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A B S T R A C T

The World Health Organization declared COVID-19 a global pandemic in March 2020, which had a significant
impact on global health and economies. There have been several Zika outbreaks in different regions such as
Africa, Southeast Asia, and the Americas. Therefore, it is essential to study the dynamics of these two diseases,
taking into account their memory and recurrence effects. A new fractal-fractional hybrid Mittag-Leffler model
of COVID-19 and Zika co-dynamics is designed and studied to evaluate the effects of COVID-19 on Zika and
vice-versa. The stability analysis of the local asymptotic type at disease-free equilibrium is conducted for the
hybrid model. The existence of unique solutions to the model is established via some fixed point results.
The fractal-fractional model is proved to be Hyers–Ulam stable. With the help of Newton polynomials, we
obtain some numerical algorithms to approximate the solutions of the fractal-fractional hybrid Mittag-Leffler
model graphically. The impact of fractional and fractal orders on the dynamics of each of the epidemiological
classes is also assessed. In addition, empirical evidence from numerical simulations suggests that implementing
measures to contain the transmission of the SARS-CoV-2 virus can significantly contribute to the reduction of
co-infections involving the Zika virus. Therefore, it is imperative for healthcare systems to maintain a state of
constant vigilance in order to detect any atypical patterns or probable occurrences of co-infections, particularly
in areas where both diseases are widespread. Additionally, it is vital to consult the most recent directives
provided by health authorities, as our comprehension of diseases may undergo advancements over the course
of time.
Introduction

Arbovirus diseases including chikungunya, dengue, zika, transmit-
ted by Aedes aegypti, are one of the most important health concerns
publicly in a vast area of tropical and subtropical regions. The Coron-
avirus pandemic caused by SARS-CoV-2 (the severe acute respiratory
syndrome coronavirus 2) has posed more main challenges in terri-
tories with overlapping epidemics, raising more demands for health
care needs [1]. SARS-CoV-2 and arboviruses (ARBOD) epidemics co-
occurrence has become a common concern for health organizations.
Both illnesses pose a significant risk of adverse outcomes for either
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the pregnant woman or the foetus. Existing social and economic gaps
increase the risk that susceptible populations will contract Zika virus
(ZIKV) and COVID-19. Despite the fact that each disease has distinctive
characteristics, there are core concepts behind the identification, com-
munication, and mitigation of infection risk. False information spread
via social media platforms has hindered public health activities and
patient adoption of recommended mitigating actions. Health care pro-
fessionals can provide cooperation, social support, and evidence-based
information to enhance health-seeking behaviors, thereby reducing
risks for pregnant and reproductive-age adults [2]. In 2015 and 2016,
vailable online 3 November 2023
211-3797/© 2023 The Author(s). Published by Elsevier B.V. This is an open access ar
c-nd/4.0/).

https://doi.org/10.1016/j.rinp.2023.107118
Received 3 May 2023; Received in revised form 23 October 2023; Accepted 24 Oct
ticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

ober 2023

https://www.elsevier.com/locate/rinp
http://www.elsevier.com/locate/rinp
mailto:rezapourshahram@yahoo.ca
mailto:jkkasamoah@knust.edu.gh
mailto:sina.etemad@azaruniv.ac.ir
mailto:aliakgul@siirt.edu.tr
mailto:ibrahim.avci@final.edu.tr
mailto:sayed.eldin22@fue.edu.eg
https://doi.org/10.1016/j.rinp.2023.107118
https://doi.org/10.1016/j.rinp.2023.107118
http://crossmark.crossref.org/dialog/?doi=10.1016/j.rinp.2023.107118&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Results in Physics 55 (2023) 107118S. Rezapour et al.

𝑐

𝐀

w

the possibility of ZIKV infection had significant psychological conse-
quences for women who were pregnant or considering pregnancy [3,4].
The virus has the potential to cause neurological harm in foetuses, such
as microcephaly, cognitive deficits, and sensory defects. Transmission
at a low level of the ZIKV virus continues, and because the virus is
endemic, reinfection is unavoidable. Since the majority of infections are
asymptomatic, there is concern that transmission may be occurring in
the absence of recognized outbreaks, such as the silent and unreported
outbreak in Cuba in 2017 and 2018 [5]. The Centers for Disease Control
and Prevention state that there are now no active transmission sites
in the world (CDC) [6]. The World Health Organization (WHO) has
said that ZIKV is a disease that needs more research and development,
and that a ZIKV vaccine is needed to treat it [7]. In contrast to the
steady progression of ZIKV disease, the World Health Organization
(WHO) recorded 528,816,317 confirmed cases of COVID-19 as of 3
June 2022, including 6,294,917 deaths [8]. COVID-19, which is caused
by the severe acute respiratory syndrome coronavirus 2 (SARS-CoV-
2), was discovered for the first time in December 2019 in Wuhan,
China. On March 12, 2020, the WHO declared a global pandemic [2].
SARS-CoV-2, like other coronaviruses, is likely aerosolized for airborne
transmission and is conveyed by respiratory droplets [6]. This mode of
transmission has necessitated the development of national lockdowns,
concealment guidance, and social isolation measures [6]. The arrival
of the highly infectious variant viral strains 501.V2 (first identified in
South Africa) and B.1.1.7 (discovered in the United Kingdom) raises
the need to stop the transmission of this virus. Similar to ZIKV illness,
COVID-19 is often asymptomatic, and mild cases might mimic normal
rhinorrhea and physiologic dyspnea of pregnancy [6]. Last but not
least, ZIKV sickness and the ongoing COVID-19 epidemic have under-
lined the need for obvious public health concern and a commitment to
develop a rigorous mathematical model system to examine the possibil-
ities of co-dynamic transmission. For the sake of the concerns about the
spread of various infections, mathematicians provided different math-
ematical models to discuss and predict dynamics of bacteria–viruses
in the progression of diseases. In light of studying the co-dynamics of
COVID-19 with other diseases. Omema et al. [9], studied the dynamics
of Diabetes and COVID-19. Using data pertinent to the illness dynamics
in Lagos, Nigeria, the model is simulated to predict the occurrence of
peak periods in the presence or absence of comorbidity. The model
is demonstrated to undergo the phenomena of backward bifurcation
due to the parameter accounting for greater susceptibility to COVID-
19 infection by comorbid susceptibles and the rate of reinfection by
individuals who have recovered from a previous COVID-19 infection.
In other work, Omame et al. studied COVID-19 and dengue co-infection
in Brazil [10]. In the work [11], they presented a fractional-order
model for COVID-19 and tuberculosis co-infection using Atangana–
Baleanu derivative. Due to their non-local nature, fractional operators
have been used in this direction to model phenomena in medicine
and engineering. To better understand the subject, we mention several
research in which fixed point, and singular and non-singular fractal
and/or fractional operators have been utilized. Some of these mathe-
matical models are modeling of mosaic disease [12], Mump virus [13],
Hepatitis C [14], anthrax in animals [15], dynamics of environmental
persistence of infections [16], canine distemper virus [17], thermostat
control [18,19], Navier systems [20,21], pantograph equation [22,
23], Ebola disease [24,25], Zika [26], SARS-CoV-2 [27], Meningi-
tis [28], Maize Streak Virus Disease [29], Heartwater transmission
dynamics [30], Gonorrhea [31], Monkeypox disease [32,33], Corrup-
tion dynamics [34], etc. Moreover, several co-infection models have
been studied in the literature by using fractional operators includ-
ing [35–39]. A new method of differentiation has recently been stated
by Atangana et al. [40,41] in which the derivation operator includes
two parameters, the first of it is fractal dimension (order) and the sec-
ond of it is fractional order. In 2019, Atangana and Qureshi predicted
and conducted an analysis on the chaos of attractors via fractional-
2

fractal operators (integrals and derivatives) [42]. In 2020, Atangana
and Araz derived novel approximations numerically for Chua attractor
by using the hybrid fractal-fractional operators [43]. Their book also
provides a complete numerical foundation on Lagrange interpolation
with respect to variable and non-variable orders. Moreover, Atangana
et al. [44] provided a new approximate numerical algorithm in the
context of Newton polynomials, which has been utilized for simu-
lating COVID-19 numerically [45]. Asamoah used this method for
simulating a fractal-fractional model of Q fever [46]. Also, due to
the high accuracy of these new operators in numerical simulation of
solutions of various fractal-fractional systems, some mathematicians de-
signed several fractal-fractional models. The outbreak of COVID-19 was
simulated in an article done by Shah et al. [47] in Pakistan via fractal-
fractional hybrid operators. Gomez-Aguilar et al. [48] provided a new
hybrid malaria model via the fractal-fractional derivatives. Ali et al.
designed another model of COVID-19 with fractal-fractional derivatives
inspired by the real collected numerical data from Wuhan [49]. Najafi
et al. [50] designed a Mittag-Leffler hybrid model of fractal-fractional
mathematical structure of dynamics of CD4+ T-cells in 2022. Khan
et al. [51] extended an existing standard model of tuberculosis to
a fractal-fractional model and analyzed it. See other limited articles
including [52–54]. Since the notion of fractal-fractional operators is
still very new in the literature, it has not yet been applied to study
the complicated mathematical structures of co-infections of different
diseases. Note that our paper is the first research to study a co-infection
in the context of the fractal-fractional model via Mittag-Leffler hybrid
kernel. In this study we have contributed in the following ways:

i. We have considered a novel mathematical hybrid model for
COVID-19 and Zika, and analyzed via fractal-fractional deriva-
tive. To the best of the authors’ knowledge, there is no co-
infection model using fractal-fractional derivative in the litera-
ture.

ii. This model shall be qualitatively analyzed for existence, unique-
ness, and stable solutions.

iii. The entire model shall be simulated to examine the effect of
COVID-19 on the dynamics of its co-infection with Zika.

iv. The impact and effect of the fractional-fractal derivative on the
dynamics of each epidemiological class shall also be examined.

We organize the paper as follows: the fractional operators and
fractal-fractional operators are provided in the next section to recall
their definitions and properties. Model formulation and its explanations
are introduced in Section ‘‘Model formulation’’. We also define all
parameters in this section. Section ‘‘Analysis of the model’’ is devoted to
analyzing some properties of the model and obtaining the basic repro-
duction number. In Section ‘‘Fractal fractional co-infection model for
COVID-19-Zika viruses’’, we generalize our model to a fractal-fractional
hybrid Mittag-Leffler model of co-infection of Zika and COVID-19,
and then, in Section ‘‘Existence analysis’’, existence of unique solu-
tions are established. UH-stable solutions are defined and studied in
Section ’’UH-stable solutions’’. Our approximate numerical algorithms
are computed in Section ‘‘Numerical scheme via Newton polynomials
method’’ via Newton polynomials. Further, we discuss our simulations
in Section ‘‘Simulations and discussion’’ and concludes the paper in
Section ‘‘Conclusion’’.

Preliminaries

In this section, we recall and represent several basic notions and no-
tations from fractional and fractal calculus and some known properties
required in the sequel.

Definition 1 ([55]). Let 𝑧 ∈ 𝐻1(𝑡0, 𝑡1), 𝑡1 > 𝑡0, 𝑐1 ∈ (0, 1]. The
𝑡ℎ
1 -Atangana–Baleanu derivative in the Caputo sense is given by

𝐁𝐂𝑐1
𝑡0 ,𝑡
𝑧(𝑡) =

𝐀𝐁(𝑐1)
1 − 𝑐1 ∫

𝑡

𝑡0

𝑑𝑧(q)
𝑑q

𝐸𝑐1 [−
𝑐1

1 − 𝑐1
(𝑡 − q)𝑐1 ]𝑑q, (1)

here 𝐀𝐁(𝑐1) satisfying 𝐀𝐁(0) = 𝐀𝐁(1) = 1, is a normalization function
and 𝐸 (⋅) is the Mittag-Leffler function.
𝑐1
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Definition 2 ([55]). The 𝑐𝑡ℎ1 -Atangana–Baleanu integral is defined as

𝐁𝐂𝑐1𝑡0 ,𝑡𝑧(𝑡) =
1 − 𝑐1
𝐀𝐁(𝑐1)

𝑧(𝑡) +
𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1) ∫
𝑡

𝑡0
𝑧(q)(𝑡 − q)𝑐1−1𝑑q. (2)

Definition 3 ([40]). Let a continuous map 𝑧 ∶ (𝑡0, 𝑏) → [0,∞)
be fractal differentiable of dimension 𝑐2. The (𝑐1, 𝑐2)-fractal-fractional
derivative of 𝑧 of the generalized Mittag-Leffler-type kernel in the
Riemann–Liouville sense is given as

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝑧(𝑡) =
𝐀𝐁(𝑐1)
1 − 𝑐1

d
d𝑡𝑐2 ∫

𝑡

𝑡0
𝐸𝑐1

[

−
𝑐1

1 − 𝑐1
(𝑡 − q)𝑐1

]

𝑧(q) dq,

0 < 𝑐1, 𝑐2 ≤ 1,

(3)

with
d𝑧(q)
dq𝑐2

= lim
𝑡→q

𝑧(𝑡) − 𝑧(q)
𝑡𝑐2 − q𝑐2

,

which is the fractal derivative and

𝐀𝐁(𝑐1) = 1 − 𝑐1 +
𝑐1

𝛤 (𝑐1)
,

nd 𝐀𝐁(0) = 𝐀𝐁(1) = 1.

efinition 4 ([40]). The (𝑐1, 𝑐2)-fractal-fractional integral via the
Mittag-Leffler-type kernel is defined by

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝑧(𝑡) =
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

𝑡0
q𝑐2−1(𝑡 − q)𝑐1−1𝑧(q) dq

+
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝑧(𝑡), (4)

if the integral is finite-valued, where 𝑐1, 𝑐2 > 0.

Model formulation

The saturated incidence rates, which have been utilized in several
vector-host disease models [56–59], are used in this paper. The choice
is motivated by the fact that the number of effective contacts between
susceptible and infectious persons may saturate at high infective levels
caused by crowding effect of infectious persons or caused by the
precautionary measures put in place by the un-infected individuals.
In countries with high co-endemicity of SARS-CoV-2 and arboviruses
(Zika virus, as an example), this is the best form of incidence rate.
Here, we describe our model. At each time 𝑡 ∈ [0, 𝜏] ∶= 𝐽 , the
total population of humans 𝑁ℎ(𝑡) includes several epidemiological
states: Susceptible humans 𝑆ℎ(𝑡), infectious humans via COVID-19 𝐼ℎ𝐶 (𝑡),
infectious humans via Zika 𝐼ℎ𝑍 (𝑡), persons co-infected via COVID-19
and Zika 𝐼ℎ𝐶𝑍 (𝑡). Moreover, symbols 𝑅(𝑡) and 𝐼ℎ𝑍 (𝑡) denote persons
who have recovered from COVID-19 and Zika, respectively. At each
time 𝑡, the total population of vectors 𝑁𝑣(𝑡) includes several states:
𝑆𝑣(𝑡), 𝐼𝑣𝑍 (𝑡), which denotes susceptible vectors, vectors infected with
Zika virus. Susceptible humans get infected via COVID-19 under the
rate 𝛼𝐶 𝐼ℎ𝐶

1+𝜑1𝐼ℎ𝐶
. Individuals in this state also acquire Zika either from

nfected vectors or from infected persons under the rate [𝛼𝑍𝐼ℎ𝑍+𝛼ℎ𝑍𝐼
𝑣
𝑍 ]

1+𝜑2𝐼ℎ𝑍
.

(Human-to-human) transmission of Zika has been established in the
literature [60]. Susceptible persons can also get co-infected via both
COVID-19 and Zika under the rate 𝛼𝐶𝑍𝐼ℎ𝐶𝑍

1+𝜑3𝐼ℎ𝐶𝑍
. The constants 𝜑1, 𝜑2 and

3 adjust the appropriate form of the incidence which determines the
ate of new infection. For instance, if 𝜑1 = 0, the equivalent incidence
s reduced to the mass action or bilinear incidence. However, if 𝜑1 ≠ 0,
hen the corresponding incidence becomes a consequence of saturation
ffects; when the infected number is high, the incidence rate will
espond more slowly than linearly to the increase in the corresponding
nfected compartment. Individuals in this group suffer natural death
just as those in other epidemiological groups) at the rate 𝜚ℎ. The
3

eath rates as a result of COVID-19, zika or co-infection are assumed
𝐶 , 𝛿𝑍 and 𝛿𝐶𝑍 , respectively. Also, recovery rates from COVID-19, zika
irus or co-infection are assumed 𝛾𝐶 , 𝛾𝑍 and 𝛾𝐶𝑍 , respectively. Humans
ho have recovered from COVID-19, Zika or co-infection can get re-

nfected with either COVID-19 or Zika virus at the rates 𝜗1
𝛼𝐶 𝐼ℎ𝐶

1+𝜑1𝐼ℎ𝐶
and

2
[𝛼𝑍𝐼ℎ𝑍+𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1+𝜑2𝐼ℎ𝑍
, respectively. It is important to state at this point, that

the rate of getting re-infection with either COVID-19 or Zika is the
same as the rate of incident infection for susceptible individuals. This
is also the motivation for the single recovery class in the model, as
nothing is known about infection acquired cross-immunity between
COVID-19 and zika virus. Recovery from one disease does not give an
individual protection against infection with the other disease. Thus, we
set 𝜗1 = 𝜗2 = 1. By considering above assumptions, we can design our
fractional model for this co-infection Zika-COVID-19 as

⎧
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⎪

⎪
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⎪

⎩

𝐀𝐁𝐂𝑐1
0,𝑡𝑆ℎ(𝑡) = 𝛹ℎ −

(

𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

+
𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

+ 𝜚ℎ

)

𝑆ℎ,

𝐀𝐁𝐂𝑐1
0,𝑡𝐼

ℎ
𝐶 (𝑡) =

𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

(𝑆ℎ + 𝜗1𝑅)

−
(

𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ
)

𝐼ℎ𝐶 −
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶 ,

𝐀𝐁𝐂𝑐1
0,𝑡𝐼

ℎ
𝑍 (𝑡) =

[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼
𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
(𝑆ℎ + 𝜗2𝑅)

−
(

𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ
)

𝐼ℎ𝑍 −
𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ𝑍 ,

𝐀𝐁𝐂𝑐1
0,𝑡𝐼

ℎ
𝐶𝑍 (𝑡) =

𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

𝑆ℎ +
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶

+
𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ𝑍 −
(

𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ
)

𝐼ℎ𝐶𝑍 ,

𝐀𝐁𝐂𝑐1
0,𝑡𝑅(𝑡) = 𝛾𝐶𝐼ℎ𝐶 + 𝛾𝑍𝐼ℎ𝑍 + 𝛾𝐶𝑍𝐼ℎ𝐶𝑍

−

(

𝜚ℎ +
𝜗1𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
𝜗2[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

)

𝑅,

𝐀𝐁𝐂𝑐1
0,𝑡𝑆𝑣(𝑡) = 𝛹𝑣 −

(

𝛼𝑣𝑍 (𝐼
ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
+ 𝜚𝑣

)

𝑆𝑣,

𝐀𝐁𝐂𝑐1
0,𝑡𝐼

𝑣
𝑍 (𝑡) =

𝛼𝑣𝑍 (𝐼
ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
𝑆𝑣 − 𝜚𝑣𝐼𝑣𝑍 ,

(5)

where all parameters are introduced in Table 1.

Analysis of the model

In this part of the research, we shall analyze the co-infection model
(5) qualitatively without controls.

Boundedness and positivity

The positivity of the solutions in all time 𝑡 > 0 is one of the most
important properties for the given system (5) of the co-infection.

Theorem 1. The closed set  = ℎ ×𝑣 with

ℎ =
{

(𝑆ℎ, 𝐼ℎ𝐶 , 𝐼
ℎ
𝑍 , 𝐼

ℎ
𝐶𝑍 , 𝑅) ∈ R5

+ ∶ 𝑆ℎ + 𝐼ℎ𝐶 + 𝐼ℎ𝑍 + 𝐼ℎ𝐶𝑍 + 𝑅 ≤ 𝛹ℎ

𝜚ℎ

}

,

𝑣 =
{

(𝑆𝑣, 𝐼𝑣𝑍 ) ∈ R2
+ ∶ 𝑆𝑣 + 𝐼𝑣𝑍 ≤ 𝛹𝑣

𝜚𝑣

}

,

is positively invariant w.r.t the co-infection model (5).
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Table 1
All parameters of the hybrid model (5).

Description

𝛹ℎ Human recruitment rate
𝛹 𝑣 Vector recruitment rate
𝛼𝐶 Effective contact rate for (human-human) transmission of COVID-19
𝛼𝑍 Effective contact rate for (human-human) transmission of Zika
𝛼𝐶𝑍 Effective contact rate for co-infection transmission
𝛼ℎ𝑍 Effective contact rate for (vector-human) transmission of Zika
𝛼𝑣𝑍 Effective contact rate for (human-vector) transmission of Zika
𝜚ℎ Human natural death rate
𝜚𝑣 Vector removal rate
𝜁1 , 𝜁2 Modification parameter
𝜗1 , 𝜗2 Rate of re-infection with COVID-19 or Zika
𝛿𝐶 , 𝛿𝑍 , 𝛿𝐶𝑍 COVID-19, Zika, co-infection disease-induced death rates, respectively
𝛾𝐶 COVID-19 recovery rate
𝛾𝑍 Zika recovery rates
𝛾𝐶𝑍 COVID-19 recovery rate
𝜑1 , 𝜑2 , 𝜑3 Parameters accounting for saturating effect

Proof. We add all equations of the co-infection model (5) in relation
o the human components and obtain

𝐁𝐂𝑐1
0,𝑡𝑁

ℎ = 𝛹ℎ − 𝜚ℎ𝑁ℎ(𝑡) − [𝛿𝐶𝐼ℎ𝐶 + 𝛿𝑍𝐼ℎ𝑍 + 𝛿𝐶𝑍𝐼ℎ𝐶𝑍 ]. (6)

rom (6), we have

ℎ − (𝜚ℎ + 3𝛿)𝑁ℎ ≤ 𝐀𝐁𝐂𝑐1
0,𝑡𝑁

ℎ ≤ 𝛹ℎ − 𝜚ℎ𝑁ℎ,

where 𝛿 = min{𝛿𝐶 , 𝛿𝑍 , 𝛿𝐶𝑍}. Now, we re-write it as

𝐀𝐁𝐂𝑐1
0,𝑡𝑁

ℎ ≤ 𝛹ℎ − 𝜚ℎ𝑁ℎ. (7)

With the help of the comparison theorem for the latter inequality, and
by some simplifications, we write

𝑁ℎ(𝑡) ≤ 𝛹ℎ

𝜚ℎ
. (8)

Hence, for the total population of humans, we have 𝑁ℎ(𝑡) ≤ 𝛹ℎ

𝜚ℎ
as 𝑡→

∞. The same procedure can be used to show that the total population
of vectors is bounded, i.e., 𝑁𝑣(𝑡) ≤ 𝛹𝑣

𝜚𝑣
. Consequently, the co-infection

model (5) admits a solution in  = ℎ × 𝑣, which implies that the
given co-infection model is positively invariant. □

The basic reproduction number 𝑅0

The co-infection model (5) admits a DFE (disease-free equilibrium
point) whenever we set the right-hand sides of the system to be zero.
In this case, DEF point is

𝜓0 =
(

𝑆0
ℎ, 𝐼

ℎ0
𝐶 , 𝐼ℎ0𝑍 , 𝐼ℎ0𝐶𝑍 , 𝑅

0, 𝑆0
𝑣 , 𝐼

𝑣0
𝑍
)

=
(

𝛹ℎ

𝜚ℎ
, 0, 0, 0, 0, 𝛹

𝑣

𝜚𝑣
, 0
)

.

he stability notion for DFE point is derived with the help of a method
alled the next generation operator [61]. To do this, we write the
ransfer matrices, respectively, as

=

⎛

⎜

⎜

⎜

⎜

⎝

𝛼𝐶𝑆0
ℎ 0 0 0

0 𝛼𝑍𝑆0
ℎ 0 𝛼ℎ𝑍𝑆

0
ℎ

0 0 𝛼𝐶𝑍𝑆0
ℎ 0

0 𝛼𝑣𝑍𝑆
0
𝑣 𝛼𝑣𝑍𝑆

0
𝑣 0

⎞

⎟

⎟

⎟

⎟

⎠

, 𝑉 =

⎛

⎜

⎜

⎜

⎜

⎝

1 0 0 0
0 2 0 0
0 0 3 0
0 0 0 𝜚𝑣

⎞

⎟

⎟

⎟

⎟

⎠

,

(9)

where
4

1 = 𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ, 2 = 𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ, 3 = 𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ. a
In this case, the basic reproduction number of the given co-infection
model (5) is obtained by

𝑅0 = 𝜌(𝐹𝑉 −1) = max{𝑅0𝐶 , 𝑅0𝑍 , 𝑅0𝐶𝑍},

where 𝑅0𝐶 , 𝑅0𝑍 and 𝑅0𝐶𝑍 stand for the corresponding reproduc-
tion numbers for COVID-19, Zika and co-infection of both diseases,
respectively, and are formulated as

𝑅0𝐶 =
𝛼𝐶𝑆0

ℎ
1

, 𝑅0𝑍 = 1
2
𝛼𝑍𝑆0

ℎ
2

+ 1
2

√

√

√

√

√

(

𝛼𝑍𝑆0
ℎ

2

)2

+
4𝛼ℎ𝑍𝛼

𝑣
𝑍𝛹

ℎ𝛹𝑣

𝜚2𝑣2
,

𝑅0𝐶𝑍 =
𝛼𝐶𝑍𝑆0

ℎ
3

.

If we let the corresponding reproduction number of the (human-to-
human) Zika transmission and (vector-to-human-to-vector) Zika trans-

mission be 𝑅ℎ0𝑍 =
𝛼𝑍𝑆0

ℎ
2

and 𝑅𝑣ℎ0𝑍 =
√

𝛼ℎ𝑍𝛼
𝑣
𝑍𝛹

ℎ𝛹𝑣

𝜚2𝑣2
, respectively, then the

corresponding reproduction number of Zika can be represented by

𝑅0𝑍 = 1
2
𝑅ℎ0𝑍 + 1

2

√

𝑅ℎ20𝑍 + 4𝑅𝑣20𝑍 .

Local asymptotic stability

Theorem 2. The DFE point, 𝜓0, of the given co-infection model (5) of
COVID-Zika has the property of the local asymptotic stability if 𝑅0 < 1.
Otherwise, it is unstable if 𝑅0 > 1.

Proof. To establish the local asymptotic stability for the given co-
infection model (5) of COVID-Zika, we analyze the Jacobian matrix of
the system (5) computed at the DFE point 0, and we have

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝜚ℎ −𝛼𝐶𝑆0
ℎ −𝛼𝑍𝑆0

ℎ −𝛼𝐶𝑍𝑆0
ℎ 0 0 −𝛼ℎ𝑍𝑆

0
ℎ

0 𝛼𝐶𝑆0
ℎ −1 0 0 0 0 0

0 0 𝛼𝑍𝑆0
ℎ −2 0 0 0 𝛼ℎ𝑍

0 0 0 𝛼𝐶𝑍𝑆0
ℎ −3 0 0 0

0 𝛾𝐶 𝛾𝑍 𝛾𝐶𝑍 −𝜚ℎ 0 0
0 0 −𝛼𝑣𝑍𝑆

0
𝑣 −𝛼𝑣𝑍𝑆

0
𝑣 0 −𝜚𝑣 0

0 0 𝛼𝑣𝑍𝑆
0
𝑣 𝛼𝑣𝑍𝑆

0
𝑣 0 0 −𝜚𝑣

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

(10)

he eigenvalues are given by

1 = −𝜚𝑣, 𝜆2 = −𝜚ℎ (with multiplicity of 2), (11)

nd regarding the solutions of three equations

𝜆 +1(1 − 𝑅0𝐶 )) = 0,
2 +

(

2 + 𝜚𝑣 − 𝛼𝑍𝑆0
𝑣
)

𝜆 + 𝜚𝑣2(1 − 𝑅ℎ0𝑍 − 𝑅𝑣ℎ20𝑍 ) = 0, (12)
𝜆 +3(1 − 𝑅0𝐶𝑍 )) = 0,

y utilizing the Routh Hurwitz rule, all three Eqs. (12) will admit
oots with negative real parts iff 𝑅0𝐶 < 1 and 𝑅0𝑍 < 1, respectively.
n conclusion, the DFE point 0 admits the property of the local
symptotic stability whenever 𝑅0 = max{𝑅0𝐶 , 𝑅0𝑍 , 𝑅0𝐶𝑍} < 1, and the
roof is completed. □

ractal fractional co-infection model for COVID-19-Zika viruses

In this section, we intend to generalize our model of co-infection
ika-COVID-19 (5) to a fractal-fractional model via the generalized
ittag-Leffler type kernel. We consider all dynamics of transmissions

nd parameters mentioned in the fractional model (5) and Table 1,

nd design an extended model with respect to fractal dimension 𝑐2 and
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M
(

𝐊

B

fractional order 𝑐1 as follows

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝑆ℎ(𝑡) = 𝛹ℎ −

(

𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
+

𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

+ 𝜚ℎ

)

𝑆ℎ,

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝐼ℎ𝐶 (𝑡) =
𝛼𝐶𝐼ℎ𝐶

1 + 𝜑1𝐼ℎ𝐶
(𝑆ℎ + 𝜗1𝑅)

−
(

𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ
)

𝐼ℎ𝐶 −
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶 ,

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝐼ℎ𝑍 (𝑡) =
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
(𝑆ℎ + 𝜗2𝑅) −

(

𝛿𝑍

+ 𝛾𝑍 + 𝜚ℎ
)

𝐼ℎ𝑍 −
𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ𝑍 ,

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝐼ℎ𝐶𝑍 (𝑡) =
𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

𝑆ℎ +
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶

+
𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ𝑍 −
(

𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ
)

𝐼ℎ𝐶𝑍 ,

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝑅(𝑡) = 𝛾𝐶𝐼ℎ𝐶 + 𝛾𝑍𝐼ℎ𝑍 + 𝛾𝐶𝑍𝐼ℎ𝐶𝑍

−

(

𝜚ℎ +
𝜗1𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
𝜗2[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

)

𝑅,

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝑆𝑣(𝑡) = 𝛹𝑣 −

(

𝛼𝑣𝑍 (𝐼
ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
+ 𝜚𝑣

)

𝑆𝑣,

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

𝐼𝑣𝑍 (𝑡) =
𝛼𝑣𝑍 (𝐼

ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
𝑆𝑣 − 𝜚𝑣𝐼𝑣𝑍 ,

(13)

for each 𝑡 ∈ [0, 𝜏] ∶= 𝐽 , where 𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
𝑡0 ,𝑡

denotes the (𝑐1, 𝑐2)-fractal-
fractional derivative of the Atangana–Baleanu type. In this model, the
initial conditions are

𝑆ℎ(0) = 𝑆ℎ0, 𝐼ℎ𝐶 (0) = 𝐼ℎ𝐶0, 𝐼ℎ𝑍 (0) = 𝐼ℎ𝑍0, 𝐼ℎ𝐶𝑍 (0) = 𝐼ℎ𝐶𝑍0,

𝑅(0) = 𝑅0, 𝑆𝑣(0) = 𝑆𝑣0, 𝐼𝑣𝑍 (0) = 𝐼𝑣𝑍0,

where 𝑆ℎ0, 𝐼ℎ𝐶0, 𝐼
ℎ
𝑍0, 𝐼

ℎ
𝐶𝑍0, 𝑅0, 𝑆𝑣0, 𝐼𝑣𝑍0 are nonnegative.

Existence analysis

In the current section, we get help from the well-known theorems
of fixed point theory to investigate the existence property. Take the
Banach space  = F7, by assuming F = 𝐶(𝐽 ,R) via the norm

‖𝐊‖ = ‖

(

𝑆ℎ, 𝐼
ℎ
𝐶 , 𝐼

ℎ
𝑍 , 𝐼

ℎ
𝐶𝑍 , 𝑅, 𝑆𝑣, 𝐼

𝑣
𝑍
)

‖ = sup
{

|𝑃 (𝑡)| ∶ 𝑡 ∈ 𝐽
}

,

for

|𝑃 | ∶= |𝑆ℎ| + |𝐼ℎ𝐶 | + |𝐼ℎ𝑍 | + |𝐼ℎ𝐶𝑍 | + |𝑅| + |𝑆𝑣| + |𝐼𝑣𝑍 |.

Further, for the simplicity, the right-hand side of the (𝑐1, 𝑐2)-fractal-
fractional model (13) of the co-infection Zika-COVID-19 can be rewrit-
ten as

𝐗1
(

𝑡, 𝑆ℎ(𝑡)
)

= 𝛹ℎ −

(

𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

+
𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

+ 𝜚ℎ

)

𝑆ℎ,

𝐗2
(

𝑡, 𝐼ℎ𝐶 (𝑡)
)

=
𝛼𝐶𝐼ℎ𝐶

1 + 𝜑1𝐼ℎ𝐶
(𝑆ℎ + 𝜗1𝑅) −

(

𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ
)

𝐼ℎ𝐶

−
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶 ,

𝐗3
(

𝑡, 𝐼ℎ𝑍 (𝑡)
)

=
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

ℎ (𝑆ℎ + 𝜗2𝑅) −
(

𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ
)

𝐼ℎ𝑍
5

1 + 𝜑2𝐼𝑍 w
−
𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ𝑍 ,

𝐗4
(

𝑡, 𝐼ℎ𝐶𝑍 (𝑡)
)

=
𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

𝑆ℎ +
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶

+
𝛼𝐶𝐼ℎ𝐶

1 + 𝜑1𝐼ℎ𝐶
𝐼ℎ𝑍 −

(

𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ
)

𝐼ℎ𝐶𝑍 ,

𝐗5
(

𝑡, 𝑅(𝑡)
)

= 𝛾𝐶𝐼
ℎ
𝐶 + 𝛾𝑍𝐼ℎ𝑍 + 𝛾𝐶𝑍𝐼ℎ𝐶𝑍

−

(

𝜚ℎ +
𝜗1𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
𝜗2[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

)

𝑅,

𝐗6
(

𝑡, 𝑆𝑣(𝑡)
)

= 𝛹𝑣 −

(

𝛼𝑣𝑍 (𝐼
ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
+ 𝜚𝑣

)

𝑆𝑣,

𝐗7
(

𝑡, 𝐼𝑣𝑍 (𝑡)
)

=
𝛼𝑣𝑍 (𝐼

ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
𝑆𝑣 − 𝜚𝑣𝐼𝑣𝑍 . (14)

Now, the (𝑐1, 𝑐2)-fractal-fractional model (13) of the co-infection Zika-
COVID-19 is reformulated by

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐀𝐁𝐑𝑐1
0,𝑡𝑆ℎ(𝑡) = 𝑐2𝑡𝑐2−1𝐗1

(

𝑡, 𝑆ℎ(𝑡)
)

,

𝐀𝐁𝐑𝑐1
0,𝑡𝐼

ℎ
𝐶 (𝑡) = 𝑐2𝑡𝑐2−1𝐗2

(

𝑡, 𝐼ℎ𝐶 (𝑡)
)

,

𝐀𝐁𝐑𝑐1
0,𝑡𝐼

ℎ
𝑍 (𝑡) = 𝑐2𝑡𝑐2−1𝐗3

(

𝑡, 𝐼ℎ𝑍 (𝑡)
)

,

𝐀𝐁𝐑𝑐1
0,𝑡𝐼

ℎ
𝐶𝑍 (𝑡) = 𝑐2𝑡𝑐2−1𝐗4

(

𝑡, 𝐼ℎ𝐶𝑍 (𝑡)
)

,

𝐀𝐁𝐑𝑐1
0,𝑡𝑅(𝑡) = 𝑐2𝑡𝑐2−1𝐗5

(

𝑡, 𝑅(𝑡)
)

,

𝐀𝐁𝐑𝑐1
0,𝑡𝑆𝑣(𝑡) = 𝑐2𝑡𝑐2−1𝐗6

(

𝑡, 𝑆𝑣(𝑡)
)

,

𝐀𝐁𝐑𝑐1
0,𝑡𝐼

𝑣
𝑍 (𝑡) = 𝑐2𝑡𝑐2−1𝐗7

(

𝑡, 𝐼𝑣𝑍 (𝑡)
)

.

(15)

Now, we consider the system (15), and reconstruct the extended men-
tioned system in the form of the compact initial value problem
{

𝐀𝐁𝐑𝑐1
0,𝑠𝐊(𝑡) = 𝑐2𝑡𝑐2−1𝐗

(

𝑡,𝐊(𝑡)
)

,

𝐊(0) = 𝐊0,
(16)

by assuming

𝐊(𝑡) =
(

𝑆ℎ(𝑡), 𝐼ℎ𝐶 (𝑡), 𝐼
ℎ
𝑍 (𝑡), 𝐼

ℎ
𝐶𝑍 (𝑡), 𝑅(𝑡), 𝑆𝑣(𝑡), 𝐼

𝑣
𝑍 (𝑡)

)𝑇 ,

𝐊0 =
(

𝑆ℎ0, 𝐼
ℎ
𝐶0, 𝐼

ℎ
𝑍0, 𝐼

ℎ
𝐶𝑍0, 𝑅0, 𝑆𝑣0, 𝐼

𝑣
𝑍0

)𝑇 , 𝑐1, 𝑐2 ∈ (0, 1], (17)

and

𝐗
(

𝑡,𝐊(𝑡)
)

=

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝐗1
(

𝑡, 𝑆ℎ(𝑡)
)

,
𝐗2

(

𝑡, 𝐼ℎ𝐶 (𝑡)
)

,
𝐗3

(

𝑡, 𝐼ℎ𝑍 (𝑡)
)

,
𝐗4

(

𝑡, 𝐼ℎ𝐶𝑍 (𝑡)
)

,
𝐗5

(

𝑡, 𝑅(𝑡)
)

,
𝐗6

(

𝑡, 𝑆𝑣(𝑡)
)

,
𝐗7

(

𝑡, 𝐼𝑣𝑍 (𝑡)
)

, 𝑡 ∈ 𝐽 .

(18)

Definition of the non-singular fractional ABR-derivative gives (16) as

𝐀𝐁(𝑐1)
1 − 𝑐1

d
d𝑡 ∫

𝑡

0
𝐸𝑐1

[

−
𝑐1

1 − 𝑐1
(𝑡 − q)𝑐1

]

𝐊(q) dq = 𝑐2𝑡
𝑐2−1𝐗

(

𝑡,𝐊(𝑡)
)

. (19)

oreover, taking the fractal-fractional Atangana–Baleanu integral on
19), it yields

(𝑡) = 𝐊(0) +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗(𝑡,𝐊(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗(q,𝐊(q)) dq. (20)

y considering the above basic fractal-fractional integral equation,
e obtain the following extended system of fractal-fractional integral
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f
t

T
𝑈
f

(
(

T

S
c

(

T

|

|

|

a
t
h

𝛷

f

equations as

𝑆ℎ(𝑡) = 𝑆ℎ0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗1(𝑡, 𝑆ℎ(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗1(q, 𝑆ℎ(q)) dq,

𝐼ℎ𝐶 (𝑡) = 𝐼ℎ𝐶0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗2(𝑡, 𝐼ℎ𝐶 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗2(q, 𝐼ℎ𝐶 (q)) dq,

𝐼ℎ𝑍 (𝑡) = 𝐼ℎ𝑍0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗3(𝑡, 𝐼ℎ𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗3(q, 𝐼ℎ𝑍 (q)) dq,

𝐼ℎ𝐶𝑍 (𝑡) = 𝐼ℎ𝐶𝑍0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗4(𝑡, 𝐼ℎ𝐶𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗4(q, 𝐼ℎ𝐶𝑍 (q)) dq,

𝑅(𝑡) = 𝑅0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗5(𝑡, 𝑅(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗5(q, 𝑅(q)) dq,

𝑆𝑣(𝑡) = 𝑆𝑣0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗6(𝑡, 𝑆𝑣(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗6(q, 𝑆𝑣(q)) dq,

𝐼𝑣𝑍 (𝑡) = 𝐼𝑣𝑍0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗7(𝑡, 𝐼𝑣𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗7(q, 𝐼𝑣𝑍 (q)) dq.

We regard a new map to investigate a fixed-point problem, by giving
𝑇 ∶  →  as

𝑇 (𝐊(𝑡)) = 𝐊(0) +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗(𝑡,𝐊(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗(q,𝐊(q)) dq. (21)

In relation to the existence property of solution on the (𝑐1, 𝑐2)-
ractal-fractional model (13) of the co-infection Zika-COVID-19, we use
he following:

heorem 3 ([62] Leray–Schauder theorem). Let  be a Banach space,
⊂  a convex closed bounded set, G ⊂ 𝑈 an open set, and 0 ∈ G. Then

or the continuous and compact map 𝑇 ∶ Ḡ → 𝑈 , either:

HY1) ∃ 𝑥 ∈ Ḡ 𝑠.𝑡. 𝑥 = 𝑇 (𝑥), or
HY2) ∃ 𝑥 ∈ 𝜕G and 0 < 𝜇 < 1 s.t. 𝑥 = 𝜇𝑇 (𝑥).

heorem 4. Let 𝐗 ∈ 𝐶(𝐽 ×  ,), and also assume:

(G1) ∃ ∈ 𝐿1(𝐽 ,R+) and ∃𝛶 ∈ 𝐶([0,∞), (0,∞)) (𝛶 is non-decreasing)
s.t. ∀ 𝑡 ∈ 𝐽 and 𝐊 ∈  ,
|

|

|

𝐗(𝑡,𝐊(𝑡))||
|

≤  (𝑡)𝛶 (|𝐊(𝑡)|);

(G2) ∃R > 0 s.t.
R

[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2)
𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

∗
0𝛶 (R) +𝐊0

> 1, (22)

with ∗
0 = sup𝑡∈𝐽 | (𝑡)|.

Then for the fractal-fractional problem (16) and so, for the (𝑐1, 𝑐2)-fractal-
fractional model (13) of the co-infection Zika-COVID-19, at least a solution
6

exists on 𝐽 .
Proof. To start our argument, consider 𝑇 ∶  →  given by (21) and

𝑁𝑅 =
{

𝐊 ∈  ∶ ‖𝐊‖ ≤ 𝑅
}

, for some 𝑅 > 0.

Evidently, the continuity of 𝐗 implies that of the operator 𝑇 . Now (G1)
gives the following estimate

|

|

|

𝑇 (𝐊(𝑡))||
|

≤ |

|

|

𝐊(0)||
|

+
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
|

|

|

𝐗(𝑡,𝐊(𝑡))||
|

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1||

|

𝐗(q,𝐊(q))||
|

dq

≤ 𝐊0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
 (𝑡)𝛶 (|𝐊(𝑡)|)

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1 (q)𝛶 (|𝐊(q)|) dq

≤ 𝐊0 +
(1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
∗
0𝛶 (𝑅) +

𝑐1𝑐2𝜏𝑐1+𝑐2−1𝐵(𝑐1, 𝑐2)
𝛤 (𝑐1)𝐀𝐁(𝑐1)

∗
0𝛶 (𝑅)

= 𝐊0 +
(1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
∗
0𝛶 (𝑅) +

𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2)
𝐀𝐁(𝑐1)𝛤 (𝑐1 + 𝑐2)

∗
0𝛶 (𝑅),

for 𝐊 ∈ 𝑁𝑅. We get

‖𝑇𝐊‖X ≤ 𝐊0 +
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2)
𝐀𝐁(𝑐1)𝛤 (𝑐1 + 𝑐2)

]

∗
0𝛶 (𝑅) <∞. (23)

o ‖𝑇𝐊‖X < ∞ and 𝑇 is uniformly bounded on  . In the following,
hoose 𝑡, 𝑧 ∈ [0, 𝜏] ∶= 𝐽 arbitrarily with 𝑡 < 𝑧 and 𝐊 ∈ 𝑁𝑅. Take

sup
𝑡,𝐊)∈𝐽×𝑁𝑅

|𝐗(𝑡,𝐊(𝑡))| = 𝐗∗ <∞.

hen

𝑇 (𝐊(𝑧)) − 𝑇 (𝐊(𝑡))||
|

≤
|

|

|

|

|

(1 − 𝑐1)𝑐2𝑧𝑐2−1

𝐀𝐁(𝑐1)
𝐗(𝑧,𝐊(𝑧))

−
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗(𝑡,𝐊(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑧

0
q𝑐2−1(𝑧 − q)𝑐1−1𝐗(q,𝐊(q)) dq

−
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗(q,𝐊(q)) dq

|

|

|

|

|

≤
(1 − 𝑐1)𝑐2𝐗∗

𝐀𝐁(𝑐1)
(𝑧𝑐2−1 − 𝑡𝑐2−1) (24)

+
𝑐1𝑐2𝐗∗

𝛤 (𝑐1)𝐀𝐁(𝑐1)
|

|

|∫

𝑧

0
q𝑐2−1(𝑧 − q)𝑐1−1 dq

− ∫

𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1 dq||

|

≤
(1 − 𝑐1)𝑐2𝐗∗

𝐀𝐁(𝑐1)
(𝑧𝑐2−1 − 𝑡𝑐2−1)

+
𝑐1𝑐2𝐗∗𝐵(𝑐1, 𝑐2)
𝛤 (𝑐1)𝐀𝐁(𝑐1)

[

𝑧𝑐1+𝑐2−1 − 𝑡𝑐1+𝑐2−1
]

=
(1 − 𝑐1)𝑐2𝐗∗

𝐀𝐁(𝑐1)
(𝑧𝑐2−1 − 𝑡𝑐2−1)

+
𝑐1𝑐2𝐗∗𝛤 (𝑐2)

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)
[

𝑧𝑐1+𝑐2−1 − 𝑡𝑐1+𝑐2−1
]

,

where (independent of 𝐊) (24) tends to 0 as 𝑧→ 𝑡. Therefore,

lim
𝑧→𝑡

‖𝑇 (𝐊(𝑧)) − 𝑇 (𝐊(𝑡))‖ = 0,

nd 𝑇 is equicontinuous, and so it is compact on 𝑁𝑅 by referring to
he Arzelá–Ascoli theorem. Since all the conditions of Theorem 3 to be
eld on 𝑇 , thus one of (HY1) or (HY2) will be valid. From (G2), set

∶=
{

𝐊 ∈  ∶ ‖𝐊‖ < R
}

,

or some R > 0 via 𝐊0 +
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2)
𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

∗
0𝛶 (R) <

R. With the help of (G1) and by (23), we estimate

‖𝑇𝐊‖ ≤ 𝐊0 +
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1 +

𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2) ]∗𝛶 (‖𝐊‖ ). (25)

𝐀𝐁(𝑐1) 𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1) 0
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(

T

T

∥

T

∥

T

∥

Next, we consider the existence of 𝐊 ∈ 𝜕𝛷 and 0 < 𝜇 < 1 with
𝐊 = 𝜇𝑇 (𝐊). For these selections of 𝐊 and 𝜇, and by (25),

R = ‖𝐊‖ = 𝜇‖𝑇𝐊‖

< 𝐊0 +
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2)
𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

∗
0𝛶 (‖𝐊‖ )

< 𝐊0 +
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2)
𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

∗
0𝛶 (R) < R,

which is impossible. Therefore, (HY2) does not satisfy and 𝑇 possesses a
fixed–point in 𝛷̄ by Theorem 3 which is the same solution of the (𝑐1, 𝑐2)-
fractal-fractional model (13) of the co-infection Zika-COVID-19. □

To prove the uniqueness of solution of the (𝑐1, 𝑐2)-fractal-fractional
model (13) of the co-infection Zika-COVID-19, we investigate the Lip-
schitz property for the kernels 𝐗𝚥, (𝚥 = 1,… , 7) considered in (14).

Lemma 1. Let 𝑆ℎ, 𝐼ℎ𝐶 , 𝐼
ℎ
𝑍 , 𝐼

ℎ
𝐶𝑍 , 𝑅, 𝑆𝑣, 𝐼

𝑣
𝑍 , 𝑆

∗
ℎ , 𝐼

ℎ∗
𝐶 , 𝐼ℎ∗𝑍 , 𝐼ℎ∗𝐶𝑍 , 𝑅

∗, 𝑆∗
𝑣 , 𝐼

𝑣∗
𝑍 ∈

F ∶= 𝐶(𝐽 ,R), and for all 𝑡 ∈ 𝐽 , 1 + 𝜑2𝐼ℎ𝑍 (𝑡) > 𝐼
𝑣
𝑍 (𝑡), 1 + 𝜑2𝐼ℎ∗𝑍 (𝑡) > 𝐼𝑣𝑍 (𝑡),

and

G3) ∃𝜘1,𝜘2,𝜘3,𝜘4,𝜘5,𝜘6,𝜘7 > 0 s.t. ‖𝑆ℎ‖ ≤ 𝜘1, ‖𝐼ℎ𝐶‖ ≤ 𝜘2, ‖𝐼ℎ𝑍‖ ≤ 𝜘3,
‖𝐼ℎ𝐶𝑍‖ ≤ 𝜘4, ‖𝑅‖ ≤ 𝜘5, ‖𝑆𝑣‖ ≤ 𝜘6 and ‖𝐼𝑣𝑍‖ ≤ 𝜘7.

Then 𝐗1,𝐗2,𝐗3,𝐗4,𝐗5,𝐗6,𝐗7 defined by (14) are Lipschitz with 𝐿1, 𝐿2,
𝐿3, 𝐿4, 𝐿5, 𝐿6, 𝐿7 > 0, where

𝐿1 = 𝛼𝐶𝜘2 + 𝛼𝑍𝜘3 + 𝛼ℎ𝑍𝜘7 + 𝛼𝐶𝑍𝜘4 + 𝜚ℎ > 0,

𝐿2 = 𝛼𝐶 (𝜘1 + 𝜗1𝜘5) + (𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ) + 𝜁1(𝛼𝑍𝜘3 + 𝛼ℎ𝑍𝜘7) > 0,

𝐿3 = (𝛼𝑍 + 𝛼ℎ𝑍 )(𝜘1 + 𝜗2𝜘5) + (𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ) + 𝜁2𝛼𝐶𝜘2 > 0,

𝐿4 = 𝛼𝐶𝑍𝜘1 + (𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ) > 0, (26)
𝐿5 = 𝜚ℎ + 𝜗1𝛼𝐶𝜘2 + 𝜗2𝛼𝑍𝜘3 + 𝜗2𝛼ℎ𝑍𝜘7 > 0,

𝐿6 = 𝛼𝑣𝑍𝜘3 + 𝛼
𝑣
𝑍𝜘4 + 𝜚𝑣 > 0, 𝐿7 = 𝜚𝑣 > 0.

Proof. For the function 𝐗1, we choose 𝑆ℎ, 𝑆∗
ℎ ∈ F ∶= 𝐶(𝐽 ,R)

arbitrarily. Then

∥𝐗1
(

𝑡, 𝑆ℎ(𝑡)
)

− 𝐗1
(

𝑡, 𝑆∗
ℎ(𝑡)

)

∥

= ‖

‖

‖

[

𝛹ℎ −

(

𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

+
𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

+ 𝜚ℎ

)

𝑆ℎ
]

−
[

𝛹ℎ −

(

𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

+
𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

+ 𝜚ℎ

)

𝑆∗
ℎ

]

‖

‖

‖

≤ ‖

‖

‖

[ 𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

+
𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

+ 𝜚ℎ
]

(

𝑆ℎ(𝑡) − 𝑆∗
ℎ(𝑡)

)

‖

‖

‖

≤
[

𝛼𝐶‖𝐼
ℎ
𝐶‖ + 𝛼𝑍‖𝐼

ℎ
𝑍‖ + 𝛼

ℎ
𝑍‖𝐼

𝑣
𝑍‖

+ 𝛼𝐶𝑍‖𝐼ℎ𝐶𝑍‖ + 𝜚ℎ
]

‖𝑆ℎ(𝑡) − 𝑆∗
ℎ(𝑡)‖

≤
[

𝛼𝐶𝜘2 + 𝛼𝑍𝜘3 + 𝛼ℎ𝑍𝜘7 + 𝛼𝐶𝑍𝜘4 + 𝜚ℎ
]

‖𝑆ℎ(𝑡) − 𝑆∗
ℎ(𝑡)‖

= 𝐿1‖𝑆ℎ(𝑡) − 𝑆∗
ℎ(𝑡)‖.

his shows that 𝐗1 is Lipschitz w.r.t. 𝑆ℎ with constant 𝐿1 > 0.
For the function 𝐗2, we choose 𝐼ℎ𝐶 , 𝐼

ℎ∗
𝐶 ∈ F ∶= 𝐶(𝐽 ,R) arbitrarily.

Then

∥𝐗2
(

𝑡, 𝐼ℎ𝐶 (𝑡)
)

− 𝐗2
(

𝑡, 𝐼ℎ∗𝐶 (𝑡)
)

∥

= ‖

‖

‖

[ 𝛼𝐶𝐼ℎ𝐶
ℎ (𝑆ℎ + 𝜗1𝑅) −

(

𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ
)

𝐼ℎ𝐶
7

1 + 𝜑1𝐼𝐶
−
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶

]

−
[ 𝛼𝐶𝐼ℎ∗𝐶
1 + 𝜑1𝐼ℎ∗𝐶

(𝑆ℎ + 𝜗1𝑅) −
(

𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ
)

𝐼ℎ∗𝐶

−
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ∗𝐶

]

‖

‖

‖

≤
[

𝛼𝐶 (𝑆ℎ + 𝜗1𝑅) + (𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ)

+ 𝜁1(𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼
𝑣
𝑍 )

]

‖𝐼ℎ𝐶 (𝑡) − 𝐼
ℎ∗
𝐶 (𝑡)‖

≤
[

𝛼𝐶 (‖𝑆ℎ‖ + 𝜗1‖𝑅‖) + (𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ)

+ 𝜁1(𝛼𝑍‖𝐼ℎ𝑍‖ + 𝛼
ℎ
𝑍‖𝐼

𝑣
𝑍‖)

]

‖𝐼ℎ𝐶 (𝑡) − 𝐼
ℎ∗
𝐶 (𝑡)‖

≤
[

𝛼𝐶 (𝜘1 + 𝜗1𝜘5) + (𝛿𝐶 + 𝛾𝐶 + 𝜚ℎ)

+ 𝜁1(𝛼𝑍𝜘3 + 𝛼ℎ𝑍𝜘7)
]

‖𝐼ℎ𝐶 (𝑡) − 𝐼
ℎ∗
𝐶 (𝑡)‖

= 𝐿2‖𝐼
ℎ
𝐶 (𝑡) − 𝐼

ℎ∗
𝐶 (𝑡)‖.

his shows that 𝐗2 is Lipschitz w.r.t. 𝐼ℎ𝐶 with constant 𝐿2 > 0.
For 𝐗3, we choose 𝐼ℎ𝑍 , 𝐼

ℎ∗
𝑍 ∈ F ∶= 𝐶(𝐽 ,R) arbitrarily. Then

𝐗3
(

𝑡, 𝐼ℎ𝑍 (𝑡)
)

− 𝐗3
(

𝑡, 𝐼ℎ∗𝑍 (𝑡)
)

∥

= ‖

‖

‖

[ [𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼
𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
(𝑆ℎ + 𝜗2𝑅)

−
(

𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ
)

𝐼ℎ𝑍 −
𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ𝑍
]

−
[ [𝛼𝑍𝐼ℎ∗𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ∗𝑍
(𝑆ℎ + 𝜗2𝑅)

−
(

𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ
)

𝐼ℎ∗𝑍 −
𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ∗𝑍
]

‖

‖

‖

≤
[

(𝛼𝑍 + 𝛼ℎ𝑍 )(𝑆ℎ + 𝜗2𝑅) + (𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ)

+ 𝜁2𝛼𝐶𝐼ℎ𝐶
]

‖𝐼ℎ𝑍 (𝑡) − 𝐼
ℎ∗
𝑍 (𝑡)‖

≤
[

(𝛼𝑍 + 𝛼ℎ𝑍 )(‖𝑆ℎ‖ + 𝜗2‖𝑅‖) + (𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ)

+ 𝜁2𝛼𝐶‖𝐼ℎ𝐶‖
]

‖𝐼ℎ𝑍 (𝑡) − 𝐼
ℎ∗
𝑍 (𝑡)‖

≤
[

(𝛼𝑍 + 𝛼ℎ𝑍 )(𝜘1 + 𝜗2𝜘5) + (𝛿𝑍 + 𝛾𝑍 + 𝜚ℎ)

+ 𝜁2𝛼𝐶𝜘2
]

‖𝐼ℎ𝑍 (𝑡) − 𝐼
ℎ∗
𝑍 (𝑡)‖

= 𝐿3‖𝐼
ℎ
𝑍 (𝑡) − 𝐼

ℎ∗
𝑍 (𝑡)‖.

his shows that 𝐗3 is Lipschitz w.r.t. 𝐼ℎ𝑍 with constant 𝐿3 > 0.
For 𝐗4, we choose 𝐼ℎ𝐶𝑍 , 𝐼

ℎ∗
𝐶𝑍 ∈ F ∶= 𝐶(𝐽 ,R) arbitrarily. Then

𝐗4
(

𝑡, 𝐼ℎ𝐶𝑍 (𝑡)
)

− 𝐗4
(

𝑡, 𝐼ℎ∗𝐶𝑍 (𝑡)
)

∥

= ‖

‖

‖

[ 𝛼𝐶𝑍𝐼ℎ𝐶𝑍
1 + 𝜑3𝐼ℎ𝐶𝑍

𝑆ℎ +
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶 +

𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ𝑍

−
(

𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ
)

𝐼ℎ𝐶𝑍
]

−
[ 𝛼𝐶𝑍𝐼ℎ∗𝐶𝑍
1 + 𝜑3𝐼ℎ∗𝐶𝑍

𝑆ℎ +
𝜁1[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍
𝐼ℎ𝐶 +

𝜁2𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

𝐼ℎ𝑍

− (𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ)𝐼ℎ∗𝐶𝑍
]

‖

‖

‖

≤
[

𝛼𝐶𝑍𝑆ℎ + (𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ)
]

‖𝐼ℎ𝐶𝑍 (𝑡) − 𝐼
ℎ∗
𝐶𝑍 (𝑡)‖

≤
[

𝛼𝐶𝑍‖𝑆ℎ‖ + (𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ)
]

‖𝐼ℎ𝐶𝑍 (𝑡) − 𝐼
ℎ∗
𝐶𝑍 (𝑡)‖

≤
[

𝛼𝐶𝑍𝜘1 + (𝛿𝐶𝑍 + 𝛾𝐶𝑍 + 𝜚ℎ)
]

‖𝐼ℎ𝐶𝑍 (𝑡) − 𝐼
ℎ∗
𝐶𝑍 (𝑡)‖

= 𝐿4‖𝐼
ℎ
𝐶𝑍 (𝑡) − 𝐼

ℎ∗
𝐶𝑍 (𝑡)‖.

his shows that 𝐗4 is Lipschitz w.r.t. 𝐼ℎ𝐶𝑍 with constant 𝐿4 > 0.
For 𝐗5, we choose 𝑅,𝑅∗ ∈ F ∶= 𝐶(𝐽 ,R) arbitrarily. Then

𝐗5
(

𝑡, 𝑅(𝑡)
)

− 𝐗5
(

𝑡, 𝑅∗(𝑡)
)

∥

= ‖

‖

‖

[

𝛾𝐶𝐼
ℎ
𝐶 + 𝛾𝑍𝐼ℎ𝑍 + 𝛾𝐶𝑍𝐼ℎ𝐶𝑍

−

(

𝜚ℎ +
𝜗1𝛼𝐶𝐼ℎ𝐶

ℎ +
𝜗2[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

ℎ

)

𝑅
]

1 + 𝜑1𝐼𝐶 1 + 𝜑2𝐼𝑍
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T

∥

T
p

T
(
[

𝐼

a
(

T

w
(

y
(

T

−
[

𝛾𝐶𝐼
ℎ
𝐶 + 𝛾𝑍𝐼ℎ𝑍 + 𝛾𝐶𝑍𝐼ℎ𝐶𝑍

−

(

𝜚ℎ +
𝜗1𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
𝜗2[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

)

𝑅∗
]

‖

‖

‖

≤
[

𝜚ℎ +
𝜗1𝛼𝐶𝐼ℎ𝐶
1 + 𝜑1𝐼ℎ𝐶

+
𝜗2[𝛼𝑍𝐼ℎ𝑍 + 𝛼ℎ𝑍𝐼

𝑣
𝑍 ]

1 + 𝜑2𝐼ℎ𝑍

]

‖𝑅(𝑡) − 𝑅∗(𝑡)‖

≤
[

𝜚ℎ + 𝜗1𝛼𝐶‖𝐼ℎ𝐶‖ + 𝜗2𝛼𝑍‖𝐼
ℎ
𝑍‖ + 𝜗2𝛼

ℎ
𝑍‖𝐼

𝑣
𝑍‖

]

‖𝑅(𝑡) − 𝑅∗(𝑡)‖

≤
[

𝜚ℎ + 𝜗1𝛼𝐶𝜘2 + 𝜗2𝛼𝑍𝜘3 + 𝜗2𝛼ℎ𝑍𝜘7
]

‖𝑅(𝑡) − 𝑅∗(𝑡)‖

= 𝐿5‖𝑅(𝑡) − 𝑅∗(𝑡)‖.

his shows that 𝐗5 is Lipschitz w.r.t. 𝑅 with constant 𝐿5 > 0.
For 𝐗6, we choose 𝑆𝑣, 𝑆∗

𝑣 ∈ F ∶= 𝐶(𝐽 ,R) arbitrarily. Then

𝐗6
(

𝑡, 𝑆𝑣(𝑡)
)

− 𝐗6
(

𝑡, 𝑆∗
𝑣 (𝑡)

)

∥

= ‖

‖

‖

[

𝛹𝑣 −

(

𝛼𝑣𝑍 (𝐼
ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
+ 𝜚𝑣

)

𝑆𝑣
]

−
[

𝛹𝑣 −

(

𝛼𝑣𝑍 (𝐼
ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
+ 𝜚𝑣

)

𝑆∗
𝑣

]

‖

‖

‖

≤
[

𝛼𝑣𝑍 (𝐼
ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
+ 𝜚𝑣

]

‖𝑆𝑣(𝑡) − 𝑆∗
𝑣 (𝑡)‖

≤
[

𝛼𝑣𝑍‖𝐼
ℎ
𝑍‖ + 𝛼

𝑣
𝑍‖𝐼

ℎ
𝐶𝑍‖ + 𝜚𝑣

]

‖𝑆𝑣(𝑡) − 𝑆∗
𝑣 (𝑡)‖

≤
[

𝛼𝑣𝑍𝜘3 + 𝛼
𝑣
𝑍𝜘4 + 𝜚𝑣

]

‖𝑆𝑣(𝑡) − 𝑆∗
𝑣 (𝑡)‖

= 𝐿6‖𝑆𝑣(𝑡) − 𝑆∗
𝑣 (𝑡)‖.

This shows that 𝐗6 is Lipschitz w.r.t. 𝑆𝑣 with constant 𝐿6 > 0.
Finally, for 𝐗7, we choose 𝐼𝑣𝑍 , 𝐼

𝑣∗
𝑍 ∈ F ∶= 𝐶(𝐽 ,R) arbitrarily. Then

∥𝐗7
(

𝑡, 𝐼𝑣𝑍 (𝑡)
)

− 𝐗7
(

𝑡, 𝐼𝑣∗𝑍 (𝑡)
)

∥

= ‖

‖

‖

[ 𝛼𝑣𝑍 (𝐼
ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
𝑆𝑣 − 𝜚𝑣𝐼𝑣𝑍

]

−
[ 𝛼𝑣𝑍 (𝐼

ℎ
𝑍 + 𝐼ℎ𝐶𝑍 )

1 + 𝜑2𝐼ℎ𝑍 + 𝜑3𝐼ℎ𝐶𝑍
𝑆𝑣 − 𝜚𝑣𝐼𝑣∗𝑍

]

‖

‖

‖

≤ 𝜚𝑣‖𝐼
𝑣
𝑍 (𝑡) − 𝐼

𝑣∗
𝑍 (𝑡)‖

= 𝐿7‖𝐼
𝑣
𝑍 (𝑡) − 𝐼

𝑣∗
𝑍 (𝑡)‖.

his shows that 𝐗7 is Lipschitz w.r.t. 𝐼𝑣𝑍 with constant 𝐿7 > 0. The
roof for all seven functions is completed. □

heorem 5. Let (G3) to be held. Then the (𝑐1, 𝑐2)-fractal-fractional model
13) of the co-infection Zika-COVID-19 has a unique solution when

(1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿𝚥 < 1, (𝚥 ∈ {1,… , 7}), (27)

and 𝐿𝚥’s are introduced in (26).

Proof. We assume that the conclusion of theorem is not valid. Hence
there exists another solution for the (𝑐1, 𝑐2)-fractal-fractional model
(13) of the co-infection Zika-COVID-19. Assume that

(

𝑆∗
ℎ , 𝐼

ℎ∗
𝐶 , 𝐼ℎ∗𝑍 , 𝐼ℎ∗𝐶𝑍 ,

𝑅∗, 𝑆∗
𝑣 , 𝐼

𝑣∗
𝑍
)

is another solution under the initial value condition
(

𝑆∗
ℎ(0), 𝐼

ℎ∗
𝐶 (0), 𝐼ℎ∗𝑍 (0), 𝐼ℎ∗𝐶𝑍 (0), 𝑅

∗(0), 𝑆∗
𝑣 (0), 𝐼

𝑣∗
𝑍 (0)

)

=
(

𝑆ℎ0, 𝐼
ℎ
𝐶0, 𝐼

ℎ
𝑍0, 𝐼

ℎ
𝐶𝑍0, 𝑅0, 𝑆𝑣0, 𝐼

𝑣
𝑍0

)

. Then by (20), we have

𝑆∗
ℎ(𝑡) = 𝑆ℎ0 +

(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗1(𝑡, 𝑆∗

ℎ(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1)

× ∫

𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗1(q, 𝑆∗

ℎ(q)) dq,

𝐼ℎ∗(𝑡) = 𝐼ℎ +
(1 − 𝑐1)𝑐2𝑡𝑐2−1𝐗2(𝑡, 𝐼ℎ∗(𝑡))
8

𝐶 𝐶0 𝐀𝐁(𝑐1) 𝐶 i
+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗2(q, 𝐼ℎ∗𝐶 (q)) dq,

𝐼ℎ∗𝑍 (𝑡) = 𝐼ℎ𝑍0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗3(𝑡, 𝐼ℎ∗𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗3(q, 𝐼ℎ∗𝑍 (q)) dq,

ℎ∗
𝐶𝑍 (𝑡) = 𝐼ℎ𝐶𝑍0 +

(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗4(𝑡, 𝐼ℎ∗𝐶𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗4(q, 𝐼ℎ∗𝐶𝑍 (q)) dq,

𝑅∗(𝑡) = 𝑅0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗5(𝑡, 𝑅∗(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗5(q, 𝑅∗(q)) dq,

𝑆∗
𝑣 (𝑡) = 𝑆𝑣0 +

(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗6(𝑡, 𝑆∗

𝑣 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗6(q, 𝑆∗

𝑣 (q)) dq,

𝐼𝑣∗𝑍 (𝑡) = 𝐼𝑣𝑍0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗7(𝑡, 𝐼𝑣∗𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗7(q, 𝐼𝑣∗𝑍 (q)) dq.

Now, we can estimate

|𝑆ℎ(𝑡) − 𝑆∗
ℎ(𝑡)| ≤

(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
|

|

|

𝐗1(𝑡, 𝑆ℎ(𝑡)) − 𝐗1(𝑡, 𝑆∗
ℎ(𝑡))

|

|

|

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1)

× ∫

𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1||

|

𝐗1(w, 𝑆ℎ(w)) − 𝐗1(w, 𝑆∗
ℎ(w))||

|

dw

≤
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐿1‖𝑆ℎ − 𝑆∗

ℎ‖

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐿1‖𝑆ℎ − 𝑆∗

ℎ‖ dw

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿1‖𝑆ℎ − 𝑆∗
ℎ‖,

nd so

1 −
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿1

)

‖𝑆ℎ − 𝑆∗
ℎ‖ ≤ 0.

he above inequality holds when ‖𝑆ℎ − 𝑆∗
ℎ‖ = 0, or 𝑆ℎ = 𝑆∗

ℎ . In the
similar manner, from the inequality

‖𝐼ℎ𝐶 − 𝐼ℎ∗𝐶 ‖ ≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿2‖𝐼
ℎ
𝐶 − 𝐼ℎ∗𝐶 ‖,

e reach to

1 −
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿2

)

‖𝐼ℎ𝐶 − 𝐼ℎ∗𝐶 ‖ ≤ 0.

This is true when ‖𝐼ℎ𝐶 − 𝐼ℎ∗𝐶 ‖ = 0 or 𝐼ℎ𝐶 = 𝐼ℎ∗𝐶 . Moreover, the inequality

‖𝐼ℎ𝑍 − 𝐼ℎ∗𝑍 ‖ ≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿3‖𝐼
ℎ
𝑍 − 𝐼ℎ∗𝑍 ‖,

ields

1 −
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿3

)

‖𝐼ℎ𝑍 − 𝐼ℎ∗𝑍 ‖ ≤ 0.

Hence 𝐼ℎ𝑍 = 𝐼ℎ∗𝑍 . Accordingly, we get 𝐼ℎ𝐶𝑍 = 𝐼ℎ∗𝐶𝑍 , 𝑅 = 𝑅∗, 𝑆𝑣 = 𝑆∗
𝑣 and

𝐼𝑣𝑍 − 𝐼𝑣∗𝑍 . Consequently, for each 𝑡 ∈ 𝐽 , we get
(

𝑆ℎ(𝑡), 𝐼ℎ𝐶 (𝑡), 𝐼
ℎ
𝑍 (𝑡), 𝐼

ℎ
𝐶𝑍 (𝑡), 𝑅(𝑡), 𝑆𝑣(𝑡), 𝐼

𝑣
𝑍 (𝑡)

)

=
(

𝑆∗
ℎ(𝑡), 𝐼

ℎ∗
𝐶 (𝑡), 𝐼ℎ∗𝑍 (𝑡), 𝐼ℎ∗𝐶𝑍 (𝑡), 𝑅

∗(𝑡), 𝑆∗
𝑣 (𝑡), 𝐼

𝑣∗
𝑍 (𝑡)

)

.

his means that the (𝑐1, 𝑐2)-fractal-fractional model (13) of the co-

nfection Zika-COVID-19 has a unique solution if (27) holds. □
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UH-stable solutions

In the sequel, we investigate the UH-stability notion in relation to
the system of the (𝑐1, 𝑐2)-fractal-fractional model (13) of the co-infection
ika-COVID-19.

efinition 5. The (𝑐1, 𝑐2)-fractal-fractional model (13) of the co-
infection Zika-COVID-19 is UH-stable if ∃ 0 < 𝑄𝐗𝚥 ∈ R, 𝚥 ∈ {1,… , 7}
s.t. ∀𝑅𝚥 > 0, and ∀

(

𝑆∗
ℎ , 𝐼

ℎ∗
𝐶 , 𝐼ℎ∗𝑍 , 𝐼ℎ∗𝐶𝑍 , 𝑅

∗, 𝑆∗
𝑣 , 𝐼

𝑣∗
𝑍
)

∈  satisfying
|

|

|

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝑆∗

ℎ(𝑡) − 𝐗1
(

𝑡, 𝑆∗
ℎ(𝑡)

)

|

|

|

< 𝑅1,
|

|

|

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝐼ℎ∗𝐶 (𝑡) − 𝐗2

(

𝑡, 𝐼ℎ∗𝐶 (𝑡)
)

|

|

|

< 𝑅2,
|

|

|

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝐼ℎ∗𝑍 (𝑡) − 𝐗3

(

𝑡, 𝐼ℎ∗𝑍 (𝑡)
)

|

|

|

< 𝑅3,
|

|

|

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝐼ℎ∗𝐶𝑍 (𝑡) − 𝐗4

(

𝑡, 𝐼ℎ∗𝐶𝑍 (𝑡)
)

|

|

|

< 𝑅4,
|

|

|

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝑅∗(𝑡) − 𝐗5

(

𝑡, 𝑅∗(𝑡)
)

|

|

|

< 𝑅5,
|

|

|

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝑆∗

𝑣 (𝑡) − 𝐗6
(

𝑡, 𝑆∗
𝑣 (𝑡)

)

|

|

|

< 𝑅6,
|

|

|

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝐼𝑣∗𝑍 (𝑡) − 𝐗7

(

𝑡, 𝐼𝑣∗𝑍 (𝑡)
)

|

|

|

< 𝑅7, (28)

∃
(

𝑆ℎ, 𝐼ℎ𝐶 , 𝐼
ℎ
𝑍 , 𝐼

ℎ
𝐶𝑍 , 𝑅, 𝑆𝑣, 𝐼

𝑣
𝑍
)

∈  satisfying the (𝑐1, 𝑐2)-fractal-fractional
model (13) of the co-infection Zika-COVID-19 with

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

|

|

|

𝑆∗
ℎ − 𝑆ℎ

|

|

|

≤ 𝑄𝐗1
𝑅1,

|

|

|

𝐼ℎ∗𝐶 − 𝐼ℎ𝐶
|

|

|

≤ 𝑄𝐗2
𝑅2,

|

|

|

𝐼ℎ∗𝑍 − 𝐼ℎ𝑍
|

|

|

≤ 𝑄𝐗3
𝑅3,

|

|

|

𝐼ℎ∗𝐶𝑍 − 𝐼ℎ𝐶𝑍
|

|

|

≤ 𝑄𝐗4
𝑅4,

|

|

|

𝑅∗ − 𝑅||
|

≤ 𝑄𝐗5
𝑅5,

|

|

|

𝑆∗
𝑣 − 𝑆𝑣

|

|

|

≤ 𝑄𝐗6
𝑅6,

|

|

|

𝐼𝑣∗𝑍 − 𝐼𝑣𝑍
|

|

|

≤ 𝑄𝐗7
𝑅7.

Remark 1.
(

𝑆∗
ℎ , 𝐼

ℎ∗
𝐶 , 𝐼ℎ∗𝑍 , 𝐼ℎ∗𝐶𝑍 , 𝑅

∗, 𝑆∗
𝑣 , 𝐼

𝑣∗
𝑍
)

∈  is termed as a solution
for (28) iff ∃1,…7 ∈ 𝐶([0, 𝜏],R) (depending on 𝑆∗

ℎ , 𝐼
ℎ∗
𝐶 , 𝐼ℎ∗𝑍 , 𝐼ℎ∗𝐶𝑍 ,

𝑅∗, 𝑆∗
𝑣 , 𝐼

𝑣∗
𝑍 , respectively) so that ∀ 𝑡 ∈ 𝐽 ,

(i) |𝚥(𝑡)| < 𝑅𝚥,
(ii) We have

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝑆∗

ℎ(𝑡) = 𝐗1
(

𝑡, 𝑆∗
ℎ(𝑡)

)

+ 1(𝑡),

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝐼ℎ∗𝐶 (𝑡) = 𝐗2

(

𝑡, 𝐼ℎ∗𝐶 (𝑡)
)

+ 2(𝑡),

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝐼ℎ∗𝑍 (𝑡) = 𝐗3

(

𝑡, 𝐼ℎ∗𝑍 (𝑡)
)

+ 3(𝑡),

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝐼ℎ∗𝐶𝑍 (𝑡) = 𝐗4

(

𝑡, 𝐼ℎ∗𝐶𝑍 (𝑡)
)

+ 4(𝑡),

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝑅∗(𝑡) = 𝐗5

(

𝑡, 𝑅∗(𝑡)
)

+ 5(𝑡),

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝑆∗

𝑣 (𝑡) = 𝐗6
(

𝑡, 𝑆∗
𝑣 (𝑡)

)

+ 6(𝑡),

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝐼𝑣∗𝑍 (𝑡) = 𝐗7

(

𝑡, 𝐼𝑣∗𝑍 (𝑡)
)

+ 7(𝑡).

The following lemma is useful for our main theorem.

Lemma 2. For each 𝑅1,… , 𝑅7 > 0, suppose that
(

𝑆∗
ℎ , 𝐼

ℎ∗
𝐶 , 𝐼ℎ∗𝑍 , 𝐼ℎ∗𝐶𝑍 , 𝑅

∗,
𝑆∗
𝑣 , 𝐼

𝑣∗
𝑍

)

∈  is considered as a solution of (28). Then the functions
𝑆∗
ℎ , 𝐼

ℎ∗
𝐶 , 𝐼ℎ∗𝑍 , 𝐼ℎ∗𝐶𝑍 , 𝑅

∗, 𝑆∗
𝑣 , 𝐼

𝑣∗
𝑍 ∈ F fulfill the inequalities

|

|

|

|

|

𝑆∗
ℎ(𝑡)−

(

𝑆ℎ0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗1(𝑡, 𝑆∗

ℎ(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗1(q, 𝑆∗

ℎ(q)) dq
) |

|

|

|

|

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅1, (29)

nd

𝐼ℎ∗𝐶 (𝑡)−
(

𝐼ℎ𝐶0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1𝐗2(𝑡, 𝐼ℎ∗𝐶 (𝑡))
9

𝐀𝐁(𝑐1)
+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗2(q, 𝐼ℎ∗𝐶 (q)) dq

) |

|

|

|

|

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅2, (30)

and
|

|

|

|

|

𝐼ℎ∗𝑍 (𝑡)−
(

𝐼ℎ𝑍0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗3(𝑡, 𝐼ℎ∗𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗3(q, 𝐼ℎ∗𝑍 (q)) dq

) |

|

|

|

|

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅3, (31)

and
|

|

|

|

|

𝐼ℎ∗𝐶𝑍 (𝑡)−
(

𝐼ℎ𝐶𝑍0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗4(𝑡, 𝐼ℎ∗𝐶𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗4(q, 𝐼ℎ∗𝐶𝑍 (q)) dq

) |

|

|

|

|

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅4, (32)

and
|

|

|

|

|

𝑅∗(𝑡)−
(

𝑅0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗5(𝑡, 𝑅∗(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗5(q, 𝑅∗(q)) dq

) |

|

|

|

|

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅5, (33)

and
|

|

|

|

|

𝑆∗
𝑣 (𝑡)−

(

𝑆𝑣0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗6(𝑡, 𝑆∗

𝑣 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗6(q, 𝑆∗

𝑣 (q)) dq
) |

|

|

|

|

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅6, (34)

and
|

|

|

|

|

𝐼𝑣∗𝑍 (𝑡)−
(

𝐼𝑣𝑍0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗7(𝑡, 𝐼𝑣∗𝑍 (𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗7(q, 𝐼𝑣∗𝑍 (q)) dq

) |

|

|

|

|

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅7. (35)

Proof. Let 𝑅1 > 0 be arbitrary. Since 𝑆∗
ℎ ∈ F satisfies

|

|

|

𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)
0,𝑡 𝑆∗

ℎ(𝑡) − 𝐗1
(

𝑡, 𝑆∗
ℎ(𝑡)

)

|

|

|

< 𝑅1,

so, by Remark 1, we are allowed to select a function 1(𝑡) so that
𝐅𝐅𝐌𝐋(𝑐1 ,𝑐2)

0,𝑡 𝑆∗
ℎ(𝑡) = 𝐗1

(

𝑡, 𝑆∗
ℎ(𝑡)

)

+ 1(𝑡),

and |1(𝑡)| ≤ 𝑅1. It follows that

𝑆∗
ℎ(𝑡) = 𝑆ℎ0 +

(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)

[

𝐗1(𝑡, 𝑆∗
ℎ(𝑡)) + 1(𝑡)

]

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1

[

𝐗1(q, 𝑆∗
ℎ(q)) + 1(q)

]

dq.

hen, we estimate

𝑆∗
ℎ(𝑡)−

(

𝑆ℎ0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗1(𝑡, 𝑆∗

ℎ(𝑡))

+
𝑐1𝑐2 𝑡

q𝑐2−1(𝑡 − q)𝑐1−1𝐗1(q, 𝑆∗
ℎ(q)) dq

) |

|

|

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫0 |

|
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T
o

(

T
(
[

H

g

𝛩

N

𝛩

≤
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
|1(𝑡)| +

𝑐1𝑐2
𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫

𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1|1(q)| dq

≤
(1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
𝑅1 +

𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2)
𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

𝑅1

=
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅1.

his means that the inequality (29) is achieved. Similarly, we can
btain the inequalities (30)–(35). □

The UH-stability is checked about the (𝑐1, 𝑐2)-fractal-fractional model
13) of the co-infection Zika-COVID-19.

heorem 6. Let (G3) be fulfilled. Then the (𝑐1, 𝑐2)-fractal-fractional model
13) of the co-infection Zika-COVID-19 is UH-stable on 𝐽 ∶= [0, 𝜏] such that

(1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿𝚥 < 1, 𝚥 ∈ {1,… , 7},

in which 𝐿𝚥’s are introduced by (26).

Proof. Let 𝑅1 > 0 and 𝑆∗
ℎ ∈ F be an arbitrary solution of (28). Also,

from Theorem 5, we assume 𝑆ℎ ∈ F as a unique solution of the (𝑐1, 𝑐2)-
fractal-fractional model (13) of the co-infection Zika-COVID-19. Then
𝑆ℎ(𝑡) is defined as

𝑆ℎ(𝑡) = 𝜘1 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗1(𝑡, 𝑆ℎ(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗1(q, 𝑆ℎ(q)) dq.

Therefore, by Lemma 2 and with the help of the triangle inequality, we
estimate

|

|

|

𝑆∗
ℎ(𝑡) − 𝑆ℎ(𝑡)

|

|

|

≤ |

|

|

𝑆∗
ℎ(𝑡) − 𝑆ℎ0 −

(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗1(𝑡, 𝑆ℎ(𝑡))

−
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗1(q, 𝑆ℎ(q)) dq

|

|

|

≤
|

|

|

|

|

𝑆∗
ℎ(𝑡)−

(

𝑆ℎ0 +
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
𝐗1(𝑡, 𝑆∗

ℎ(𝑡))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1𝐗1(q, 𝑆∗

ℎ(q)) dq
) |

|

|

|

|

+
(1 − 𝑐1)𝑐2𝑡𝑐2−1

𝐀𝐁(𝑐1)
|

|

|

𝐗1(𝑡, 𝑆∗
ℎ(𝑡)) − 𝐗1(𝑡, 𝑆ℎ(𝑡))

|

|

|

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫
𝑡

0
q𝑐2−1(𝑡 − q)𝑐1−1||

|

𝐗1(q, 𝑆∗
ℎ(q))

− 𝐗1(q, 𝑆ℎ(q))
|

|

|

dw

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅1

+
(1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
𝐿1‖𝑆

∗
ℎ − 𝑆ℎ‖

+
𝑐1𝑐2𝜏𝑐1+𝑐2−1𝛤 (𝑐2)
𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

𝐿1‖𝑆
∗
ℎ − 𝑆ℎ‖

≤
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅1

+
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿1‖𝑆
∗
ℎ − 𝑆ℎ‖.

Hence, we get

‖𝑆∗
ℎ − 𝑆ℎ‖ ≤

[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝑅1

1 −
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1 +

𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1 ]𝐿1

.

10

𝐀𝐁(𝑐1) 𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)
If we let 𝑄𝐗1
=

[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

1 −
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿1

, then ‖𝑆∗
ℎ −

𝑆ℎ‖ ≤ 𝑄𝐗1
𝑅1. Similarly, we have

‖𝐼ℎ∗𝐶 − 𝐼ℎ𝐶‖ ≤ 𝑄𝐗2
𝑅2,

‖𝐼ℎ∗𝑍 − 𝐼ℎ𝑍‖ ≤ 𝑄𝐗3
𝑅3,

‖𝐼ℎ∗𝐶𝑍 − 𝐼ℎ𝐶𝑍‖ ≤ 𝑄𝐗4
𝑅4,

‖𝑅∗ − 𝑅‖ ≤ 𝑄𝐗5
𝑅5,

‖𝑆∗
𝑣 − 𝑆𝑣‖ ≤ 𝑄𝐗6

𝑅6,

‖𝐼𝑣∗𝑍 − 𝐼𝑣𝑍‖ ≤ 𝑄𝐗7
𝑅7,

where

𝑄𝐗𝚥 =

[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

1 −
[ (1 − 𝑐1)𝑐2𝜏𝑐2−1

𝐀𝐁(𝑐1)
+
𝑐1𝑐2𝛤 (𝑐2)𝜏𝑐1+𝑐2−1

𝛤 (𝑐1 + 𝑐2)𝐀𝐁(𝑐1)

]

𝐿𝚥

, (𝚥 ∈ {2,… , 7}).

Hence, the UH-stability of the (𝑐1, 𝑐2)-fractal-fractional model (13) of
the co-infection Zika-COVID-19 is fulfilled. □

Numerical scheme via Newton polynomials method

This section shows the numerical procedures of the proposed fractal-
fractional co-infection model for COVID-19 and Zika virus dynamics.
Thus, the initial value problem of the fractal-fractional derivative is
written as
{

𝐅𝐅𝐌𝐋
0 𝐷(𝑐1 ,𝑐2)

𝜛 𝛩∗(𝜛) = 𝛥∗(𝜛,𝛩∗(𝜛)),
𝛩∗(0) = 𝛩∗

0 .
(36)

ere, the variable 𝜛 denotes the time 𝑡.
Now, fractal-fractional integral of the initial value problem (36)

ives that

∗ (𝜛) − 𝛩∗ (0) =

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝑐2𝜛

𝑐2−1𝛥∗(𝜛,𝛩∗(𝜛))

+
𝑐1𝑐2

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫

𝜛

0
ϖ∗𝑐2−1(𝜛 −ϖ∗)𝑐1−1𝛥∗(ϖ∗, 𝛩∗(ϖ∗))𝑑ϖ∗.

(37)

Eq. (37) at the point 𝜛𝑝+1 = (𝑝 + 1)ℎ, and taking 𝛿∗(𝜛,𝛩∗(𝜛)) =
𝑐2𝜛𝑐2−1𝛥∗(𝜛,𝛩∗(𝜛)) results in

𝛩∗ (𝜛𝑛+1
)

− 𝛩∗ (0) =

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝛿∗(𝜛,𝛩∗(𝜛))

+
𝑐1

𝛤 (𝑐1)𝐀𝐁(𝑐1) ∫

𝜛𝑛+1

0
𝛿∗(ϖ∗, 𝛩∗(ϖ∗))(𝜛𝑝+1 −ϖ∗)𝑐1−1𝑑ϖ∗.

(38)

Eq. (38) can now be expressed as

𝛩∗ (𝜛𝑝+1
)

=𝛩∗ (0) +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝛿∗(𝜛𝑝, 𝛩

∗𝑝)

+
𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1)

𝑝
∑

𝑞=2
∫

𝜛𝑞+1

𝜛𝑞

𝛿∗(ϖ∗, 𝛩∗(ϖ∗))(𝜛𝑝+1 −ϖ∗)𝑐1−1𝑑ϖ∗.

(39)

ow, making use of the Newton polynomial, Eq. (39) is rewritten as:

∗𝑝+1 =𝛩∗
0 +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝛿∗(𝜛𝑝, 𝛩

∗𝑝)

+
𝑐1
𝐀𝐁(𝑐1)𝛤 (𝑐1)
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E

𝛩

N
a

𝛩

L
t
f

𝛩

𝑝
∑

𝑞=2

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∫ 𝜛𝑞+1
𝜛𝑞

𝛿∗(𝜛𝑞−2, 𝛩∗𝑞−2)(𝜛𝑝+1 −ϖ∗)𝑐1−1𝑑ϖ∗

+ ∫ 𝜛𝑞+1
𝜛𝑞

𝛿∗(𝜛𝑞−1 ,𝛩∗𝑞−1)−𝛿∗(𝜛𝑞−2 ,𝛩∗𝑞−2)
ℎ

×(ϖ∗ −𝜛𝑞−2)(𝜛𝑝+1 −ϖ∗)𝑐1−1𝑑ϖ∗

+ ∫ 𝜛𝑞+1
𝜛𝑞

𝛿∗(𝜛𝑞 ,𝛩∗𝑞 )−2𝛿∗(𝜛𝑞−1 ,𝛩∗𝑞−1)+𝛿∗(𝜛𝑞−2 ,𝛩∗𝑞−2)
2ℎ2

×(ϖ∗ −𝜛𝑞−2)(ϖ∗ −𝜛𝑞−1)(𝜛𝑝+1 −ϖ∗)𝑐1−1𝑑ϖ∗

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

. (40)

quivalently Eq. (40) can be written in simple terms as:

∗𝑝+1 =𝛩∗
0 +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝛿∗(𝜛𝑝, 𝛩

∗𝑝) +
𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1)

𝑝
∑

𝑞=2
𝛿∗
(

𝜛𝑞−2, 𝛩
∗𝑞−2

)

× ∫

𝜛𝑞+1

𝜛𝑞

(𝜛𝑝+1 −ϖ∗)𝑐1−1𝑑ϖ∗

+
𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1)

𝑝
∑

𝑞=2

𝛿∗
(

𝜛𝑞−1, 𝛩∗𝑞−1) − 𝛿∗
(

𝜛𝑞−2, 𝛩∗𝑞−2)

ℎ
(41)

× ∫

𝜛𝑞+1

𝜛𝑞

(

ϖ∗ −𝜛𝑞−2
)(

𝜛𝑝+1 −ϖ∗)𝑐1−1𝑑ϖ∗

+
𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1)

𝑝
∑

𝑞=2

𝛿∗
(

𝜛𝑞 , 𝛩∗𝑞) − 2𝛿∗
(

𝜛𝑞−1, 𝛩∗𝑞−1) + 𝛿∗
(

𝜛𝑞−2, 𝛩∗𝑞−2)

2ℎ2

× ∫

𝜛𝑞+1

𝜛𝑞

(

ϖ∗ −𝜛𝑞−2
)(

ϖ∗ −𝜛𝑞−1
)(

𝜛𝑝+1 −ϖ∗)𝑐1−1𝑑ϖ∗.

ow decomposing the integral in Eq. (41), leads to the following
pproximations:

∗𝑝+1 =𝛩∗
0 +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝛿∗(𝜛𝑝, 𝛩

∗𝑝)

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 1)

𝑝
∑

𝑞=2
𝛿∗
(

𝜛𝑞−2, 𝛩
∗𝑞−2

)

×
[(

𝑝 − 𝑞 + 1
)𝑐1 −

(

𝑝 − 𝑞
)𝑐1 ]

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 2)

𝑝
∑

𝑞=2

[

𝛿∗
(

𝜛𝑞−1, 𝛩
∗𝑞−1) − 𝛿∗

(

𝜛𝑞−2, 𝛩
∗𝑞−2)

]

(42)

×

⎡

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1(

𝑝 − 𝑞 + 3 + 2𝑐1

)

−
(

𝑝 − 𝑞
)𝑐1(

𝑝 − 𝑞 + 3 + 3𝑐1

)

⎤

⎥

⎥

⎥

⎦

+
𝑐1ℎ𝑐1

2𝐀𝐁(𝑐1)𝛤 (𝑐1 + 3)

𝑝
∑

𝑞=2

[

𝛿∗
(

𝜛𝑞 , 𝛩
∗𝑞)

− 2𝛿∗
(

𝜛𝑞−1, 𝛩
∗𝑞−1) + 𝛿∗

(

𝜛𝑞−2, 𝛩
∗𝑞−2)

]

×

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

3𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 2𝑐21 + 9𝑐1 + 12
]

−
(

𝑝 − 𝑞
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

5𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 6𝑐21 + 18𝑐1 + 12
]

⎤

⎥

⎥

⎥

⎥

⎦

.

astly, substituting 𝛿∗(𝜛,𝛩∗(𝜛)) = 𝑐2𝜛𝑐2−1𝛥∗(𝜛,𝛩∗(𝜛)) in (42) gives
he general Newton polynomial numerical scheme for the co-infection
ractal-fractional model:

∗𝑝+1 =𝛩∗
0 +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝑐2𝜛

𝑐2−1
𝑝 𝛥∗(𝜛𝑝, 𝛩

∗(𝜛))

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 1)

𝑝
∑

𝑞=2
𝑐2𝜛

𝑐2−1
𝑞−2 𝛥

∗
(

𝜛𝑞−2, 𝛩
∗𝑞−2

)

×
[(

𝑝 − 𝑞 + 1
)𝑐1 −

(

𝑝 − 𝑞
)𝑐1 ]

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 2)

𝑝
∑

𝑞=2

[

𝑐2𝜛
𝑐2−1
𝑞−1 𝛥

∗(𝜛𝑞−1, 𝛩
∗𝑞−1)

− 𝑐2𝜛
𝑐2−1
𝑞−2 𝛥

∗(𝜛𝑞−2, 𝛩
∗𝑞−2)

]

(43)

×

⎡

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1(

𝑝 − 𝑞 + 3 + 2𝑐1

)

−
(

𝑝 − 𝑞
)𝑐1(

𝑝 − 𝑞 + 3 + 3𝑐1

)

⎤

⎥

⎥

⎥

⎦

+
𝑐1ℎ𝑐1
11

2𝐀𝐁(𝑐1)𝛤 (𝑐1 + 3)
𝑝
∑

𝑞=2

[

𝑐2𝜛
𝑐2−1
𝑞 𝛥∗

(

𝜛𝑞 , 𝛩∗𝑞) − 2𝑐2𝜛
𝑐2−1
𝑞−1 𝛥

∗(𝜛𝑞−1, 𝛩∗𝑞−1)

+𝑐2𝜛
𝑐2−1
𝑞−2 𝛥

∗(𝜛𝑞−2, 𝛩∗𝑞−2)

]

×

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

3𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 2𝑐21 + 9𝑐1 + 12
]

−
(

𝑝 − 𝑞
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

5𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 6𝑐21 + 18𝑐1 + 12
]

⎤

⎥

⎥

⎥

⎥

⎦

.

To proceed, the fractal-fractional coinfection COVID-19 and Zika virus
model can be written as;

𝐅𝐅𝐌𝐋
0 𝐷𝑐1 ,𝑐2

𝜛
(

𝑆∗
ℎ(𝜛)

)

= 𝑆✠✠

ℎ
(

𝜛,𝑆∗
ℎ , 𝐼

ℎ
𝐶
∗, 𝐼ℎ𝑍

∗, 𝐼ℎ𝐶𝑍
∗, 𝑅∗, 𝑆𝑣

∗, 𝐼ℎ𝑍
∗),

𝐅𝐅𝐌𝐋
0 𝐷𝑐1 ,𝑐2

𝜛
(

𝐼ℎ𝐶
∗(𝜛)

)

= 𝐼ℎ𝐶
✠✠(𝜛,𝑆∗

ℎ , 𝐼
ℎ
𝐶
∗, 𝐼ℎ𝑍

∗, 𝐼ℎ𝐶𝑍
∗, 𝑅∗, 𝑆𝑣

∗, 𝐼ℎ𝑍
∗),

𝐅𝐅𝐌𝐋
0 𝐷𝑐1 ,𝑐2

𝜛
(

𝐼ℎ𝑍
∗(𝜛)

)

= 𝐼ℎ𝑍
✠✠(𝜛,𝑆∗

ℎ , 𝐼
ℎ
𝐶
∗, 𝐼ℎ𝑍

∗, 𝐼ℎ𝐶𝑍
∗, 𝑅∗, 𝑆𝑣

∗, 𝐼ℎ𝑍
∗),

𝐅𝐅𝐌𝐋
0 𝐷𝑐1 ,𝑐2

𝜛
(

𝐼ℎ𝐶𝑍
∗(𝜛)

)

= 𝐼ℎ𝐶𝑍
✠✠(𝜛,𝑆∗

ℎ , 𝐼
ℎ
𝐶
∗, 𝐼ℎ𝑍

∗, 𝐼ℎ𝐶𝑍
∗, 𝑅∗, 𝑆𝑣

∗, 𝐼ℎ𝑍
∗),

(44)
𝐅𝐅𝐌𝐋
0 𝐷𝑐1 ,𝑐2

𝜛
(

𝑅∗(𝜛)
)

= 𝑅✠✠

𝑇
(

𝜛,𝑆∗
ℎ , 𝐼

ℎ
𝐶
∗, 𝐼ℎ𝑍

∗, 𝐼ℎ𝐶𝑍
∗, 𝑅∗, 𝑆𝑣

∗, 𝐼ℎ𝑍
∗),

𝐅𝐅𝐌𝐋
0 𝐷𝑐1 ,𝑐2

𝜛
(

𝑆𝑣
∗(𝜛)

)

= 𝑆✠✠
𝑣

(

𝜛,𝑆∗
ℎ , 𝐼

ℎ
𝐶
∗, 𝐼ℎ𝑍

∗, 𝐼ℎ𝐶𝑍
∗, 𝑅∗, 𝑆𝑣

∗, 𝐼ℎ𝑍
∗),

𝐅𝐅𝐌𝐋
0 𝐷𝑐1 ,𝑐2

𝜛
(

𝑆𝑣
∗(𝜛)

)

= 𝐼𝑣𝑍
✠✠

(

𝜛,𝑆∗
ℎ , 𝐼

ℎ
𝐶
∗, 𝐼ℎ𝑍

∗, 𝐼ℎ𝐶𝑍
∗, 𝑅∗, 𝑆𝑣

∗, 𝐼ℎ𝑍
∗).

Using the above scheme in (43) the numerical scheme for fractal-
fractional coinfection COVID-19 and Zika virus is written as;

𝑆∗
ℎ
𝑝+1 =𝑆∗

ℎ0
+

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝑐2𝜛

𝑐2−1
𝑝 𝑆✠✠

ℎ

(

𝜛𝑝, 𝑆
∗
𝐿
𝑝, 𝐼ℎ𝐶

∗𝑝, 𝐼ℎ𝑍
∗𝑝, 𝐼ℎ𝐶𝑍

∗𝑝, 𝑅∗𝑝, 𝑆𝑣
∗𝑝, 𝐼ℎ𝑍

∗𝑝) +
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 1)
𝑝
∑

𝑞=2
𝑐2𝜛

𝑐2−1
𝑞−2 𝑆

✠✠

ℎ

(

𝜛𝑞−2, 𝑆
∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2, 𝐼ℎ𝐶𝑍

∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣
∗𝑞−2, 𝐼ℎ𝑍

∗𝑞−2)

×
[(

𝑝 − 𝑞 + 1
)𝑐1 −

(

𝑝 − 𝑞
)𝑐1 ] +

𝑐1ℎ𝑐1
𝐀𝐁(𝑐1)𝛤 (𝑐1 + 2)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞−1 𝑆

✠✠

ℎ

(

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

𝑐2𝜛
𝑐2−1
𝑞−2 𝑆

✠✠

ℎ

(

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1(

𝑝 − 𝑞 + 3 + 2𝑐1

)

−
(

𝑝 − 𝑞
)𝑐1(

𝑝 − 𝑞 + 3 + 3𝑐1

)

⎤

⎥

⎥

⎥

⎦

+
𝑐1ℎ𝑐1

2𝐀𝐁(𝑐1)𝛤 (𝑐1 + 3)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞 𝑆✠✠

ℎ
(

𝜛𝑞 , 𝑆∗
𝐿
𝑞 , 𝐼ℎ𝐶

∗𝑞 , 𝐼ℎ𝑍
∗𝑞 , 𝐼ℎ𝐶𝑍

∗𝑞 , 𝑅∗𝑞 , 𝑆𝑣
∗𝑞 , 𝐼ℎ𝑍

∗𝑞)

−2𝑐2𝜛
𝑐2−1
𝑞−1 𝑆

✠✠

ℎ

(

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

+𝑐2𝜛
𝑐2−1
𝑞−2 𝑆

✠✠

ℎ

(

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

3𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 2𝑐21 + 9𝑐1 + 12
]

−
(

𝑝 − 𝑞
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

5𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 6𝑐21 + 18𝑐1 + 12
]

⎤

⎥

⎥

⎥

⎥

⎦

.

𝐼ℎ𝐶
∗𝑝+1 =𝐼ℎ𝐶 0

∗ +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝑐2𝜛

𝑐2−1
𝑝 𝐼ℎ𝐶

✠✠

(

𝜛𝑝, 𝑆
∗
𝐿
𝑝, 𝐼ℎ𝐶

∗𝑝, 𝐼ℎ𝑍
∗𝑝, 𝐼ℎ𝐶𝑍

∗𝑝, 𝑅∗𝑝, 𝑆𝑣
∗𝑝, 𝐼ℎ𝑍

∗𝑝)

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 1)
𝑝
∑

𝑞=2
𝑐2𝜛

𝑐2−1
𝑞−2 𝐼

ℎ
𝐶
✠✠

(

𝜛𝑞−2, 𝑆
∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2, 𝐼ℎ𝐶𝑍

∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣
∗𝑞−2, 𝐼ℎ𝑍

∗𝑞−2)

×
[(

𝑝 − 𝑞 + 1
)𝑐1 −

(

𝑝 − 𝑞
)𝑐1 ]

+
𝑐1ℎ𝑐1
𝐀𝐁(𝑐1)𝛤 (𝑐1 + 2)
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𝐼

𝐼

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞−1 𝐼

ℎ
𝐶
✠✠ (

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

𝑐2𝜛
𝑐2−1
𝑞−2 𝐼

ℎ
𝐶
✠✠ (

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2,

𝐼ℎ𝑍
∗𝑞−2, 𝐼ℎ𝐶𝑍

∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣
∗𝑞−2, 𝐼ℎ𝑍

∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1(

𝑝 − 𝑞 + 3 + 2𝑐1

)

−
(

𝑝 − 𝑞
)𝑐1(

𝑝 − 𝑞 + 3 + 3𝑐1

)

⎤

⎥

⎥

⎥

⎦

+
𝑐1ℎ𝑐1

2𝐀𝐁(𝑐1)𝛤 (𝑐1 + 3)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞 𝐼ℎ𝐶

✠✠ (

𝜛𝑞 , 𝑆∗
𝐿
𝑞 , 𝐼ℎ𝐶

∗𝑞 , 𝐼ℎ𝑍
∗𝑞 ,

𝐼ℎ𝐶𝑍
∗𝑞 , 𝑅∗𝑞 , 𝑆𝑣

∗𝑞 , 𝐼ℎ𝑍
∗𝑞 )

−2𝑐2𝜛
𝑐2−1
𝑞−1 𝐼

ℎ
𝐶
✠✠ (

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

+𝑐2𝜛
𝑐2−1
𝑞−2 𝐼

ℎ
𝐶
✠✠ (

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

3𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 2𝑐21 + 9𝑐1 + 12
]

−
(

𝑝 − 𝑞
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

5𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 6𝑐21 + 18𝑐1 + 12
]

⎤

⎥

⎥

⎥

⎥

⎦

.

ℎ
𝑍
∗𝑝+1 =𝐼ℎ𝑍 0

∗ +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝑐2𝜛

𝑐2−1
𝑝 𝐼ℎ𝑍

✠✠

(

𝜛𝑝, 𝑆
∗
𝐿
𝑝, 𝐼ℎ𝐶

∗𝑝, 𝐼ℎ𝑍
∗𝑝, 𝐼ℎ𝐶𝑍

∗𝑝, 𝑅∗𝑝, 𝑆𝑣
∗𝑝, 𝐼ℎ𝑍

∗𝑝)

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 1)
𝑝
∑

𝑞=2
𝑐2𝜛

𝑐2−1
𝑞−2 𝐼

ℎ
𝑍
✠✠

(

𝜛𝑞−2, 𝑆
∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2, 𝐼ℎ𝐶𝑍

∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣
∗𝑞−2, 𝐼ℎ𝑍

∗𝑞−2)

×
[(

𝑝 − 𝑞 + 1
)𝑐1 −

(

𝑝 − 𝑞
)𝑐1 ]

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 2)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞−1 𝐼

ℎ
𝑍
✠✠ (

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

𝑐2𝜛
𝑐2−1
𝑞−2 𝐼

ℎ
𝑍
✠✠ (

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1(

𝑝 − 𝑞 + 3 + 2𝑐1

)

−
(

𝑝 − 𝑞
)𝑐1(

𝑝 − 𝑞 + 3 + 3𝑐1

)

⎤

⎥

⎥

⎥

⎦

+
𝑐1ℎ𝑐1

2𝐀𝐁(𝑐1)𝛤 (𝑐1 + 3)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞 𝐼ℎ𝑍

✠✠ (

𝜛𝑞 , 𝑆∗
𝐿
𝑞 , 𝐼ℎ𝐶

∗𝑞 , 𝐼ℎ𝑍
∗𝑞 ,

𝐼ℎ𝐶𝑍
∗𝑞 , 𝑅∗𝑞 , 𝑆𝑣

∗𝑞 , 𝐼ℎ𝑍
∗𝑞 )

−2𝑐2𝜛
𝑐2−1
𝑞−1 𝐼

ℎ
𝑍
✠✠ (

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

+𝑐2𝜛
𝑐2−1
𝑞−2 𝐼

ℎ
𝑍
✠✠ (

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

3𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 2𝑐21 + 9𝑐1 + 12
]

−
(

𝑝 − 𝑞
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

5𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 6𝑐21 + 18𝑐1 + 12
]

⎤

⎥

⎥

⎥

⎥

⎦

.

ℎ
𝐶𝑍

∗𝑝+1 =𝐼ℎ𝐶𝑍 0
∗ +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝑐2𝜛

𝑐2−1
𝑝 𝐼ℎ𝐶𝑍

✠✠

(

𝜛𝑝, 𝑆
∗
𝐿
𝑝, 𝐼ℎ𝐶

∗𝑝, 𝐼ℎ𝑍
∗𝑝, 𝐼ℎ𝐶𝑍

∗𝑝, 𝑅∗𝑝, 𝑆𝑣
∗𝑝, 𝐼ℎ𝑍

∗𝑝)

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 1)
𝑝
∑

𝑐2𝜛
𝑐2−1
𝑞−2 𝐼

ℎ
𝐶𝑍

✠✠
12

𝑞=2
(

𝜛𝑞−2, 𝑆
∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2, 𝐼ℎ𝐶𝑍

∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣
∗𝑞−2, 𝐼ℎ𝑍

∗𝑞−2)

×
[(

𝑝 − 𝑞 + 1
)𝑐1 −

(

𝑝 − 𝑞
)𝑐1 ]

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 2)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞−1 𝐼

ℎ
𝐶𝑍

✠✠ (

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

𝑐2𝜛
𝑐2−1
𝑞−2 𝐼

ℎ
𝐶𝑍

✠✠ (

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1(

𝑝 − 𝑞 + 3 + 2𝑐1

)

−
(

𝑝 − 𝑞
)𝑐1(

𝑝 − 𝑞 + 3 + 3𝑐1

)

⎤

⎥

⎥

⎥

⎦

+
𝑐1ℎ𝑐1

2𝐀𝐁(𝑐1)𝛤 (𝑐1 + 3)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞 𝐼ℎ𝐶𝑍

✠✠

(

𝜛𝑞 , 𝑆∗
𝐿
𝑞 , 𝐼ℎ𝐶

∗𝑞 , 𝐼ℎ𝑍
∗𝑞 , 𝐼ℎ𝐶𝑍

∗𝑞 , 𝑅∗𝑞 , 𝑆𝑣
∗𝑞 , 𝐼ℎ𝑍

∗𝑞)

−2𝑐2𝜛
𝑐2−1
𝑞−1 𝐼

ℎ
𝐶𝑍

✠✠ (

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

+𝑐2𝜛
𝑐2−1
𝑞−2 𝐼

ℎ
𝐶𝑍

✠✠ (

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

3𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 2𝑐21 + 9𝑐1 + 12
]

−
(

𝑝 − 𝑞
)𝑐1[

2
(

𝑝 − 𝑞
)2 +

(

5𝑐1 − 10
)(

𝑝 − 𝑞
)

+ 6𝑐21 + 18𝑐1 + 12
]

⎤

⎥

⎥

⎥

⎥

⎦

.

𝑅∗𝑝+1 =𝑅0
∗ +

(

1 − 𝑐1
)

𝐀𝐁(𝑐1)
𝑐2𝜛

𝑐2−1
𝑝 𝑅✠✠

(

𝜛𝑝, 𝑆
∗
𝐿
𝑝, 𝐼ℎ𝐶

∗𝑝, 𝐼ℎ𝑍
∗𝑝, 𝐼ℎ𝐶𝑍

∗𝑝, 𝑅∗𝑝, 𝑆𝑣
∗𝑝, 𝐼ℎ𝑍

∗𝑝)

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 1)
𝑝
∑

𝑞=2
𝑐2𝜛

𝑐2−1
𝑞−2 𝑅

✠✠

(

𝜛𝑞−2, 𝑆
∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2, 𝐼ℎ𝐶𝑍

∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣
∗𝑞−2, 𝐼ℎ𝑍

∗𝑞−2)

×
[(

𝑝 − 𝑞 + 1
)𝑐1 −

(

𝑝 − 𝑞
)𝑐1 ]

+
𝑐1ℎ𝑐1

𝐀𝐁(𝑐1)𝛤 (𝑐1 + 2)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞−1 𝑅

✠✠
(

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

𝑐2𝜛
𝑐2−1
𝑞−2 𝑅

✠✠
(

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2 )

⎤

⎥

⎥

⎥

⎥

⎥

⎦

×

⎡

⎢

⎢

⎢

⎣

(

𝑝 − 𝑞 + 1
)𝑐1(

𝑝 − 𝑞 + 3 + 2𝑐1

)

−
(

𝑝 − 𝑞
)𝑐1(

𝑝 − 𝑞 + 3 + 3𝑐1

)

⎤

⎥

⎥

⎥

⎦

+
𝑐1ℎ𝑐1

2𝐀𝐁(𝑐1)𝛤 (𝑐1 + 3)

𝑝
∑

𝑞=2

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑐2𝜛
𝑐2−1
𝑞 𝑅✠✠

(

𝜛𝑞 , 𝑆∗
𝐿
𝑞 , 𝐼ℎ𝐶

∗𝑞 , 𝐼ℎ𝑍
∗𝑞 , 𝐼ℎ𝐶𝑍

∗𝑞 , 𝑅∗𝑞 , 𝑆𝑣
∗𝑞 , 𝐼ℎ𝑍

∗𝑞)

−2𝑐2𝜛
𝑐2−1
𝑞−1 𝑅

✠✠
(

𝜛𝑞−1, 𝑆∗
𝐿
𝑞−1, 𝐼ℎ𝐶

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1,

𝐼ℎ𝐶𝑍
∗𝑞−1, 𝑅∗𝑞−1, 𝑆𝑣

∗𝑞−1, 𝐼ℎ𝑍
∗𝑞−1 )

+𝑐2𝜛
𝑐2−1
𝑞−2 𝑅

✠✠
(

𝜛𝑞−2, 𝑆∗
𝐿
𝑞−2, 𝐼ℎ𝐶

∗𝑞−2, 𝐼ℎ𝑍
∗𝑞−2,

𝐼ℎ𝐶𝑍
∗𝑞−2, 𝑅∗𝑞−2, 𝑆𝑣
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Fig. 1. Numerical simulation under hybrid derivative with change in both fractal dimension and fractional order, 𝑐1 = 𝑐2 = 0.99, 0.98, 0.97, 0.96, 0.95.
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Fig. 2. Numerical simulation under hybrid derivative with fractional order 𝑐1 = 1.00, 0.95, 0.90, 0.85, with constant fractal dimension.
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imulations and discussion

The numerical results of our work, which comprise both solu-
ion routes for each compartment and a change in some parameters
nder the fractal-fractional model, are discussed in this part. The
ewton polynomial-based numerical iterative system in Section i is
sed to simulate the nonlinear fractal-fractional deterministic model.
he numerical solutions or trajectories of the newly created fractal-
ractional model were derived using the initial conditions 𝑆ℎ(0) =
600 000, 𝐼ℎ𝐶 (0) = 800, 𝐼ℎ𝑍 (0) = 24, 𝐼ℎ𝐶𝑍 (0) = 100, 𝑅(0) = 100, 𝑆𝑣(0) =
000, 𝐼𝑣𝑧 (0) = 600 for this purpose, with time step ℎ = 0.12. Furthermore,
he parameter values used can be found in Table 2.

Fig. 1 shows the numerical output of the proposed fractal-fractional
odel when both the fractal dimension and the fractional order are

aried simultaneously. It is noticed that a reduction in the fractal-
ractional orders captures different roles of memory effects on the
ynamics of disease spread. It is evident that the number of infected

umans with COVID-19 only, infected humans with Zika virus only,
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Fig. 3. Numerical simulation under hybrid derivative with constant fractional order and fractal dimension 𝑐2 = 0.95, 0.90, 0.85.
infected humans with COVID-19 and Zika virus, recovered humans and
infectious vectors reduces as the fractal-fractional order reduces, while
that of susceptible humans increases. The dynamic of the susceptible
vector shows no trajectory effect, so we did not show it here. Fur-
thermore, it is noticed that the compartmental trajectories of infected
humans with Zika virus and infected vectors with Zika virus move to
the same converging point as time increases.

Fig. 2 gives the virous numerical graphs when the fractional order is
kept at the integer order and one has the choice to vary the fractal order
only. It is observed that a fractal difference of 0.5 between each fractal
step results in different asymptotic stability for all compartmental
classes; however, there is no new visible difference in the susceptible
vectors, so it is not shown here.

Fig. 3 shows the interesting numerical graphs when the fractal order
is kept constant and only the fractional order is varied. It is discovered
that a fractional difference of 0.5 between each fractional step results in
different asymptotic stability for susceptible humans, infected humans
with COVID-19 alone, infected humans with COVID-19 and Zika, and
15
recovered humans, whereas infectious humans and infectious vectors
with Zika only converge to the same stability as time increases.

Figs. 4 and 5(a) show that simulation impacts have varying satu-
rating effects on the proposed model. It is noticed that the inclusion
of this function gives a unique memory effect of the transmission of
the coinfection model of COVID-19 and Zika. Thus, an increase in
the saturating effect increases the number of healthy individuals and
susceptible vectors, with a reduction in the number of infected and
recovered individuals. Figs. 5(b)–5(f) shows the impact of the effective
contact rate for human-to-human transmission of COVID-19 on the
model. It is noticed that an increase in the effective contact rate for
human to human transmission of COVID-19 reduces the number of
susceptible humans, increases the number of infectious humans with
COVID-19 only, has no significant effect on the number of infected
humans with Zika only, and causes an increase in the number of
infectious humans with both COVID-19 and Zika virus after 37 days
and a slight reduction in the number of recovered humans.

Figs. 6(a)–6(d) show the dynamical effectiveness of the contact rate
for human-to-human transmission of Zika in the proposed model. From
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Fig. 4. Numerical simulation under hybrid derivative with fractal-fractional order of 0.99.
his simulation, it is noticed that an increase in the effective contact
ate for human to human transmission of Zika reduces the number of
usceptible humans, increases the number of infectious humans with
OVID-19 only, shows a significant increase in the number of infected
umans with Zika only, shows a slight reduction in the number of
ecovered humans and no increase in the number of infectious humans
ith both COVID-19 and Zika virus, hence we did not show it here.

Figs. 6(e), 6(f) and Figs. 7(a)–7(c) show the dynamical effect of
ontact rate on co-infection transmission in the proposed model. It is
oticed from this simulation that an increase in the effective contact
ate for co-infection transmission reduces the number of susceptible
umans. There is no increase in the number of infectious humans with
OVID-19 only, no increase in the number of infected humans with
ika only, but a significant increase in the number of infectious humans
ith both COVID-19 and Zika, and a slight increase in the number of

ecovered humans. The numerical dynamics of varying the effective
ontact rate for vector to human transmission of Zika is shown in
igs. 7(d) and 8(b). It is noticed that an increase in the effective contact
ate for vector to human transmission of Zika reduces the number of
16
susceptibles and increases the number of infected humans with COVID-
19 and the number of infected humans with Zika virus only slightly
more than the other effective contact rates considered here.

Fig. 8(a) shows the dynamics of varying effective contact rates for
vector-to-human transmission of Zika on the coinfection compartment.
It is seen that increasing this rate does not have any significant change
during the initial days of infection until the 100th day. Fig. 8(b) clearly
shows that the rate of change in the vector to human transmission
of Zika directly reduces the number of recovered individuals. After a
numerical simulation on the effective contact rate for human to vector
transmission of Zika, it was noticed that the rate of change of the
effective contact rate for human to vector transmission of Zika does
not give a trajectory change in the compartmental dynamics, so it was
not shown here.

The trajectory change of the modification parameter of transmission
is depicted in Fig. 8(c) and Fig. 8(d). It is noticed that a reduction in
the modification parameter of transmission only affects the number of
individuals infected with COVID-19 and the Zika virus only after the
60th day, respectively.
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Fig. 5. Numerical simulation under hybrid derivative with fractal-fractional order of 0.99.
Table 2
Values in the fractal-fractional hybrid model (13).
Parameter Value References

𝛹ℎ 4108508
74.9 × 365

per day [63]

𝛹 𝑣 20,000 per day [64]
𝛼𝐶 0.00003441 Assumed
𝛼𝑍 0.000035 Assumed
𝛼𝐶𝑍 0.000035 Assumed
𝛼ℎ𝑍 0.00005 Assumed
𝛼𝑣𝑍 0.2 Assumed

𝜚ℎ
1

74.9 × 365
per day [65]

𝜚𝑣
1
21

per day [64]

𝜁1 , 𝜁2 1.0 Assumed
𝜗1 , 𝜗2 1.0 Assumed
𝛿𝐶 , 𝛿𝑍 , 𝛿𝐶𝑍 0.001 [64]
𝛾𝐶 0.015 [10]
𝛾𝑍 0.09–0.15 [60]
𝛾𝐶𝑍 0.015 Assumed
𝜑1 , 𝜑2 , 𝜑3 0.1–0.65 [58]
17
Finally, this study looks at the relative impact of the rate of re-
infection with COVID-19 or Zika in Fig. 8(e) and Fig. 8(f). It is noticed
that the rate of re-infection with COVID-19 has a small impact on the
number of humans infected with COVID-19 only and the number of
humans with both COVID-19 and Zika. The change in the re-infection
rate of humans with Zika shows no trajectory change in our proposed
model.

Conclusion

Given the recent emergence of fractal-fractional operators in schol-
arly discourse, their application in investigating the intricate math-
ematical patterns of co-infections involving diverse diseases remains
unexplored. It is important to acknowledge that our study represents
the initial investigation into the co-infection phenomenon within the
framework of the fractal-fractional model utilizing the Mittag-Leffler
hybrid kernel. That is, a new two-parametric fractal-fractional Mittag-
Leffler hybrid model for COVID-19 and Zika co-dynamics was designed
and studied to evaluate the impact of COVID-19 on Zika and vice-
versa. The local and global stability analysis were carried out for the
standard model based on the obtained basic reproduction number.
The existence and uniqueness are two important properties that we
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Fig. 6. Numerical simulation under hybrid derivative with fractal-fractional order of 0.99.
:

proved them via the fixed-point’s tools. Also, stable solutions were
investigated according to Ulam’s criterion. With the help of the Newton
polynomials, we produced a numerical scheme for each solution of
the fractal-fractional system of integral equations and dioscussed the
relevant results based on numerical simulations obtained by given real
data. We also assessed the role of two parameters of fractional order
and fractal dimension in the final outcomes of simulations. We analyzed
the dynamical behavior of each solution completely in some graphs and
found that the prevention of the spread of the SARS-CoV-2 virus has
a high positive effect on reducing co-infections with Zika. The effects
of fractional and fractal orders on epidemiological class dynamics are
also examined. Thus, healthcare systems must constantly monitor for
abnormal patterns or co-infections, especially in places where both
diseases are prevalent. Since our understanding of diseases may evolve,
it is important to consult the latest health authority guidelines.

Funding

No funds were received.
18
CRediT authorship contribution statement

Shahram Rezapour: Conceptualization. Joshua Kiddy K. Asamoah
Conceptualization, Investigation, Data curation, Writing - review and
editing. Sina Etemad: Formal analysis. Ali Akgül: Investigation. İbrahim
Avcı: Methodology. Sayed M. El Din: Conceptualization, Investigation,
Supervision.

Data availability

No data was used for the research described in the article.

Acknowledgments

The first and third authors would like to thank Azarbaijan Shahid
Madani University. Also, all authors would like to thank dear reviewers
for their constructive comments to improve the quality of the paper.

Declaration of competing interest

The authors declare that they have no conflict of interest.



Results in Physics 55 (2023) 107118

19

S. Rezapour et al.

Fig. 7. Numerical simulation under hybrid derivative with fractal-fractional order of 0.99.
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Fig. 8. Numerical simulation under hybrid derivative with fractal-fractional order of 0.99.
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