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Abstract
This work utilises a fractal-fractional operator to examine the dynamics of transmission ofmeasles
disease. The existence and uniqueness of themeaslesmodel have been thoroughly examined in the
context of the fixed point theorem, specifically utilising the Atangana-Baleanu fractal and fractional
operators. Themodel has been demonstrated to possess bothHyers-Ulam stability andHyers-Ulam
Rassias stability. Furthermore, a qualitative analysis of themodel was performed, including
examination of key parameters such as the fundamental reproduction number, themeasles-free and
measles-present equilibria, and assessment of global stability. This research has shown that the
transmission ofmeasles disease is affected by natural phenomena, as changes in the fractal-fractional
order lead to changes in the disease dynamics. Furthermore, environmental contamination has been
shown to play a significant role in the transmission of themeasles disease.

1. Introduction

One of the common acute and highly contagious diseases found among children ismeasles, caused by the
measles virus (MV), also known as the rubeola virus.MV is classified in the genusMorbillivirus which belongs to
the Paramyxoviridae family [1, 2]. Furthermore, personswith compromised cellular immunity, such as those
suffering fromAIDS or receiving treatment formalignant diseases, are highly prone tomeasles disease [3].
Measles is classified as a pandemic, and its natural host is the human body; however, infections could be traced
amongmonkeys [4]. From amedical point of view,MV initially infects the respiratory epithelium and then
spreads systematically in other tissues in the human body [5–7]. Persons infectedwithmeasles after the
incubation period experience fever up to 40 0C and cough aswell; refer to [8, 9] formore information on the
symptoms and signs ofmeasles infection.

Vaccination has become a key controlmeasure for the spread ofmeasles worldwide. Countries where people
did not have access to themeasles vaccine have experienced an increase in its transmission rate. Recently,
measles has also been reported among adolescents and adults. For example, themeasles outbreak in Italy in 2017
reported 2851 cases, of which 15%were over the age of 15. Among themanywho havemeasles in their
adolescence or even in their old age, there are people whowere not vaccinated during their childhood [10, 11].
MV could be easily transmitted if one comes into contact with the urine, blood, and nasopharyngealmucosa of
an infected person.MV is also known to be transmitted through respiratory droplets of infected individuals and
can remain in the air for several hours [7, 12, 13]. Recently, studies have reported transmission ofmeasles even
among vaccinated individuals [14, 15]. Integer ordermathematicalmodels have been extensively applied in
studies to capture the transmission dynamics of infectious diseases. For instance, Asamoah et al [16] studied the
transmission dynamics of theCovid-19 pandemic by considering the impact of the virus in the environment by
employing real data fromGhana. In their work, they carried out sensitivity studies which indicated that the virus
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in the environment was amajormechanism throughwhich the disease spread. An optimal control anaysis was
then carried out based on the findings from the sensitivity analysis . Also, in thework of Abidemi et al [17], a
deterministic compartmentalmodel was developed to study the transmission dynamics of the dengue fever by
considering human prevention techniques and vector controlmechanisms. In their work, they observed that the
dengue fever disease could be best controlled through both human self protection and vector controlmethods.
In addition, Asamoah et al [18], developed a compartmentalmodel for theQ-fever disease by inculcating direct
transmission, diverse shedding rates, relapse effect and time-dependent parameters. Through the sensitivity
analysis carried out, an efficient optimal control and cost effective analysis were performed in order to bring the
disease spread under a reasonable control. The propagation patterns of themeasles disease., also have been
investigated through thesemathematicalmodels. For instance, in thework of [19], the dynamics of the spread of
measles were studied through an SVEIRmodel, which sought to examine controlmeasures that could possibly
help reduce the spread ofmeasles. Their work discussed the recovery frommeasles, whether it could be
enhanced by vaccination or self-recovery. Furthermore, [20] developed an SVIRPmodel which examines the
indirectmeans ofMV transmission. Some other excitingworks on applyingmathematicalmodels to study
measles transmission dynamics can be seen in [21–25].

In recent times, fractional calculusmodels have been reported to have exhibited enormous advantages over
non-fractional ordermodels. This is due to the inherent ability of fractional ordermodels to capture the
memory effect seen inmany biological systems. Thework in [26] studied a fractional ordermathematicalmodel
ofmonkeypox transmission dynamics. They stated that reducing the degree of fractional derivatives has led to
substantial alterations. Thework in [27], studied a fractionalmodeling approach of Buruli ulcer in Possum
mammals. In thework of [28], amathematicalmodel of COVID-19was presented usingAtangana-Baleanu
fractional derivative. Also, study by [29] presented a non-integer order compartmentalmodel for cholera and
COVID-19 incorporating human and environmental transmissions. Kumar andGoel [30] studied a fractional-
order nonlinear epidemicmodel incorporating the compartments of infodemic and aware populations. The
work in [31] presented amathematicalmodeling and analysis ofmonkeypox outbreakwith the environmental
effects using aCaputo fractional derivative. The study described in [32] examined a nonlinearmathematical
model of listeriosis infection, incorporating two fractional kernels. In order to examine the presence of the
fractionalmodel, we utilise the fixed pointmethod, whereas stability is assessed by theHyers-Ulam analysis.
Asamoah et al [33] conducted amathematical analysis and numerical simulations using both non-fractional and
fractional analysis. They demonstrated that when the environmental transmission and effective shedding rate of
coxiella burnetii by asymptomatic and symptomatic livestock are both zero, a typical threshold is reached and it
leads to forward bifurcation. An observed correlation exists between an elevated tick recruitment rate and the
occurrence of backward bifurcation. Furthermore, it has been observed that an augmentation in the inherent
degradation rate of the bacteria in the surrounding environment diminishes the point of backward bifurcation.
In addition, to address thememory component of ticks on their host, they changed their original integer order
model by incorporating Caputo, Caputo-Fabrizio, Atangana-Baleanu fractional differential operators. Okyere
et al [34] constructed a nonlinear epidemiologicalmodel known as theAtangana-Baleanu fractal-fractional SIRS
model. The local asymptotic stability of themodel’s equilibriumpoints (disease-free and endemic) is examined.
The presence of the solution to themodel and its singular nature, alongwith the study of stability according to
Hyers-Ulam,was proven. Addai et al [35] created amonkeypoxmodel that incorporates the Caputo fractional
derivative. Thismodel considers both human and non-human populations, as well as the influence of public
transport. They used thefixed point theorem to accurately establish the solutions in terms of both existence and
uniqueness. The researchers examined the stability of different equilibrium states in themodel to evaluate
monkeypox’s ability to spread. In addition, they assessed the influence of crucialmodel parameters on
improving strategies for preventing andmanagingmonkeypox through numerical simulations. The study
conducted byAsamoah and Sun [36] examined the impact ofmemory on the spread of gonorrhoea in a
structured population. The researchers employed theCaputo fractional derivative and conducted sensitivity
analysis to analyse this phenomenon. Themodel is proven to be positively invariant with a single bound. The
existence and uniqueness of the fractionalmodel are determined by the application offixed-point theory. The
model’s stability is achieved through the implementation of theUlamHyers andUlamHyers Rassias concepts.
In order to demonstrate the stability of the fractionalmodel, we visually depict the stability of solution
trajectories for both the disease-free and endemic steady states, specifically focusing on the basic reproduction
number of gonorrhoea. Heartwater is a tick-borne disease that impacts ruminant animals and is transmitted by
amblyomma ticks. The disorder can occasionally prove fatal. In the study of [37], they investigated theCaputo
fractional version of disease transmission in domestic ruminants and amblyomma ticks. The positivity and
boundedness criteria were derived using the Laplace transform. The fractionalmodel is applied to the heartwater
incidence data from2006 to 2019. As determined through parameter estimation, the heartwater reproduction
numberwas found to be 1.9345, with a fractional order of 0.6990, which provided a good fit. The study described
in [38] introduced a traditional deterministic compartmentalmodel to analyse the dynamics of Lassa fever. This
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model not only considers the transmission pathways from symptomatic humans and infected rodents, but also
includes the transmission fromhospitalised humans to account for the spread of the diseasewithin healthcare
settings. Themodel is fitted to the cumulative number of weekly reported cases taken from theNigeria Centre
forDisease Control database using the least squares approach. The transmission dynamics ofmeasles has seen a
lot of scientific research through the use of fractional order operators. In [39], a fractional order compartmental
model was developed using theCaputo differential operatorwith vaccination to study the effect ofmemory on
the dynamics ofmeasles transmission. In addition, in [40], an SEIR compartmentalmodel was constructed to
describe the transmission dynamics ofmeasles through a fractional calculus operator. The researchers’ study
indicated that the fractional ordermodel is capable of accurately representing the dynamics of themeasles
disease in contrast tomodels utilising integer order operators. For further exploration of the uses of non-integer
ordermodels in understanding the dynamics ofmeasles, researchers can refer to thefindings presented in the
studies conducted by Farman et al andAbboubakar et al [41, 42].

Recently, a novel approachwas proposed that combines fractal dimensions and fractional order operators to
study the dynamics of epidemics [43]. This robustmethod has received diverse applications in epidemic studies.
In ta studies conducted byAddai et al [44], the Zika virus disease was studied by using fractal dimensions and
fractal order operators. Themodel was developed by incorporating insecticide treated nets. It was keenly
observed that the fractal and fractional operators are able to capture the geometric pattern of the Zika virus as
compared to the non-integermodels. Also, Li et al [45], proposed a deterministic compartmentalmodel to study
the transmission dynamics ofHIV/AIDS through a non-singular fractal-fractional operator in the sense of
Atangana-baleanu. They posited that by using the fractal and fractional operators, it becomesmore feasible and
significant in studying the dynamics of the disease by incorporating its past history. In addition, Ackora-Prah
et al [46] studied the interactions on themaize farms throughmeans ofHollings type III operators response by
incorporating a fractal and fractional operator in theCaputo sense. Based on the sensitivity analysis carried out,
an optimal control strategywas performed in order to control themaize virus disease. To be able to increase
maize yields, they suggested some preventivemeasures like reducing leafhopper infestation onmaize farms.
Again, Karaagac et al [47] propounded a non-integer compartmentalmodel to study the dynamics of diabetes
mellitus in the absence of genetic factors. Throughmeans of fractal and fractional operators in theCaputo sense,
it was observed that at low fractal and fractional valuesmany people live with diabetesmellitus. This dynamics is
seen to be best captured by the fractional operators as the integer operatorsmay fail to do this. Recently, in the
work ofWireko et. al [48], themonkeypox diseasewas studied through the use of fractal-fractional operators
where it was reported that thememory effect exhibited bymany biological structures are better observed
through the use of themixture of fractal dimensions and fractional operators. Also, Adu et al [49] studied ebola
with reinfection and reported in their work that the biological changes in the structure of the ebola virus is well
captured through the use of a fractal dimension and a fractional operator concurrently. Unfortunately, the
transmission dynamics of themeasles epidemic has not been studied using this novel fractal-fractional order
approach. Therefore, in this work, we investigate the transmission patterns ofmeasles disease using fractal
fractional operators.More precisely, the purpose of this study is to investigate the pattern of transmission of
measles virus infection through indirect contact, with a particular focus on the contamination of the
environment by infected individuals. Furthermore, we seek to compare the effectiveness of integer and fractal-
fractional ordermodels in understanding the transmission dynamics of themeasles virus disease. The report
also provides important recommendations for the control andmanagement ofmeasles disease. This research
builds on thework of [50] by incorporating a compartment that represents a contaminated environment into
the existingmodel. Themathematicalmodel ofmeasles is also explored and evaluated through the use of
resilient fractal-fractional operators. The decision to employ the fractal-fractional Caputo operator in this study
is contingent upon various criteria, such as the characteristics of the phenomenon being studied and the
particularmathematical features sought for themodel or analysis. The fractal-fractional Caputo operator is
highly advantageous formodelling complex systems that display non-local or long-range interdependence, self-
similarity, or fractal-like behaviour. Instances encompass events in the fields of physics, biology, finance, and
engineering, inwhich conventional derivatives of whole numbersmay not accurately represent the fundamental
dynamics. TheCaputo derivative is a fractional derivative that includesmemory effects, which refers to its ability
to account for the impact of previous events on the present condition of a system. This is particularly useful for
simulating systems that exhibitmemory or hereditary qualities, where the behaviour at any one time is
influenced not only by the current state but also by past states.

This article is divided into eight sections. Section 2 outlines the basic and essential notations. Section 3
introduces the integer ordermeaslesmodel, including its assumptions, equations, and description. Section 4
introduces the fractal-fractionalmodel and examines its existence, uniqueness, positivity, and boundedness.
Section 5 calculates the fundamental reproduction number of themodel and the equilibria for the scenarios of
measles free andmeasles present, and then analyses their global stabilities. Section 6 utilises theHyers-Ulam
stability threshold and theHyers-UlamRassias stability requirement to examine the dynamics ofmeasles.
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Section 8 subjects the fractal and fractional operators to numerical simulation and examines the resulting data.
Finally, section 9 summarises thefindings of the study.

2. Preliminary notations

In this section, we highlight some important definitions and theorems related to themodel under study.

Definition 2.1. [43, 51, 52] Let [ ] ]f V VÎ C ; ,1 2 , which is additionally proposed to be a fractal derivative of
order *f z< < 12 in the interval ( )V V,1 2 .We additionally definef as a fractal-fractional operator of order
f z< < 11 . According to the Atangana-Beleanu framework, the specific formof the generalisedMittag-Leffler
kernel is provided.
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Definition 2.2. [43, 51, 52] Furthermore, we canmake the assumption thatf belongs to the set of continuous
functions [( ) ]w lC , , and that it is a fractal anti-derivative with an order denoted by *h< <0 12 within the
interval ( )w l, . Next, for a given order z< <0 11 , we proceed to define the fractal-fractional operator for the
functionf in accordance with the Atangana-Beleanu framework. Themathematical expression representing the
generalisedMittag-Leffler kernel type is provided as
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Definition 2.3. [53]Weagain define the generalized Liouville Caputo z th1 type derivative z z
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Definition 2.4. [54] In the normed linear space , wemay express the operator  ⟶: as well as
 { }ÈÎ + 08 . Consequently,

(a) For any elements, let a1 and a2 be elements in the set  . The functional  is said to be a f y-
contraction if the following inequality holds:

 ( ) ( ( ) ( )) ( ( ))f a a a a y a ad d, , , .1 2 1 2 1 2

(b) The functional is considered to bef-admissible if

  ( ) ⟹ ( ( ) ( ))f a a f a a, 1 , 1.1 2 1 2

3.Non-fractional ordermeaslesmodel

Asmentioned in the introduction, variouswriters have usedmathematical epidemiology to study the dynamics
of themeasles illness. Themeasles disease transmission dynamics are studied by [55], which divide the
population into six (6) compartments: susceptible S(t), vaccineV(t), exposedE(t), infected I(t), hospitalisedH(t),
and recoveryR(t). In order to examine the dynamics of themeasles’s direct transmission, their studies used the
classical order derivative. Additionally, they took into account two crucial controls: hospitalisation and
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immunisation.On the other hand,measles is primarily spread indirectly through contact with the environment
[55]. Therefore, in order to provide a realistic view of the dynamics of themeasles illness, we aim to expand on
thework of [50] by integrating the contaminated environment. A seven-(7) compartmentalmodel, comprising
susceptible S(t), vaccineV(t), contaminated environment P(t), exposed E(t), infected I(t), hospitalisedH(t), and
recoveryR(t) at time t, is thus howwe categorised the population in ourwork.σ2 represents the contact rate in
ourmodel between the compartments of the susceptible and contaminated environments. The immunisation
rate for the susceptible individuals isα1.Moreover, the rate at which diseased individuals contaminate the
environment is γ2. Table 1 provides further details on the remaining interaction rates. In this work, we use the
new fractal-fractional operator to investigate themeasles transmission dynamics usingNewton polynomial
methods. First, ordinary differential equations are used to express the non-fractionalmeasles diseasemodel;





( ) ( )

( )

( ) ( )

( )

( )

( )

z b s s q a m

a m q

g g m

b s s m l

l m k g

k w m g

w m

= - + - + - +

= - +

= + -

= + + - +

= - + + +

= - + + +

= -

dS

dt
I H S PS V S

dV

dt
S V

dP

dt
H I P

dE

dt
I H S PS E

dI

dt
E I

dH

dt
I H

dR

dt
H R

,

,

,

,

,

,

, 3

p

1 1 2 1

1

1 2

1 1 2

2

1

with the initial conditions S(0)= S0,V(0)= V0,P(0)= P0,E(0)= E0, I(0)= I0,H(0)=H0,R(0)= R0, given that
S(0)� 0,V(0)� 0,P(0)� 0,E(0)� 0, I(0)� 0,H(0)� 0 andR(0)� 0.

4.Measlesmathematicalmodel: a fractal-fractional approach

Although rare, sub-acute sclerosing panencephalitis is a fatal abnormality of the central nervous system that can
occur in individuals who recover frommeasles [56]. This results in research on the dynamics of themeasles
sickness that are erroneous. In addition, the inclusion of a fractal dimension in conjunctionwith the fractional
operator facilitates the precise representation of the physical structures and irregularities within themodel. This
is due to the inherent unpredictability in the behaviour of themeasles sickness, as discussed by Srivastava et al
[57] in their numerical study. In this study, we aim to improve the existingmeaslesmodel presented in thework
of James et al [55] by incorporating an equation that accounts forpolluted environment. Specifically, we
investigate the transmission of the illness using a fractal-fractional operator with parametersΛ1 andΛ2, both of
which are greater than zero.

Table 1. Sensitivity
analysis of the
reproduction ratio.

Parameters Index

λ + 0.0172

β1 + 0.7684

σ1 + 0.0049

σ2 + 0.2316

ω − 0.0024

ò + 0.5000

μ − 1.0675

k + 0.1996

γ1 + 0.0026

γ2 + 0.2005
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Since  L L
t0,

1 2, by applying the power law kernel through theCaputo logical sense, signifies the fractal-
fractional operator that corresponds to a fractional order of 0<Λ1< 1 alongwith a fractal dimension
0<Λ2< 1. The state variables, denoted asN(t), consist of the sumofmany components including S(t),V(t),
P(t),E(t), I(t),H(t), andR(t). These variables are observed during a time interval t that belongs to the set
U, defined as [0, τ]where τ is a positive value. The non-negativity of themodel parameters has been established.

4.1. Positivity and boundedness of themeaslesmodel
This part focuses on the concepts of positive uniformity and boundedness within the context of themeasles
model.

Theorem4.1. If we assume that { }S V P E I H R, , , , , , are the solutions and having the starting point values
{ ( ) ( ) ( ) ( ) ( ) ( ) ( )}S V P E I H R0 , 0 , 0 , 0 , 0 , 0 , 0 ⊂ , then it is sufficient to claim that each of themodel’s solution is
positive for every non-negative t value.

Proof.Using themethod employed in [58–61], we prove the theorem. First, we lay down a few fundamental
presumptions about themeaslesmodel’s positive. Let
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Where the time component is denoted by τ. Thus, S(t) greater than zero for every non-negative t value.
Also, themodel’s vaccinated class,V(t) is considered in thismanner:
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Therefore, it is obvious to state that for any t� 0,V(t)> 0. Likewise, the other state variables’ positivity is
reported below;

6

Phys. Scr. 99 (2024) 075025 FAWireko et al



⎡

⎣
⎢

⎤

⎦
⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥



























( ) ( )
( )

( ) ( )( )

( ) ( ) ( )
( ) ( )( )

( ) ( ) ( )
( ) ( )( )

( ) ( ) ( )
( ) ( )( )

( ) ( ) ( )
( ) ( )( )

( )

t V m

V V m

t V m l
V V m l

t V m k g
V V m k g

t V w m g
V V w m g

t V m
V V m

-
- -

-
+

- - +

-
+ + +

- - + + +

-
+ + +

- - + + +

-
- -

V

V

V

V

V

V

V

V

V

V

-L

-L

-L

-L

-L

P t P
t

AB

E t E
t

AB

I t I
t

AB

H t H
t

AB

H t H
t

AB

0
1

,

0
1

,

0
1

,

0
1

,

0
1

. 9

p

p

1

1

1
2

2

1
1

1

1

2

2

2

2

2

Wehave therefore shown that themeaslesmodel is positive∀t� 0.

Theorem4.2. Let us suppose that (3), or themeasles model, the solution is       S V P E I H R, , , , , , , with
positive initial values. Themeasles model’s implied solution is then bounded.

Proof.Weprovide sufficient evidence to demonstrate that, for every t 0, the solutions to themeaslesmodel
are all positive; we also establish the boundedness of ourmodel by using the samemethod as [62]. To obtain

  ( ) z m= - - -L N t N I H,FFM
t h0,

1

one can take = + + + + + +N S V P E I H R, suggesting that

 ( ) z s-L J t N .FFM
t h u0,

1

That is sufficient for the expression

 { ∣ }z
m

Y = Î +S V P E I H R N, , , , , , .u
7

Therefore, it has been shown that for any t 0, all solutions of themeaslesmodel remainwithin the domainΩ
andmaintain their positive values, as determined by the provided initial conditions. ,

Theorem4.3.Themeasles model can be characterized as a dynamical framework operating within a bounded and
closed subset of Euclidean space.

 { }= Î +S V P E I H R, , , , , , .7

4.2.Measles-free equilibrium
This is a situationwhere there is nomeasles infection in the population.We set S,V,P, E, I,H andR to zero in
equation (3), in themeasles-free equilibrium and the resulting solution is given as;

⎜ ⎟
⎛
⎝

⎞
⎠

( ) [( ) ]
( )( ) ( )

j
z m q m a q
m q a m m

a z
m q m

= =
+ +

+ + +
S V P E I H R, , , , , , , , 0, 0, 0, 0, 0 .0 0 0 0 0 0 0 0 1 1

5. Basic reproductive number

In this section, we determine the reproduction number of themeasles disease. The basic reproductive number

( )0 is defined to be the number of secondarymeasles infections thatmay occurwhen an infected individual is
introduced into a susceptible population during an outbreak of the disease. By following the next generation
matrix approach [63], we determine the0 as follows.Wefirst create thematrices  , the new infections, and  ,
the transition terms from the compartments that could possibly transmit themeasles disease. Therefore, from
equation (3), we derive the new infection components as

7
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



( ) ( )

( )

( ) ( )

g g m

b s s m l

l m k g

k w m g

= + -

= + + - +

= - + + +

= - + + +

dP

dt
H I P

dE

dt
I H S PS E

dI

dt
E I

dH

dt
I H

,

,

,

. 10

p1 2

1 1 2

2

1

Thus;

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟


 

( ) ( )
( )
( ) ( )

b s s m l
m k g l
w m g k

m g g

=

+ +

=

+
+ + + -
+ + + -

- -

I H S PS E

I E

H I
P H I

0
0
0

and . 11

p

1 1 2
2

1

1 2

The Jacobianmatrices of  and  are obtained as follows:

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟




( )
( )

( ) ( )
b b s s m l

l m k g
k w m g
g g m

= =

+
- + + +

- + + +
- -

F

S S S

V

0
0 0 0 0
0 0 0 0
0 0 0 0

and

0 0 0

0 0

0 0
0

. 12

p

1 1 1
0

2
0

2

1

2 1

The eigenvalue of thematrix |FV−1| is recognized as the reproduction number. Therefore, we can express this
relationship as follows:

 

 


( ) ( ( ) )
( )( )( )

( )
b lm w m g s lg w m g lkg b s lkm

m l m k g w m g m
=

+ + + + + + + + +

+ + + + + + +

S S S
. 13

p p

p
0

1 1 2 2 1 1 1 1

2 1

Theorem5.1.The equilibrium state in whichmeasles is eradicated is considered to be asymptotically stable locally
when the basic reproduction number (0) is less than 1, but it is deemed unstable when0 exceeds 1.

5.1. Local stability analysis ofmeasles-free equilibrium
This subsection discusses the condition thatmakesmodel (3) locally asymptotically stable at E0.

Theorem5.2.Themeasles-free equilibrium (MFE) pointE0 ofmodel (3) is locally asymptotically stable whenever
 < 10 and unstable if otherwise.

Proof.Toprove the local stability ofMFE,we consider the linearization of system (3) around theMFEpoint, E0
as follows:

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥




( )

( )

( )

( )

( )
( )

( )

a m q s
z
m

b
z
m

b s
z
m

a m q
m g g

s
z
m

m l b
z
m

b s
z
m

l m k g
k w m g

w m

=

- + - - -

- +
-

- +

- + + +
- + + +

-

J E

0 0

0 0 0 0 0
0 0 0 0

0 0 0

0 0 0 0 0

0 0 0 0 0
0 0 0 0 0

.

14

p

0 0

1 2 1 1 1

1

2 1

2 1 1 1

1

1

Inmatrix (14), the eigenvalue deduced is t m= - . It follows that the followingmatrix can be used to obtain the
remaining eigenvalues:

8

Phys. Scr. 99 (2024) 075025 FAWireko et al



⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥



( )( )

( )

( )

( )

( )
( )

a m q s
z
m

b
z
m

b s
z
m

a m q
m g g

s
z
m

m l b
z
m

b s
z
m

l m k g
k w m g

=

- + - - -

- +
-

- +

- + + +
- + + +

15J E

0

0 0 0 0
0 0 0

0 0

0 0 0 0

0 0 0 0

.
p

1 0

1 2 1 1 1

1

2 1

2 1 1 1

1

1

Then, the Jacobianmatrix ( )J E1 0 is partitioned into blocks as follows:

⎡
⎣⎢

⎤
⎦⎥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

( )
( )

a m q
a m q

s
z
m

b
z
m

b s
z
m=

- +
- +

=
- - -

A A,
0

0 0 0 0

,11
1

1
12

2 1 1 1

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥




( )

( )
( )

m g g

s
z
m

m l b
z
m

b s
z
m

l m k g
k w m g

= =

-

- +

- + + +
- + + +

A A

0 0
0 0
0 0
0 0

,

0

0 0

0 0 0

.

p

21 22

2 1

2 1 1 1

2

1

So that,

⎡
⎣

⎤
⎦

⎡
⎣

⎤
⎦

*( ) = =J E A
B

A A
A A0

.1 0
11 12

21 22

It then follows thatE0 is stable if and only if bothA11 andA22 are stable. Nowby consideringA11, we have;

( ) ( ) ( )

( )( )

( )( )

a m m q
a m q
a m m q a q

a q
a m m q

=- + - +
=- - - <
= + + -

= -
+ +

tr A

detA

,

2 0.

,

1 .

11 1

1

11 1 1

1

1

It is observed that ( ) <Tr A 011 , implying thatmatrixA11 is asymptotically stable if ( )( )
<a q

a m m q+ +
11

1
, so that

>detA 011 . Again,matrixA22 is asymptotically stable if and only if its trace is negative and has a positive
determinant. Thus,

 

  

( ) ( ) ( ) ( )
( )( )( )[ )]
m m l m k g w m g

m m l m k g w m g

=- - + - + + + - + + + <

= + + + + + + + -

tr A

detA

0.

1 .

p

p

22 2 1

22 2 1 0

From the computation above, it can be noted that when < 10 , matrixA22 would have all of its eigenvalues to
be negative. Hence,A22 is asymptotically stable. Therefore, system (3) is locally asymptotically stable if and only
ifA11 andA22 are both stable. ,

5.2.Measles-present equilibrium
In this subsection, we discuss themeasles-present equilibrium, E1. It is a situationwheremeasles disease is
present in the population under consideration. Thus, themeasles-present equilibrium is denoted by E1= (S#,
V#,P#,E#, I#,H#,R#), where;

 
 

 
 
  

   
  

  
 

  
 

   
 

   















( )

( )( )( )
( ) ( ( ))

( )( )( )
( )[ ( ) ( ( ))]

[ ( )][ ( ) [ ( )( )] [ ( )( )( )]]
( )[( )( )( )[ ( ) ( ( ))]]
( )[ ( ) [ ( )( )] [ ( )( )( )]]
[( )( )( )[ ( ) ( ( ))]]

( ) [ ( )( )] [ ( )( )( )]
( )( )( )[ ( ) ( ( ))]

( ) [ ( )( )] [ ( )( )( )]
( )[( )( )( )[ ( ) ( ( ))]]

[ ( ) [ ( )( )] [ ( )( )( )]]
( )[( )( )( )[ ( ) ( ( ))]]

m m l m k g w m g
b lm w m g lms b k ls g k g w m g

a m m l m k g w m g
m q b lm w m g lms b k ls g k g w m g

g k g w m g zl m q a a m m q l m m l m k g w m g
m w k g m q m l m k g b lm w m g lms b k ls g k g w m g
m k g zl m q a a m m q l m m l m k g w m g

l m q m l m k g b lm w m g lms b k ls g k g w m g
zl m q a a m m q l m m l m k g w m g

m q m l m k g b lm w m g lms b k ls g k g w m g
kzl m q a a m m q l m m l m k g w m g

w m g m q m l m k g b lm w m g lms b k ls g k g w m g
wk zl m q a a m m q l m m l m k g w m g

m w m g m q m l m k g b lm w m g lms b k ls g k g w m g

=
+ + + + + + +

+ + + + + + + + +

=
+ + + + + + +

+ + + + + + + + + +

=
+ + + + + + - + + + + + + + + +

+ + + + + + + + + + + + + + + + +

=
+ + + + + - + + + + + + + + +

+ + + + + + + + + + + + + +

=
+ + - + + + + + + + + +

+ + + + + + + + + + + + + +

=
+ + - + + + + + + + + +

+ + + + + + + + + + + + + + + + +

=
+ + - + + + + + + + + +

+ + + + + + + + + + + + + + + + +

16

S

V

P

E

I

H

R

,

,

,

,

,

,

.

2 1

1 1 1 1 2 1 2 1

1 2 1

1 1 1 1 2 1 2 1

1 2 1 1 1 2 1

1 2 1 1 1 1 2 1 2 1

2 1 1 2 1

2 1 1 1 1 2 1 2 1

1 1 2 1

2 1 1 1 1 2 1 2 1

1 1 2 1

1 2 1 1 1 1 2 1 2 1

1 1 2 1

1 2 1 1 1 1 2 1 2 1

9
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6. Local stability analysis ofmeasles-present equilibrium

In this subsection, we present the local stability ofMPE.

Theorem6.1.TheMPE of system (3) is locally asymptotically stable if > 10 .

Proof.The linearisedmatrix ofE1 is given by:

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 

  




   

   ( )

( ) ( )
( )

( ) ( )

s a m q s b s
a m q

m g g

s s m l
l

k
w m

=

- - - + - - - +
- +

-

- +
-

-
-

J E

P S S I S

P S S S

0 0

0 0 0 0 0
0 0 0 0

0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

, 17
p

1 0

1 2 1 2 1 1 1

1

2 1

1 2 2 1 1

2

3

where     ( )b s m k g w m g= + = + + + = + + +I H , ,1 1 1 2 2 3 1. It is clear that one of the
eigenvalues of ( )J E1 is given by t m= -1 . Then the determinant of the reduced form is given by;

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 






   

       
( )

( ) ( )
( )

( ) ( ) ( )

( )

s a m q s b s
a m q

m g g

b s s s m l b s
l

k

=

- - - + - - - +
- +

-

+ - + +
-

-

J E

P S S I S

I H P S I H S S

0

0 0 0 0
0 0 0

0

0 0 0 0
0 0 0 0

.

18

p
1 0

1 2 1 2 1 1 1

1

2 1

1 1 2 2 1 1 1

2

3

We then follow the approach in [64] to determine the remaining eigenvalues. From thematrix above, the
followingmatrices can be generated as;

⎛

⎝
⎜

⎞

⎠
⎟ ( )=P

P P P
P P P
P P P

, 19n

1 2 3

4 5 6

7 8 9

where;

⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( ) ( )
( )

b s s a m q
a m q

s=
- + - - +

- +
= -

P
I H P

P
S

,
0

0 0
,1

1 1 2 1

1
2

2

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( ) ( )
( )

b s b s
b s s= - + - + = + +P

I H S I S
P

I H P0 0
,

0 0
0

,3
1 1 1 1

4
1 1 2

⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ( ) ( )

m

s m l
g g

b s b s=
-

- +
= + +P

P
P

I H S I S

0
, ,

p
5

2
6

2 1

1 1 1 1

⎜ ⎟
⎛
⎝

⎞
⎠


( )( ) ( )

( )
l m k g

w m g
= = =

- + + +
- + + +

P P P0 0
0 0

, 0
0 0

,
0

0
.7 8 9

2

1

Thus, from the analysis presented above, it follows that the eigenvalues of ( )J E1 is given by;
{ } { } { }È ÈP P Peigenvalues of eigenvalues of eigenvalues of1 5 9 . Thus, from P5, the eigenvalues are
t m= - < 0p2 and t m l= - - < 03 and from P9, the eigenvalues are ( )t m k g= - + + + < 04 2 and

( )t w m g= - + + + < 05 1 . The remaining eigenvalues are the eigenvalues of thematrix P1 given below as;

⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( )
( )

b s s a m q
a m q

=
- + - - +

- +
P

I H P
.1

1 1 2 1

1

MatrixP1 has eigenvalues with negative real part if and only if its trace is negative and its determinant is positive,
see [65].

  

  

  

( ) ( ) ( ) ( )
[ ( ) ( )][ ( )]

[ ( ) ( )][( )]

b s s a m m q
b s s a m m q a q

a q
b s s a m m q

=- + - - + - + <
= - + - - + - + -

= -
+ + + + +

tr P I H P

detP I H P

I H P

0,

,

1 .

1 1 1 2

1 1 1 2 1

1

1 1 2

,

10
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It can be seen that all the eigenvalues ofP5 andP9 are negative. The trace ofP1 is also negative. Thus,measles-

present equilibrium is asymptotically stable if   [ ( ) ( )][( )]
<a q

b s s a m m q+ + + + +
1

I H P
1

1 1 2
, so that detP1> 0. In

conclusion, it implies that themeasles-present equilibrium, E1 is asymptotically stable if > 10 and unstable
otherwise.

6.1. Global stability analysis of disease free equilibrium

Theorem6.2.The disease-free equilibrium (DFE) of themodel (3) is globally asymptotically stable
whenever  10 .

Proof.Toprove the theorem above, the comparison theorem is applied. The infected compartment inmodel (3)
is given as;





( ) ( )

( )

( )

g g m

b s s m l

l m k g

k w m g

= + -

= + + - +

= - + + +

= - + + +

dP

dt
H I P

dE

dt
I H S PS E

dI

dt
E I

dH

dt
I H

,

,

,

.

p1 2

1 1 2

2

1

By rewriting the equations above, we then simplify it as;

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

( )= -

dP

dt
dE

dt
dI

dt
dH

dt

S

N
F

P
E
I
H

V

P
E
I
H

, 20

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛
⎝

⎞
⎠

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

( ) ( )= - - -

dP

dt
dE

dt
dI

dt
dH

dt

F V

P
E
I
H

S

N
F

P
E
I
H

1 , 21

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

 ( ) ( )-

dP

dt
dE

dt
dI

dt
dH

dt

F V

P
E
I
H

, 22

where F andV have their usualmeanings. Lemma (2.3) established the local asymptotic stability ofDFEwhen
 < 10 or similarly, ( )r <-FV 11 . This is similar to all the eigenvalues of F− V. Thismeans that the linearized
differential inequality ofmodel (3) is stable when < 10 . It follows that, by the comparison theorem,we obtain
( ) ⟶ ( )P E I H, , , 0, 0, 0, 0 at ⟶ ¥t . Replacing = = = =P E I H 0 inmodel (3) produces

( )( ) ⟶ z
m

S V R, , , 0, 0 as ⟶ ¥t . Thus, ( )( ) ⟶ z
m

S V P E I H R, , , , , , , 0, 0, 0, 0, 0, 0 as ⟶ ¥t and

theDFE,E0 is globally asymptotically stable. In epidemiology, this implies thatmeasles can be eliminated if0 is
brought belowunity. Therefore, the condition < 10 is necessary and sufficient to eliminatemeasles. This
completes the proof. ,

11
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6.2. Global stability analysis of endemic equilibriumpoint
In order tofind the global stability ofmeasles existence equilibrium, theKorobeinikov approach (2006) is
applied.We letRp> 1, then *E1 exists for all S,V,P,E, I,H,R> ò for some ò> 0. LetαS: η(S,V, P,E, I,H,R) be a
positive andmonotonic function in +

7 for somemore details, see [66].

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝
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⎠
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⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

 


 


 


 


 


 


 


   

  

( )

( )

=

= - - + - - + - - + - -

+ - - + - - + - -

= - ¢ + - ¢ + - ¢ + - ¢

+ - ¢ + - ¢ + - ¢

L S V P E I H R

S S S
S

S
V V V

V

V
P P P

P

P
E E E

E

E

I I I
I

I
H H H

H

H
R R R

R

R

dL

dt

S

S
S

V

V
V

P

P
P

E

E
E

I

I
I

H

H
H

R

R
R

, , , , , , ,

ln ln ln ln
,

ln ln ln
,

1 1 1 1 ,

1 1 1 .
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LetX= β1(I+ σ1H). This implies that;

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

 

 

 

 



( ( ) ( ) ) ( ( ) )

( ) ( ( ) ( ) )

( ( ) ) ( ( ) )

( ) ( )

z b s q a m a m q

g g m b s s m l

l m k g k w m g

w m

= - - + - + - + + - - +

+ - + - + - + + - +

+ - - + + + + - - + + +

+ - -

dL

dt

S

S
I H S PS V S

V

V
S V

P

P
H I P

E

E
I H S PS E

I

I
E I

H

H
I H

R

R
H R

1 1 ,

1 1 ,

1 1 ,

1 . 24

p

1 2 1 1

1 2 1 1 2

2 1

Let us suppose that,




 













( )
( )

( )
( )
( )

( )

z s q a m
a m q

g g m

s m l
l m k g
k w m g
w m

- + = + +
= +

+ =

+ = +
= + + +
= + + +
=

PS V XS S

S V

H I P

XS PS E

E I

I H

H R

,

,

,

,

,

,

. 25

p

2 1

1

1 2

2

2

1

Thenwe have;

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

 

 


 



















[ ( ) ( ) ]

[( ) ( ) ]

[ ] [( ) ( ) ]

[( ) ( ) ]

[( ) ( ) ] [ ] ( )
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m q m q

m m m l m l

m k g m k g

w m g w m g m m

= - + + - - -

+ - + - +

+ - - + - + - +

+ - + + + - + + +

+ - + + + - + + + + - -

dL

dt

S

S
XS S XS S

V

V
V V

P

P
P P

E

E
E E

I

I
I I

H

H
H H

R

R
R R

1

1 ,

1 1 ,

1

1 , 1 . 26

p p

1 1

2 2

1 1

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝
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⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
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



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










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












( )

( ) ( )

( )
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a m m q

m m l

m k g w m g m

= + + - - + + - -

+ - - + + - -
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dL

dt
X S

S

S

S

S
V

V

V

V

V

P
P

P

P

P
E

E

E

E

E

I
I

I

I

I
H

H

H

H

H
R

R

R

R

R

2 2 ,

2 2 ,

2 2 2 .

p

1

2 1
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We then have

    

 





























+ + + + +

+ +

S

S

S

S

V

V

V

V

P

P

P

P

E

E

E

E

I

I

I

I
H

H

H

H

R

R

R

R

2 , 2 , 2 , 2 , 2 ,

2 , 2 .

Therefore, < 0dL

dt
for all (S,V,P,E, I,H,R) ä Γ. Thus, L is indeed a Lyapunov function and = 0dL

dt
holds for

S= S#,V= V#, P= P#,E= E#, I= I#,H=H# andR= R#. Thus, the largest invariant subset contained in the
set,

{( ) }W = Î
G

=¥ S V P E I H R
L

, , , , , , 0 ,0

is the endemic equilibrium       * ( )=E S V P E I H R, , , , , ,1 .We conclude this by Lasalle’s invariant
principle that themeasles-present equilibrium E1 is globally asymptotically stable.

6.3. Sensitivity analysis of the basic reproduction number
In this step, a sensitivity analysis is performed to identify themost significant influence on the value of0. The
sensitivity study holds importance in aiding researchers in the identification of parameters that necessitate
consideration during the formulation of interventionmethods [67]. The normalised forward sensitivity index of

Figure 1.Effects ofβ1,σ2 andω on 0.
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0 with regard to ζ andμpwas utilised, and the resulting indices are presented in table 1.


 z
z

=
¶
¶

´ = +zX 1.0000,0

0
0

and


 m

m
=

¶
¶

´ = -
m

X 0.2316.
p

p0

0

p

0

Parameters with negative sensitivity indexes have a decreasing effect on the value of0 as their values
increase, whereas parameters with positive sensitivity indexes have an increasing effect on the value of0 as
their values increase. The parameters that exhibit the highest sensitivity indices in thismodel areβ1, ò, andμ. As
an example, increasing (decreasing) the value ofβ1 by 10% results in a corresponding increase (decrease) of
7.684% in the value of0. Similarly, increasing (decreasing) the value ofμ by 10% results in a corresponding
increase (decrease) of 10.675% in the value of0.

6.4. The effect of parameters on the reproductive number
Based on the observation depicted infigures 1(a) and (b), it is evident that the0 value exhibits a rise when the
transmission rates,β1 andσ2, experience an increase.Moreover, the value of the basic reproduction number
( )0 exhibits a dropwhen the recovery rate (ω) experiences an increase. The implementation of a
comprehensive approach, including vaccination strategies, isolationmeasures, adequate hand hygiene practises,
and the utilisation of nosemasks during instances ofmeasles outbreaks, has the potential to effectively decrease
the values ofβ1 andσ2. Furthermore, the value ofω can be augmented bymeans of hospitalisation of thosewho
are infected. The values ofω can be increased and the values ofβ1,σ2, and0 can be reduced by the
implementation ofβ1,σ2, andR0 can be reduced by the implementation of quarantine and treatmentmeasures
for individuals who are infectedwith a disease. Additionally, it was noted infigures 1(c) and (d) that the value of
0 exhibits an increase as the rates of hospitalisation for infectious individuals (k) and the decay of
environmental pathogens (μp) decrease. Conversely, themagnitude of0 exhibits a declinewhen the values of k
andμp demonstrate an increase. The desired outcome can be attained by promoting the prompt hospitalisation
of individuals exhibiting symptoms ofmeasles, as well as implementing routine disinfection of surfaces
contaminatedwith themeasles virus. Furthermore, it can be observed from figure 2 that the value of0 exhibits
a reduction as the rate at which infectious persons contaminate the environment (γ1) drops. The goal of
achieving this can be accomplished by implementing consistent sanitization practises on surfaces that have been
polluted, as well as bymaintaining proper personal hygiene.

Figure 2.Effects of γ1 andω onR0 .
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7. Existence criteria of themeaslesmodel

Prior to studying the dynamical system in question, it is essential to establish its existence. Our next step is to
prove that themeasles diseasemodel with fractal and fractional operators exists by applying afixed point
theorem. Let’s begin by defining the Banach space  = 7 wherewe define   ( )= , with the norm





 ∣∣ ∣∣ ∣∣( )∣∣ {∣ ( )∣ ∣ ( )∣ ∣ ( )∣
∣ ( )∣

∣ ( )∣ ∣ ( )∣ ∣ ( )∣ }

= = + +
+

+ + + Î

S V P E I H R S t V t P t

E t

I t H t R t t

, , , , , , max

: .

With the above assumptions, we then rewrite the fractal-fractional system (4) in the form;

 

 

 

 

 

 

 

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

= L

= L

= L

= L

= L

= L

= L

L L -

L L -

L L -

L L -

L L -

L L -

L L -

S t t t S t V t P t E t I t H t R t

S t t t S t V t P t E t I t H t R t

S t t t S t V t P t E t I t H t R t

S t t t S t V t P t E t I t H t R t

S t t t S t V t P t E t I t H t R t

S t t t S t V t P t E t I t H t R t

S t t t S t V t P t E t I t H t R t

, , , , , , , ,

, , , , , , , ,

, , , , , , , ,

, , , , , , , ,

, , , , , , , ,

, , , , , , , ,

, , , , , , , ,

RLM
t

RLM
t

RLM
t

RLM
t

RLM
t

RLM
t

RLM
t

0, 2
1

1

0, 2
1

2

0, 2
1

3

0, 2
1

4

0, 2
1

5

0, 2
1

6

0, 2
1

7

1 2

1 2

1 2

1 2

1 2

1 2

1 2

wherewe define;













( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( ) ( )
( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( )
( ( ) ( ) ( ) ( ) ( ) ( ) ( ))
( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( ) ( )
( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( )
( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( )
( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

z b s q a m
a m q
g g m

b s m l
l m k g
k w m g
w m

= - + - + - +
= - +
= + -

= + + - +
= - + + +
= - + + +
= -

t S t V t P t E t I t H t R t I H S PS V S

t S t V t P t E t I t H t R t S V

t S t V t P t E t I t H t R t H I P

t S t V t P t E t I t H t R t I H S PS E

t S t V t P t E t I t H t R t E I

t S t V t P t E t I t H t R t I H

t S t V t P t E t I t H t R t H R

, , , , , , , ,

, , , , , , , ,

, , , , , , , ,

, , , , , , ,

, , , , , , , ,

, , , , , , , ,

, , , , , , , .

p

1 1 2 1

2 1

3 1 2

4 1 2

5 2

6 1

7

From the system above, the fractal-fractionalmodel (4) can bewritten as an initial value problemof the
form.

⎧
⎨⎩

   
 

( ) ( ( )) ( ]
( )

( )=L L L Î
=

L L -t t t t, , , 0, 1 ,

0 ,
28

RLM
t0, 2

1
1 2

0

1 2

wherewe have( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))=t S t V t P t E t I t H t R t, , , , , , T with ( )= S V P E I H R, , , , , , T
0 0 0 0 0 0 0 0 and

also

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 









( ( ))

( ( ) ( ) ( ) ( ) ( ) ( ) ( ))
( ( ) ( ) ( ) ( ) ( ) ( ) ( ))
( ( ) ( ) ( ) ( ) ( ) ( ) ( ))
( ( ) ( ) ( ) ( ) ( ) ( ) ( ))
( ( ) ( ) ( ) ( ) ( ) ( ) ( ))
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=t t

t S t V t P t E t I t H t R t
t S t V t P t E t I t H t R t
t S t V t P t E t I t H t R t
t S t V t P t E t I t H t R t
t S t V t P t E t I t H t R t
t S t V t P t E t I t H t R t
t S t V t P t E t I t H t R t

,

, , , , , , , ,
, , , , , , , ,
, , , , , , , ,
, , , , , , , ,
, , , , , , , ,
, , , , , , , ,
, , , , , , , .
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2
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4
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Using the compact IVP (28) and the fractal-fractional integral operator’s axioms, produces;

      ( ) ( )
( )

( ) ( ( )) ( )ò j= +
L

G L
-L - L -t t d0 , . 29

t
2

1 0

1 12 1

It is possible to rewrite the fractal-fractionalmeaslesmodel as a set of equations by extending equation (29);

          

          

          

          

          

          

          

 

 

 

 

 
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 
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ò

ò

ò

ò

ò
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-
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L
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-
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L
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-
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L
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-
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L
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-
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L

G L
-
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L
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-

h

h

h

h

h

h

h
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, , , , , , , ,

, , , , , , , . 30

t

t

t

t

t

t

t

0
2

1 0
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0
2
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1 1

0
2
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0
2
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0
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The fractal-fractional system (4) can then be phrased as afixed point issue. Therefore, the operator
  ⟶= has been defined by

        [ ( )] ( )
( )

( ) ( ( ))ò= +
L

G L
L -L - L -t t d0 , ,

t
2

1 0
2

1 12 1

for every  Î Ît .
We demonstrate ourmodel’s existence by referring to the fixed point theorem.

Theorem7.1. [54]
Let us consider a full metric space ( )d, . Suppose we have a function   ⟶F ´: and a parameter

y Î Y. Additionally, let   ´: be a contractionmapwith respect to the functionΦ and the parameterψ.
Additionally, it is assumed that

P1: The function is considered to beΦ-admissible on the set .;
P2 :  ( )" Î Fh h h, , 1;0 0 0

P3: for any sequence { } Îhn with ⟶h hn and ( )F +h h, 1n n 1 , for all nmore than or equal to 1, this
suffices that ( )F h h, 1n , for everyn greater than or equal to unity. There exists an element *h in the set  such that
the composition *h is exactly the same as h

*.

Let us state a few specific operators to demonstrate this.

Theorem7.2.Assuming the existence of a function   ⟶x ´: , and the existence of a set   ( )Î ´C , .
There is also a functionψ belonging to the setΨ such that.
1: For every   Î,1 2 with Ît , it is evident that;      ∣ ( ( )) ( ( ))∣ (∣ ( ) ( )∣)yp- -t t t t t t, ,1 2 1 2 ,

with  ( ( ) ( ))x t t, 01 2 , where


( )
( )

y = G L + L
G L +L +L -M 1

1 2
2 1 2 1

2
.

 :2 there exist  Î0 in amanner that for all Ît U , yields   ( ( ) ( ( )))t t, 00 0 , and also
 ( ( ) ( ))x t t, 01 1 yields       [( ( )) ( ( ))]x " Ît t, 0, ,1 2 1 2 and Ît ,

3: For any sequence of sets { }n n 1 included in the set , such that n converges to  and
 [ ( ) ( )]+t n, 0n n 1 for all În and Ît , we can conclude that  ( ( ) ( ))x t t,n holds. If the criterion outlined

in the statement ismet, it can be inferred that we have a viable solution for the fractal fractionalmodel denoted by
equation (2). As a result, there is a solution for our fractal-fractional model as defined by equation (3).

Proof.To begin, we introduce two arbitrary constants, denoted as  and 1, whichwill be used in the
application of the beta function definition. Additionally, we define another operator, 2, based on the axiom
 ( ( ) ( ))x t , 21 2 , where t belongs to the set . By employing the Beta function, wemake the claim that;
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 
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Next, we have;

 



     

 

∣ ( ( )) ( ( ))∣ ( )
(
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y
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-
L G L
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-

= -

L +L -
t t

M
,

.

1 2
2

1
2

1
1 2

1 2

1 2

We then have the non-negativemap   ⟶ [ )F ´ ¥: 0, which is best defined by

⎧
⎨⎩  

 
 

( )
( ( ) ( ))
( ( ) ( ))
x
x

F =
<t t

t t
,

0, , 0,

1, , 0,1 2
1 2

1 2

For any given elements 1 and 2 belonging to the set , the following inequality holds:
          ( ) ( ( ) ( )) ( ( ))yF Îd d, , , , for all , .1 2 1 2 1 2 1 2

Hence, it is sufficient for to be a yF - contraction. In order to establish the admissibility of with respect
toΦ, we consider two functions 1 and 2 belonging to the set , subject to the condition
that  ( ( ) ( ))F t t, 11 2 .

The current formulation ofΦ yields the inequality  ( ( ) ( ))x t t, 01 2 . Furthermore, the inequality

   [ ( ( )) ( ( ))]x t t, 01 2

holds true. The inequality    ( ( ( )) ( ( )))F t t, 11 2 is reaffirmed, in accordancewith the description of τ.
Hence, it can be inferred that theΦ-admissibility of is certain.

According to condition2, the existence of  Î0 is guaranteed, thereby establishing that
  ( ( ))F , 10 0 . This implies that the requirements1 and2 aremet.We proceed to establish condition

3. Let us consider a series { }n n 1 that belongs to the set .We assume that this sequence converges to a limit
 , denoted as  ⟶n . Additionally, we have the condition that  ( )F +, 1n n 1 for all values of n. The non-
negativity of themap τ is established by the inequality

 ( ( ) ( ))x +t t, 0.n1 1

Therefore, the condition referred to asG3 is adequate to prove the inequality  ( ( ) ( ))x t t, 0n .Moreover, the
establishment of condition P3 in theorem (3.4) is equally apparent. In summary, the existence of a fixed point for
the set is assured by theorem (3.4) given that * is amember of the set . Therefore, itmay be inferred that
the set        * ( )= S V P E I H R, , , , , , is enough. The variable serves as a solution for themeaslesmodel
with fractal-fractional operators, so ending the argument is justified. ,

Theorem7.3. [68]
We then consider a Banach space  and a bounded, convex, and closed setχ in . Supposeα is an open set inχ

such that 0 is an element ofα. Additionally, let ⟶a c: be an operator. Under these conditions, we have two
possibilities:
1:We have aÎy which is a fixed point whenever( ) =y y .
2: There is an aÎ ¶e and β an element of ( )0, 1 whenever ( )b=y y .

Theorem7.4.Now assume be a function in the space  ( )´C , . If 1holds, then there exist a functionj in the
space  ( )>, 01 and amonotone ascending operatorϒ in the space ([ ) ( ))¥ ¥C 0, , 0, in amanner as for all t in 
and  in , the inequality  ∣ ( ( ))∣ ( ) (∣ ( )∣)jC t t t C t, holds. In the set 2, there exists a positive value of μ.

 *( )
( )

( ) ( )m j m> +
G L +

G L + L

L +L -M
C

1
, 310

1
2

1 2
0

1 2

Considering the expression


* ∣ ( )∣j j=

Î
tsup .

t
0
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Hence, it can be concluded that there is a viable solution ourmeasles model imposedwith fractal-fractional operators
represented by equation (4).

Theorem7.5. In the present context, we analyse themapping denoted as  , as defined in equation (9), alongwith the
compact ball.

     { ∣∣ ∣∣} ( )= Î : . 32

The continuity of the set  is sufficient for the continuity of themap  . Now, considering 1, wemay observe the
following:





 


     

     





      

 

 




*

*

∣ ( ( ))∣ ∣ ( )∣
( )

( ) ∣ ( ( )) ( ( ))∣

( )
( ) ( ) (∣ ( )∣)

( )
( )

(∣∣ ∣∣ )

( )
(

( ) ( )
)

ò

ò

j

h

m

L
G L

- -

+
L

G L
L -

+
L L

G L

= +
L G L

G L +

h

h

L - L -

L - L -

+L -

+L -

t t d

t C d

M
C

M
C

0 , , ,

,

,
,

, 33

t

t

2

1 0

1 1
2

0
2

1 0
2

1 1

0
2

1
1 2

1
0

0
2

1
2

1 2
0

2 1

2 1

1 2

1 2

for  Î which yields

  


*∣ ( ( ))∣ ( )
(

( ) ( )
)

j m+
L G L

G L +
< ¥

L +L -
t

M
C . 340

2
1

2

1 2
0

1 2

Hence, it can be observed that the variable is uniformly confined on the set . Therefore, establishing the
equicontinuity of  .We select two values, t and *t , from the interval [ ]0, , where t is less than *t , and  belongs to
the set of natural numbers  .

Assumingmoreover that


  

 

*∣ ( ( ))∣
( )

= < ¥
Î ´

t tsup , ,
t U,

Furthermore, this results in;





 

  

   

  

     

 







*

*

*
*

*
*

*

*

∣ ( ( )) ( ( ))∣
( )

( ) ∣ ( ( ))∣

( )
( ) (∣ ( ) ( )∣)

( )
∣ ( ) ( )

( )
( )

∣ ∣

( )
( )

∣ ∣ ( )

ò

ò

ò ò

j j

yf j

j

h
h

-
L

G L
-

-
L

G L
- -

L
G L

- - -

L L L
G L

-

=
L G
G + L

-

h h

h

- -

L - L -

L - L - L - L -

L + - L +L -

L +L - L +L -

t t t d

t d

t t

t t

t t

,

,

,

,
,

. 35

t

t

t t

2

1 0

1 1

2

1 0

1 1
1 2

2

1 0

1 1

0

1 1

2 1 2

1

1 1

2 2

2 1

1 1

2 1

2 1

2 1 2 1

2 1 2 1

2 1 2 1

It can be shown that the right-hand side (RHS) of equation (25) is unaffected by changes in temperature (T) and also
exhibits continuity as *t approaches t.The expression

   *∣∣ ( ( )) ( ( ))∣∣-t t ,

tends to zero. This demonstrates the equicontinuity of themap , where *t converges to t. Hence, the Arzela-Ascoli
theorem asserts that is compact on  . Hence, we affirm that theorem (3.4) holds true on the set as we own one
of the resulting outcomes. Now, using the set 2, we can observe that there exists a positive value μ such that

 *( )
( )

( ) ( )m j m> +
G L +

G L + L

L +L -M
C

1
. 360

1
2

1 2
0

1 2

By considering

  ≔ { ∣∣ ∣∣ }a mÎ <: ,

It is assumed that there exists aÎ ¶T and b< <0 1according to the constraint  ( )b=T .We then propose
that;
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
 



 

*

*

∣∣ ∣∣ ∣∣ ∣∣
( )

( )
(∣∣ ∣∣ )

( )
( )

( )

( )

l b

j

j m

m

= =
G L +

G L + L

<
G L +

G L + L
<

h

L +L -

L + -

M
C

M
C

,

1
,

1
,

. 37

1
2

1 2
0

1
2

1 2
0

1 2

1 2

Hence, the validity of the second instance cannot be shown as the aforementioned statement is not feasible. This
implies the existence of a fixed point in the parameterα for the operator. Therefore, it may be inferred that the
measlesmodel in fractal-fractional operator has a feasible solution, thereby providing comprehensive support for the
findings.

7.1. Uniqueness results
The Lipschitz criterion is utilised in the examination of the functionj, for j= 1, 2, 3,L , 8, to ascertain a
unique solution for themeaslesmodel imposedwith fractal fractional operators under investigation.

Lemma7.1.Webegin by assuming these operators
        ≔ ( )ÎS V P EI H R S V P E I H R, , , , , , , , , , , , , . Additionally, let us assume that ( )1 for

h h h h h h h >, , , , , , 01 2 3 4 5 6 7 then, there exists
     ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣h h h h h hS V P E I H, , , , ,1 2 3 4 5 6 where ∣∣ ∣∣ h >R 07 .
In so doing, the given operators      , . , , , ,1 2 3 4 5 6 7 as highlighted in theorem (3.4) suffices the Lipschtiz

condition concerning the elements when J J J J J J J <, , , , , , 11 2 3 4 5 6 7 and leads to;




( )

( )

g b a m
g m q
g m

g m l
g m k g
g w m g
g m

= - +
= +
=

= +
= + + +
= + + +
=

,

,
,

,
,
,

. 38

p

1 1 1

2

3

4

5 2

6 1

7

Proof.Given the initial operator 1, it can be shown that for any  * ( )ÎS S C U, : ,u u , the following outcomes
are observed:




  

  



*

*

∣∣ ( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣∣
∣∣ ( ( ) ( )) ( ) ( ) ( ) ( ) ( ) ( )

( ( ( ) ( )) ( ) ( ) ( ) ( ) ( ) ( ))∣∣
[ ∣∣ ( )∣∣ ∣∣ ( )∣∣ ( )]∣∣ ( ) ( )∣∣
[ ( )]∣∣ ( ) ( )∣∣

∣∣ ( ) ( )∣∣
( )

z b s q a m
z b s q a m

b b a m
b a m
J

-
= - + - + - +

- - + - + - +
+ - + -

- + -

= -

t S t V t P t E t I t H t R t t S t V t P t E t I t H t R t

I t H t S t P t S t V t S t

I t H t S t P t S t V t S t

I t H t S t S t

S t S t

S t S t

, , , , , , , , , , , , , , ,

,

,

,

.

39

u u

u u

1 1

1 2 1

1 2 1

1 1 1

1 1

1

It can be noticed that the kernel1meets the Lipschitz conditionwith respect to Su, where the constant J1 is less
than 1.

Next, we also take into account the subsequent operator2. For any * ÎV V,u u such that ( )C , holds as
seen in,



  







∣∣ ( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣∣
∣∣( ( ) ( ) ( )) ( ( ) ( ) ( ))∣∣
[( )]∣∣ ( ) ( )∣∣

∣∣ ( ) ( )∣∣
( )

a m q a m q
m q

J

-
= - + - - +

+ -
= -

t S t V t P t E t I t H t R t t S t V t P t E t I t H t R t

S t V t S t V t

V t V t

V t V t

, , , , , , , , , , , , , , ,

,

,

.
40

2 2

1 1

2

The second kernel, denoted as2, likewise satisfies the Lipschitz condition in regard toV(t)with a constant J2

that is less than 1.
Furthermore, we also take into account the third operator, denoted as3. For every P(t) and ( )P t

belonging to the set , the expression ( )C , holds true as given in
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

  







∣∣ ( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣∣
∣∣( ( ) ( ) ( )) ( ( ) ( ) ( ))∣∣
[ ]∣∣ ( ) ( )∣∣

∣∣ ( ) ( )∣∣
( )

g g m g g m

m

J

-
= + - - + -

-

= -

t S t V t P t E t I t H t R t t S t V t P t E t I t H t R t

H t I t P t H t I t P t

P t P t

P t P t

, , , , , , , , , , , , , , ,

,

,

.
41

p p

p

3 3

1 2 1 2

3

The third kernel, denoted as3, also satisfies the Lipschitz conditionwith respect toP(t), with a constant J3

that is less than 1.
In light of the subsequent kernel, denoted as4, itmay be said that for everyE and E belonging to the set 

and satisfying ( )C , , the following outcomes are obtained:




 







( )

∣∣ ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))
( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣∣

∣∣(( ( ( ) ( )) ( ) ( ) ( ) ( ) ( )) ( ( ( ) ( )) ( ) ( ) ( ) ( ) ( ))∣∣
[ ]∣∣ ( ) ( )∣∣

∣∣ ( ) ( )∣∣

b s m l b s m l
m l
J

-
= + + - + - + + - +

+ -
= -

42

t S t V t P t E t I t H t R t

t S t V t P t E t I t H t R t

I t H t S t P t S t E t I t H t S t P t S t E t

E t E t

E t E t

, , , , , , ,

, , , , , , , ,

,

,

.

4

4

1 2 1 2

4

It can be noticed that the kernel4 meets the Lipschitz conditionwith respect toE(t), where the constant J4 is
less than 1.

The remainingmodel’s variables for ourmeasles diseasemodel with fractal-fractional operators were
likewise derived as follows;


 



  







∣∣ ( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣∣
∣∣( ( ) ( ) ( )) ( ( ) ( ) ( ))∣∣
[ ]∣∣ ( ) ( )∣∣

∣∣ ( ) ( )∣∣
( )

l m k g l m k g
m k g
J

-
= - + + + - - + + +

+ + + -
= -

t S t V t P t E t I t H t R t t S t V t P t E t I t H t R t

E t I t E t I t

I t I t

I t I t

, , , , , , , , , , , , , , ,

,

,

.
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5 5
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
 



  






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-
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t S t V t P t E t I t H t R t t S t V t P t E t I t H t R t

I t H t I t H t

H t H t

H t H t

, , , , , , , , , , , , , , ,

,
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.
44
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



  







*
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[ ∣∣ ( )∣∣ ]∣∣ ∣∣
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∣∣ ( ) ( )∣∣
( )

w m w m
s

m
J

-
= - - -
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-

= -

t S t V t P t E t I t H t R t t S t V t P t E t I t H t R t

H t R t H t R t

I t S S

R t R t

R t R t

, , , , , , , , , , , , , , ,

,

,

,

.
45

v v v v

7 7

3

7

Hence, our findings indicate that the functions      , , , , , ,1 2 3 4 5 6 7 all complywith the Lipschitz
condition, with each function having its own corresponding constant J J J J J J J, , , , , ,1 2 3 4 5 6 7, where each
constant is greater than zero. ,

Theorem7.6.Given the assumption of the validity of condition 1 as presented in lemma 3.1, it is possible to affirm
that the solution generated by themeasles model with fractal-fractional operators is unique if.


( )

( )
{ } ( )J

G L
G L +

< Î
L +L -M

i
2

1, 1, 2, ,8 . 46i

1
2

1

1 2

Proof.The utilisation of proof by contradiction is employed as amethod to establish the unique characteristic of
the solution to ourmeasles diseasemodel with fractal and fractional operators. Hence, we posit the assumption
that the theorem’s conclusion lacks validity, hence implying the presence of perhaps an additional solution
associatedwith themeasles diseasemodel via fractal and fractional operators. Given the starting values
S V P E I H R, , , , , ,0 0 0 0 0 0 0, let us assume that       ( ) ( ) ( ) ( ) ( ) ( ) ( )S t V t P t E t I t H t R t, , , , , , represent an
additional solution that fits themeasles diseasemodel studied through fractal and fractional operators.With the
assumption that equation (30) is valid, itmay be inferred that
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Consequently, the subsequent estimates are as follows:
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Consequently,
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As a result, it can be deduced from equation (49) that the derived inequality is truewhen the condition
*∣∣ ∣∣- =S S 0u u is satisfied, thereby implying that *=S Su u .
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this results in
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Furthermore, the derived inequality is truewhen ∣∣ ∣∣- =V V 0 indicating that =V V .
This finding holds true for all other state variables inside themeaslesmodel. Thefindings obtained thus

indicate a contradiction, as we have demonstrated the opposite.
      ( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))=S t V t P t E t I t H t R t S t V t P t E t I t H t R t, , , , , , , , , , , , .

Thus, it has been demonstrated that themeasles diseasemodel with fractal-fractional operators produces a
solitary solution, namely a singular solution, thereby concluding the proof. ,

7.2. Stability studies of themeasles diseasemodel via fractal and fractional operators
The analysis of stability in amodel is of utmost importance in assessing its dynamic resilience, given the frequent
occurrence of inconsistencies in biological systems. Therefore, the focus of this part is to analyse if ourmeasles
diseasemodel with fractal and fractional operators is stable through theHyers-Ulam (HU) stability threshold
and theHyers-UlamRassias (HUR) stability parameter.

Definition 7.1.By conducting a rigorous analysis on the stability of ourmeasles diseasemodel with fractal and
fractional operators, we employ theHU stability approach.HU stability is achieved if there exist real numbers
greater than zero, denoted asi

for =i 1, 2, 3, ,8, and positive values for all wi. Additionally, for any set of
variables       ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))S t V t P t E t I t H t R t, , , , , , belonging to the set , the conditions forHU
stabilitymust be satisfied.
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There exists a set ( ) ÎS V P E I H R, , , , , , that satisfies themeasles diseasemodel with fractal-fractional
operators (4) in question in amanner that
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Definition 7.2.Themeasles diseasemodel with fractal and fractional operators in equation (2) is considered as
HUR stable if there is a set   ( )Î + +C ,

i
. Let i be an index ranging from1 to 8. Let ( )0

i
denote a certain

initial condition fori. It is required that for eachi being positive, and for every
      ( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ÎS t V t P t E t I t H t R t, , , , , , satisfying equation (41), there exists a solution

( ) ÎS V P E I H R, , , , , , that satisfies the fractal-fractionalmeaslesmodel (3).
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This is imperative to acknowledge that the definition (3.2) is derived from the definition (3.1).

Remark 7.1. It can be observed that the tuple       ( ( ) ( ) ( ) ( ) ( ) ( ) ( )) ÎS t V t P t E t I t H t R t, , , , , , is a
solution for equation (3.1) if and only if the functions ([ ] )t t t t t t t Î C, , , , , , 0, ,1 2 3 4 5 6 7 .The values of
      ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))S t V t P t E t I t H t R t, , , , , , determine the outcome, subject to the condition that it

holds for every t in the set  .

a. ∣ ( )∣t w<ti i where =i 1, 2, 3, ,8,
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Definition 7.3.We reiterate that our providedmeasles diseasemodel with fractal and fractional operators (2) is
considered asHUR stable for ri values where =i 1, 2, 3, ,8, if there exists a ( )r,i i

such that w" > 0i and
      ( ) ÎS V P E I H R, , , , , , that fulfils the given conditions.
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Let ( ) ÎS V P E I H R, , , , , , denote a solution associatedwith the fractal-fractionalmeasles framework (2).
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Definition 7.4.The fractal-fractionalmeaslesmodel, represented by equation (2), is considered to beHUR stable
in relation to the functions ri if there is a positive real number  ( ) Îr,i i

where for every
      ( ) ÎS V P E I H R, , , , , , that satisfies the following conditions:
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It is therefore obvious that ( ) ÎS V P E I H R, , , , , , is a solution to ourmeasles diseasemodel with fractal and
fractional operators (2)with
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It is worth emphasising that definition (3.4) is derived fromdefinition (3.3), thus indicating that definition (3.3)
establishes theHU stable requirement of our solution.

Remark 7.2.Wenotice certainly that the solution       ( ) ÎS V P E I H R, , , , , , for equation (3.2) exists
if and only if ([ ] )t t t t t t t Î C T, , , , , , 0, ,1 2 3 4 5 6 7 .Given the variables       ( )S V P E I H R, , , , , , , the
following conditions hold for every t in the setU.

a ∣ ( )∣ ( )t t r<ti i i where =i 1, 2, 3, ,8,
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After considering the aforementioned definitions and considerations, we proceed to examine the establishment
of theHU stability inside ourmodel, specifically the fractal-fractionalmeaslesmodel.

Theorem7.7.Assuming that the condition ( )1 stated in the given lemma (3.1) holds, then ourmeasles diseasemodel
with fractal and fractional operators provided on the interval  ≔ [ ]0, Additionally, it is worth noting that the
concept of being ‘generalisedHU stable’ is being considered.

( )
( )

J
G L

G L + L
< =

L +L -M
i1, 1, 2, 3, ,8.

1
2

1 2
1

1 2

The variables Ji have been previously established in lemma (3.1).

Proof. Let w1be a positive value and *Su be an arbitrary element in the set , then,

        ∣ ( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣ w- <L L S t t S t V t P t E t I t H t R t, , , , , , , .FFP
t0,
,

1 1
1 2

It can be noted from remarks (6.3) that the operator ( )t t1 can be found to satisfy

        ∣ ( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣ ( )t= +L L S t t S t V t P t E t I t H t R t t, , , , , , , ,FFP
t0,
,

1 1
1 2

where ∣ ( )∣ wtau t1 1. Consequently, itmay be inferred that;

          

  

       ( ) ( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

( )
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ò
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+
L
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-
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t d

, , , , , , , ,

.

t

t

0
0

1 1
1

2

1 0

1 1
1

2 1

2 1

According to the uniqueness criterion, we can posit that ÎS represents the sole solution to themeasles
diseasemodel with fractal and fractional operators, which is the subject of our study. The function S(t) is defined
as follows:

                 ( ) ( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))ò= + -L - L -S t S t S V P E I H R d, , , , , , , ,
t

0
0

1 1
1

2 1

This can be further elucidated as





   

       
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




      



∣ ( ) ( )∣
( )

( ) ∣ ( )∣
( )

( )

∣ ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))
( ( ) ( ) ( ) ( ) ( ) ( ) ( )) )∣
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-
L

G L
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L
G L

-

´
-
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-
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,

, , , , , , , ,

, , , , , , , ,

.
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2
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1 1
1

2

1 0

1 1

1

1

2
1

2

1 2
1

2
1

2

1 2
1

2 1 2 1

1 2 1 2
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Consequently, this results in

∣∣ ∣∣
( )

( )
( )

( )

w

J
-

h

L G L
G L + L

L G L
G L +

L +L -

L +L -
S S .

M

M

1

1

2 1 2 1
2

1 2

2 1 2 1
2

1 2

If we subsequently allow
( )

( )

( )
( )

=
w

J
h

L L +L - G L
G L + L

L L +L - G L
G L +

i

M

M

2 1 2 1 2

1 2
1

2 1 2 1 2

1 2
1

, thenwe say that  
∣∣ ∣∣ w-S S 11

, in a comparablemanner

the results for the remaining state variables are as follows:
































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w
w
w
w
w
w

-
-
-
-
-
-

V V
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E E
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,

,

,

,

,
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2

3

4

5

6

7

2

3

4

5

6

7

Thus, itmay be concluded that theHU stability condition of the fractal-fractionalmeaslesmodel is adequately
satisfied. Bymaking additional assumptions



( )
( )

( )
( )


w

J
= =

h

L G L
G L + L

L G L
G L +

L +L -

L +L -
i, 1, 2, ,8.

M

M

1

1

i

2 1 2 1
2

1 2

2 1 2 1
2

1 2

If  ( ) =0 0
i

, then themeasles diseasemodel with fractal and fractional operators satisfies the generalised
Hyers-Ulam stability condition. This study examines the hyers ulam rassias stability of ourmeasles disease
model with fractal and fractional operators. ,

Theorem7.8. Let us consider the assumption that condition ( )1 holds true and ( )2 , there exist a set of growing
functions ([ ] )r Î +C 0, ,i . Let i be an integer ranging from 1 to 8. It is assumed that there exists a positive value
for cri

 *∣ ( ) ( ) cF < " Î =r
L t t t i, , 1, 2, 3, ,8.FFP

t0, i

1

Themeasles diseasemodel with fractal and fractional operators that we have developed is considered to possess Hyers-
Ulam-Rassias stability, as well as generalisedHyers-Ulam-Rassias stability.

Proof.Now, let m1 be a positive value and
S be an element of the set that satisfies

        ∣ ( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣ w r- <L L S t t S t V t P t E t I t H t R t, , , , , , , .FFP
t0,
,

1 1 1
1 2

Itmay be further remarked that based on remarks (6.3), the operator ( )m t1 can be identified, which fulfils the
given condition

        ∣ ( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))∣ ( )t= +L L S t t S t V t P t E t I t H t R t t, , , , , , , ,FFP
t0,
,

1 1
1 2

where ∣ ( )∣ ( )t w rt t1 1 1 . Consequently, itmay be inferred that;

          

  

       ( ) ( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))

( )
( ) ( )

ò
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+
L
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-

L - L -

L - L -

S t S t S V P E I H R d

t d

, , , , , , , ,

.

t

t

0
0

1 1
1

2

1 0

1 1
1

2 1

2 1

According to the uniqueness condition, we further posit that ÎS represents the sole solution to themodel
understudy. The function S(t) is defined as follows:
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                 ( ) ( ) ( ( ) ( ) ( ) ( ) ( ) ( ) ( ))ò= + -L - L -S t S t S V P E I H R d, , , , , , , .
t

0
0

1 1
1

2 1

This can be subsequently derived as
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


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Consequently, we obtain;
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If subsequently let  ( )
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r
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r

L L +L - G L
G L + L

t
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1
i i M
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, it is then obvious that  
∣∣ ∣∣ ( )w r- rS S , 1 11 1

, In a similar

manner the results for the remainder of the state variables are as follows:
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, 2 2

, 3 3

, 4 4

, 5 5

, 6 6

, 7 7

2 2

3 3

4 4

5 5

6 6

7 7

In summary, it can be concluded that themeaslesmodel with fractal-fractional operators is hyers and ulam
rassias stable. Considering wi holds for =i 1, 2, 3, ,8, itmay be stated that themeasles diseasemodel with
fractal and fractional operators exhibits a generalised hyers and ulam rassias stability. This finalises the proof. ,

8.Numerical scheme

The objective of this section is to derive an approximate solution for themeasles diseasemodel with fractal-
fractional operator. This objective presents a numerical approach that employsNewton’s polynomialmethod.
For additional clarification, it is recommended to consult the publications by Toufik et al (2017) andAtangana
et al (2021) in [69] and [43]. The numerical technique employs innovative differential and integral operators,
wherein the traditional differential operator is substituted in place of theMittag-Leffler kernel.
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Next, we proceed to reconfigure themodel in the following format;
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The aforementioned system is restructured using a fractal-fractional integral formwith aMittag-Leffler kernel,
resulting in the following outcome:
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It is important to note that theNewton’s polynomial can be expressed as;
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we then substitute equation (61) into equation (60), this yields;
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The integrals of equations (62)–(68) gives
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Figure 3. Fractional patterns for the Susceptible (S(t)), the Pathogen Environment (P(t)), theVaccinationV(t), and the Exposed (E(t)),
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Figure 4. Fractional patterns for the Infectious (S(t)), Recovered (R(t)), andHospitalizedH(t) at several fractional and fractal values.
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Figure 5. Fractional patterns the Susceptible (S(t)), the Pathogen Environment (P(t)), theVaccinationV(t) and the Exposed (E(t)), at
several fractional orders forΛ2 = 1. (a)Dynamics of the Susceptible class S(t) at distinct fractional ordersΛ1 and fractalΛ2 = 1. (b)
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Figure 6. Fractional patterns for the Infectious (S(t)), HospitalizedH(t), Recovered (R(t)), at several fractional orders withΛ_2 = 1. (a)
Dynamics of the Infectious class I(t) at distinct fractional ordersΛ1 and fractalΛ2 = 1. (b)Dynamics of theHospitalized classH(t) at
distinct fractional ordersΛ1 and fractalΛ2 = 1. (c)Dynamics of the Recovered classR(t) at different fractional ordersΛ1 and fractal
Λ2 = 1.
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Figure 7. Fractional patterns for the Susceptible (S(t)), the Pathogen Environment (P(t)), theVaccinationV(t) and the Exposed (E(t)),
several fractal dimensions withΛ1 = 0.9 (a)Dynamics of the Susceptible class S(t) at distinct fractal dimensions withΛ1 = 0.9 (b)
Dynamics of theVaccination classV(t) at distinct fractal dimensions withΛ1 = 0.9 (c)Dynamics of the Pathogen Environment class
P(t) at different fractal dimensions withΛ1 = 0.9 (d) Fractal-fractional dynamics of the ExposedCompartment E(t) at different fractal
dimensions withΛ1 = 0.9.
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9.Numerical simulations and discussions

In this part, we provide the numerical solutions for our fractal-fractionalmeaslesmodel using the
aforementioned numerical scheme. The solutions are obtainedwithin the fractal dimension range of 0< η2� 1
and a fractional order range of 0< η1� 1. In order to provide clear illustrations of the outcomes in this study,
the following initial conditions were employed: S(0)= 500,V(0)= 0,P(0)= 0,E(0)= 20, I(0)= 10,H(0)= 5,
R(0)= 10. These initial conditionswere accompanied by the parameter data points specified on the given
table 1. Therefore, an investigation is conducted into the dynamics ofmeasles disease by selecting a range of
fractal dimension and fractional order values in order tomeasure the effect of the fractal and fractional operators
on the disease. Furthermore, this study seeks to identify the ideal parameters points that exert a substantial
impact on the biological patterns ofmeasles disease. To achieve this, a numerical analysis is performed bymeans
of perturbing the values of some selected parameters to observe their impact on various compartments and the
overall progression of the disease. This analysis will aid in the determination of effective control strategies for
managing the disease. Table 2 contains themodel parameters.

The numerical scheme forNewton’s polynomial infigure 3 and 5 indicates a convergence of all the state
variable trajectories. Here, the fractal and fractional values were varied. It was observed that in the initial days of
themodel, the susceptible individuals reduces very fast for the integer orderΛ1=Λ2= 1 asmany individuals are
vaccinated, but at the fractal-fractional charges,Λ1=Λ2= 0.95, 0.90, 0.85, 0.80, susceptibility to the disease is
reduced at a slow rate where it takes a linear trend atΛ1=Λ2= 0.80. The exposed individuals are also seen to
decline rapidly and then rise to the peak forΛ1=Λ2= 1 at day 35 and start declining as compared to the

Figure 8. Fractional patterns for the Infectious (S(t)), theHospitalizedH(t), Recovered (R(t)), at several fractal dimensionswith
Λ1 = 0.9 (a)Dynamics of the Infectious class I(t) at distinct fractal dimensions withΛ1 = 0.9 (b)Dynamics of theHospitalized class
H(t) at distinct fractal dimensions withΛ1 = 0.9 (c)Dynamics of the Recovered classR(t) at distinct fractal dimensions withΛ1 = 0.9.
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fractional orderΛ1= 0.80where individuals become exposed to the disease but at a slow rate. Also, from
figure 4(a), we observe that infections rise faster atΛ1=Λ2= 1 and decline after day 45, whichmay indicate that
the disease has died out. Still, the fractional orders indicate a lasting disease occurrence as typically seen at

Figure 9. Fractional patterns for the Susceptible (S(t)), the Pathogen Environment (P(t)), VaccinationV(t) and the Exposed (E(t)), at
severalσ2 values forΛ1 = Λ2=0.90 (a)Dynamics of the Susceptible class S(t) at distinctσ2 values. (b)Dynamics of theVaccination class
V(t) at distinctσ2 values. (c)Dynamics of the Pathogen Environment class P(t) at distinctσ2 values. (d)Dynamics of the Exposed class
E(t) at distinctσ2 values.

Table 2.Values of the parametersin themodel.

Parameters Description Value Source

ζ Susceptible inflow 68, 027 [50]
σ1 Proportion of transmission rate from susceptible individuals to exposed class as a result of interac-

tionswith hospitalized individuals

0.035 Assumed

σ2 Contact rate of susceptible individuals with contaminated environment 0.01 Assumed

α1 Rate of vaccination to the susceptible individuals 0.037 755 [70]
θ Rate at which immunity is lost 0.003 286 [50]
μ Natural death rate 0.008 75 [20]
γ1 The rate at which infected individuals contaminate the environment 0.000 309 [50]
γ2 The rate at which hospitalized individuals contaminate the environment 0.005 Assumed

μp Rate at which the pathogen in the environment dies 0.05 Assumed

λ Rate at which an exposed individual become infected 0.500 00 [50]
κ Rate at which infected individuals are hospitalized due to complications 0.036 246 [50]
ò Measles related death rate 0.125 [70]
ω The recovery rate of thosewho have had treatment. 0.062 366 [50]
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Λ1=Λ2= 0.80, where infections are prolonged but stay longer than expected. In consequence, at
Λ1=Λ2= 0.80,many infected individuals are hospitalized and suddenly decline, but at the fractal-fractional
values, we observe that the disease persists and individuals are still hospitalized but at aminimal rate. Since
infections last longer atΛ1=Λ2= 0.80, it is seen in figure 4(c) that recovery from the disease is prolonged.

In contrast, it is noteworthy that the simulation ofNewton’s polynomial scheme for ourmodel reveals
convergence of trajectories when subjected to various fractional values, specifically with the fractal valueΛ2= 1,
as depicted infigures 5 and 7.Moreover, these trajectories exhibit proximity to the integer order, denoted by
Λ1=Λ2= 1. Individuals becomemore susceptible to the disease atΛ1= 0.80 from figure 5(a). It is then
observed that asmany individuals in the population are vaccinated from figure 5(b), the exposed compartment
rises and then reduces speedily infigure 5(d).We further observe that forΛ1= 1, infections reach the peak at day
47 and then reduce but indicate a linear trend forΛ1= 0.8. Figure 6(c) shows that individuals recover from the
disease forΛ1= 0.80 compared toΛ1= 1 as recovery increases fast.

Again, infigures 7 and 9, where the fractal dimensions were varied butwith the fractional orderΛ1= 0.9, we
observed significant changes in themodel. For instance, forΛ2= 1 though susceptibility to the disease reduces
but not very fast as compared tofigures 3 and 5, where susceptibility declined speedily. Also,figure 7(d) shows
that individuals exposed to the disease reach the apex after day 40, whereas figures 1 and 3 individuals become
exposed to the disease before day 40. It is further observed that forfigure 8(a), infections peak after day 60,
whereas forfigure 6(a), infections peak even before day 50. Asmany people become infected, we realize the
environment becomes highly contaminated. This shows thatmany individuals will be hospitalized and thus
leading to a rise in the recovery compartment, as seen infigure 8(c).

Figure 10. Fractional patterns for the Infectious (I(t)), Recovery (R(t)) and theHospitalizedH(t) at severalσ2 values forΛ1 = Λ2=0.90

(a)Dynamics of the Infectious class I(t) at distinctσ2 values. (b)Dynamics of theHospitalized classH(t) at distinctσ2 values. (c)
Dynamics of the Recovered classR(t) at distinctσ2 values.
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Furthermore, a noteworthy impact ofσ2, denoting the rate at which susceptible individuals come into touch
with the pathogen environment, was identified. It is observed infigure 9(a) that as the parameter value increases,
the susceptible individuals decline speedily as vaccination also rises, as seen infigure 9(b). This follows a very
high environmental contamination rate, as seen infigure 9(c).Many individuals become exposed to the disease
quickly atσ2= 0.3 but after day 16, declines whereas a linear trend of exposure to the disease is observed at
σ2= 0.01. Also, infigure 10(a), we observed thatmany individuals become infected rapidlywhen the parameter
values increase but decline quickly after a few days and converge towardswhereσ2= 0.01 as seenwhen
σ2= 0.04 it takes over 40 days for the infection to decline as compared toσ2= 0.3where at exactly day 20 the
disease is seen to be dying out. On the other hand, atσ2= 0.1, we observe that infections last for a very long time
as it takes a linear trend of spreading. In a similar vein, as infections rise,many individuals are hospitalized, as
seen infigure 10(b), and hence recovery rate increases very fast, as seen infigure 10(c), where atσ2= 0.3 recovery
declines after day 60 but atσ2= 0.01 recovery continue to rise.

10. Conclusion

Wehave studied in this work a fractal-fractional ordermathematicalmodel for themeasles disease considering
the contamination in the environment and its effect on the dynamics of the disease.We have explicitly shown the
existence of ourmodel through thefixed point theory and have further proven that the fractal-fractional order
measlesmodel has a unique solution.We have proven that ourmodel isHU andHUR stable through theHyers
Ulam (HU) andHyers-Ulam-Rassias (HUR) stability conditions. Themodel was then simulated through the
novel Newton’s polynomial approach, which has been shown to converge quickly. The simulationswere carried
out by considering different fractal and fractional values.We observed that atΛ1=Λ2= 1, infections increase
speedily as there aremore interactions in the population during the disease outbreak but decline after day 40,
which results in a rise in the recovery rate. On the other hand, atΛ1=Λ2= 0.8, infections last in the
environment as it takes a linear trend, leading to a linear trend in the recovery rate. Significantly, it was observed
that for a constant fractional orderΛ1= 0.90with varying values of the fractal dimension, infections reach the
peak after day 60, and thusmany becomehospitalized, which results in a rise in the recovery compartment.We
finally observed a need to control the interactions between the susceptible individuals and the contaminated
environment by introducingmore vaccination, quarantine, isolation, handwashing, andwearing nosemasks
during the disease outbreak. This is because, as seen infigures 8 and 9, as the rate of interactions between the
susceptible individuals and the contaminated environment increases, the number of infected individuals
increases. This, therefore, calls for healthworkers’ attention to educate people in the population to practice these
safety precautions during the outbreak. Future extensions could the development of fractional optimal control
ofmeasles andmathematical diffusionmodel of the dynamics ofmeasles in heterogeneous population.
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