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Effective disease control measures to manage the spread of Monkeypox (Mpox) virus
are crucial, especially given the serious public health risks posed by the ongoing global
epidemic in regions where the virus is both prevalent and not. This study introduces a
precise model, based on the Caputo fractional derivative, which takes into account both
human and non-human populations as well as public transportation, to delve into the
transmission characteristics of Mpox outbreaks. By employing the fixed point theorem,
we have precisely determined the solutions regarding existence and uniqueness. We have
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analyzed the stability of various equilibrium states within the model to assess Mpox’s
transmission capabilities. Additionally, through detailed numerical simulations, we have
gauged the impact of critical model parameters that contribute to enhancing Mpox
prevention and management strategies. The insights gained from our research signifi-
cantly enrich epidemiological understanding and lay the foundation for improved disease
containment approaches.

Keywords: Monkeypox infection; Caputo fractional derivative; transport-related infec-
tion; numerical analysis and simulations.
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1. Introduction

The COVID-19 in 2019 triggered a serious economic and health crisis for several
years, and people’s main efforts were focused on fighting against this infectious dis-
ease [IH5]. However, during the continuance of COVID-19, some infectious diseases
occurred: the sharp increase of Monkeypox (Mpox) cases (May 2022) also needs
more attention [6H8]. Mpox is a zoonotic agent that was first discovered in mon-
keys in the rainforests of central and western Africa, characterized by a skin rash
that later develops into small blisters and scabs, and falls off after 10 days [9, [T0].
The first documented case of Mpox was in a nine-month-old child from the Demo-
cratic Republic of Congo in 1970 [11]. Initially, Mpox mainly occurred in rural and
remote areas of Central and West Africa. Outside of Africa, the Mpox epidemic is
sporadic and affects a small number of patients [12) [13]. Between 2017 and 2023,
especially in May 2022, the unexpected large outbreaks of Mpox in both endemic
and non-endemic nations have recently raised severe concerns globally [T4HI6]. The
transmission of Mpox virus from person to person includes mother-to-child vertical
transmission, direct contact with infectious skin or mucosal skin lesions, respiratory
droplets or indirect contact with contaminated objects or materials, and the possi-
bility of community transmission cannot be ruled out [I7, [18]. In addition to health
issues, Mpox greatly affects people’s lives and the world economy. The virus can be
successfully transmitted from person to person, the main concern of the people and
the government is to control the disease and seek effective intervention measures
which are required to stop the local development of the disease and, consequently,
the global Mpox outbreak [T9-21].

Transportation is a critical factor in disease proliferation, enabling infected
persons to move to different areas and possibly spread infection, as seen in recent
pandemics like COVID-19, where international flights had a substantial role in prop-
agating the virus [22H24]. The topic of how the Mpox virus spreads is also currently
prominent among scientific discussions. To evaluate how transportation affects dis-
ease propagation, experts use mathematical strategies that factor in aspects like
human concentration and rates of infection transmission. These analytical tools
assist health authorities and decision-makers in applying measures such as isolations
and limiting travel. Research indicated in [24], which integrated travel-associated
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infection parameters into the SIS epidemic model, analyzed its influence on disease
propagation. The findings highlighted that a condition for a disease to be endemic,
or long-lasting, is the existence of a stable endemic state. This suggests that travel-
related infections could prompt a region to experience continuous disease presence,
even if it had been previously untouched by the condition. Other studies with sim-
ilar insights are mentioned in [25] [26]. Nonetheless, we can mitigate the spread of
disease via transportation by implementing preventative actions, including regular
disinfection of commonly contacted surfaces, mandatory mask-wearing and improv-
ing air circulation within enclosed spaces.

Over the last six decades, the exploration of infectious disease dynamics has
grown, evolving into an intricate, interdisciplinary field that encompasses epidemi-
ology, public health and beyond [27, [28]. This field integrates a diverse array of
scholarly disciplines such as sociology, machine learning, artificial neural networks,
mathematics and biology to comprehend and forecast the transmission of diseases
and other social behavioral problems [29H3T]. Mathematical models play a cru-
cial role in epidemiology, the study of disease transmission. These models utilize
mathematics to describe the spread of diseases and their impact on populations.
They serve as valuable tools for experimentation, allowing researchers to generate
and test hypotheses, evaluate quantitative assumptions, explore specific queries,
determine the sensitivity to changes in parameter values, and estimate critical
parameters from data through mathematical modeling and computer simulations
132, 33].

Fractional-order differential equations offer a more accurate representation of
complex systems compared to traditional integer-order models. These equations
allow for the inclusion of non-integer derivatives, capturing more intricate dynam-
ics and offering a deeper understanding of the interactions between different disease
components [34436]. By utilizing a fractional-order approach, researchers can ana-
lyze the intricate relationships between infections, considering various epidemiologi-
cal parameters, immunity factors and intervention measures. Many researchers used
fractional derivatives in many diseases, as shown by Akter and Jin (COVID-19) [37],
Baba and Ghanbari (tuberculosis) [3§], Silva and Torres (HIV) [39], Zhang et al.
(Marburg-Mpox) [40], Ghani et al. (diphtheria) [4I] and so on. Because fractional
derivative has inheritance and memory that enable it to fully describe the dynamics
of real phenomena, an analysis based on fractional derivative is more advantageous
and practical. For the mathematical model of Mpox, Ngungu et al. [42] used real-
time data to get the transmission kinetics of Mpox virus under non-drug interven-
tion. The existence and uniqueness of solution were obtained using Krasnosel’skii
fixed point theorem. In addition, sensitivity analysis of parameters based on Ry
were given. In [43], they studied a Mpox virus model using fractional calculus and
the infection control policies that will help the public to better understand the sig-
nificance of control parameters in the eradication. In [44], the authors established
and analyzed a mathematical model of Mpox virus transmission under Caputo frac-
tional derivative to study the effects of vaccination and environmental transmission
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on the dynamics of Mpox. Peter et al. [45)] indicated that the isolation of infected
individuals in the human population, as a form of intervention to control the spread
of the virus, helps reduce the transmission of the disease. In mathematical biology,
the Caputo-type fractional derivative has been used in numerous epidemiological
models, such as for smoking, dengue fever, Ebola and other diseases, which has
unique advantages compared to other fractional derivatives [46H4g].

In this paper, we build a novel insights for a nonlinear deterministic fractional-
order Mpox model, encompassing new-age control interventions. This study stands
out for its emphasis on infections stemming from public transportation, a factor
not widely studied before. We also take into account preventative personal health
measures like maintaining social distance and using disinfecting sprays in public
transit settings. These prevention strategies are integrated into our model through
a cutting-edge fractional optimal control methodology. Our goal is to delve into how
these control strategies affect the Mpox virus dynamics by employing an original
fractional-order mathematical framework. We aspire to shed light on the effective-
ness of various health intervention measures, including vaccination drives, adher-
ence to social distancing and more, in reducing the transmission risks associated
with the Mpox virus in public transportation scenarios. The insights derived from
our research are intended to assist decision-makers and transportation officials in
crafting comprehensive health policies that tackle the spread of the disease, guaran-
teeing that resources are utilized appropriately and efforts are strategically directed
to overcome these public health hurdles.

As for the structure of this paper, it unfolds systematically. Section [ gives a
rundown of the foundational elements of the study. Section B delves into the intrica-
cies of model development. Section [ is dedicated to basic qualitative properties of
the model, where it captured the existence—uniqueness and stability of the model.
Section Blis dedicated to the numerical analysis. Section [ encapsulates the numer-
ical experiments and interprets the findings and finally conclusions are provided in

Sec. [

2. Preliminaries

We give some basic lemmas, which will be used in the proof later.

Definition 2.1 ([33]). The Caputo fractional derivative of n (n > 0) order of g is
given by

0, 8(0) = / “(@— ) g™ (y)dy.

I(n—

The Riemann-Liouville fractional integral of n order of g is given by

37, a(x) = ﬁ / "~y g(y)d,

where n = [n] + 1, [] denotes the integer part of number 7, provided that the right
side is pointwise defined on (0, 1).
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Lemma 2.1 ([34]). Assume that w € C[0,T], then the solution of fractional
differential equation

DY u(t) = K(1),
u(0) =up
s giwen by
u(t) =uo + ﬁ/o (x —1)" LR(y)dy.

Lemma 2.2 (Arzela—Ascoli theorem [35]). Let M be a compact subset of R™,
{fn} be a continuous function column, §, : M — R"™. Assume that

(1) {fn} is uniformly bounded: ¥V« € M, 3C > 0, such that |{f,}| < C;
(2) {fn} is equicontinuous: Ye > 0, 36 > 0, such that as |v — y| < ¢, there is

[fn(x) = fn(y)] <e.

Then {f,(x)} has convergent subsequence and uniformly converges to f(x).

Lemma 2.3 (Guo—Krasnosel’skii fixed point theorem [35]). Let E be a
Banach space, P C E be a cone in E. Suppose that Q1,5 are two bounded open
subsets of U with 6 € Q1,Q; € Qa, where 0 is the zero element of E. T : P((Q2 \
Q1) — P is a completely operator such that either

W) [ Zz[|<[l @ |,z € PO, || Tz 2]« ||,z € P[10Q or
@) 1Tz [z z|,x € PO, || Tz <] 2 ||,z € P[00y,

then T has at least one fized point in P((Q2 \ Q).

Lemma 2.4 (Banach contraction mapping principle [36]). Let X be a com-
plete metric space and define p as a distance, G : X — X. Va,y € X,

p(6z,6y) < Op(z,y)

hold, where 0 is a constant that satisfies 0 < 0 < 1. Then & has only one fired
point on X, that is, there is a unique r* € X such that Sz* = x*.

3. Model Formulation

Using a system of differential equations, we studied both human and rodent popu-
lations in a closed homogeneous environment depending on their current status
with respect to the disease. The whole human and non-human population are
expressed in Ny (t) and Ny (t) at any time ¢ and are divided into eight mutu-
ally exclusive subgroups according to disease status: for non-human population:
susceptible Sy (t), exposed or latent En(t), infected with disease symptoms Zy, (1)
and recovered Ry (t) while human population: susceptible S (), exposed or latent
Ey(t), infected with disease Zy (¢) and recovered Ry(t). We introduce another com-
partment M (t) that represents the transmission of viruses and other pathogenic
microorganisms in public transport. u; (¢) represents practicing avoidance of rodent
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Table 1. Biological significance of parameters in the model.

Parameters Biological significance

Hg, 11 The birth rate for in rodent and human

Bk, g Contact rates from infected rodent and infected persons
:‘h Contact rates from infected rodent to human
:b Transmission rates in public transport

U, ug The natural mortality rate in rodent and human

Om Lp;;) The rate of Em (£y) move to Zm (Zy) in rodent (human)
ms &y The rate at which Zy (Zy) move to Rm(Ry) in rodent (human)

Oy 6; Disease-induced mortality rate for rodent and human

Cg The rate of Zy move to M

mq Removal of viruses and pathogenic in public transport

touch or using rodents as pets at a time and wus(t) represents practicing physical
distancing and disinfection spray in public transportation. The rest of the parame-
ters in the models are shown in Table[Il] Then the ordinary differential equations of
the model (B]) describe the dynamics of Mpox transmission incorporating public
transport transmission. This specific model is as follows:

dj_tm = Iy — (tm + Um)Sm,

% = t;mSm — (Pm + Um)Em,

% = omEm — EnTm — (tm + Om) T,
d7dz—tm = {mZm — UnRum,

% = 1IIy — (vy + up)Sy,

% =t5Sy — (pp + up)&y,

ddlth = oph — (Co + &y + B + up) T,
% = & Ty — up Ry,

% = Ty —myM,

Sm(0)=0a1 20, &En(0)=0a2>0, Zy(0)=a3>0
Rm(O) =y Z 0, Sh (0) = a5 Z 0, gh (0) = Og Z 0,
I{](O):CWZO, Rh(O):CLSZO, M(O):agzo
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From model (BJ]), we generalize the model by considering the dynamics of the
Caputo fractional differential equations. In each case, we utilized the properties of
time-dimensions where, on the left-hand side, dimension is (time) ", while on the
right-hand side, dimension is (tirne)fl7 so that both sides of the equations have the
same dimension. Thus, our proposed fractional-order Mpox model has the following

form:

Dy, Sm =y — (tm + un)Sm,

‘DY, Em = hSm — (¢ + ud)Em,

“Di, Im = Pmm — EnZm — (um + 6)Tm
C©g+7zm = T — UL R,

“Dg, Sp =10y — (7 +uy)Sp,

D4, Ep = 1y Sp — (¢ + uy)Es,

‘D, Ty = g€y — (¢ + & + 0y +u))Ty,
“Dg, Ry = &Ly — ug Ry,

Dy, M =Ty — m]M,

(3.2)

Sn(0) = a1 > 0,Em(0) = a2 > 0,Z(0) = a3 > 0,
Run(0) = a4 > 0,8,(0) = a5 > 0,&,(0) = ag > 0,
T(0) = a7 > 0, Ry(0) = ag > 0, M(0) = ag >0,

where 6 = (BhZm + BpyZo)(1 — w1), &) = (B9Ty + B3y 757 + OwZm) (1 — u2),
No = Sn+En+Tn+ Ry Ny = Sy + & + Iy + Ry, where C@ng is Caputo
fractional derivative, 0 < v < 1. In fact, the model (B.2) becomes (B1]) as v = 1.
The parameters of Mpox model BJ]) and ([B2)) are assumed to be nonnegative
numbers. The flow diagram of Mpox model is shown in Fig. [
Let us reformulate the proposed model ([B.2]) in the subsequent form:
CQ’Y m*(I)l(t vagmaImaRmvshagbvz.bavaM)a
C©g+ m = (I)Q(t Sm7gm7Im7Rm7Sh7€h7Ih7Rh7M)7
CQ’Y m_¢3(t 8m7€m7Im7Rm7Sh75h7Zh7Rh7M)7
cgngRm - @4(ta vagmaImaRmvshagbvz.bavaM)a
©g+8h = q)S(tvSmagmaImaRmvshvghthaRbaM)a
CQ’Y gh = ¢6(t78m7gm7z-m7Rm78h7€h7Ih7Rh7M)7
CQ’Y Ih (I)'?(t Sm7gm7Im7Rm7Sh7€h7Ih7Rh7M)7
ngJrRh = q)S(tvSmagmaImaRmvshvghthaRbaM)a
CQngM = (I)Q(t78m7gm7zm7Rm7Sh7€h7Ih7Rh7M)7
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Pm &

Up, Uy, o6ty Uy,

——> Change in state
—> Change out of state
s> Contribution

I T uy uy 57 Fu u
Fig. 1. Flow chart of the Mpox virus transmission.

where
¢1 t78magmaImaRm7Sha€h7IhaRh7

Iy — (v + Um)Sm,
(I)Q t78magmaImaRm7Sha€h7IhaRh7

@m + Um)gm
—&nZm — (um + 60)Zm

(I)3 t78m;gmaImaRm7Sha€h7IhaRh7

(I)4 t78m;gm;ImaRm7Sha€h7IhaRh7 :gg‘tz _umRﬂ'H
= ’Ch +uh)8h,
(I)G t78m;gmaImaRm7Sha€h7IhaRh7 = QOI) +uh)gh7

Q7 (t,Sm; Em, I, R, Sy €y, Ly, Ry, M <Ph5h (Cy + &p + Oy + up) Ly,

(I)S t78m;gmaImaRm7Sha€h7IhaRh7

( )
( )
( )
( )

@5 (t, Sms Ems Ly Runs Sp €5 Ly, Ry, M)
( )
( )
( ) Ih —U;,an
( ) =

(I)Q t78m;gmaImaRm7Sha€h7IhaRh7

5
mh./\/l

Thus, the proposed model ([B2]) takes the following form:

Dy, F(t) = A(t, F (1)),
F(0)=Fy >0

on condition that
T

f(t) = (Sm(t)agm(t)azm(t)aRm(t)aSh(t)aSh(t)vzh(t)aRh(t)aM(t)) ;

T
F(0) = Fo = (a1, a2, a3, a4, a5, ag, 7, ag, dg ),
T
At F) = ((I)i(t,Sm,gm,Im,Rm,Sh,é’h,Ih,Rh,./\/l)) Ci=1.2,....9.
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In view of the properties of fractional calculus, the problem (32)) is given by

F(t) = /0 %R(T,f(T))dT—I—fg. (3.3)

4. Basic Qualitative Properties of the Model

4.1. Positivity and boundedness

Theorem 4.1. Define the region A € Ri,

A= {(Sm,é’m,Im,Rm) € RY, (Sy, &, Ty, Ry) € Ry, M€ Ry,

I, I, Gy
nguT’ Nhgu_w Mgu'ym'y
m b h™'"h

then A is positively invariant for model [3.2)) in RY .

Proof. From the definition Ny, Ay and the proposed model [B2), it gives
C©g+ m = I — uf Na — 00T,
‘Do, Ny = I — ug Ny — (6 + G5 ) T,
then, we have
C©8/+Nm S Hxl — u;ﬂ./\/‘m, C@g+Nh S H’hy — ugj\/h
Using the Laplace transform and the inverse Laplace transform, one has
Ninlt) € Nin(0) By (—uipt?) + Tp By s (—ust),
No(t) < Ny(O) Byt (—uf ") + T By g (—ud 7).
Hence, it holds that

Iy, Iy
ng—ufy, ./\/(]S—,Y.
m b
1Y
According to Zy < Ny < -3 and “DJ, M = (Zy — m] M, one can see that
]

Iy
b

’YH'Y .
Then, by the same method as above, we can deduce M < Sﬁmi . Hence, the solution
by

of 32) in A remains in A. So, the region A € Rﬂ_ is positively invariant and attracts
all the solutions in Ri. O

Theorem 4.2. Under a; >0 (i =1,2,...,9), the solution of B2) is nonnegative
and bounded.

2450044-9
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Proof. Due to the positive of the coefficients in ([B.2]), we have

Dy, Smlsm=0=1m >0,
ccgg;m l..=0 =tmSm > 0,
‘D, I |Tw=0 = PmEm > 0,
Dy, R [R=0 =&mZm > 0,
Dy, Sp s,=0 =11} >0,
‘D4, & ley=0 =11 Sy > 0,
c@ng |7, =0 :Sﬁggh >0,
‘D, Ry [ry=0 =& Ty > 0,

Dy, M |m=0 =Ty >0,

which implies that Sw,Em,Zm,Rm, Sy, Ey, Ly, Ry, M are positive. According to
Theorem (1] it gives
Na(t) < N (0)E 1 (—udt?) + L Ey 41 (—udt?),

Ny () < Ny (0) By 1 (—ugt?) + I Ey 1 (—uyt?),

C“/ Y
M(t) < M(O)Eya(=my ) + 22 VB, (~my 1)
i}

then from the boundedness of the above Mittag-Leffler function for any ¢ > 0.
Hence, we get

_ m m n 1y
Hm N (8) = o Jm Ny (8) = W7 Jim M(t) = Wy

H’Y ’YH’Y .
It follow from Ny, Ny, M and Ny < %3"—, Ny < 3, M< 52 5 that the solution
m b b

hm

is bounded. O

For the basic reproduction number, let H = (Sm,Em,Zm, Rm: Sy, Ens Ly, Ry,
M)T| some parameters of system (3.2)) be

o= pmtuy, =& Ful 0%, =) tuy, = )+ g,

then one observes

dH
- _F
dt

)
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where
0 0 0 0 0 O 0 0 0 1
B (1 — uy)IIY, B (1 — 1)y
0 0 T 0 0 O T 0 0
0 0 0 0 0 O 0 0 0
0 0 0 0 0 O 0 0 0
Flz)= [0 0 0 00 0 0 0 0 7
0 0 ﬁ%(l—ug)ﬂg 00 0 ﬁg(l_UQ)Hg 0 ﬁzh(l—UQ)Hg
ug ug 0”77.1,;;
0 0 0 0 0 O 0 0 0
0 0 0 0 0 O 0 0 0
0 0 0 0 0 O 0 0 0
r Y 1— H’Y
w0 Pl 7“1) ™0 0 0
Um
0 121 0 0 0 0
0 —¢m t 0 0 0
0 0 —el w00
2 1— H’Y
viey=|o o D0 VUQ) "0 w0
Uy
0 0 0 0 0 t3
0 0 0 0 0 —
0 0 0 0 0 0
0 0 0 0 0 0
6,1;,(1—71“)11,“ 0 0 |
um
0 0 0
0 0 0
0 0 0
By (1 — ug)ITy Benr (1 — ug)IT) 7
ug 07ug
0 0 0
T 0 0
Y Y
—& uy, 0
Y Y
G 0 my |

2450044-11
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By the definition of the basic reproduction number, we have

P 1 I G L
om = - s Ropy = ——F—"
1t2 Uy T3ty
By, = By (1 — u2)Tg oy my N Gy Py B (1 — u2)TT] Ryp. — By (1 = u2) I (opg
b2 upesty oV uy ’ 03 oYugmieiey

let ROh = maX{Rohl, R()h;_, Roha}.
The disease-free equilibrium of model ([B2)) is given by

117, I
E° = < n 0,0,0,52,0,04L0,0>.

vy
Um b

Theorem 4.3. The disease-free equilibrium E° of the model B2) is locally
asymptotically stable if Rom < 1, Rop < 1 and unstable otherwise.

Proof. In order to obtain the stability of the disease-free equilibrium point,
first obtain the determinant equation of the Jacobian matrix at the disease-free
equilibrium point as follows:

(A4 Um) 2N+ up)?[N° + b1 A + 020 + 5307 + by ) + bs] = 0,
where

by = t1 +t2 v+ ta +my,
by = t1ta(l — Rom) + tata(1l — Ropy) + (v1 + v2)(v3 +va +my) + (v3 + t4)mg7
bs = t1t2(1 — Rom)(t3 +t4 + mg) +t3ta(1 — Rop1)(v1 + t2)

+vatamy (1 — Rop,) + (v1 +v2)(v3 + ta)my,
by = t3ramy (1 — Ropo)(v1 +v2) + v1v2tsta(1 — Rom)(1 — Ropa )

+r1v2(1l — Rom)(v3 + t4)mg + titotata(l — Roys),
by = t1t2t3t4m;;(1 — Rom)(1 — Rop.) + t1t2t3t4m;;(l — Rops)-

There are four negative real part eigenvalues —um, —um, —uy, —u,. The coef-
ficient b; for ¢ = 1,2,...,5 are all positive, as Rom < 1, Rop < 1, then we verify
the Routh-Hurwitz condition, the disease-free equilibrium E° of proposed (32 is
locally asymptotically stable if Rom < 1, Rop < 1 and is unstable otherwise. O

The discussion on endemic disease equilibrium point is mainly divided into the
following situations.

2450044-12
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Case 1. Mpox in animal infections
Let S = & =1 = Ry = M* = 0, as there is animal-only Mpox. Then the
endemic equilibrium is

= (Sm>€m: Iy Rin» 0,0,0,0,0).

Let
— (B (I —u)Zh +un)Si =0
Ba(l = u) I3 Sy — (m + um)€y =0
OmEn — (Em + um + 0m)ZE =0,
mZi —unRE =
it gives
St — I £ — Ba(l —u1) .
T Bl —u) tun’ Y (pmtum)
v
In = £%+iz+6%g:" R = 52 m

Case 2. Human-only Mpox infections

In this case, S;;, = &5 = =R: = M* =0, then the endemic equilibrium is

E§:(0,070,5E§,5§,I§7 5, 0)-

Let
— (ﬁg(l —ug)Zy + ug)Sg‘ =0,
By (1 —u2)Zy Sy — () +up)Ey =0,
&y — (G +& + 0y +ug)Zy =0,
fgI; — ugR; =0,
we obtain

g% — 1L . 1)
"B —ue) a0 (o) ) T

24
« #y
Iy =

5
g, Ri=-271r
(Gl +& +6) +u) LT

Case 3. Mpox in human and animal infections
In this case, the endemic equilibrium is

= (S, €0 T R, St €0, T R, M),

2450044-13
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Let
s — (v + ud)SE =0,
tnSm — (P +um)én =0,
PmEm — EnZm — (um +60) Iy =0,
wIr —unRE =0,
Iy — (g +u))Sy =0,
©, Sy — (¢ +u)Ep =0,
p&s — (G +& + 9y +u))Zy =0,
YT * Yo% __
Sy Ly —uyRy =0,
Y Y *
Chzh — mhM =0,
we obtain
S* = Hgl * t% * * 90% *
b tun N (pmtum) T G tuh o ™
gl 1) v
R*:—mI*, Sr = b , *:7h8*7
™ b tg—l-ug b (gog —&-ug) b
v Y 7y
¥y & S
I = g Ri=-—=1I7, M'=-—"1IF.
b v 2l 2l v&h b v=h 7h

4.2. Fxistence and uniqueness of solution to model
Let B = C(]0,T]; R) denote all continuous functions from [0, 7] to R endowed with
the norm defined by

[|F]| = sup |F(2)],
t€[0,T]

where [F(t)] = [Sm(t)] + [Em(t)] + [Zm ()] + [Rm ()] + [Sp (8)] + [€6 (1) + |Zo ()] +
Ry ()] + |M(®)], and Sm., Em, T, Runs Sp, Eo. Ty, Rys M € C[0,T]. Let V = {F €
B:|F(t)] >0,t€[0,T]}, Va={F eB:||F|| <a,a>0l.

Theorem 4.4. Let <I>i(t,3m,Sm,Zm,Rm,Sh,Sh,Ih,Rh,M) be continuous, 1 <
m<T,by>by >0, Up=max{a;}, i =1,2,...,9. Define an operator T : V — B
by

Pt —r)t
TF(t) = / —————R(r, F(7))dr + Fo, (4.1)
0
and assume that
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(Hl) (I)i(t78magmaImaRmvshagbvzbavaM) > b_117 fOT’ any % <t < m,

n
0 S (Sm,gm,l-m,Rm,Sh,gﬁ,Iﬁ,Rh, M) S (bl,...,bl), where ‘311 =

: m (¢—7)7 1
min 1 dr
o <t<m fT—}L T'(vy)

(HQ) (I)i(tysmagmaImaRmvshagbvzbavaM) < %: fOT’ any 0<t< T7 0<
(vagmaImaRmvshagbvzba thM) S (b27~~~ab2)~

Then the problem [B2) has at least one positive solution U* with by < |U*|| < ba.

Proof. From (&), we can find that TF = F, i.e. the unique solution problem
for considered model ([3.2]) change into the discussion of the fixed point of the
operator F.

Step 1. Prove that TW; is equicontinuous, ¥y is a bounded subset of V. Duo to

—1
(t}T(,);) is uniformly continuous on ¥;. By the continuity and definition of ®;,

there exists a constant £; >0 (i =1,2,...,9) such that

0< q)i(t,Sm,gm,Im,Rm,Sh,gh,Ih,Rh,M) < ,Qi, V7 e [O,T], F e Wy,
Let £ =max{&£;,i=1,2,...,9}. For any € > 0,71, 72 € [0, 7], there exists

5 < (F(é—zl)g)%, |70 — 11| < 57 such that

’(T2 -7t (n 77)7*1‘ £
L'(y) L'(y) 2aTe

For any F € WUy, it holds that

ITF(r) — TF(r)| < / "

. T
g oL
< T <eEg,
St T e =°

i.e. TW; is equicontinuous.
Step 2. It is shown that TV, is bounded. For any F € Wy, one can see that

ITF(t)| = ‘/O 7“}8;_ &(r, F(r)dr + Fo| < 7“?:1) | Fo.

Thus, KWy is bounded.

Step 3. T : V — V is continuous. From the continuity and nonnegativity of
—1

functions &(7, F), as well as (t}TZ;) , we can deduce T : V — V. By the Lebesgue

dominated convergence theorem and the continuity of K(7,F), we deduce that T

is continuous. Hence, from Steps 1-3 and by Arzela—Ascoli theorem, T : V — V is

completely continuous.
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Step 4. Obviously, T : Vy, \ Vs, — V is a completely continuous operator. Let
U € Vy,, then ||U|| < by for ¢t € [0,T]. Tt follows (Hy) that

ITU(1)| = ‘ /Ot %ﬁ(r, U(r))dr + Uo‘ > /j (t}ﬂ

™) K(r,U(r))dr

by
> —_— >
> ‘ﬁ1m1 > by

which means

ITU| = [[U]l, U € Vs,

Step 5. Let U € V,, by > 2U, then [|U]| < by for ¢ € [0,T]. It follows (Hz) that

t -1
(t—7) 77 bD(y+1) | by
[TU@)| ‘/O ) A UMMT | < gy T Ty St

which means
[TU| < |IU[l, U € Vp,.

Then from Guo—Krasnosel’skii fixed point theorem, we conclude that T has a fixed
point U* with by < ||[U*|| < ba, and it is clear that U* is a positive solution of (B:2).
O

Theorem 4.5. Let ¥, (t, Sm,Sm,Im,Rm,Sh,Eh,Ih,Rh,M) be continuous, i =
1,2,...,9. Assume that
(Hs) for any F1,F2 € B, there exists a constant £5 > 0, such that

[R(7, F1(7)) = K(7, Fa(7))| < L5|F1(7) — Fa(7)],

and let % < 1. Then the system [B2) has a unique solution.

Proof. For any Fy,F s € B, by
[R(7, F1(7)) = R(7, Fa(7))| < L5|F1(7) — Fal7),
it gives
y—1

¢ (t—m7)
ITF1(t) = TF(t)] < /O Wlﬁ(ﬂ Fi(7)) — R(7, Fa(7))ldr
T
< m£f§|fl(7) — Fa(7)]-
Then we can get that

T8
TF, - TH| < ——

By %% < 1, and contraction mapping principle, T has a unique fixed point, i.e.

considering system (3.2 has a unique solution. O

[ F1 = Fa.
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4.3. HU stability

Definition 4.1 (HU stability). (H,) If there exists a constant 9, satisfying for

any positive vector ¢ = (c1,c¢2,...,¢9)7,

D¢, F (1) = &L, F(1) < ¢

and for the unique solution F of model (33 such that
IF = F < Q,

then, (32) is HU stable.

Theorem 4.6. Let F:F(jyﬁ) < 1. Assume that (Hs3) holds and (Hs) there exists a

function ¥ = (Y1, Ta,...,To)T such that
T <e, D, F(t) =Kt F(t) +T(2).

Then, (32) is HU stable.

Proof. By the condition (Hs), it gives

R e L R L]
then we have
V@—%—Ag%%F%mf@MM§Aﬁ%%:T@®=ﬁ$%f
Let F be unique solution to system (B2]), we obtain
=l _ = [fl-y"t oz
70 - 7| = |70 -7 - [ a0 Fw)|
Pyt
<|r -7 - [ L —swFw)|

Pt—y) ! =
+ [ |8 ) - 8. Fap|ay

T

Ls ~
< ¢+ F —Fl.
“I(y+1) I‘(’y+1)|| I
Thus, we get
[F () = F@Oll < Qe,
where Q = m Hence, by the (Hy) of Definition 1] the system ([B.2)) is
HU stable. O
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5. Numerical Method

In this section, we use Corrector—Predictor iterative algorithm to obtain numerical
solution of the model ([B2]). Consider the step length h = %, we divide the interval
[0,T], to = 0,t¢41 =te + b,€=0,1,2,..., £ — 1,tg = T. Suppose we have already
calculated the approximations F,(t¢) ~ F(t¢), € = 0,1,...,m, then F,(t;m41) can

be calculated using the integral equation equivalent to system (B2,

/,7 m
Fultmsr) = % S heme18(te, Falte) + K(tms1, F(tmsr)) | + Fo,
£=0
where
mY — (m = ) (m + 1)1, e—0,
hemt1r = (m —E+2)"TE 4 (m — €)1 —2(m —e+ 1)1 1 <E<m,

L

E=m+1.

The Predictor formula is derived as follows:

where

T
ff(tm.;_l) = W Z Cé,m-‘rl-ﬁ(t&fa(té)) + Fo,
£=0

n

Ctamp1 = %[(m — e+ 1) — (m— ).

Let Wi(t, F) = ®;(t,Sm, Ems Zm, R, Sp, €y, Ly, Ry, M), i = 1,2,...,9. Thus, the
corrector formula for the projected model [B.2)) is

Sn(tms1) = % _Ef; B m 1 Wi (te, Fa(te)) +W1(tm+1,]-‘§(tm+1))_ + a1,
Enltmt1) = F(vhijd) Ef% he ms1Wa(te, Fa(te)) + W2(tm+17~7:§(tm+1)): + az,
Iin(tm+1) = F(vhijd) i B 1 Ws(te, Fa(te)) + WS(thvfff(th)): + as,
Rultust) = 5075 g Bt Walte, Fa(ty)) + m(tmﬂ,ff(tmm): T,
So(bmst) = % é heoms i Ws(te, Fate) +W5(tm+1,]-"§(tm+1)): + as,
Eo(bmir) = % g B We(te, Fate)) +W6(tm+1,]-"§(tm+1)): + a,
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by o

Ty (tm+1) = T +2) Ez:; he i Wr (te, Fa(te)) + Wr(tms1, FE(tms1)) | + a7,
[ ]

Ry (tm+1) = T +2) ; he m+1Ws(te, Fo(te)) + Ws(tma1, FE(tm+1)) | + as,
RS ]

M(tmy1) = T +2) ; he ma1Wo (te, Fo(te)) + Wo(tms1, FE(tm+1)) | + ag.

6. Numerical Simulation and Discussion

This section of the study presents the fractional-order models numerical techniques
to understand the behavior of the solution trajectories better. We compute the
model associated with the Caputo fractional operator v € (0.1) using the fractional
Predictor—Corrector technique to gain insight into the solution trajectories. For this,
we start with initial values for each compartment in the fractional-order model we
have suggested: Sy = 500, &n = 400, I, = 350, Ry = 200, Sy = 1000, & =
300, Zy = 150, Ry = 50, R = 250. We compare the effects of various fractional-
order values with of a step size 0.2 throughout the time range [0, 500] against the
parameter values listed in Table Rl on both non-human and human populations.
Figures [ and [}l show dynamics of reproduction number and the sensitivity analysis
of the various reproduction numbers obtained from the proposed model. It is noticed
that an increase in the various transmission rate increases the number of secondary
infections in both compartments. From Figs. [B(a) and BI(b), it is noticed that an
increase in the control parameter (personal protection measures, uq(t)) and hydro-
alcoholic gel and hand-washing with soap and disinfection spray at a time, that is
us(t), has a negative correlation with the reproduction number. Interestingly, the
behavior of both populations are affected by changing the order of the fractional
derivative, we observed distinct memory effects in each, as shown in Figs. @ and
We observed an increase in the number of susceptible rodents, exposed and
infected rodents, that is Figs. @(a){lc). This dynamics can be attributed to the
direct relationship between exposed and infected rodents. Similarly, Figs. B(b)-Bl(d)

Table 2. Parameter values in the model.

Parameters Value Parameters Value
Hg, 1, 100; 1000 ug 1/100
gaq 0.05 fg 0.046
6; 0.00002 C; 0.019
mq 0.00003 Lo 0.0020
g 0.0001 :h 0.0061
:”J 0.000041 o7 0.4
25 0.000009 S 0.00002
X 0.01 Om 0.0076
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o] 7
Ph B

() (d)

Fig. 2. Dynamics of reproduction number of the Mpox model. (a) Rom against By, and uq,
(b) Rop. against ,BZ and u2, (c) Rop, against goz and uz, (d) Rop; against ﬁzh and ug.

exhibit direct relationship between exposed, infectious and recovery individuals to
Mpox infection. In biological perspective, these trajectories show that whenever
the population is highly exposed to the virus or disease, the probability of getting
infected is possibly high and vice versa. These graphs in Figs.[6la)-[6le) demonstrate
how dependence the system is on the history of the Mpox and how sensitive it is to
vary the fractional-order value. Next, we investigate the impact of control strategies
on the transmission dynamics of our proposed model in both human and rodent
population. The applied control interventions are described as follows:

(1) Apply the use of personal protection measures to prevent rodent touch or avoid
using rodents as pets at a time, that is uq (t).
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(a) (b)

Fig. 3. Latin hypercube sampling plot (sensitivity analysis) of the reproduction numbers. (a) The
reproduction numbers for pathogenic microorganisms in public transport, Rom. (b) The reproduc-
tion numbers for human transmission, Ry p, -

500 T T T T T T T ™ ™ 400
T=1
4 =095
450 | 5 —0.90]4 350
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5 =080 .
400 1 v =075 300
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5 oF 200
300 F i
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250 4
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150 | | | | | | | | | 0
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500

Time (Days) Time (Days)

0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
Time (Days) Time (Days)

(©) (d)

Fig. 4. Dynamics of rodent population at different fractional-order a. The time series plots for
(a) susceptible Sm, (b) exposed or latent Em, (c) infected Zm, (d) recovered Ry in model (B2)
when fractional-order values v = 1, v = 0.95, v = 0.90, v = 0.85, v = 0.80.
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0 50 100 150 200 250 300 350 400 450 500
Time (Days)
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Fig. 5. Dynamics of human population at different fractional-order . The time series plots for
(a) susceptible Sy, (b) exposed or latent &, (c) infected Zy, (d) recovered Ry, (e) M in model
(B2) when fractional-order values v = 1, v = 0.95, v = 0.90, v = 0.85, v = 0.80.
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(2) Apply the use of personal protection measures to protect oneself in public
transportation such as the use of hydro-alcoholic gel and hand-washing with
soap and disinfection spray at a time, that is us(t).

(3) Apply combination of personal protection measures to prevent or protect oneself
again rodent touch or avoid using rodents as pets and disinfection spray in
transportation at a time, that is ui(¢) and ua(t).

Strategy 1, which is Fig. [l is used to optimize Mpox disease transmission
dynamics while neglecting the personal protection measures to protect oneself in
public transport at a time, us(t). We observed a decrease in the number of exposed
and infection in human population and interestingly, a minimal or no effect in
human population.

1200

1000
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600

00

O S0 10 150 20 20 30 30 400 450 500 To w0 0 1m0 20 250 30 w0 A0 40 500 0 S0 100 150 20 20 300 30 0 450 500
Time (Days) Time (Days) Time (Days)
a=095 a0t a=095 a=09
7000
900
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700
& 4000
0
3000
500
2000
00
0 1000
0 50 10 10 200 %0 300 %0 00 40 500 0 50 10 10 200 20 30 H0 400 40 500 0 50 100 150 20 20 300 0 0 450 500
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500 1000)

0 50 10 150 200 250 800 30 400 450 500 0 50 100 150 200 250 30 330 400 430 500 0 50 100 150 200 20 30 350 400 430 500
Time (Days) Time (Days) Time (Days)

(8) (h) (i)

Fig. 6. Effects of varying values of u1 keeping uz = 0 on the dynamics of the Mpox at fractional-
order value o = 0.95. (a) susceptible Sm, (b) exposed or latent Em, (c) infected Zy, (d) recovered
Rm, (e) susceptible Sy, (f) exposed or latent &, (g) infected Zy, (h) recovered Ry, (i) M in

model. ([32))
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Similarly, Strategy 2, which is Fig.[7, is used to optimize Mpox disease transmis-
sion dynamics while neglecting the use of rodents as pet or avoid touching, uq(t).
We observed a high decrease in the number of exposed and infection in human
population and no significant impact or effect in rodent population. This dynamics
means that personal protection measures to protect oneself in public transportation
such as the use of hydro-alcoholic gel and hand-washing with soap and disinfection

spray at a time, that is us(t) which has nothing to do with Mpox population.
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0 200 100
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Fig. 7. Effects of varying values of us keeping u1 = 0 on the dynamics of the Mpox fractional-
order value at o = 0.95 (a) susceptible Sm, (b) exposed or latent Em, (¢) infected Zm, (d) recovered
Rum, (e) susceptible Sy, (f) exposed or latent &, (g) infected Zy, (h) recovered Ry, (i) M in

model. ([32)
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Fig. 8. Effects of varying both the values of u; and us = 0 on the dynamics of the Mpox at
a = 0.95. (a) susceptible Sm, (b) exposed or latent m, (c) infected Zm, (d) recovered Rum, (e)
susceptible Sy, (f) exposed or latent &, (g) infected Zy, (h) recovered Ry, (i) M in model. (Z2).

Finally, Strategy 3, which is Fig. B is used to optimize Mpox disease transmis-
sion dynamics. We applied combination of personal protection measures to protect
oneself in public transportation and avoidance of touching or using rodents as pets
at a time, that are u; (¢) and us(t). We observed a significant decrease in the number
of exposed and infection in both population as well as transmission through public
transport.

7. Conclusion

The impact of control strategies on Mpox disease transmission through our
fractional-order mathematical model yields promising results, providing critical
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insights into the effectiveness of various intervention measures. The model incor-
porates two key control strategies: u; (t) represents practicing avoidance of rodent
touch or using rodents as pets at a time, and us () represents practicing physical dis-
tancing and disinfection spray in public transportation. Our numerical simulations
demonstrate that the implementation of personal protection measures of avoidance
of rodent touch or using rodents as pets at a time, significantly reduces the trans-
mission rates of Mpox disease. Additionally, the adoption of personal protection
measures of practicing physical distancing and disinfection spray in public trans-
portation proves effective in controlling the spread of the virus.

However, the most substantial impact on mitigating the burden of Mpox dis-
ease is observed when individuals consistently apply a combination of personal pro-
tection measures u1(t) and us(t) to prevent disease transmission. This integrated
approach demonstrates synergistic effects, leading to a more significant reduction
in the overall disease transmission rates. Our findings underscore the importance
of individual behaviors in public transport efforts in controlling the spread of both
diseases. Adherence to personal protection measures, irrespective of the targeted
pathogen, plays a crucial role in limiting transmission and protecting vulnerable
populations. Furthermore, the results emphasize the value of comprehensive public
transport interventions that address Mpox disease transmission. The application
of a fractional-order mathematical model in this study provides a more nuanced
understanding of the Mpox infection dynamics.

In conclusion, the insights gained from our study contribute to the development
of targeted and efficient control strategies for the Mpox disease infection. By pro-
moting the consistent use of personal protection measures and integrated public
transport interventions, public transport authorities can make substantial progress
in reducing the transmission and impact of Mpox diseases. These findings highlight
the significance of a multidisciplinary approach in combating the Mpox disease
infection, ultimately improving global health outcomes and saving lives.
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