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Abstract

We investigate solutions to the Inverse Eigenvalue Problem (IEP) of certain singular Hermi-
tian matrices. Based on a solvability lemma, we propose an algorithm to reconstruct such
matrices from their eigenvalues. That is, we develop algorithms and prove that they solve
n X n, singular Hermitian matrices of rankr. In the case of n x n matrix, the number of in-
dependent matrix elements would reduce to the extent that there would be an isomorphism
between the elements and the nonzero eigenvalues. We initiate a differential geometry and
numerical analytic interpretation of the Inverse Eigenvalue problem for Hermitian matri-
ces using fibre bundle with structure group O(n). In particular, Newton type algorithm is
developed to construct non singular symmetric matrices using certain singular symmetric

matrices as the initial matrices for the iteration.
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Introduction

Background: Inverse problems are encountered in several branches of Mathematics, and
they have important real-world applications in engineering and the sciences. The direct
Eigenvalue Problem in the domain of matrix algebra, may be stated as follows: Given a
n X n matrix A a complex number Xis calléd an eigenvalue of the matrix if there exists a
vector © # 0 such that A = A\x. On the other hand, a vector = # 0 that satisfies Ax = \x
for an admissible A\ (eigenvalue) is called an eigenvector of A belonging to A. Thus, when
the matrix A is given, we can find an eigenvalue and then the associated eigenvectors. In
other words, when the matrix A and A are given, we can use the equation Ax = Az to find
the associated eigenvector. It is clear, therefore, that the number A becomes an eigenvalue
of the square matrix A if and only if it is a root of the characteristic polynomial and satisfies
the equation det(A— A1) = 0.

From the view point of applications, given a system (represented by a matrix), we
can determine its spectrum (represented by the set of eigenvalues of the matrix). However,
it is not far fetched to appreciate the fact that many such real life problems also demand
that the inverse problem be solved:i.e. given a particular spectrum (eigenvalues) what is the
corresponding system (matrix)? ( *Can one hear the shape of a drum?’ Mac Kack, 1966.)
A subset of the set of Hermitian matrices will be our main focus in this study since, being
endowed with real eigenvalues, it is, naturally, one of the most important for applications
and also among the simplest to deal-with.

As mentioned above, the inverse-eigenvalue problem (IEP) is concerned with the
reconstruction of a physical system from prescribed spectral data. The spectral data may
consist of the complete or only partial information of eigenvalues or eigenvectors. To make
the problem tractable, the main objective of an inverse eigenvalue problem reduces to the
construction of a physical system that maintains a certain specific structure as well as that

of the given spectral property. IEP’s arise in a remarkable variety of applications which



would be discussed in Chapter 2. Even though the setup of an inverse eigenvalue problem
seems relatively easy, the solution is non trivial. The tools usually employed to solve such a
problem are quite sophisticated, including techniques from orthogonal polynomials, degree
theory and optimization.

In dealing with the [ £/ P, we shall be concerned with two main issues, namely, the
theory of solvability and the practice of computability. In the theory of solvability, we
shall determine a necessary and of sufficient condigions tnder which the IEP for singular
Hermitian matrices has a solution, Related to the solvability is the issue of uniqueness of a
solution. Our main concern associated with computability, on the other hand is to develop
the procedure by which, knowing a priori that the given spectral data are feasible, we can
construct a matrix in a numerically stable fashion. In fact, several authors including (Chu,
2005, Boley and Golub, 1987 ) have actively used different methods to solve I /P of non
singular symmetric matrices (which will be discussed in Chapter 2) and our focus will
rather be on / F'P of some singular Hermitian matrices. Also most of the previous work on
the / E'P treated tridiagonal matrices. In this thesis, we concentrate on the I E' P of certain
entry-wise non vanishing singular Hermitian matrices, which to our knowledge has not yet
been considered.

The problem we investigate in this thesis may be stated as follows: We seek a sys-
tematic way to solve the IEP in the special case of certain Singular Hermitian Matrices of
rankr. We define a map between a space of eigenvalues and the space of the corresponding
singular Hermitian matrices. Specifically, the consideration of singular matrices is in aid
of the need to reduce the number of independent matrix elements from % to the extent
that there is an invertible (isomorphism) map between such matrix elements and the non
zero eigenvalues.

Our main objective of the study are as follows: We develop a method, in the context
of consistency conditions for solving the direct eigenvalue problem for singular matrices
in which eigenvectors are obtained first before their associated non zero eigenvalues. We

formulate and solve, based on the above method, the IEP for full small-sized singular Her-



mitian matrices. That is, we propose and test an algorithm to reconstruct such matrices
from their eigenvalues. Finally, we initiate a differential geometric and, hence, via New-
ton’s Method, a numerical analytic interpretation of the problem using a fibre bundle with
structural group O(n) (group of orthogonal matrices).

This thesis is organized as follows: In Chapter 1, we give preliminary definitions
and basic theorems that would be used in our work. We discuss some of the various forms
of the inverse eigenvalue problems s far solvediin‘chapter 2. We review the IEP for the
quadratic pencil, the IEP for both the Jacobi and periodic Jacobi matrices and the PIEP.
In Chapter 3, we discuss the theorems on the solvability of different types of IEPs and
computability of the different methods that we discuss about the IEP. The main results are
presented in Chapters 4 and 5. In Chapter 4 we discuss the inverse eigenvalue problem
of singular Hermitian matrices. ‘We develop algorithm that generates singular Hermitian
matrices when their eigenvalues are given. We devote Chapter 5 for the numerical inter-
pretation of the TEP.using fibre bundles with structural group O(n). Given the eigenvalues
and a singular symmetric. matrix as an initial matrix for direct iteration, we generate a non

singular symmetric matrix.



CHAPTER 1
Preliminary Definitions and Basic Theorems

1.1 Introduction

We give the notations, definitions of termsandbasieresults that will appear through-
out this thesis in this chapter. We thus present the basic theory of the eigenvalue problem
that will be fundamental to our discussions and analyses.

Definition:(Matrix)

Complex matrices are members of C™*".. Thus a vector space over the field of
complex numbers. Notation: We represent matrices by upper case letters A, B, C, sub-
scripted lower case letters a;; represent elements of a matrix in it/ row and jth column.
We also write A'=,[q;;], i =+1,.....m ji=1....,mso that A € C"*™and a;; € C. Types

of Matrices: See for example (Strang, 1980 and Kreyszig, 1999)
1. Column vector; z € @™*L
2. Row vector: y € O™
3. Square matrix; A € C™*"
4. Hermitian matrix:-4A = AT
5. Anti Hermitian matrix Ai= —AT

Operations on Matrices: As a vector space C"*", the following operations hold

naturally:
1. Addition; A + B = [a;; + bj].

2. Scalar multiplication; kA = [ka;;], k € C.



Remark:(Properties of Hermitian and Anti-Hermitian matrices)

See for example (Strang, 1980, Leon, 1990 Kreyszig, 1999, and Hardy, 2005)

1. The diagonal elements of a Hermitian matrix are real. Indeed, a;; = a;; — a = a,

where (CL“) = %(a“ - C_L”) = 0.

2. The diagonal elements of an anti-Hermitian are pure imaginary. Indeed, a;; =

—dji = A = —Qi = R@((Iii) = %((I,L + ZL“) = 0.

3. It is also clear that any square matrix ican be decomposed as the sum of Hermitian
and anti-Hermitian matrices. Indeed, A = (A + AT) + 1(A — A”) where A — AT

is Hermitian and A — AT is anti-Hermitian.

4. C™ ™ may constitute a ring provided multiplication (inner product) is defined as
follows: C' = AB < Dy = Xisaigbg; where A € C"*?, B € CP*" and D €
Cmxn

Invertibility:
If for A € 6™ there exists A~ € O™ "such that AA™! = A~'A = I, where
I =[6;;] and
N 4=
Q=% -4 g

then A is said to be invertible and /'is said to be a unit matrix. J;; isknown as the Kronecker

(51'(7' =

delta.
The Matrix Equation:

Ax = H is known as a-non homogeneous system of equations if H # 0 and is a
homogeneous system of equations if H = 0.
Remark:

A is invertible if and only if X = A~'H is a unique solution. Thus if A is non
invertible for (singular) then X is not unique. In particular, for a homogeneous system
X = 0 is a unique solution if and only if A is invertible. Therefore X = 0 is non trivial if

and only if A is singular.



Determinant:

The determinant function for an n X n square matrix is given by;

1, miseven
|A| = Sres, SgNTA1710272. ... Uprn Where sgn{m} = 0, otherwise -
—1, misodd

A is non singular if and only if |A| # 0
Eigenvalue Problem:

Consider BX = 0.....x‘where X +# 0 is required. Then from the foregoing B is
singular, | B| = 0. Now suppose B = A — A/, then the problem « is said to be an eigenvalue
problem, where admissible values of \ are referred to as eigenvalues and the corresponding

solutions X' are called eigenvectors belonging to the eigenvalues.

1.2 Nonsingular and singular matrices

Ann X n(square) matrix A is called invertible or nonsingular or non-degenerate,
if there exists an.n->n matrix B such that AB = BA = I, where /,, denotes the n x n
identity matrix and the multiplication used 1s the ordinary matrix multiplication. If this is
the case, then the matrix B is uniquely determined by A and is called the inverse of A,

denoted by A~
Theorem 1.2.1. Inverses are unique. That is if A has inverses B and C, then B = C

Proof. Let AB'= CA=AL. But B=1B=(CA)B=C(AB)=CI=C

Also if A is non=singular;then A" is also-non=singular and (A~!)~! = A. O

Theorem 1.2.2. Let A be an n x n matrix with the property that the homogeneous system
AX = 0 has only the trivial solution X = 0. Then A is non-singular. Conversely, if A is

singular, then the homogeneous system AX = 0 has a non-trivial solution.

Proof. : If Aisn x n and the homogeneous system AX = 0 has only the trivial solution,
then it follows that the reduced row-echelon form B of A cannot have zero rows and must

therefore be I,,. Hence A is non-singular. O



The system of equation Az = 0 has a trivial solution if © = 0 is the solution in that
case A is non singular and A~! exists. The system Ax = 0 has a nontrivial solution if A is
singular and x # 0.

Non-square matrices (m X n matrices for m =+ n) do not have an inverse. However,

in some cases such a matrix may have a left inverse or right inverse. If A is m x n and the
rank is equal to n, then A has a left inverse:an n x m matrix B such that BA = I. If A has
rank m, then it has a right invetse/@nii x fn hatrix BSuchithat AB = [.
Definition: (Eigenvalues and Eigenvectors) Let A be any square matrix, real or complex.
A number ) is an eigenvalue of A if the equation Az = Az is true for some nonzero vector
x, where ) is real or complex number. The vector x is an eigenvector associated with the
eigenvalue \. The eigenvector may also be complex.

Consider the matrix

-
= | i PP
— 1" =201
We see that:
Axry = 01, Arg = —4x9, and Axs = 3x3 where
l —1 2
T = 6 , Ty = D and'zs = 3
=13 1 =2

Hence z; is an eigenvector of A associated to the eigenvalue 0 and x5 is an eigen-
vector of A associated to the eigenvalue —4 while x3 is an eigenvector of A associated
to the eigenvalue 3. The eigenspace corresponding to one eigenvalue of a given matrix is

generated by the set of all eigenvectors of a matrix with that eigenvalue.



1.2.1 Characteristic Polynomial

When a transformation is represented by a square matrix A, the eigenvalue equation
can be arranged as Ar — Az = 0. If there exists an inverse (A — AI)~! then both sides
can be left multiplied by the inverse to obtained the trivial solution x = 0. Thus we require
there to be no inverse by assuming from linear algebra that the determinant equals zero.
det(A — M) = 0. The determinant requirement is called the Characteristic Equation of A
and the left-hand side is called the Characteristic Polynomial. When expanded, this gives
a polynomial equation for \. Thisdefinition det( A="\])"= 0 of an eigenvalue does not
directly involve the corresponding eigenveetor. The degree of the polynomial is the order

of the matrix. This implies that an n x n matrix has n eigenvalues, counting multiplicities.

1.3 Eigenvalue Problem for Hermitian Matrices

Theorem 1.3.1. The eigenvalue of a Hermitian matrices are real.
Proof. Let A be a square matrix; then we have (A —AN)X =0 < A —A=0 O
We state the following theorem without proof.

Theorem 1.3.2. Eigenvalues belonging to distinct eigenvalues of Hermitian matrices are

orthogonal.

Definition:(Normal Matrices)
A matrix A is said to be normal if AAT = AT A. A matrix which has a complete

orthonormal set of eigenvectors is normal.

Theorem 1.3.3. A matrix A is normal if and only if A possesses a complete orthonormal

set of eigenvectors.

See Leon, (1994) for the proof.



1.4 Hermitian matrices

A Hermitian matrix (or self adjoint matrix) is a square matrix with complex entries
which is equal to its own conjugate transpose-that is, the element in the ¢th row and jth
column is equal to the complex conjugate of the element in the jth row and ¢th column,
for all indexes i and j, a; ; = aj; or A = A*

Hermitian matrices can be considered as the complex extension of real symmetric
matrices. A matrix that has only realientries is Hexmitian if and only if it is symmetric
matrix, i.e., if it is symmetric ‘with respeet to*the main diagonal. Thus a real, symmetric
matrix is simply a special case of a Hermitian matrix. Every Hermitian matrix is normal,
and the finite-dimensional spectral theorem applies. This says that any Hermitian matrix
can be diagonalized by a unitary matrix, and that the resulting diagonal matrix has only
real entries. This means that all eigenvalues of a Hermitian matrix are real, and, moreover,
eigenvectors with distinct eigenvalues are orthogonal. It can be easily proved that the sum
of any two Hermitian matrices is Hermitian, and the inverse of an invertible Hermitian
matrix is Hermitian as well. However, the product of two Hermitian matrices A and B
will only be Hermitian if they commute, i.e., if AB = BA. Thus A is Hermitian if A™ is
Hermitian for any integer n. The matrices A and B below are examples of complex and

real Hermitian matrices.

1 "] LA
A=l Tei% 5 -3
—21 =2

2 __Owd

B=|3 26

4 6 5

1.4.1 Eigendecomposition

Theorem: (Spectral Theorem)



The spectral theorem for matrices can be stated as follows: Let A be an n x n
matrix. Let ¢y, ..., gx be an eigenvector basis, i.e. an index set of k linearly independent
eigenvectors, where k is the dimension of the space spanned by the eigenvectors of A. If

k = n, then A can be written as

A=QANQ™! (1.1)

where () is the square n X n matrix whose 7¢h column is the basis eigenvector ¢; of A and
A is the diagonal matrix whose/diagonal elements ate the corresponding eigenvalues, i.e.
Nii = Ni.
Definition:

Let A and B be two n x n matrices. We say that A is similar to B if there exists an

invertible matrix P such that A = PBP~ L.
Theorem 1.4.1. If A and B are similar nxn matrices, then they have the same eigenvalues.

Proof. : See for'example, (Larson and Falvo, 2010)
Because A and B are similar, there exists an invertible matrix P such that B =

P~1AP. By the properties-of determinant, it follows that

AR B VOu P AP
=PI PIXTRE PP AP| (1.2)
= P51 - AP (1.3)
= |P7Y|AL—~4]||£] (1.4)
=2lE HEMLE A (1.5)
= |P'P|IA — A| (1.6)
= |\ — A (1.7)

]

Theorem 1.4.2. An n X n matrix A is diagonalizable if and only if it has n linearly inde-

pendent eigenvectors.

10



Proof. :See for example, (Larson et al, 2010)
First, assume A is diagonalizable. Then there exists an invertible matrix P such that

P~'AP = D is diagonal. Letting the main entries of D be A\;, Xy....., A, and the column

vectors of P be py, pa, ...., p, produces
M O oo 0
R B D g g 0
PD =l ol | | C . (1.8)
0 0 - )\,
= Ml]hf)\zpzf & E>\npn] (1.9)

Because P~ 'AP = D, AP = PD, it implies

[Ap1iApote st Apal = [Mpridapa: - - - Anpy]

In other words, Ap; = A;p; for each column vector p;,72 = 1,2, ...,n. This means that
the column vectors p; of P are eigenvectors of A. Moreover, because P is invertible,
its column vectors are linearly independent. So, A has n linearly independent eigenvec-
tors. Conversely, assume A has n linearly independent eigenvectors py, ps, - - -, pp, With
corresponding eigenvalues Ay, Ao, - -+ \,. Let P be the matrix whose columns are these n
eigenvectors. Thatis, P = [ppips:--+:p,]. Because each p; is an eigenvector of A, we have
Ap; = Aip; and
AP = Alpripsie v ipal =oXMpridapa: - - Aol

11



. The right-hand matrix in this equation can be written as the matrix product below.

N0 0
AP = [pip2i--ipa) | 0 Xy -+ 0 (1.10)
0 0-- )\,

= D
Finally, because the vectors py, ps- -+, p,, are linearly independent, P is invertible and we can
write the equation AP = PD as P~' AP = D, which means that A is diagonalizable. []
Theorem 1.4.3. For a symmetric matrix, the matrix X such that X AX ~' is orthogonal.

Proof. A is real and A = A7 then its eigenvalue decomposition is A = X A X7T, with
XTX = [ = XXT. On.the otherhand if A is complex and A = AT .then its eigenvalue
decomposition is

A =i N\ XE

with A real and X7X =T = X X7, O

1.5 Consisteney Conditions for Systems of Linear Equations

We discuss the consistency conditions which-ean be used to solve systems of linear
equations of the form Ax = h
Definition:

A system of linear equations is a collection of linear equations involving the same

12



set of variables. A general system of m equations with n unknowns can be written as:

a1171 + @192 + - - -+ a1, = by
@12T1 + A2 + * - - + AonT, = b2
Am1Z1 + Qa2 + -+ - + QppTn = bm
In the above equations, x1, xs, - “32,, are the unknown variables and a1, a2 - -+, Gy, are the

coefficients of the system and by, b5 - -+, b,,,,, are constants. A solution of the above system
of equations is an assignment of values to the variables x¢, x5, - - -x,, such that each of the
equations is satisfied. The set of all possible solutions is called the solution set.

A linear system may behave in any one of three possible ways:
1. The system has a single unique solution.
2. The system has infinitely many solutions.
3. The system has no solution.

1. Usually, a system with fewer equations than unknowns has infinitely many solutions or

sometimes unique sparse solutions. Such a system is also known as an under-determined

system.

2. A system-with the same number of equations-and unknowns usually has a single

unique solution.

3. Lastly, a system with more equations than unknowns usually has no solution.

Such a system is also known as an over-determined system.

13



1.5.1 Linear Equation-Conditions for Consistency

The system of equations:

&1$+b1y+0120

asx +boy +¢co =0

1. is consistent with unique solution, if ay/as # by/b,. That is , the lines formed by these
equations intersect and hence not'parallel.

2. consistent with infinitely many solutions, if a;/as = by /by = ¢1/ce. Thus, the
lines represented by these equations coincide. For a two variable system of equations to
be consistent, the lines formed by the equations have to meet at some point. But for three
variable system of equations to be consistent, the planes formed by the equations must meet
two conditions;

a. All three planes must be parallel.

b. Any two of the planes have to be parallel and the third must meet one of the
planes at some point and other at another point. Three variable system of equations with
no solution arise when the planes formed by the equations in the system neither meet at a
point nor are parallel.

3. inconsistent, if a;/as = b1/by # c;/ca. Here the lines represented by the

equations are parallel and non-coincident.

1.6 The Trace of a matrix

The trace of an n x n square matrix A is defined to be the sum of the elements of

the main diagonal (the diagonal from the upper left to the lower right) of A = [a;;] i.e
tT(A) = a1 + aoo..... + Qpyp, = Z (077

Proposition 1.6.1. The trace of an n X n square matrix A is the sum of the eigenvalues.

14



Proof. :
Let’s consider the matrix

A=P'DP

where D is a diagonal matrix where the diagonal elements are the eigenvalues of A and P
an invertible matrix whose column vectors are the eigenvectors of the matrix A. Then since
taking the trace as multiplicative and 7r(P~') = 5 We have Tr(A) = Tr(P~'DP) =
Tr(P~1)-Tr(D)-Tr(P) = T¢(D).

Thus T'r(D) is the sunt of the eigenvalues by=definition of D. O

We state the following proposition without proof;

Proposition 1.6.2. : If a square matrix A has one row (column) as a scalar multiple of

another row (column), then A is a singular matrix and det A = 0

1.7 Lie Group

Definition: Manifold. (Worst, 2007)

An n-dimensional manifold is a space that 1s equipped with a set of local Cartesian
coordinates so that points in a neighbourhood of any fixed point can be parameterized by
n-tuples of real numbers. In other words a smooth manifold is a topological space such
that in a neighbourhood of each point on it there are smooth coordinates. An example of a
manifold is a surface in space.

Definition: (Conlon, 2001)

Let X be a set. A topology..S for X is a collection of subsets of X satisfying:
1. ) and X arein S.
2. The intersection of two members of S is in S.

3. The union of any member of members of S is in .S.

15



The set X with S is called a topological space. The members of U € S are called the open
sets.

A Lie group is a nonempty subset G which satisfies the following conditions:

a. G is a group.

b. GG is a smooth manifold. This means that G is a differentiable manifold.

c. (G is a topological group. In particular, the group operation of multiplication,
pw:GxGE— G

i (gh) — gh and the faverse map

1:G— G

i:g — g~ ! are differentiable maps (smooth).

In particular, the 2 x 2 real invertible matrices form a group under multiplication,

denoted by G Ly(R):
giah
GLy(R) ={A= |detA = ad — cb#0}
d

is a Lie group. Similarly, the rotation matrices form a group of G'L,(R), denoted by
SOy (R).
cost)  —sinf
SO(R)=1{ |0€ R/217}
sinf _~cosl
is also a Lie Group.

Other Lie groups are GL(n, C'),SL(n, R).and U(n). The orthogonal group O, (R),

n(n—1)
2

consisting of all n x n orthogonal matrices with real entries of dimension is a Lie
group.

When we consider linear Lie groups, the tangent space to GG at the identity, g =
TG, plays an important role. In particular, this vector space is equipped with a multiplica-
tion operation, the Lie bracket, that makes g into a Lie algebra. Definition: (Lie Algebra.
Rossman, 2002)

A Lie algebra ¢ is a vector space over a field F' together with a binary operation

16



5]

[]igxg—yg
which is called a Lie bracket satisfies the following axioms:

a. Bilinearity:

lax + by, z| = alx, 2] + bly, 2]|z, ax + by] = a[z, x| + b[z, y| for all scalars a,b € F
and all elements =, vy, z € g.

b. Alternating on g.

[z, 2] =0 forall z € gf

The Jacobi identity:

[z, [y, 2] + [y, [z, 2] + [z, [, y]}e= Offor all 2, y, = € g.

We have to note that the bi-linearity and the alternating properties of g imply anti-
commutativity, that is, [z,y] = =[y, 2| for all &,y € ¢, while anti-commutativity only
implies the alternating property if the field’s characteristic is not 2.

Every Lie'group has an associated Lie algebra whose underlying vector space is
a tangent space of G at the identity element where GG is a Lie group, which completely
captures the local structure of the group. We can informally say that the elements of the
Lie algebra are elements of the group that are “infinitesimally” close to the identity, and
the Lie bracket is something to do with the commutator of two such infinitesimal elements.
We give two examples of Lie bracket.

1. The Lie algebra of a vector space " is just R" with the Lie bracket given by
[X,Y] = 0. The Lie algebra is abelian. In general,-the Lie bracket of a connected Lie
group is always 0 if and only if the Lie group.is-abelian:

2. The Lie algebra of the general linear group GG L,,( R) of invertible matrices is the

vector space M,,(R) of square matrices with Lie bracket given by [X,Y] = XY — Y X.

Proposition 1.7.1. For any X,Y € g there is a unique element [X,Y] € g so that

[X,Y], = X,V — VX, (1.11)
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The operation (X,Y) — [X, Y] makes g into a Lie algebra.

Proof. : See for example, (Rossmann, 2002)

As operators, X; = U, and Y; = V commute with right translation a,., hence so does
[U,V] =UV — VU, and we may define [X, Y] by the requirement that [X, Y], = [ X}, Y]].
The Jacobi Identity is a formal consequence of [U, V]| = UV — VU. O

Definitions:(Conlon, 2001, Lang, 1972 and Worst, 2007).

Tangent Space: The tangent Space at a point on a surface is just the set of vectors
tangent to the surface at that point.

Tangent Bundle: The tangent bundle is the union of all the tangent spaces.

The Lie algebra so(n, R) of the Lie group SO(n, R) consists of real skew symmet-
ric n X n matrices, is the corresponding set of infinitesimal rotations. The geometric link
between the Lie group and its corresponding Lie algebra is the fact that the Lie algebra
is viewed as-the tangent space to the Lie group at the identity. The exponential map is a
map from the tangent space-to the Lie group, i.e., exp : so(n,R) — SO(n,R). The
Lie algebra is considered as a linearization of the Lie group at the identity element and
the exponential map provides “delinearization,” that is it takes us back to the Lie group.
This shows that there is an automorphism between the Lie algebra and the Lie group (Jean
Ballier, 2011).

Givenan n x n (real or complex) matrix A = (a;;), we define the exponential e
of A as the sum of the series

AP AP

W o Tl i
e =~ Iy ANE ol =23>0 o

letting A° = I,,. This problem is well-defined as shown in the lemma below. (Jean Ballier,

2011)

Lemma 1.7.1. :
Let A = (a;;) be a real or complex n X n matrix, and let p = maz{|a;;|,|1 <

i;j <n}l
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If A* = (a (p)) then |a | < (nu)? foralli,j,1 <i,j < n. As a consequence, the

n? series
(p)
a
sz()?
converges absolutely, and the matrix
p>0 R
is a well-defined matrix. K N US |

Proof. -

We prove by induction on p. 'k 0, we have AY = I, (np)? = 1, and the

lemma is obvious. Assume that

/r\
for all 4, 7,1 < 7.9+<.n. Then J
W ——
)| =1 ot T oMl < A2 T ) = (g,

< ]n since

n|

forall é,j. 1 < ij <

the series
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and thus it is absolutely convergent. This shows that

Ak
A
et = E—k!

is well defined. O

We illustrate the definition of the exponential of a matrix with an example of the

exponential of the real skew SWNtU T
0 —6
A=

We need to find an inductive formula yowers A™. Let us observe that

and

Then, letting

we have

A = g, (1.12)
Adntl 9411-!—1!]’ (1.13)
Atz = _gint2, (1.14)
Ants = _gint3 g (1.15)
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and so
0 62 63 64 5
A fr— —_— —_— — —_— — —_— —_—
Rearranging the order of terms, we have
62 0 6 06 6 6 0

A 2 o7 - z
Celmgrg gtk oty gt

We recognize the power series/for cos¢ and sinf, and thus ™ = cosO1, + sinb.J, that is

cosl —sinb

sind  cost

where @ is any real number in [0;27). Thus, e is a rotation matrix. This is a general fact.
If A is a skew symmetric matrix, then e is an orthogonal matrix of determinant +1. The
theorem below confirms that there is an onto mapping between the Lie algebra (so(n))
and the Lie group (SO(n)). The Lie algebra is a linearization of the Lie group while the

exponential map takes it back to the Lie group (delinearization).

Theorem 1.7.1. The exponential map
exp : s0(n) — SO(n)

is well-defined and surjective.

Proof. : (See for example; Gallier;2011)

A

First, we need to prove that if A-is-a'skew symmetric matrix, then e is a rotation

matrix. For this check that

Then, since A = — A, we get
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and so

(eA)teA — e A = o~ ATA — 0n — I,
and similarly,
eA(eA)t — Im
showing that e is orthogonal. Also
geb(atl= e (D
and since A is real skew symmetric, its diagonal entries are 0, i.e.,tr(A) = 0, and so

det(e?) = +1

We omit the proof for surjectivity.

]

When n = 3 (and A is skew symmetric), we can work out for an explicit formula

for e4. For any teal.skew symmetric matrix A, we have,

0
A= c
—b
and letting 8 = V/a? + b> + ¢ and
o2
B.=_| _ab
ac

ab
b2

be

ac

bc Ne*

we have the following result known as Rodrigues’s formula(1840), (J. Gallier, 2011).

Lemma 1.7.2. The exponential map exp : s0(3) — SO(3) is given by

e = cosbI; +

sind

A+

1 — cosf
(1 — cos )B,
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or, equivalently, by

if 0 # 0, with €% = I.

Proof. (sketch):
First, we prove that A? = —6*] + B,
AB=BA=0.
From the above, we deduge thatd® = —@? A,
and for any k£ > 0,
AL — gk A
A2 — gk A2
A3 — _pakt2 4
Adkt4 — _gak+2 42
Finally, we.prove the.desired result by writing the powers for ¢ and regrouping

terms so that the power series cos and sin show.up. [

We state the following lemma without proof. The lemma shows that A is a rotation

matrix while the matrix B is a skew matrix obtained from A.

B

Lemma 1.7.3. For every symmetric matrix B, the matrix e” is symmetric positive definite.

For every symmetric positive definite matrix A, there is a unique symmetric matrix B such

that A = 5.

1.8 Fibre Bundle

A fibre bundle consists of data (F, B, 7, F'), where E, B,and F' are topological
spaces and m : £ — B is a continuous map such that every point of B has an open
neighbourhood U such that there is a homeomorphism ¢ : 77 'U — U x F,such that
7 1U,U x F and U commute. The space B is called the base space of the bundle, E the

total space, and F’ the fibre. We assume that the base space B is connected (Gallier, 2011).
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A smooth fibre bundle is a fibre bundle in the category of smooth manifolds. That
is I/, B, and I’ are required to be smooth manifolds and all the functions above are required
to be smooth maps.

Definition (Tangent Bundle):
The tangent bundle of a differentiable manifold M is the disjoint union of the tan-

gent spaces of M. These tangent spaces are given by the relation;

TMIS UL NIM = 0. o < .M (1.16)

where T, M denotes the tangent space to M at a point x. An element of 7'M can therefore
be thought as a pair (x, v), where z is a point in A and v is a tangent to M at z. There is a
natural projection IT : TAM — M defined by II(z,v) = .

This projection maps each tangent space 71,/ to the single point x. The tangent
bundle to a manifold is the prototypical example of a vector bundle (a fibre bundle whose
fibres are vector spaces). The main role of the tangent bundle is to provide a domain
and range for the derivative of a smooth function. That is, if we consider the function;
f: M — N, as a smooth function, where M and N are smooth manifolds, its derivative
is a smooth function.

Df:TM — TN

These tangent spaces under consideration are lie groups which are differentiable
manifolds with the property that the operations are compatible with the smooth structure.
We have similarity transformation that transform symmetric matrices into other symmetric
matrices(including diagonal ones) involves orthogonal matrices. These orthogonal matrices
constitute lie group which forms a differentiable manifold. The tangent or derivative of

which are anti-symmetric matrices which give rise to the associated lie algebra.

24



1.9 Parameterized Inverse Eigenvalue Problem

When we consider the unknown entries of a matrix to be constructed as parameters,
we can say that an [EP is generally a parameter estimation problem. By parameterized”
I E P, we mean the ways by which these parameters regulate the problem or how the struc-
tural constraint is regulated by a set of parameters. Although every IEP can be regarded
as parameter estimation, the emphasis in this work is on the meticulous way that these
parameters regulate them.

A generic P E P can be described as:"Giverafamily of matrices A(c) € M where
M 1is a family of symmetric matrices with ¢ = [¢y, ¢, .....,¢,,] € F™ and the scalars
A1, A2, oo C F', we can find a parameter ¢ such that,

0(A(c)) = A1, Agy ooy A

We have to note that the number m, of parameters in c, are different from n, where
n determines the order of the matrix. In the PIEP, the family of matrices in the affine
subspace is given by;

Alc)h=Ag +1> 1 A7 (1.17)
=k

where A; € 5, see for example, (Moody and Golub, 2001).

1.9.1 Symmetric Nonnegative Inverse Figenvalue Problem

A real'm X n matrix is'said to be nonnegative if each of the entries is nonnegative.
A related problem is.the symmetric nonnegativeinverse eigenvalue problem (SNIEP).
Given a list of some scalars-J;, #="1,2;..5n, we can randomly construct an n X n sym-
metric matrices by these eigenvalues. For the solvability to Inverse real symmetric, see for
example( G. Sun, 1986) An algorithm is developed for the construction of such matrices
using eigenvalue-eigenvector decomposition as follows: Given a list of real eigenvalues
A = A1, A1, .., A1, let M denote the set of all real symmetric matrices with real eigenvalues
A such that
M=AcS,|A=VAVT, (1.18)
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where V' is an orthogonal n X n matrix and A a diagonal matrix. We choose the set of
symmetric nonnegative matrices denoted by N. We can construct the matrix X where
X € M N N by an iterative process. The matrix X is chosen such that it is the best

approximant in N to A, (Orsi and Yang, 2006).

1.10 Power Method (Power Iteration)

The power iteration is an eigenyalue algorithm: given a square matrix A, the algo-
rithm will produce a number X (the ‘eigenvalue) and*a nonzero vector = (the eigenvector)
such that Az = A\z. The power iteration algerithm starts with a vector xy, which may be an
approximation to the dominant eigenvector or a random vector. The method is implemented

by the iteration,

At every iteration, the vector x; is multiplied by the matrix A and normalized. Thus,
the chosen initial vector x is repeatedly multiplied by the matrix A, iteratively calculating
The matrix A and the vector x generate the corresponding eigenvalues. We have

)\:Aa:-:c

which is called the Rayleigh quotient. With the initial vector g, we compute Az, and scale

Axg

it such that x; = Ane]

. We compute % which gives A;. The process continues until it
converges to the dominant eigenvalue.

1.10.1 Lanczos Method

During the process of applying the power method for finding the eigenvalues of a
square matrix A, in order to obtain the ultimate eigenvector A" 'v, we also obtain series of

vectors A'v, i = 0,1,2,..,n — 2 which were eventually discarded. The Lanczos iteration is
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therefore used to save this information and use the Gram-Schmidt process to reorthogonal-
ize them into basis that span Krylov subspace corresponding to the matrix A (Golub and
Van Loan, 1996).

Definition(Krylov subspace): The order —r Krylov subspace is generated by an n x
n matrix A and a vector b of dimension 7 is the linear subspace spanned by the images of b

under r powers of A. (Starting from A = T), thatis K,.(A,b) = span(b, Ab, A?D, ..., A"~1b).
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CHAPTER 2
The Inverse Eigenvalue Problem

In this chapter, we discuss some of the various forms of the inverse eigenvalue problems so
far solved. As explained in chapter one, the IEP is concerned with the reconstruction of a
matrix from prescribed spectral data.The spectral datainvolved may consist of the complete
or only partial information of the eigenvalues or eigenvectors. Our main objective of the
IEP is to construct a matrix that maintains a certain specific structure as well as that given
spectral property as stated earlier. Depending on application, inverse eigenvalue problems
may be described in several different forms. Translated into mathematics, it is often neces-
sary in order that the inverse eigenvalue problem be meaningful to restrict the construction
to special classes of matrices, especially to those with specific structures. Our solution to
the IEP therefore satisfies two constrains: the spectral constraint referring to the prescribed
spectral data and the structural constraint referring to the desirable structure. We mention
that the entries of the matrix to be constructed usually represent physical parameters to be
determined. So an IEP can generally be regarded as a parameter estimation problem. Each
inverse eigenvalue problem cairies it own characteristics.

We therefore discuss four forms of the inverse problem.

2.1 Inverse Eigenvalue Problem for the Quadratic Pencil

The IEP of the quadratic penetl-arises from the active vibration control (AV C) of
a dynamic system. When the eigenvalues of the system are the same as the external fre-
quencies, there is an oscillations known as resonance. This resonance makes the system
unstable and may cause dangerous vibrations in vibrating structures such as aircrafts and
spacecrafts, buildings and bridges which can cause destruction that may lead to loss of hu-

man lives and properties. For example, the fall of Tacoma bridge in the USA, the collapse
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of Brought-on bridge in England and nobbling of the Millennium bridge over River Thames
in London are believed to have been caused by resonance, (Datta and Sokolov, 2009). Ac-
tive vibration control therefore means that we have to apply a control force in such a way
that a few eigenvalues of the quadratic pencil which correspond to the external frequen-
cies are eliminated from the structure while the remaining ones and their corresponding
eigenvectors are preserved.

While the active vibration” control controls the vibration in the structure, the Fi-
nite element model updating (F'EMU ) updates the finite element model by using the few
eigenvalues and their eigenvectors so that the system always attains its features such as
symmetrical, orthogonal and positive definiteness, (Datta and Sarkissian,1999 and Datta
and Sokolov, 2009). We expect that at any point in time the eigenvectors are orthogonal.
Despite the importance of the AVC and the FEMU , they have some limitations. When
the problem is large and sparse, the entire spectrum cannot be computed. Apart from this,
the coefficient matrices of the dynamic system are either diagonal or tridiagonal but in our
case, we are using full singular symmetric matrices.

The quadratic TEP is associated with a quadratic matrix pencil arising in a feed-
back control of a matrix second-order system, (Dong, Lin and Chu, 2009). Consider the

following dynamic system which is associated with the quadratic pencil;

Ma(t) +Dz(t)+ Ka(t) = f(t) 2.1

where M,D and K aren X mdiagonal or tridiagonal nonsingular symmetric matrices; M a
positive definite matrix denoted by M >0, and Z(¢) and i (¢) denote second and first order
derivatives respectively of time dependent vector z(¢). In vibration analysis,we consider
the matrices M,K and D as the mass, stiffness and the damping matrices respectively.
When we separate variables, the system gives rise to the quadratic eigenvalue problem for
the pencil below:

p(A) =M+ D+ K (2.2)
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The characteristic polynomial det P(\) = 0 of the above pencil has scalars A which are the
2n roots of the polynomial. The above system has 2n eigenvalues and 2n corresponding
eigenvectors. When we consider equation (2.1) as a vibrating system, then the eigenvalues

of p(\) are related to the natural frequencies of the homogeneous system:
Mi(t) + Dx(t) + Kz(t) =0 (2.3)

and the eigenvectors are referred to as theimodes of the vibration of the system.
In order to avoid oscillations of the vibratory system modeled by equation (2.1),
we introduce a control force [ = Bu(t), where B is an n x m matrix and u(t) is a time

dependent m x 1 vector to equation (2.1). We choose u(t) to be;
u(t) = Fra(t) + G (1)
where F' and G are constant matrices. The system (2. 1) after substitution becomes;
M T (P BET )ill) (K BGSE(t) = 0 (2.4)

Mathematically, we choose the matrices /" and G such that the eigenvalues of the associated

closed-loop pencil becomes;
Do) =M XD —BF (K B8GT) (2.5)

can be altered as required in order to combat the effects of resonances or ensure and im-
prove the stability of the system.

We choose a real control matrix B of order n X m (n < m), and real feedback
matrices F' and G of order n x m such that the spectrum of the closed-loop pencil (2.5)
is {pe1, 12, ooy fhpi Apt1, ooy Aop } and the eigenvector set {yi, ..., Yp; Tpi1, --.., T2n }, Where
Tpi1, ..., Lo, are the eigenvectors of (2.2) corresponding to A,i1, ..., Ag,. Direct Partial

Modal Approach, as the name implies, the system is direct because the solution is obtained
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directly from a second-order setting without resulting to a first-order reformulation. It
is Partial model because only part of the spectral data is needed for the solution. The
solutions are obtained using only those small number of eigenvalues and the corresponding
eigenvectors that are to be assigned and directly in terms of the coefficient matrices M, D
and K. An algorithm for the Direct Partial Modal Approach which is based on the Single-
Input case or the Multi-Input for the quadratic eigenvalue problem, (Datta and Sarkissian,
1999) is given here. We presént.the algorithm for the Single-Input case as follows; The

inputs are,
1. The n x n matrices M,K and D; Ma= M* >0,D = Drand K = K*
2. The n x 1 control (input vector b)
3. The set {1, ..., yt, }, closed under complex conjugation.

4. Theself-conjugate subset {A1, ..., Ay} of the open-loop spectrum
{)\1, ceey )\p, )\p+17 ey )\Qn}

and the associated eigenvector set{x17..., T, }.

The feedback vectors [ and g are chosen such that the spectrum of the closed-loop pencil
(2.5) 8 {1415 B fpiflp 1, - Hon t- We use the following assumptions

1. The quadraticpenecil is (partially) controlled'with respect to the eigenvalues to be
assigned /i1, ..., [Lp.

it A, s A N T Xoaf = 0

Algorithm; Step 1. Form Ay = diag(\;..., Ap) and X = (21, ..., xp)

Step 2. Solve for yy...., yp: (WM + p;D + K)y; =b,j =1,2,...,p

Form 7, = A\ YIM XA, — YT KX,
where Y1 = (y1, ..., yp)
and A} = diag(p, .., itp)

Step 3. Solve for 3: Z;8 = (1,1,...,1)T
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Step 4. Form

f=MX\Ap

g=—-KX,p

The algorithm for the Multi-Input case is similar to the Single-Input case.

The following theorem establishes the fact that the eigenvalues of the close loop

pencil be orthogonal. (Datta and Sokolov,2009)

Theorem 2.1.1. Theorem [Orthogonality of the Eigenvectors of the Quadratic Pencil] Let
P(\) = XM + \C + K, where M= M7T =0,C'=C",'and K = K'. Assume that the
eigenvalues \i, ..., \y, are all distinct and different from zero. Let A = diag(Ay, ..., Aan)
be the eigenvalue matrix and ¢ = (P1y ..., Oan) be the corresponding matrix eigenvectors.

Then there exist diagonal matrices Dy, Dy and D3 such that;

AT MHA = ¢T K¢ = D, (2.6)
APTCOHN + NPT K ¢ 0" K o' =D 2.7)
A" Mo ¢ MoA+¢* Cp="D; (2.8)
and
ST D ) R -\’ (2.9)

Furthermore, if {5\, }.and {1, -y Xon aredisjoint; then
N X MXG K XK Xov= 0 (2.10)

where Ay = diag(\y, ..., \p, Ao = diag(Mgi1, .., Aan), X1 and X are the corresponding

eigenvector matrices.

The proof of the above theorem is treated in the next chapter where the theorems
related to some forms of the inverse eigenvalue problems treated are stated and proved.

The following is the algorithm for the quadratic inverse eigenvalue problem. The
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Inputs are; M = MT > 0, K = K%, ¥ = diag(p1, ..., i), Y1 The following are
the outputs; Updated stiffness matrix K, and Y5 such that (YT MX,)U(YTM X)) =
YTMY? + YTKY is satisfied and Y = col(Y1,Y3) is such that YT MY is a diagonal
martrix.

1. Compute Y5 by solving U] MyYo 3?2 + UL Ky Y, — UL (K Y] + M,Y,%?) and form

the matrix
N L& K

2. Orthogonalize matrix Y, By computing B L 'de€omposition of Y'MY = LDLT.
Update the matrix Y by YV «— Y LT,

3. Compute ¥ by solving the following algebraic system of equation;

YTMX)W(YTMX)) = YT M2+ YT KY

4. Update the stiffness matrix g = — M.X, VX M

Finally, we present the inverse eigenvalue problem for the symmetric tridiagonal
quadratic pencil with application to damped oscillatory systems, (Yitshak and Elhay, 1996).
The problem is associated with the second-order differential equations of the form:

o2

d
J—= — Kz = 2.11
dth—i—Cdtx—l— i () ( )

where C' and /< are n-square tridiagonal symmetric matrices, / is.an identity matrix, and x

is an n-vector depending on time'¢. This system may be solyed by substituting z = ve*’,

where v is a constantvectorinto (2.12), giving
QNv="0, (2.12)

where

Q) =NT+NXCO+ K (2.13)
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The quadratic pencil ()(\) has 2n eigenvalues A;, \a, .., Ay, Which are the roots of
det(Q(N\) =0 (2.14)

The problem is that when given two sets of distinct numbers {\,}2", and {u;};"7%}, we
are to determine tridiagonal symmetric matrices C' and K which are such that the ma-
trix Q(\) = A1 + \C' + K satisfies det(Q())) has zeros {\,}?", and the matrix Q()\),
is obtained by deleting the last‘row land column of @(\), such that det(Q())) has zeros
{ ,uk,}iif. (Yitshak and Sylvan , 1995), for the algorithm for determining the coefficients

{ay, v} and {B;, 6;}7—" of the two symmetric tridiagonal matrices C' and K.

2.2 Inverse eigenvalue problem for Jacobi matrices

A typical Jacobi matrix is a symmetric tridiagonal matrix. We show the construction
of this type of matrix with two.sets of eigenvalues which satisfy an interlacing property,
(Boley and Golub, 1986). We have the eigenvalues of the main matrix given by {\;}} and
the eigenvalues of the lower principal sub matrix {s;} . The lower principal sub matrix
has order (n — 1) x (n — 1) because it is obtained by deleting the first row and the last
column of the main diagonal matrix. There have been considerable research interest in the
IEP of the Jacobi and Periodic Jacobi matrices. See, for example, Xu, 1993, Ferguson,
1980, Andrea and Berry, 1992, Grey and Wilson and the references collected therein.

The following is one of the methods for constructing symmetric Jacobi matrices.

Given a Jacobi matrix A which is a real symmetric tridiagonal matrix of the form:

aq bl 0
A— b1 (05} 0

0 bn—l

0 bn—l Qp,
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a1 bt

A~

b K

ues are {)\;}7 and whose lower principal sub matrix K has eigenvalues {;;}7. These

with b; > 0. We form arbitrary symmetric matrix A = whose eigenval-

eigenvalues are distinct and satisfy the following interlacing property \; > p; > Aiq1,

1=1,.....,n — 1. We compute the first row eigenvectors of the matrix A using the relation

o 10— (1 — Ai)
i " ()\] " /\7) .

F= 15

All the eigenvectors are normalized to have norm 1. a4 is obtained from the relation X7 \; —
Y"1 (Er-Xiong,2003) Lanczos algorithm is then applied to construct the tridiagonal
matrix from the arbitrary symmetric tridiagonal matrix A.

Next we discuss the IEP for the periodic Jacobi matrix. This inverse problem nor-
mally arises in inverse scattering theory problems. The periodic Jacobi matrix is a tridiag-
onal matrix with real entries. The eigenvalues are therefore real and their corresponding
eigenvectors are orthonormal. The eigenvalues of the main matrix and its leading princi-
pal sub matrix eigenvalues satisfy an interlacing property given by \; > p; > Ajiq, ...
¢t = 1,...,n — 1. This tridiagonal matrix is constructed with two sets of eigenvalues, the
eigenvalues of the main matrix and the eigenvalues of the leading principal sub matrix and
a set of scalars. The solution of the periodic Jacobi matrix is not unique and the number
of solution is at most 2"~ ™=, where m is the number of common eigenvalues of the main
matrix and the leading principal sub matrix. Throughout our discussions, we denote J,, and
Jn—1 by the main matrix and the leading principal sub matrix respectively (Xu and Jiang,

2006).
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A periodic Jacobi matrix is any real, symmetric matrix of the form:

ar b b,

by as by 0

Ip = 0 by as... 0
0 ... ap1 by

bn 0...0 bn—l Uy,

We form the followingmatrices from‘the matrix above;:

Y
bt K
and
2 (b))
., L

where K is a Jacobi.matrix given by .J,, ;.
We denote the eigenvaluesof J© by A] <AF < o< AL,
those of J~ by A\| < A\; < .... < A which will be represented by the single scalar quantity
B = biby....h, and these of K by p < iy < .... < fp—q+ The following theorems are
necessary for the construction of the periodic Jacobi matrix.

We have seen that the-eigenvalues of ./, and J,  satisfy an interlacing property
which shows that they have common eigenvalues. The following theorem therefore pro-
vides the necessary and sufficient conditions for the two matrices to have common eigen-

values, ( Xu and Jiang, 2006). Denote the first component of s; as sy; and the last one as

Sp—1,-

Theorem 2.2.1. . For j € {1,2,.....n — 1}, u; is an eigenvalue of J,,if and only if

bnslj + bn_lsn_m = 0. (215)
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b,,n = 1,2...,n are the eigenvalues of the matrix J,,_; which are represented by

the single scalar quantity (5 and s,, are the components of the matrix.

Proof. .
Lety' = (b,,0,0....,b,_1) € R""!, then

JrLf :
J, = v (2.16)
T I s
(‘[ O (A] - Jn,—l -y
det(\ — J,) = det (2.17)
Yy A —Jp1) s 1) —qt A —ay)
- Jn—l Y

= det 7
0 A—ap—y' (N — J,_1) Yy

= detAL— J 0 — v — Jn_l)_ly)
NI O—ul& — O V)

(M — J,_1)"* can be expressed.as (M = J, 1) ! = Eg‘;fﬁsisﬁ, where p; are

the eigenvalues of K and s; are the components of the matrix ./, ;. s! is the transpose of

Si.
Therefore,
t o | e n—1 (Sfy)z . n—1 (b7zr31i+bn—15n—1,7)2
Yy ()\] St Jn—l) Y = Ei:l A—p; Ei:l A= ;
and

(bs1i + bn718n71,i)2

det(A\I = J,) = T2 = ) (A = ap — B35 p— )- (2.18)
From equation (2.18), we know
det(p;I — Jn) = =102 (g — pa)2(busyy + by-18n-15) (2.19)
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This implies that y; is an eigenvalue of J,, if and only if (2.15) is valid. Now on the other
hand, if the two matrices .J,, and .J,,_; have no common eigenvalues, that is the eigenvalues

are distinct, Then the following theorem holds. O]

Theorem 2.2.2. If
bnSU + bnflsnfl’j # 0] = 1, 2, = 1. (220)

then the eigenvalues of the matrix«J, gare equal tonrootsofthe following equation:

(bnSM e bnflsnflaj)Q

FA)=X—a, — X} =0 2.21
( ) a =1 )\ — i ( )
and p; strictly separate \; as follows:
A < < Adgmn <A, 1 < o1 < Ap. (2.22)

Proof. (Jiang, 2003).

Applying theorem (2.2), we can conclude that, under condition (2.20), for i =
1,2,..,n— 1, u; are the eigenvalues of .J,,..Combining this with (2.18), we know det(A] —
Jn) = 0, is equivalent to equation (2.23):

As (bys1i + bueisn_1;)° > 0,4 = 1,2,..,;n — 1, for a sufficiently small positive
number e,

F(p; = €0, and F(pi+e)<0,i=1,2,...n — 1

F(—o0) <0and F'(+e0) > 0,

hence 2.22) holds. O

Suppose some of the eigenvalues of .J,, _; are the eigenvalues of .J,,. The following
theorem therefore gives the relationship between the rest of the eigenvalues of .J,, that do

not belong to J,,_;.

Theorem 2.2.3. Let N = {1,2,..,n — 1}. If there is a set Ny = {iy,i2, ..i;,} C N such
that bnslj + bn_lsn_lyj =0, ] € Ny and bnslj + bn_lsn_l,j 7£ 0, j € Nﬁl then M1y 2, ooy U
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are the eigenvalues of J,, and the rest of the eigenvalues of .J,, are given as n — m roots of

the equation
bS1i + bn_150-1,)°
A — Wi

FOA) =X—an— Y5 oy ( = 0. (2.23)

From the above theorem, we deduce that except for pi;1, fti2, --, fim, the rest of the
eigenvalues of .J,, are n —m roots of F'(A) = 0. The necessary and sufficient conditions for
an inverse eigenvalue problem for periodic Jacobi to be solvable are related to the following
two theorems. If .J,, and J,,_; have distinct eigenvalue then the periodic Jacobi problem is

solvable provided the theorem'below holds (Jiang, 2003).

Theorem 2.2.4. If all the elements in the two sets \ = {\;}}_, and ;i = {j; ;L:_ll are
distinct, then the periodic Jacobi inverse eigenvalue problem (P.J1) is solvable if and only
if

T, | — Nl = 4B(=1)" = 1,2,...,n — 1. (2.24)

Furthermore, uniqueness-of solution-is not guaranteed-and there are atmost 2" different

solutions.

Finally, we state without proof, (see for example Jiang, 2003) for proof. The fol-
lowing theorem establishes the fact that if .J,, and J,,_; have common eigenvalues then the

inequality 2.26 holds.

Theorem 2.2.5. If two sets N = 4N}y and pp={p; }7~| have common elements, and the
number of common eigenvalues is m, then the periodic Jacobi inverse eigenvalue problem

(PJIEP) is solvable if and only if (2.25) is valid. Furthermore, if the problem PJIEP is

solvable, there are at most 2"~ ~! different solutions.

The algorithm for constructing periodic Jacobi matrix follows. (See for example
Boley and Golub, 1978).
Algorithm:

1. Two sets of eigenvalues {\;}7_,, {1/}~ and the single scalar j3
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2. Compute the first row of (), the eigenvectors of J* using

& = I (e — A7)
R A=A

7=1,..n
3. Compute b* and b~ using the equations below;

1172, (W~ /i)

G’ N
' Hj:ll,j;ék(ﬂj —pu)

g L7 (A — 1)
H?:_f,#k(ﬂj — k)

(by 2=
kE=1,...,n—1.

4. Compute the eigenvectors of K using, F, 1 = bzl_)b*

5. Compute the lasttow of @, 2,,"= T, = [¢n1s -+, Gnn] USING

Pn—l jb+

Do = 0k e e —
’ = (k= AY)

6. Using the initial values 2y and 2, and AT = Q'.J"(Q, apply Lanczos algorithm to

generate the tridiagonal matrix.

2.3 Parameterized Inverse Eigenvalue Problem

(PIEP)

PIEP is described as the process of adding or multiplying a vector X which con-
tains parameters by an n X n square matrix A. We note that the parameter c is in the field
[ has the number of parameters m is not the same as the order n of the matrix.

Definition: Given an n X n square matrix A, we are to find the parameter ¢ =

{c1,¢9, .} € F™ where F is a field such that (A(c)) = {Ai, Ay ..o, A} Where
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{A\1, Ag, ..., An} C F are scalars which are the eigenvalues of A(c).

Three main kinds of P/EP can be identified. These are Linear dependence on
parameters(L:PI EP), additive inverse eigenvalue problem(A/ £ P) and the multiplicative
inverse eigenvalue problem (M1 EP). But we shall concentrate on M I E P which we are
applying in our work. The P/ E P format arise frequently in discrete modeling and factor
analysis. By the definition, we see that the parameter c is in the field /' where the number

of parameters m is not the sanie as the orderfin ofithe matrix:

2.3.1 MIEP

The MIEP is obtained from a process of pre-multiplying an n X n square sym-
metric matrix A by a vector X which contains the parameter ¢ = {cy, s, ...., ¢, } such that
XA =3%"¢,A; where ¢; € X ,(Oliveira, 1972). Some row(s) become linear combination
of other row(s) after the multiplication. Some authors have treated the unsolvability of mul-
tiplicative [EP. See for example Sun, 1986. For the solvability to the MIEP, see for example
( Silva, 1986, Hadeler, 1969, Oliveira, 1972, Shapiro, 1983 and J. Sun, 1986). There are

also many numerical algorithms developed for computational purposes.

V. ole-b
Example: Let A = and X = then

3 I 01
a b 1.2 a+3b _4a+0b ; .
XA = = The eigenvalues of the matrix
ONE 3 1 3 &
therefore satisfy the system;
)\1)\2 =la

..We therefore conclude that given any A € R?, we can always
AM+A=14+a+3b

find a pair (a, b) of real numbers that solves the M I E'P. Indeed, the solution in this case is
unique.

Even though there are many types of the M I E' P, we will deal with the one which
has n X n square symmetric matrices with real entries.

The M IEP can arise from engineering application, ( Chu and Golub, 2001, Ya-

mamoto, 1990). For example, the vibration of particles on a string. Let us assume that four
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particles, each with mass m; which are uniformly spaced with distance h and are vibrating
vertically subject to a horizontal tension F'. The equation of motion for such a system is a

second-order differential equation of the form

d’x
where A is a tridiagonal real symmetric matrix, x. = |23, 22, ..., 7,,]7 and

D = dz’ag(dl, dg, ceey dn) with d, = %
To solve the second order differential equation (2.27), we consider the eigenvalue
problem

DAz = Az, (2.26)

where )\ is the square of the natural frequency of the system. The inverse problem then
amounts to calculating the mass m;, ¢ = 1.2, ..., n so that the resulting system vibrates at
a prescribed naturalfrequency. Generally, P/ L/ P can be solved using the Newton iterative
method. We discuss a typical example below.

Let us consider the Newton’s iterative method for solving P/ E P. We concentrate
exclusively on the Newton’s method applied to Linearly dependent parameterized inverse
eigenvalue problem (LiPIFE P). We consider the case where all the matrices involved S,
are symmetric.

We choese to single out this method for consideration because, while Newton’s iter-
ation is typically regarded as the normal means to solve nonlinear differentiable equations,
we demonstrate how iteration can be carried out by taking into account the matrix structure.

The eigenvalues A = \;;_, in this context are distinct and are arranged in ascend-
ing order. We consider an affine space of symmetric matrices together with isospectral
surface M (A) and a Lie transformation group O(n). The isospectral surface contains spe-
cial orthogonal matrices which are rotation matrices. Let the affine subspace be represented
by,

B={B(c)|ce R"} (2.27)
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and the isospectral surface

M(A) ={QAQ" | Q € O(n)} (2.28)

where () is an orthogonal matrix. () in this case is a rotation matrix given by Rodrigues
rotation formula. When we use the fact that Q(¢)Q(¢)” = I, then it follows that Q(¢) is a

differentiable path which is embedded in O () if and only if;

PN EBMBQ®EE o) (2.29)

for some family of antisymmetric matrices K'(¢). () is an exponential function given by
Q = . When we translate this to the differentiable manifold 1 (), then it follows that

any tangent S(X) to M (A), at a point X € M(A) is a Lie algebra given by the Lie bracket;
S (il S X (2.30)

for some antisymmetric matrix / € R"*", where K is obtained from a rotation matrix ¢)
in this case.

The Newton Method (Chu, 2005) here has a similar approach as the classical New-
ton Method for finding the roots of a one-variable differentiable function. Given a function
f(z) and its derivative f’(x), we begin with an initial value of « to obtain the first iterative

value of z; using the fact that;

Tr=do(F @) f (o). (2.31)
The process is repeated until a sufficiently accurate value is reached:

Tpt1 = Ty — (f/<xn))7lf(xn> (232)

The new iterate z,,; in the scheme above represents the x — intercept of the line that
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is tangential to the graph of f(z) at (x,, f(x,). The point (z,1, f(2,41)) represents a
natural "lift” of the intercept along the y — axis to the graph of f(x) from which the next
tangent line begins.

Let us consider the isospectral surface M (A) as playing the role of the graph of f(z)
while the affine subspace 3 plays the role of the x — axis. We want to find the intersection

of the isospectral surface M (A) and the affine subspace /3 which is given by:

Blel—10 AQT (2.33)
Given X,, € M(A), there exists an orthogonal matrix (),, € O,, such that;

R X, =y (2.34)

which is an inverse problem.

The matrix X, <4/ X,, — X, /K where K is an-antisymmetric-matrix represents a
tangent vector to the surface of M (/) emanating from X,,. For one Newton iteration, we
have to find § — intercept B(c,41) € [ which belongs to the affine subspace 5 and then
”lift” up this point B(cp+1) € B to the point X, 1 € M(A).

See figure below

To find the S — intercept, we need to find an antisymmetric matrix K,, and a vector
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Cn+1 such that;

X+ Kp Xy — XKy = B(Coi1) (2.35)

The unknowns £, and ¢, ; in the above equation can be solved separately using equations

(2-34) and (2 - 35) to obtain
N+ KZ A K;zk - QZB(CH+1)Q7Z (236)

where

K:; = QgKern- (237)

The above presentation of the inverse problem using Newton’s iterative method is
more theoretical and somehow cumbersome. We therefore present a more practicable and
easy iterative method using a simpler algorithm in Chapter Five. The initial eigenvalue and
the matrix for the iteration is given and therefore one can compute the rotation matrix and

consequently, the skew symmetric matrix.
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CHAPTER 3
Solvability and Computability of the Inverse Eigenvalue Problem

In this chapter, we discuss the theorems on the solvability of different types of IEP’s and
computability of the different methods we have discussed about the inverse eigenvalue
problem (IEP). We consider the'theorems related to the Inverse Eigenvalue problem of the
Quadratic Pencil (IEQP), the Inverse Eigenvalue Problem of the Jacobi and Periodic Jacobi
matrices and the Parameterized Inverse Eigenvalue problem (PIEP).

We first discuss theorems related to the quadratic inverse eigenvalue problem. This

problem is as follows: Given

1. Real n x n matrices M = M* > 0, D = D!, K = K" of the quadratic pencil
pOV=X2Mer A D + 16

2. The self-conjugate subset A1, ..+, Ay}, p.< n of the open-loop spectrum

{1, Ap; Apg1, - Agp } and the corresponding eigenvector set {x1, ..., Zp }.

3. The self-conjugate sets of numbers and vectors {/u1, ..., i1, } and {y, ..., y, } such that

pj = fgimplies y; = G

We are to find. the controlumatrix B of order n x.m _(m <-n), and feedback matri-
ces F' and G of order.n-x m such that the spectrum of the closed-loop pencil p.(\) =
NM + XD — BFT) + K= BGT i8 Ly, ..., Jipi Xy i1, ..., Aon } and the eigenvector set
LYty ooy Yp; Tpits oy Ton } Where 2,11, ..., T2, are the eigenvectors of p(A) = N2M+AD+K
corresponding to A,y1,, A2,. We have to derive three orthogonality relations between the
eigenvectors of a symmetric definite quadratic pencil. The results generalize the well-
known results on orthogonality between the eigenvectors of a symmetric matrix and those

of a symmetric definite linear pencil of the form K — AM. The following two theorems
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are therefore important in solving problems related to the inverse problem of the quadratic

pencil.

Theorem 3.0.1. (Orthogonality of the Eigenvectors of Quadratic Pencil). Let p(\) =
MM + AD + K, where M = MT = 0, D = DT, and K = K. Let X and A =
diag(A1, .., Aoy be, respectively, the eigenvector and eigenvalue matrix of the pencil p(\) =
N2M + \D + K. Assume that the eigenvalues \y, ..., \, are all distinct and different from

zero. Then there exist diagonalmatrices D, Dy and™)s such that

AXTMXA - XTKX = Dy (3.1)
AXTDXA + AXTEX+ XTKXA = D, (3.2)
AXTMX £ XTMXA+X"DX = D3 (3.3)

Furthermore
D= (3.6)

Proof. : (See forexample, Biswa ez al, 1996).
By definition, the pair (X', A) must satisfy the n x 2n system of equations (called
the eigendecomposition of the pencil p(\) = (\2M+ AD + K):

MXAN?>TDXA+ KX =0. (3.7)

Isolating the terms in D, we have from above

—DXA=MXA+KX.
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Multiplying this on the left by AX7T gives
~AXTDXA = AXTMXA? + AXTKX.
Taking the transpose gives
—AX"DXA =N X"MXA+ X"TKXA
When we subtract the latter from the'former we-haveson rearrangement,
AXTMXA? — XTKXA =\ X"MXA - AXTKX

or

(AXTMXA = XTEX)A=AMAX" VXA - XTKX).

Thus, the matrix AXT M XA — X7k X which we denote by D;, must be diagonal since it
commutes with a diagonal matrix, the diagonal entries of which are distinct. We thus have
the first orthogonality relation(3.1).

Similarly, isolating the term in A/ of the eigendecomposition equation, we get
—MXA? = DXht KX,
and multiplying this on the left by A2X” gives

SAZXENM X A% = N2 XT DXT ABXTK X
Taking transpose, we have
“A2XTMXA?2=AXTDXA? + XTK XA

Subtracting the last equation from the previous one and adding AX” K XA to both sides
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gives, after some rearrangement,
AAXTDXA+AXTKX + XTKXA) + (AX"DXA + AXTKX + XTKXA)A.
Again, this commutativity property implies, since A has distinct diagonal entries, that
AX"DXA+ AX"KX + X"KXA = D,

is a diagonal matrix. This is the second orthogenality-relation (3.2). The first and second
orthogonality relations together easily imply the third orthogonality relation (3.3).
To prove (3.4) we multiply the last equation on the right by A giving
AXTMXA+ XTMXAN+XTDXA = DA,
which, using the eigendecomposition equation, becomes
AXTMXA + XT(—KX) = D;3A.
So, from the first orthogenality relation (3.1) we see that D; = D3A
Next, using the eigendecomposition equation (3.7), we rewrite the second orthogo-

nality relation (3.2) as

D, = "AXE(DXA FEX) XK XA (3.8)
= AXE(= MX A )+ XTKXA
= (CAXTMXA+XT K X)N

By the first orthogonality relation we then have Dy = —D A
Finally, from D; = D3A and Dy = —D; A we have Dy = — D3\,

Thus, using Dy, Dy and D3, we obtain the following results,

el (M — K)z; = 0 (3.9)
i (N +X)M+Cz; = 0,i#
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We remind the reader that matrix and vector transposition here does not mean conjugate

for complex quantities. ]

The Direct modal approach as discussed in the previous chapter, is the process
of finding a solution to the quadratic pencil problem using only a few eigenvalues of the
characteristic polynomial (p())) of the closed loop pencil. We remind our readers that
Single-input and Multi-input are algorithms that were explained and used to compute the
feedback matrices in the previous chapter.n order to.solve the inverse eigenvalue problem

of the quadratic pencil for both the*Single- input andthe Multi-input cases for problem
Mi(t) + De(t) + Kx(t) = f(t),

we apply the following theorems.

Theorem 3.0.2. (Solution to the Single-Input Partial Eigenvalue Assignment Problem for
a Quadratic Pencil). If {X1,- ;0 } A { A pt1y s Aan )= O then
(). For any-arbitrary vector P, the feedback vectors [ and g defined by

f&=MX A B (3.10)

and

= K X3 (3.11)

are such that 2n — peigenvalues \, ., ..., s, of the'elosed-loop pencil
Pe(\) = N2M + \(D=bfT Y+ K= bg?
are the same as these of the open-loop pencil p(\) = N>M + \D + K
(i1). Let yy, ..., y, be the set of p vectors such that for each k = 1,2, .., p,

€ null(ui M + D + K, D).
1

(Equivalently, the pencil p(\) is partially controllable with respect to i1, .., ji,).
Define 7, = N\Y M X Ay — Y{' K,
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where Z is a single matrix.

The problem under discussion has a solution in the form (3.10)-(3.11) if and only
if the system of equations

Z8=(1,1,..,1)7

has a solution.

The proof of the above theorem is related to Algorithm 3.2. (Datta and Sarkissian
1996).

Theorem 3.0.3. (Solution to Multi-input Partial Eigenvalue Assignment Problem for a
Quadratic Pencil)

If A, A 0V {1, o dant = 0. Then (i). For any arbitrary matrix ®, the
feedback matrices I’ and G defined by F = MX,Ay®" and G = — K X, ®T are such that
2n — p eigenvalues )\, 1, ..., \op, Of the closed-loop pencil p.(\) = \>M + X\(D — BFT) +
K — BG" are-the same as those of the open-loop pencil p(\) = N> M +A\D + K.

(i1). "Let {yr, sy, }-and {71, ..., be the two sets-of vectors chosen in such a
way that 1; = [, implies; = oy and for each k= 1,2 ..,p, o € null(ui M +

Yk
weD + K, —B) (equivalently, the pair (p(X), B) is partially controlled with respect to the

modes |1, ..., |i,,) Define Zy.and Y, as in Theorem (3.2). The problem under discussion (in
the multi-input case) has a solution with F and G given by i, provided that ® satisfies the

linear system of equations: P4 =T, where T'= (1, .., 7,)-

Proof. :

Using the first orthogonality relation (3.1); it is easy to verify that

MX5A2 + (D — BFT) XAy + (K — BGY) Xy, = (MXyA2+ DXoAy K X5)
— BO(AMXTMXoAy — XTKX5)

= 0,

which proves Part (7).
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To prove (i7), we note using the closed-loop and the open loop pencil above, that

Py = (M + (D — BE]_ d;Nja; M) + (K + BY]_ g5 K) )y
= By — BEJ_ 057 (A M — K))y

= B(w— E§:1¢j2kj),

where @ = (¢y, ..., ¢,) and s are the elementsjof-the matrix 7. Then Pe(ju)yy. = 0 for
k =1,2,..,p can be written in the formef the single matrix equation 77 =T

We now show that the matrix /' and (G obtained this way are real matrices. Since,
if v1,..,7, are chosen in such a way that j; = /i, implies ~; = -, then this also implies
y; = Y and, then, as in the proof of Theorem (3.2), there exist permutation matrices 7" and

T such that
Xi=X,T, XAy = XiM T, D=IT Y = VT andV, N =Y AT .

Thus, conjugating Zy = Ay Y3 MX Ay —Y{ KX, gives Zy = ()" Z,T and, conjugating
OZT =T, we get
1T 7, T =TT,

which implies that & = ®T'. Therefore
F=MXANT)(TTOT)=F
and
G =-K(X\T)(FFol) =G

showing that /" and (& are real matrices. [

The Quadratic Inverse Eigenvalue Problems, Active Vibration Control and Modal
Updating, can be classified as Direct and Partial model. It is ”direct” because the problem
is solved directly in second-order setting, without transforming it to a standard first-order
stage-space model. In this case, it avoids a possible ill-conditioned inversion of the mass

matrix and the loss of some of the exploitable properties, very often offered by practical
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problems, such as definiteness, sparsity and bandness. It is “partial-model” because the
problem is solved using only a few eigenvalues of P(\) that need to be reassigned and
their corresponding eigenvectors. The “no spill-over” property in this case is established
and confirmed in the proof of the theorem below and no model reduction is needed no

matter how large the model may be, (Sarkissian, 2001).

Theorem 3.0.4. Let the matrix B be of full rank. Let the scalars {1, ..., ju } and the eigen-
values of the pencil (M, C, K') be such'that sets { Xy, sy A\ }o { \e1, -0y Aon } and { e, ..y p }
are disjoint and each set is closed under complex conjugation. Let Y = (yi, .., yx) be the
matrix of left eigenvectors associated with eigenvalues {1, .., \,}. Let the pair (P()\), B)
be partially controllable with respect to {\1,.., \v}, ie. yiB # 0,i = 1,.,k. Let
I' = (1, .., ) be a matrix such that v; = ;, whenever j1; = [i;. Set Ay = diag(\1, .., )
and set ¥ = diag(ji, .., jup). Let Z be the unique nonsingular solution of the Sylvester
equation

N EE P s oY

Define the real feedback matrices by

F=&oY*M

, and

G =AY M+Y:C),

where © satisfies the linear system $Z = 1'.Then matrices F' and G are real and the
closed-loop pencil (M,C — BFT K-=-BGT) will have {ji1, .., {tj, Ny 1, -, Aan } a@s its
eigenvalues and the eigenvectors corresponding to the eigenvalues {\iy1, .., Aon } will re-

main unchanged.

Proof. :
We omit the proof of the first part which is lengthy and can be found for example Brahma

et al 2009. Let Ay = diag(Agi1, .-, A2n) and X5 be the corresponding eigenvector matrix.
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In matrix notations we then need to prove that
MX,A5 + (D — BFT)X5Ay + (K — BGT) X, = 0.

The result follows by substituting for F' and G into the left-hand side of the equation and

noting that (X5, As) is a matrix eigenpair of P()\), that is:
MK A% AXp A, § KX, =0

and the eigenpairs (A1, X;) and (Ay, X5) satisfy the orthogonality relation A; X7 M XAy —
XiKX —2=0. ]

Some recent results on Model Updating methods can be found in (Frishwell and
Mottershead, 1995, Carvalho, Datta, Gupta and Lagadapati, 2007, Carvalho Datta, Lin,
and Wang, 2006, Ewins, 2000, Friswell, Inman and Pilkey, 1998, Halevi and Bucher, 2003
and Kenigsbuch and Halevi, 1998)

We need the following theorems in order to discuss the Periodic Jacobi Inverse
Eigenvalue Problem ( P .JI). First we state the following two lemmas which are fundamen-
tal to our approach to the Periodic Jacobi Inverse Eigenvalue Problem, ( Ying-Hong and

Jiang, 2000).
Lemma 3.0.1. Let \y < 17 <_..oo < fpe1 <Ay, then the following linear algebraic system

o - Inl T 12, n—1,n. (3.12)

e ———
Ai — [ - Ai — 3 4 S Albes

n—

The term a,, on the right side is equal to ¥} |\, — Elzllpi, has a unique solution r =
(21, .., wp1)T and
T = —H:L:l()\l — ,uj)l_[’?_l ([Ll — ,uj)_l > 0. (3.13)

i=1,i#j

We note that the linear system (3.12) is overdetermined with n equations and n — 1
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unknowns.
Lemma 3.0.2. (Paige C C, 1971) For a Jacobi matrix J,_,, we have

biby..by o
$1Sm_1j = #] =1,2,..,n—1, (3.14)
J

where

xl(ﬂj) = [d€t<:uj] - Jn*l)] F H;Zﬁ#j(,uj L :ui) — (_1)7L7j71H?:7117i¢j’/1j - Hz‘|- (3.15)

The following is the proof of Theorem 2.5 which was stated in Chapter Two.

Proof. : For a periodic Jacobi matrix J,, if the eigenvalues of J, and .J,_; are distinct,
then the strict inequality (2.22) holds and by Theorem (2.3), its eigenvalues are the n roots
of (2.21), that is,

g L, .
A K oS () e 1 . n. (3.16)
M VS M
where
ij = (bnslj -+ bnflsnflyj){j = 1, R V% 1 (317)

By Lemma 3.1, gives that the above equations (3.16) has a unique solution

T = (@1, - yLpei) , and
T _H?:l(Al = /L7)H7:_11L7£J(/LZ - /Lj)_l > O,] - 1, = 1. (318)

By Lemma 3.2 and 117" ,b; = 3", we get

Snflyj = b ] = 1, = 1 (319)

n1bn’ (p15)51;”

Substituting (3.19) into (3.17) leads to

B ()]s, + [%

— x;]b2[a (1;))s3; + B2 = 0.
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Solving the above equation, we have

o W =281+ B

v 207 |« (uyl

where

Aj = o (yzl® —4B8(=1)" I ()l
= (I AT, [ —] —88(—1)"771).

Since J,,_ is a Jacobi matrix, then by lemma 3.2, we have s;; > 0,7 =1, ..,

get A; >0
| (:UJ)/L%‘ = 26(40)" =y VA > 0.

orA; >0
|2 Q] — 28(=0)" 7 — \/A; > 0.

(3.20)

(3.21)

n — 1, and we

From the above inequalities, (2.24) follows. The necessary condition is proved. We are

to show that (2.24) is also a sufficient condition for P.J/. We first use the given data

{A;}7_1, {n;}7=! and B to construct a periodic Jacobi matrix. We define

Fa ()] — 28(=1)"4= 1i\/> %
Al (,uj)|

b'”f - {2‘7:1(

and

)l 28(—1)" LA
202 (um

s15 = ( % =1,.,n—-1

(3.22)

(3.23)

where A; is defined in (3.21) and for each j, there are two choices for the sign of |/A;.

From (2.24), we see that

Ay =TI 1y = AP = 4B(=1)" 77 I gy — A = 0
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and

|2 ()] — 2B8(=1)" 71 — /A > | () ;| — 28(=1)"71 — /A, + 452 = 0.

Under condition (2.24), we know that n — 1 terms of the sum of b,, and s? ; are greater than
0 whenever the sign + are chosen to be 4+ or —. Consequently, we observe that the signs
+ in b, can be chosen arbitrary, but we can choose the sign in s;; the same way as the
sign in b,, for the same value of j. When the sign f=in 3.23 is chosen to be positive, we
denote s;; by 9{2 and we denote s1; by s;; when the sign 1s negative. If we have a choice
for each sign of /A, then we can obtain a b, from (3.22), and let g = (g1, ..., gn_1)" be
a (n — 1) x 1 vector whose jth component g; is equal to sfj or s7; determined by b,,. It
has been established that by /1, .., tt,—1 and g, we can construct a matrix .J,_; in a unique

manner, (Boley and Golub 1987, Parlett B. 1980).We then compute

6,
e 3.24
y T (3.24)
We have
o= P Al D (3.25)

This completes the reconstruction of the matrix /.
Next, we are to show that the reconstruction matrix .J,, is a solution to the PJI. It

is therefore sufficient to prove that {\;}7_; are the eigenvalues of .J,,. We can also as well
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assume that g; be s7;. From (3.19), (3.22) and (3.23),

(bus1j + buo15n-1)> = (bns1;)? + 2bubp_151;5n—15 + (bu15n_1,)
20 52
) | PR,
()Pt + 287 ()3t + 7
o >12b2slj
e s ) i | 5 28(0)= J—1+F2
2% (115 |l (/LJ)LJI - 2[3 )—i-1 4 /A,
A5 1A 12, —25 P /A + 482
2l (uhl=’ (1) \—2[7’ i+ /A
2’ (ueglP A, +2|x u] mf
2|a () | [l (:U/])le yn—i= 1_,_\/_;]
2| (pg)a;|* — 48(= )n i— 1|x'(uj)xj\ + 2|2 (4 $j|\/A_]
S0 e e | — 25(— 1)1 + /A

_ 2
—bslj

We therefore have,

1 (Brs1k + o 18u21k)>
)\i L o En_l( n n n—1,
- # Ai = [t

SR —'1.2.....n
which in agreement with Theorem 2.3, and we know that
det(NT=J,)=0,1=1,2¢" 03

we therefore conclude that the reconstruction matrix .J,, is a solution to PJ1.
We note that different choices of the signs of \/A; in b,, will consequently, give rise
to different vectors g and thus different .J,,_;. As the choices of the signs in b, are more

than 2", the number of the constructed periodic Jacobi matrices .J,, is at most 2”1,

Theorem 2.6 covers the case that the matrices J,, and .J,,_; have common eigenval-

ues.
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Proof. We prove Theorem 2.6. For simplicity, suppose m = 1, that is J,, and J,,_; have

common eigenvalues \, = 1,. By theorem 2.2, we have

r, = (bnslp~|—bn_1sn_1,p)2

= 0

Combining this with (3.19),

B\ FLTR
' UV INY

and as s3, > 0, it follows that

(AP 2a! <0

In fact, (3.32) is equivalent to

0 = T, =il > 4B 1) 7.

Consider equation (3.16), for i = p, since «;, = 0, the equation can be rewritten as

p—1 Lk
k=1
Ai =

n—1 Lk
v

=\ =00 =1,2,..0p—1,p+1,...,n.

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

This system is a special case of equation 3.12 with n — 1 equations and n — 2 unknowns.

The system has-a unique solution.in accordance with lemma 3.1,

7 o P "
L = (.Ll, cs Tp—1, Tp41, ..,.’L’n_l)

wj = —I N = ) I (i = 1) ™ > 0,

j=12,..,p—1,p+1,..,n—1. Forj # p, we observe that, \, — u; = 1, — p; # 0 yields

the following:

wy = =T (N — ) (s — )™ > 0,5 =1,2,.,p—1,p+1,.,n—1 (3.31)
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By Theorem 2.4, we have, z; = (b,$1; + bp-15,-1;)%, 7 =1,..,p—Lp+1,..,n—1. As
discussed in theorem 2.5 and combining (3.29), we see that (2.24) holds. The necessity
condition is therefore completed. We use the data given to reconstruct a periodic Jacobi

matrix. Computing b,, from the expression below

vt ()] = 28(=1)" 7 £ /A CRT!
b = i e R

Letg = (g1,...,gn_1)", wherefor j = p,

9o = 519 BUr - —)
9 = 1 Sz (o)

D=

(3.33)

forj=1,2,...p—1,p+1,..,n=1

e B = VA,
20212 (u;)l

l\)\»—l

g; = s1;= ( (3.34)

When we consider equation (2.24), we can easily see that n — 2 terms of b, and s; are
always greater than 0 whenever the signs =+ are chosen to be + or —. If j # p, for the same
value of j, the sign in the definition of b, and g; should be chosen the same. Analogous to
the construction in theorem 2.5, the matrix .J,, can be determined completely.

We now.show that the matrix ./, is.a solution to P.J[...As /i, is an eigenvalue
common to the-matrices .J,, and.J,—;, then from equation (2.24), we have (—1)"*1"*1 < 0.

From (3.19) and (3.33) we have,

B ’
)2+
220 o s
15} 1
—_— 2 + J—
(1)

bnslp+bn—lsn—l,p — bn( (335)

-
= 0

Notwithstanding, if j # p and supposing g; is the same as s then from (3.19), (3.32) and
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(3.34), we have

20 52

Pl ) PRST,

20 (p5); 1> — 4B(=1)" " |2 (u ')%‘| + 212" (1)1 /A,
202" (1) || ()5] — 28(=1)n==1 + \/A}]

(bns1j + bn-180-1,)° = bisi; +

- Hz I 175p()\ /”‘J)(AP )H?—llzyép](:u M]) l(ﬂp - Mj)il

= - ?:1,1';&;)()\1' = ), L¢pJ(/‘i - /‘j)il~

Therefore, fori =12, ..p—1,p+1,...n

(bnslk + bnflsnfl,k:)2
Ai —

(bnslk + bn—lsn—l,k‘)
Ay

an

p—1 —
Ai =y — Ek:l k=p+1 - 0’

then
detel— J,)=0,0 =1, %p=1p+1,_.n

We can therefore conclude that the matrix ./, is a solution to the problem P.JI. The choices

of the signs in b,, are no more than 2" 2, so there are at most 2" ? different solutions. [

We want to summarize the above discussions by assuming that 1;j; € {1,2,..,n —
1} are elements of the sets A and . and letting ¢ be a subscript set of ;. If the solution to

PJI exists, the following procedure can be used to construct the solution. Compute

=

|Z13 (M])‘TJI _2/3 TL = - \/_— oy 1 6

b = S >| A

Jj=1,j#q

(3.36)

where [ X" (17);| = T [ty — Al |2 ()] = pIE5 iy — pul. We can picka (n—1) x 1

vector g = (g;), where

6] 1
gj = 815 = (m)%] €q. (3.37)
_ 2" (uy)z;] — 28(=1)" 971 £ /A,
gj - Slj ( 2[)2|l‘ (,LL])| ] g q. (338)
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Finally, we state some theorems and their proofs of the solvability and computabil-
ity of the (PIEP). Let A,, € H,,n = 1,2,..,n be the set of all n x n Hermitian matrices.
We are to find a sufficient condition under which the following problem is solvable. Let
A = [a;j] € H, be given, and A = (), .., \,) be a given vector in R". We are to find

¢ = (cy,..,c,) € R™ such that the matrix
Alg) =pAst T2 omd; (3.39)

has eigenvalues Ay, .., \,.
The following are the definitions and terms we are going to use in the lemmas and

theorems below.

a = (a1, az, .., an) = (an; A22, -+ Clm);
A0 — N diag(a,, ag,y ..., ay,)
Ago) =AS dzag(agl), ag;), g

nn’

2 -

Amaz (Al ke +1,0 1),
Ak,j — )\rmn( [k k+' 7])7
A

(

Moy =Adg(AC [k k+ 1,050,
M= N (A1 71)
5 = N — AL
wf = A X

g = 9(Alkk+1,.,9), 90 = g(AP [k k + 1, .., 5]),

t t
Ty = 9§3c+1+9()
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Since trA = trA§0) [k, k+1,..,j] =0, then
Ak,j S 0 S Xlc,j

ng
Ay S0 N5,

W <0<aP(t=12 n)

Before we state any theorem forthe solvability of the'above problem, we need the following

Lemmas provided in ( Horn and Johnson, 1985).

Lemma 3.0.3. (Cauchy-Poincare). Let A € H,,. Then
Me(A) < Ae(Afins - im]), S An-mk(A)
foreach k = 1,..,m, where m < n. As a result, we have
Amin(Alk, k + 1, .., n]) € Me(A) € Al A4[L,2, .., k])
foreach k=.1,2, .. n:

Lemma 3.0.4. (Weyl). Let A, B.€ H,. Then

foreach k =1,2,..,n.
For real vectorsw and v, "« > v” means that w majorizes v.

Lemma 3.0.5. (Schur). Let A= (@) HyThen

(CLH, aso, .., Clnn> > ()\1(14), /\2(14), . )\n<A>)

Lemma 3.0.6. . Let {d;}" |, {y;}1, be real numbers and X¥_,y; < ¥F_ d;(k =

Then for vy >, .., > v, > 0 one has the inequalities
k k
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(3.41)

1,2,..,n).

(3.42)



Proof. : Writing the sums using summation by parts, we have

SEyivi = SIS w05 — viea) + ue S v

IN

25;11 (Uj — Uj—i-l)Zg:ldi + vkEled,-.

The inequality (3.42) can be established easily. (See for example,Horn and Johnson 1991)
Similarly, if
SING EXL A F TN, D),

k3

then for v; < vy, <, .., <, <0, we have
fo’zldwi < Ef’:lymi, k=1,.,n.
If 37, d; <37,y (k=1,24.,n),then for 0.< v; < ... <v,, we have

Lemma 3.0.7.. Let {017 be the increasing arrangement of the real numbers {b;}7_.
Then one has the inequalities

DI iy, € 3, Sk P

B0 achy £ X NE bl

for real numbers

CIS--SCm<0§Cm+1§'-SCn

Proof. :
In reference to the first inequality in this lemma, we set d; = b; and y; = blil (1 =
1,2,..,n), while v; = ¢; fori > m and v; = 0 for i < m. We then get the second inequality.

The proof of the first inequality is similar. [

Lemma 3.0.8. Let A = X + B, where X = diag(z1,..,x,) with vy < ... < x, and
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B = bij € H, with b;; = O(Z =1,2, ,TL) Then

/\k+1(A) — )\k(A) S (xk—f—l — l’k) + )\max(B[l, 2, cey k? + 1])
— Amin(Blk,E+1,..,n])

Proof. :
We have to note that Ak, k=1, .5k ot My =sdicigldims Tii1, -, Thrm) +
Blk,k+1,..,k +m]. Lemmas*(3.7) and (3:8) imply that

Mer1(A) < AnaalAl1,2, ..,k + 1))
S xk+1+)\max(B[1727"7k+1])
and
MelA) = Nom (At LeTn))
Z $k+)‘min(B[k>k+17”7n])
We see that the above lemma is easily established. [

Theorem 3.0.5. Let o) = dulist =1, on)and Ay S A < . < A\, <0< .. < Ayt <
.. < A\p. Suppose

Abt1 — Mg 2 ALEw s X, 25:1)‘&}:] + E?:SH)‘@I[:]

foreach k = 1,2,..y4n —1. Then problem«3.39) is solvable.

Proof. :(Adapted from Luoluo, 1995)
We assume that the assumptions in the statement of the above theorem hold. For

the vectors A and a define

D\ a) = {x=(x1,.,20,) ER" 2 +a

> Nrita <azota <. <z,+a,}
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We can verify that D(\,a) is a nonempty, bounded, convex and closed set in R". For
x € D(\ a) define A(z) = A+ X7 2,A;. Let \;(x) be the ith smallest eigenvalue of

A(x). Let us assume that j, is the index satisfying 1 < j, < n and

1 +a < x2+a2§...§sz+ajz<0

< rjmta <<z ta,

Since A(z) = diag(xy + a1, x3 Rao 4. ., %y Hap) F A YR (x + at)A,EO), then by Lemma
(3.8) we have

)\k+1<w) — /\k(J) — (flfk+1 A ak+1) -+ (Lk + (Lk)
< Nmaa((A + 37, (2, + a) AN, . k+1])
< Amin((A+ B2 (@ a) Ak ke +1,..,n))

Applying Lemma (3.4), we have

Amaz (A + 7 (zg Fa) AL, . B 1)) (3.43)
< Aot + 20y (2 + a)A

n a(t)
+ X (T a) A g

and

Amin (A + 50 (2, Fa) A [k kw6, . y7]) (3.44)
> M + 505 (m + at)xgi)n +

S (T an) Ay, (3.45)
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Combining the two inequalities above, we have

Akt1 (.CL’) — )\k(l‘) - (.I'k+1 + ak+1) + (iL’k + ak) (3.46)
< Mgt — A

27 (e + a) A )y — New (3.47)

n N t
S0 (@ a) s — AL

The following is the implicatiKthus gn\]a (3.6) and lemma (3.7)
)

" —(t
5@+ a) Mg (3.48)
St (@ + at)w,(f)
Yo (@ + at)w,(f)
h_-
—h“ _.ﬂ--‘
We have to note thz:tx the .%}_mq olds for .'ﬁ;‘:,',-,'- s or j, < s. Similarly, we
note again that the ineg ve imply that
I |
(3.49)

We therefore conclude from the inequalities above that there hold for k = 1,2, .., n—
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1 the inequalities

Me1 () = Ae(2) — (Tpgr + aggr) + (2r + a)
< Ahi1 — A T Ele)‘t%(:)

+ E?:s—f—l )\twl(:)

We define the continuous mapy f « D(\, @) = R, f(x)=A + 2 — \(z), where \(z) =
(A1(x), Aa(x), .., \u(x)). By theyassumption of the above Theorem (3.5) and the above

inequality, we can verify that foreach k = 1,2,..n — 1

fe(z) Hag < fopilz) + agy1, (3.50)

where fi () is the kth component of f(). In addition to this, since {z; + a;}}_, are the

diagonal entries of A(z), then by Lemma (3.5), we have © + @ > A(z) and therefore
o S %o (P L% (3.51)

The two equations above mean that f(z) € D(A,a). By Brouwer’s fixed-point
theorem we know that there exists a vector ¢ = (¢, ¢, ..,¢n € D(), a) such that f(c) =
¢, that is A(e)=+\. In other words, the matrix A(¢) = A +X3%q¢ A; has eigenvalues
A1, Ag, .., A, and-henee problem'(3.39).is'solvable. O

Theorem 3.0.6. Leia\" = du(i,t = 1,2, n)and i< X < .. < A, <0< ... <

Ast1 < ... < \,. Suppose

Akt1 = Ak (3.52)

—t+1
2 Tikt1 T Ten + E};9:1|)‘1t|7‘1[cn !

+ Z?:erl)‘trl[cﬂ
foreach k =1,2,..,n — 1. The problem (3.39) is solvable.
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Proof. : ( Luoluo, 1995).

The proof of this theorem is similar to the above proved theorem. We only have to

replace two inequalities in theorem (3.5) by

Aky1(z) — Ae(2) —
Amaz (A + S0 (20 + a) AL, ..,

(g1 + py1) + (Tr + ag)

k+1])

IA

Lol o AR

_|_

+

(3.53)
)‘mm((A + Et 1(1'75 + at)A(O))[ D
1 k41 + Tken — Et 1<$t + a’t)(.g IE:tZL)

n t
S (e an) (9 + 99

T k41 +7“kn—2f (e 4+ ag)ry, [n—t+1]

S (@ ag)ry

[n—t+1]
rl,k‘Jrl + Tkn Et 1)\15

r ey (3.54)
Trhtl L i1 ATy A
42 (3.55)
T1gea1 + Thn + 25 1|)\t\r" ¢+l
i (3.56)

the second inequality comes from the Gerschgorin disc theorem, the third comes from

lemma (3.7), and the fourth comes from lemma (3:6). The details are omitted. O
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CHAPTER 4
IEP for a class of Singular Hermitian Matrices

In this chapter, we consider the solution of the IEP for a class of Hermitian matrices. We
restrict ourselves to singular symmetric matrices. The IEP has been more famous by Mack
Kac’s 1966 article "Can I hear the shape of a drum?? Literally it is difficult, if not impos-
sible to determine the shape of a drum from its vibration modes. The problem becomes
solvable only when certain parameters are prescribed. This includes prescribing that the
matrix is tridiagonal. This case has been extensively investigated already. The case for
singular symmetric matrices, however, have received little to no attention. We therefore
discuss the inverse eigenvalue problem for singular Hermitian matrices. We will consider
full singular symmetric matrices. Hermitian matrices are endowed with real eigenvalues.
This makes the problem more tractable. We therefore want to construct singular n X n
symmetric matrices of this form from their eigenvalues. We therefore develop and prove
an algorithm using matrix invariants for solving direct eigenvalue problem for singular
symmetric matrices.

For an n x n symmetric matrix, the following properties hold:
1. The matrices are singular and symmetric
2. The eigenvalues are real and the number of distinet values is the same as the rank.
3. The matrices concerned have-arbitrary-non zero elements for r > 1.

Let M and N denote the subset of square matrices where M € Hn, Hn is the set of
Hermitian matrices. Our M in this case is the set of some singular symmetric matrices
with real entries. /N denotes a class of matrices which contains parameters. Given a matrix
A € M, scalar {\, A, ..., \,} € F and a class of matrices N, we are to find some

parameters X € N such that 0(XA) = {1, A2, ..., A\n}. The IEP under the outlined
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conditions for ’large’ matrices is generally unsolvable. As such we begin with the 2 x 2
singular symmetric matrices and extend to the highest possible n X n singular symmetric

matrix.

4.1 Preliminaries

In what follows, we denote the n x n singular symmetric matrix (a;;) such that
a;; = aj,t,j = 1,...,n by Ay. Without loss of"generality, singularity is achieved by
multiplying the first row by prescribed scalars=*We'denotea singular symmetric matrix of
rank r by A, ;). In this case we write ?; = k[?; 1, to denote that the it/ row is k times the
first row, where & € R. Finally, we denote the spectrum of A, by A,, = {\1, ..., A\, }. If the

rank of A is r, then we assume N\g#Ofori =1,...,¢,but \; =0,i =r+1,...,n.

Lemma 4.1.1. Let A be a non-traceless, symmetric matrix of rank r with non-vanishing
elements. Then there exits anisomorphism between the elements of A -and its distinct non-

zero eigenvalues if and only ifr =1.
Corollary: The inverse eigenvalue problem has a unique solution for singular symmetric

matrices of rank 1 with prescribed linear dependence relation.

4.1.1 Specific Case |

(n=2, r=1): We begin by considering A, 1y. By definition, A, ;) is of the form:

- a1 ka;
(2,1) =
kai /f?an
1 k
= a
k k2

Let Ay = {A1, A2}. Since Ay is singular of rank 1, it follows that A, = 0. We have:

TT(A(QJ)) == CL11(1 + k2) Therefore ajl = H-%
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Hence:
A 1 k
A =—
S R 2
Thus A 1y has been reconstructed for given A and prescribed scalar .
We see from this formula that for any given A and parameter k, we can generate any

2 x 2 singular symmetric matrix of rank one. For example if £ = 2, A = 5, we have

Al

4.1.2 Extension to Hermitian matrices

We now extend the above to Hermitian matrices of order 2 x 2. A is Hermitian
implies that, ay; = aj,. Linear dependence of rows is given by as; = kaq; and age = kaqa,
5o that ay="tiy9.= ka1,. Then asy = k(kay) =|k>a,;. (Note that the-diagonal elements

of Hermitian matrix are real.) We now rewrite the matrix as;

a ka
o~ 1 11
kau |k|2a11
L
]
LSt
Thus TrA = A = au(l' $4&f) = an = Fp. From this, we see that any 2 x 2

Hermitian matrix which has a parameter with the same value as the modulus £ satisfies the

above formula. Example: Let k =1+, A\ = 5 and k=1—1i Wehave a;; = g and
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4.2 New Results

We generalize the method above in the following two theorems, first for an n X n

singular symmetric matrix of rank 1 and then of rank r, where 1 < r < n.

Theorem 4.2.1. Given the spectrum and the row multipliers k;,i = 1,...,n — 1, the inverse

eigenvalue problem for a n x n singular symmetric matrix of rank 1 is solvable.

Proof. Given the spectrum A, = {\1;\2, .. A, J. since rank A,, = 1, it follows from our
notation above that\; # 0 and Xy = 0,4 =2 ...bns Let k;,7 = 1,..., k,_1 be the row

multiples. Letting

a1 ai1ky a1k ko oo ankiky -k

a1k auk% Clukfl@ T allk%]@ e kpg

A(nyl) = Ak o Clnk'%kz auk%k%kﬁ‘s o | ank‘%k?%kg : 'ifn—l
(Lllklk'g D k}iﬁl ank%/{:g 8 us ]{?iﬁl auk‘%k%kg — k‘i,1 coeoe auk’fk:gk% cee kii

Then Tr(A) = X\ = an(l + k3 + kiks +kik3ks + - - - + kik3 - - - k2_,). Hence

)
T TRt IR RIZIES - 1 Kk k2

w—1

@11

The result follows by inductien on 7. U
We state the following-theorem for the general case where A,, has rank 7:

Theorem 4.2.2. The inverse eigenvalue problem for an n X n singular symmetric matrix

of rank r is solvable provided that n — r arbitrary parameters are prescribed.
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Proof. Let A,y = [a;;|, where n > 2. It is obvious that,

[ oks, i<j
ay =an § ([ oks)? i=
bk, i>j

where
A A
U T SRR kR +Ikk
and
4.1)
AL, Ao +1
and R; is the ith ro
Tr(A)
r=2:
Up M 2R3 + F2h3HS T E MRS - -
r=3: w
ap; = Al
T A R R 4 RPR2RE - R2R2 - K2,
r=4:
ap; = Al
T A R R 4 RRRRRE -+ K2R K2,
The result follows for any rank 1 < r < n. O
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4.3 Numerical Examples

In this section, we illustrate the results above with small matrices of size 3 <n <5
of rank 1 < r < 4. We begin with the singular 3 x 3 symmetric matrix of rank 1, A 1),

which is of the form:
1 ki kiko

Az = an k1 k2 k2k,
k?lkg k%k’z l{flkg

I A
R R L
For ky = —1,ky = 2, A\ = 6, we have;

Agp=1 -1 1 2
>, &

We extend the above result to Hermitian matrix of order 3 X 3. By symmetry, we
have

a1o = d91,a13 = A31,G93 — dzz. Row dependency is of the form; k1R, =
Ry, koRy = R3 — kiko Ry = Rj3. The off diagonal elements are;

a1 = dz1 = kyong

a13 = a8y = kikoaig

Q23 = (g =tk hodi o= kikskiai = |ki*krai

The diagonal elements are;

agy = kiayp = k1(1€_1) — |/€1‘26L11

agz = kiksaiz = k1k2(1€_1k72)a11 = |k;1|2|k2|2a11.

Thus the general Hermitian 3 x 3 matrix is presented below;
1 Ky k1 ko
A(3,1) = a1 kl ‘kl‘Q |k1|2]52
Faky ki Re (KPRl
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The trace TrA = X = (1 + k1> + k1| k2|?) a1 = a1 = m

Any parameter which has the same value as the modulus of k; and k2, generates the
same 3 X 3 Hermitian matrix.

Numerical Example: For A = 3, k; = 21, ki = —2i,ky =241, ky = 2—1i, we have
a1 = 5 and

1 —2i  —(2+4 49)
Ay =rx 2i 4 Q=4
2N 40 8B40 20

Given ky, ko, and k3, we obtain the following singular symmetric matrix:

1 kl klkg l{fll{,’gkg
kl k% k%kg k%kgkg
Ay = an A
k1 ko k2 ks kik2  kik3ks
kikoks Kk2koks k%kgkg k%k:%k:g
In this case, a;; = 4 5. When A = 2, k1 = 3, k; = 2 and k3 = 4, we obtain

1+k3+k3k3+kTk2 k2
the following 4 x 4 singular symmetric matrix of rank one:

Y

311 311 311 ST

B0 M8 T2

A — 311 311 el 1 311
—

- 6 18 36 .14

311 311 ..311 _311

24 12144 576
311 il 311 311

Finally, we present singular Hermitian matrix of order 4 x 4. By symmetry, we have:

19 = C_LQl, a3 = C_Lgl, o3 = C_ng, A14 = a41, (o4 = Q42 and asy = C_L43. Row dependence 18
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given by the expressions;

kiR = Ry
kaRy = Rs 4.2)
kgRg - R4

= ki1koR1 = R3, ki1koks Ry =pR4w#The off-diagonal.elements are;

ayy = ay; = kiay

az = gy = kikoar

as J=azx = |ki[ke (4.3)
a1l =84y — kikaksay, (4.4)
asg =asp = {k1[Pkaksan (4.5)
aze =ts3 = |kiP|kofPhsan

The following are the diagonal elements;

22 = kiai2 = |k1|2a11
as3 = kikoa3 = |k:1|2|k:2|2a11

aig—k koksags = ]f1/f2/€3(/;717;?2]_€3)a11 . |k1|2|k2|2|k¢3|2a11
We obtain the following singular Hermitian matrix;

1 ky k1 ks E1koks

kl |l{:1|2 |k1|2]%2 |k1|2]52]_€3
I Y i P A 1 R Y R T o
kikoks |ki|*koks  |k1|?|k2|?ks  [ka|?| k2| |ks|?

A(4,1) = a1

The trace, TrA = X = a1 (1 + |k1|? + [k1|?|k2|? + |k1|?|k2/|?|k3]?). Rewriting the above
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A
Tk 2k 2 k2 |2 k1 [2| k2|2 k3|2

equation, ay, =

Lemma 4.3.1. Entries of singular Hermitian matrix A = |a;;] of rankl with nonzero

eigenvalue N € R and which is such that R; = k;_1R;_1 where k; € C,1 = 2,....n and the

A

R; is the ith row of A can be generated from; ay, = IRy ey e u—n YR T

Qjj = all(Hi;%)kS)

nE and

Singular Hermitian matrixcofiankr 2 2 is leftroutfor future research work.
We now consider the IEPyor i X2 singular syametric matrices of rank 2. A3 o) is

of the form:

11 kaiy ais
A(3,2): kaynn k*ay  kais

a3  kaiz  ass

Here, TT(A) = )\1 + )\2 = an(l a4F k2) -+ dsa3 and )\1)\2 = (Ln(l + k2)a33. Hence azz =

A1do
PRGEVEE Thus

T L1 — 0% (B 7)) QR [ =0,

which yields a;; = ﬁ and A5 = as33. Therefore a3 becomes a free variable. When
M = 2,\ = 3,k = 4 and a13 = 5, for example, we obtain the following singular

symmetric matrix:

2 8
T ar 9
Apzoy= % ?—3 20
20 8

In general, the solution of the IEP for A,, ,. leads to the solution of an rth degree polynomial
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equation in a1 of the form:

0 = al(L+k +..+k ) — O M +k + .+ k2 ai !
=1
+ Z(Hfjkl/\i)(l + k24 Lk )aiT?
k=1
- Z(nfj,fxg@ R4 R a4 — (TN (4.6)

k=1

To solve the case for n = 4 and = 2, we deduce"from the general polynomial equation

above that the following quadratic in a;; holds:
aty (1+ k7 + k7ES)E =+ Aol &+ kTk3)an + Mido = 0.

This yields: a;; = W\W a44 = A9 and a4 becomes a free variable. For A\ = 6, Ay =
1 172

5, k1 = 4, kg = 3 and.a;4, = 2,"'we obtain a singular symmetric matrix below:

0\ B o
161 161 161

24196288 , Ig

161 a6

72 288 864
1 161 161 24

—y—

A =

Similarly, for A(5,2), we obtain the following quadratic in a4:

a3 (1 + ki + kiks + EykSK3)? = Qa2 (X ks R ks + kik3k3 )an + Mg = 0.

2 +k%’,\€1% TR and Ay = ass where a5 is a free vari-

able. When A\ = 2, \y = 5,k = 3,ky = 5, k3 = 7 and a;5 = 4, we obtain a singular

The solution gives: a;; =
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symmetric matrix below:

2 6 30 210 4
11260 11260 11260 11260
6 18 90 630 19
11260 11260 11260 11260
_ 30 90 450 3150
Ap2) = Ti260 11260 11260 11266 0V

210 630 3150 22050 420
11260 11260 11260 11260

4 12 60 320 5

By the same method, A, 3.leadsto thefollewing cubic equation:
ai’l (1 + k2)3 — (/\1 + )\2 + /\3)&%1 (1 + ]{2)2 + a1 (1 + kQ) (/\1/\2 + )\1/\3 + )\2)\3) — /\1)\2)\3 = 0

Solving the above cubic equation we obtain the following roots. A\; = a;;(1+ k:z) = a1 =

A1

Tz Ao = a3z and A3 = a4y, where a;3, ais.and az4 are free variables.

Finally, we. want to ‘eonsider 5 X § singular symmetric matrix of rank 4. Using
equation (2). we obtain the following quartic equation in a;; Where A\, Ao, A3 and )4 are

the nonzero members of the spectrum.

ap (T +E) =0+ 0+ As + M)ay, (14 £)°) +
()\1/\2 ™~ )\1)\3 e )\1)\4 I /\2/\3/\2)\4 aF )\3)\4)&%1(1 + ]{2)2
(/\1)\2)\3 —|— )\1)\2)\4 —|— >\1/\3>\4 —|— )\2)\3/\4)&11(1 —|— k2> —|— )\1)\2)\3)\4 - O

Factoring the above quartic equation, we.obtain the following results: a;; = ﬁ,
/\2 = ass, /\3 = dy4 and )\4 = dj5. The free variables are a3, A14, Q15, 35, A34 and ays.

As an example, if welet \g =4, A3 =7\, =11,k =2,a13 = 8,a14 = —4,a15 =
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5, ass — 14, asqy = 6 and Ay = 17

(13 27 8 —4 5 )
26 54 16 —8 10
A= 8 16 4 6 14
—4 -8 6 7 17

NUS
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CHAPTER 5

Numerical analytic interpretation of the / £ P for Hermitian Matrices using fibre bundles

with structure group SO(n)

In this chapter we give numerical analytic interpretation of the IEP using fibre bundles with
structural group SO(n). The previous work on / E' Psing the idea of tangent bundles was
more theoretical. The initial matrix for the iteration was not known and therefore the special
orthogonal matrix () could not be determined and consequently the skew symmetric matrix
K. Our work is more practicable and provide information for the initial matrix which in our
case is a singular symmetric matrix. Given the initial matrix, we could obtain the matrices
@ and K for the iterative process. Finally, we expect the iteration to converge to a matrix
which is a nonsingular symmetric matrix such thatits eigenvalues are in the neighbourhood
of the eigenvalues of A, a'diagonal matrix.

We consider the general linear group G'L(n, R) which is a Lie group. The gen-
eral linear group is a group of all invertible and square matrices whose subgroup is the
orthogonal group O(n, R). Our Lie group under consideration is a group of matrices.

We will deal with two subspaces, the affine subspace which contains symmetric
matrices and the isospectral surface O(n, R) whose normal subgroup is SO(n, R). The
S0(n, R) is a special orthogonal group. The normal subgroups we will deal with are SO(2)
and SO(3) whose corresponding Lie algebras are so(2) and so(3) respectively, which are
real n x n skew symmetric matrices with null trace. Let us denote the isospectral surface by
M (A) which contains the same spectrum.We know from Proposition 1.3 that a fibre from
the affine subspace to a point X € M (A) which is a differentiable manifold is of the form
T(X)= XK — KX. This is the Lie bracket of the Lie algebra so(n).

Let

M(A) ={QAQ'|Q € SO(n)}
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where A contains the set of distinct eigenvalues. This implies det@ = 1 and QQ* = I,,. If
Q(t) is a one-parameter subgroup of SO(n) parameterized by ¢, then differentiating QQ*
with respect to ¢ gives Q' (0) + Q'(0)* = 0 and so the Lie algebra so(n) consists of all

skew-symmetric n X n matrix. We have
QAQ" =X = A=Q'XQ

which is an inverse problem. We know that by Lemma.1.1, () is a rotation matrix given by

Rodrigues rotation formula below,

cos@ —sinb

sinf  cost

But by Lemma 1.1, we have

P

K
Q:eK:]+K+— :EPZQF.

T

Ignoring highest powers of K; we have ()= I + K and we obtain

where 6 is a real number-between [0, 27].
Our function is therefore given by f () =QAQ"—X = 0 and the derivative is the
Lie bracket X K — K X. We therefore formulate a Direct iterative method instead of the

Newton Ralphson method. At the isospectral surface, M (A), we have
QANAQN(AY) = X1 (1),i=1,2...

where A’ is a singular symmetric matrix, () the normalized eigenvectors of the matrix A°

and A a diagonal matrix which is similar to the matrix X“*! and therefore, they have the
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same eigenvalues. At the tangent space of the Lie group which is the Lie Algebra, we
obtain the following equation,

X XK - KX = A7 (2),i=1,2...

Y

where K is a skew symmetric matrix which is given by, K = %(Q — QY or K =
0 —6

0 0
initial matrix until the iteration converges at where the‘eigenvalues of A*"! are in the same

.0 < 6 < 27. JAwthis, point] thellitefatioficontinues with A*! being the

neighbourhood of the eigenvalues of A. At the convergence stage, the skew symmetric

matrix is zero.

5.1 Numerical Example

In this section, we illustrate the results above with small matrix of order 2 x 2. We

begin with an initial 2 X 2 singular symmetric matrix of the form;

with the eigenvalues as, Ay = 5, \; = 0. The normalized eigenvectors are the column

vectors of the matrix

1 1 =2
Q=—
VR
and
Qt:i 1 2
VB 92 1
0
Let A =
0 -1
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Step 1: We use the equation; Q' (A )AQW*(A") = X', to obtain;

o 1 (1 -2 30 1 1 2
Vil 1 0 -1 /) V5\ -2 1
—0.2 1.6
1.6 22 G-b

Step 2:

The following equation'is tsed;

X'+ XK X! = Al

)
where K = 1(Q — Q') = % ) o to.obtain the following results;
: =, N3 02 16\ 1 [0 —2
7= L - —
e /3 16 221 vV5\2 o
1 [0 —2 02 1.6
— (5.2)
5\ 2 0 | Vil

2.6622  3.7466
(5.3)
2:7466 —0.6622

The normalized eigenvectors of the matrix A' are the column space vectors of

0 0.83831  0.54519
0.54519 —0.83831

This is used for the next iteration.
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Step 3:We solve for X?:

0.83831  0.54519 3 0 0.83831  0.54519
0.54519 —0.83831 0 -1 0.54519 —0.83831

QQAQ(Q)t

1.8111 1.8282
- (5.4)
1.8282 0.18893

We conclude from the above results that since the nonsingular matrix X2 has the eigenval-
ues \; = 3.001, A\, = —1.0, it is similar to the'matrix’A. We have therefore used a singular
symmetric matrix to obtain a nonsingular symmetric matrix. We state the following lemma

to justify our claim:

Lemma 5.1.1. A nonsingular symmetric matrix can be generated using a singular symmet-

ric matrix as initial matrix the following recursive equations are used;
A NQ AN = X7 = TP
and
Xi +XiKi = KZXZ - Ai-i—l.

We provide in the appendix, a program that generates any dense n X n singular sym-
metric matrix of rank 1 for given row multipliers. The program could be easily modified

forrank 1 < r < n.

5.2 Appendix

The following is the program to generate any n X n singular symmetric matrix of

rankl

function ()
$UNTITLED2 Summary of this function goes here

% Detailed explanation goes here

86



lambda=input (' Enter a positive number as trace of the
generalized matrix’)

k = input (' 1.Enter m positive numbers that characterize the
generalided matrix’)

m = length(k);h(1l)=1;ss=[];

for i=1:m

h(i+1)=h(i)*k (1) T

h; kk=1;

for i=m:-1:1
kk=kk=* (k (1) "2)+1;
end
kk;
format
a=lambda
ss=axh;
mm(l,:)=
for i=2: (m+1
mm(i, :)

end

$fprintf (' The rec
tr=trace (mm)

sing=det (mm)
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CHAPTER 6
Conclusion and Future Work

We have developed algorithms to generate singular symmetric matrices with an extension
to singular Hermitian matrices of rank 1 when the eigenvalues and some parameters are
given. In our presentation, numerical.examples are.provided. We have also developed
direct iterative method to generate non singularsymmetric matrices of orders two and three
when the eigenvalues are provided. Singular symmetric matrix is used as an initial iterative
matrix to generate a non singular symmetric matrix.

We shall consider the following for future work:
1. Consider singular Hermitian matrices of rank > 2.

2. Use singular symmetric matrix to generate non-singular symmetric matrix of order

greater than-three using direct iterative method.
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