) = f(a) < lim fb) = f(a)
T1—a Iy —a Tra—ra To — @ bsat T—
fr(a) < fi(a)

t/

which confirms (2.4) and thus/~ (@) < fi(a) =f2(z) < fi(z).
Now suppose that x1,x2,a,b € intl such that x1 < a < b < x2 = x1 < x2, then by

Theorem 2.2.16, we can deduce that

fla) — f(x1) < f(b) — f(a) < f(b) = f(x)

a — & b — axy - b— as

7

. e o —~
taking the limits as® = %1 and asb = Z2 we have that

lim fla) = f(z1) < lim f®) = f(z2)
amazf 0= 1 bz — Iy

since x1 < x2then by Corollary 1

fian) < fi (),
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So we can give a partial conclusion of the Theorem and that is

fl(xy) < fl(a) < fl(xg) < fiu(i?z) (2.5)

Vx1,x2 € intl such that x1 < x2.
We now conclude the proof of the Theorem by showing that
fiola) < L fomd < pr (),

T2—T]

Since fis continuous and differentiable and fois increasing on any x1,x2 € intl, by
the Mean Value Theorem 3 d € (x1,x2) € I, such that

flw) = (1)

f'ld) = i
Ta I
and that
Fi(@) < f1(d) < fL(22)
0y < 4@2) = flm)
S e _ 2.6
We finally conclude from (2.5) and (2.6) that
Fra) < £ < L I@) e < i

Iy — I

Vx1,x2 € intl such that x1 < x2.

Corollary 2 Let f: I - R define a real valued function and let x1,x2 be elements in the
interior of the domain such that x1 < x2. If the inequality given by

' T flaa)—f(x1) -
fiz1) < fi(z) < O s -2) 3 fi(lﬂ)holdsfor all interior points of

the domain, then f is a convex function.
Proof

Let f: I - R define a real valued function and let x1,x2 € intl such that x1 < x2, so that

the expression

flxa) — f(a1)

To — I

holds.
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Let us further assume that 3a € (x1, x2) = X1 < a < x2, then a can be written as the
convex combination of both x1 and x2 by considering A1,A2 as the appropriate
constants such that a = A1x1 + A2x2.

From equation (2.6) we had that

f(22) — fla1)

To — I1

fi(z) < < fL(a)

Let us again, suppose that 3¢,d € intl such that x1< c < a <d < x2and thus c € [x1,a]
and d € [a,x2].

From the Mean Value Theorem we can write that

f(a) = flan) _ 2) — f(a
( ) ( 1) :f’(C fi(d):f( 2) ( )
a— I ) and oy o
_ f@2)=f(=1)
Since ¢ < d and g defined by? z2—x1 1S an increasing function per Corollary

1, of Theorem 2.2.16 we can deduce the following:

Plc) =< f(d)
SO
fl@) = (@) _ f(z2) - f(a)
a— x o To — @

But a = A1x1 + A2x2 and so
FAzy + Aeza) — f(21)
(/\1.’131 Ela Az.‘I‘g) — &I

f(@a) = f(Az1 + Aao)
o s . (/\11’1 ols )\2.’1?2)

IA

thatis
Fh@ 4+ Xoza) = flx) _ f(xa) — fF(Mizn + Aews)
331(}\1 - 1) b= )\QCE‘Q Jfg(]. — /\2) — )\1371

In addition A1+ A2=1=>A1=1 - Az2and so

F(M@y 4+ Xoxs) = f(a1) » f(x2) — f(A1x1 + Aowa)
Ao(2 — 1) % (w2 — 1)

IA

Multiplying through by (x2 - x1), we obtain:
f(/\lml + /\2.’]52) — f(.’l’fl) < f(??z) — f(/\l.??l + /\2;1’2)
Az N At
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A[f(Aix1 + A2x2) = f(x1)] < A2[f(x2) = flA1x1 + A2x2)] Af(Aaxa +
A2x2) = Af(x1) < Aof(x2) — Aof{Aix1 + A2x2) Auf{Aixa + A2x2) +
Aof(Aixa + A2x2) < A2f(x2) + Af(xa) flAixa + A2x2) (A1 + A2) <
Af(x1 + A2f(x2).

Finally since A1 + A2=1, we have that

fAxa + A2x2) < Aaf(x1) + A2f(x2)

and hence fis a convex function.

Our next characterisation depends on the geometrically evident idea that through
any point on the graph of a convex function, there is a line which lies on or below
the graph. More formally, we say that a function fdefined on I has support at xo €
I if there exists an affine function A(x) = f{xo) + m(x - xo0) such that A(x) < f{x) for
every x € I. The graph of the support function A is called a line of support for fat

X0.

Theorem 2.2.22 [Pe'cari’c et al 1992, Wayne 1973, Webster 1994] f : (a,b) = R is

convex if and only if there is at least one line of support for f at each xo € (a,b).

Proof

Let fbe convex and xo € (a,b), choose’ < [f2(x0), fir(f'?O)]. Then
Jz)—f(

_,L__IO""”) >mor <m
according as x > xo or x < xo. In either case, f{x) — f{xo) = m(x - xo); that is, f{x) = f(xo)
+ m(x - Xo).
Conversely, suppose that fhas a line of support at each point of (a,b).

Letxy € (a,b) and xo= Ax+(1-A)y, A € [0,1], let A(x) = f{x0)+m(x—x0) be the support

function for fat xo. Then

flxo) =A(x0) =AA(x) + (1 - MAY) < M(x) + (1 - V)f(Y)
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as required

Theorem 2.2.23 [Gruber 2007, Wayne 1973, Webster 1994] Let f : (a,b) = R be
convex. Then f is differentiable at xo if and only if the line of support for f at xo is

unique. And in this case,

0
A(x) = f(x0) + f (x0)(x — x0)
provides this unique support.

Proof

From Theorem 2.2.21 it is clear that for each " € [/ %o, f+(ff0)], there is a line of

support for fat xo. Uniqueness of the line therefore means/~ (£0) = f+(370) ;
o that is f
(x0) exists.
0
Conversely, suppose f (xo) exists, then any line of support
A(x) = f{x0) + m(x — x0) gives us f[x) = f{x0) = m(x - xo).

For x1 < xo0 < x2, we have
=TI <%

f(@1) = f(z0) % m < f(x2) — f(w0)

T — 20 Lo=—"Tp
Taking limits as x1 - xoand x2 — xo gives /- (#0) <m < f +(~'L'U), so differentia-

bility at xo implies uniqueness of m, hence of the support A4 at xo.

Chapter 3

Superquadratic functions

In general a real-valued function fis said to be quadratic if

flx+y) + flx - y) = 2[fx) + fy)] (3.1)

for all x,y in the domain of f.
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When the “=" is replaced by “ 2” in (3.1), the function f'is called superquadratic
and subquadratic for “<”.

Two known definitions have been given for functions considered to be
superquadratic, one is a modification of the geometrical notion of convex functions,
while the other is closely linked to (3.1). These two classes of functions coincide but
are not equal as one class contains only continuous functions and the other does not
require

continuity.

A convex function has a line of support at each point of its domain and lies above

each of its support lines. That is, for each x there exists a slope Pxsuch that

fy) 2 f(x) + Px(y - x)

for all y.
For a superquadratic function we require that the function lie above its line of
support plus a translation of itself.

Definition 3.0.24 [Abramovich et al 2004a, Abramovich 2009] A function ¢ :

[0,00) — R is superquadratic provided that for all x > 0 there exists a constant

Px € R such that

¢0) 2 p(x) + Px(y - x) + p(ly - x]) (3.2)
forally = 0.

It is noticed that ¢ is subquadratic if and only if —¢ is superquadratic.
Proof
Let —¢ be superquadratic on [0,00).

Then Vx € [0,00), there exists a constant Px € R depending on x such that

~o) 2 ~¢(x) + Px(y = x) + (=p(ly - cl)), Vyz0.

Multiplying the above expression through by -1, we obtain
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) = P(x) - Py = x) + $(ly - x]),

setting Phx= —Px € R, which is still a constant depending on x, we have for all x 2 0,

—~

e(y) <pl@)+ Py —a)+o(ly—=z|), Vy=0,

Thus ¢ is subquadratic.
Conversely

Suppose ¢ is subquadratic.
Then Vx > 0, there exists a constant > € Rsuch that

o(y) < p(z) + Poly — ) + @(|ly — x|),
Multiplying the above expression through by -1, we obtain

—o(y) = —p(@) = P+ (=(ly — 21),

setting —Pbx= Px € R, we have that forall x> 0,

~9) 2 =¢(x) + Px(y - x) + (=¢(ly - x[)) Vy=20.
Thus -¢ is superquadratic.
From (3.2) superquadraticity appears to be stronger then convexity, that is ¢
superquadratic = ¢ convex, but if ¢ takes negative values then superquadraticity
may be very weak, that is ¢ not convex but superquadratic.
[Abramovich, Jameson and Sinnamon 2004a] remarked that by setting Px= 0 in
Definition 3.0.23, any function ¢ satisfying -2 < ¢p(x) < -1, for all x, is
superquadratic.

This is generalized as the following Corollary:

Corollary 3 [Asare 2009]Any function ¢ satisfying —2r < ¢(x) < -r, where r € R* for

all x € R is superquadratic.

Proof

Let ¢ : [0,00) = R and Vx € [0,00), let -2r < ¢(x) < -1, where r € R*.
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So for y and (|y - x|) € [0,00) we have -2r < ¢(y) < -rand
=2r<o(ly -x|) <-r.

Thus -4r < ¢(x) + ¢(ly - x|) £ -2r < ¢p(y) < -r, hence ¢(y) 2 p(x) + d(|y — x|). Now
by setting Pxin the Definition (3.0.23) to

0, this last expression becomes ¢(y) = ¢(x) + d(|y — x|) + Px(y — x), this satisfies the
definition of ¢ being

superquadratic.

The non-negative superquadratic functions are much better behaved as we can

see later.

3.0.3 Properties of superquadratic functions

Lemma 3.0.25 [Abramovich et al 2004a] Let ¢ be a superquadratic function with

Pxas defined above.

1. Then ¢(0) < 0.

0 0

2. If ¢(0) = ¢ (0) = O,then Px= ¢ (x) whenever ¢ is differentiable at x
> 0.

3. If ¢ = 0,then ¢ is convex and ¢(0) = ¢o(0) = 0.

Proof (1)
In Definition 3.0.23, let x = y, then
d(x) = p(x) + ¢(0)

SO

02 ¢(0).

Proof of (2)
Let x > 0, then we consider two cases where y < xand y > x.
Fory <x, then |y -x| = (x-y) so
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lim <
y—rr— xr—1 r—y . (33)

Fory >x,then |[y-x| =(y -x) so

lim (so(y) —plr)  ely—=)
y—rat Y= Y— » (3.4)

Now if ¢ is differentiable at 0 and ¢(0) = ¢0(0) = 0 for all x € [0,00) at which
0 (x) exists, as y approaches x we have from (3.3), ¢°(x) < Pxand from (3.4),

Px< ¢o(x), hence

0

¢ (X) = Px.
Proof (3)
If ¢ 20, then ¢(0) < 0 becomes ¢(0) = 0 and also as y approaches x then Definition
3.0.23 implies that ¢(y) — ¢(x) = Px(y - x) for all x,y 2 0. If y1 < x < y2 this yields

¢(z) —ply) <p <P - ()
e 51 Yo — T

Multiplying the above expression by (x = y1)(y2 — x), we obtain

(@) - 1)) (2 -x) < (¢(v2) - d(x)) (x - y1)
So
¢E)2-x-y1+x] < p(r2)(x - y1) + p(y1) vz - x).

From which we obtain,

and so ¢ is convex.

We have that for convex functions ¢ : I - R where [ is an interval, ¢ is
differentiable at all but a finite number of points. So since [0,00) can be covered

by

o countably many intervals ¢
(x) exists almost everywhere.
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From the proof of (2) in Lemma (3.0.24) we can obtain

< P, <limsup

y—raT

lim sup (L’S(r) - %9(?}) n 99(.‘11 — y))
y—x— xr — y T — ,U

ely) —elr) oy — =)
( )

y—x y—x

Let t = x — y, then it follows that

ot
lim sup 2 ()

<0
t—0t t

Since ¢ is non-negative we obtain

p(t ot
0 < liminf @ < lim sup (1)
t—0+ t L—s0+ t

<0
so the (one-sided) derivative at zero exists and 99’(0) = 0. This ends the proof.

Lemma 3.0.26 [Abramovich et al 2004b] Suppose that ¢ is superquadratic and
non-negative. Then ¢ is convex and increasing. Also if Pxis as in Definition

3.0.23, then Px= 0.

Proof
Lemma 3.0.24 gives us the convexity. Together with ¢(0) = 0 and ¢(x) = 0O, this
implies ¢ is increasing. As mentioned already, we can take Px(0) = 0. For x> 0 and

y <X, we can rewrite (3.2) as

©(z) = p(y) + plz —y)
=g

R >0

0 0

Lemma 3.0.27 [Abramovich et al 2004b] If ¢$(0) = ¢ (0) = 0 and ¢ is convex

(resp. concave) then ¢ is superquadratic (resp. subquadratic).

Proof
0 ’
Let ¢ be convex v and(0) = 0, then we have
] ! T /
in (1) B y & Bl .
@) =¢ @R s [T ety

for x,y 2 0 and hence

0 0 0

¢ )+ )< (x+y).
Now lety > x = 0, then
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C0) = ple) = ey —2) = (=25 @) = [+ =0 - @l
0.

2

Similarly for the case x >y = 0.

Lemma 3.0.28 [Abramovich et al 2004a] Suppose ¢ : [0,00) — R is continuously

o ()

differentiable and ¢(0) < 0. If ¢pois superadditive or = is non-decreasing, then ¢ is

superquadratic.

Proof

We first suppose that ¢is superadditive and x < y then

!

v ly—z) <@ (y)—¢ ()

SO

Y
Oéf(vm—wtﬂ—wﬁ—ﬂﬂt
Letv =t - x, then dv = dt, hence

Zy 0 Zy 0 Zy—x 0
0  ¢(Odt- ¢ (x)dt- ¢ (V)dv

X 0
=o0) - o(x) -V -x)¢ (x) = (v = x) + $(0),

<o) - - -x)¢ () - ¢y - x),
since ¢(0) < 0.

If y < x, then
(e —y) <¢'(x) = ¢ (y)

SO

o< [w-d=—v W

Here we make a substitution similar to that of the one above for the case x <y and

this yields,
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0= (x-y)¢ () +¢(0) - plx-y) - p(x) + p(y),

0
<x-y)¢ (x) - px-y) - o(x) + p().
From the two cases shown above, it is clear that for any x,y 2 0,

o ¢0) -
¢(x) -y -xD 2 ¢ ()0 - x).

0

When we set Px= ¢ (x) we see that ¢ is superquadratic. Let us

¢ (z)

now suppose that = is non-decreasing then,

zp (v +y) it ye' (z +y)
= Tr+y

plr+y)=

’

> ¢ (z) + ¢ () ,
oand so the second

condition reduces to the first, that is: ¢ is superadditive, completing the proof.

Lemma 3.0.29 [Abramovich et al 2004a] Suppose ¢ is differentiable and ¢(0) =
o(z)
¢°(0) = 0. If ¢ is superquadratic, then ST s non-decreasing on (0,00).

Proof
0

From lemma 3.0.24. the constant Pxin the Definition 3.0.23. is necessarily ¢ (x).
When we set y = 0 in Definition 3.0.23. we obtain,

0$(0) -
() = p(x) 2 ¢ (¥)(0 - x),

simplifying the above expression
we obtain,

76 (1) > 20(),

A function fis said to be increasing on an interval ], if fo(x) = 0 at each point on the

interval L

Iy (:I‘)
Now the first derivative of % which is given by
(»9( )) _ a9 (z) — 2p(2)
()2 (@)

>0

7’
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e(x)

and it follows that(=)* is non-decreasing.

We now turn our attention to the second definition given for superquadratic

functions.

Definition 3.0.30 [Abramovich 2009] Let X be a real vector space. A function ¢ :

X — Ris said to be superquadratic, if Vx,y € X

Plx +y) + plx -y) 2 2[p(x) + (V)] (3-5)

[ Gil'anyi and Troczka 2011] Remarked that a non-negative, superquadratic
function defined on a 2-divisible abelian group is Jensen-convex.
When we make the following substitution x1 = x + y and x2 = x - y, we have

€T1+ao €1 —T9

that' = 2 and? = "2

So inequality (3.5) becomes

T+ X Ty — -
e ) )

re-arranging it gives,

o(B52E) <5t + 5ol = o (Glei = 2)) (3.6)

3.0.4 Some examples of superquadratic functions

1. For p = 2 the power function ¢ : [0,00) — [0,00), given by ¢(t) = t,

satisfies Definitions 3.0.23 and 3.0.29.
Proof for Definition 3.0.23

Letg(t)=tr,p 2 2.
We want to show that Vx = 0, there exists a constant Py, depending on x such

that
¢() 2 ¢(x) + (v - x)Px+ p(ly - x|),Vy 2 0.
Since ¢(t) = tris differentiable, the constant P:= ¢o(¢t) = ptP-1.

So without loss of generality, lety 2 x> 0.
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We define a function f{x,y) to be:
flx,y) = yP —af — (y —x)pa?' — (y — x)P

T\P Pl T\P TN\P
rl-G) -G) () - (0-35)]
Y Y Y Y

Define f: [0,1] = R by

y?’f(‘;) = .f(ﬁny)_

) >
Since y 2 0, showing that f{x,y) 2 0 is equivalent to provingf ( y) - .
Setting’ ~ v, we have for,0<r<1,

fr) = 1= 1-r=pre-t+pro-(1-r)p

~

f(0) = 0= o
Flir) = —pr ' = plp— 1P 2 4 p2r2 ! 4 p(1 —r)P!

1 p—1
= p?‘p’l[—l—(p—l)tfhrp—i-(;—1) ]

1
Setting® = r, we have that 1 < s < o0 and

Fioy=p(z)" [-1==1s+p+(s- 1

S

Setting h(s)=(s-1)P1+ (p-1) - (p - 1)s, 1 <5 < 00, we have that ho(s) = (p
-1)[(s-1)r2-1]201<s<00,

Thus the function h is increasing on [1,00). Since h(1) = 0, it follows that
o h is positive and

consequently fp is also positive on [0,1).

—~

Since fb(0) = 0, we have that f(1) = 0. Vr € [0, 1]
Hence ¢(t) = tris superquadratic for y =2 x = 0, be Definition 3.0.23

Proof for Definition 3.0.29

Let flxy) = (x +y)P+ (x = y)P - 2xP - 2P, x2y=20. Then

sl =2 [( (=2 a2y -3

Define f: [0,1] = R by



Since x 2 0, showing that f{x,y) = 0 is equivalent to provingf(%) > 0.

Y
Nowset! = &

—~

f) =0+t +(1—t)P—2—2t"
So

F'it) = pl(l+8)P ! = (1— ¢t L2
1 1ypP-1 1 p—1
- b -

1
Setting” — 7, forO<t<1,

f’(l) =ps'P[(s+ 1P = (s=1)P"1—2], se[l,00)

S

Letg(s)=(s+1)p-1-(s-1)p-1-2 fors € [1,00).
9°6)=(-Dl(s+1)p2-(s-1)p?] 20,  s€[Lo)

Thus the function g is increasing on [1,00). Since g(1) = 2r-1-2 >0, it
ofollows that g is positive

and consequently fp is also positive in (0,1].

Since fp(0) = 0, we have that f{(t) 2 0, vte[01].

Hence ¢(t) = tPis superquadratic for x 2 y > 0.

2. The function ¢(t) = t2Int, for t > 0 and ¢(0) = 0 is superquadratic by
Definition 3.0.23.
Proof of Example 2
Let ¢(t) = t2Int, for t >0 and ¢(0) = 0.
We wish to show that ¢(t) = t? Int is continuously differentiable on (0,0).
Now, ¢(t) is continuous on (0,00) being the product of two continuous

functions on (0,0).

0

¢ (6) = t[1 + 2Int].
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Clearly the derivative of ¢(t) is also continuous being the product of two
continuous functions on (0,00).
So ¢(t) = t2Int is continuously differentiable.

!
w (t)
Now we wish to show that ¢ is non-decreasing.

So

d
—(1 Int
d,t( +2Int)
2
-

¢'(t)
Thus “¢ is non-decreasing on (0,00).

Hence by Lemma 3.0.27, ¢(t) = t2Int is superquadratic on (0,0).

. Forx 2y 2 2, the exponential function ¢ : [2,00) — [0,00), given by
¢(t) = e, satisfies Definition 3.0.29.

For the proof of Example 3, see Proposition 6.2.1.

. Let ¢ : R = R-be defined by
-3 ift=0
—1 ift#£0

p(t) =

Then ¢(t) is superquadratic according to Definition 3.0.29.

Proof of Example 4

We wish to show that for all x,y € R

¢x +y) + d(x -y) 2 2[¢(x) + p(V)]-

Proof by Cases is empolyed for this prove.

Case 1 Whenx=y=0.

Let flxy) = p(x +y) + p(x - y) - 2[¢(x) + ()]
Then
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f0,0) = ¢(0) +¢(0) - 2[$(0) + $(0]]
=-3-3-2[-3-3]
=-6+12=6

> 0,

thus f(xy) >0, forx=y =0.
Hence ¢(x +y) + p(x - y) > 2[¢(x) + d(¥)].

Case 2 When x 6=0,y 6=0 butx =y.
Then

flxy) = ¢(2x) + ¢(0) - 2[¢(x) + ¢ (¥)]
=-1-3-2[-1-1]
=—4+4=0,

thus flx,y) = 0.
Hence ¢p(x +y) + p(x —y) = 2[p(x) + (V)] is satisfied.

Case 3 Whenx 6=0,y 6=0,x 6=y butx+y=0.

fxy) = $(0) + plx-y) - 2[¢(x) + ()]
=-3-1-2[-1-1]

=-4+4=0,

thus fx,y) = 0.

Hence ¢p(x +y) + p(x - y) = 2[p(x) + ¢p(v)] is satisfied.
Case 4 Whenx=0andy 6=0.

Then

f0y) = () + () - 2[¢(0) + p()]
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=-1-1-2[-3-1]=6

thus f(x,y) = 0.
Hence ¢(x +y) + p(x - y) > 2[¢(x) + (V)]

Case 5 Whenx 6=0andy = 0.

Then
fx0) = ¢(x)+ @) - 2[p(x) + P(0)]
=-6-2[-1-3]=2
> 0,
thus f(x,y) > 0.

Hence ¢(x +y) + p(x - y) > 2[¢(x) + (V)]

This concludes the fact that Example 5 is superquadratic according to

Definition 3.0.29

Chapter 4

Jensen’s Inequality and other related

inequalities

In this section we shall take a close look at Jensen'’s, Young’s and Minkowski’s
inequalities and a refinement of the Jensen’s inequality via Definition 3.0.23.
As an important tool, Jensen’s inequality has proved very useful in the derivation

of many other inequalities such as Young’s, H"older’s, Minkowski’s, Chebyshevs
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inequalities. These inequalities have proved useful in many areas of application,
such as in statistics, information theory, Rao-Blackwell theorem.

In statistics, under the multiple comparisons among mean vectors, the ANOVA
problem is to test whether all the means are equal and to identify the nature of
departure from the test in case of its rejection. The F and T tests are the best
known tests used for this purpose, these tests and the associated multiple
comparisons can be obtained using Roy’s union-intersection approach and a
modification of Holder’s inequality; see [Subbaiah, P and Mudholkar G.S 1983].

The discrete version of Jensen’s inequality for convex functions is given as

Theorem 4.0.31 Jensen'’s inequality [Bani’c et al 2008b, Cloud 1998]

d)(Pin ;Pﬁz) < Pin ;&Uﬁﬁb(wi)’ (4.1
where @ is a convex function defined on an interval I in R, (x1,..,xn) € I"(n 2 2) and
(p1,...pr) is any non-negative n-tuple satisfying’ » = > izt P,

Proof

We use an inductive argument.

For n = 2,P2= p1+ p2=P2i=1 pi, so

2
1 P11 pQIQ)
= iLi | = ==

¢(P2;p =g y

P

ch'b

- (z1) =+ E(,b(:z,‘g)

P

by the convexity of ¢, hence the statement is true for n = 2 Fix k

€ N, k > 2 and suppose (4.1) is true, that is

k k
1 1

kizh i=1

Now for k+ 1 € N, we have
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k
1 Pr+1Tk+1
pix; + —)
(Pfi:Jrl Z PR:+1
k
Py Prt 1Tkt 1
= @( E i+ —)
Pr1 Py p P Prs

P 1 o Die 1L

k k4+1Lk41

0 (D pg priatist)
Pir \Ps

‘ Pria
P i & »
k E+1
< 0(— : ,) + oxg,
Pipr "\ By T.Zp k+1‘( +1)

by the convexity of .
1 k o 1 ko Y
But(p(ﬁ 21 Piti) < Py 2 p@(”h), from the inductive hypothesis,

SO
k

1 k+1 Pk 1 Prit |
qs(P' Zp?.xi) : Pri1 (Fk X;I)?é(xt)) + Pr 9(@xr1)

which completes the proof.
A refinement of Jensen’s inequality is obtained when the convex function in (4.1)
is replaced by a function which satisfies Definition 3.0.23.

The refined inequality is given as follows

Theorem 4.0.32 Refined Jensen’s inequality/Abramovich 2009, Bani’c et al
2008a]

Suppose ¢ is superquadratic and for any two non-negative n—tuples (xi...,.xn)

and (pi,...,pn) such thatPn = 22121 Pi. Then
1 T 1 n 1 L
o\ 5 i ) S oo (@) — == i
”J(Pn ;_] pid ) <5 12—1 pip(@:) 2 {E_l psﬂ(

Proof

1 «
S F ijLJ')
" iz .

(4.2)

N b .
Lety(z) ~ P. be adiscrete measure on {1,..,n} and let p;,Pnbe as stated above.

= _ 1y
Settingy =x;and” — ¥ = Pn Zj:'l Pi*jin Definition 3.0.23, we have
d(x) = P(x) + P(|xi— x|) + Px(xi— X),

taking the weighted average of both sides, that is,
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since

Z vie(le; —Z|) =0

i=1

So the above expression becomes
1 < B
P, ;PW(‘EE‘) = ¢(T) + P, ;I)M(Lﬂ -

re-arranging the above expression gives the desired inequality.

7

The equivalent continuous version of the refined Jensen’s inequality is given in
[Abramovich et al 2004a] as

Z Z
¢(  fdu) < [P(A)) - B(UAs) - [ fduD)]du(s), (4-3)

for all probability measures p and all non-negative, y-integrable functions f.

Theorem 4.0.33 [Bani’c et al 2008a] For the function ¢ : [0,00) = R the fol-

lowing conditions are equivalent:

1. The function ¢ is a superquadratic function; that is, there exists a constant

Pxsuch thatVx=0
d) 2 p(x) + Px(y = x) + d(ly - x[)
Vy = 0.

2. For any two non-negative n—tuples (xa,..,xn) and (p1,...pn) such that
Py=2pi>0 thefollowmg mequallty holds

( Zp ) pr z;) Zpa (

Ly o)

3. The following inequality
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¢(Ay1+(1-A)y2) < Ap(y1)+(1-1)$(y2)-A¢[(1-A) [y1-y2|]-(1-A) p[Aly1-y2|]
holds for all y1,y22 0 and A € [0,1].

4. For all x,y1,y22 0 such that y1 < x <y2we have
Yo — X 1
plx) < =——lo(y) = ol@ —n)] +

xr — y
Ya — Y2 —

yll [o(y2) = (12 — )]

or equivalently
Py) — o) =l —y) _ plye) — @) — oy — )
Yy —x y Yo —

Proof

(1) == (2) see proof of Theorem 4.0.31.
(2)==(3)

Suppose (2) holds for all non-negative n-tuples (x3,..,Xn) and (p1,...,pn) such

that!n = 22im i > 0
In the special case for n =2, p1=A € [0,1], p2= (1-1) and for x1= y1, x2=y2we have

¢(Ay1+ (1 -A)y2) <Ap(y1) + (1 - Np(y2) = Ap[ly1 - (W1 + (1 - A)y2)[]-

(1 =olly2- A1+ (1 - A)y2)|]

which simplifies to
¢Ay1+ (1 -A)y2) <Ap(y1) + (1 =A)p(y2) = Ap[(1 - A ly1 - y2|]-

(1 -A)p[Aly1-y2l].
(3)==(4)
Suppose that (3) holds for all y1,y22 0 and A € [0,1].
Let x,y1,y2 2 0 be such that y1 < x < y2. Then there exists A € [0,1] such that x = Ay1 +

(1 - A)y2. Hence we have

— H2—x — L~

— A
y2—y and 1 ya—u1,
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Substituting these expressions in (3) we obtain,
Yya — ¥ T — Yo—T (X —1
p(r) < e(y) + e(y2) — v(

Y2— U — 0 Y2 =t NY2— 11

T — 1N Yo —
(L= ).

Y2 — W Yo — W
(@) (Y2 —y1) < (y2 — )W) + (2 = y1)p(ye) — (Y2= x)pl@— y1)—

Y1 — Y2

)_

Y1 — Y2

(x-y1)opz-x),
PX)y2—x+x-y1) < (2= x)p(y1) + (x - y1)p(y2) - (v2 - x)(x - y1)-
(x-y)opz-x),
2= X)) - py1) + dlx - y1)] = (x - y1)[d(y2) - P(x) - p(y2-x)].

Dividing the last inequality by (x = y1)(y2 - x) > 0 we obtain (4).

(4) == (1)
Suppose that (4) holds for all x,y1,y2 2 0 such that y1 < x < y2. By fixing

y1€ (0,x), we obtain a lower bound that shows that

e e(y2) — plz) — o(y2 — )

Y2 > Yo — T

Pr=

Taking y2=y,
Py -x) < p(y) = ¢(x) - oy - x),(y > x).

From (4) for yi1 <x,
p(n) —o(z) — o(@ —y1) p

sup =P,
y1<x h—
exists.
Thus
inf py2) — ola) — (Y2 — @) = P, = sup () — p(x) — p(x —11)
Y2 > y2 — 7T me<r y] .

Now taking y1=y,

¢0) - P(x) - dx - y) 2 Px(y = x),(y < x).
44
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From inequalities (4.4) and (4.5),
¢() - ¢(x) - d(Ix - y|) 2 Pxly - x),(vxy > 0),

thus ¢ satisfies (1).
From inequality (4.2) when we set n = 2 and p1 = p2= 1, we obtain

1

) S éﬁﬁ(ﬂfl) + 590(1172) = 90(‘

T — To
2

f ((m + 20
A

). (4.6)

From (4.6) one can clearly see that all functions satisfying Definition 3.0.23 also
satisfy Definition 3.0.29 but the converse is not always true even if we restrict the

domain of ¢ in Definition 3.0.29 to R*, see [Abramovich 2009].

4.1 Young’'s inequality

Theorem 4.1.1 [Cloud 1998, Gruber 2007, Niculescu, Persson 2006] Let x,y =

1 + 1 9
0 and p,q > 1 such thatv " a , then

Ly £ 3%
P q, (4.7)
Proof
Let x,y,p and q be as given then
Y 6111 xy

( Inz»? + In y%q)
e

(l lnx? + . In yq)

= ep q

Since the exponential function is convex we have that,
1y 1 q
Zelnz - 2y

b q

1 b
= —af 4+ —yL
p q

vy <
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4.2 Minkowski’s inequality

Theorem 4.2.1 [Cloud 1998, Ji'r'r et al 2000, Niculescu, Persson 2006] Assume that

X1,..,Xnand y1,..,yn are real numbers, and let p 2 1. Then

()T () ()

1= 1= (4‘.8)
Proof
Let (x1,..,xn) and (y1,....yn) be real numbers and let p € N.

Consider the expression

€Ty Yi !
n il e e PR
(Z-i:'l xy)r + (23:1 y;)? (Z;‘.:1 z7)r + (27:21 y;)r
T D I n L
Suppose that~ = (221 27)7 and that ¥ = (22121 %)” and thus the above

expression becomes
x4 2 \"” ~ T, X Y
z+ 2 z+z  z+7Z

=@+ =Bk
2+ \z 2+ \z2

Since the power function is a convex function for all n =2 1, we have by Jensen’s

inequality the inequality

i+ yi\" z (ﬂfi)"’ z (yi)p
< ~ o
z+ 2 z+ 2z \z et AT

Summing the above expression over the i% running fromi =1,2,..,n - 1,n, we have

n ) P n 7
xr; + z T\P & Yi\ P
Yl ) =X 5 G) v (6
z+ 2 , z+ 2\ z = \ T

i=1 i=1._

’ n

=20

i=1 1=

_ ~ 7 ~ Yi
7z+z’[ zf'}+z+z’[zz"ﬁ]'
i —1

But since it is only the x%s and y:0s that are dependent on i, we have that
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z+ 2" z'P
Hence
—~ (zit+yi\" 2 4 §
— \ 2t % F2 B ZE
and so
n ::’i 9 ", p
S ()
—\ztz :
that is which says n
Zi:l(l‘i == yi)p
(z+ 2')
n
X p Op
xi+y)s(z+z).
i=1

Finally replacing z and z9% we conclude that

n

Zn:(:m + yi)f < [(ZT‘S)% + (Zn:yf)%]p

i=1 i=1
n 1

(S < () (Sw)’

=1 =1
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Chapter 5

Subharmonic functions

Subharmonic functions are a larger class of functions than the harmonic
functions, but they have a lot of similar useful properties. Before we go into the

details of subharmonic functions, let us first look at holomorphic functions briefly.

5.1 Holomorphic functions

Definition 5.1.1 A holomorphic function is defined on an open subset U of the
complex plane C, with values in C and is complex-differentiable at every point in

U.

Complex- differentiability is a much stronger condition than real- differentiability
and this implies that holomorphic functions are infinitely differentiable and can
be expressed as Taylor series.

The term analytic function is often used interchangeably with holomorphic
functions, further more, the class of analytic functions coincides with the class of
holomorphic functions. Holomorphic functions are sometimes called regular
functions. An entire function is a function which is holomorphic on the whole of
C. A complex function flx+iy) = u(x,y)+iv(xy) is holomorphic, if both u and v have
first partial derivatives, with respect to x and y, which satisfy the Cauchy

Riemann equations,

du v ou v

or Oy and dy o
If continuity of the partial derivatives is not given, the converse is not necessarily

true.
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Every holomorphic function can be separated into it’s real and imaginary parts,
and each of these is a solution of Laplace’s equation on R? thus if we write a
holomorphic function f(z) = u(x,y) + iv(x,y), both u and v are harmonic func-

tions.
A function of several complex variables is holomorphic, if and only if, it satisfies

the Cauchy- Riemann equations and is locally square- integrable.

Definition 5.1.2 [Toshio 2000] Let f be a complex-valued function defined on a

domain D in Cn. If f satisfies the following two conditions:

(i) fis continuous in D and

Af (i _ ;
(ii) £, has partial derivatives 9z G L2 T D,

then fis a holomorphic function on D.

The infinite dimensional theory of holomorphic functions started with the works
of M. Fr'echet and R. Ga'teaux, their works led to two important definitions of
holomorphic functions, thus the Strong and Weak definitions. The strong
definition was due to Fr'echet and the weak definition associated with Ga"teaux.

Let X and Y be complex Banach spaces and let W be an open subset of X.

Without loss of generality we can take W as an open ball of radius r centered on

X.

Definition 5.1.3 (Fr'echet definition) A function f: W — Y is holomorphic if for
each x € W there exists a continuous complex- linear mapping

Df(x) : X - Y such that

& +9)—f ) =Df @l —
0

lim
Yy [Tyl

This shows that functions that are holomorphic in the above sense are continuous

and locally bounded.
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Definition 5.1.4 ( Ga"teaux definition) A function f: W — Y is holomorphic if it is

locally bounded and for each x € W,y € W and linear functional "€ Y*, the function

h(4) = (fix + A))

is holomorphic at A = 0, where A is a complex variable.

5.2 Upper Semicontinuous Functions

There are functions that are not continuous, but exhibit a weaker property that

ensures some of the properties of continuous functions.

Definition 5.2.1 (Upper and Lower Semicontinuous Functions) [Ransford 1995
, Armitage 2001, Dineen 1989, Laurent-Thi‘ebant 2011]

Let X be a topological space and u : X —» [-00,00).

1. We say that u is upper semicontinuous if for each a € R, the set {x € X :

u(x) < a}is open.
2. We say that u is lower semicontinuous if for each a € R, the set {x € X :
u(x) > a} is open.

We know that u is continuous if for all open intervals () € Ru1(a,f) is open in
X, thus {x € X: a <u(x) <f}is open.

An equivalent formulation of upper and lower semicontinuous functions is.

Theorem 5.2.2 [Krantz 2000, Armitage 2001, Conway 1978]

1. u is upper semicontinuous iff ~ Vx € Xlimsupy-xu(y) < u(x).

2. u is lower semicontinuous iff =~ Vx € Xliminfy-xu(y) = u(x).
3. u is lower semicontinuous iff —u is upper semicontinuous.

4. u is continuous iff it is both upper and lower semicontinuous.
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Proof of (1)
Suppose first that u is upper semicontinuous and let x € X. Suppose also that
u(x) is finite. Let € > (), thenly € X 1 u(y) < u(x) + €} s open and contains x,

so contains an open neighbourhood U of x. So

yelU=u(y) <u(r)+e

Thus for each > 0, there exists a neighbourhood U of x, with this property. By

definition
limsupu(y) < u(zx) + €.

y—x

As >0 is arbitrary, we have

lim sup u(y) < u(e) (5.1)

A similar approach is used for the case where u(x) = —0o, when we consider the
set{y € X: u(y) < -L}, with large positive L.

Conversely suppose that (5.1) holds. Let @ € R and consider the set

A={x€ X:u(x) <a}.We must show that the set A is open. Let x € 4, so that u(x) <

a . We choose > 0 so small that 4(7) < o — 25, then as (5.1)

holds, there exists a neighbourhood U of x such that
yelU=uly) <u(r)t+e<a—ce

>yEA
= U cA.

That is, each point of A4 is contained in an open neighbourhood inside A. So, 4 is
open, as required.

The Proof of (2) is similar to that of (1).

Proof of (3)

First suppose that —u is upper semicontinuous, then from Definition 5.2.1, the set

{x€X:-u(x) <a}isopen.
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Thus {x € X: u(x) > —a} is open.
Denoting ~a by € R, then {x € X: u(x) > [} is open, and this satisfies (2)

of Definition 5.2.1, hence u is lower semicontinuous.
The proof of the converse is obtained by reversing the argument.
Proof of (4)
First suppose that u is continuous, then by definition of continuity we have Vx €
X
lim u(y) = u(x)

Y—rx S

So
liminfy-xu(y) = limsupy-xu(y) = u(x).

Hence u is both upper and lower semicontinuous.

Conversely if u is both upper and lower semicontinuous, then

limsupu(y) < u(z) < liminf u(y)

y—a e

But by definition,
limsupu(y) = liminf u(y).
yox yox

Hence

limsupu(y) = u(x) = liminf u(y).

yox yox
Thus

lim u(y) = u(e)

Therefore u is continuous as required.

One of the most important properties of an upper semicontinuous function is that
it attains its maxima.

Theorem 5.2.3 [Ransford 1995] Let u be an upper semicontinuous function on a
topological space X and let C be a compact subset of X. Then u is bounded above on

C and attains its supremum on C.
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Proof

The set Un={x € X : u(x) < n} where (n 2 1) is open and the set {Un: n € N}

covers C. Since C is compact, there exists a finite subcover for C. As n increases
these sets also increase, i.e Un S Un+1. It follows that just one of these sets (with

sufficiently large n ) contains C. So u is bounded on C. Let

H =sup{u(x) : x € C}.

The open sets {z € X :u(@) < H -} cannot cover C. For if they did, there
would be a finite subcover. Then for some large n,
1
u(g) <P
n

and this contradicts the definition of H. It follows that there exists at least a

y € Cwith
b 1
ygéH{:cEX:u(x)<H—E}

J

SO

u(y) =2 H.

But by definition, u(y) < H.
That is, u(y) = H = sup {u(x) : x € C}, and u attains its least upper bound on C.

An upper semicontinuous function is the limit of a decreasing sequence of

continuous functions.

Theorem 5.2.4 [Ransford 1995, Krantz 2000] Let u be an upper semicontinuous
function on a metric space (X,d) and suppose that u is bounded above on X. Then
there exists a sequence ((pn)nEN of continuous functions, ¢n: X = R such that,

@n2 @ns10n X and limp-e @n=uon X.
Proof

Suppose that u is not identically -co. For n 2 1, define ¢n: X = R by
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@n(x) = sup{u(y) - nd(xy)}.

yeEX

We show that ¢nso defined is continuous.

IfxeX

Pn(x) = sup{u(y) - nd(zy) + nd(zy) - nd(xy)}.

yex
By the triangle inequality, we obtain

sup{u(y) - nd(zy) + nd(zx)} yex
sup{u(y) - nd(zy)} + nd(zx) yex

@n(z) + nd(zx).

I\

@n(x)

That is
@n(x) — @n(z) < nd(zx).

Interchanging x and z we have

|n(x) = @n(2)| < nd(x,2).

Hence ¢nis continuous on X.
The next thing to show is that ¢n is a monotonic decreasing sequence that
converges to u.

For n =1 we have that

@1=sup{u(y) - d(xy)} yex

and for n = 2 we have

@2 =sup{u(y) - 2d(xy)}.

YEX

Now @1 - @2 gives us,

=sup{u(y) - d(xy) - u(y) + 2d(xy)} yex
=sup{d(xy)} 2 0. yex
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Going through this inductively, it is clearly seen that ¢nris a monotone decreasing
sequence.

Now if y = x, then

@n(x) 2 (u(x) - nd(x,x)) = u(x).

That is

lim ¢@n(x) 2 u(x).

In the other direction, let p > 0 and let us denote {y € X: d(x,y) <p} by
B(x, p).
We consider the cases where y is inside or outside B(x, p).
We have
@n < max{ sup u,supu - np}.

B(x.p) X

So

I\

lim @n(x) limsup{max{ sup u,supu - np}}

n—oo n—oo B(x,p) X

sup{ sup u,-o} = sup u.

I\

B(x,p) B(x,0)

Using upper semicontinuity, and letting p — 0 gives

lim @n(x) < u(x). n—o

Combining this and the earlier inequality gives

lim ¢@n(x) = u(x).

n—0o0

If u is identically -co, we set gn=-n,n = 1.
Clearly ¢n so defined is continuous, since for each n, it is a constant map, and
(¢n)neN is a monotone decreasing sequence.

Furthermore limn-o ¢pn = —00.
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5.3 Subharmonic functions

Definition 5.3.1 [Dineen 1989, Ransford 1995] Subharmonic and Superharmonic

Functions

Let Uc Cbeopenand u : U— [-00,00). We say u is subharmonic if

1. uis upper semicontinuous, and

2. u satisfies the submean inequality : that is, given w € U, there exists p > 0

such thatfor0 <r<p,

2%

1 2 i
u(w) < —/ u(w + re'?)do.
0

u is superharmonic if —u is subharmonic.

The integral is well defined, since we have seen that, an upper semicontinuous
function is locally the limit of a monotone decreasing sequence of continuous
functions. So by Lebesgue’s Monotone Convergence Theorem, u is then Lebesgue

measurable, and

27

o wlw 4 re®)df = lim,, o0 fo% On(w + re?)dh.

5.3.1 The Maximum Principle

In this section we are going to look at one of the properties that subharmonic
functions derive from the harmonic functions, which is the maximum principle
for harmonic functions. This is also refered to as the maximum modulus principle
for analytic functions. Then we shall derive some useful results from it, such as

the Phragmen-Lindelof principle.

Theorem 5.3.2 [Armitage 2001, Ransford 1995] Maximum Principle Let u

be a subharmonic function on a domain D in C.

1. If u attains a global maximum on D, then u is constant.
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2. IfV¢eadD,
limsupz-cu(z) <0,

then u <0 on D. (If D is unbounded, this boundary includes ¢ = o).

Proof of (1)
Suppose that u attains a maximum value M on D. Let us define two sets A and

B as
A={z:u(z) <M}; B=
{z:u(z) =M}.

Then A is open, since u is upper semicontinuous and the set B is nonempty, by
hypothesis.
Let p € B,u satisfies the submean inequality, since u is subharmonic.

So there exists €» 0, such that for 0= € < € |

i 2m r
My = u(p)ggﬂfo u(p + ee')dd
1 2
= —/ Mde,
27 Jo
M.

Thereforet(P + €€) = M for all 0 < 0 < 2. Since this holds for all 0 < € < €,
withD(p. €,) € B, Big open.

Let z € B. Then by the submean inequality, for small enough r > 0,

1 2T i
M =u(z) < o /0 u(z + re’*)dt.
But if at some to € [0,27], we have
u(z + reito) < M,
then by upper semicontinuity,

limsup u(w) < u(z + reito) < M.
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w-z+reito
So for some > 0 such that |t — ol < éwe can have,
u(z +re'™) < M —e.

Then
1 1
M = u(z) < — (M —e)dt + — Madt.

T 27 ./[o,zn]n[tu-c.zu+e] T J10,27\[to—e,Lo-+]

2
€
< M—-—.

This contradicts our choice of M, thus for small enough r>0and all t €
[0,27],

u(z+rett)=M,

and B is open.

Finally, B is non-empty, while A4,B are open, and their union is connected D.
Hence B = D, while A4 is empty. So u is constant on D.

Proof of (2)

We extend u to dD by defining, for each ¢ € dD,

u(s) = lim sup u(z)
z2—¢

Our extension ensures that u is upper semicontinuous on dD, and subharmonic

on D. Thus u is upper semicontinuous on D, which is compact ( on the Riemann

sphere), so by Theorem 5.3.2, u attains a

maximum on D. Let w be a point at which the maximum is attained. If w € dD, then
by assumption

maxu = u(w) < 0
D .

Thatis, u < 0in D.

If w € D, then by (1), u is constant on D, and hence on D. Again u <0 in D.
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Remark 5.3.3

In (1), u can attain a local maximum, or a global minimum, without being constant
on D. For example, let D = Cand

u(z) = max{Re(z),0}.

This is subharmonic. Moreover, u attains a global minimum (of 0) at any point in
the closed left-half plane Re z < 0. Moreover, it attains the local minimum 0 at any
point in the left-half plane Re z < 0. But u is not constant. We now weaken the
requirements on u at oo, in (2) above. The main idea of the PhragmenLindelof
principle is that if u is bounded by 0 on the finite parts of the boundary of D and
does not grow too fast at oo, then u < 0 everywhere in D. The rate at which u is

allowed to grow at co depends on the geometry of the domain D.

Theorem 5.3.4 [Ransford 1995] Phragmen-Lindelof Principle Let D be an
unbounded domain in C, and u be a subharmonic function on D such that V¢ €
0D\{c0},

limsupu(z) < 0.

Z—¢

Suppose also that there exists a finite valued superharmonic functon v on D such

that,
liminfv(z) >0
and
lim sup wz) <0
200 V(2)

Then u <0 on D.

Proof
Let us first consider the case where v >0 in D.

Let > 0 and set
U = U — €.



Clearly u is subharmonic on D, since (—ev) will be subharmonic and for all

¢ € dD\{oo},
limsup u.(z) <0

z—< y

while for ¢ = oo,
limsup,_, . ue(2) = limsup,_,,v(z)(%(z) —€) <0

So by (2) of the Maximum Principle,
uc(z) =u(z) —ev(z) <0

for all z € D. Since this holds for all > 0, and since v(z) is finite, the result
follows.

Let us consider the case where v is not necessarily positive in D.

Let A >0 and set

Gi={z€D:u(z) 27}

This is a closed set, it's complement {z € D : u(z) < A}, is open. Since v is lower

semicontinuous, and

liminfv(z) > 0,

Z—00

it follows that v is bounded below on Gx. We can choose r so large that v(z) > 0,z €

D such that |z| > r. So v(z) is bounded below by 0 for large |z|. On the other hand,

{z€D:|z|<randu(z) 2A} =GiN{z: |z| < r} is closed, bounded and

so compact. Then v, being lower semicontinuous, attains its minimum on this

compact set, so is bounded below. Thus v is bounded below on Gi. Adding a

constant to v, we can suppose that

v>0 € G

Now let

V={z€D:v(z) >0}
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We now apply the case proved above to the function u — A on each (connected)

component of V. First we claim that

;€ OV \{oo} = limsup(u — A\)(z) <0
€ V\{oo} = msuplu ~ V() <0 o

We know that V=D n {z: v(z) > 0}, so ¢ € dV \{oo} implies that either ¢ € dD\{oo}
or ¢ € D, but v(¢) <0 (for Vis open as v is lower semicontinuous).

Proof of (5.2)

For ¢ € dD\{oo}, here we use the hypothesis and A > 0 to deduce

limsup(u — A)(z) < limsupu(z) — A < limsupu(z) <0

Z—¢ zZ zZ—¥G
For ¢ € D with v(¢) < 0.

We recall that v > 0 on G, so ¢ /€ Ga. Then by definition of G, we have
u(g) <A

By upper semicontinuity of u,

limsup(u — A)(2) = limsupu(z) — A <u(s) =A< 0

z—¢ ZS
So (5.2) is true.
Moreover

AR
lim sup & <0
00 U(2) .

Then applying the case of the theorem proved above to the function u - A on each

component of V, we obtain
u-A<0onbV.

As Gy V, (for v > 0 on (), it follows that u = A < 0 on Gy, while u = A < 0 on D\Gx.

Thus
u-A<0onD.

As this is true for each A > 0, we have u < 0 on D.
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From this principle, a number of results can be derived one of which says that if u
does not grow too fast at oo, and is bounded above by 0 at a finite number of

points of the boundary of D, then u < 0 in D.

5.3.2  Conditions for Subharmonicity

In this section, we prove a number of conditions for a function to be subharmonic.
We shall show that a function is subharmonic, if it satisfies the submean value
inequality for every disk in the domain discussed.

Theorem 5.3.5 [Ransford 1995, Krantz 2000] Let U c C be open, and let u : U -
[-00,00) be an upper semicontinuous function. The following are

equivalent:

1. uis subharmonic on U.

2. Whenever D is a relatively compact subdomain of U, and h is a harmonic

functionon D, if V¢ € dD,

limsup(u - h)(z) <0, (5.3)

VAdS

thenu <hinD.

3. Whenever B(w,p) c U, then forr <pand 0 <t < 2m,

( + ”) < 1 /QN p2 - -;r'2 ( + m)d@
A re . uiw e .
— 21 Jo p*—2prcos(@—t)+r? p ; 5.4)
gl p?—r? o
where 27 p* —2pr cos(0—t)+r* s is the Poisson kernel.

The relatively compact subdomain D means that D is compact in the relative
topology, thus every open cover of D by open subsets of U has a finite subcover.

We use the following result to prove Theorem 5.3.5.

Theorem 5.3.6 If B = B(w,p) and x : B — R is a Lebesgue-integrable function and

its Poisson integral Pgy : B — R is defined by
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2 p2—r2

Ppx(w + rett) < L

lany L ei®
5= Jo p2_2pmos(0_t)+r.z)((uf +re)df, forr <p and

0 < t<2mthen,

1. Pgyis harmonic on B and

2. if x is continuous at to € 0B, then limz-« Py(z) = x(to).

Proof Theorem 5.3.5

(1) =(2)

Let u is subharmonic in D and suppose h is harmonic in D, then u - h is
subharmonic in D, since —h is subharmonic.

Since inequality (5.3) holds for all ¢ € @D, the maximum principle for subharmonic
functions gives

u-h<0inD.

Proof (2) = (3)

Suppose B = B(w,p) € U. Then u attains it maximum on this disk, so u is

bounded above there.

By Theorem 5.2.4, there exists continuous functions ¢n: dB — R such that ¢n
decreases to u on dB as n — oo.

From Theorem 5.3.6, each Pgpnis harmonic on B, also limz-« Pe@n(z) = ¢n(to)

for all to € 0B, and hence

limsup(u - Pepn)(2) < u(to) — @n(to) < 0.

z-toy
From (2) it follows that u < Pgpn on B. Letting n — oo and using the monotone
convergence theorem gives the desired inequality, since ¢nis bounded above and
monotonic.
Proof (3) = (1)

Suppose (3) holds and let r = 0, then for r < p, we have
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1 27 I
(w) < — (w ='VdB.
u(w) < o /0 u(w + pe™)
That is, u satisfies the submean inequality in each disk contained in D.

Theorem 5.3.7 [Ransford 1995] Integrability of Subharmonic Functions Let u
be a subharmonic function on a domain D in C, with u 6= —c0 on D. Then u is locally

integrable on D, that is

|u|dA < oo,
K

for each compact subset K of D, where dA denotes two-

dimensional Lebesgue measure.

Theorem 5.3.8 [Ransford 1995, Laurent-Thi’ebant 2011] Let - < a < b < oo, and
let u : U - [a,b) be a subharmonic function on an open set U in C. Let ¢ : (a,b) = R

be an increasing convex function. Then ¢ o u is subharmonic on U,where we define

@(a) = limep(t).

t—a
Proof

Choose a sequence (an) in (a,b) that decreases to a as n - . Let
un=max{u,an},n > 1.

Then un is subharmonic in U. So ¢ o un is upper semicontinuous, being the

composition of continuous increasing ¢ with upper semicontinuous un. Indeed,

limsupy-x @(un(y)) = @(limsupy-xun(y))
< @(un(x)).

Also, if B(w,p) c U, then as un satisfies the submean inequality and ¢ is increas-

ing,
(¢ 0 un)(w) < o5 _](']% u, (w + pe?) do)

! 27 ]
= U w0+ pe?) )
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< j[)zr(o 0 Uy)(w +f)(z’9)%’

by Jensen’s inequality applied with the measure % on [0,2m]. (Note that this is a
measure of total mass 1). So ¢ o unsatisfies the submean inequality on U and is
then subharmonic there. Since ¢ o undecreases to ¢ o u as n increases, and from
the Lebesgue monotone convergence theorem we have that a decreasing
sequence of subharmonic functions has subharmonic limit, thus ¢ o u is

subharmonic on U.

5.3.3 Some examples of subharmonic functions
1. If h is holomorphic on D € Cn, then |h|Pis subharmonic for all p > 0.

2. If h is holomorphic on D € C#, then log* |h| is subharmonic, where log

= max{0,logx},x > 0.

3. Let Uc Cbe open and u : U = [0,90). Then logu is subharmonic

on U iff u|eP| is subharmonic on U for every polynomial p (with complex

coefficients).

Chapter 6

Main results

6.1 Refinement of Jensen’s inequality for two points

In this section, we prove a new refinement of the Jensen’s inequality by using
Definition 3.0.29. of superquadraticity, where ¢ is from D c [0,0) to [0,0), where

D is considered to be a 2-divisible abelian gorup.

65



[ Gil'anyi and Troczka 2011] Shown in their paper that a non-negative,
superquadratic function defined on a 2-divisible abelian group is Jensen-convex.

In the next four (4) propositions, we consider the ¢ in inequality (3.5) to be non-
negative and defined on a 2-divisible abelian group D c R, which gives rise to
inequality (3.6).

The inequality (3.6) is employed in the proof of the propositions 6.1.1, 6.1.2, 6.1.8
and 6.1.9

Proposition 6.1.1 [Asare and Prempeh 2015a | For AL = Tln Az = 227;1 and for all
neN

n

w(Ara + Aab) < Ap(a) + Aap(b) — [Z(Alzi)(p(b 2_z ”l)] (6.1)
i )

where ¢ satisfies Definition 3.0.29 and a,b € D.
Proof

We establish (6.1) using induction.

Forn=1,(6.1)is (3.6).

Fix k € N,k > 1 and suppose (6.1) is true, that is

p(& + L7th) < Fola)+ o) — [CF, (7&)e(50)).

Now

of et = s
('J(Qk-f-l—"_ ok+1 b) Al v
1

2

and so by inequality (3.6),

L e e & U o )
=57 ( ) 50 )

b—a

oo 4 251 o, 25—1 () — k(L yp(b=a . .
But ¥(5F T 57 0) < wrvla)+ S5 o0) = [ Xini (57=)e(55 )], from the inductive

hypothesis.
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So
o (3t + Zrh)
< srela) + Ste() — 3| Tk (7)o (52) ] + Se) — e(5)

Thus
a 2] 1 2k+_ ] o~/ 1 b—a
o(gemr + g 0) < b0 F g e - > (=) e ()]
i=1 ’

which completes the proof.
Proposition 6.1.2 [Asare and Prempeh 2015a]

oy 8

20+ 2)

‘p(zna * o (6.2)

n
8]

< 2o+ Lo - [ L ER)(S0) + 30 (52 ) (222p - a)

i= 1= ’
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where a, € N such that a + B = 21, n - 2, is the number of splits and €(n+1-i)is the
minimum of {a, [} before the (n + 1 - i) split.

4]

.« — ,3 5
Definition 6.1.3 For = 2:: A2 = 37 we define a split ofﬁp(zn @+ 320 to be

o3[ )

To demonstrate the techniques in the proof of proposition 6.1.2, we first consider

some examples for given values of n,a and .

Example 6.1.4 We consider the case wheren =3, a =3 and =5, that is
3a  5b 1 [ SR
o(5+3) - eGlz*7))
GIG +3) 1)
2 Acd——A

L -0

|
3!

using the split and (3.6).
From inequality (6.1)

A8y~ <o)

A(2+2) < e el 1ol - o)

(7)< Bt S0 Tl 3o (=)

Example 6.1.5 We consider the case wheren =4, a =5 and f = 11, that is

G S
lr/oa+3
- GHEE )
=
< B2 Lo o(Sp-)
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Now from Example 6.1.4,

() < ot 3o (25 # o(55) + o2

So
ba  11b 5 3 1 /b—a 1 /b—a
Al - < —ula Ay 1= A oA
‘*’(16Jr 16) < 1690+ 55el) [8“"( 2 )+4“"( 1 )]
1 /3 1 5
= SelGl-a@) + 500 - 43~ d
This simplifies to

A 5 11b
(i + )

< 5_6@((1)"‘1—{1399(&)— [ép(b ; a.) 4&99(53 ; a)} A [%@(g[b_a])+99(1—56[b—a})].

Proof of Proposition 6.1.2

If « and § are both even, say 26 = @ and 20 = § where 6, o € Z*, then

6 + 0 = 2 1and so we only need to prove the result for o, both odd.
Leta=26+1and =20+ 1, where 6,0 € Z* U {0}, so

2(6+ 0+ 1) =2nand therefore 0 = 2n-1-§ - 1.

Without loss of generality let o 2 6.

We consider the two special cases,n=1and n = 2.

Case 1 wheren=1,wehave6=0=0anda=f=1, (n - 2)is-1. But we

cannot have a negative number of splits, so we ignore the last expression in (6.2)

and summing i from 1 to 1 since n = 1, (6.2) reduces to

(e ) <o)

which is precisely inequality (3.6).

Case 2 where n = 2, the number of splits is zero and we have only two odd

A [ at3b
numbers 1 and 3, thus we have the expressionw( : )to expand. This is (6.1) a

specal case of (6.2) forAt = %and)\2 - %, giving
a+ 3b 1 3 1 /1 1
< —( —(D —_ — —_ J— (Nl — —
L,O( 1 ) < 4,0((1)4- 45./(6) [2,0(2[1) a]) +u,./(4[b a])]
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~ o0+ o0~ [0 (7)ol 5)]

=1 s

hence inequality (6.2) is true for the special cases wheren=1and n = 2.

We consider n = 2 as our base point since the number of splits is zero

For any pair of odd numbers a,8 such that = @+ 3 = 2",¥n € N;n >2 the pair
a,f is split recursively until the pair (1,3) is obtained, which is the base point.
Therefore we use the principle of mathematical induction to establish the result

for the split for n = 3. For n = 3, there is only one split.

n =3,2"=8 and we have the 4 odd numbers {1,3,5,7}, we consider those pairs whose
sum is 8, that is (1,7) and (3,5).

It is noted that the pair (3,5) is the case of Example 6.1.4. above. Therefore we

consider the pair (1,7) to obtain

() - ol

a+ Tb))

(
5y

4
= o(([~5=+1]))
- 2 4
1 3b 1 1

<— 1 +(353)

_2( ) it 5¢0) vl gl a]l
using the split and (3.6).

A at3b

using the base point 4/ we have

ol s ) dotor 20 3o (- < (o o)

Hence

oG R X BV S ROET

J

which simplifies to

A(157) < o+ i 3 ) o)

= gelar e[ 3 () (5 )+ (g o 0-al)]

=3

IA

Fix k € N,k > 3 and suppose (6.2) is true, that is



o0+ 29 |
< $0(0) + 500) - X2, (=)0 (52) - Ths (7)o (225222 p - a))|

For k+ 1 € N, we have k — 1 splits. Settinga = (26 + 1) and § = (20 + 1),

e i s )
20+ 1)a+ (28 -2 —-1)b
hQtun g, )

J

SO
o[ Gt + )

< %99((25+1)a+éik_25_1)b) + %p(b) - @((iiﬂ) [b— a]), using (3.6).

But from the inductive hypothesis, the first term of the immediate inequality

becomes:

o ( (25+1)a+(2k—25—1)b)

2k

< (22:1)90(0) o (2F 25 1) (b) — Z (2k L) (b;;)_
: € (a8
sk (#)Q(M[b al).

Therefore
o (Ga + L2

. ok+1_os !
< Gola) + &30 0(0) = T (o (52) -
¥

€ _ilap :
Sy (o) (20— ) — o (G —l).
which simplifies to
k+1_os5_
o ((Gritta + E=1)

ok+1_o5
< Go(a) + E5—o(h) - XL, (w%)sﬂ(bz;“) -

S (ot ) o (45522 b~ a])
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as required.

(25+1)
Remark 6.1.6 27 is the required minimum before the first split.

Hence inequality (6.2) is true for all N.

Remark 6.1.7 [Asare and Prempeh 2015a] An inequality similar to that of
inequality (6.2) is obtained, when a + § 6= 2",

Proof

Let a,f and m € N such that « + f = m 6= 27, where n € N. Choose s €N

such that 25-1 < m < 2sthen

w(cw:] + _B.’L’Q) _ [1 (aa“,l + Bug + (2° — m) (oza;l + .3;1;2))]

m 2s m

1 raxy + Biag 1 B2z +(2° —m) (MITW)
= o[5(T ) 3l )
< lgo(—ml e Blm?) + l(Bzh NG ™) (MI:’M)) iy @(E[A - E})
g 251 2 951 9
where B1,B2 € N such that
Bawa+(2°—m) (““‘ljf-fz)

B+ B, = g4 = (

B = (fliﬂl-i-BLu?Q)

=
2 and
25—1

But *9( 351 )simplifies to either inequality (6.1) or (6.2) depending on the
values of @ and B1, as shown in Propositions 6.1.1 and 6.1.2.
Baxa4(2°—m) (_1_2““' :;h )

(n
However for the expressiont’/ ( 2t ) we have,

kG (m"tﬁrz ) B (2*—m) 8
< S—m or M
@( 55T ) < 559(x2) + 5=t @( > ‘2) — D

where D is the appropriate extra terms.

So




S ()25 - £ (e a) -
) ,

m axy + B o 5] =1 To — T
VY| — = < —(p . _ " —
() < et + el = 3 (5=) (B 5)
s—1
1 €(s—i
_Z (2"*’)”9( & I f “]) <

axy + Bx « 3 253" /1 Ty — T
*(¥) < —p(m1) + —p(a) — = (25,.,,-,)99( = 1)*

m m m =
i=1

E,Z (2< )*“(

1=85—T

[:cz - 3:]}) - zD

m

6.1.1 Generalized refined Jensen’s inequality

Proposition 6.1.8 Let ¢ : [0,00) — [0,00) be superquadratic, n,m € N,n = 2m

and letr;s € D C [0,00) then
2

1=1
om— 7
Z [2,” 7 Z ( {ﬂfzf (i=1) 41 FTosi_gim1 )= (fzufzf—l+1+-~+5‘?2u)])}- (6.3)

Proof

We note that the right hand side of the inequality remains non-negative as it is a
sum over 2™m-1 pairs x1,x2 of non-negative terms like the right hand side of (3.6).
We establish the proof using mathematical induction.

For m = 1, we obtain inequality (3.6).

In the sequel the following notations are used:

T": = xp(ic1)+i+ .. + X2
U+:
+
T2k':
T+

U, =

X2ji-2j-1+1 + ... + X2ji

X20(i-1)+2k+1 + ... + X2i-2i-142k

X2ji-2j-1+2k+1 + ... + X2ji+2k
Fix k € N,k > 1 and suppose (6.3) is true, so the inductive hypothesis says
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2k 2k k 2k—J
1
ol ) < e Dowle) = 3 g5 el |10 - 7))
i=1 i=1 j=1 i=1
Now
2k+1 2k 2k+]
1 171 171
oG o) = ely(mrm) +5(z X )]
i=1 i=1 =2k 1
k AZI\H»I
1 BN\ 1§ Y
Sgela o) apE X &)
i=1 i=1+2k
2k+1
o (%H[Z Z D
i=2F41

by inequality (3.6).
Applying the inductive hypothesis to the first two terms on the right hand side of

the above expression we have

1 2k+1 2k+1 k QR—J 1
(’D(Qk+l Z ) = 2k+1 E“f“ 2k+1 Z Z [2k+1 = Z (23 [ U+D]
=1 =142k j=1 i=1
k 1 ok—i 1 ) ok ok+1
e at- s A
~Solam oo = U )| - e (o 2o = D))
Jj=1 i=1 f—1 =2k 41
Thus
k1 k41 % o125

99(2:«1«%1 Z ) 7 2k+1 Z‘P -, [2k+1 j Z (’O(QIJ[TJr A\ U+D]7

i=1 Jj=1 =1

1 2k 2k+l
99(2k+1 [le p= Z x,])
i=1 =2k 41
Rewriting the last term as
k+1 e 1
+ +
Z [Qkﬂ—j Z (’9(21‘:+1 [T -U ])]

j=k+1 i=1

we have
2k+1 2k+1 + 2-’"+1—j

@(%Z ) = 2k+1 Z‘P Z [2*+1—J Z ‘0(2_1J [T+ B U+D]_

=1

which completes the proof.
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Proposition 6.1.9 Let ¢ : [0,00) — [0,00) be superquadratic, n,m € N : n 6= 2m

and let x%s € D c [0,0) then

o33 a) <2 Y ete - E X [55 el [ -]

i=1 j=1

=
—

(6.4)

for some s € N satisfying 25-l<n<2s

Proof
Since ¢ is a superquadratic function on [0,00), setting y = 0 in (3.5) yields ¢(0) < 0.
But since ¢p maps into [0,00) we have ¢(0) = 0.

N 1
Now if n 6= 2mthen there exists s E N : 25-1< n < 25, so for ~n Z

99(71? Ziﬂz) = (215 71 + . el ”)YTJ)

n(l [ml ++ I’Qs—l] > 1 [xgs_lﬂ + otz + (20 —n)X, D
\2 2s-1 2 93— )

From inequality (3.6) the above expression becomes,

1 < 1 [z + ...+ 2951 1 oo i+ .+ ¥ (225 0) X0 ]
Al — T; << X _
(’V(HZT)_Q [ D51 ]Jrzw[ 951

1 /121 + 0. + Tgs—1 $23—1+1+...+(En+(2 ;n)y
oGP = )

From Proposition 6.1.8. we have that,

R sl s—1 25— (i+1) 1
’ T Tos—1 Al o+
kID|: 25_1 :| - 2@ ‘| ka X |: saliig*T) Zl 99(23' {T U :|):|
j= 1= ,
and
Tos—141 —|— + 1 + (2" — 'ﬂ.)yn 1 n 2.‘; =n e
’»-9[ = = ] S 2o > welz:) + F@(Xn)—
i=142s-1
s—1 25— (F+1)

where we define xn+1=,...,= x2:= Xn so that
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i=n+1
So
1 n n 9s s—1 —(3+1)
N +
o(E3n) < 3 S e E S [t 3 el [r-0])]
i=1 i=1 j=1 =1
s—1 9s—(j+1)
1 L +
> |5mom D o [T Ul -
j=1 i=1

A(l‘ [.’L‘] + .- :1;2571} B [:1:2371“ +... 4tz +(2° — n)yn]))
2 23—1 23—1

J

which becomes

n s—1 9s—i
(550 <5 o0 [ o5 1 ']
p P =
s T 1 )
> LT )
This simplifies to
= = & 1 = 1
LIS MRS 6 L]

which completes the proof.

Example 6.1.10 Consider the case where"! =10, Xjo = 10 Zz 1%,
Then4 €Nand8=251<n=10<25=16.

Now

99(110_2*”)_ [116($1+ +T1°+6X1°)]

1 T+ ...+ g 1 $g+$10+6ylo
)T )]

< %¢(%ZT1) N %g@(l’g-i-ﬁ?ué—&- GXID) _(p(%[z_s:gji — (i:ﬁf +6y10ﬂ)

i=1 i=1 1=9

by inequality (3.6).

From Proposition 6.1.8. we have that
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©
—
| =
]
3
IA

co

(3
i) oo 0o 550])
a L’D(;[Z% % ﬂ%D,

From Proposition 6.1.9. we have

Lp(ilig + ;r:né+ 6710) < %iw(mi) =t gtp(yw) = i[ap(% [Ig - IIO])} _

%‘P(i [($9 + T10) — 2X10D i ‘P(% [(379 + 210+ 2X19) — 4?10] )1

which is precisely

10

(P(acg + $108+ GYIO) < % 129: QP(LI:@)-l-g(P(Ylo)_i [231—3' 32_5’0(2% [T23 _Uza} )]

So

o) o) - (33 -

1
; )
[np (i [(:1:1 +3:2)—($3+T4)] ) +p (i [(3:54-555)—(337—%2:8)} )+<,0 (i [($9+$10)—2Ym] )] -
)+

== Co|
| —|
_(‘
P
=3 1
|
&
| I—
~——
_|_
©
emm
(SR
[
8
=
1
T
©
N | —
s v
~
)
o

R

G 3

i=1 i=5

( [ Tg + T19 + 2X 1) = 4710])]—

(%[im = o7 %))

which simplifies to
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Ut b Ut =
[ —
AS)
P
| = b =
—
~
+
&
[}
S—
|
A~
-
+
=N
S—
| I
~—
+
A S
S AN e
| =
T~ 5
w
+
=
D
o
|
"
-7
+
-~
o0
S—’
—
~— DN
+
)
PN
| =
e
—
)
+
=)
S—
|
>
=
—_
~—
| IS
|

(IS o (Gl o 2T )

which is precisely

10 10 4 24—3
s 1

u,,<1102331) < 110290(3%)10 : [2473‘ : "Q(QIJ[TUD]

i=1 i=1 =t i1

6.2 A lower bound on Young's inequality

In this next section we obtain a lower bound for the product of two real numbers,
hence a lower bound for Young’s inequality and finally we obtain a refinement of
Minkowski’s inequalities using particular superquadratic functions.

We now state example 3 as a proposition and give the proof.

Proposition 6.2.1 For x 2 y = 2, the function ¢ : [2,00) — [0,00),

given by ¢(t) = e, satisfies inequality (3.5).

Proof
Let f(xy) = eV + XV - 2ex - 2¢, x2y=2
Forx=y=2,

f(2,2) =e*+ 1 - 4e?

= e’[e?-4]+1,
hence f{2,2) 2 0, since 2 <e < 3.

Let fiand f2 be the partial derivatives of f(x,y) with respect to x and y respec-

tively.
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So

filxy) = eer+exey-2ex
= eX[ey + eV - 2] =
2eX[coshy - 1],
but coshy > 1 for y 2 2, thus fi(xy) is
increasing forx 2y = 2.
flxy) = ee&-eeV-2e
=eX[ey—eV]| - 2e/=2|ex

sinhy - &].

Fory = 2, sinh2 > 3 and ex2 ¢, so exsinhy - e’ > 0.

So f2(x,y) is also increasing for x > y = 2.
Thus the function f{x,y) = ex*V + exV - 2ex - 2e&¥ > (), x2y2=2.
Hence ¢(t) = etis superquadratic forx >y = 2.

Since the exponential function is superquadratic on [2,00), we can obtain a lower
bound on the product of two real numbers and hence the Young’s inequality as

follows:
Proposition 6.2.2 For x 2y 2 8, the product xy is bounded below by 2(x + ).

Proof Letx >y = 8,

then

Xy eln(xy)

e(Inx + Iny).
From proposition 6.2.1, we have that the exponential function is superquadratic

on Inx 2 Iny = 2, that is
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ol +ny) - 2[(2111 T o Y- olnz —1Iny)
In (i)
ry > 20x+yl—e Y

xr
= 2z +y| - 7

thus
T
2z +y] — y <y,

hence

2[x + y] < xy, since Ezlforx2y28.

6.3 Refined Minkowski's inequality

We obtain a refinement of (4.8) through Definition 20.0.25.

Proposition 6.3.1 Assume that x1,...,.xn and y1,...,yn are positive real num-

= — o .
bers, and let” =2, (ZTZI If) =X and(z'i=1 y?p) — ¥ Then

(3 (v ) = () + ()

i=1 z=1 1=1

A

—] 1—
— X+7)[(4+B) - =—2A+B)+..|
p 2p (6.5)
where
T 2 Z; p
AS Zrl [23:1 gnl—,i (% [7 e U?D ]
and
T n Ent1— T i P
B:Zi:I[Z} un]—i( b% [?*i]f:]) ]
Proof
l - & l — A r n
We set X4V 2" and X+Y 2" where @ + f=2"Vn € N, Since the power

Y

function is superquadratic from (6.2) with ¢ = Fand’ = v, we have
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T +yi P [T+ YR
[Y+?] - [ on
(o B ryiN?
- () =)
< 5@ 2@ LGl
- 2.*1 X 271 Y 2nfu,v 2; X Y

Summing the above inequality over i running from 1 to n, we obtain
n T 1
Y
1

> () < -2 [T
s )

=it

Which becomes

Zn:(xﬂryi)p XL TP (LT [22:21_](21[; )y

=1 i=1  j=1

IA

n 2 i 1 [z Yi £
Lett = 2im1 [Zj:l 7 (2_9 [? - J?])
B=3, [Z_?::% 73 (En;;_i [% - %]) ] then

=iy
which becomes

(S (mu)) < @+Dfi-@+n)]’

i=1

_.

3
3
3
-

A~
N
8
+
=
~—
S
~
AN
A~
8.
=iy
~
3 =
"
A~
Nl
x]

- (X+Y) [;(A+B) - IQ;ZP(A+B)2+ ]

Proposition 6.3.2 For x 2 4 and y < 0 such that 2-x <y < 0, the exponential
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function satisfy the inequality (3.6).

Proof

Let

flx,y) = e(xgy)+e($2y)_1(elnx
(

For x = 4, we have that -l = S0,
thus

f4,y) = e2 [2(0&,}1 (%ﬂ - %[64 + Efy]’
but

so we have that,

since0 <ev< 1.

Let fiand f2 be the partial derivatives of f(x,y) with respect to x and y respec-

tively.
So
T+ Yy T =3
: L Gl
filz,y) = 56( 2 > 2/ —
1r,.(3)
— —[26 2 cosll(g)—em]
1 (3) (3)
=BG % {2cosh(g)—e 2 ]
Since1l — 7 S g S0, we have that
2 < 2cosh (g) < 2 cosh (1 - %)
So

For x = 4, we have

82

009,
2(;0811(1—%)—(1 2/ =e 2/ 4e\2



el+el-e2<(.

oz
As x — oo, we have that e( 2) —0,

thus

T T [
sinces =~ 3 — 2

hence fi(xy) < 0.

(501 (50
fz(a:,y) = 56 2 —§e 9 _§€y

x

= ; {2(’,(2) sinh (g) - ey].

v y
Nowfor1l 3 = % S0, we have that sinh(2) 3 0, hence f2(xy) < 0.

(;f,-;_y) . e(w ; y) - %(elnx N elny)

Thus the function ./ (%:¥) = € < 0 for

x24and2 -x<y<0.
Hence ¢(t) = e(® satisfy inequality (3.6).

6.4 Application of refined Jensen’s inequality to

subharmonic functions

Proposition 6.4.1 [ Asare 2009, Asare and Prempeh 2015b]
Let0<sa<b<owandletu:U- (ab) beasubharmonic function on an open set U €
C. Let ¢ : [0,00) = R be a non-negative superquadratic function. Then ¢ o u is

subharmonic on U.

Proof
By Lemma 3.0.25, ¢ is an increasing function on [0,00).

Let u be subharmonic on U, then

limsup u(y) < u(z)

Yy—rx
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So

limsupg(u(y)) = ¢(limsupu(y))
y-x y=x
< ou)

since ¢ is continuous and increasing on [0,0).

Thus ¢ o u is upper semicontinuous, being the composition of an increasing
continuous ¢ with upper semicontinuous u.

We next show that ¢ o u satisfies the submean inequality.

(See Definition 5.3.1 (2))

Now
. w2 (L [0 ( 5 4 gpid
(¢ 0 u)(z) <z [o" ulz+7e")d0) since u is subharmonic and ¢ is increasing.

So by the refined Jensen’s inequality (4.2) we obtain,

1 2

(p ou)(z) < 5 /. p(u(z +re))do(z)
— % x ga( u(z + re) — %fo u(z + ’rem)dBDdQ(z). (65)

Since ¢ = 0, then
(@ o w)(z) <& [ o(u(z +re?))dd(z)

which shows that ¢ o u satisfies the local submean inequality and is thus
subharmonic.
The inequality (6.8) is a refinement of the submean inequality.

We give a neccessary and sufficient conditions for a function to be superquadratic.

Definition 6.4.2 A function k : [0,00) — R is superadditive provided k(x + y)

> k(x) + k(y).

Lemma 6.4.3 [Asare and Prempeh 2015b]
0

Suppose ¢ is continuously differentiable and ¢(0) = ¢ (0) = 0. Then ¢ is

superquadratic if and only ifﬁ is non-decreasing or ¢ris superadditive on (0,0).
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Proof
Suppose ¢ is superquadratic, then from Lemma 3.0.24, the constant Pxin the
0

Definition 3.0.23. is necessarily ¢ (x).

When we set y = 0 in Definition 3.0.23. we obtain,
#(0) = p(x) = p(a) = ¢ (2)(0— )

since x = 0 and so,

I

zp (x) 2 2¢(x),

Dividing through the above expression by 2x2, we have
¢(z)  el@)
2, W

and

¢ (x) > ¥ (z) > #)

. 5 . Vo € (0, oo)

p(x) ¢ (z)
But from Lemma 3.0.28. we have that 22 is non-decreasing on (0,0), hence = is

non-decreasing on (0,0).

By assumption ¢ is continuously differentiable and superquadratic so for x < y, we

have, by (3.2)

!

oy) —p(x) — (y —2)¢ (z) —p(y —z) >0,
the left hand side of which is
v

[ Bo-7w=s e o
since ¢(0) = 0.
Let h(t) = ¢o(t) - ¢o(x) — ¢o(t - x) and we define a function g given by

"y
g(y) = / h(t)dt,0 <z <y < oo

Thus g(y) 2 0 and by definition the function h is continuous Vx,t € [0,0), so by the

Fundamental Theorem of Calculus we have that,

0

g =900 -oX)-¢d-x20.
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Thus for x <y, we have ¢o(y) - ¢o(x) = ¢po(y — x).

Interchanging the roles of x and y in the above discussion we have that, ¢o(x)
—¢o(y) 2 ¢o(x - y), fory < x.

Hence Vx,y € (0,00),¢p0(x + y) = ¢po(x) + ¢po(y), So ¢pois superadditive.

The converse is reported in [Abramovich et al 2004a, Asare 2009]

If ¢ois superadditive, then for x <y we have,

Zy o 0 0
0< [¢ () - ¢ (x) - ¢ (t-x)]dt

=o0) - o(x) - 0V =x)¢ (x) - Py - x). Fory < x,

we have that

[

= oY) =) +(z—y)e (z) — oz —y)

Thus Vx,y =2 0 we have that,

¢0) 2 ¢ + P(X)y = x) + p(ly - x[)-

0

Setting ¢ (x) = Px, we have that ¢ is superquadratic.

¢ (z)
If ¢ is continuously differentiable and ~=  is non-decreasing then
Vr,y >0, ¢ (zty) =~ ¢ (z)

Tty — T
Now
o Ey) Lo (z+y)
plety) = 1 e ——
= ¢ (x)+¢(y)

Hence ¢is superadditive on (0,0), and so the argument reduces to the first

case.

Proposition 6.4.4 [Asare and Prempeh 2015b]
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Let 9 : [0,00) — [0,00) be an increasing convex function such that 9(0) = 0, let ¢ :
[0,00) — [0,00) be continuously differentiable and ¢(0) = 0 and let u : U — (a,b) be

’

subharmonic, where 0 < a < b < o0 and U c C. If ¢ois superadditive or 1d is non-
decreasing, then (9 o ¢ o u) is subharmonic.

Proof

Since ¢ satisfies all the conditions in Lemma 6.4.3, then ¢ is superquadratic. From
Proposition 6.4.1, ¢ o u is subharmonic and therefore (9 o ¢ o u) is upper
semicontinuous, since J is an increasing convex function.

We have by the refined Jensen'’s inequality that

D)) ()
< 19(% {ﬁh g?(’lL(Z-‘rT'f.’m))—Lgﬂw()TL(Z+T'fii9)—% /OQW 'u.(z—i-rf.’.io)dﬁ‘ﬂdﬂ(z))
and

(ot rel®) e - fo " u(z + re’iﬁ)demda(z))

el | etaterren = [

2T
1 2m - 1 2 : 2T )
§19(—/ p(-u(z—i—?"e"g))dﬂ(z))—’t9(—/ Lp(’u(z—i-fre“a)—/ ’u.(z—i-'r'e"a)d())dﬁ(z))
21 Jo 2m Jo 0 ,
since 9 is superadditive.
From the Jensen’s inequality we have that
9(= /% (ule+ re))dt) < 5 2Wﬁ[' (u(z +re))ldo
o /. o(u(z +re™)) <o e(u(z+re -
since 9 is convex.
So (9(¢(u)))(2)
L [ oyjaoe)—o(L [ oy [ “Ydo|) ) do
< . . ™ oy | a8 _ , ] z (1 _ '1 z
_27?]0 Dp(ulz+re)))do () (%/0 o |utz-+re®) /0 a(z-re)ao] ) ) do(2)
(6.9)

27 i 27 o (w1 e
Now 9 maps into [0,00), that is ﬁ(% Jo ('O( u(ztre?) = J"ulz+re Q)dHD) =
0.

So
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1 2T

Ie(w)(z) < o= | Ilp(u(z +re))dd(2)

- 21 Jq

Thus (9(¢(u))) satisfies the local submean inequality, hence subharmonic.

The inequality (6.9) is a refinement of the local submean inequality.
Lemma 6.4.5 [Asare and Prempeh 2015b]

Every positive superquadratic function ¢ defined on [0,0) is superadditive.

Proof
From lemma 3.0.24, we have that ¢ is convex and ¢(0) = 0,soforall0 s a < 1,

¢(ax) < agp(x),Vx € [0,00). Now for any x,y € [0,00)
T+y Ty
T)+
x+y ) g0(:(: +y

T 1
T+y))ty
| ar———— 3

y
T+Y)+——pT +]
o(z +y) :.r+y"9( Y)

p(x)+e(y) = ol

— ol (z+1))

r+y
= ¢(z+y),

hence for all x,y € [0,00), ¢ is superadditive.

6.5 Application of the generalized refined Jensen’s
inequality

Let ¢p(x) = |x3|,—o0 < x < 00. Then ¢ satisfies Definition 3.0.29. [Abramovich
2009]

Proof

Let ¢(x) = [x3] on R.

Forx =0, ¢p(x) = x3. So forx = 0, ¢p(x) is a power function with p = 3, hence it follows
that ¢p(x) = |x3| is superquadratic on [0,o0), See page 34.

Now for x < 0, ¢p(x) = —x3, our aim is to show that:

flxy)=-(x+y)>3-(x-y)3+2x3+2y320,onx<y<0.
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Define fp: [0,1] = R by
S7(2) = fie)

Flv) <o
Since x < 0, showing that f{x,y) 2 0 is equivalent to proving / (T) -
Now set! = % where0<t<1

—~

ft) ==(1+t) = (1—8)°>+2+ 263

So

fbo() “3(1 + £)2+ 3(1 - )2+ 6¢2

6t(t - 2).

Thus/ (?) is decreasing on 0 < t < 1, since fh o(t) <0 for 0 < t < 1.

—~

Since fb(0) = 0, we have that/(t) < 0, V¢ € [0, 1].

Hence ¢(x) = -x3is superquadratic on x < 0.
Thus ¢(x) = |x3| is superquadratic on R.
Let x1,..,xn € R.n € N : n = 2™, for some m € N, then by Proposition 6.1.8 we

have:

For the case where n 6= 2™, applying Proposition 6.1.9 gives:

G2 < Z R e Xl -0

7

where T*and U* are as defined in the proof of Proposition 6.1.8.

Example 6.5.1 For m = 2,x1=-2,x2=5,x3= 8 and xa= 3, we obtain a

refinement of the Jensen’s inequality for ¢(x) = |x3| as follows:

1 < 3143 21227,i1+ s
B[RS IR

42.875 < 168 — 37.25 = 130.75.
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The original Jensen’s gives 168, whiles our refinement reduces the value to 130.75,

thus our extra terms reduce the error by about 22%.
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