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Abstract

This work utilises a fractal-fractional operator to examine the dynamics of transmission of measles
disease. The existence and uniqueness of the measles model have been thoroughly examined in the
context of the fixed point theorem, specifically utilising the Atangana-Baleanu fractal and fractional
operators. The model has been demonstrated to possess both Hyers-Ulam stability and Hyers-Ulam
Rassias stability. Furthermore, a qualitative analysis of the model was performed, including
examination of key parameters such as the fundamental reproduction number, the measles-free and
measles-present equilibria, and assessment of global stability. This research has shown that the
transmission of measles disease is affected by natural phenomena, as changes in the fractal-fractional
order lead to changes in the disease dynamics. Furthermore, environmental contamination has been
shown to play a significant role in the transmission of the measles disease.

1. Introduction

One of the common acute and highly contagious diseases found among children is measles, caused by the
measles virus (MV), also known as the rubeola virus. MV is classified in the genus Morbillivirus which belongs to
the Paramyxoviridae family [1, 2]. Furthermore, persons with compromised cellular immunity, such as those
suffering from AIDS or receiving treatment for malignant diseases, are highly prone to measles disease [3].
Measles is classified as a pandemic, and its natural host is the human body; however, infections could be traced
among monkeys [4]. From a medical point of view, MV initially infects the respiratory epithelium and then
spreads systematically in other tissues in the human body [5-7]. Persons infected with measles after the
incubation period experience fever up to 40 °C and cough as well; refer to [8, 9] for more information on the
symptoms and signs of measles infection.

Vaccination has become a key control measure for the spread of measles worldwide. Countries where people
did not have access to the measles vaccine have experienced an increase in its transmission rate. Recently,
measles has also been reported among adolescents and adults. For example, the measles outbreak in Italy in 2017
reported 2851 cases, of which 15% were over the age of 15. Among the many who have measles in their
adolescence or even in their old age, there are people who were not vaccinated during their childhood [10, 11].
MYV could be easily transmitted if one comes into contact with the urine, blood, and nasopharyngeal mucosa of
an infected person. MV is also known to be transmitted through respiratory droplets of infected individuals and
can remain in the air for several hours [7, 12, 13]. Recently, studies have reported transmission of measles even
among vaccinated individuals [14, 15]. Integer order mathematical models have been extensively applied in
studies to capture the transmission dynamics of infectious diseases. For instance, Asamoah et al[16] studied the
transmission dynamics of the Covid-19 pandemic by considering the impact of the virus in the environment by
employing real data from Ghana. In their work, they carried out sensitivity studies which indicated that the virus
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in the environment was a major mechanism through which the disease spread. An optimal control anaysis was
then carried out based on the findings from the sensitivity analysis . Also, in the work of Abidemi etal[17],a
deterministic compartmental model was developed to study the transmission dynamics of the dengue fever by
considering human prevention techniques and vector control mechanisms. In their work, they observed that the
dengue fever disease could be best controlled through both human self protection and vector control methods.
In addition, Asamoah et al [ 18], developed a compartmental model for the Q-fever disease by inculcating direct
transmission, diverse shedding rates, relapse effect and time-dependent parameters. Through the sensitivity
analysis carried out, an efficient optimal control and cost effective analysis were performed in order to bring the
disease spread under a reasonable control. The propagation patterns of the measles disease., also have been
investigated through these mathematical models. For instance, in the work of [19], the dynamics of the spread of
measles were studied through an SVEIR model, which sought to examine control measures that could possibly
help reduce the spread of measles. Their work discussed the recovery from measles, whether it could be
enhanced by vaccination or self-recovery. Furthermore, [20] developed an SVIRP model which examines the
indirect means of MV transmission. Some other exciting works on applying mathematical models to study
measles transmission dynamics can be seen in [21-25].

In recent times, fractional calculus models have been reported to have exhibited enormous advantages over
non-fractional order models. This is due to the inherent ability of fractional order models to capture the
memory effect seen in many biological systems. The work in [26] studied a fractional order mathematical model
of monkeypox transmission dynamics. They stated that reducing the degree of fractional derivatives hasled to
substantial alterations. The work in [27], studied a fractional modeling approach of Buruli ulcer in Possum
mammals. In the work of [28], a mathematical model of COVID-19 was presented using Atangana-Baleanu
fractional derivative. Also, study by [29] presented a non-integer order compartmental model for cholera and
COVID-19 incorporating human and environmental transmissions. Kumar and Goel [30] studied a fractional-
order nonlinear epidemic model incorporating the compartments of infodemic and aware populations. The
workin [31] presented a mathematical modeling and analysis of monkeypox outbreak with the environmental
effects using a Caputo fractional derivative. The study described in [32] examined a nonlinear mathematical
model of listeriosis infection, incorporating two fractional kernels. In order to examine the presence of the
fractional model, we utilise the fixed point method, whereas stability is assessed by the Hyers-Ulam analysis.
Asamoah et al[33] conducted a mathematical analysis and numerical simulations using both non-fractional and
fractional analysis. They demonstrated that when the environmental transmission and effective shedding rate of
coxiella burnetii by asymptomatic and symptomatic livestock are both zero, a typical threshold is reached and it
leads to forward bifurcation. An observed correlation exists between an elevated tick recruitment rate and the
occurrence of backward bifurcation. Furthermore, it has been observed that an augmentation in the inherent
degradation rate of the bacteria in the surrounding environment diminishes the point of backward bifurcation.
In addition, to address the memory component of ticks on their host, they changed their original integer order
model by incorporating Caputo, Caputo-Fabrizio, Atangana-Baleanu fractional differential operators. Okyere
etal[34] constructed a nonlinear epidemiological model known as the Atangana-Baleanu fractal-fractional SIRS
model. The local asymptotic stability of the model’s equilibrium points (disease-free and endemic) is examined.
The presence of the solution to the model and its singular nature, along with the study of stability according to
Hyers-Ulam, was proven. Addai et al [35] created a monkeypox model that incorporates the Caputo fractional
derivative. This model considers both human and non-human populations, as well as the influence of public
transport. They used the fixed point theorem to accurately establish the solutions in terms of both existence and
uniqueness. The researchers examined the stability of different equilibrium states in the model to evaluate
monkeypox’s ability to spread. In addition, they assessed the influence of crucial model parameters on
improving strategies for preventing and managing monkeypox through numerical simulations. The study
conducted by Asamoah and Sun [36] examined the impact of memory on the spread of gonorrhoeain a
structured population. The researchers employed the Caputo fractional derivative and conducted sensitivity
analysis to analyse this phenomenon. The model is proven to be positively invariant with a single bound. The
existence and uniqueness of the fractional model are determined by the application of fixed-point theory. The
modeD’s stability is achieved through the implementation of the Ulam Hyers and Ulam Hyers Rassias concepts.
In order to demonstrate the stability of the fractional model, we visually depict the stability of solution
trajectories for both the disease-free and endemic steady states, specifically focusing on the basic reproduction
number of gonorrhoea. Heartwater is a tick-borne disease that impacts ruminant animals and is transmitted by
amblyomma ticks. The disorder can occasionally prove fatal. In the study of [37], they investigated the Caputo
fractional version of disease transmission in domestic ruminants and amblyomma ticks. The positivity and
boundedness criteria were derived using the Laplace transform. The fractional model is applied to the heartwater
incidence data from 2006 to 2019. As determined through parameter estimation, the heartwater reproduction
number was found to be 1.9345, with a fractional order of 0.6990, which provided a good fit. The study described
in [38] introduced a traditional deterministic compartmental model to analyse the dynamics of Lassa fever. This
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model not only considers the transmission pathways from symptomatic humans and infected rodents, but also
includes the transmission from hospitalised humans to account for the spread of the disease within healthcare
settings. The model is fitted to the cumulative number of weekly reported cases taken from the Nigeria Centre
for Disease Control database using the least squares approach. The transmission dynamics of measles has seen a
lot of scientific research through the use of fractional order operators. In [39], a fractional order compartmental
model was developed using the Caputo differential operator with vaccination to study the effect of memory on
the dynamics of measles transmission. In addition, in [40], an SEIR compartmental model was constructed to
describe the transmission dynamics of measles through a fractional calculus operator. The researchers’ study
indicated that the fractional order model is capable of accurately representing the dynamics of the measles
disease in contrast to models utilising integer order operators. For further exploration of the uses of non-integer
order models in understanding the dynamics of measles, researchers can refer to the findings presented in the
studies conducted by Farman et al and Abboubakar et al [41, 42].

Recently, a novel approach was proposed that combines fractal dimensions and fractional order operators to
study the dynamics of epidemics [43]. This robust method has received diverse applications in epidemic studies.
In ta studies conducted by Addai et al [44], the Zika virus disease was studied by using fractal dimensions and
fractal order operators. The model was developed by incorporating insecticide treated nets. It was keenly
observed that the fractal and fractional operators are able to capture the geometric pattern of the Zika virus as
compared to the non-integer models. Also, Li et al [45], proposed a deterministic compartmental model to study
the transmission dynamics of HIV /AIDS through a non-singular fractal-fractional operator in the sense of
Atangana-baleanu. They posited that by using the fractal and fractional operators, it becomes more feasible and
significant in studying the dynamics of the disease by incorporating its past history. In addition, Ackora-Prah
et al [46] studied the interactions on the maize farms through means of Hollings type III operators response by
incorporating a fractal and fractional operator in the Caputo sense. Based on the sensitivity analysis carried out,
an optimal control strategy was performed in order to control the maize virus disease. To be able to increase
maize yields, they suggested some preventive measures like reducing leathopper infestation on maize farms.
Again, Karaagac et al[47] propounded a non-integer compartmental model to study the dynamics of diabetes
mellitus in the absence of genetic factors. Through means of fractal and fractional operators in the Caputo sense,
it was observed that at low fractal and fractional values many people live with diabetes mellitus. This dynamics is
seen to be best captured by the fractional operators as the integer operators may fail to do this. Recently, in the
work of Wireko et. al [48], the monkeypox disease was studied through the use of fractal-fractional operators
where it was reported that the memory effect exhibited by many biological structures are better observed
through the use of the mixture of fractal dimensions and fractional operators. Also, Adu et al [49] studied ebola
with reinfection and reported in their work that the biological changes in the structure of the ebola virus is well
captured through the use of a fractal dimension and a fractional operator concurrently. Unfortunately, the
transmission dynamics of the measles epidemic has not been studied using this novel fractal-fractional order
approach. Therefore, in this work, we investigate the transmission patterns of measles disease using fractal
fractional operators. More precisely, the purpose of this study is to investigate the pattern of transmission of
measles virus infection through indirect contact, with a particular focus on the contamination of the
environment by infected individuals. Furthermore, we seek to compare the effectiveness of integer and fractal-
fractional order models in understanding the transmission dynamics of the measles virus disease. The report
also provides important recommendations for the control and management of measles disease. This research
builds on the work of [50] by incorporating a compartment that represents a contaminated environment into
the existing model. The mathematical model of measles is also explored and evaluated through the use of
resilient fractal-fractional operators. The decision to employ the fractal-fractional Caputo operator in this study
is contingent upon various criteria, such as the characteristics of the phenomenon being studied and the
particular mathematical features sought for the model or analysis. The fractal-fractional Caputo operator is
highly advantageous for modelling complex systems that display non-local or long-range interdependence, self-
similarity, or fractal-like behaviour. Instances encompass events in the fields of physics, biology, finance, and
engineering, in which conventional derivatives of whole numbers may not accurately represent the fundamental
dynamics. The Caputo derivative is a fractional derivative that includes memory effects, which refers to its ability
to account for the impact of previous events on the present condition of a system. This is particularly useful for
simulating systems that exhibit memory or hereditary qualities, where the behaviour at any one time is
influenced not only by the current state but also by past states.

This article is divided into eight sections. Section 2 outlines the basic and essential notations. Section 3
introduces the integer order measles model, including its assumptions, equations, and description. Section 4
introduces the fractal-fractional model and examines its existence, uniqueness, positivity, and boundedness.
Section 5 calculates the fundamental reproduction number of the model and the equilibria for the scenarios of
measles free and measles present, and then analyses their global stabilities. Section 6 utilises the Hyers-Ulam
stability threshold and the Hyers-Ulam Rassias stability requirement to examine the dynamics of measles.
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Section 8 subjects the fractal and fractional operators to numerical simulation and examines the resulting data.
Finally, section 9 summarises the findings of the study.

2. Preliminary notations
In this section, we highlight some important definitions and theorems related to the model under study.

Definition 2.1.[43,51,52] Let ¢ € C[R]; ¢, s3], which isadditionally proposed to be a fractal derivative of
order ¢ < ( j < lintheinterval (¢, ;). We additionally define ¢ as a fractal-fractional operator of order

¢ < ¢ < L. Accordingto the Atangana-Beleanu framework, the specific form of the generalised Mittag-Leffler
kernel is provided.

FFC % _ 9@ 4 t __G — s
D 00] = xfo 0B | =t = 9 ds, (1)
1 1
where, G(¢) =1 — ¢ + F%) and also d:sg) = lim,_, 9(2%59;).

Definition 2.2.[43, 51, 52] Furthermore, we can make the assumption that ¢ belongs to the set of continuous
functions C[(w, A), R]and that itis a fractal anti-derivative with an order denoted by 0 < 77’2" < 1 within the
interval (w, A). Next, foragiven order 0 < (; < 1, we proceed to define the fractal-fractional operator for the
function ¢ in accordance with the Atangana-Beleanu framework. The mathematical expression representing the
generalised Mittag-Leffler kernel type is provided as

G010 — Cl)tgrl

0(t), 2
g(¢) ® @

FEMY) _ GG g ot
I(o,t)[ﬁ(t)]——g(g)r(cl)xj; SG19(s)(t — )5 ds +

where, G(¢) =1 — ¢ + F(CICI)'

Definition 2.3. [53] We again define the generalized Liouville Caputo ¢ th type derivative GLDglfz isgivenas:

CEFHI

HDLEI = TG
51

t m
f Pl — ng]m<11(7.1gzi) G(rydr, t>a,
b dr

withn, > 0andn — 1 < G < n.

Definition 2.4. [54] In the normed linear space W, we may express the operator M: ) — W as well as

W3 € Rt U {0}. Consequently,

(a) For any elements, let oy and a, be elements in the set X'. The functional M is said to be a ¢ — )

contraction if the following inequality holds:

o (a1, ) d(M (), M(az)) < P (d(on, ar)).

(b) The functional M is considered to be ¢-admissible if
o, ) 2 1= ¢(M(ai), M(ap)) > 1.

3. Non-fractional order measles model

As mentioned in the introduction, various writers have used mathematical epidemiology to study the dynamics
of the measles illness. The measles disease transmission dynamics are studied by [55], which divide the
population into six (6) compartments: susceptible S(¢), vaccine V(t), exposed E(¢), infected I(¢), hospitalised H(%),
and recovery R(#). In order to examine the dynamics of the measles’s direct transmission, their studies used the
classical order derivative. Additionally, they took into account two crucial controls: hospitalisation and
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Table 1. Sensitivity
analysis of the
reproduction ratio.

Parameters Index

A +0.0172
6 +0.7684
o1 +0.0049
o +0.2316
w —0.0024
€ + 0.5000
m — 1.0675
k +0.1996
o 10.0026
7 +0.2005

immunisation. On the other hand, measles is primarily spread indirectly through contact with the environment
[55]. Therefore, in order to provide a realistic view of the dynamics of the measles illness, we aim to expand on
the work of [50] by integrating the contaminated environment. A seven-(7) compartmental model, comprising
susceptible S(#), vaccine V(#), contaminated environment P(¢), exposed E(f), infected I(¢), hospitalised H(#), and
recovery R(#) attime ¢, is thus how we categorised the population in our work. o, represents the contact rate in
our model between the compartments of the susceptible and contaminated environments. The immunisation
rate for the susceptible individuals is a;;. Moreover, the rate at which diseased individuals contaminate the
environment is y,. Table 1 provides further details on the remaining interaction rates. In this work, we use the
new fractal-fractional operator to investigate the measles transmission dynamics using Newton polynomial
methods. First, ordinary differential equations are used to express the non-fractional measles disease model;

das
e ¢— B+ aH)S — 02PS + 6V — (aq + p)S,
\4
d—:als —(u+ 0V,
dt
dpP
— =mH + 7l — p,P,
dt N V2 /'Lp
dE
I = 6 + oiH)S + 0»PS — (u + ME,
dl
E:)\E_(M'FE-FKJ-F’VZ)I,
dH
- - WH et ptwh
d—R: wH — iR, 3)
dt

with the initial conditions S(0) = Sy, V(0) = V,, P(0) = Py, E(0) = Ey, I(0) = I, H(0) = HO, R(0) = R, given that
S(0) = 0, V(0) = 0, P(0) > 0, E(0) = 0,1(0) > 0, H(0) > 0 and R(0) > 0.

4. Measles mathematical model: a fractal-fractional approach

Although rare, sub-acute sclerosing panencephalitis is a fatal abnormality of the central nervous system that can
occur in individuals who recover from measles [56]. This results in research on the dynamics of the measles
sickness that are erroneous. In addition, the inclusion of a fractal dimension in conjunction with the fractional
operator facilitates the precise representation of the physical structures and irregularities within the model. This
is due to the inherent unpredictability in the behaviour of the measles sickness, as discussed by Srivastava et al
[57] in their numerical study. In this study, we aim to improve the existing measles model presented in the work
of James et al [55] by incorporating an equation that accounts forpolluted environment. Specifically, we
investigate the transmission of the illness using a fractal-fractional operator with parameters A; and A,, both of
which are greater than zero.
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FEMDI () = ¢ — Bi(I + 0iH)S — 0uPS + 0V — (ou + 1),

FEMD MY (1) = S — (u + O) V,

FMDORP(1) = H + 721 — j1, P,

FEMDOLAE (1) = Bi(I + 0H)S + 03PS — (1 + NE,

FEMDIMT (1) = XE — (u + € + & + W),

FMD Oy MH (1) = kI — (w + € + 1 + W H,

FEMD IR (1) = wH — pR. 4)

Since 7#MDJi by applying the power law kernel through the Caputo logical sense, signifies the fractal-
fractional operator that corresponds to a fractional order of 0 < A; < 1 along with a fractal dimension
0 < A, < 1. The state variables, denoted as N(¢), consist of the sum of many components including S(¢), V(¢),
P(t), E(%), I(t), H(t), and R(¢). These variables are observed during a time interval ¢ that belongs to the set
U, defined as [0, 7] where 7 is a positive value. The non-negativity of the model parameters has been established.

4.1. Positivity and boundedness of the measles model
This part focuses on the concepts of positive uniformity and boundedness within the context of the measles
model.

Theorem 4.1. If we assume that {S, V, P, E, I, H, R} are the solutions and having the starting point values
{S(0), V(0), P(0), E(0), 1(0), H(0), R(0)} CB, then itis sufficient to claim that each of the model’s solution is
positive for every non-negative t value.

Proof. Using the method employed in [58—61], we prove the theorem. First, we lay down a few fundamental
presumptions about the measles model’s positive. Let

192[loc = sup[€2(5)], )

teDq

where the components of €2 are indicated by Dg,. Taking the susceptible human class into account, S(#),
vt > 0, gives us;

FEMDILS(1) = ¢ — Bid + 01H)S — 02,PS + 0V — (ou + p)S,
2 =0 + oH)S — 0uPS — (aq + )S,
= —([aq + p] — (o2 + BDIPDS,
2> —(lau + p] — (o2 + By sup|P)S,

teD,
=z —([an + p] = (o2 + BDIIPll)S. (6)
This leads to;
1-A _ N
S > SO Q([_ (o + ] — (02 + B)1IBll)t ] -
AB(S) — (1 = 9)([aq + pl = (02 + BDIIBlls0)
Where the time component is denoted by 7. Thus, S(¢) greater than zero for every non-negative ¢ value.
Also, the model’s vaccinated class, V(¢) is considered in this manner:
FFPDIM V(1) = ayS — (u + )V,
-4 0)t
V(D)= VO) Q<[— L ®)
ABG) — (1 =) (u+6)

Therefore, itis obvious to state that for any ¢ > 0, V(#) > 0. Likewise, the other state variables’ positivity is
reported below;
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1-Ay <
P(t) > me{ T ]

AB(S) — (1 = ) (p)
=g (i 4 At ]

AB(S) — (1 =9+ )
T+ e+ k4 ) ]

AB() — (1 —=9(pu+ e+ K+ 1)
MWt et p+ Wi

ABQ) — (1 —Qw+e+pu+]

(e ]

AB(¢) — (1 — 9)(w)

E(t) > E(0) Qs[

I(t) = I(O)Qc[

H(t) > H(0)Q [

H(t) > H(0)Q, [ ©)

We have therefore shown that the measles model is positive V¢ > 0.

Theorem 4.2. Let us suppose that (3), or the measles model, the solution is S®, V®, P®, E®, I®, H®, R®, with
positive initial values. The measles model’s implied solution is then bounded.

Proof. We provide sufficient evidence to demonstrate that, for every t > 0, the solutions to the measles model
are all positive; we also establish the boundedness of our model by using the same method as [62]. To obtain

FEMDMN (1) = ¢, — uN — el — €H,

onecantake N=S + V 4+ P + E + I + H + R, suggesting that

EEMDOT (1) < G, — ouN.
That is sufficient for the expression

¥, ={S,V,P,E,I, H RER, N

tld\

Therefore, it has been shown that for any t > 0, all solutions of the measles model remain within the domain €2
and maintain their positive values, as determined by the provided initial conditions. O

Theorem 4.3. The measles model can be characterized as a dynamical framework operating within a bounded and
closed subset of Euclidean space.

W={S,V,P,E, I, H Re R }.

4.2. Measles-free equilibrium
This is a situation where there is no measles infection in the population. We set S, V, P, E, I, H and R to zero in
equation (3), in the measles-free equilibrium and the resulting solution is given as;

Clip + Op + anlb] ¢
W+ 0+ wp (n+Ou

@* = (8% VO PO E°% I° HY, R) = ( ,0,0,0,0, 0).

5. Basic reproductive number

In this section, we determine the reproduction number of the measles disease. The basic reproductive number
(R ) is defined to be the number of secondary measles infections that may occur when an infected individual is
introduced into a susceptible population during an outbreak of the disease. By following the next generation
matrix approach [63], we determine the R as follows. We first create the matrices F, the new infections, and V,
the transition terms from the compartments that could possibly transmit the measles disease. Therefore, from
equation (3), we derive the new infection components as
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P
T nH + vl — p,P,s
dE
T 61 + otH)S + 0,PS — (u + MNE,
dl
E:/\E_ L+ e+ k+ 7)),
dH
— =Rl = @t et pt H. (10)
Thus;
Bi(I + o1H)S + 0, PS , (1 + A)E)I .
_ 0 |t et rt+)] =
7= 0 and V= (w+e+p+yH—&I| (11
0 ppP — mH — 7l

The Jacobian matrices of F and V are obtained as follows:

0 615 610’150 0'250 (/.L +>\A) ( 0 ) g 0
_lo o o 0 | Bt et K47
E 0 0 0 0 and v 0 —K wH+e+pu+m 0 (12)
00 0 0 0 72 1 I

The eigenvalue of the matrix [FV | is recognized as the reproduction number. Therefore, we can express this
relationship as follows:

B BiSAp, (W + €+ 1+ 1) + 2SAn(w + €+ p+ 1) + Ay + BioiSAkp,
W+ N+ et rm+W+ et p+7p, '

0

13)

Theorem 5.1. The equilibrium state in which measles is eradicated is considered to be asymptotically stable locally
when the basic reproduction number (R) is less than 1, but it is deemed unstable when R exceeds 1.

5.1. Local stability analysis of measles-free equilibrium
This subsection discusses the condition that makes model (3) locally asymptotically stable at E,,.

Theorem 5.2. The measles-free equilibrium (MFE) point Ey of model (3) is locally asymptotically stable whenever
Ro < land unstable if otherwise.

Proof. To prove the local stability of MFE, we consider the linearization of system (3) around the MFE point, E,

as follows:
—(041 + /.L) 0 —0'2£ 0 —51£ —ﬂ101£ 0
1 I 1t
o —(u+6 o0 0 0 0 0
0 0 — My 0 V2 gl 0
Jo(Eo) =
’ 0 0 02£ —(p+ N 51£ 5101£ 0
H H H
0 0 0 A —(u+ e+ K+ ) 0 0
0 0 0 0 K —(w+e+pu+m O
| 0 0 0 0 0 w — |
(14)
In matrix (14), the eigenvalue deduced is 7 = — p. It follows that the following matrix can be used to obtain the
remaining eigenvalues:
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—(ou + ) 0 —(Tz£ 0 - 1£ —ﬁllfl£
H H H
o —(u+0 0 0 0 0
0 0 — 0
Ji(Eo) = /ZJ %C ’YIC (15)
0 0 o= —(u+A) B~ Broy =
Iz 5 K
0 0 0 A —(p+e+r+m) 0
| o 0 0 0 % —W+ e+ p+ ]
Then, the Jacobian matrix J; (Ep) is partitioned into blocks as follows:
o [—(a1+u) 0 ] pe | 0 B i
- _ 9 b - bl
“ W+ 0 0 0 0
_:u’p 0 Y2 "
00
A, — |00 Ay — (72£ —(u+ XN ﬁl£ 510'1£
2= g ol 2 = I 1 I
00 0 A —(+et+r+m) 0
0 0 K —(WwH+e+p+m) 0
So that,
A ¥ A Ap
Ey) = = .
Ji(Eo) [0 B] [A21 Azz]

It then follows that E, is stable if and only if both A;; and A,, are stable. Now by considering A, ;, we have;

tr(Ap) = —(aq + p) — (n + 0),
=—a —2u—60<0.
detA; = (ay + ) (p + 0) — a0,
_ a19
(a4 W+ 60)

Itis observed that Tr (A;;) < 0,implying that matrix A;, is asymptotically stable if 0 f < 1,sothat

o+ )+ 0)
detA;; > 0. Again, matrix A,, is asymptotically stable if and only if its trace is negative and has a positive

determinant. Thus,
r(An)=—p, =+ XN —(+etr+7n —Wt+etp+mn <0
detA,, = ,up(u + D+ e+ 5+ )W+ e+ pu+ [ — Rol
From the computation above, it can be noted that when Ry < 1, matrix A,, would have all of its eigenvalues to

be negative. Hence, A,, is asymptotically stable. Therefore, system (3) is locally asymptotically stable if and only
if A;; and A,, are both stable. O

5.2. Measles-present equilibrium
In this subsection, we discuss the measles-present equilibrium, E;. It is a situation where measles disease is

present in the population under consideration. Thus, the measles-present equilibrium is denoted by E; = (5%,
V¥, P, E¥, I*, H*, R¥), where;

e+ N+ e+ r+ )W+ e+ p+ )

5= Bidu(w + e+ p+y) + Aoy ik + Aoy (ke + p(w + e+ p+ 71))’
ve — arp(p + N+ e+ k+ )W+ e+ p+ ) i
(1w + DB Aw + e+ p+ 7)) + Ao bk + Aaa(yk + pw + e+ p+ )l
pe — [nk + W+ e+ p+ WA+ 0) + [y — (g + W)+ DI (e + N+ e+ £+ )W+ e+ p+ I X
pw+ e+ r+ e+ O+ N+ e+ v+ B MW+ e+ p+ %) + Ao Bk + Aoy(y 6 + 1w + e+ p+ )]
Ee — (+ e+ m+ A+ 0) + [ay — (o + ) (e + DI + N+ e+ K5+ )W+ e+ p+ Wl ’
A+ O+ N+ e+ 5+ RIB AW + e+ p+ 9 + Ao Bk + Aoy 5 + Bw + e+ p+ )
o — A+ 0) + [ag — (g + @)+ DI [ + N(p + e + &+ )W+ e+ p+ )l )
(w+ O+ N+ e+ 6+ VB AW+ e+ p+ %) + Ao Sk + Aa(yk + Rw + e+ p+ 1)
H® — KA+ 0) + [ — (g + )+ DI + V(e + e+ 5+ R (W + e+ p+ )] )
W et p+ W+ 0@+ N+ e+ + DB AW+ e+ p+y) + Ao Bk + Aoy(y k5 + Kw + e+ p+ )
R® _ we [+ 0) + [ag — (g + ) (p + DI p(p + N+ e+ 5+ )W+ e+ p+ Yl

plw+ e+ W+ 0@+ N+ e+ 5+ B MW + e+ 1+ 1) + Mo By + dos(nk + W + e+ o+ I

16)
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6. Local stability analysis of measles-present equilibrium
In this subsection, we present the local stability of MPE.
Theorem 6.1. The MPE of system (3) is locally asymptotically stable if Ry > 1.

Proof. Thelinearised matrix of E is given by:

[— A — 0, P% — (ay + ) 0 —0,8% 0 —AS® —BT+ )S® 0 |
o —(u+6 0 0 0 0 0
0 0 — My 0 T2 M 0
Ji(Eo) = A — 0, P® 0 08%  (u—+ A AS® AS® o | 47
0 0 0 A —A, 0 0
0 0 0 0 K —As 0
| 0 0 0 0 0 w —p ]
where Ay = 3,(I®° + oiH®), Ay = 4+ e+ K + 7, Ay = w + €+ p + 7. Ttisclear that one of the
eigenvalues of J (E}) is given by 7 = — pi. Then the determinant of the reduced form is given by;
A - PP~ (atw) 0 —:mS® 0 —AiS? ~BiU + a)$° |
o —(u+0) 0 0 0 0
0 0 — Iy 0 "2 "
Ji(Ep) = o
61(I® + 0'1H®) — 0'2P® 0 0'28® (,LL + )\) 61(1@) + O'lH\*’)S@ AIS®
0 0 0 A —A, 0
i 0 0 0 0 K Ay |
(18)
We then follow the approach in [64] to determine the remaining eigenvalues. From the matrix above, the
following matrices can be generated as;
P, P, P
Bi=|Pk Ps K| (19)
P, Py P
where;
P — -6 + o1H) — 0uP — (oy + p) 0 _ (7028 0)
1 a 7(‘LL + 0) > 2 0 0 >
p. — (AU + aH)S = BT + a)S P — 0 0
’ 0 o) T \BU+aH+aP) 0f
— i, 0 ( "2 " )
P5 = 5 P6 == >
P —(pn+ N B + aH)S B + o1)S
00 0 A —(ut+etr+m) 0
P; = , Pg= ,  Py= .
/ (0 0) s (0 0) ’ ( 0 W+ e+ p+m)
Thus, from the analysis presented above, it follows that the eigenvalues of J (E;) is given by;
{eigenvalues of P;} U {eigenvalues of Ps} U {eigenvalues of Py}. Thus, from Ps, the eigenvalues are
™= —p, < O0and 3 = —p — A < 0and from Py, the eigenvaluesare 7, = —(u + ¢ + K + 7,) < Oand
75 = —(w + €+ p + ;) < 0. Theremaining eigenvalues are the eigenvalues of the matrix P, given below as;
P — =6 + oH) — 2P — (a1 + p) 0
! o —(n+0)

Matrix P; has eigenvalues with negative real part if and only if its trace is negative and its determinant is positive,
see [65].
tr(P) =—=3I% + oH®) — aP¥ — (a + p) — (u + 0) <0,
detPy = [—((I¥ + o1H®) — 02P® — (a + w)][—(u + O] — a6,
_ o0
[81U% + aH®) + 0:P® + (a + ][ + )]

10
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It can be seen that all the eigenvalues of Ps and Py are negative. The trace of P, is also negative. Thus, measles-

a0
BT ol F P T @ T T O < 1,sothatdetP; > 0.1In

conclusion, it implies that the measles-present equilibrium, E; is asymptotically stable if Ry > 1and unstable
otherwise.

present equilibrium is asymptotically stable if

6.1. Global stability analysis of disease free equilibrium

Theorem 6.2. The disease-free equilibrium (DFE) of the model (3) is globally asymptotically stable
whenever Ry < 1.

Proof. To prove the theorem above, the comparison theorem is applied. The infected compartment in model (3)
is given as;

Z—I: =mH + 7%l — p,P,
dE
, =/ + anH)S + 0oPS — (1 + NE,
%:)\Ef L+ e+ k+ I,
d—H:nI— (w+e+pu+yH.
dt
By rewriting the equations above, we then simplify it as;
apr
dr
dE P P
dt S E E
dr :(N)F |~V ) (20)
dar H H
dH
dr
ar
dr
4E P P
dt E S\z| E
o= E-V —(I—N)FI, 1)
dr H H
dH
dr
dpr
dr
4B P
dt
cl<E-wl il 22)
dr H
dH
dr

where Fand V' have their usual meanings. Lemma (2.3) established the local asymptotic stability of DFE when
Ro < lorsimilarly, p(FV™!) < 1. This s similar to all the eigenvalues of F — V. This means that the linearized
differential inequality of model (3) is stable when R < 1. It follows that, by the comparison theorem, we obtain
(P, E, I, H) — (0, 0, 0, 0)att — oo.Replacing P = E = I = H = 0inmodel (3) produces

S, V,R) — (%, 0, O)ast—> oo.Thus, (S, V, P, E, I, H, R) — (%, 0,0,0,0,0, O)ast — oo and

the DFE, Ej, is globally asymptotically stable. In epidemiology, this implies that measles can be eliminated if R is
brought below unity. Therefore, the condition R < 1is necessary and sufficient to eliminate measles. This
completes the proof. O

11
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6.2. Global stability analysis of endemic equilibrium point

F A Wireko etal

In order to find the global stability of measles existence equilibrium, the Korobeinikov approach (2006) is
applied. Welet R, > 1, then El* exists forall S, V, P, E, I, H, R > e for some € > 0. Let aS: 7(S, V, P, E, I, H, R) be a

positive and monotonic function in Ri for some more details, see [66].

L = (S V,PEIHR),

:(s-s®—s®m—f)+(V—v® vOan)Jr(P—Pv POII;P)—F(E—E@—E

S§® VL
+171®71®ln—1+H7H®7H®IH_H+R,R®,R®IHR
I® H® R® )

® ® ® ®
d—L—(l—S—)s’+( V)V’+(1—P)P’+(1—E)E’,
dt S \% P E
® ® ®
+(1—I—I’+1—H H’+1—R R
I H R

Let X = 0,(I + o,H). This implies that;

E@

dL S® Ve
m (1 - —)(C i+ H)S — o»PS + 0V — (o + p)S) + (1 Y )(aIS —(u+ V),
P® ®
+ (1 — )(’YlH + "}/2] — ,LLPP) + ( I3 )(51(1 + O'lH)S + (TzPS — (HJ + )\)E),
I>b H@/
+ 1—— ME —(u+e+r+ymD)+]1-— m (kI — (W+ €+ p+ yH),
R®
+ |1 - — |(wH — uR).
( R )( HR)
Let us suppose that,
¢ — PSS + 0V = XS® + (aq + u)S®,
S=(u+ Ve,
nH 4+ vl = upP®,
XS + 0oPS = (u + N E®,
=+ e+ r+I%
Kl =W+ e+ p+ yHS,
wH = uR®.
Then we have;
dL S ® ®
e 1 - [XS¥ + (au + w)S¥ — XS — (aq — p)S]
+(1 - )[(u +OVE — (u+ OV,
E@
+(1 - ) — Pl + (1 3 )[(u + NE® — (u + N)E],
I ®
+(1 - T)[(u—i— €+ Kk + )Y = (n+ e+ 5+ I
H® . ® _
+(1 T )[(w +et+p+WHY —(w+ e+ p+ WH], +(1 R )[uR6 — pR].
dL . s s o, VvV ove
dt (X+O/1+}I)S( —ST—?)+(M+0)V (2 ve V),
PP E B
+11,P% (2—P* P)+(;4+)\)E ( I E))
1 I® H H® p R R®
+p+ e+ w4+ )I® (Z_F_T)+(M+E+IL+WI)H&( e H)+MR®(2_ﬁ_? .

)

(23)

24

(25)

(26)

12
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Figure 1. Effects of 3}, 0, and won R.

We then have
S s® vV Ve P p® E ® I ®
2< =+, 2<—+—, 2<—+—, 2<—+—, 2<—+—,
Tse s Sye vy pe p E® E 1%
® ®
2<£+H_, 2<£+R_
H® H R® R

Therefore, Z—f < Oforall(S,V,P,E, I, H,R) € I. Thus, Lis indeed a Lyapunov function and Z—f = 0 holds for
S=8®v=Vv® P=P® E=E® I=1®°,H=H®and R = R®. Thus, the largest invariant subset contained in the
set,

Q= {(S, V, P,E,H, R) € % —0),

is the endemic equilibrium E* = (S®, V®, P®, E®, I®, H®, R®). We conclude this by Lasalle’s invariant
principle that the measles-present equilibrium E; is globally asymptotically stable.

6.3. Sensitivity analysis of the basic reproduction number

In this step, a sensitivity analysis is performed to identify the most significant influence on the value of R . The
sensitivity study holds importance in aiding researchers in the identification of parameters that necessitate
consideration during the formulation of intervention methods [67]. The normalised forward sensitivity index of

13



10P Publishing

Phys. Scr. 99 (2024) 075025 F A Wireko et al

0.05 |

Figure 2. Effects of y; andwonR, .

R with regard to (and p, was utilised, and the resulting indices are presented in table 1.

sz _ ORy % < = +1.0000,
0 ¢ Ro
and
X/J,p . 8R0 X & = —0.2316.

Ro aﬂp Ro

Parameters with negative sensitivity indexes have a decreasing effect on the value of R as their values
increase, whereas parameters with positive sensitivity indexes have an increasing effect on the value of R as
their values increase. The parameters that exhibit the highest sensitivity indices in this model are 5, €, and p. As
an example, increasing (decreasing) the value of 3; by 10% results in a corresponding increase (decrease) of
7.684% in the value of R. Similarly, increasing (decreasing) the value of 14 by 10% results in a corresponding
increase (decrease) of 10.675% in the value of R .

6.4. The effect of parameters on the reproductive number

Based on the observation depicted in figures 1(a) and (b), it is evident that the R value exhibits a rise when the
transmission rates, §; and 0,, experience an increase. Moreover, the value of the basic reproduction number
(R) exhibits a drop when the recovery rate (w) experiences an increase. The implementation of a
comprehensive approach, including vaccination strategies, isolation measures, adequate hand hygiene practises,
and the utilisation of nose masks during instances of measles outbreaks, has the potential to effectively decrease
the values of 3, and o,. Furthermore, the value of w can be augmented by means of hospitalisation of those who
are infected. The values of w can be increased and the values of 3}, 0,, and R can be reduced by the
implementation of 3;, 0,, and R, can be reduced by the implementation of quarantine and treatment measures
for individuals who are infected with a disease. Additionally, it was noted in figures 1(c) and (d) that the value of
R exhibits an increase as the rates of hospitalisation for infectious individuals (k) and the decay of
environmental pathogens (;1,) decrease. Conversely, the magnitude of R exhibits a decline when the values of k
and p, demonstrate an increase. The desired outcome can be attained by promoting the prompt hospitalisation
of individuals exhibiting symptoms of measles, as well as implementing routine disinfection of surfaces
contaminated with the measles virus. Furthermore, it can be observed from figure 2 that the value of R exhibits
areduction as the rate at which infectious persons contaminate the environment (y;) drops. The goal of
achieving this can be accomplished by implementing consistent sanitization practises on surfaces that have been
polluted, as well as by maintaining proper personal hygiene.

14
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7. Existence criteria of the measles model

Prior to studying the dynamical system in question, it is essential to establish its existence. Our next step is to
prove that the measles disease model with fractal and fractional operators exists by applying a fixed point
theorem. Let’s begin by defining the Banach space B = M’ where we define M = C(V, R) with the norm

IFlls = II(S, V, P, E, I, H, R)||s = max{|S(t)| + |V ()| + |P(®)|
+IE@®)]
+I)| + [H@®)| + |[R®)|: t € V}.

With the above assumptions, we then rewrite the fractal-fractional system (4) in the form;

RIMD M S(1) = At~ 1X(t, S(8), V (1), P(1), E(), (), H(t), R(t)),
RIMDR S (1) = Mt~ 1X(t, (1), V (1), P(1), E(t), 1(1), H(t), R(1)),
RIMDLS(£) = At 2~ 1X5(8, S(1), V (1), P(1), E(t), I(t), H(1), R(1)),
RIMDM S (1) = Mgt~ 1X(t, S(b), V (1), P(1), E(1), 1(t), H (1), R(t)),
RLMDOA,ltS(t) = AZtAzilXS(t) S(t)r V(t)) P(t): E(t)r I(t)) H(t)> R(t))>
RIMDM (1) = Mot~ 1X(t, S(8), V (1), P(1), E(t), 1(1), H(t), R(t)),
RIMDMLS (1) = Mgt ™~ 1X5(1, S(1), V (1), P(t), Et), (1), H(t), R(¢)),

where we define;

Xi(t, S(t), V (t), P(t), E(t), I(t), H(t), R(t)) = ( — fiI + H)S — 0, PS + OV — (ay + S,
Xo(t, S(1), V (1), P(t), E(t), I(t), H(t), R(1)) = auS — (u + O)V,

X5(t, S(1), V(0), P(1), E(1), I(2), H(1), R(t)) = v1H + 72l — p,P,

Xu(t, S(t), V(t), P(t), E(t), I(t), H(t), R(t)) = (I + H)S + 0»PS — (u + NE

Xs(t, S(1), V (1), P(t), E(t), I(t), H(t), R(1)) = AE — (u + € + k + )],

X(t, S(t), V (1), P(t), E(t), I(t), H(t), R(t)) =kl — (w + € + p + 1 H,

Xo(t, S(t), V (1), P(t), E(t), I(t), H(t), R(t)) = wH — puR.

From the system above, the fractal-fractional model (4) can be written as an initial value problem of the
form.

{RLMfoAJ,X(o =Nt BV K@), A A € (0,1, o8

X(O) :XO)

where we have O(t) = (S(¢), V (1), P(t), E(t), I(t), H(t), R(t))T with Oy = (So, Vi, Py, Eo» I, Ho, Ro)" and
also

Xi(t, (), V(8), P(8), E(D), (1), H(8), R(1)),
Xo(t, (), V(8), P(8), E()), (1), H(#), R(1)),
Xs(t, S0, V(), P(0), E@), 1(1), H(®), R(®)),
X(t, F()) = { Xu(t, S, V1), P(1), E(1), 1(8), H(1), R(1)),
Xs(t, S0, V(8), P(0), E), 1(1), H(®), R(®)),
Xe(t, S(t), V(2), P(8), E(t), (1), H(#), R(1)),
Xo(t, (), V1), P(8), E(t), (1), H(2), R(2)).

15
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Using the compact IVP (28) and the fractal-fractional integral operator’s axioms, produces;

_ A ! AN—1¢4 _ A—1
f(t)—F(O)JrP(AI)fO PRt — o) X0, X(0))do. (29)

Itis possible to rewrite the fractal-fractional measles model as a set of equations by extending equation (29);

S(t) = So + F?XI) j;t 0" Nt — )M X0, S(0), V(9), P(9), E(0), 1(0), H(0), R(9))do,
V() =V + F?/il) fot 0"t — 9)N X0, $(0), V(0), P(0), E(0), I(2), H(0), R(0))do,
P(t) =Py + Fé\/il) fot o™t — )M X0, S(0), V(0), P(0), E(0), 1(0), H(0), R(0))do,
E(t)=Eo + 1“?/;) f(: 0"t — )M X0, S(0), V(0), P(9), E(0), 1(), H(0), R(0))do,

_ A ! =1 — o\ Ai—1
I(t)—IoJrP(Al)fO o™ (t — o) ' X0, S(0), V(0), P(0), E(0), I(0), H(0), R(0))do,

t

MO = Hy+ =2 [1 1710 — )"0, S(0), V(2), P(0), E(0), 1(0), H(0), R(o))do,
P(Al) 0

A

R(t) =Ry + (X) f(: 0"t — o)X 0, S(0), V(0), P(0), E(0), I(0), H(0), R(0))do.  (30)
1

r

The fractal-fractional system (4) can then be phrased as a fixed point issue. Therefore, the operator
G = B — B hasbeen defined by

GlF D] = F0) +

AZ ! N—104 A—1
IS fo Mot — oYM X(0, Flo))do,

foreveryt € F € B.
We demonstrate our model’s existence by referring to the fixed point theorem.

Theorem 7.1. [54]

Let us consider a full metric space (B, d). Suppose we have a function ®: B x B — R and a parameter
¥ € V. Additionally, let X: B x B be a contraction map with respect to the function ¢ and the parameter .
Additionally, it is assumed that

P;: The function X is considered to be @-admissible on the set B.;

P,:Vhy € B, ®(hy, X)hg > 1;

Ps: for any sequence { h,} € Bwith h, — hand ®(h,, h,+1) > 1, forall nmorethan orequal to 1, this
suffices that ®(h,,, h) > 1, for every n greater than or equal to unity. There exists an element hy in the set B such that
the composition Xh* is exactly the same ash”

Let us state a few specific operators to demonstrate this.

Theorem 7.2. Assuming the existence of a function &: R x R — R, and the existenceofaset X € C(X x B, B).
Thereis also a function \ belonging to the set W such that.
Ay Forevery Fi, F> € Bwitht € V, itisevident that; | X (¢, F1()) — X(t, F(1))| < ¢r(|F@) — F@D)]),

. CAL+ Ay
with é(]:l(t), E(t)) =0, Wherew = WIF(ZAZ-FI)

Ay thereexist Fy € B inamannerthat forallt € UV, yields (Fo(t), X(Fo(t))) = 0, and also
E(Fi(1), Fi(t)) = Oyields EGI(F(1)), G(FAt)] = 0, VFy, F € Bandt €V,

As: For any sequence of sets { F,},> 1 included in the set B, such that J, converges to F and
[Fu(), Fui1(n)] = Oforalln € Nandt € X, wecan conclude that £ (F,(t), F(t)) holds. If the criterion outlined
in the statement is met, it can be inferred that we have a viable solution for the fractal fractional model denoted by
equation (2). As a result, thereis a solution for our fractal-fractional model as defined by equation (3).

Proof. To begin, we introduce two arbitrary constants, denoted as B and 7, which will be used in the
application of the beta function definition. Additionally, we define another operator, F;, based on the axiom
E(Fi(t), F2(2)), where tbelongs to the set X'. By employing the Beta function, we make the claim that;
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t
CA®) — MBI < =2 [ Nph 10t — 05 X(o, Filo)) — Xo, Fio)ldo,
(A) Jo

T
<o [Tt - M (F(0) — Fo)Dde,
T'(A) Yo
MopFMAHRTIB(A, A,y)
< F1— Fille)»
A YA 2lIB)
AZMA1+A271F(A2)
= f - f .
A v(|F: olB)

Next, we have;
AMAHBIT ()
N
=v(1A — Fllp).
We then have the non-negativemap ®: B x B — [0, co) which is best defined by

0, &(AD), A1) <0,
L, &(R0), F1) 20,

|X(F(D) — XFD))] <

Y(IF = Fllg)s

Q(F, Fo) = {

For any given elements F; and JF; belonging to the set B, the following inequality holds:
Q(F, F)d(X(F), X(F)) < v(d(F, Fp), forall Fy, Fr €B.

Hence, it is sufficient for X tobea ® — 1) contraction. In order to establish the admissibility of X’ with respect
to ®, we consider two functions F; and JF, belonging to the set B, subject to the condition
that ®(Fy (1), F(1)) > L

The current formulation of @ yields the inequality & (F(¢), F»(t)) > 0. Furthermore, the inequality

E[X(A(®), X(F()] = 0

holds true. The inequality ®(X(Fi(t)), X(F,(t))) > lisreaffirmed, in accordance with the description of 7.
Hence, it can be inferred that the ®-admissibility of A’ is certain.

According to condition .4,, the existence of 7y € B is guaranteed, thereby establishing that
D (Fo, X(Fy)) > 1. This implies that the requirements .A; and A, are met. We proceed to establish condition
Aj. Let us consider a series { F,,},,> that belongs to the set B. We assume that this sequence converges to a limit
F,denotedas F,, — F. Additionally, we have the condition that ®(F,, F,+1) > 1for all values of n. The non-
negativity of the map 7 is established by the inequality

E(FI(D); Fura() 2 0.

Therefore, the condition referred to as G; is adequate to prove the inequality & (F,(¢), F(t)) > 0. Moreover, the
establishment of condition P; in theorem (3.4) is equally apparent. In summary, the existence of a fixed point for
the set X' is assured by theorem (3.4) given that F* is a member of the set B. Therefore, it may be inferred that
theset F* = (S®, V&, P®, E®, ¥, H®, R®)isenough. The variable serves as a solution for the measles model
with fractal-fractional operators, so ending the argument is justified. O

Theorem 7.3. [68/

We then consider a Banach space B and a bounded, convex, and closed setx in B. Suppose cvis an open setinx
such that 0 is an element of o. Additionally, let Q: o« — x be an operator. Under these conditions, we have two
possibilities:

Bi: Wehave y € o which s a fixed point whenever Q(y) = y.

By: Thereisan e € O« and (3 an element of (0, 1) whenever y = BQO(y).

Theorem 7.4. Now assume X be a function in the space C(V x B, B). If C, holds, then there exist a function @ in the
space F(V, >0) and a monotone ascending operator Tin the space C ([0, 00), (0, 00)) ina manner as foralltin V
and F in B, theinequality |C (¢, F(¢))| < @) C(|F(t)|) holds. In the set C,, there exists a positive value of .

MM, + 1)
LA+ Ay)

w> Fo+ G C (1), (1)

Considering the expression

@ = suple@®)].
te X
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Hence, it can be concluded that there is a viable solution our measles model imposed with fractal-fractional operators
represented by equation (4).

Theorem 7.5. In the present context, we analyse the mapping denoted as V), as defined in equation (9), along with the
compact ball.

Ny ={FeB:||F<VI}. (32)

The continuity of the set V is sufficient for the continuity of the map Ny. Now, considering C;, we may observe the
following:

2 ! A—1¢4 _ A—1 —
IQFEDISIFOILT [ o0 — )V X, Flo) — Mo, FiloDlde,
< Fot =2 [T Mgl - 9 () CUF) Do,
Ty Jo
MU RTIBA, Ay
<
<R+ o A,
_ AMMHR=ITA)
= Fo b M i, (33)
for F € Ny which yields
AN+A—1
A < F+ AT ey o, (34)

LA + &y

Hence, it can be observed that the variable X is uniformly confined on the set B. Therefore, establishing the

equicontinuity of V. We select two values, t and ty, from the interval [0, F], where tis less than ty, and F belongs to
the set of natural numbers Ny

Assuming moreover that

sup | X(t, F(t)| = C* < oo,
(t,F)eUxNy,

Furthermore, this results in;

|Q(F () — QF ()] <

F(A L[ e o e, Flolde
1

m) [ ot e - v woaFe) - Frobds,
1

t
Ap—1 A—1 _ No—lpp  NA—1
P(Al)lfg (t— o) foso (t— )M,
MXFB(A, Ay)

STy T
1
AzX F(Uz)l A+A—1 l‘AZJrAl 1| (35)
F(nz +A)

It can be shown that the right-hand side (RHS) of equation (25) is unaffected by changes in temperature (T) and also
exhibits continuity as ty approachest. The expression
1QF ) — QF () ]ls;

tends to zero. This demonstrates the equicontinuity of the map X, where ty converges to t. Hence, the Arzela-Ascoli
theorem asserts that Q is compact on Ny,. Hence, we affirm that theorem (3.4) holds true on the set Q as we own one
of the resulting outcomes. Now, using the set C,, we can observe that there exists a positive value p such that
MA1+A2 IF(AZ + 1) >|< ( )

LA+ Ay)

w > Fo+ (36)

By considering
={F e H: |[Fllg <}

Itis assumed that there exists T € Oaand 0 < 3 < laccordingto the constraint T = BQO(F). Wethen propose
that;
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A=|Flls = BIIQFIIz,
< MA+HREIDA, + 1)

C(IF!l)»
T T Ay P (1F1le)
MA1+7]271F(A2 +1) "
C(w),
T T Ay P (1)
< pu. (37)

Hence, the validity of the second instance cannot be shown as the aforementioned statement is not feasible. This
implies the existence of a fixed point in the parameter o for the operator Q. Therefore, it may be inferred that the
measles model in fractal-fractional operator has a feasible solution, thereby providing comprehensive support for the
findings.

7.1. Uniqueness results
The Lipschitz criterion is utilised in the examination of the function A}, forj=1,2,3, ---, 8, to ascertaina
unique solution for the measles model imposed with fractal fractional operators under investigation.

Lemma 7.1. We begin by assuming these operators
S,V, P, EI, H, R, §®%, V& P® E® I®, H® R® € X := (), R). Additionally, let us assume that (€1) for
M M M3 Ny Mss N> 77 > O then, there exists
ISI1 < 7 VI 130 IPI < 330 IEN < o 111 < 75, NI < g whereIRI] < 1 > 0.
In so doing, the given operators Xy, X3, Xy, Xs, X, X7 as highlighted in theorem (3.4) suffices the Lipschtiz
condition concerning the elements when 9y, ¥, 93, ¥y, U5, U, ¥, < 1and leads to;

" :ﬁl - (al + ,Lt),

Ya=p+ 6,
73:Mp’
MU=+ A

Ys=p + €+ K+ V2
Yo=w+ e+ p+ 7
V7 = e (38)

Proof. Given the initial operator V), it can be shown that for any S, S¥ e X: C(U, R),the following outcomes
are observed:

IXi(t S@), V(©), P(), E(t), I(t), H(), R(H)) — Xi(t, S*(1), V (1), P(®), E(®), [(), H(#), R,
I¢ — B (@) + H®)S(t) — 02P(1)S(t) + OV (1) — (on + ) S(t)

— (= B ®) + H®)SE(®) — o2P()SP(1) + OV () — (o4 + )ST(M))]],

BTN+ BIHOI — (a1 + w]IISE) — S2@)l,

[61 — (a1 + WlIS.(®) — SFOII

H1Su () — SF®I-

NN

(39)

It can be noticed that the kernel A] meets the Lipschitz condition with respect to S, where the constant ¥, is less
than 1.

Next, we also take into account the subsequent operator ;. Forany V,, V,* € X such that C(V, R) holds as
seenin,

[|X5(t, S(1), V (1), P(t), E(t), I(t), H(t), R(t)) — Xx(t, S(t), VE (1), P(1), E(t), 1(t), H(t), R(1))|],
= [[(S®) — (n + OV (@) — (uSE) — (u + HVE)II,
< [+ DIV E) — VeI,
HllV(E) = VEO.

(40)

The second kernel, denoted as A, likewise satisfies the Lipschitz condition in regard to V(#) with a constant v,
thatisless than 1.

Furthermore, we also take into account the third operator, denoted as A;. For every P(t) and P®(¢)
belonging to the set X, the expression C(V, R) holds true as given in
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158, S(), V (1), P(), E(t), 1(8), H(8), R(1) — Xs(t, S(1), V (1), PE(0), E(1), 1(1), H(®), RO,
IOWH () + 1) — p,P(1) — (uH @) + 210 — 1, PEO),

L, P — P2,

9slIP(1) — PE()I.

N

(41)

The third kernel, denoted as A, also satisfies the Lipschitz condition with respect to P(t), with a constant 95
that s less than 1.
In light of the subsequent kernel, denoted as X, it may be said that for every E and E® belonging to the set X
and satistying C (V, R), the following outcomes are obtained:
[|Xa(t, S(1), V (1), P(1), ED), I(1), H(1), R(1))
— Xy(t, S(1), V(1), P(), E¥ (1), I(1), H(t), R®),
=@BA® + HE)S(H) + 2P()S®) — (1 + VE®) — (B, @) + H®)S(®) + a2 P()S®) — (1t + NET )],
<lp+ ANE® — ECOI,
= GlIE() — E*(®)]].
(42)

It can be noticed that the kernel X, meets the Lipschitz condition with respect to E(t), where the constant v, is
less than 1.

The remaining model’s variables for our measles disease model with fractal-fractional operators were
likewise derived as follows;

[|X5(t, S(8), V (1), P(t), E(t), I(t), H(t), R(t)) — Xs(t, S(t), V(t), P(t), E(t), I®(t), H(t), R(t)]I,
[IAE(®) — (u + e + Kk + y)I(@) — AE() — (u + € + £ + IO,

[+ e+ k& + @) - I°M]l,

s|[I (1) — IP@)]].

N

(43)

[|Xs(t, S(t), V1), P(1), E(t), I(2), H(t), R(t)) — Xs(t, S(1), V (1), P(t), E(t), I(t), H®(t), R())||,
N(kI(t) — (W + e+ p+WH®) — (KI() — (W+ e+ p+)HD))],

[w+ e+ p+ nllH@) — HE @),

Gl |[H (t) — H*(®)]].

N

(44)

1272, S(1), V. (), P(t), E(t), I(t), H(1t), R(1)) — A5(t, S(1), V (1), P(1), E(t), I(t), H(t), R* (1)l
= [l(wH(®) — pR(®) — (WH () — pRE )]l

< LosllIL 1l = a11IS, — S/,
< [pllIR@®) = RE®I,
= ¥7|[R() — R*@)]l.
(45)
Hence, our findings indicate that the functions &}, X, A5, Xy, &5, Xy, X7 all comply with the Lipschitz
condition, with each function having its own corresponding constant ¥, 1, 93, ¥y, U5, U, 997, where each
constant is greater than zero. O

Theorem 7.6. Given the assumption of the validity of condition & as presented in lemma 3.1, it is possible to affirm
that the solution generated by the measles model with fractal-fractional operators is unique if.

Ath—1
M—F(Az)ﬁi <1, ie {1, 2,---,8}. (46)
T'(A+ ® 2)

Proof. The utilisation of proof by contradiction is employed as a method to establish the unique characteristic of
the solution to our measles disease model with fractal and fractional operators. Hence, we posit the assumption
that the theorem’s conclusion lacks validity, hence implying the presence of perhaps an additional solution
associated with the measles disease model via fractal and fractional operators. Given the starting values

So» Vo» Po» Eo» In, Hy, Ro, letus assume that S®(t), V(t), PE(t), E®(t), I®(¢), H®(t), R®(t) represent an
additional solution that fits the measles disease model studied through fractal and fractional operators. With the
assumption that equation (30) is valid, it may be inferred that
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$9(t) = Sp + F(Al)f et — )M X (0, $P(0), VE(0), PP(0), E®(0), I%(0), H®(0), R®(0))do,
Ve =V + F(Al)f et — )M X0, $¥(0), V(0), PP (0), E¥(0), I¥(0), H®(0), R®(0))do,
Po(1)= Py + F(Al) fo hm (1t — )M 10, S¥(0), VE(0), PP(0), E®(0), I%(0), H® (), R®(0))do,
E*()=Eo+ 1 ;l) fo Lot - 0N Xe, S (0), VE(0), PP (o),

E®(0), I®(0), H®(0), R®(0))do,

% ! ® ® ® ® ® ®
I =1 + j; et — )M 150, $P(0), VE(0), PP(0), E®(0), I®(0), H®(0), R®(0))do,

(A

Y0 =Hy+ o | LMl — N0, $7(0), V(o) PP (o),
E®(p), I1%(0), H®(0), R®(p))do,
R¥(t) = Ry + F(Al)f eIt — MK (0, $¥(0), VE(0), PP(0),
E®(0), I®(0), H*(0), R®(9))do, (47)

Consequently, the subsequent estimates are as follows:

_® Ay ! A—104 _ A—1
[S(®) S(t)I<P(A1)f0£ (t — o)1 &lS(0), V(0), P(0), E(0), I(0), H(0), R(2)],

— X[S°(2), V=(0), P*(0), E*(2), I° (o), H* (0), R*(2)]ldy,
9,1 01 21d
<o [ et oS - Sl

o M79 +1,— 11‘\(192)
L' + )

7llS = S°I1, (48)

Consequently,
1 MAFATIT(A,)
LA+ Ay)
As aresult, it can be deduced from equation (49) that the derived inequality is true when the condition
IS, — S|l = Oissatisfied, thereby implying that S,, = S,".
Similarly;

]IIS - 5%, <0. (49)

MA1+A271F A -
V(@) — Ve < [1 - —(”]IIV— Ve,

LA+ Ay)
this results in
[1 B MA1+A2—11"(A2)
LA+ A

Furthermore, the derived inequality is true when ||V — V®|| = 0 indicating that V = V&,
This finding holds true for all other state variables inside the measles model. The findings obtained thus
indicate a contradiction, as we have demonstrated the opposite.

(S(1), V(1), P(t), E(t), 1(t), H(t), R(1)) = (§%(1), VE(t), P¥(t), E®(t), I®(t), H®(t), R¥(1)).

Thus, it has been demonstrated that the measles disease model with fractal-fractional operators produces a
solitary solution, namely a singular solution, thereby concluding the proof. O

]IIV - Ve, <o.

7.2. Stability studies of the measles disease model via fractal and fractional operators

The analysis of stability in a model is of utmost importance in assessing its dynamic resilience, given the frequent
occurrence of inconsistencies in biological systems. Therefore, the focus of this part is to analyse if our measles
disease model with fractal and fractional operators is stable through the Hyers-Ulam (HU) stability threshold
and the Hyers-Ulam Rassias (HUR) stability parameter.

Definition 7.1. By conducting a rigorous analysis on the stability of our measles disease model with fractal and
fractional operators, we employ the HU stability approach. HU stability is achieved if there exist real numbers
greater than zero, denoted as Oy, for i = 1, 2, 3,---,8, and positive values for all w;. Additionally, for any set of
variables (S®(t), V®(t), P®(¢), E®(¢), I®(t), H®(t), R®(t)) belonging to the set B, the conditions for HU
stability must be satisfied.
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[FEED{SE (1) — X(t, S*(1), V1), PE(1), E*(1), I9(), H*(t), R ()] < wy,
[FEEDIMV (1) — Xo(t, S2(1), VE(1), PE(t), EX(1), I%(t), H® (1), R*(1)| < wy,
[FEEDIMPE () — Xs(t, S¥(1), VE(1), PE(1), E® (1), I*(t), H® (1), R*(1)| < ws,
[FEPDEMES (1) — Xi(t, $%(1), V1), PO(1), E* (1), I°(t), H®(t), R*(1)] < wi,
[FEED{MT® (1) — Xs(t, S2(1), V1), PE(t), E2(1), I® (1), H®(t), R*(1)| < ws,
[FFPDYYMH® (1) — Xo(t, S¥(1), VE(1), PE(1), E® (1), I*(t), H® (1), R*(1))| < we,

[FEPDIMRE (1) — Xo(t, $*(8), VE(1), PE(1), E*(1), I9(t), H*(t), R* ()| < w5, (50)

Thereexistsaset (S, V, P, E, I, H, R) € H that satisfies the measles disease model with fractal-fractional
operators (4) in question in a manner that

1S9(t) — SO < Oxwy,
Ve — V()| < Oxwy,
[PE(t) — P(t)| < Oxyws,
[E®()| — E()| < Ox,wa
@) |-1(1)| < Oxws,
[H®(t)| — H(1)| < Oxwes
[RE(t)]|—R()| < Oxwy.

Definition 7.2. The measles disease model with fractal and fractional operators in equation (2) is considered as
HUR stableifthereisaset Oy, € C(RT, R*). Letibe anindex ranging from 1 to 8. Let O 4,(0) denote a certain
initial condition for X;. It is required that for each O; being positive, and for every

(8®(r), V®(r), P®(1), E®(1), I®(t), H®(¢t), R®(t)) € B satistying equation (41), there exists a solution

(S, V, P, E, I, H, R) € B thatsatisfies the fractal-fractional measles model (3).

[S#(t) — S| < Ox(wy),

Ve — V(£)] < Ox(wa)s
[PE(t) — P(t)| < Oxy(w3),
[E® ()| — E()| < Ox,(ws),

IO |-1(t)] < Oxy(ws),

N

IH* ()| — H(1)| < Ox,(ws),
[R® ()| —R(®)| < Ox(wy).

This is imperative to acknowledge that the definition (3.2) is derived from the definition (3.1).

Remark 7.1. It can be observed that the tuple (S¥(t), V®(¢), P®(t), E®(t), I®(t), H®(t), R®(t)) € Hisa
solution for equation (3.1) ifand only if the functions 7, 7, 7, 74, 75, 76, 77 € C([0, F], R).The values of
(S®(t), Vo(t), P2(1), E®(t), I®(t), H®(t), R®(t)) determine the outcome, subject to the condition that it

holds for every tin the set V.
a. |1(t)| < wywherei = 1, 2, 3,---,8,

b. The present study examines

[FEED{S® (1) = A4, S®(1), VE(b), P(1), E* (1), I%(t), H* (1), R*(1)| + 7(t),
[P DoV E () = Xa(t, SP(1), V1), PE(1), E¥ (1), I%(1), H* (1), RE(D)| + 7a(h),
[FFPDGPE (1) = Xs(t, S¥(1), VE(1), PE(1), E* (1), I°(1), H®(t), R* ()| + 75(1),
[FEEDIRME® (1) = Xy(t, SP(1), VE(1), PE(1), E® (1), I%(1), H® (1), R¥(1)| + tauy(t),
[FFPDG I (1) = Xs(t, SE(1), V1), PE(), ES (1), I9(t), HO (1), R¥(1)] + 75(1),
[FFEEDYYMH® (1) = Xe(t, S¥(1), VE(1), PE(1), E2 (), I%(1), HE(£), R*(1)| + 7(t),
[FEEDIMRE (1) = Xo(t, SE(1), VE(), P(1), E* (1), I2(t), H* (1), R*(1)] + (). (51)

Definition 7.3. We reiterate that our provided measles disease model with fractal and fractional operators (2) is
considered as HUR stable for p; values where i = 1, 2, 3,---,8, if there existsa O, ) such that Vw; > 0and
(S®, V&, P® E®, I® H®, R®) € B that fulfils the given conditions.
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[FFPDESe (1) — Xi(t, SP(1), VE(1), PE(1), EX (1), I%(1), H* (1), R*(1))| < wip,
[FEPDE V() — Xty SP(1), V), PE(), E¥ (1), I9(t), HO (1), R®(1))] < wap,,
[FPPDE P (1) — Xi(t, S¥(1), VE(1), PE(1), E* (1), 1% (1), H* (1), R* ()| < wsps,
[FFEDRYME® (1) — Xy(t, S¥(1), VE(1), PE(1), E¥(1), I(t), H® (1), R¥(1))| < wypy
[FEEDIMT® (1) — Xs(t, SP(1), V1), PE(t), EX(1), 1% (1), HE (), R*(1)| < wsps,
FEPDAMH® (1) — Xg(t, $%(1), VE(1), PO(1), E* (1), I°(t), H®(t), R®(1)| < wepe
[FFPDE R (1) — Xo(t, SP(1), VE(1), PP(1), E¥(1), I*(t), H(1), R*(1))| < wyp;.

F A Wireko etal

(52)

Let (S, V, P, E, I, H, R) € B denote a solution associated with the fractal-fractional measles framework (2).

[S®(t) — S| < wy Owx,pppp  VEEV,
[VE() — VIO < waOwyppp VEE DV,
[P(t) — P()| < w3 Owyppps  VEEV,
[E®(t) — E(O)| < wiOx,pppp  VEEV,
[I9(t) — IO < ws Oy pypss  VEEV,
[H®(t) — H@®)| < w()(’)(;(&ps)pé, Vte,
[R®(t) — RO < w7 Ow,p)p; VEEV.

(53)

Definition 7.4. The fractal-fractional measles model, represented by equation (2), is considered to be HUR stable

in relation to the functions p; if there is a positive real number Ly, ,) € R where for every
(5%, V&, P®, E®, I®, H®, R®) € B thatsatisfies the following conditions:

[FEEDLRS () — A, S2(1), VE(D), PE(1), E2(1), I2(), HE (1), R*(1)| < py,
[FEEDIMV () — Xo(t, S2(1), V1), PE(1), E¥(1), I2(t), HE(), R*(D)] < ps,
[FFEDIMPE () — Xs(t, S¥(1), VE(1), PE(1), E® (1), I°(t), H® (1), R*(1)| < ps,
[FFPDERES (1) — Xy(t, S¥(1), VE(1), PE(1), EX(1), I%(t), H* (1), R* ()| < p,»
[FEEDIMT® (1) — Xs(t, SP(1), VE(1), PE(t), EX (1), I®(t), H®(t), R*(1)| < ps,
[FEEDIMHE (1) — Xo(t, SP(), VE(1), PE(1), E2(1), I%(1), H®(£), R*(1))| < pe
[FFEEDJMRE () — Xo(t, SE(1), VE), PE(1), E*(1), I%(t), H*(1), R*(1)| < p5,

(54)

Itis therefore obvious that (S, V, P, E, I, H, R) € H isa solution to our measles disease model with fractal and

fractional operators (2) with

[S2() — SOOI < O, 01>
[VE@) — V(I < Oyp,)Pos
[Pe(t) — P()| < O, ) P3
[E®(t) — E(W)| < Ow,pp P
[19(t) — I < Oy s
[H®(t) — H(t)| < Oy poPe

[R®() — R(DI < Orp P75

(55)

Itis worth emphasising that definition (3.4) is derived from definition (3.3), thus indicating that definition (3.3)

establishes the HU stable requirement of our solution.

Remark 7.2. We notice certainly that the solution (5%, V®, P®, E®, [®, H®, R®) € B for equation (3.2) exists
ifandonlyif 71, 7, 73, 74, 75, 76, 77 € C([0, T1, R).Given the variables (%, V®, P®, E®, I®, H®, R®), the

following conditions hold for every tin the set U.
a|r(t)| < mp,(0)wherei =1, 2, 3,---,8,
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b then, we have

DS (1) = Wi(t, SP(8), VE(1), PE(1), E® (1), I%(1), H®(t), R*(1))| + 7i(1),
[FPPDE V(1) = Xy(t, SE(1), V1), PE(1), E® (1), I9(1), HE (1), R® ()| + 7a(t),
[FEED{ P (1) = Xs(t, SE(1), VE(E), PE(1), E* (1), I%(t), H® (1), R*(1)] + 73(1),
[PPPDOE® (1) = Xy(t, SP(1), VE(1), PE(1), E¥(1), I%(t), H* (1), R*(1)| + (D),
[FEPDRYMT® (1) = Xs(t, S¥(1), VE(t), PE(t), E¥ (1), I9(t), H*(t), R*(1)] + 7(1),
[FPPDLMH® (1) = Xo(t, SE(1), VE(1), PE(1), E(1), I®(1), H® (1), R* ()| + 75(1),
[FPPDR R (1) = Xo(t, SP(1), VE(), PE(t), E® (1), I¥(t), H®(t), R*(1)| + 77(8), (56)

After considering the aforementioned definitions and considerations, we proceed to examine the establishment
of the HU stability inside our model, specifically the fractal-fractional measles model.

Theorem 7.7. Assuming that the condition (&) stated in the given lemma (3.1) holds, then our measles disease model
with fractal and fractional operators provided on the interval V := [0, F| Additionally, it is worth noting that the
concept of being ‘generalised HU stable’ is being considered.

MA+A— IF(Az)

<1, i=1,2,3,---,8.
LA+ Ay

The variables ¥; have been previously established in lemma (3.1).

Proof. Let w; be a positive value and S;k be an arbitrary element in the set X, then,

[FEPD NS (1) — Xi(t, S®(1), VE(t), PE(r), E* (1), I?(t), H*(t), R®(1))| < wi.

It can be noted from remarks (6.3) that the operator 7 (¢) can be found to satisfy

[FPPDL 8% (1) = Ai(t, S*(1), VE(1), PE(1), E¥ (1), I9(1), H*(1), R* ()] + (),
where |fau; ()| < wi. Consequently, it may be inferred that;

t
S¥(t) =S + f oMt — )M X0, SP(0), VE(0), PP(0), E®(0), I®(0), H®(0), R®(0))do,

AN—17p A—1 d
o [ eh e o e

According to the uniqueness criterion, we can posit that S € & represents the sole solution to the measles
disease model with fractal and fractional operators, which is the subject of our study. The function S(#) is defined
as follows:

§9(t) = So + fot oMt — 0)N T X0, $P(0), VE(0), P¥(0), E®(0), I%(0), H®(0), R®(0))do,

This can be further elucidated as

® _ N—1p74 m—1 =1t _ m—
EROERNOIE ml)f oM = oy |m1<p)|dg+F(A1)f I = )"

x |Xi(o, SP(0), V¥(0), P¥(0), E®(0), I®(0), H®(0), R®(0)),
— &i(o, S(0), V(0), P(0), E(0), 1(0), H(0), R(9))do)|do,
- AZMA1+A271F(A2) AzMA1+A271F(A2)

wy + *||S® — S||.
A+ Ay iy I
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Consequently, this results in

AZMA1+A2—1F(A2)

157 = Sl < e
= AZMA1+A2—1F(AZ)

T +m,)

wi

MmN+ —1ppy)

_ T+ A2) ! ® .
If we subsequently allow Oy, = T g then we say that ||S® — §|| < Oxw, inacomparable manner
T(AL+ 1)

the results for the remaining state variables are as follows:

[IV® = VI|< Oxwo,
IIP® — PlI < Oxws,
IE® — El| < Ox,ws,
I* = 1l < Oxws,
IIH® — H|| < Oxwe
IR® — Rl < Oxw; (57)

Thus, it may be concluded that the HU stability condition of the fractal-fractional measles model is adequately
satisfied. By making additional assumptions

AZMA1+A2—1P(A2)
2
Oy — T'(A 4 Ay)
X = AZMA\1+A2—1F(AZ)
LA +my)

i=1,2,-,8.

If £,,(0) = 0, then the measles disease model with fractal and fractional operators satisfies the generalised
Hyers-Ulam stability condition. This study examines the hyers ulam rassias stability of our measles disease
model with fractal and fractional operators. O

Theorem 7.8. Let us consider the assumption that condition (&) holds true and (&,), there exist a set of growing
functions p; € C([0, F1, R"). Letibe an integer ranging from 1 to 8. It is assumed that there exists a positive value
for x,

[FEPVRL*(E) < X, (1), VE €V, i=1,2, 3,8,

The measles disease model with fractal and fractional operators that we have developed is considered to possess Hyers-
Ulam-Rassias stability, as well as generalised Hyers-Ulam-Rassias stability.

Proof. Now, let 1, be a positive value and S® be an element of the set A’ that satisfies

[FEPDIRAS® (1) — Xi(t, S®(1), VE(t), PE(1), E¥(t), [?(t), H®(t), R*(1))| < wip,.

It may be further remarked that based on remarks (6.3), the operator 1 (¢) can be identified, which fulfils the
given condition

[FEPDn 8% (1) = Xi(t, S® (1), VE(t), PP(1), E®(t), I®(t), H®(t), R*(1)| + 7i(t),

where |73(£)| < w;p,(t). Consequently, it may be inferred that;

t
§¢(t) = So + f 0%t — oYM X0, S(0), VE(0), PP(0), E¥(0), I®(0), H®(0), R®(9))do,

o [1 oM - oM incerde.
1

According to the uniqueness condition, we further posit that S € A represents the sole solution to the model
understudy. The function S(¢) is defined as follows:
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¢ > ® ® ) ®
S¢(t) = So + j; oMt — 0)N X0, $(0), VE(0), PP(0), E¥(0), I?(0), H®(0), R®(0))do.
This can be subsequently derived as
A ft A1 -1 Aot -
< 2 t— Uit m d + f =1 t — Uit 1,
Ty Jo ¢ (t — o) |m(o)|de Ty Jo ¢ (t =)

x (o, S¥(0), V¥ (0), P¥(0), E®(0), I®(0), H®(0), R®(0)),
— &i(o, $(0), V(0), P(0), E(0), I(0), H(0), R(0))do)|do,
AZMA‘H\FIP(UZ)

1S9(t) — S| <

o ft A1 A—1 ®
S—— [ o™ 't— o) 'plo)de+ 1lIS® — Sl
T Jo ' L@y + my)
A MAFL=ID(Ay)
<w t) + S® — g||.
S wix, /(1) T T ) 7l I
Consequently, we obtain;
wiX, pi(t)
® _ < P
”S S” = _ AZMAzﬂ\l—IF(AZ) :
T+ A
If subsequentlylet Oy, ,) < %, itis then obvious that ||S® — S|| < O, w1 p;, Inasimilar
) i A G2
T(A2+ A1)

manner the results for the remainder of the state variables are as follows:

IV — V|| < Ow,p,) w2y
[|P® — Pl| < Oa, pywsp3
IE® — Ell L, pywaps
1% — 1| < O, pyws ps»
[|H® — H|| < Ox, powWe Pe>
[IR® — RI| < O, p)w7 P75 (58)

In summary, it can be concluded that the measles model with fractal-fractional operators is hyers and ulam
rassias stable. Considering w; holds for i = 1, 2, 3,---,8, it may be stated that the measles disease model with
fractal and fractional operators exhibits a generalised hyers and ulam rassias stability. This finalises the proof. [

8. Numerical scheme

The objective of this section is to derive an approximate solution for the measles disease model with fractal-
fractional operator. This objective presents a numerical approach that employs Newton’s polynomial method.
For additional clarification, it is recommended to consult the publications by Toufik et al (2017) and Atangana
etal (2021) in [69] and [43]. The numerical technique employs innovative differential and integral operators,
wherein the traditional differential operator is substituted in place of the Mittag-Leftler kernel.

FEMDIAS(1) = ¢ — Bi(I + H)S — 0,PS + 0V — (cu + 1),
FMDIhy (1) = S — (1 + O)V,

FMD AP (1) = v H + 7,1 — HpPs

FIMDOME (1) = Bi(I 4+ H)S + 02PS — (1 + N E,,
FEMDIAT (1) = XE — (u + € + & + W,
MDA () = kI — (w + € + p + WH,

FEMD MR (1) = wH — pR.
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Next, we proceed to reconfigure the model in the following format;

RIMDMLS(£) = At~ 1(t, S(1), V (1), P(t), E®), I(t), H(t), R(1)),
RIMDM §(£) = At~ 15(t, S(1), V (1), P(1), E(1), I(t), H(t), R(1)),
RLMD&;S(t) = Mt 1X5(t, S(t), V (t), P(t), E(t), I(t), H(t), R(t)),
RLMDaltS(t) = At 1Xy(t, S(t), V (1), P(t), E(t), I(t), H(t), R(t)),
RLMDaltS(t) = At 1X5(t, S(8), V(t), P(t), E(t), I(t), H(t), R(t)),
RLMDOA,‘tS(t) = Mt 1X(8, S(2), V(2), P(t), E(t), I(t), H(t), R()),
RIMDM (1) = Mgt~ 1X05(t, S(1), V (1), P(2), E(t), I(t), H(t), R(t)),
noting that;

X, S(t), V(8), P(t), E(t), I(t), H(t), R(t)) = — 611 + H)S — 0 PS + 0V — (o + w) S,

Xo(t, S(t), V(t), P(¥), E(t), I(t), H(t), Rt) =S — (u + OV,

A5(t, S(0), V (1), P(t), E(0), I(t), H(t), R(1)) = mH + 71 — p, P,

Xy(t, S(t), V (1), P(1), E(t), I(), H(t), R(t)) = 5i(I + H)S + 0oPS — (1 + NE,

Xs(t, S(t), V(t), P(¥), E(t), I(t), H(t), Rt)) = AE — (u + e + k + 1),

Xe(t, S(1), V (1), P(¥), E(t), [(t), H(t), R(t)) =kl — (w + € + p + WH,

X5(t, S(t), V (1), P(t), E(t), I(¥), H(t), R(t)) = wH — puR. (59)

The aforementioned system is restructured using a fractal-fractional integral form with a Mittag-Leffler kernel,
resulting in the following outcome:

St + 1) = - A /f;) 1R 8(, S(), V(8), P(4), E(t), I(8), H(1), R(1)),
+ ﬁzf Si(S, V, P, E, I, H, RyT1 (1, — 7)™~ 1dr,
DT(A) =
V(t, + 1) = AB(X\;) £ Vit S, V1), P(t), E(t), 1(t), H(t), R(t,)),
+ ﬁz[ Vi(S, V, P, E, I, H, Ryr'—M(t, | — 1N~ 1dr,
AT 5
P(t, + 1) = A AA;) 1 2Pyt S(8), V (1), P(8), E(8), 1(4), H(#), R(%)),
m;;ft] Y P(S, V, P E, I H, Ry Mt — 1N ldr,
E(t, +1)= AB(/CI) £ E (1, (1), V (1), P(t), E(t), 1(t), H(1), R(%)),
+ ﬁzf E(S, V, P, E, I, H, R)7' (1, | — 7)Mldr,
DI'(A) t
It +1)= AB([CI) t! Lk, S, V1), P(t), E(t), 1(t), H(t), R(t,)),
m;sz LS, V, P, E, I, H, )7\ %1, — 7)M~ldr,
H(t, + 1) = = A [f;) 6~ H(6, S(4), V (1), P(t), E®), 1(1), H(), R(1)),
T m] 2f H(S, V, P, E, I, H, Ry™' (1, ., — )M~ dr,
R + 1) = AB(/CI) t/ 2Ry (1, S(1), V (1), P(t), E(t), 1(t), H(t), R(t,)),
A

[ S 1-Ay _ A—1
+ AB(AI)F(AOZ[ R(S, V, P, E, I, H, Ryr' X(t, ., — 7)M—1dr. (60)
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Itis important to note that the Newton’s polynomial can be expressed as;
X(t, S, V, P, E, I, H, R) = X(t,—2, S¢—2)» Viui—2) Pu-2) E—2) T2 Hiu—2)» Ru—2)>
+ %[X(fz,—h Sa—1p Vu—1p Pu—1p Ec=1 Iu—1p Hi—1 Ri-1)s
— X(t,—2 St—2)» Vi—2)» Pu=2) Er—2) L—2) Hiu—2) Ru—2)1(T — t,-2)

—2X(t,— 15 Sa—1» V-1 Pu—1p» Ea—1p Lu—1» Hu—1)» Ru-1)>
— X(t,-2, Se—2)> V-2 Pu—2p E—2p Iu—2) Hu—2p Ru—2)1,

X (T = t2)(T — t,-1). (61)

we then substitute equation (61) into equation (60), this yields;

+1 A1 1 Ay
S AB(AZ) Sl(tn S(t)a V(t) P(t), E(t) I(t[) H(t) R(t)),

A : . , , . . . . ;N
b N Si(tiiy, ST, VITY Pt B2 [i2 IR RIS e — )N
AB(AI)F(AI);Z 1(] 2 (L+1 j-2

tit A . . . . . . .
Xf (tL 1 T)AlildT + — [t Sl(t'—lr SJ?I) VJ?I: P'Iila E'Iila 1171> Hjila RJ71)3
g AB(Al)F(Ao,ZZ !
A
1Sy, §72, VIt P2, BIS2, 12, HIZ2, RIS 2)]f (= )i = N S,
1 1

L

xZ—[tl 88,(t;, §1, VI, Pi, B, I, Hi, RI) + 26122 8y(tjy, S, Vi~l, PimL, Bi-L, 4, -1, RITY,

j=2
. - . - - t‘
+t]1':1Azsl(tj72: Sjiz) Vjiz) PJ?Z) EJ?Z) 1172> HJ?Z) RJ?Z)] " (T - tj*Z)(T - tj*l)(tLﬁLl - T)Alild’r'
1
(62)
— A
Vil = —— L= by, S(n), V(1) P(t), E(t), I(t), H(t), R(t,)),

AB (Az)

A1 A
e tji o SI72, VI3, Pim2 EIT2 172 HIZ2 RIFY 7oy — m)N
AB(AI)HAQJZ2 it "

fit A L
xf (o — o ldr 4 — 2 s~ L poaygsim yinl piel Bl e g RIFY),
g AB(Al)F(Al)]ZZ vt T “
_tJl:lAlVl(tjfza §/=2, Vi=%, pi=2 Ei= [I=2, Hi72, RI=%)] " (T = ;) (tyr — TN ldr + m)

tj

L
x> %[t}‘AZVl(tj, $1, Vi, Pi, EJ, I, Hi, R) + 247 °Vi(tj_y, $71, V™1, Pi=L, EV-Y, D1, HITY RV,

j=2
. X . X X tiry
TG ST VI P B D L R [ (= (= g ) — DY
tj
(63)
pert = Lo Mo s, Vi), P, E@), 1(1), H(L), R(8)),
AB(Az)
Ay A
— N Pi(tisy, S, VT2, Pim2 Ei2 1172 HIRL RPN et — )N ltl 2,
AB(AoP(Al)]Zz ”
fia A ,
X g — DN ldr p — L NPt ST, VIS P B DL HITL RICY,
j; (o — 7) AB(ADF(AOJZZW[ (-

. . . . . . . L1 A
—t NPt g, ST VITL P B DL HE L RED] [ (7 = 5 )ty — DN AT+ ——
i Pt : 2 AB(ADT'(Ay)
L
x> L -t} M Pi(1j, $7, VI, Pi, EJ, T, HY, R)) + 2t}:§zpl(tj,1, Si=1, i1 pi-l pi-L [i-1 gi-1 Ri-1y,
j=2
+t1 {ePi(tj_y, S/72, VIT2, PI=2 Ei=2, [I2, HI~?, Ri~?)] - ti ) (T — ti-) (i — DN

£j

(64)
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Eet = LA g s, Vi, PG4, BG4, TG, H(5), RG),
AB<A2>
+ E , ijz) Vj*Z) Pj*Z’ E]?Z) ijz’ Hj*Z, Rj72 TAZ t, —r A ltliAZ’
AB(Al)F(Al)Z 1( -2 ) (/+1 ) j—2

1 yi-1 pj-1 pi-1 7i-1 pj-1 pji—1
Si=L Vit pitl EiCL Pt HITL RITY,

fj1 A d
o1 — )Ml 4 — L —t ME
x[j (fra1 — 1) T+AB(A1)F(A1)]Z:2 £ ME (-
| A

. . . . . . . titg
NE (£, SI72, Vim2, P2 Ei-2, [i-2, Hi~2, Ri-? f” et )ty — PN L
— 1(] 2 )] . ( j 2)( t+1 ) AB(AI)F(Al)

L 1 . . . ) . . )
x> —[t}*AZEl(tj, Si, Vi, Pi,Ei, I, HI, Ri) + 2t1* (2Ei(tjoy, S, VI, Pt Bl il HITL R,

i 2vit?
1 ME\(tj_,, 172, ViT2 P2 EI72 172, Hi72, Rffz)]f]+1 (T — )T — ti_ )ty — TN 7. (65)
tj

1— A
[ = —— LN, S, V), P, E(), 1), H(1), R(1)),

ABL) 1((t, S(), V(5), P(t), E(t), I(t), H(%), R(%.))

Al . . . . . . . LA
> Lt S VI, P B L HITL R rha - Ml T

AB(Al)F(Al)]ZZ * j2
tig A ¢ . . . . . . .

x toy— DN ldr 4 —— N [t MLy, S VL PITL B DL LRI,
f (e =) AB(AI)F(AI)ZZ vt[f 1t )

i
S S, Vi, P B 1 2 R [ - e B
j=1 At 4 ! AB(ADT'(Ay)

Db Sj717 Vjil) Pj717 Ejil; Ij71> Hj71> Rjil))

L
x> lz[tl—AZII(tj, SJ, Vi, Pi, EJ, I, HJ, RP) + 2t~ "I (1;
j=2 2Vt

R, ST VI P B I B R [T = ) = g0 — DN (66)
tj

1-A
Htl = lAthL’St,Vt,Pt,Etz ItL Ht, Rt,,
AB(AZ) 1(t, S(1), V(1), P(t), E(t,), 1(t), H(), R(%,))
A
+—§jHr ) §972, VT2, P2 B2, 2 {2 R rha(ty — m)N T,
AB(Al)F(Al) -2 e

A] Z [1AII_II(tJbsjlvjlpleJII]IHJIRJI)

ti
X by — TNl 2L
f e T BT (A 2 v
. Al

t
—A i-2 \/ji—2 pj-2 mji-2 T1j-2 I7j-2 pj-2 i A—1
—t: OV Hi(tj_o, S77%, VI=4 PI=4 EI== [I=4 HI=* R )]f (r—ti_)t— ) dr+ ———|
e ; U AB(A)T (A
L
; = /, Vi, Pi, EJ, I, HI, Ri) + 2t1 AZI_Il(tj—l; Si=L viml piml Einl el HiTL RITY),

1 _
X2 2vit? !

j=2

T = ) — )t — DN,
t

TR H (4, ST2, VIT2, P2, B2 12, HIT2, RIY)
(67)

1 - A
R+t = L= Rt S(t), V (1), P(t), E(t), 1(t), H(t), R(%,)),
A" 1(t, S(t), V(1), P(t), E(t), 1(t,), H(t), R(%.))
A L _ . . _ . _ _ A
e |(timg, S172, VI=2, Pi=2 Ei=2 [I=2, HI=2, RI=2)rha(t, — )Ml )b,
AB(ADF(Al)j:ZZ ! =
A] Z [1 AlRl(t] 1’ ] 1 V] 1 P] 1 E] 1 I] 1 H] 1 R] 1)

tit1
X by — TN ldr 4
f e T BT (A 2 v
. Al

X . . . . . . L1
—ti=MR (¢, SIT2, Vi—2, pi=2 Ei-2 [i-2 Hi-2 Ri-2 ]f’ T—ti Dt — N ——L
j—1 1(] 2 ) : ( ] 2)(1.+1 ) AB(Al)F(Al)

L
xzz—[tl “Ry(t), $7, VI, P, EJ, I, HI, RY) + 261 M R(t, ST, V=L, PImL EI-, 7, HISL RIY)
it A1
(T = t;i)(T — i)t — TN ldr.
lgj

+t1 AZRl(tjfb Sj72) Vj*Z) Pjiz) Ejiz) Ijiz) Hjiz’ RJ?Z)]
(68)
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The integrals of equations (62)—(68) gives

Lty A
[ = o = %[u C N = - M,

1 1
fth(T_ £t —T)Alild’r_ (Vt)A1+1 [ — i+ l)Al(L— —|—3+2A)
, i—2)(f1 A LD J J 1

—( =M —j+ 3+ 30,

ftjﬂ (T — t;i-) (T — ti ) (tyr — DN ldr = (vt
t; AN+ DA+ 2)
[(t —j+ DN — v)? + BA + 10)(¢ — j) + 2A,
+IA; + 12) — (n — DML — ) + G + 10)(c — v) + 6A7 + 18A; + 12)]. (69)

We then substitute equation (69) into equations (62)—(68) and that yields;

Sl = AB(AA;) 08,1, S(1), V(1,), P(t,), E(t,), 1(1,), H(%,), R(%,)),
Ay(wt)h oA . ) , Lo , , R X
28 R J V] P] EJ IJ H] R] _ DA — o 1,
AB(ADT(A; + 1)]2; -2 512 e —j+ 1) (- PHM]
A(v)h

Z[l LS (tjoy, 71, VITL, PITL B DL HITL RITY),
AB(A)T(A + 2)55

— 173281t SI72, VIT2, PI2, BT D72, HIZ2 RFD[( — j + DY,
A](Vt)A'

— 4+ 3420) - — DN — i+ 34 3A
X(t—=7j+3+20) - —ph—j+3+ 1)]+2AB(A1)F(A1+3)

n
xS t5-Ysy(tj, S1, Vi, P, El, I, HI, R,
=2

=2t {28y (1, 7, VITL PITL B DO HISL RITY 4

xSi(tj_y, SI72, Vi=2, Pi=2 Ei=2, [i=2 {Hi~% Ri-?)],

x[(t — v+ DM20 — ) + BGA 4 10)(L — ) 4+ 2A7 + 9N + 12} — (¢ — N2 — )%
+(5A; + 10)(¢ — j) + 6AF + 18A; + 12}].

(70)
— A
T e 1 Ay
v AB(AZ) Vi(t, S(t), V (1), P(t), E(t), I(t), H(t,), R(t.)),
Ay(v)M foh 2, yi-2, pi-2, gi-2, [i-2 2 pi-2vi(, _ A aA
ABA)TL + 1)2 Viltig SI72, V2, PIn2, B2, 72 HI72, R [ — j+ DY — (0 — j)M],
A(v)h

Z[ - AZV(tjfl) Sj—l) vi-1, Pj—l’ Ei-1, [j—l) Hi-1 Rj—l),
AB(ADT'(Ay +2) 32

— 172 iltj o, ST, VIT2, PIT2 B2 2 HIZ2 RPN — j+ DY,

Ay(v)M

— 4+ 3420) — @ — DN =+ 3+ 3A
X(t—j+3+2N) - CC—DM—j+3+ 1)]+2AB(A1)1"(A1+3)

XZ tjiszi(t]J S]) V]) PJ) E]) I]) H]) RJ))
j=2
=217 {2 8y (tjy, 7Y, VITL PITL EIL IR HITL RITY 41
X Vi(tj_z, $I72, VI~2, Pi=2, Ei=2, [I=2, Hi~%, RI~?)],
X[t — v+ DM20 — )2 + BAL +10)(¢ — j) + 2AF + 9N, + 12} — (0 — PM{2(e — ),
+(5A; + 10)(¢ — j) + 6AF + 18A; + 12}].
(71)
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Figure 3. Fractional patterns for the Susceptible (S()), the Pathogen Environment (P(¢)), the Vaccination V(t), and the Exposed (E(?)),
for several fractional and fractal values. (a) Dynamics of the Susceptible class S(¢) for distinct fractional orders A; and fractal A,
dimensions. (b) Dynamics of the Vaccination class V(#) at different fractional orders A, and fractal A, dimensions. (c) Dynamics of the
Pathogen Environment class P(¢) at different fractional orders A; and fractal A, dimensions. (d) Dynamics of the Exposed class E(t) at
different fractional orders A, and fractal A, dimensions.
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Figure 4. Fractional patterns for the Infectious (S(¢)), Recovered (R(?)), and Hospitalized H(Z) at several fractional and fractal values.
(a) Dynamics of the Infectious class I(t) at distinct fractional orders A; and fractal A, dimensions. (b) Dynamics of the Hospitalized
class H(t) at distinct fractional orders A, and fractal A, dimensions. (c) Dynamics of the Recovered class R(¢) at distinct fractional
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Figure 8. Fractional patterns for the Infectious (S(¢)), the Hospitalized H(t), Recovered (R(t)), at several fractal dimensions with
Ay = 0.9 (a) Dynamics of the Infectious class I(#) at distinct fractal dimensions with A; = 0.9 (b) Dynamics of the Hospitalized class
H(t) at distinct fractal dimensions with A; = 0.9 (¢) Dynamics of the Recovered class R(#) at distinct fractal dimensions with A; = 0.9.

9. Numerical simulations and discussions

In this part, we provide the numerical solutions for our fractal-fractional measles model using the
aforementioned numerical scheme. The solutions are obtained within the fractal dimension range of 0 < 7, < 1
and a fractional order range of 0 < 7; < 1. In order to provide clear illustrations of the outcomes in this study,
the following initial conditions were employed: S(0) = 500, V(0) = 0, P(0) = 0, E(0) = 20, I(0) = 10, H(0) = 5,
R(0) = 10. These initial conditions were accompanied by the parameter data points specified on the given

table 1. Therefore, an investigation is conducted into the dynamics of measles disease by selecting a range of
fractal dimension and fractional order values in order to measure the effect of the fractal and fractional operators
on the disease. Furthermore, this study seeks to identify the ideal parameters points that exert a substantial
impact on the biological patterns of measles disease. To achieve this, a numerical analysis is performed by means
of perturbing the values of some selected parameters to observe their impact on various compartments and the
overall progression of the disease. This analysis will aid in the determination of effective control strategies for
managing the disease. Table 2 contains the model parameters.

The numerical scheme for Newton’s polynomial in figure 3 and 5 indicates a convergence of all the state
variable trajectories. Here, the fractal and fractional values were varied. It was observed that in the initial days of
the model, the susceptible individuals reduces very fast for the integer order A; = A, = 1 as many individuals are
vaccinated, but at the fractal-fractional charges, A} = A, = 0.95, 0.90, 0.85, 0.80, susceptibility to the disease is
reduced at a slow rate where it takes a linear trend at A} = A, = 0.80. The exposed individuals are also seen to
decline rapidly and then rise to the peak for A; = A, = 1 at day 35 and start declining as compared to the
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Figure 9. Fractional patterns for the Susceptible (S(#)), the Pathogen Environment (P(t)), Vaccination V(¢) and the Exposed (E(t)), at
several o, values for A; = A,_¢ 99 () Dynamics of the Susceptible class S(¢) at distinct o, values. (b) Dynamics of the Vaccination class
V(t) at distinct o, values. (c) Dynamics of the Pathogen Environment class P(¢) at distinct o, values. (d) Dynamics of the Exposed class
E(¢) at distinct o, values.

Table 2. Values of the parametersin the model.

Parameters ~ Description Value Source
¢ Susceptible inflow 68,027 [50]
oy Proportion of transmission rate from susceptible individuals to exposed class as a result of interac- 0.035 Assumed
tions with hospitalized individuals
P Contact rate of susceptible individuals with contaminated environment 0.01 Assumed
ay Rate of vaccination to the susceptible individuals 0.037 755 [70]
0 Rate at which immunity is lost 0.003 286 [50]
I Natural death rate 0.008 75 [20]
o The rate at which infected individuals contaminate the environment 0.000 309 [50]
Y2 The rate at which hospitalized individuals contaminate the environment 0.005 Assumed
Hp Rate at which the pathogen in the environment dies 0.05 Assumed
A Rate at which an exposed individual become infected 0.500 00 [50]
K Rate at which infected individuals are hospitalized due to complications 0.036 246 [50]
€ Measles related death rate 0.125 [70]
w The recovery rate of those who have had treatment. 0.062 366 [50]

fractional order A; = 0.80 where individuals become exposed to the disease but at a slow rate. Also, from

figure 4(a), we observe that infections rise faster at A} = A, = 1 and decline after day 45, which may indicate that
the disease has died out. Still, the fractional orders indicate a lasting disease occurrence as typically seen at
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Figure 10. Fractional patterns for the Infectious (I(#)), Recovery (R(t)) and the Hospitalized H(#) at several o, values for A} = Ay_¢ 99
(a) Dynamics of the Infectious class I(t) at distinct o, values. (b) Dynamics of the Hospitalized class H(t) at distinct o, values. (c)
Dynamics of the Recovered class R(#) at distinct o, values.

A; = A, = 0.80, where infections are prolonged but stay longer than expected. In consequence, at

Ay = A, =0.80, many infected individuals are hospitalized and suddenly decline, but at the fractal-fractional
values, we observe that the disease persists and individuals are still hospitalized but at a minimal rate. Since
infections lastlonger at A} = A, = 0.80, it is seen in figure 4(c) that recovery from the disease is prolonged.

In contrast, it is noteworthy that the simulation of Newton’s polynomial scheme for our model reveals
convergence of trajectories when subjected to various fractional values, specifically with the fractal value A, = 1,
as depicted in figures 5 and 7. Moreover, these trajectories exhibit proximity to the integer order, denoted by
Ay = A, = 1. Individuals become more susceptible to the disease at A} = 0.80 from figure 5(a). Itis then
observed that as many individuals in the population are vaccinated from figure 5(b), the exposed compartment
rises and then reduces speedily in figure 5(d). We further observe that for A; = 1, infections reach the peak at day
47 and then reduce but indicate a linear trend for A; = 0.8. Figure 6(c) shows that individuals recover from the
disease for A; = 0.80 compared to A; = 1 as recovery increases fast.

Again, in figures 7 and 9, where the fractal dimensions were varied but with the fractional order A; = 0.9, we
observed significant changes in the model. For instance, for A, = 1 though susceptibility to the disease reduces
but not very fast as compared to figures 3 and 5, where susceptibility declined speedily. Also, figure 7(d) shows
that individuals exposed to the disease reach the apex after day 40, whereas figures 1 and 3 individuals become
exposed to the disease before day 40. It is further observed that for figure 8(a), infections peak after day 60,
whereas for figure 6(a), infections peak even before day 50. As many people become infected, we realize the
environment becomes highly contaminated. This shows that many individuals will be hospitalized and thus
leading to a rise in the recovery compartment, as seen in figure 8(c).
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Furthermore, a noteworthy impact of 0,, denoting the rate at which susceptible individuals come into touch
with the pathogen environment, was identified. It is observed in figure 9(a) that as the parameter value increases,
the susceptible individuals decline speedily as vaccination also rises, as seen in figure 9(b). This follows a very
high environmental contamination rate, as seen in figure 9(c). Many individuals become exposed to the disease
quickly at o, = 0.3 but after day 16, declines whereas a linear trend of exposure to the disease is observed at
0, =0.01. Also, in figure 10(a), we observed that many individuals become infected rapidly when the parameter
values increase but decline quickly after a few days and converge towards where o, = 0.01 as seen when
0, = 0.04 it takes over 40 days for the infection to decline as compared to o, = 0.3 where at exactly day 20 the
disease is seen to be dying out. On the other hand, at o, = 0.1, we observe that infections last for a verylong time
asit takes alinear trend of spreading. In a similar vein, as infections rise, many individuals are hospitalized, as
seen in figure 10(b), and hence recovery rate increases very fast, as seen in figure 10(c), where at o, = 0.3 recovery
declines after day 60 but at o, = 0.01 recovery continue to rise.

10. Conclusion

We have studied in this work a fractal-fractional order mathematical model for the measles disease considering
the contamination in the environment and its effect on the dynamics of the disease. We have explicitly shown the
existence of our model through the fixed point theory and have further proven that the fractal-fractional order
measles model has a unique solution. We have proven that our model is HU and HUR stable through the Hyers
Ulam (HU) and Hyers-Ulam-Rassias (HUR) stability conditions. The model was then simulated through the
novel Newton’s polynomial approach, which has been shown to converge quickly. The simulations were carried
out by considering different fractal and fractional values. We observed thatat A; = A, = 1, infections increase
speedily as there are more interactions in the population during the disease outbreak but decline after day 40,
which results in a rise in the recovery rate. On the other hand, at A = A, = 0.8, infections last in the
environment as it takes a linear trend, leading to a linear trend in the recovery rate. Significantly, it was observed
that for a constant fractional order A, = 0.90 with varying values of the fractal dimension, infections reach the
peak after day 60, and thus many become hospitalized, which results in a rise in the recovery compartment. We
finally observed a need to control the interactions between the susceptible individuals and the contaminated
environment by introducing more vaccination, quarantine, isolation, hand washing, and wearing nose masks
during the disease outbreak. This is because, as seen in figures 8 and 9, as the rate of interactions between the
susceptible individuals and the contaminated environment increases, the number of infected individuals
increases. This, therefore, calls for health workers’ attention to educate people in the population to practice these
safety precautions during the outbreak. Future extensions could the development of fractional optimal control
of measles and mathematical diffusion model of the dynamics of measles in heterogeneous population.
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