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Abstract

In this thesis, we present an SEIRS model to describe the transmission dynamics of rabies
virus in dogs and humans, using optimal control theory. We study the effect of pre and
post-exposure prophylaxis on both compartments. Our analysis shows that the model is
mathematically and epidemiologically meaningful, and well-posed. From the analysis, it
shows that with an effective pre-exposure prophylaxis in the human population and the
vector population, the rate of rabies transmission will be minimize, and additional control
measure on the exposed dogs will minimize the spread of the rabies virus in both
compartments, such measures could be post-exposure prophylaxis or culling of exposed
dogs. Using the Routh-Hurwitz criterion, it shows that the disease-free equilibrium Eo, is
locally asymptotically stable, if Ro < 1, applying the Lyapunov function shows that the
disease-free equilibrium is globally asymptotically stable, if Ro < 1, and the endemic
equilibrium is global asymptotically stable, if Ro> 1. We also study the controllability of
the control model, and then obtain an optimal cost-dependent and time-dependent effort,
to minimize the spread of rabies virus in the exposed and infected classes. The simulation
of our 8-differential equations using the forward-backward sweep scheme and the fourth
order Range-Kutta numerical method, shows that applying pre-exposure prophylaxis
(vaccination) and post-exposure prophylaxis (treatment) in both compartments have a
considerable effect in reducing the number of infected dogs and humans with rabies than

when a single control strategy is use.
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Chapter 1

Introduction

1.1 Background of the Study

Mathematical approach has been proved to be an important tool in epidemiology study
(Murray et al, 1988). Utilizing this methodology on epidemiological study gives
understanding of the epidemic features of the spreading law and control measure of
pestilences (Murray et al., 1988). Generally, most human rabies cases are as a result of a
dog bite (WHO, 2012). Rabies is an infection that mostly affect the brain of the infected
animal or individual, through the saliva or tissues from the nervous system from an
infected mammal to another mammal (WHO, 2012). Rabies is caused by a neurotropic
virus (WHO, 2010).

Any warm-blooded mammal can get the rabies virus through a bit of infectious
animal (WHO, 2010). This infection has turned into a worldwide problem, it is evaluated
that rabies happens in more than 150 nations and regions (WHO, 2012). Raccoons,
skunks, bats and foxes are the main animals that transmit the virus in the United States
(WHO, 2010). Also this disease has been a major threat in Asia, Africa and Latin
America where vaccination and medicines are sometimes not available (WHO, 2010).
When the virus enters the human body or that of an animal, the infection (virus) moves
rapidly along the neural pathways to the central nervous system. From there the virus
continues to spread to other organs and causes injury by interrupting various nerves.

The symptoms of rabies are quite similar to those of the flu (Rupprecht et al,,
2010). Treatment after exposure is known as post-exposure prophylaxis (PEP), and
vaccination before exposure is known as pre-exposure prophylaxis. Due to movement of

the carriers, the risk of not being exposed to the infection can never be guaranteed.



Optimal control has also been recently applied to an epidemic model for rabies in
raccoons in researched performed by Artois et al. (1997); Allen et al. (2002). In their
study, the control vector gives the rate of vaccination in the subpopulation that minimizes
the exposed and infected classes over all sub-populations.

This accounts for the cost effectiveness of administering the vaccine. Rabies is
estimated to have caused 55,000 human deaths in Africa and Asia (WHO, 2012).
Individuals that are mostly at risk to the rabies infection live in rural territories, where
human immunizations and immunoglobulin is not promptly accessible or open, but
rather it is realized that individuals that get pre-exposure, immunization are at low risk
of getting the rabies infection (Rupprecht et al., 2010). Hence, we want to study the effect
of perexposure, post-exposure vaccines, and culling effect on the model, so as to minimize
the infection in the expose and the infected classes, and also compare the existing model

of rabies as proposed by Zhang et al. (2011), to the optimal control model.

1.1.1 Disease Transmission

Rabies transmission mostly happens due to the influence of an infected mammal biting a
susceptible individual. Foxes, raccoons, coyote, skunks, dogs, bats, and cats are the
mammals that mostly spread the rabies infection. The rabies infection has a short life
range outside the vector, and stays alive in the cadaver of an infective warm-blooded
animal for not more than 24 hours. Nonetheless, being exposed to the rabid animal does
not necessarily imply that, the bitten warm blooded animal or individual will get to be
contaminated. From research, it is speculated, that just 13% — 15% of exposed humans
do contract the rabies virus after a bite from an infectious dog (WHO, 2010). Individuals
that work very closely with wildlife, and veterinarians are at high risk to the rabies virus.
Figure 1.1a demonstrates the transmission progression of the rabies infection in the

human framework.
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1.1.2 Symptoms

The advancement of the illness is moderately quick, and the normal time of rabies
development from exposure stage to the brain is between 3 to 8 weeks in dogs, and 3 to
6 weeks in humans. At brain, it then moves to the salivary glands. The infected vector or
host goes through one of the following stages with a different symptoms behaviour (WHO,

2010).

1.1.3 Prodromal Stage

In this stage, the virus usually lasts for 2-3 days in dogs, and in humans 5-6 days. When
the infected mammal reaches this stage, the following symptoms are commonly shown;
anxiety, uneasiness, isolation and fever. Most sociable animals may become nervous,
whilst, hostile dogs may become friendly and submissive. The tainted puppy will as often
as possible lick the site of the bite. The prodromal stage in cats mostly stay for

1-2 days. The cats usually develop fever spikes and flighty conduct behaviour than dogs

(WHO, 2010).



1.1.4 Violent Stage

In this stage, the animal may become violent; cats are especially inclined to developing
this stage. This malady stage in canines, for the most part, goes on for 1 to 7 days. The dog
becomes restless and irritable and is hyper responsive to visual and auditory stimuli. As
it gets to be more anxious, it can start to meander and turns out to be much more touchy
and awful. The dog becomes ever more disoriented and then experiences seizures and

could die (WHO, 2010).

1.1.5 The Paralytic (dumb) Stage

The dumb stage, for most dogs develop within 2 to 5 days after the primary signs emerge.
The head and throat are the initially influenced, and the contaminated well-evolved
animal may start to salivate as a consequence of their inability to swallow. Breathing gets
to be more profound and the jaw may drop as a consequence of the stomach and facial
muscles turning out to be progressively paralyzed. These infected mammals may make a
gagging sound and many dog owners may think there is something in the dog’s throat.
The infected mammal will become weaker, finally develop lung failure and die (WHO,

2010).

1.1.6 Diagnosis

The most proficient approach to recognize rabies in mammals is to render the brain for a
microscopic check (Rupprecht et al,, 2010).

1.1.7 Treatment

Unfortunately, there is no cure when an individual gets into the paralytic stage and death
is virtually assured. However, a very few people have survived a rabies infection after

receiving intensive medical care. In dogs there is a very low survival rate (WHO, 2010).



1.1.8 Immunization

The best way to prevent the disease is through vaccination. A vaccinated individual stands
small chance of contracting the rabies virus (WHO, 2010). Below is a model description
of rabies transmission dynamics in dogs (vector) and humans (host) with

vaccination effect.
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Figure 1.2: Model description of rabies transmission dynamics in Dogs and Humans

1.2 Statement of the Problem

Rabies potentially threatens over three (3.3) billion people in Africa and Asia (WHO,
2010). Individuals most at danger with the rabies infection live in provincial ranges
where human antibodies and immunoglobulin are not promptly accessible. Albeit all age
gatherings are vulnerable, rabies is generally common with children under 15 years.
Overall 40% of post-exposure prophylaxis regimens are given to this class of age group 5
- 14 and the greater part are male (CDC, 2010). People could be exposed to the rabies
infection, either by nature of their living arrangement or occupation. Also, needy
individuals are at a higher risk, as the normal expense of rabies post-exposure
prophylaxis after contact with a suspected rabid animal is US$ 40 in Africa and US$ 49 in

Asia, where the normal everyday salary is about US$ 1-2 for each individual (WHO,



2010). But it is known that people that get pre-exposure vaccination are at low risk of
getting the rabies virus (CDC, 2010). Hence, we want to study the effect of pre-exposure,
post-exposure vaccines, and culling effect on the model, so as to minimize the infection in
the expose and the infected classes, and also compare the existing model of rabies as
proposed by Zhang et al. (2011), and optimal control to model, so that will know the time

frame of controlling the disease in Africa and Asia.

1.3 Objectives of the Study

1. To develop an optimal control model for a vector-host transmission dynamics of

rabies virus.

2. To determine the equilibrium points, basic reproduction number Ro, perform

stability and sensitivity analysis of the optimal control model.

3. To determine controllability matrix of the model and solve an optimal control

problem of the model.

1.4 Methodology

The diagram blow gives the entire idea, use in carrying out our task.

Model Formulation Optimal Control
I Assumptions | I
Real-world Problem - Formulate
Transition ‘
(Rabies)
Model
DO | Objective Functional |
Feedback
Solve Model > I CoRsStialnts |
Interpretation Hamiltonian
| Decisions | Equation
Verification
| Adjoint Function |
Report,
Explain, Predict —~—
\I Optimal solution |

Figure 1.3: Steps taken to achieve our goal.



1.5 Justification of the Study

This thesis will contribute to the already exiting research knowledge of rabies in Asia and
Africa. And will will also assist, decision makers in recognising the need to implement
both pre and post-exposure vaccination program against the transmission of rabies. This
will also create awareness of rabies, and promote the need to go for pre-exposure
vaccination in other to prevent rabies infection, the optimal control strategies will

provide the optimal cost and time dependent effort for controlling the disease.

1.6 Organization of the Thesis

Chapter 2 contains a review of related works and a brief explanation of mathematical
epidemiology. Chapter 3 contains the model formulation, epidemiological and
mathematical study, invariant region, equilibrium points, stability analysis, sensitivity
analysis, controllability matrix and an optimal control problem. In Chapter 4 we present
the simulation, sensitivity analysis, and discussion of results. Finally, Chapter 5 comprises

of conclusion and recommendations.

Chapter 2

Literature Review

2.1 Overview

In this chapter, we will explain epidemiological modelling. We will also review related
works which have been done by other researchers relating to rabies transmission

between dogs and from dogs to humans.



2.2  Epidemiological Modelling

Epidemiology brings to bear the distribution of disease, that is, to answer who has, how
much of what, where and when? Other functions of epidemiology are to identify the risk
factors for the disease or causes, so as to find out why everyone does not have the same
infection uniformly. We use epidemiology to build and test theories, plan, and measure
the perception that infection has occurred, so as to lead to a cure, by developing control
and prevention programs. Here, we focus on the modelling of rabies in dogs and the
human population, and do not consider models of chronic diseases, such as cancer and
heart diseases. In most cases, epidemiological modelling is divided into compartments
per their epidemiological status. That is Susceptible (the ‘ S’ class), Exposed (the ‘ E’
class), Infectious (the ‘I’ class) and Removed/Recover (the ‘ R’ class). These stages are
dynamic, so we sometimes refer to epidemiological modelling as ‘dynamic deterministic
modelling’, which refers to the movement between the individual compartments. In other
words, susceptible individuals get exposed to the infection and then move to the
infectious stage and then to the recovered/removed stage. Through vaccination or public
education, the exposed or infected individual moves to the recovery stage, or the

infections are eradicated from the susceptible population.

The movements between compartments are indicated by differential or
difference mathematical equations. Although there are vaccines for many infectious
diseases, such as rabies, these diseases still cause mortality and suffering in the world,
especially in developing countries. Chronic ailments, for example, tumour and coronary
illness have gotten more attention than infectious diseases in developed countries, but
infectious diseases like rabies are still a more common cause of death in the world. There
has been a recent re-emergence of rabies and other infectious diseases, such as Ebola,
which has a very limited incubation period, hence this has led to a revived interest in
infectious diseases in Africa and the world at large. The transmission interactions in a

population are very complex. This makes it difficult to understand the huge scale



progression of illness spread without the formal structure of a mathematical model and
flowchart (Hethcote, 2009).
Model formulation mechanism clarifies assumptions, variables, and parameters.

Mathematical models also provides conceptual results such as, basic reproductive
number

‘Ro’, thresholds ‘6,H1’, contact rate number ‘ f’ and effective reproductive number ‘Er,’.
Also mathematical models and computer simulations have become useful experimental
devices for building and testing speculations, evaluating quantitative guesses, noting
particular inquiries, deciding sensitivities to changes in parameter values, and estimating
key parameters from data. Having a good knowledge of the transmission dynamics of
infectious diseases such as rabies and Ebola in communities, regions and countries may
lead to a better approach to minimize the transmission of these diseases. Mathematical
models can be used in comparing, implementing, planning, measuring and optimizing
various detection, prevention therapy and control programs.

Epidemiological displaying can likewise add to the configuration and
examination of epidemiological overviews, foresee significant information that ought to
be gathered, distinguish patterns, evaluate the vulnerability in estimates and make
general gauges
(Nisbet et al., 1989) and (Hethcote et al.,, 1981). In the field of science, it is conceivable to
lead trials to acquire data and test theories. Tests concerning the spread of irresistible
maladies in human populaces are frequently outlandish, unscrupulous or costly to direct.
For instance Hethcote (2009) states that getting information is now and again accessible
from normally happening infection; nonetheless, the information is frequently
fragmented because of under-reporting. The absence of dependable information makes
the assessment of particular parameters exceptionally troublesome, with the goal that it
might just be conceivable to gauge a scope of qualities for a few parameters. It is likewise

a reality that not all inquiries can be addressed utilizing epidemiological modelling.



2.3 Review of Related Research Work

The investigation of rabies epidemiology and the study of this infection has been done by
many researchers, however, the primary focus was on the spread of rabies in wild foxes,
raccoons, bats, skunks and dogs. Moreover, there has been some study on rabies
transmission in dogs in Ghana. The research done by Addo in 2012 in the Bongo District,
in the Upper East Region of Ghana, was mostly on dog to dog transmission, without
considering the transmission of rabies to the human population. He concluded that an
increase in a rabies immunization program had a critical effect on the spread of rabies
and a decrease in the immunization program increases the rate of transmission of rabies
in dogs. The Ro was found to be 1.3267 without immunization. This shows that the
pervasiveness of rabies in dogs is viewed as an endemic. This is on the grounds that the
transmission coefficient between dogs surpasses the death rate in dogs. Estimating the
basic Reproductive ratio Ro of rabies transmission with immunization, it was
demonstrated that Ro = 0.3755 < 1. This backs the outcome that an increase in
immunization will diminish the rate of rabies transmissions in the community.

Research published by Aubert (1999), on the advancement of the expense of
wildlife rabies in France incorporated various variables. They follow; immunization of
domestic animals, the reinforcement of epidemiological reconnaissance system and the
bolster gave to indicative research laboratories, the costs connected with outbreaks of
rabies, the clinical perception of those mammals which had bitten humans and the
preventive immunization and post-exposure treatment of people. A significant
percentage of (72%) of the cost was the preventive immunization of local animals. In
France, as in other European nations in which the red fox (Vulpes) is the species most
affected, two primary procedures for controlling rabies were assessed in Aubert (1999)
at the repository level to be specific: fox termination and the oral immunization of foxes.
The consolidated costs and advantages of both systems were looked at and included

either the expenses and of fox separation or the cost of oral immunization. The total yearly

10



costs of both techniques stayed practically identical until the fourth year, after which the
oral immunization methodology turned out to be more cost effective. This estimate was
made in 1988 and readjusted in 1993 and affirmed by ex-post investigation five years
later. Accordingly it was presumed that fox termination brought about a transient
diminishment in the event of the infection while oral immunization turned out to be
equipped for wiping out rabies even in circumstances in which fox population were
growing. Anderson et al. (1982) formulated a mathematical model based on each time
step dynamics which were calculated independently in every cell. Later, Bohrer et al.
(2002) published a paper on the viability of different rabies spatial immunization designs
in a simulated host population.

Bohrer et al. (2002), inferred that the areas where the carrying capacity of the
rabies host population varied over space, the spreading pattern of oral rabies
immunization can considerable affect viability of the system and consequently its cost.
The viability of a non-arbitrary spread of the immunization depends, to some extent, on
the dispersal behaviour of the carriers. The outcomes likewise exhibit that, in a warm
domain in a few high-density regions encompassed by populations with densities below
the critical threshold for the spread of the disease, the rabies infection can persist.
Nonetheless, eradication can be accomplished with a lower immunization level than
generally acknowledge (50-70%) (Tischendorf et al., 1998). In reality, this pattern may
present an additional advantage in that carriers in high density regions around human
waste, may become non-territorial while carriers in the ‘ background ’ are expected to be
regional. Subsequently, vaccination will have just minor effect on the population
dynamics (Maher and Lott, 2000). Oral rabies vaccination (ORV) is as of now considered
the best strategy for diminidhing rabies (Brochier et al., 1991) and (Fu, 1997).

This tells us that mathematical modelling has become one of the vital instrument
in investigating the epidemiological conduct of irresistible infections, furthermore, gives
valuable control measures. The study done by Smith et al. (1981) on a deterministic

model comprising of three subclasses, Susceptible (S), Infectious (I) and Recovered (R)

11



additionally clarifies epidemiological features of rabies in fox populations in Europe.
Levin et al. (2012), also presented a model for the immune responses to rabies virus in
bats. Coyne et al. (1989), proposed a SEIR model, which was also used in a study
predicting the local dynamics of rabies among raccoons in the United States. Childs et al.
(2000), also researched on, rabies epidemics in raccoons with a seasonal birth pulse,
using optimal control of a SEIRS model which describes the population dynamics.
Hampson et al. (2007), also noted that rabies epidemic cycles have a period of 3 - 6 years
in dog populations in Africa, so they built a susceptible, exposed, infectious and vaccinate
model with an intervention response variable, which showed significant synchrony.
Carroll et al. (2011), used compartmental models to describe rabies
epidemiology in dog populations and explored three control methods: vaccination,
vaccination pulse fertility control, and culling. An ordinary differential equation model
was used to characterize the transmission dynamics of rabies between humans and dogs
by Wang and Lou (2008) and Yang and Lou (2009). There was also an extended work
done by Zinsstag et al. (2009). They extended the existing models on rabies transmission
between dogs to include dog-to-human transmission and concluded that human post
exposure prophylaxis (PEP) with a dog-vaccination campaign was the more cost-effective
in the long run. Optimal control has also been recently applied to an epidemic model for
rabies in raccoons in researched performed by Artois et al. (1997) and Allen et al. (2002).
The control vector gives the rate of vaccination in the subpopulation that minimizes the
exposed, infected classes over all subpopulations. This accounts for the cost effectiveness
of administering the vaccine. Ding et al. (2007), formulated an epidemic model for rabies
in raccoons with discrete time and spatial features. Their goal was to analyze the
strategies for optimal distribution of vaccine baits to minimize the spread of the disease
and the cost of carrying out the control. Hong-tao et al. (2008) also established a
mathematical model of rabies with similar controlling strategies in China. From their

mathematical analysis and simulation, it indicates that a culling strategy is the most cost

12



effective, followed by vaccination. Zhang et al. (2011) compared three efficiency
strategies for controlling rabies; vaccination, culling, culling and vaccination, and took
vaccination as the most effective choice in controlling rabies transmission. Comparing
Hong-tao etal. (2008) and Zhang et al. (2011), it is established that vaccination is the best
control method of reducing rabies infections. The research done by Zhang et al. (2011) on
rabies transmission in China, came out with a basic reproductive number Ro = 2, for the
transmission of rabies in China, and predicted that the number of human rabies is
decreasing, but may reach another peak around 2030.

Zhang et al. (2011) also compared the effectiveness of immunization and culling
of dogs. They showed that a decrease in the dog’s birth rate and increase in the dog’s
immunization coverage rate are the most effective control method for reducing rabies
cases in China, as opposed to large scale culling. A combined approach will be cheaper
only when the per capita cost of vaccination is less than 20% of the per capita cost of
culling.

For the past hundred years, Europe has been repeatedly subjected to rabies epidemics.
But in Zhang et al. (2011) they did not consider pre-exposure vaccination of the human
population and also used the same vaccination parameter for both exposed and
susceptible class of the dog compartment, we will assume different parameter value for
this model to see the effect of varying a parameter on the modified model, we will also
incorporate the pre-exposure vaccination of the human population to see the
effectiveness of vaccinating the susceptible humans. Below is the model description of

Zhang et al. (2011).
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Figure 2.1: Zhang et al. (2011) model

There have likewise been some scientific models for dog’s rabies that incorporate
the controlling impact of human intervention Leung (2014) utilized a stochastic
simulation model to research the effect of human intervention on the progression and
persistence of rabies Leung (2014) investigated the impact of human intervention, such
as culling infected dogs, is not merely equivalent to a reduction in the average infection
period of the infection. Also research done by Castillo-Rodriguez et al. (2015), on the
costadequacy of a rabies immunization program in dogs to avert human rabies in
Colombia. They utilized a Markov model with day by day cycles to plan mimicked
progression of the transmission parameters inside the dog population and its
transmission to people. The study considered two options: dogs immunization and no
immunization by contrasting diverse immunization scope. Work done by Castillo-
Rodriguez et al. (2015), uncovered that with immunization, 58,591 canine rabies cases
happened together with 4 human cases. With immunization at 68% scope and 75% of
antibody adequacy, the evaluated number was decreased to 28,664 dog cases and 2
human case. Castillo-Rodr'iguez et al. (2015), presumed that an expansion in
immunization scope in dogs will diminish the occurrence of human rabies in Colombia. It
is clear from the literature that to understand the transmission flow of rabies and
investigate compelling control measures. Therefore, adjusting the current models gives

extra understanding on how rabies could be controlled. In this study we will also apply
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optimal control to know the time dependent factors and cost effect in controlling rabies

in Africa and Asia.

Chapter 3

Methodology

3.1 Introduction

In this chapter, we will focus on an SEIRS model, and optimal control strategies for the
transmission of rabies to support the research knowledge of rabies transmission in Africa
and Asia. We will consider the following; the feasible region, equilibrium points, herd
immunity, stability analysis, sensitivity analysis, controllability, optimal control

strategies and an optimality system of the model.

3.2 Model Formulation and Assumption

The vector (dog) to host (human) SEIRS model transmission dynamics are formulated by
dividing the population into compartments based on the idea provided by Zhang et al.
(2011). The nature and time of transmission from one compartment to another was also
considered. We assumed that the total population size of dogs at any time ¢ is Nq(t) and
the total human population size at any time ¢t is Nu(t). We assume that the dog is the main
carrier of the rabies infection into the human population. We also assume that the dogs
mix homogeneously with the human population. Due to the territorial nature of dogs, they
sometimes engage in a fight with new dogs who enters their territory. This makes it easier
for an infectious dog to transmit the rabies virus to a susceptible dog. We assume that the
human population gets infected only when they come in contact with an infectious dog.
We assume that the susceptible dog population is increased by recruitment at a rate 4,

and B is the recruitment rate of humans. We denote the transmission rate of rabies in the
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dog (vector) compartment as B4. Applying vaccination to the susceptible dogs, the
transmission dynamics becomes (1 - v)fa4Sdala, where v is the pre-exposure prophylaxis
(vaccination). This implies that, with pre-exposure prophylaxis (vaccination) on the
model, the transmission rate decreases at arate (1 - v). We also denoted the transmission
dynamics from the dog compartment into the human compartment at a rate fax. Similarly
applying vaccination on the susceptible humans the transmission dynamics becomes (1
- vi)fauSuld, where vy is the pre-exposure prophylaxis (vaccination). The exposed dogs
and humans are treated at the rate p and prnrespectively. The post-exposure prophylaxis
(treatment), pasand pn, decreases the progression of the rabies virus, at the exposed state
to the infectious state at a rate (1-p), and (1-pu) respectively. The loss of immunity for
both compartments is represented by a and anrespectively, ¢ represents the rate of dogs

without clinical rabies and moves back to the susceptible compartment.

| DOG (VECTOR) COMPARTMENT |

a R,

p Es

cE;

HIdT

(1 — v)BaSa la

Eqg

(1 — p)6y Eqa

Bax 1a

My Ey

mR; 1

TanIH tranH

-
-
My Sy -
B (1 — v4)BanSy Ia

SnenEy

Ey

(1 — Px)SxYuEH]

Iy Ry

PzSuEn

Mg le

Vi Su

Qps Ry

| HUMAN (HOST) COMPARTMENT |

Figure 3.1: Optimal control model of rabies transmission dynamics
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The red dash arrow line from the infectious dogs population 4, to the susceptible human
population Sk, indicates the rate of contact of an infectious dog to a susceptible individual.
The exposed humans without clinical rabies that moves back to the susceptible
population is denoted as dnen. The natural death rate of dogs is m, and mu denote the
mortality rate of humans (natural death rate), fanSula describes the transmission of rabies
from infectious dogs to susceptible humans, pusrepresents the death rate associated with
rabies infection in dogs, un, represents the disease induce death in humans. The fraction
of dogs that die due to culling is cE4. The total susceptible, exposed, infectious, and
recovered (temporary immunity) in the vector compartment at any time t is denoted by
Sda(t), Ed(t), 1a(t) and Ra(t) respectively. Similarly, Su(t), Eu(t), Ia(t) and Ru(t) represents
the susceptible, exposed, infected and recovered (temporary immunity) in human
compartment at any time t.

From the above assumptions and transmission flowchart,lead to the following system of

ordinary differential equations which describe the dynamics of the rabies disease in both

compartments.
(iSd p k 3
Tl A— (1 =v)BaSely = (m+v)Sg+ dcEy + aRy,
o ) .
T (1 —1)B4S4lg — ((1 — p)dy +m + p + e + ¢) Ey,
il
L4 — (1~ P Ba =t 1)
dR,
Tz‘d =vSq+ pEy — (m+ a)Ry,
(iSH )
at B — (1 —vy)BanSula — (mu +vu)Su +ouenLy + ay Ry,
(iEH - -
- (= vu)BaaSula— (1 — pu)duyu + mu + pu + 0uen) En,
dl .
d_;[ = (1 - ,Un)énﬁmEH i ('m-H ik ,u-H)IH,
dR
de =vySy + puEn — (my + ay)Ry,
(3.1)
withS4(0) > 0, E4(0) = 0, 14(0) = 0, Ra(0) = 0,

17



S (0) > 0, Eg(0) > 0, Is(0) > 0, and ) R0y >0

3.3 Feasible and Non-Negative Solutions

In this section, we will show that the model system (3.1) is mathematically well-posed

and epidemiologically meaningful.

3.3.1 Invariant Region

Lemma 1

The solution setl S Ea; Lo, Ra, Su, En, I, Ru} € R of model system(3.1) is contained
in the feasible region ().

Proof.

Suppose{sfb Eq 1o, Ra, S, En, In. R} € RY for all ¢ > 0. We want to show that the
region (1 is positively invariant, so that it becomes sufficient to look at the dynamics of the

model system (3.1). Therefore, given that
Na(t) = Sa(t) + Ea(t) + La(t) + Ra(t),

and

Nu(t) = Su(t) + Eu(t) + In(t) + Ru(t),

where, Nd(t), is the total population of dogs at any time (t) and Nx(t) is total population of

humans at any time (t).

Therefore
dlj\*rd AL (J!Sd 1 (I{Ed n d_[(g (fRuf
dt — dt dt dt dt , and
dNy N dSy dEy dly  dRpy
dt — dt % dt - dt + dt .
Hence
d;‘?\f-d
ek A—(Sq+Eq+1g+ Ry)m — ply — cby
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this yields

dN, .
d—td =A—mNy— pl; — CE([’ (3.2)
. AN
similarly ¢ ldtH =B —myNyg — pgly (3.3)
. 3.3

Now assuming that there is no disease induced death rate and culling effect, then (us= un

= ¢ =0), hence equation (3.2) and (3.3) becomes

dNy

T A—mNy, (3.4)
dNpy
& e . (9

Suppose,

dl\‘d < di’\"H <0

dt —0and dt —

B

A .
Ny< — Ny £ —
m and my,

Now imposing the theorem proposed by Birkhoff and Rota (1989) on differential inequal-
B

. . Sngé b : ;

ity resultin 0 m and 0 my;. Therefore equation (3.4) and equation

(3.5) becomes

dNy -
E S A— THN(_{. (36)

dl\'rH
dt

<B—muyNyg (3.7)

Solving equation (3.6) and equation (3.7) using the integrating factor (LF) method, we

have

LF = eRpdt.
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Gives the following deductions

d ]\‘r(i r
emt o + mNygemt < Ae™?
al

/dj\ydemt S [AE?””QHJ,

A
J;\Id = — 4+ I'Xl(f_mt7
m

S ;'Nrd _ I(le—‘m,t

A
m , where Kie-mt< (.

This gives
A - mNd = Kie-me,

where Ki is the constant of integration.

Hence the feasible solution of the dogs population in the system model (3.1) is in the

region:

A
Uy = {(Sd, Ba,la,Ri€ Ry, Ny < E}

Similarly the humans population follows suit and from equation (3.7) this implies that

B — muNH = K2e-(mn)t.

Where K2 is the constant of integration. Therefore, the feasible solution of the human

population of system model (3.1) is in the region

my

, B

Therefore the feasible solutions are contained in Q. Thus Q = Q4 x Q#u. From the standard
comparison theorem used on differential inequality by Lakshmikantham and Kaul

(1994) it is implied that
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A
N(t) < Na(0)e ™™ 4 = (1 — ™)

m ,
and
] B
J‘VH(f) < ;‘\"H(U)(.’,_("’ﬂ)i + — (1 — (’._m”t)
My .
A
_ . Ny(t)— —ast - o0
Hence, the vector population size m !
Ny(t) — as t — 00
Similarly for the host population size my . This means that the

infected state (Eq/4,Eald) of the two populations tends to zero as time goes to infinity. This

means region () is pulling (attracting) all the solutions in %%, This gives the feasible

solution set of model system (3.1) as

Ay,

Es>0
13> 0
I; >0
R; >0
Sy >0 ’
Eg >0
Iy >0

Ry >0

‘ A

1iVq g —
B
Ng€ —
myg y,

?
AEEDEZEEEEDEEEEEEEEEE EEEEDAEEERE B R0 BERREEE RESWGw0 BEEERRERAERDE € Ré..
(3.8)
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RESInHHH

Therefore, equation (3.8) is the feasible set of the model system (3.1). Hence, the model
system (3.1) is mathematically well-posed, biologically and epidemiologically correct.
Furthermore, the usual existence, uniqueness and continuation results hold for the model
system (3.1).

3.3.2 Non-Negative Solutions

We need to verify whether or not the system'’s solutions are non-negative, and also show

that the region () is positively invariant for the model system (3.1).

Theorem 3.3.1 Let the initial conditions be

{(84(0),Sx(0)) > (Ea(0),En(0),14(0),Ix(0),Ra(0),Ru(0)) = 0} € Q. Then the solution set
{Sq,Eq,1aq,Rq,SH,En,In Ru}(t) of the model system (3.1) is non-negative for all t > 0.

Proof.

Considering the susceptible classes of model system (3.1) we have

1S,

(dz‘j =A—(1—0v)B4Sqly — (m~+1v)Sq+ deEy+ aRy

(ISH

W =B - (]_ — I/II);*fg(lHSH-[d =4 (TTI,H = VH)SH + (5HEHEH + (.I{HRH

with no new births and from the initial conditions (Ra4(0),/4(0),E4(0) = 0) we have
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s,

dt
a5

> —(m +v)Sy,

(m + v)dt,

> —
/de /
m + v)dt,

In|Sq4=—(m+wv)t+ K,
Sd > I{e—(m—o—v)t*

Sa= Sa(0)e-(m+e= 0.

Similarly
dsS H

St~
Sy > SH(U)Gi(mHJrUH)t > 0

Next considering the exposed class of both populations of model system (3.1) we have the

(mH e VH)SH,

following:
dBa = (1 = v)B4Sals— (L —p)dy +m + p+ ¢ + O)E,
-— — C
T drddd — p)ory 4 ds (3.9)
dEy §
I = (1 = VH),ddUSHId ~. ((1 — pu )0y + my + Py + 511511)EH

From equation (3.9) we have
dEd

yr > ((1—=p)oy+m+ p+de+c)Ey,
ded / (1 —=p)oy +m+ p+dc +e)dt,

In|Eyg|> —((1 = p)oy + m+p+de+c)t + K,

E ( ) > Ke™ ((1—p 67+m+,0+55+c)

Ea(t) = Ea(0)e-((1-p)sy+m+p+ser)e = 0. Similarly

equation (3.10) gives
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dEy
dt  —

dE
/ EH > /—((1 — fJH)(SH’YH +mmg + pr+ (SHEH)(IHI,
H

—((1 = pu)duyu +my + py + dnen)En,

III‘EH|2 —((1 — PH)éH'YH +my + PH + (SHEH)f + JK,

Ey(t) > Ke—U—p+H)gyn+mutprn+oncn)t

EH(t) 2 EH(O)e(—(l—p”)zSHyH+mH+pH+6H5H)t2 0.

Now considering the infected classes of the model system (3.1) gives

dly

—r = (L= p)0yEs— (m+ ) 1a, (3.11)

dl ,

d_f = (1= p)suyuEn — (mu + pu)lu , (3.12)

From equation (3.11) we have

dl,
dt

1
d o (m 4+ p)lq,

2
/ dId /
(m+ p)d

In|Ij|> —(m+ p)t+ K,

> (1= p)dvEs— (m +p)la = =(m+ p)ly

(’fand| > e—(m-&-,u)t-{-[\_"
Iz Ke—(m+y)t,

la(t) = 1d(0)e-(m+we= 0.

Equation (3.12) becomes

111‘[1[‘> (mHJr#H)erI&

eln'fﬁ" Z (ff(ﬂlH+ptH)t+K'j
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In 2 Ke-(m#+um,

IH(t) 2 IH(O)e—(mHﬂm)tZ 0.
Finally, we consider the recovery classes of the model system (3.1) which gives

dR,
)’fl =vSy+ pEy — (m + a)Ry,
dt
dR
itH =vySy + PH Epy — (mu + O:‘H)Ru
de

> —(m+a)Ry,

/ de f m+ a)dt,

In|Rd|2 -(m + a)t + K,

Ra= Ke-(m+a)t,

Rd(t) 2 Rd(0)e-m+a)c= 0.

Similarly, we have

dRy

=7

gl ~

dRy > /_(m” + ayy )dt,
Ry p

—(mpg + ag)Ry,

In|Ry|> —(my + ag)t + K,

Ry > Ke (matan)t,

Ry (t) > Ry (0)67("”H+<-¥H)1 >0

From the above demonstration, it shows that Q is positively invariant. The right hand of
equation (3.4) and equation (3.5) are both bounded above by A - mNiand B — muNu

dNd A ANy
< 0, if Ny(t) > — — < 0,if N
respectively. This follows that dt if Na(?) m and dt u(t) > my,

Hence using the standard comparison theorem (Zhang, 1988). It shows that;
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Ny(t) < (1 - e"”‘") + Ny(0)e™™
m )
and
B —mpt T —mpyt
Ny(t) < — (L —e ") + Ny (0)e ™
mpg .
A A B . B
Ng(0) < — Ny(t) < = Ny(0) < — Ny(t) < —
Particularly, if 1(0) m, then alt) = m and if (0) mir, then () m,
therefore Q is positively invariant.
A , B
Ny(0) > = Np(0) > —
If a(0) m and #(0) mp this means that either the solution enters (Q in
finite ﬁ
A M
time or Nd(t) approaches __ and Nu(t) approaches asymptotically and the exposed

m

and infected variables Eq,l4,Enand Inapproaches zero as t approaches oo, thus lim
de (fSH
— >

dt  0andlimtseo dt
This implies that when proper control measures are taken, that is vaccinating all dogs

t—oo

— 0.

against rabies even in a dense population of dogs, they will reduce rabies associated

disease and mortality in our society as time increases.

3.4  Steady Analysis

This section, takes care of the disease-free equilibrium, the basic reproduction number,
the endemic equilibrium, the stability analysis and the sensitivity analysis of the optimal
control model. At the equilibrium point, we set the right hand side of model (3.1) to zero.

Therefore model system (3.1) becomes
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(3.13)

A - (1-v)faSala— (m + v)Sd+ deEd+ aRd= 0,

(1 =v)BaSala= ((1 - p)Sy + m+p + 8¢ + ¢)Ea= 0, SyEq-

(m+ w)la=0, vSi+ pEa— (m + a)Ra= 0,

(1 - vi)BanSula — ((1 - pu)Suyn + mu (1 -
PpH)OuyrEn— (mu+ un)ln= 0, vuSH

B - (1+-pVHHE)HfdH-S(mHlHd +— a(mHH)R+HV= OH)S.H + 0+HEPHHE+HS+HEHH) ERHH =
0=0,2EREEEEREEEEREEEEEEEE R E R E E

3.4.1 Disease-Free Equilibrium Eg

Suppose there is no infection of rabies in both populations, then (Ed= 0,la = 0,En = 0,In = 0).

Incorporating this into equation (3.13) gives

A -(m+v)Si+ aRi=0, (3.14) vSa- (m + a)Ra=0, (3.15)
B - (mu+ vu)Su + auRy = 0, (3.16) vuSy — (mu + an)Ry = 0.
(3.17)

From equation (3.15), making Rathe subject gives

Substituting Rsinto equation (3.14) yields.

A(m+ a)
m2 4+ ma +mv + vo — ra

Sq =

7’

A(m+ a)
m(m+a+v).

*

d —
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Plugging Sq* into Ra gives
Av

R =
T m(m+a+ )

Similarly making Ruthe subject from equation (3.17) results in

Vi
Rp= ———5u
myg+ g,

Substituting Ruinto equation (3.16) yields

S, — B (my + ay)
i mi, + My +mygly +Vgy — VgQyy
S* — B (m'H - (l’H)
™ g (mu + ag + vy),
Plugging Su* into Ru gives
B
R ]

my (my + g + vy),

Hence, the disease-free equilibrium Eo = (S4% Ed%14% Rq% SH0,Ex®,I1°,Ry0) is given as

& = 0,0

mm+a+v)  Tmm+a+v) my(mg+ag+vg) T my (myg+ag +vg)

( A(m+ «) 0.0 Av B(myg + an) By )

3.4.2 Basic Reproduction Number Ro

To evaluate the stability of the disease-free equilibrium, we used the computation of the
basic reproductive number Ro and next generation matrix operator G = FV -1, J=F - Vto
ascertain Ro, as described by Diekmann et al. (1990). They defined the basic reproduction
number Ro, as the number of secondary infections that an infectious individual would
produce in the entire susceptible compartment during the duration of the spread of the
infection. Considering that everyone is susceptible to the disease then we can rearrange

the model system (3.1), in the order of Eq,14,S4,Rd,En,11,SH RH, respectively, this yields
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fi=(1-v)BaSala— ((1 -p)Sy+m+p+
6+ Cc)Eq f2= (1 - p)OYEda—- (m + u)lq,

f3=(1 - vH)BauSula - ((1 - pH)SHYH + mu + pH+ Snen) En,RIRRRRRIEIE

fa= (1 - pu)OnynEn— (mu+ un)ly, fs=A (3.18)
- (1 -v)BaSala— (m + v)Sa+ 6eEqa+ aRq,

fo=vSd+ pEd— (m + @)Rq,

ffs7 == vBH-SH(1+-pvHHE)Hfdn-S(mulnd -+ a(mua)R+u,vH)SH + OneHEn +
aHRH,BRRERERRED

7dEd7dfd7dEH 7dIH 7dSH 7de_7de.7
where1 = @t 2T T T T T T P g e g T g B
dRpy
dt

Taken the Jacobian Matrix of fi, f2, f3, andfs with respect to, Eq, Iq, En, andly, re-
spectively, yields

~((1-p)8y+m+p+6e+c) (1 -v)BaSa 0 0

=

B =
B =

=]
=

(1-p)oy -(m+ ) 0 0

~
1
=
= 2
B =

=

(1 - vu)BauSu—((1 = pu)Ouyn + mu+ pu + Suen) 0

EE S
=}
= =

0 0 (1 - pn)Ouyn —-(mu+ pn)

Using the idea that ] = F - V gives

[ (1 —1v)BsA (m+ a) i
m(m+ v+ &)
0 0 0 0
(1 — I/H)ﬁ”fh (TI’LH + (LH) B
my (my + vy +ay)

0 0 0 0], (3.19)

e
=)

F(&) =
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The element in matrix F, constitutes the new infection that will arise from Esand En, while
that of matrix V, constitutes the new transfer of infections from one compartment

to another. Now, V evaluated at Eo, from the matrix J, is given as

(1-p)oy+m+p+de+c) 0 0
-(1-p)éy (m+ p) 0
V (Eo) = 4 i
? :
0 0 ((1 - pu)Suyu+ mu+ pu+ Suen)
0

0 0 =(1 - pu)Suyn (mu+ pn) (32 0)

From the Next Generation Matrix Approach, we can divide matrix V , into a 2 x 2
submatrices, and then find its corresponding inverses. Therefore the inverse of equation

(3.20) is given as

1
(1 —p)dy+m+p+dc+c) 0
(1= p)oy 1 0 0
(1—p)dy+m+p+de+e)(m+pu) (m+pu)
Vﬁt(&ﬂ =
1
0 . ((1 — pe)duys +mu + pg + ducw) -
0 . (1 = pu)duyn 1
(1 = pr)duyn +mu + pu + ducn) (my + pu) (Mg + par)
Therefore, G = FV -1is given as
(1 — 1)BaA(m + «)
m(m+v+a)
(1= p)(1 — »)dyBsA(m + «) T
((1=p)dy+m+p+detc)(m+p)m(m+v+a)
0 0 00
G =
(1—p)oy(1 —vy)Ban B(my + ay) (1 —vy)Ban(my + ay)B ) D
((1—p)y+m+p+de+e)(m+p)my (mg+ vy +ag) (m+vimyg(my + ve + o)
0 0 0 l)_ (3.22)
o (1 —p)(1 —v)dyBsA(m + «) ) (1 —v)BgA(m + «)
Let ((1=p)dv+m+p+det+e)im+p)ymim+rv+a)’ m(m+ v+ «)
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(]. — ,O)(]. — VH)CS’}".B(“; (‘TTLU + (YU) d— (]. — 1/1;)}'3(1;[(‘1”” + O."U)B
(L=p)dy+m+p+de+c)(m+p)my (my +vy +ag) and (m+v)my(my + vy + ay),
=

a b 0
000

0
0
cd 00
0

P 0N (3.23)
Finding the matrix determinant of equation (3.23) and denoting it by D, gives the

expression, D = |G - IA| where, I is the identity matrix of a 4 x 4 matrix, thus

(3.24)

This gives a characteristic equation of the form A3(a - 1) = 0, solving the characteristic
polynomial, we have the following eigenvalues of equation (3.24) as Ai=[0,0,0,a] . The basic
reproduction number Ry, is the spectral radius (largest eigenvalue) p(FV -1), also defined as

the dominant eigenvalue of FV -1.

Therefore,

(1 —p)(1 —v)dyBgA(M + «)

Ry = _
YT (A= p)y+m+p+oetc) (m+p)m(m+v+a) (3.25)

Remark

The Roabove contains the secondary infection produced by the infective compartment of
dogs (in the presence of vaccination and treatment). When Ro < 1, the infection gradually
dies off with or without pre-exposure vaccine and post-exposure treatment. But when Ro
> 1, the infection stays in the environment at a longer period, this therefore impose a high

spread of the virus on the susceptible individuals and dogs.
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3.4.3  Stability Analysis of Eo

In this section, we shall consider the model system (3.1) and determine whether the
model system (3.1) is stable or unstable at the disease-free equilibrium point. Therefore,

by linearizing equation (3.1) at Eo, and subtracting A along the main diagonal, we have

-bli)\ b? ai a 0 0 0 0
0 a-1 a3 0 0 0 0 0
0
2 p b1o b2-A 0 0 0 0 0
J=
0 0
0 0 0 b3 - A 0 0 0 0
@, (3.26)
L as 0 bs-A bs 0 an 20
as 0 0 as— A 0 0
0 0 0 0 0 bo bs— A 0
0 0 0 0 VH PH 0 bs- A

where,

—(1=v)Ba(m + a)A
mim+v+a)

—(1 — vy)Bau(myg + ay) (1 —vy)Bag(my + ay)

g = (=
4 mu(myg +vg+ay) 2 my(mp + vy + ap)

(1 —v)Ba(m+ a)A
m(m + v+ «)

a; = ars=—((L=p)oy+m+p+dc+c),a3 =

ag = —((1 — py)oyyy +my + puy +0pen),
by=—(m+v), bp=—(m+p),bs=—(m+a), by =—(vg +myg), bs = dpen,

b = — (Mg + pg), by = o, by = —(my + ag), by = (1 — pg)ogvym, bio = (1 — p)o~y,
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Simplifying matrix J(Eo), we have

(bs=A)[(bs—A)(as—A)(ba— A)v(1 - p)byas
+ (be— A)(as = A)(ba - A)v(b2-A)(az- V)
- (b6 — A)(as— A)(ba—A)(b3 - A)(1 - p)dy(b1—- N)as
+ (b6 - A)(as - A)(ba—A)(b3—A)(b2=A)(b1-A)(az-A)] =0,
this implies that
(s — A)(ag — A)(bg — A)(bs — ) [A* + (boby — bo — @z — by — by) N’

+ (bsby + bybs + byas + brag + (1 — p)dyas + byay — va)\?
+ (asva + bovar — (1 — p)dvyashs — by (1 — p)dyas — bzboas — bybzas — bobias) A
+ (bybsbzas + (1 — p)dyazbsby — vdaza — I/(}'bgaz)] = 0.

(bﬁ — )\)((16 — /\)(!)1 — )\)(bg — )\) |:/\4 + aqq /\3 aF (1412)\2 S (1.13)\ + (IM] = 0’ (327)

where

ai1= (=bz2-az- b1- b3), a12=va + azb3z + azb1 + b2bs + b2b1 + bsb1 + b2az - (1 - p)dyas, a1z =
—-axva - bava + as(1 - p)oéybz + as(1 - p)oyb1 — azb2b3 - b2az2b1 — azbsb1 — b2bsbi, aia =

(bibzbsaz + (1 - p)dyasbsbi + (1 - p)dyasv + vabzaz).
From equation (3.27) we can extract four characteristic factors that are negative, thus
A1 =be, A2= a6, A3= b4, A4 = bs.

where as = =((1-p#n)Onys +mu +pH +0n +Onen), be = —(mu +un), ba= —(ve + my), bs = —(mu +
an). The other four characteristic factors can be obtained using the Routh-Hurwitz
criterion. Routh-Hurwitz stability criterion is a test to ascertain the nature of the
eigenvalues. If the roots of the polynomial are all positive, then the polynomial has a

negative real part (Pielou, 1969; May, 1973).

3.4.4 Routh-Hurwitz Criterion

Theorem 3.4.1 Given the polynomial:
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P(A) = Ak+ a1Ak-1+ a2Ak-2 + ... + ak-1A + ak= 0,

where, the coefficients aiare real constants, i = 1,2,...,k.
Proof:

We define the k Hurwitz matrices using the coefficients a;of the characteristic polynomial

apy
Hl — |aq sH2 = 1
a3
aiz
1] 0
aii [ 0
@13
Vi s
ayn | Hj = 1 0 0 0
H3=[A0Aa13 A
aiz aii
ais
ais ais ai3 aiz N
ais
0
-y 2n-2  Qaz2n-3 azn-4
din
o~
aii 1 0
>
aiz 0
Baiz 1 0
0
aiz
Plais
ail
000 °
1d14 0
Hix=10.
at .
.
.
.
. aik
0 0
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where the (n,m) term in the matrix Hjis:
azn-mfor0 <2n-m<k,

1for2n=m,

Ofor2n<m,or2n>k+m.

Now suppose all the eigenvalues have negative real parts, then the disease-free
equilibrium point is stable, if and only if, the determinants of all Hurwitz matrices are
positive. Thus detH; > 0(j = 1,2,3,4...,k). (Pielou, 1969; May, 1973). The Routh-Hurwitz

criteria for k = 3,4,5 is given as

k=3:a11>0,a13> 0,a11a12> a3, k=4 : a1 > 0,a13 >
0,a14,a11a12a13 > a213 + a211a14, k=5 : a1i> 0,i =

1,2,3,4,5, a11a1z2a13 > a11ai4.

From equation (3.27) we consider

A4+ a11A3+ a12A2+ a13A + a1a= 0.

We then verify whether the remaining four eigenvalues satisfy the Routh-Hurwitz

criterion for polynomial of order four.

Hence, simplifying the co-efficient of the above characteristic polynomial we have
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an = ((1 = p)dy+m+p+de+c)+(m+p)+(m+a)+(m+v),
app=va+ ((1—p)dy+m+p+oc+e)|[(m+a)+ (m+v)+(m+p)[(m+a)+ (m+v)
+(m+a)(m+v)+ (1 —p)dy+m+p+c)m+ p)(l —Ry),

ajz3 = ((1 — p)oy +m+ p+de + c)ua + (i + p)ra+ (m + p)(m +a)(m+v)

Ro(m +
-HU—MM+m+p+&+@m+anﬂgP_JQZJ%
m+ o
+((1=p)dy+m+p+de+c)(m+a)m+v)|l— Ro
pP)oYy P : : 1

(1 —=p)oy(l —v)Ba(m + o) Av
m(m+m+ v+ «a)

ajy = va(m+v)((1 —p)dy+m+p+de+c) +

+(m+v)(m+ p)(m+a)((1—p)dy+m+p+de+c)(l—Ry)

Therefore, from the Routh-Hurwitz criterion of order four, it implies that the following
conditions: ai11> 0, a12> 0, a13> 0, a14> 0 and @11@12013 = a%a +a%1a14' is satisfied, if

Ro < 1, which implies that the disease-free equilibrium Eo is locally asymptotically stable
(Martcheva, 2015).

3.4.5 Global Stability of Eo

Theorem 3.4.2 The disease-free equilibrium Eo of model (3.1) is globally asymptotically

stable if Ro< 1 and unstable if Ro> 1.

Proof
We will prove the above Theorem 3.4.2 by forming a Lyapunov function V. We will
consider the SEIRS model on the space of the eight state variables.

Let V be a Lyapunov function with positive constants, K1, K2, K3, K4 such that

Sa Ry
VY = (Sd—S Sd In SO) +K:1Ed+K:ZId+ (R(;—R R In RO)
(3.28)

S
+ (SH - SH S'H In

R
W)+@%+@@+G@W R%In ﬂ.

RU

Taken the derivative of the Lyapunov function with respect to time we obtain

36



0 0
Q (1= S de }Cl d ]Cz dId 1— R(j de (329)
dt Sd dt Ry /) dt
Sy \ dSu dEH dIH Ry \ dRy
1 - 2t ) 2
* ( SH) a g TRt ( RH) di
Plugging equation
(3.1) into equation (3.29) we have
0
% = ( S‘j) [A— (1 —=v)B4Saly— (m+v)Sy + dc By + aRy]
+ )Cl Kl — V),BdeId — ((1 — p)(S’}’ +m + 1% + oe + C)Ed}
- RY
+ Ko [(1 — p)oyEq — (m+ p)lyg] + (1 - Rd) [VSq+ pEqg — (m + )Ry
50 (3.30)
(1 - S_) B — (1 —vy)BanSuls — (mu + vu)Sy + ducu By + an Ry
H
+ K3 [(1 —vy)BanSula — (1 — pu)ouyu + mu + pu + ducu ) Exl
+ K [(1 = pu)duvu By — (muy + 1)1 )
RO
+ (1 - R:(T) lvuSu + puEy — (my + ag)Ryl .
Setting,
A(m + «) Av B(mpg + ay)
< g0 _ < o _ g < g0
PSS m o) S et ) 8 S G + g+ nug),
BVH
Ry <R =
5 %) my(my + o+ H+ I/H),
this yields
av (1 —v)BsA(m + a)
Y« 2 P— , ,
S K, [ mim+a +v) Ii— (T —p)dy+m+p+de+c)Ey
+ K2 [(1 = p)dyEy — (m + p)ly]
(1 -+ I/H)BdHB(’J’nH + Cl.’H) A ,
+ K3 { ——— = I — (1 — pu)ouya +mpy + pu +0nen)Ey
+ Ky [(1 = pu)duvuEn — (mg + pu)lal,
(3.31)
This implies that
1— (1 —
WV _[Ka(l = )BaAlm ) e Ke(l= vi)SarBlma tom ]
dt m(m+ o+ v) my(mup + oy + vy

+ [K2(1 — p)oy — Ki((1 — p)oy + m+p + de + )| Ey
-+ [}C4(1 — ;OH)5H’YH — Kg((l — pH)(SH’YH S= Viy:s =5 5H€H} EH - K4(THH -+ ;LH)
(3.32)

Equating the coefficient of I4, Eq, In, and Enin equation (3.32) to zero gives
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Ksa=K3=0,Ko=((1-p)oy+ m+p+ e+ c),andK1= (1 - p)dy,

we obtain

dV -

ar < (1= p)dy +m +p +de + c)(m+ p)(Ro = 1)y

<0, ifRo<1l.
dy
Additionally dt = 0 if and only if la = 0. Therefore, plugging Ed= Ia= En = In= 0 into the
A
Sa(t) — (m +a) , Ry(t) —
equations (3.1). It shows that m(m+a+v)
A B(m Y B
v 7 SH(ff) N (TT?H + (YH) RH (t) » Vi

m(m+ o+ v) my(my + ap +vy) and my(mp + oy +vy) a5

dV
. 4 = (Sd. Eq. Iy, Rg, Sy, Ey, 1y, H”) cel: — < (}}
t —— 00, Hence, the lar‘geSt CompaCt Invariant set ln{ dt )

is the singleton set {Eo}. Therefore, from the La Salle’s invariance principle, we conclude
that Eois globally asymptotically stable in ) if Ro< 1 (Yusuf and Benyah, 2012; Dorothy et

al,, 2011).
3.4.6 Endemic Equilibrium Points E;

In this section we shall consider the presence of rabies virus in both populations. That is
if Eq 6= 0,Id 6= 0,En 6= 0 and Iy 6= 0, then we say that the model system (3.1) has an
endemic equilibrium point. We denote the endemic equilibrium point as Ei1 =
Sa*,Ea*,14%,Ra*,Sn*,En*,In* ,Ru* 6= 0. Equating the state variables in equation (3.1) to zero, we
obtain

A - (1 -v)BaSala— (m + v)Sa+ 6eEqa+ aRa= 0, (3.33)
(1 -v)BaSala— ((1 - p)éy + m+p + ée + c)Eq= 0, (3.34)
(1-p)OyEi- (m+u)la=0, (3.35)
vSa+ pEda— (m+ a)Ri=0, (3.36)
B - (1 - vu)BanSula— (mu + vi)SH + SnenEn+ anRu= 0, (3.37)
(1 = vu)BanSula- ((1 - pu)Suyn+ mu+ pu+ 6nen)En= 0, (3.38)
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(1 - pr)buynEn— (mu+ pn)ln= 0, (3.39)

viSH+ pHEH - (mi + an)Ru = 0. (3.40)
From the above equations, we can ascertain the following endemic equilibrium points as

follows;

Making lathe subject in (3.35) we have

I - (1 —p)oy ;
(m+ ) intoequation(3.34)gives,
1 — p)oy
(1 — V)ﬁde(('rnTp)ﬂ)fEd — (1 — [))5"/Ed s (WL + 1% + (,’)Ed — 5EE(_;_ =0
g (m+ ) (1 = p)dy+ (m+ p+ de +¢))
! (1= v)Ba(1 - p)oy . (3.41)
- (m+p)

d — 75 ¢ 4id
Substituting (1—p)0y " and equation (3.41) into equation (3.36) gives

v(m + p)((L=p)dy+m+p+detc) + (1 —v)Baplm + p)ly
(1 —=v)Ba(1 — p)oy

(m + O!)Rd =

7

vim+4 p)(1—=p)dy + m+ p+ e +¢) + (1 —v)Bap(m + @) 14

Ry = (1 —v)B4(1 — p)oy(m + «) ; (3.42)

Also substituting
(m + p)

Ed = d
(1—p)ovy equation (3.41) and equation (3.42), into equation (3.33) yields

m+ p)((1 —p)dy +m+p+éde+c)
Ba(l = p)(1 =)oy
vim+ p)((1 —p)dy+m+p+de+c¢)+ (1 —v)Bap(m + )1y

A— (1 = I/)ﬂd( Id

o g T G o ey
. (m + p)((1 — p)dy +m + p+ dc + ¢) (m+pup)
m+) (= )AL= )b t e

Multiplying through by (1 - v)fB4(1 - p)éy(m + ) and making lathe subject gives

(1 —=p)0y+m+p+dy] (m+p)m(m+v+a)(Ro— 1)
(m+a)(1 =v)Ba[(1 = p)dy +m+c +m(l —v)bap |
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From equation (3.39) and (3.40) we have

I (1 - PH)(SH"/H

= E
mg + fy f ’
_ vgSu + puEy
(3.44) Furthermore, plugging "/ — 1+ o, equation (3.44) into (3.37)

gives
Su[(1 - ve)(mu+ aun)faula+ (Mmu+ vu)(au+ my) — anva] = B(mu+ ay) + [Onen+ anpul Ex,
therefore
g — B(my + an) + [0nen + anpn] En
H=
(1 —vu)(my + ag)Banla + mu(my + ag + vy)), (3.45)

Replacing equation (3.45) into equation (3.44) yields

_ Bun(mu +va) + ((vadnen + vaanpn) + pu(1 — va)(mu + on)Barla + prmg (ma + on +vi)| Eg
{(1 — UH)('H?-U S ()cin)gﬁdnfd + (TH.H + a[])’l")’f-n('.'rl.][ + oy + I/”H

Ry

(3.46)

Finally, solving Enwe have

(1 — vy)Blmy + o) BanIa
(my +an) (1= vi)Banla((1 = pr)duya +mu + pr) + (g + ve) (1 — pr)dnyn +ma + pa + uen)] — (1 — va) an lacnpn”

(3.47)

EH -

Hence, the endemic equilibrium is given as
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A(m+ «)

T mmt v+ )R’
(m+ )

£ = 7_1*,

! (1= p)oy 4
re_ (1 —=p)dy+m+p+dy|(m+p)m(im+v+a)(Ro—1)

T mA4a)(1 = v)Ba[(1 = p)oyA m A +m(l—v)Bap
B — Av(1 —v)Ba(1 — p)oy(m + ) + (1 — v)Bap(m + p)I;

/d i

m(m+ v+ a)Ro(1 — v)Ba(l — p)oy(m + «) ’
g B(mpy + ag) + [0pen + aupul EY,
H (1 —vu)mu + aw)Banl; + muy(my + oy +vy)]’

B (1 —vy)B(my + ay)Ban 1}

- (my +on) [(1—vu)BaaI;((1 — pu)duve +mu + pu) + (mu + ) (1 — pu)duye +mu + pu +0uen)| — (1 — vy) BanLjonpr
. 1— Sy
I, = ( PH) H’}HE;}:

mypg + g

By (my + vi) + [(vaduen + vaappu) + pa(1 — vi) (my + ap) Ban L] + pump(myg + ag + vi)] EH
(1 — vy)(mp + o)?Ban Ly + (mp + a)mp(myg + ag + )]

Ry =

We note that, if Ro= 1, then we will obtain the disease-free equilibrium, if Ro > 1, then there
exist a unique endemic equilibrium, if Ro < 1, the there exist two endemic

equilibrium.

3.4.7 Global Stability of Endemic Equilibrium E;

Theorem 3.4.3 The endemic equilibrium E1of model (3.1) is globally asymptotically stable
whenever Ro > 1.
Proof

Suppose Ro> 1, then the existence of the endemic equilibrium point is assured. Using the

common quadratic Lyapunov function

V(ZEl,CEQ,..

-
t\::|”5
|
=

as illustrated in De Leo’n (2009), we consider a Lyapunov function with the following

candidates
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1
V(S4, Eq, I3, Ra, Su, Eu, I, Ry) = 5 ((Sq— S5+ (Eg— E3) + (I — I}) + (Ry — R
1
+3 [(Sy — Sip) + (B — Ey) + (Iy — Iy) + (R — Ryy))?
(3.48)

Now, differentiating equation (3.48) along the solution curve of equation (3.1) gives
ay . . y w1 d(Sa+Es+ 1+ R
W (a5 + (Ea— ED + (L 03 + (R Ry OB+ T
. . . o d(Sy+ By +1Ig+ R
(S — Si) + (B — ) + (I — Iy) + (Ry — Ry Son B I+ M)

?

= [(Sq — S}) + (Eq — E}) + (Lg — 13) + (Ra — Ry)| (A —m(Sq + Eg+ Iq + Ry) — cEyq — ply)

+ [(SH —S;I)—F(EH —E;}) + (IH —IE)-F(RH -—RE)} (B—m(SH—l-EH + Iy —I-RH) —,MHIH)_

Setting

A =m(Sax+ Ed« + ld« + Rax) + cEa+ + pld~

B = mH(SHx+ En«+ IH« + R« ) + UHIH~

Therefore, we have
dv * * * * * * * * * *
=[(Sa—Sy) + (Ea— E3) + (La — I3) + (Ra — Ry)| (m(S + Ej + [+ Ry) +cEj + ply

dt
— ?’I?,(Sd_ + Ed + Id + Rd) - CEd = pﬂfd) -+ [(SH . S;I) = (EH - EL) + (JTU — I;I)
.y + Ry — Ry)] (mu (Sh + B + I+ Ry ) + i Iy =m(Su+ Eg + In + Ry) — o Ln ).
E = [(Sd‘— ;)'f‘(Ed—E;)+(Id—fg)+(Rd—R;)] [(—m(sd—S;)—TTL(EC{—E;)—WL(Id—I{;)

—m(Ry — R}) — c(Bqg —E)) — p(ly — )] + [(Sg — Si) + (Ex—E%) + (Ig — I})
+(Ru—Ry)] [(—mu(Su=Sg)—mu(En— Ef) —my(In — 1) —mu(Ry — Ry) —pn (In — 1))

This implies

dv

= = —m(Sq—83)? = (c+m)(Es—E5)* —(m+p)(La—1;)* = (2m+c)(Sa— S;)(Es— E3)
—m(Rq — Ry)* = (2m + p)(Sa = S1)(Ia — 1) — (2m + p+ c)(Ba = E3)(Lg — I7)

—2m(Ry — Ry)(Iy — I}) — (2m + p+ ¢)(Ra — Ry) g = I3) — myg(Su — Si)?
—my (B — E)* — (my = pu) Iy — 15)? = 2my (Sy — Sp)(Ey — Ey)

= (2mpy — pu)(Sy — Sp)Un — Iy) — Cmp + pu)(En — Ey)(In — Iy)
—mpy Iy — 1) (Ry — Ryy) + (Su — Sp)(Ru — Ry)]

ay ay
This shows that d# is negative, and dt=0,ifand only if Sa = 53, Ea = Ey, Is =
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la*, Ra= Ra*, Su= Su*, En= En*, In= In*, Ru= Ru*. It follows that every solution of the model

(3.1) with the initial conditions, approaches E1as t -—— oo, hence, the

, 1V
(Say Ea, 1o, Ry, Su, Eg, Iy, Ry) € 2 <o

largest compact invariant set in { dt } is the singleton set

{E1}. Therefore, from the Lasalle’s invariant principle LaSalle (1976), it implies that the

endemic equilibrium Ej1, is globally asymptotically stable in (0 whenever Ro> 1.

3.5 Herd Immunity Threshold H:

In this section, we consider the percentage of dogs that need to be immune in order to
control the rabies transmission using the equation proposed by Diekmann and

Heesterbeek. (1990). That is

1
H=1-_—
; Ro.

Therefore, our herd immunity is given as

(L=p)oy+m+p+oc+e)(m+p)m(@m+rv+a)

H =1= -
! (1 — v)B4A(m + a)(1 = p)dy

As the vaccination rate increases, the herd immunity threshold Hi also increases. When-
ever the herd immunity threshold decreases there is a potential decrease in the

vaccination rate in the susceptible group. (Johnson and McQuarrie, 2009).

3.6 Optimal Control Problem

In this section, we shall consider the controllability matrix of model system (3.1) and then
set an objective functional for the model system (3.1), using the Pontryagin’s
maximization principle. Finally we will set an optimal system and its corresponding

Hamiltonian equation for the model system (3.1).
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3.6.1 Controllability Matrix

To check whether the model system (3.1) is controllable, we used the Kalmann’s

controllability rank condition, with the linearised system

dT . d.’E N de RH
o= flz,u) = Ax(t) + Bu(t) T ( FTE IR ) where,,
(3.49)
reR"uelUeR™
Its tangent linear system around the equilibrium point ("x,u") is given by
dg
—=A¢+ B
A (3.50)
of af ,_
= —(Z.u B = —(z,u
where dx; ) and du; ) are respectively n x n and n x m matrices.

Therefore, the controllability matrix for this eighth-order system model (3.1) is given as

G— [B -AB: A’2B: A3B: A’B: A*B: A°B : A°B: ATB.] (3.51)

Using the Jacobian matrix of model system (3.1) at the disease-free equilibrium point Eo,

we have
/ —m a;2 a3 « 0 0 0 0 \ ( a3 \
0 (99 (23 0 0 0 0 0 0
0 az azz 0O 0 0 0 0 0
% - 0 0 I, (1] 0 0 0 v —3 "
B 0 0 as3 0. ‘ass ‘asg 0 ass 53
0 0 ags O 0 ag 0O 0 0
0 0 0 0 0 a7 Qg7 0 0
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where,

—Ban(my + apr)
my(my + vy + agy)

07, azz = —(m+p), ay = —(m + «a), as3

; Usg = —Mpy, dsz7 =

Bu(muy + o) . .
. Gy = Qp, Qg3 = OgEH. (s — *(511“{1{ + mpy + OHEH)-, arg =
my(muy + vy + ay

duvm, arr = —(mpg + pg), ags = —(mpy + o)
—B(m+ a)A i - B(m+ a)A
1o = 08, (13 = — , Qoo = —(dy+m4detc), a3 = . a3y =

After some algebraic manipulation we have

A1l A13 A19 Aze

-Qaz2 A1a A21 A27

-as2 A1s A2 Az

—-a13a44 —a13Qa442 —a13a443 —a13a444
AB = A A@,42B = R BIR,A3B = BE A@,A4B = AR

A1z A1e A23 A9

—ase6 A17 Az Az

B2 Aisd Bl B Azs B 2 B Asz2

-aze

2 v 7 v

? ?

—Qa530882 —@a530883

—as53ass
—a530884
A3z A3zg Aae
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=

=

=l

A3z4 Aq1 As7
Ass A4z Ass

AsB = —a13a44s AR, AeB = —a13a446 ARA, A’B = —a13a447 AAA.

A3e Aa3 Ag9
A3z7 Ass As1
Bl A3g @ 1 A4s B B As2 B
—@a530885 —@a530886 —@530887
Hence, equation (3.54) becomes
-ai3 A1l A13 A19 Aze A33 A3g Ase
0 -az2 A14 A21 Az7 A3a A Aa7
0 —-as2 A1s A22 Azs A3s A Aasg
Bl-a13 2044 2a442 20443 20a444 20445 20446 2a447
C=
as3 A12 A1e A23 A29 A3s A43 Ag9
0 -a66 A7 A24 A3l A3z7 Asg As1
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= =
B =

0 -a7é A1s Azs A32 Ass Ass As2

= =
B B =

—as3 —a53d88 —as53d882 —as530883 —as53d884 —a53d885 —a53d886 —as53d887
(3.53)

Using MATLAB (14) we obtained the rank of matrix (C) to be n=8, Therefore, the
model system (1) is controllable.

The definition of the controllability parameters is given in Appendix A.

3.7 Objective Functional

Given that y(t) € Y € R"is a state variable of model system (3.1) and u(t) € U € Rare the
control variables at any time (t) with t) < t < t(p, then an optimal control problem consists
of finding a piecewise continuous control u(t) and its corresponding state y(t).

This optimizes the cost functional J[y(t),u(t)] using Pontryagin’s maximum principle

(Sharomi and Malik, 2015).

Theorem 3.7.1 If u*(t) and y*(t) are optimal for a given problem. Then minu ] [y(t),u(t)] where;
Jy(t), w(t)] = miny, [/ f(E gn(t), ya(t), ys(t), ua (t), ua(t), us(t)) dt.

Subject to
dyl \
T g1 (t, y1(8), ya(t), ya(t), i (t), ua(t), ua(t))
dys
? = 02 (f gl(t)* 9'2(#)* y%(f)~ ul(t)r ?LZ(i)J ?‘L:}(t)) ! (
dys (t, 1 (t), yalt), ys(t), ur (t), ua(t), us(t))
dt g3\t Y1(t), Y2\t), Y3(t), urlt), u2\l), Uzl ) (3.54)
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Then there exists a piecewise differential adjoint variable A(t), such that the Hamiltonian

equation (H) given as

H (ty(@,u(®)A() = f(ty(u(®)) + g (ty(O)u(t), (3.55)

with the necessary conditions

dAy OH dXs OH dX; oOH

dt Oy dt Oy dt Oy

A1(t) = 0,A2(tp) = 0,A3(¢r) = O,

This implies that
dy ,
with controls
oH oH oH
—=0—=0, — =0
ou, " Oug e Jus

J

we then set

dt 8A1’ dt £ 3)\27 dt - (‘9/\3_

Sufficient Condition

Theorem 3.7.2 The condition of maximum principle of (3.54) are sufficient for global
minimization of ] [y(t),u(t)] if the minimized Hamiltonian function H defined in (3.55) is
convex in the variable (y) for all (t) in the time interval [totf for a given A . Hence, if y(t)
represents the class of individuals to be vaccinated and u(t) € U represents the controls, then

the control set (u) is given as: U ={u(t) : [totf] — [0,K] lebesgue measurable }.

Consider the following interventions made in model system (3.1) thus

1. u1=v:Isthe control effort aimed at reducing the infection of susceptible dogs (pre-
exposed vaccination).
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2. uz=p:Is the control effort aimed at treating the exposed dogs (post-exposed

vaccination).

3. us=vnu: Is the control effort aimed at reducing the infection of susceptible humans

(Pre-exposure vaccination).

4. ua = pn: Is the control effort aimed at treating the exposed humans (post-exposed

vaccination)

Our main goal is to seek optimal controls ¥*: #” “izandP# that minimize the objective

functional:
ty B1 B2 B3 . B4
J = 111111/ |:A1Ed + AoEy + Agly + Ayl + 71/2 ol 7;02 L 731/.%1 + 7.0.2?1 dt.
to
(3.56)
Therefore, equation (3.56) is subject to

de
= A— (1 —v)B4Sala — (m+v)Sag+ 0eEq + aRy,
dEd -

= (1 =v)BaSala — (1 — p)ov4+ mi+ p+ de + €) Eq,
dl,

dtl = (1= p)oyLy — (m+ p)la,
dR
% = vSy+ pEg— (m + a)Ry,
dSH

7 B — (1 —vy)BinSula— (muy +va)Su + ducuEn + ap Ry,
dEH
o = (1 —vu)BanSula — (1 — pu)ouyu +mu + py + duen)En
dl 4
d—f = (1 — pu)ouvyuBu — (muy + py)ly,
dR
d—tH - VHSH + f)HEH —= ('ITI.-H == (XH)RH,

SdEU«EdEO.IdEORdEO.SHZOEHEO.IHZO.RHEO

From equation (3.56) the quantities A1and Az denote the weight constants of the exposed
classes and As and A4 are the weight of the infected classes. B1,B2,B3,B4 are the weight
constants for dogs control and personal protection (Prevention of infected dog-human

contact). B1v?B2p? B3vu? ,B4p?n describe the cost associated with rabies control and
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prevention. The square of the control variables shows the severity of the side effects of
the vaccination and treatment. Employing, the Pontryagin’s maximum principle, we form

the Hamiltonian equation as

Bl , B2, B3. B4 .
H:AlEd+A2E[[+A31Td+A4IH+71/2+7,924— 5 UJZL['JF?P?;

+ M [A—= (1 =v)BaSals — (m+v)Sa+ 6By + aRy),

+ X2 [(1 = v)BaSala — (1 = p)dy +m + p+ de + ) By,

+ A3 [(1 = p)dvEy — (m+ p) 1] |

+ M [Sq+ pEg — (m+ )Ry,

+ A5 [B— (1 —vy)BanSuly — (my +vy)Sy + épenEy + ag Ryl ,
+ X6 [(1 — va)Ban Sula — (1 — pm)daym + mu + pg + dyen) Byl
+ A [(1 = pu)ouyu En — (mu + o) Iu]

<} )\8 [VHSH + ,OHEH ~ (’H.LH =N (IH)RH} .

Considering the existence of adjoint functions A;i = 1,2,...8 satisfying

dA oH

At aSy
= — [—)\1(1 — V*)Bdfd — Al(m =+ I/*) + )\2(1 = V*),Bdfd =F )\41/? -

= )\1 ((1 - I/*),Bdfd +m + I/*) = /\2(1 — I/*)[))dfd — )\41/*,
dAy oH

dt OB,
= —[A] — Ao — A ((1 = p")dy +m+ p* + 0 + ¢) + A3(1 — p*)dy + Agp”|
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=M((1=p )0y +m+p"+0c+c) — Ade — A3(1 — p*)dy — Ayp™ — Ay,
dX; JH

dt ol

= — [Ag - )\1(1 - V*)iﬁ’de 4+ /\3(1 - y*),@’de - )\3(771 + ,u) - )15(1 - V;[)JBG!HSH + )\5(1 - V;[),‘S’dHSH] y

= /\3(’!71 + ,U:) + )\1(1 — V*)ﬁdgd + )\5(1 - V}}),i/))dHSH . )\2(1 — V*),Bde = )\6(1 — I/};)ﬁdHSu — Ag]
dAy OH

dt ~ ORy
=—[Ma—\(m+ (1)]’

= )\4(m + Ot) — AlOz,
d\s  OH
dt — 9Sy’

= — [—)\5(1 — V?;).BdH-[d — )\5(77111 + V};) “F /\6(]- F— V};)defd + )\SVL'] s

= )\5 ((1 — V}})ﬁdHId + ™My + 1/;}) == )\5(1 = V;;)BdHId — )\31/;},
dAg oH

At Oy
= — [A> = Xs(0men) — A (X = pi)0uve + mu + py + 0uen) + M (1 — py)ouvu + Aspul
= Xs((1 = pi)0uym + mu + pg + 0uch) — Aséucn — Ar(1 = pi)duvm — Aspl — Aa,

dA7 oH

dt  oly’
= —[Ay = Xe(my + pg)],

= M(my + pg) — Ay,
D on

dt  ORy’

= —[sam — As(ma + an)],

= As(mu+ aun) — Asan,

with transversality condition Ai(¢f) = 0 for i = 1...8 for the control set uihence

OH
Ou;= 0 wherei=1,2,3,4
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OH
—— = Blv — A\Sq+ MSa + M BaSala — A2BaSaly,

v
oH *
E‘V:,ﬂ = B1v* — A\ Sq+ MSa + MBaSaly — N33 Saly = 0,
(S5 AS)) + (e = MBS
B B1 ’
oH
87,0 = BQ,{) — AQE({ + )\Z(S’YEd - )\35"}’Ed
oH )
a—p‘p:px = BQ,O - AlEd + )\4Ed + /\gEd(S"/Ed — )\35’)(Ed — 0,
«_ (MBS — MED) 4+ (A3 — Xo)OVES
P B2 )
oH
oon B3vy — AsSu + AsSu + AsBaaSuda — AeBar S la,
oH *
%L,H:V;{ = B3v* — A\sSy + XSy + AsBauSuly — XeSauSuls = 0,
e (AsSh = AsSy) + (As — As)Ban S L
H BS 2
OoH
oo = Bdpg — A En + MExy + AedpypEn — AMdpyuEn,
OH )
%'pH:p}{ — B4,0 — )\GEH + )\SEH + /\GCSH'YHEH - A75H7HEH =0
p* ~ (AGE}’} - )\SE;}) -+ (AT — /\6)5H’YHE?{
= .

B4

Now, using an appropriate variation argument and taking the bounds into account, the

. . . * * * *
optimal control strategies are given as” ;P » Vs Pn.

v* = min {ma,x (O, O S Al)ﬁdlgsﬁ) :VmaX}

Bl
— — M) Ej+ (A3 — Ag)0vE]
p  =1n { (01 B9 y Pmax ’
0 —X8)Sh + (A6 — As)Ban ST 1] v
’ B3 s Y H max ’

Py = min < max

* ]
Vg = 1M {max (

0, (A6 — As)Efr + (A7 — Xe)Omyu By
B4 PH max
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3.8

Optimality System

Substituting the representation of the optimal vaccination controls, we have the

optimality system as

— Afl)S; pt- (/\2 -\

54 = A_ (1 — min {max (0. G
dt

);3d1d5'd) .,f/mmc}) BaSaly — mSy
By

AL — A)SE
— min {max (U. (A )3

+ 0By + aliy,

+ (As= /\l)ﬁdfzzss) }S
s Vmax d
B

dt

dEq = (1 — min {max (U, A = Xa)5d + (R -

M)A TS .
Bl 1)‘ d’d d) :Unmx})-‘ljdsf‘,ld

— ((1 — min {max (0, (A2 — M) EG + (As —

Ao)ov B
= 2)d7 d>, mﬂx}) 67-+-711+(55+c) Ey

Ao — N ES
— min {111‘(1.}( (U, (A2 )Ei +

djd

dt = OF)Ed

(m+ p)lg,

Az — A2)OVES
B(2 3 2)07 d) ,,Omﬂx} Ey,

dt

@ = min {max (0; (A1 = Aa)Si +

éz\z - Al)ﬁdIde) ’ um} Sa— (m + a)Rq
1

A2 — A\ E
+ min {max (O. (A ) Bit

B2

()\3 = )\2)57Ed> :Pma.x} Ed-.

dt

dSH B [P (1 — min {III&LX (U, (As E AS)S”

B3

— min {max (0. (A6 = 2a)Sh F

+ 6[{6[}5‘[} - U(‘HRH:

A6 — As5) nls
fB;‘ 5)B3an St d) ’y”mﬂx} a5

dt

— 0y +mu + dgen) En

@ - (1 — min {max (0, B )5k

Ar — Xe)0uyu By ;
J(347 6)OnYH n) ,pnmux}) BarSula

— min < max { 0, (Ae — AH)EH + O = A)onyn By » BEbmazx P
B4
11
(d—;{_éH HEH_ IfJH+,(JH)IH
dRU — Xs)SH + (A6 — As)BauSh Ly
— = min {mawc ( B3 U max ¢ g — (my + ay)Ry
+ min { max U )\8 E” (AT — As)aH?HEH » P H max Eu,
B4
12 _J LGS w7 8 dA dA dA dA dA
a'f a'f dt’ dt dt ’ df T odt T dt , with, Ai(t) = 0,i = 1,2,3,4,5,6,7,8.

Chapter 4
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Numerical Analysis and Discussion

4.1 Introduction

In this chapter, we will use the analysis in chapter three, to estimate the basic
reproductive number without vaccination X0, basic reproductive number with
vaccination Ro, the herd immunity Hi, the disease equilibrium point and the stability
analysis of the model system (3.1) numerically. We will use Matlab to simulate the
sensitivity of the basic reproduction number, with pre and post exposure prophylaxis, we
will also compare the existing model of (Zhang et al.,, 2011) with the optimal control

model, and then we will simulate optimality system using the backward swap method.

4.2 Parameter Values

WHO (2010) reports that the incubation period of rabies is 1 - 3 months. Therefore we
assumed the median value of 2 months for the incubation period of rabies. We assume
loss of immunity to be a = an = 1. The probability of the clinical outcome of the exposed is
30% -70%. (WHO, 2010) and we considered that it is 40%. Hence, the rate at which the
exposed dogs and humans move to the infected classes is y = 0.4 and yn= 0.4 respectively.
The rate of vaccination is the product of efficiency of the coverage rate of rabies vaccine
(Zhang et al,, 2011). Hence, the efficiency of rabies vaccine is about 90%

(WHO, 2010). However, in Africa the rates of vaccination and treatment is below 40%
(WHO, 2010). We obtained the transmission rates fd, fqu by comparing the recent trend
of rabies cases in Africa and Asia, so we used the transmission rate estimated by

Zhang et al. (2011). Since getting data for the studies was very difficult, we assumed a
constant natural death rate m = 0.056, for dogs. All parameter as measured in years, the
details of these parameters are shown below.

Parameter | Description Standard Value | Source
A Birth/Recruitment rate of Dogs 3x106y-1 Zhang et al. (2011)
a Loss of immunity in dogs 1y-1 Zhang et al. (2011)
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c Death rate of dogs due to external factors 0.3y1 Assumed
m Natural death rate of dogs 0.056y1 Zhangetal. (2011)
U Disease induced mortality in dogs ly-1 Zhangetal. (2011)
% Pre-exposure prophylaxis for dogs 0.25y-1 GVMA 2014
p Post-exposure prophylaxis for dogs 0.2y1 Zhang et al. (2011)
B Transmission rate in dogs 1.58 x 10-7y-1 | Zhangetal. (2011)
y Latency period in dogs ;%y ! Zhangetal. (2011)
o€ Rate of no clinical rabies 0.4y-1 Zhang et al. (2011)
B Birth/Recruitment rate (humans) 0.0314y1 GDP 2014
Bdu Transmission rate (dog - humans) 2.29 x 10-12y-1 | Zhangetal. (2011)
aH Loss of immunity (humans) 1ly-1 Zhangetal. (2011)
my Natural death rate (humans) 0.0074y-1 GDP 2014
UH Disease induced mortality (humans) ly-1 Zhangetal. (2011)
VH Pre-exposure prophylaxis for humans 0.54y-1 GVMA 2014
PH Post-exposure prophylaxis for humans 0.1y1 Zhang et al. (2011)
YH Latency rate (humans) éyil Zhangetal. (2011)
YHEH Rate of no clinical rabies (humans) 2.4y71 Zhangetal. (2011)
Table 4.1: Parameter values
4.2.1 Basic Reproduction Number without controls Ry

In this subsection, we consider model system (3.1) without control measures. We denote
the basic reproduction number without control as%a. Therefore, Rois given as:

..Bd A 57

V=
0 (y+m+de+c) x(m=+p) m

*

A 2.4 X (3 x 10°) x (1.58 x 10~7)
* 7 (244 0.056 + 3.6 + 0.3) (0.056 + 1) (0.056)
Ry =-8-027

This indicates that without vaccination, and assuming the disease occurs, the infection
will spread faster and may cause more deaths in the human population, since Ry =
3.027 > 1. Hence, the presence of one infectious dog could produce more than one

secondary infections in susceptible dogs or humans.
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4.2.2 Herd Immunity Threshold

We seek to know the number of humans or dogs that should be vaccinated during the

outbreak of the disease.

1
Hé&E I
1 RS’
1
S 3.027,
Hi1=0.66.

This shows that about 66%, of susceptible humans and dogs should be vaccinated during
an outbreak of rabies, in order to control the disease. That is if the proportion of immune
humans and dogs goes beyond 66%, due to mass vaccination, the disease could be

eradicated.

4.3 Equilibrium points and stability analysis

From chapter three we obtained the disease-free equilibrium point as:

g — ( A(m+ «) 0. 0 Av B (my + ag) Bry )

! y ) 0, O,
m(m+ a+v) m(m+a+v) myg(mg+ag+vy) my (my + ag +vy)

incorporating the parameter values gives:

& = (4.3317 x 107, 0, 0, 1.025 x 107, 2.7625, 0, 0, 1.4808)

4.3.1 Stability analysis of disease-free equilibrium point

The Jacobian matrix of the rabies model at the disease-free equilibrium point is given as:

@ b7 a 0 0 0 @
b1-A 0
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J(Eo) = B

Where, by

B (m,+(r)/§
m (m,—H/+n) ?

by =

az-A ai 0
Sy as
P b2-A b3-A
0 0 0
0 a4 0
0 0
as
0 0
0 0
0 0
v
0
0
0
0
—~(m + v), by = b2, a;
—(m+pu), bg=—(m+a), ag =

Ban(mp+am)
my(mpg+vg+ag)’

Substituting the parameter values gives: b1 =-0.306, b7 =

as = Opep, Qg =

_ —B(m+a)A

 m(m+trta)’ e~

VH

bs

as—A

OHYH PH b

—(0y+mp+dec+c), a

—Ban(mu+omy) by =
mp(mp+vgtog?

—(511"/11 +mpyg + pg + 511511) and bsg

0
0 0 Bp
0
0 0
0
6—A 0
0 Bl an

0

0

bs— A

3.6, a1=-6.8440, az =

-6.556, a3 = 6.8440, b2=-1.056, b3=-1.056, as= -2.7625, b4= -0.5474, bs =
2.7625,as= 2.4, as = -6.1074, be= -1.0074 and bs= -1.0074.

-0.306

=l

=l

=l

=l

=l

=l

=l

=l

=l

J(Eo) = @A

0.25

3.6 -6.8440
-6.556 6.8440

3.6 -1.056

0.2 0

0 -2.7625

0 2.4

0 0

0 0

1
0
0

-1.056

0
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0
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0
5

0
0
5
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0
2.7625
-6.1074
3.6
0.1

0
0
0
0
0
0

-1.0074
0

—(vg +mpy), bs

- O o o o

= —(mu+ an)

=l
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-1.0074
Now, finding the eigenvalues, using det|J(Eo) - Al| gives:

(—1.0074—X)(—6.1074—A)(—0.5474—A)(—=1.0074—X) [X'a11\’ + a12A* + a13A + aq] =0
(4.1)

where; ai1= (b2b1 = b2 - az - b1 - b3), ai2 = (bsb2 + bib3 + b3az + biaz + 6yas + b2az - va), ai3
= (azva+b2va-56yasbs-bi1dyasz—bsbzaz—bibsaz-b2biaz) and ai4 = (bibzbsaz+ éyasbsbi - véasa
- vab2az).

Therefore the first four eigenvalues are given as A1 =-1.0074, A2= -6.1074, A3=-0.5474
and A4 = -1.0074. Using the Routh-Hurwitz criterion, as described in Chapter three, gives

the following:

ai1=9.2971, ai2=33.3325, a13=43.2022 and a14= 2.3083.

From the Routh-Hurwitz criterion the eigenvalues of the matrix system, have negative
real parts if and only if the following conditions are satisfied under the polynomial of

degree 4.

Conditions:
a1 >0, a0 >0, a3 >0, ayy >0, ajjapag > a.?rf:; -+ a'flaul
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Substituting the estimated parameter values into the above conditions yields

a11=9.2971 >0, a12=33.3325, a13=43.2022 > 0, a14= 2.3083 > (,

ap1a12a13 = 13387.97 > 0{3 + O‘J?] ayy = 206595

From this analysis, it clearly shows that the disease-free equilibrium Eo is locally

asymptotically stable.

4.3.2 Basic reproductive number Ro with controls

(1 —v)(1 — p)oyBaA(m + «)

Ry = -
" (A =p)y+m+p+oete)(m+p)m(m+v+a)

Therefore,

(1-0.25)(1 —0.2) x 2.4 x (3 x 10%) x (1.58 x 10-7)(0.056 + 1)

Ro =
7 (1—0.2) x 24+ 0.056 + 3.6 + 0.3+ 0.2) (0.056 + 1) (0.056 + 0.25 + 1) x 0.056,

Ro=1.536.

Therefore, applying controls to the model, shows that Ro can be brought down with
effective controls. Therefore, this shows that to minimize the spread of rabies, we need
effect control measures, thus more of pre-exposure vaccination and post-exposure

vaccination (post-exposure treatment).

4.3.3 Numerical simulations

In this section, we consider the graphical interpretation of the model by using the
parameter values in Table 4.2. We will use MATLAB and the fourth order Runge-Kutta
method for our simulations. We will also consider the sensitivity analysis of the basic
reproduction number. We will simulate our optimality solution using the forward-

backward sweep scheme.
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In Figure 4.1, we look at the effect of the initial conditions of S4(0),E4(0),14(0),R4(0), on the
infected humans. We found out that an increase in the initial conditions of susceptible
dogs could increase the number of infected humans, as indicated by the red line in Figure
4.1(A). The number of exposed, infected and recovered has the same influence on the
number of infected human, as shown in Figure 4.1(B), 4.1(C), and 4.1(D) respectively. The
plot below suggest that the best way to control the infection in the human population is
to reduce the recruitment rate in the dog population, whenever the transmission starts,

or increase vaccination in the susceptible dog class.

VARYING INITIAL DOG POPULATION SIZE VARYING INITIAL DOG EXPOSED CLASS
3000 2500
——S,(0)=4"10 ——E,(0)=6*10°
2500 H
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2 2000 =S ,(0)=2*107 | » ——E (0)=4"10°
- | E o) g
3 1500} S, (0)=1*107 | g —E,(0)=2*10
3 —s,(0)=5*10° 8 1000} E,(0)=1*10° |
g 1000; g
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£ = \ o ”
500} 5001 g
0 . . . 0 . . . ‘ ‘ ‘
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Time(years) (C) Time(years) (D)

Figure 4.1: Varying the initial condition of S4(0),E4(0), 14(0) and R4(0) respectively, on the
infected humans

From Figure 4.2, the first sub-plot shows that as the human population grows, with a
continuous growth in the dog population there is a likelihood of a higher rate of rabies
cases in the human compartment, as indicated by the red line. Figure 4.2 also indicates
that as the population of humans reduces, the infection could also be reduced as indicated

by the black line in Figure 4.2 (A). In sub-plot B in Figure 4.2, it shows that varying the
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exposed class of the human population with a constant transmission rate from the
infectious dogs has little effect on the spread of the disease in the human population.
Varying the number of recovered humans maintains the same likelihood of becoming
infected again at a constant transmission rate from the dog’s population, since the
recovered person does not build a permanent immunity. Hence, Figure 4.2(C), also
suggest that the best way to control the disease in the human population is to increase

vaccination coverage in the susceptible dogs.

VARYING HUMAN SUSCEPTIBLE CLASS VARYING HUMAN EXPOSED CLASS

3500 : 2000 :
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5 S (0)=1.210°| & -E,(0)=500
H( )_ . E
E 2000 s [ 5 —E_ (0)=250
T —S,(0)=5*10 T 1000} H !
3 1500( 3 E, (0)=100
3] 3]
:E 1000+ :.E 500
500+ _
0 L L L 0 L L L
0 20 40 60 80 0 20 40 60 80
Time(years) (A) Time(years) (B)
VARYING HUMAN RECOVERED CLASS
2500 ; ; ;
—R,(0)=2*10°
_T 2000 —R_(0)=10000 |
1]
c
R (0)=5000
£ 15000 W0 !
2 R,(0)=160
};j, 1000} —R,(0)=50
Q
2
£ 500}
0 1 L 1
0 20 40 60 80

Time(years) (C)

Figure 4.2: Varying the initial conditions of Sx(0),En(0) and Ru(0) respectively

4.3.4  Sensitivity Analysis (S.I)

In this section, we want to determine the parameters that contribute most to the

transmission dynamics of the rabies infection.
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Definition 1 The normalized forward-sensitivity index of Ro to any parameter, say p, as

given in Martcheva (2015) can be defined as:

o 87?,0 i
o dp Ra,

(4.2)

Therefore from equation (3.25), the sensitivity indices of Rowith respect to the parameter

values in Table 4.2 are

( f (9720 ﬁd
I = 222 —
R 984 R
rA _ ORy A
Ro ™ 9A Ry
IRy p —H
e = 2 E — —0.95
Ro ™ Ou Ro (m+ p) ‘
poe - 9Rode _ 0c — 161
°© 9 Ry ((L—p)oy—de—c—m—p)
ORy ¢ c
re, =20 ¢ — 045,
) Ro dc Ry ((1=p)oy—de —c—m—p)
ORy «
e AR Yy,
Ro 8&‘ Rg 0 87
aRg m
[ = o %57,
Ro am T\),(] E J
I = 2% _j-any
Ro (9(;')/ R(] y
IRo p
I, = ——— = —0.05,
"= gy e = 005,
v 87?4] v — =
| Tk = ooy = ~052

Below is the signs of the sensitivity indices in Ro.

(4.3)

Parameter | Description Sensitivity index
Pa Transmission rate of dogs +ve
p Post-exposure vaccination (treatment) -ve
v Pre-exposure vaccination -ve
A Birth/Recruitment rate of dogs +ve
m Natural death rate of dogs -ve
oy Rate at which expose dogs becomes infective (Infective rate) +ve
a Loss of immunity +ve
o€ Rate of no clinical rabies -ve
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u Disease induce death rate -ve

Table 4.2: Sensitivity indices of Ro to the parameters in equation (3.25).

The positive signs in Table (4.2), promotes the propagation of the disease. Therefore an
addition or reduction in the values of f4, a, 8y and A, will have an increase or decrease in
the spread of the disease. For example ['sreo = 1 indicates that increasing or reducing the
transmission rate by 10%, may increase or reduce the number of secondary infection by
10%. The negative sign in Table 4.2, will have a reduction in the basic reproduction
number, Ro, when the values of those parameters are increased, and a reduction in the
values of p, v, 4, m, and 8¢, will lead to an increase in the number of secondary infections.
Therefore, this show that in the presence of vaccination and treatment in model (3.1)
decreases the spreading rate of the disease. Hence, the sensitivity analysis gives a
wonderful insight into the control of the rabies transmission dynamics. Additionally, the
sensitivity indices could help public/private health authorities in focusing on the best
method for preventing and controlling the disease in the course of any outbreak of the

disease.

5000

4500+

4000+

3500+

3000+

2500+

2000+

Infected Humans L‘

1500

1000

500+

Y =~

6] 20 40 60 80
Time(years)

Figure 4.3: Varying the value of Ro
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From Figure 4.3, it shows that as Ro increases, the disease remains in the community
(country) for a longer period, and as Rodecreases, the epidemic (disease) gets eradicated

in the community (country) with time, as indicated by the black line in Figure 4.3.
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Figure 4.4a, 4.4b, 4.4e shows that 5, A and dy, have a positive relation with the basic

reproduction number. Therefore to control the spread of the rabies virus, there is a need
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of reducing the rate of those parameters. Figure 4.4c and 4.4d shows that preexposure
prophylaxis and post-exposure prophylaxis helps in controlling the spreading rate of
rabies in the susceptible dogs and humans. Figure 4.4f shows that, the natural death rate

m has negative relation in the spread of the rabies virus.
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Figure 4.5: Sensitivity Analysis plots

Figure 4.53, 4.5¢, 4.5d, 4.5e shows that y, ¢, @, 6y, have a minimal influence in the rate at

which the disease is spread. Hence, the culling rate introduce into the model, is not an
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effective way of controlling the disease. Figure 4.5b shows that the most influential
parameter in spreading the infection is fdfollowed by A4, and v, p are the most influential
parameters in controlling the rabies virus.

Figure 4.6 and 4.7 shows the topological effect of some parameters in Ro.
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Figure 4.7: The topological relation of some parameter in Ro.

4.3.5 The Simulation Effect of Vaccination, Recruitment rate and Culling
rate on the model

To find a good control method for the transmission of the disease, we performed some
sensitivity analysis on the basic reproductive number as demonstrated in Figure 4.3.
From the analysis, it shows that Ro is really the threshold for the establishment of the
disease in the susceptible classes. In this section we establish, with graphical results, the
effect of vaccination on susceptible dogs (v), vaccination on exposed dogs (p), and an
equal rate of both vaccines (v and p) on the model. Figure 4.8a shows the effect of pre-
exposure vaccine on the model. Figure 4.8b shows the effect of post-exposure vaccine on
the model. In Figure 4.9a we consider an equal vaccination rate on the model. Figure 4.9b
shows the effect of the Recruitment rate of dogs on the model. Lastly, Figure 4.10a and
4.10b shows the effect of culling rate on the model and pre-exposure vaccination of
humans on the model.

Figure 4.8a and Figure 4.8b shows that concentrating only on post-exposure vaccination
of the exposed class of the dogs or humans, without pre-exposure vaccination on the

susceptible classes, has a minimal effect in controlling the transmission rate of rabies.
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In Figure 4.9a below, we consider that there is an equal rate of vaccination in dog

compartment. This shows that, if the disease starts and we implement the same rate of
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Figure 4.8: The effect of pre-exposure and post-exposure vaccine of dogs on the model

vaccination at the same time, the disease will decline faster and can be eradicated, as

indicated by the green line v = p = 1.00. Figure 4.9b shows that as recruitment rate

decreases, the rate of transmission equally decreases and the rate of infection in the

human subclass is reduced, as indicated by the red and the black lines in Figure 4.9b.
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Figure 4.10a shows that culling rate plays a little role in curbing the rate at which exposed

dogs gets infected, Figure 4.10a also indicates that as culling rate increases on the exposed

dogs, it reduces the spread rabies in the human population. Figure 4.10b shows the



importance of including pre-exposure vaccination on the human compartment, it
indicates that as pre-exposure vaccination increase in the susceptible humans, many
individuals builds temporary immunity against the disease, which prolong the rate of

getting rabies infection when bitten by an infectious dog.
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Figure 4.10: The effect of culling rate c of exposed dogs and pre-exposure vaccination px
on the model

4.4 Optimal control effect on the model.

In this section we used the forward-backward sweep scheme; starting with an initial
guess for the optimal controls v, p, viand pn. The state system is solved in forward time,
whilst the solution to the states together with the initial guess for the controls, are used
to solve the co-state system backwards in time. Subsequently, we determined control
strategies; v,p,vi and pnu, as given in objective functional. We began an iteration of the
model until convergence was achieved. The results of the simulation of the control
strategies are displayed below. We consider equal weights of (A1=1,42= 1,A3=1,44=1)
for both exposed and infected classes. We varied the cost associated with the objective
functional, which indicate that; with low cost of vaccination, the rate at which individual
will seek for treatment of their exposed dogs will increase, and this could result in low

transmission of rabies in an heterogeneous population. We consider the various cost of
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pre-exposure prophylaxis and post-exposure prophylaxis to be (B1 = 1,B2 = 4,B3 = 1,B4
=4). We observe that for optimality to be achieved, we either use more of the control with
lesser weight of cost, or more of the control with the lesser weight of both exposed and
infected classes. The results shows that applying more of post-exposure vaccine does not
appreciably bring down the number of infected individuals, as compared to the case
where we applied more of pre-exposure vaccine (treatment) on the susceptible classes.
However, the peak attained in the normal simulation in the previous figures seems to be
significantly different from the case when the four controls were used. We found that,
with minimal cost of pre-exposure and post-exposure vaccination, the optimal time in

controlling the infection will be the first eight (8) years, as shown in Figure 4.11.
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Figure 4.12: The trajectories of the model with and without optimal control on individual

compartments
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Figure 4.13: The trajectories of the model with and without optimal control on individual
compartments with adjoint function
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(a) The effect of varying the initial infected dog population size 1d(0) (b) Comparing Zhang et al.(2011) with our current model on the number of infected
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4.5 Discussion

The numerical simulations of the resulting optimality system shows that, during the case
where it is more expensive to vaccinate than treatment, more resources should be
invested in treating affected individuals until the disease prevalence begins to fall. This
option, however, does not reduce the number of individuals expose to the disease quickly
enough, thus resulting in an overall increase in the infected population. On the other hand,
if it is more expensive to treat than to vaccinate, then more susceptible dogs should be
vaccinated, so as to lower the rate at which new born dogs get infected. Nevertheless, in
the case where both measures are equally expensive, the simulation shows that, the

optimal way to drive the epidemic towards eradication within the specified period is to
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use more of the vaccination control, thus pre-exposure prophylaxis in both
compartments, and also reducing the number of new born dogs into the susceptible

population.

Figure 4.12b and Figure 4.13a shows that, there is a proportional decrease in the number
of exposed and infected dogs when the control measures are applied, similarly, Figure
4.13d shows a significant decrease in the number of exposed and infected humans when
the control measures are applied. Figure 4.13b and Figure 4.13f shows that there is a
proportional increase in the number of recovered dogs and humans when the control
measures are applied. The Tornado plot in 4.5b, shows that, a high number of
birth/recruitment, and transmission rate in the dog compartment, during an outbreak of
rabies, will have a major impact on the spread of the disease in the human population.
Similarly 4.5b, shows that pre-exposure vaccine plays a major role in controlling the

disease in both compartments than post-exposure vaccine (treatment).
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Chapter 5

Conclusion

5.1 Overview

In this chapter, we draw conclusion from the study and suggest some recommendations

to researchers and stakeholders.

5.2 Conclusion

In this thesis, we studied an optimal control model of rabies transmission dynamics in
dogs and humans. This gave us more insight to the dynamics of rabies transmission from
dogs to the human population. We obtained the equilibrium points of the model and
stability analysis, The stability analysis shows that the disease free equilibrium is locally
and globally asymptotically stable, The endemic equilibrium shows a global stability if Ro
> 1. We obtained the controllability matrix, which indicates that the model is controllable,
we also obtained an optimal control solutions for the model which indicates that, with
mass vaccination in both compartments the optimal time for controlling the disease could
be 8 years. From the simulation, it shows that vaccinating the susceptible humans and
applying post-exposure prophylaxis to the exposed dogs has a major impact in controlling
the spread of rabies infection. Also, the simulation of the resulting optimality system
indicates that, during periods where it is more expensive to use pre-exposure prophylaxis
than post-exposure prophylaxis, more attention should be given to the infected dogs or
individuals through treatment, so as to bring the disease propagation down. This method,
however, does not minimize the number of expose individuals faster enough, as
compared to the period where more susceptible dogs and humans are given pre-exposure
prophylaxis. However, the case where both controls are equally expensive showed that

the optimal way to curb the epidemic towards eradication within the specified time is to
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use more of pre-exposure vaccination in both compartment and less of the post-exposure

vaccination in the dogs compartment.

5.3 Recommendation

Rabies transmission has been one of the biggest challenges facing Africa and Asia (WHO,

2010). To eradicate or control rabies transmission dynamics, we suggest the following:

1. Administering both pre and post-exposure prophylaxis at a lower cost in both

compartments will help to eradicate rabies transmission.

2. From our simulation in Figure 4.93, it shows that, if the rate of post-exposure
vaccination could be increased to 80-90%, this could go a long way to eradicating
rabies in Africa and Asia, as compare to the current rate of post-exposure vaccine of

40% as reported in WHO (2012).

3. Although dogs are the primary source of rabies, rabies can affect other animals too

and it is wise to vaccinate all animals against rabies, particularly livestock.

4. Vaccinate your family’s animals against rabies to protect them and help protect you

and your family too.

5.3.1 Further Study

Further work can be done on rabies, by studying the transmission dynamics between

dogs and cats (vectors), then from the two vector to the human population.
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Appendix A
Controllability matrix parameters
Where,
A11 = 2a+m-ai12 A12 = 2ass—ase—ass A13 = 2adss+tmaiz—mz—-ai2az22—aisas2—2am, Ai4 = —qz22
—az23 a3z, A15 = —az2 a3z —a32 as3, A16 = 2as55 ass —a32 ds3 —as55 A56 —A552 — A56 A66 + 2A58 A8S,
A17=—ae62 - az2ae3, A18= —ae6 a76 — a6 a77, A19= —(az22 a2 + as2 as3) a1z -
2m (aa44— am) + m (a12 azz - maiz+ a3 asz) — (azz2 + az3 asz) aiz + 2aas42 + ms,
A21=—(az2a32 + a3z a33) az3 - (az222 + az3asz) azz, A22= —(azz2asz2 + a2 ass) as3 -
(az222 + az23asz) asz,
A23 = 2as8 assz2—ase as62—ass53—(az2 a3z + a3z as3) as3—(ass ase + ase as6) ass+2 (ass ass + ass ass) ass — a32
as3ass — a32ase ae3 — Ae663 — A32 A63 A66 — (22 A32 + a32 a33) a3,
A24 = —-ae63—0a32 ae3 as6—(az2 asz + a3z ass) ae3, A2s = —ae62 aze—(as6 aze + aze az7) ar7—
asz as3 are,
A26 = 2(aas4 — am)aasz - (az2a32 + azz2azz)(ai2az23 — mai3 + a1z ass) — (az22 + a23asz)
(a12 azz - ma1z2 + a13asz) + 2mz
(aa44 — am) — ma— mz (a1z2 azz - maiz + ai3 asz),
A27=—-(az2az23 + az3as3) (azzasz2+ a3z as3) — (az22 + az3 asz)z,
A28=—(azz2a32+ a3z2a33) (az22 + az3asz) - (az2 a2+ a3z ass) (as3z2 + az3 asz),
A29 = 2(assass + assass)ass2 — (az2 a2 + asz2as3) (as3 as3 + as3 ass + ase ae3)
—(ass ase + ase ase) ass2—(ass ase + ase6 aes) ae62—assa+2 (ass ass + ass ass) ass2—as2 as3 A552—
(ass ase + ase ase) asz2 as3
- (az222 + az3 a3z) a2 ass,

A31=—aee4—(az2a32 + a3z as3) (as33 ae3 + ae3 as6)—asz ae3 ass2 —(az22 + az3 asz) asz aes,
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A32=—(ass a7e + a76 a77) ase2
- (ass a76 + aze a77) a7z - (azz2 a3z + a3z as3) as3 aze

- (as6 aze + a7e a77) asz ass,

Azzs = —2m ((a Ay —am) agy® +m* (o agy — am)) — ((agg azs + azo azs)
(G222 + g3 (132) + (a2 azy + azp ass) (a332 + ags Clsz)) 13
+m ((flzz sy + a3 a33) (@12 Ap3 — M a3 + @13 a33)

+ (f1222 + Qg3 a32) (a12 @zo — mars + a1z ags) + m’* (ar2 s — mays + as a32))

4 |4
+2aay” +m’ — ((a22 Aoz + ao3 a33)

2 2
R 4 125
(a2 azs + ass ass) + (a22 + ags (132) ) 12

Azg = — ((0322 azy + azz ass) ((1222 + ags Cﬂsz) + (@22 sy + as ass) (%32 + g3 (L:sz)) 23

(@22 g3 + G23 as3) (a2 sz + Ay ass) + (03222 + g3 632)2) (22,

Ags = — ((az2 ass + asy ass) (a2® + assazs) + (a2 as: + azs ass) (ass” + ags az)) ass

2
S ((0«22 (23 =+ Qg3 a33) (A2 3p + azp azz) + (0222 + 23 a:az) ) a32,

Azs =2ass ass’ — ((a22 azp+aszp az3) (65222 +ag3 032) + (a2 azy +asz ass) (a332—|—a23 asz)) (53
— 55 ((6!22 ags + 32 A33) (33 ass + As3 as5 + A5 Ags) + A3 As3 As5°
+ (as5 as6 + as6 ags) as2 ags + (Clz22 + a2 a32) a2 a53) — 56 g6 — 55
— 56 (('-’122 ags + azz asz) (azs aes + Aoz age) + a2 Ag3 Qg™ + (61222 + azs a,32) a32 1163)
- ((355 as6 + 56 Age) U5 + (55 56 + As6 Aes) flss?) (55

+2 ((%5 (58 + A58 Gsg) As5° + (G55 Ass + ss Ggs) a882) as5,
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Az = —ags” — ((a22 aza + Q32 a33)
(a222 + Qg a32) + (a2 asy + as ass) (a332 + ags a32)) 163
— Qg6 ((a22 gy + a3z a33) (as3 ags + o3 Ges) + a32 Ae3
ass” + (a222 + a3 as) as; agy)
Ass
= —agg" azg — arg ((022 asy + asp@33) (G33a63 + A3 Ae6) + @32 Ae3
ags” + (a222 + asg3 ﬂaz) a3z a63)
— ((agz azz + aszz as3) a3 aze + (aes ar6 + az6 a77) A3z a63) a7 — ((CEGG (g6 + 76
arr) ass” + (aee are + azg arr) 8772) arr,
Asg
=2 (vagy —am)
4 2 2
44 — ((ﬂ22 asz + asp ass) (Cl22 + a3 032) + (agg ass + asp ass) (a33 + g3 332)) (a1z ass
—may + a3 as3) +2m° (e —a

m) ag’ +m? (cay —a m)) — ((agg 23 + Qo3 as3) (aga ass

2 ;
+ as azs) + (6222 + a3 CL32) ) (@12 azz — mags + a1z az) —m® —m?

((622 ase + a3z a33) (@12 Az3 — M ayg + a13 ass)
+ (@22 + g3 Cbg'z) (6112 Q22 — M a12 + Q13 0»32) +m? (0»12 Q22 — M a2 + A13 a32)) ,

2
Ay = — (a2’ + azz as,) ((Gzz (g3 + Qg a33) (A a3p + 32 a33) + (22”4 23 a32) )
- (((122 as2 + ags ass) (ase® + as; G32) + (a2 azs + az; azs) (0332 + ag3 Gsz)) (ag ass
+ ag3 asz) |
2
Ayp = — (ax azy + asa ass) ((G»zz (3 + Qg3 G33) (A A3y + @32 A33) + (20”4 g3 a32) )

— ((as2 a2 + asz ass) (0222 + g3 32) + (22 32 + a3 az3) (1'1332 + ags az)) (ass®
+ Qg3 a32)’

Ay =2 ((%5 ass + a8 Ass) s5° + (55 ass + Ass ass) a882) ass’
— ((055 56 + 56 Ae6) As5° + (55 Ase + Use Aes) 03652) azs® — ass’
— ((0322 agy + asp as3) ((1222 + asg a32) + (azz ass + ags ass) (61332 + ags a32)) (ass ass
+ as3 az5+ G5 ags) — ass” ((022 a2+ Q32 Azs) (33 53 -+As3 Qss+ As Ags) + Q32 3 Ass”
+ (ass as¢ + s a6s) a32 a3 + ((1222 + asg3 ﬂaz) asz2 Cl53) — (@55 ase + ase ags) ags”
+2 (ass ass + ass ass) ass’ — (ass ase + ase ags) ((azz aszz +ass ags) (a3 ags + aes ags)
+ gy a3 ags” + (@22 + asgs3 a32) a3z aﬁs)

2
- ((ﬂzz g3 + g3 ass) (ag azy + azy ass) + (‘2222 a3 a32) ) 32 153,
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Ay = —aﬁﬁ6 - ((Gaz aszz + asz ass) ((1222 + a3 Cl32)
+ (22 a3z + ags ags) (ass® + axs as)) (ass ags + ags age)
— agg” ((6122 (32 + (32 a33) (33 Ag3 + Ag3 Ges) + Asa Ges Ags” + (6222 + ag3 (l32) 32 6163)

2
- ((ﬂzz g3 + g3 ass) (A azy + azy ass) + (61222 + ag3 G32) ) (32 (63,

Ags = — ((abb az6 + a6 arr) aes + (A @76 + Arg arr) 03772) arr® — (ags ars + @re arr) ags’
— (g6 az + aze arr) (((1‘22 az2 + (g2 ass) (ass ags + 63 gs) + 432 Qe3 Ace-
+ (0222 + ags3 0132) 32 a63)
— ((a22 as2 + asz as3) aes azg + (ags are + aze ar7) sz ags) arr” — ((0522 azy + as a33)

(61222 + Qg3 a32) + (a2 ase + as ass) (£133‘2 + Qg3 a32)) g3 A76,

Ay = — (((Lzz azy + as ass) (sz22 + ags3 GSQ)
+ (g0 asy + ass ass) (Gle.s2 + ag3 a,32)) ((QQQ Qo3 + A3 A33) A12
—m (ay2 ags — M ay + ay3 ass) + (65332 + ag3 6532) 313)
—2m? ((a agy — am) agy® +m? (ay — am))
2
- ((6122 a3 + a23 ag3) (agz agy + ags ass) + (61222 + a93 6132) ((CLQ2 azz + a3z Az3) a13
—m (@12 azs — Mmayz + a1 aza) + (@22 + Qo3 0332) 612)
+m’ —2 (m (vagy —am) — aa442) Gsud
+m? ((322 gy + G332 G33) (@12 @23 — M a1z + Q13 as33)
+ (a2 + azs az2) (@12 G2 — M ayz + a1z aze) + m? (a12 azs — maiz + a3 az)) g

Ay = — ((a2 g2 +asy ags) axs+ (Cbzz2 + a3 Agy) as2) ((0«22 ags +ag3 azs) (aza @32+ azs as)

2 (0222 + Qog 332)2) = ((a22 asy + agp ass) (41222 + Qg3 G~32)

+ (ag azs + asy ass) (azz.2 + a23 a32)) ((az2 azs + azs az3) age + (65332 + a3 a37) Gs3) ,
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Ay = — ((622 azy +as asz) ass+ (11222 +ag3 a32) a32) ((flzz 3+ a3 a33) (ag2 asy +ass azs)

+ ((1»222 + Qa3 a32)2) - ((UQZ 32 + Az a33) (G222 + asgs3 0«32)
+ (@22 azs + asp ass) (61332 + o3 Gaz)) ((a22 Qg3+ Qo3 (33) Q32 + (61-332 + a3 332) CL33) ,
Agg =2 ((a.55 ass + ass Ass) 55° + (55 ass + ass ass) a882) ass’
- (((155 as56 + Q56 a66) G'45.52 + (655 as6 + As6 aﬁﬁ) (1662) a553 W 055.57
— ags’ (656 ags” + (@35 a6 + 36 Aos) a-55) + 2 ags’ (a58 ags” + (@55 ass + ass ass) @55)
- ((156 age” + (@55 as6+as6 ags) 055) ((G22 32+ 032 Ass) (g3 g3+ aes Ase)+as2 ez Qoo
+ (03222 + ag3 a32) 32 6163) — ass” ((GQQ gz + a3z G33) (g3 ass + as3 G55 + G56 Ag3)
+ azz as3 ass” + (ass ase + s agg) a3 gz + (%22 + Qa3 ﬂ32) 32 353)
- ((622 azy + az as3) (3222 + a3 G32)
+ (ag2 asy + asy ass) (6332 + a3 032)) (ass (as3 ass + as3 ass + ase ag3)
+ (@33 a3+ 63 age) as6+ (%32 +ass 0332) aas) 3 ((022 g3+ o3 a33) (a2 ass+asz ass)

2
+ (%22 + Qg3 032) ) ((az2 ass + ass ags) ass + ass ass ass + asz ase ags)

J

Asi = —ags' — ((a2z ass + ass ass) ass + asz Ges o) ((azz Qo3 + Qo3 A33) (Q22 a3z + a3 G33)

+ (a222 + Q23 G32)2) — ((azz azp + az ass) (61222 + a23 032)
+ (@22 a3 + a3z az3) (ass” + a23 az2)) ((ass ass + aes ags) ags + (a33” + azs asy) ags)

— g ((0@2 (32 + 32 a33) (33 Ges + 63 age) + Aso a3 Agg” + (11222 +ag3 032) 32 Gﬁ:ﬂ) P

Asg = — ((aﬁﬁ ar6 + Q76 A77) ags” + (ags aze + aze ar7) 6772) azs®
- l-’lﬁﬁ4 (%52 aze + (a6 76 + Q76 a,77) 677)
- (%52 azs + (age aze + agg arr) a77) ((a22 asy + asp ags) (ass ags + aes aes)
+ a3 ags gs” + (Glzz2 + ag3 0332) a32 063)
- ((azz sz + ags ass) (3222 + as3 ﬂ32) + (a9 azs + ass ass) (ase.2
+ ags asz)) ((ass ags + aes ags) aze + ags arg azy) — ((azz ass + aszz ass) aes age
+ (ae6 az6 + 76 ar7) ass ags) ary’

2
. ((6122 (g + (g3 azs) (azz sy + ass ass) + (a222 “+a23 Clsz) ) (32 ae3 A76

M file codes for rabies model transmission
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All matlab codes for optimal simulation can be requested

through my email: topeljoshua@gmail.com

function dydt = topel(t,y) dydt
= zeros(size(y));
A=3*10"6;B=0.0314;
B1=1.58*10"-7;B2= 2.29*10"-
12; r=1;r1=1; v=0.25;
v'H=0.54; k=0.2; k'H=0.1;
m=0.056;m1=0.0074;
g=0.4;g1=0.4; u=6;ul=6;
d=1;d1=1; c=0.3;

Sd=y(1);

Ed=y(2);

Id=y(3);

Rd=y(4);

SH=y(5);

EH=y(6);

IH=y(7); RH=y(8); dydt(1) = A-B1*Sd*Id+r*Rd-
(m+v)*Sd+u*(1-g)*Ed;

dydt(2) = B1*Sd*Id-(u*g+m+k+u*(1-g)+c)*Ed;

dydt(3) = u*g*Ed-(m+d)*Id;

dydt(4) = v*Sd+k*Ed-(m+r)*Rd;

dydt(5) = B-B2*SH*Id-(m1+v H)*SH+u1*(1-g1)*EH+r1*RH;
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dydt(6) = B2*SH*Id-(m1+k'H+(ul*g1)+ul*(1-g1))*EH;
dydt(7) = ul*gl1*EH-(m1+d1)*IH;

dydt(8) = v’ H*SH+k'H*EH-(m1+r1)*RH;

Basic Reproduction Number Ro **** note the statement is not part of the code?? RO=

(B1*A*(m+1)/(m*((m+k+(u*(1-g))+c+(u*g))* (m+r+v)*(m+d)))) end
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Appendix B
codes for varying the susceptible ,exposure , infectious and

Recovered classes

set(figure(3),’position’,[528 81 1320 897]);

subplot(221)

[ty] = ode45(’topel’,[0 80],[3*1077 2*1075 1*10°5 2*10°5 3*1079 250 89 2*10°5]);
plot(t,y(:,7),'LineWidth’,3,'Color’,'r") axis([0

80 0 5000])

set(gca,'fontsize’,16)

hold on

[ty] = ode45(’topel’,[0 80],[3*1077 2*1075 1*10°5 2*10°5 2*1079 250 89 2*10°5]);
plot(t,y(:,7),’LineWidth’,3,’Color’,’'b’)

[ty]= ode45('topel’,[0 80],[3*10"7 2.10"5 1*10°5 2*1075 1.29*10"9 250 89 2*10°5]);
plot(t,y(:,7),'LineWidth’,3,’Color’,'g")

[ty] = ode45(’topel’,[0 80],[3*10"7 2.10°5 1*1075 2*10°5 5*10"°8 250 89 2*10°5]);
plot(t,y(:,7),'LineWidth’,3,’Color’,’k")
legend('S"H(0)=3*10"9’,'S"H(0)=2*10"9’’S'H(0)=1.2*10"9’,S"H(0)=5*10"8’)
xlabel('Time(year)’);ylabel('infected Humans I'H’);

title('VARYING HUMAN SUSCEPTIBLE CLASS");

set(gca,'fontsize’,16)

subplot(222)

[ty] = ode45(’topel’,[0 80],[3*10°7 2*1075 1*10°5 2*10°5 1.29*1079 2000 89 2*10°5]);
plot(t,y(:,7),' LineWidth’,3,’Color’,’r") axis([0

80 0 3000])

set(gca,’fontsize’,16)
hold on

[ty]= ode45(topel’,[0 80],[3*10"7 2*10°5 1*10°5 2*10°5 1.29*10"9 1000 89 2*10°5]);
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plot(t,y(:,7),’LineWidth’,3,’Color’,’'b’)

[ty]= ode45("topel’,[0 80],[3*10"7 2*10°5 1*1075 2*10°5 1.29*1079 500 89 2*10°5]);
plot(t,y(:,7),'LineWidth’,3,’Color’,'g")

[ty] = ode45(topel’,[0 80],[3.¥1077 2*10°5 1*10°5 2*10"5 1.29*10"9 250 89 2*10°5]);
plot(ty(:,7),'LineWidth’,3,'Color’,’k")

[ty] = ode45(’topel’,[0 80],[3*1077 2*10%5 1*10°5 2*1075 1.29*1079 100 89 2*10°5]);
plot(t,y(:,7), ' LineWidth’,3,’Color’,’c’)
legend(’E'H(0)=2000’,E'H(0)=1000’,E'H(0)=500’’E'H(0)=250’E'H(0)=100")
xlabel('Time(year)’);ylabel('infected Humans I'H’);

title("VARYING HUMAN EXPOSED CLASS’);

set(gca,'fontsize’,16)

subplot(223)

[ty]= ode45("topel’,[0 80],[3*10"7 2*10°5 1*10°5 2*10°5 1.29*1079 250 89 2*1075]);
plot(t,y(:,7),'LineWidth’,3,'Color’,’k’) axis([0

80 0 2500])

set(gca, fontsize’,16)

hold on

[ty] = ode45(topel’,[0 80],[3*1077 2*1075 1*10°5 2*10"5 1.29*10"9 250 89 10000]);
plot(t,y(:,7),'LineWidth’,3,’Color’,'b’)

[ty]= ode45("topel’,[0 80],[3*10"7 2*10°5 1*10"5 2*10°5 1.29*1079 250 89 5000]);
plot(t,y(:,7),'LineWidth’,3,’Color’,'g")

[ty] = ode45(topel’,[0 80],[3*1077 2*¥1075 1*10°5 2*10°5 1.29*10"9 250 89 160]);
plot(t,y(:,7),'LineWidth’,3,’Color’,’c")

[ty] = ode45(’topel’,[0 80],[3*10"7 2*1075 1*10°5 2*10°5 1.29*1079 250 89 50]);
plot(t,y(:,7),'LineWidth’,3,’Color’,'r’)

legend('R'H(0)=2%10"5’,R'H(0)=10000’R'H(0)=5000'R'H(0)=160’,'R'H(0)=50")
xlabel('Time(year)’);ylabel('Infected Humans I'H’);

title("'VARYING HUMAN RECOVERED CLASS’);
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