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ARTICLE INFO ABSTRACT

Keywords: The World Health Organization declared COVID-19 a global pandemic in March 2020, which had a significant
COVID-19 impact on global health and economies. There have been several Zika outbreaks in different regions such as
Zika virus Africa, Southeast Asia, and the Americas. Therefore, it is essential to study the dynamics of these two diseases,
Existence

taking into account their memory and recurrence effects. A new fractal-fractional hybrid Mittag-Leffler model
of COVID-19 and Zika co-dynamics is designed and studied to evaluate the effects of COVID-19 on Zika and
vice-versa. The stability analysis of the local asymptotic type at disease-free equilibrium is conducted for the
hybrid model. The existence of unique solutions to the model is established via some fixed point results.
The fractal-fractional model is proved to be Hyers-Ulam stable. With the help of Newton polynomials, we
obtain some numerical algorithms to approximate the solutions of the fractal-fractional hybrid Mittag-Leffler
model graphically. The impact of fractional and fractal orders on the dynamics of each of the epidemiological
classes is also assessed. In addition, empirical evidence from numerical simulations suggests that implementing
measures to contain the transmission of the SARS-CoV-2 virus can significantly contribute to the reduction of
co-infections involving the Zika virus. Therefore, it is imperative for healthcare systems to maintain a state of
constant vigilance in order to detect any atypical patterns or probable occurrences of co-infections, particularly
in areas where both diseases are widespread. Additionally, it is vital to consult the most recent directives
provided by health authorities, as our comprehension of diseases may undergo advancements over the course
of time.

Stability of equilibria
Fractal-fractional derivative
Numerical simulations

Introduction

Arbovirus diseases including chikungunya, dengue, zika, transmit-
ted by Aedes aegypti, are one of the most important health concerns
publicly in a vast area of tropical and subtropical regions. The Coron-
avirus pandemic caused by SARS-CoV-2 (the severe acute respiratory
syndrome coronavirus 2) has posed more main challenges in terri-
tories with overlapping epidemics, raising more demands for health
care needs [1]. SARS-CoV-2 and arboviruses (ARBOD) epidemics co-
occurrence has become a common concern for health organizations.
Both illnesses pose a significant risk of adverse outcomes for either

the pregnant woman or the foetus. Existing social and economic gaps
increase the risk that susceptible populations will contract Zika virus
(ZIKV) and COVID-19. Despite the fact that each disease has distinctive
characteristics, there are core concepts behind the identification, com-
munication, and mitigation of infection risk. False information spread
via social media platforms has hindered public health activities and
patient adoption of recommended mitigating actions. Health care pro-
fessionals can provide cooperation, social support, and evidence-based
information to enhance health-seeking behaviors, thereby reducing
risks for pregnant and reproductive-age adults [2]. In 2015 and 2016,
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the possibility of ZIKV infection had significant psychological conse-
quences for women who were pregnant or considering pregnancy [3,4].
The virus has the potential to cause neurological harm in foetuses, such
as microcephaly, cognitive deficits, and sensory defects. Transmission
at a low level of the ZIKV virus continues, and because the virus is
endemic, reinfection is unavoidable. Since the majority of infections are
asymptomatic, there is concern that transmission may be occurring in
the absence of recognized outbreaks, such as the silent and unreported
outbreak in Cuba in 2017 and 2018 [5]. The Centers for Disease Control
and Prevention state that there are now no active transmission sites
in the world (CDC) [6]. The World Health Organization (WHO) has
said that ZIKV is a disease that needs more research and development,
and that a ZIKV vaccine is needed to treat it [7]. In contrast to the
steady progression of ZIKV disease, the World Health Organization
(WHO) recorded 528,816,317 confirmed cases of COVID-19 as of 3
June 2022, including 6,294,917 deaths [8]. COVID-19, which is caused
by the severe acute respiratory syndrome coronavirus 2 (SARS-CoV-
2), was discovered for the first time in December 2019 in Wuhan,
China. On March 12, 2020, the WHO declared a global pandemic [2].
SARS-CoV-2, like other coronaviruses, is likely aerosolized for airborne
transmission and is conveyed by respiratory droplets [6]. This mode of
transmission has necessitated the development of national lockdowns,
concealment guidance, and social isolation measures [6]. The arrival
of the highly infectious variant viral strains 501.V2 (first identified in
South Africa) and B.1.1.7 (discovered in the United Kingdom) raises
the need to stop the transmission of this virus. Similar to ZIKV illness,
COVID-19 is often asymptomatic, and mild cases might mimic normal
rhinorrhea and physiologic dyspnea of pregnancy [6]. Last but not
least, ZIKV sickness and the ongoing COVID-19 epidemic have under-
lined the need for obvious public health concern and a commitment to
develop a rigorous mathematical model system to examine the possibil-
ities of co-dynamic transmission. For the sake of the concerns about the
spread of various infections, mathematicians provided different math-
ematical models to discuss and predict dynamics of bacteria—viruses
in the progression of diseases. In light of studying the co-dynamics of
COVID-19 with other diseases. Omema et al. [9], studied the dynamics
of Diabetes and COVID-19. Using data pertinent to the illness dynamics
in Lagos, Nigeria, the model is simulated to predict the occurrence of
peak periods in the presence or absence of comorbidity. The model
is demonstrated to undergo the phenomena of backward bifurcation
due to the parameter accounting for greater susceptibility to COVID-
19 infection by comorbid susceptibles and the rate of reinfection by
individuals who have recovered from a previous COVID-19 infection.
In other work, Omame et al. studied COVID-19 and dengue co-infection
in Brazil [10]. In the work [11], they presented a fractional-order
model for COVID-19 and tuberculosis co-infection using Atangana-
Baleanu derivative. Due to their non-local nature, fractional operators
have been used in this direction to model phenomena in medicine
and engineering. To better understand the subject, we mention several
research in which fixed point, and singular and non-singular fractal
and/or fractional operators have been utilized. Some of these mathe-
matical models are modeling of mosaic disease [12], Mump virus [13],
Hepatitis C [14], anthrax in animals [15], dynamics of environmental
persistence of infections [16], canine distemper virus [17], thermostat
control [18,19], Navier systems [20,21], pantograph equation [22,
23], Ebola disease [24,25], Zika [26], SARS-CoV-2 [27], Meningi-
tis [28], Maize Streak Virus Disease [29], Heartwater transmission
dynamics [30], Gonorrhea [31], Monkeypox disease [32,33], Corrup-
tion dynamics [34], etc. Moreover, several co-infection models have
been studied in the literature by using fractional operators includ-
ing [35-39]. A new method of differentiation has recently been stated
by Atangana et al. [40,41] in which the derivation operator includes
two parameters, the first of it is fractal dimension (order) and the sec-
ond of it is fractional order. In 2019, Atangana and Qureshi predicted
and conducted an analysis on the chaos of attractors via fractional-
fractal operators (integrals and derivatives) [42]. In 2020, Atangana
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and Araz derived novel approximations numerically for Chua attractor
by using the hybrid fractal-fractional operators [43]. Their book also
provides a complete numerical foundation on Lagrange interpolation
with respect to variable and non-variable orders. Moreover, Atangana
et al. [44] provided a new approximate numerical algorithm in the
context of Newton polynomials, which has been utilized for simu-
lating COVID-19 numerically [45]. Asamoah used this method for
simulating a fractal-fractional model of Q fever [46]. Also, due to
the high accuracy of these new operators in numerical simulation of
solutions of various fractal-fractional systems, some mathematicians de-
signed several fractal-fractional models. The outbreak of COVID-19 was
simulated in an article done by Shah et al. [47] in Pakistan via fractal-
fractional hybrid operators. Gomez-Aguilar et al. [48] provided a new
hybrid malaria model via the fractal-fractional derivatives. Ali et al.
designed another model of COVID-19 with fractal-fractional derivatives
inspired by the real collected numerical data from Wuhan [49]. Najafi
et al. [50] designed a Mittag-Leffler hybrid model of fractal-fractional
mathematical structure of dynamics of CD4* T-cells in 2022. Khan
et al. [51] extended an existing standard model of tuberculosis to
a fractal-fractional model and analyzed it. See other limited articles
including [52-54]. Since the notion of fractal-fractional operators is
still very new in the literature, it has not yet been applied to study
the complicated mathematical structures of co-infections of different
diseases. Note that our paper is the first research to study a co-infection
in the context of the fractal-fractional model via Mittag-Leffler hybrid
kernel. In this study we have contributed in the following ways:

i. We have considered a novel mathematical hybrid model for
COVID-19 and Zika, and analyzed via fractal-fractional deriva-
tive. To the best of the authors’ knowledge, there is no co-
infection model using fractal-fractional derivative in the litera-
ture.

ii. This model shall be qualitatively analyzed for existence, unique-
ness, and stable solutions.

iii. The entire model shall be simulated to examine the effect of
COVID-19 on the dynamics of its co-infection with Zika.

iv. The impact and effect of the fractional-fractal derivative on the
dynamics of each epidemiological class shall also be examined.

We organize the paper as follows: the fractional operators and
fractal-fractional operators are provided in the next section to recall
their definitions and properties. Model formulation and its explanations
are introduced in Section “Model formulation”. We also define all
parameters in this section. Section “Analysis of the model” is devoted to
analyzing some properties of the model and obtaining the basic repro-
duction number. In Section “Fractal fractional co-infection model for
COVID-19-Zika viruses”, we generalize our model to a fractal-fractional
hybrid Mittag-Leffler model of co-infection of Zika and COVID-19,
and then, in Section “Existence analysis”, existence of unique solu-
tions are established. UH-stable solutions are defined and studied in
Section “UH-stable solutions”. Our approximate numerical algorithms
are computed in Section “Numerical scheme via Newton polynomials
method” via Newton polynomials. Further, we discuss our simulations
in Section “Simulations and discussion” and concludes the paper in
Section “Conclusion”.

Preliminaries

In this section, we recall and represent several basic notions and no-
tations from fractional and fractal calculus and some known properties
required in the sequel.

Definition 1 ([55]). Let z € H'(ty,t)).t; > tg.¢; € (0,1]. The
ci"-Atangana—Baleanu derivative in the Caputo sense is given by

AB(c) [’ dz(@) o c

ABC 1
D 1) = —
20=T= g Palm7Z

1o,

(r—q)'1dq, @
10 €1
where AB(c,) satisfying AB(0) = AB(1) = 1, is a normalization function
and E () is the Mittag-Leffler function.
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Definition 2 ([55]). The ci" -Atangana-Baleanu integral is defined as

ABCTI 2(r) = Lzt + Z(q)(t — )1~ dq. @)

AB( D

[ /
AB(c)I'(cy) Jy

Definition 3 ([40]). Let a continuous map z (ty,b) — [0, 0)
be fractal differentiable of dimension ¢,. The (¢, ¢,)-fractal-fractional
derivative of z of the generalized Mittag-Leffler-type kernel in the
Riemann-Liouville sense is given as

AB !
FEML1y(€12) 7y AB(ep) d / E.[-
fp

S (- 1]z(a)da,
l—¢ 3)

fo-t 1—c; di2
0<cp,e L1,
with
d (1) —
2D _ i 20~ 2@
dq"z 1—>q 2 —q%2

which is the fractal derivative and

€1
AB(¢c))=1—-¢| + —,
1 1 ()

and AB(0) = AB(1) = 1.

Definition 4 ([40]). The (c,,c,)-fractal-fractional integral via the
Mittag-Leffler-type kernel is defined by

FFML 7(¢1:¢2) oy _ i) ge! -1
1,20 TG IABGC) (=@ z(q)dq
(1—-¢)e zfz—'
T(:)Z(l), C)]
1

if the integral is finite-valued, where ¢;,c, > 0.
Model formulation

The saturated incidence rates, which have been utilized in several
vector-host disease models [56-59], are used in this paper. The choice
is motivated by the fact that the number of effective contacts between
susceptible and infectious persons may saturate at high infective levels
caused by crowding effect of infectious persons or caused by the
precautionary measures put in place by the un-infected individuals.
In countries with high co-endemicity of SARS-CoV-2 and arboviruses
(Zika virus, as an example), this is the best form of incidence rate.
Here, we describe our model. At each time ¢+ € [0,7z] := J, the
total population of humans N”(t) includes several epidemiological
states: Susceptible humans S),(¢), infectious humans via COVID-19 [, éi ),
infectious humans via Zika I g(t), persons co-infected via COVID-19
and Zika I gz(l). Moreover, symbols R(¢) and Ig(t) denote persons
who have recovered from COVID-19 and Zika, respectively. At each
time 7, the total population of vectors NV(¢) includes several states:
S0, 15,@), which denotes susceptible vectors, vectors infected with
Zika v1rus Susceptible humans get infected via COVID-19 under the

1"
rate - ;‘;h Individuals in this state also acquire Zika either from
. . [ay l +a W]
infected vectors or from infected persons under the rate 1+—

(Human-to-human) transmission of Zika has been established in Y the
literature [60]. Susceptible persons can also get co-infected via both

COVID-19 and Zika under the rate —Z ’CZ

@3 adjust the appropriate form of the 1nc1éence which determines the
rate of new infection. For instance, if ¢, = 0, the equivalent incidence
is reduced to the mass action or bilinear incidence. However, if ¢, # 0,
then the corresponding incidence becomes a consequence of saturation
effects; when the infected number is high, the incidence rate will
respond more slowly than linearly to the increase in the corresponding
infected compartment. Individuals in this group suffer natural death
(just as those in other epidemiological groups) at the rate ¢,. The
death rates as a result of COVID-19, zika or co-infection are assumed

. The constants ¢, ¢, and
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6¢.65 and 6.4, respectively. Also, recovery rates from COVID-19, zika
virus or co-infection are assumed y.,y, and y.,, respectively. Humans
who have recovered from COVID-19, Zika or co-infection can §et re-

infected with either COVID-19 or Zika virus at the rates 9 17 1" and

) [azllf(:oﬁ z , respectively. It is important to state at this point, that
the rate of getting re-infection with either COVID-19 or Zika is the
same as the rate of incident infection for susceptible individuals. This
is also the motivation for the single recovery class in the model, as
nothing is known about infection acquired cross-immunity between
COVID-19 and zika virus. Recovery from one disease does not give an
individual protection against infection with the other disease. Thus, we
set 9, = 9, = 1. By considering above assumptions, we can design our

fractional model for this co-infection Zika-COVID-19 as

h h h v
acl [a 17, +a’ 1]

ABCDgltSh(t) :Th— Ch + 4 zZ Z
’ I+l

+0h>Sh,

= (S, +9,R)
1+<pllg o

1+,11%

acz1g,
1+ (p3IgZ
h

acl
ABC ¢t ph c
D, 1e(0)

Glaglh +allb]
— (8¢ +rc +op) I = —————=1,
L+ @,1;
la 1% +al12]

ABCyC1 1h
DI )
0z 1+(p2]g

(S}, +9,R)

h
bacle
L+ 18 % 5)
é’l[azl +al IZ]
1+ @It

—(6z+vz+0,) I -

h
aCZICZ
T+ogsIk,

ABC 1 yh —
Do,;lcz(t) - C
bHoae é
— bcz+vczto 1,
1+(p11h z (CZ cz h) cz

ABC ¢
DgftR(t) =yl +y Il +yc Ik,

dacll  Ola Il +al1y]
—\ont 7 R,
1+ o,I7
ABC ‘1 v

DS =P'-|—2——+0,]8,
00 <1+<pzlg+<p31gz v

h h

ay, (1% +10 )

ABCHC1 v v
Dy ly(0) =_———"——8,-0,7,
L+ .10 + o3I, v

1+(pllé’,
' (Th 4 Th
a (I +1c,)

where all parameters are introduced in Table 1.

Analysis of the model

In this part of the research, we shall analyze the co-infection model
(5) qualitatively without controls.

Boundedness and positivity

The positivity of the solutions in all time 7 > 0 is one of the most
important properties for the given system (5) of the co-infection.

Theorem 1. The closed set K = K" x KV with

= {(Sh,l" 15,12, R) € %),

v
PSS, + 15 <T—},
Oy

n
. ho Th o, 7h bd
NS L N Z+R<Z},

— ) 2
= {(50,1;) en?

is positively invariant w.r.t the co-infection model (5).
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Table 1
All parameters of the hybrid model (5).
Description
wh Human recruitment rate
yr Vector recruitment rate
ac Effective contact rate for (human-human) transmission of COVID-19
ay Effective contact rate for (human-human) transmission of Zika
ey Effective contact rate for co-infection transmission
afl‘ Effective contact rate for (vector-human) transmission of Zika
aé Effective contact rate for (human-vector) transmission of Zika
on Human natural death rate
0, Vector removal rate
.6 Modification parameter
9,9, Rate of re-infection with COVID-19 or Zika
6¢.67.6¢c, COVID-19, Zika, co-infection disease-induced death rates, respectively
Y COVID-19 recovery rate
vz Zika recovery rates
Yez COVID-19 recovery rate

@1, P2 P3 Parameters accounting for saturating effect

Proof. We add all equations of the co-infection model (5) in relation
to the human components and obtain

ABCDY N" = Wh — 0y N"(t) =[5 I¢ + 621 + 3071 1. (6)

From (6), we have

W' — (o +35)N" < APCDI N <" — g, N",

where 6 = min{6.,6,,6.,}. Now, we re-write it as

ABCD(L)'LNh <ph_ o, N". %)

With the help of the comparison theorem for the latter inequality, and

by some simplifications, we write

N < 2 ®
On

Hence, for the total population of humans, we have N”(t) < i ast—
oo. The same procedure can be used to show that the total pg'f)ulation
of vectors is bounded, i.e., NY(¢) < 5:—“. Consequently, the co-infection
model (5) admits a solution in K = UlCh X KV, which implies that the
given co-infection model is positively invariant. []

The basic reproduction number R,

The co-infection model (5) admits a DFE (disease-free equilibrium
point) whenever we set the right-hand sides of the system to be zero.
In this case, DEF point is

wo = (Sg’lho 1h0 IhO RO,SO IUO)

c > z>'cz v Z
h v
= <T—,O,0,O,O,T—,O>.
Qh 017

The stability notion for DFE point is derived with the help of a method
called the next generation operator [61]. To do this, we write the
transfer matrices, respectively, as

acS) 0 0 0 M, 0 0 0
po| 0 azsy 0 syl |0 My 00
1 o 0 aczS) 0o | “lo 0 Mz OFf
0 as S0 al SO 0 0 0 0 o,
©)]
where

My=bc+rctopn My=6bz+rvz+0p Mz=écz+rcz+0h
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In this case, the basic reproduction number of the given co-infection
model (5) is obtained by

Ry = p(FV™!y = max{Ryc, Ryz. Roc 7}

where Ryc, Ry, and Ryc, stand for the corresponding reproduc-
tion numbers for COVID-19, Zika and co-infection of both diseases,
respectively, and are formulated as

2 )
P ac Sy R laZS;l) . 1 ayS) N 4a'Z’aUZT’“FL
c="T 0 Pz T M, PV
aCZSg
Rocz = M,

If we let the corresponding reproduction number of the (human-to-

human) Zika transmission and (vector-to-human-to-vector) Zika trans-
a;a%'l’hll’“

ay 9
“0 and RY = £

My v Mo
corresponding reproduction number of Zika can be represented by

_lon 1 [om 2
ROZ—§ROZ+§ Ry, +4R(,.

Local asymptotic stability

mission be Rgz = , respectively, then the

Theorem 2. The DFE point, v, of the given co-infection model (5) of
COVID-Zika has the property of the local asymptotic stability if R, < 1.
Otherwise, it is unstable if Ry > 1.

Proof. To establish the local asymptotic stability for the given co-
infection model (5) of COVID-Zika, we analyze the Jacobian matrix of
the system (5) computed at the DFE point H,,, and we have

—ac 252 —ah S0

0 0
—acS, —azS,

On 0 0 z°h

0 acS?—M, 0 0 0 0 0

0 0 az S — M, 0 0 0 al,

0 0 0 aczS0-M; 0 0 0

0 Yc Yz Ycz —Op 0 0

0 0 —(1;.5'3 —a;SS 0 -0, 0

0 0 a’, S0 a’, S 0 0  —p

10

The eigenvalues are given by
Al =-0, Ay =—¢, (with multiplicity of 2), an

and regarding the solutions of three equations

(A+ M1 = Rye)) =0,
P+ (My+o0,—az8)) A+0,My(1 =R}, — RUZ) =0, 12)
(A4 M3(1 = Ryey)) =0,

by utilizing the Routh Hurwitz rule, all three Egs. (12) will admit
roots with negative real parts iff Ry < 1 and R, < I, respectively.
In conclusion, the DFE point H, admits the property of the local
asymptotic stability whenever R, = max{R,c, Ry, Roc~} < 1, and the
proof is completed. []

Fractal fractional co-infection model for COVID-19-Zika viruses

In this section, we intend to generalize our model of co-infection
Zika-COVID-19 (5) to a fractal-fractional model via the generalized
Mittag-Leffler type kernel. We consider all dynamics of transmissions
and parameters mentioned in the fractional model (5) and Table 1,
and design an extended model with respect to fractal dimension ¢, and
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fractional order ¢, as follows

(c1,¢2) aclg
FFMLDI 1[» 2 Sh(t) — q/h _
0 1+ (pllé'.

la I8 +a 151 ac, Ik,
n W ton | Sw
L+ o,I; L+@317,
h
acl
FIMLD D () = ——<—(S), + 9, R)
0 L+ 17

Gla Il +al 18]
—(6c+yc+op) It - 2 EZ_Z 2 qh

1+(p212 ¢
FFML (¢1.¢2) 14 lag 1) +a 1))
DVPIR = —E 22 (S, +9,R) - (5
1ot z h h 2 z
0 L+@,I)
Lacll
+7z+0p) I — ——S 11,
L+ It (13)
h h h yo
FEML7)C1e2) ph ) aczlcy : Cl[azlz"'“zlz]lh
ot "CZ L+ g1t 1+g,I" ¢
Czacfg
h h
—— 1, —(bcz+rcz+on) Iz,
ol 7 )1¢,

FFML 75(€1.¢2) _ h h h
D,OL Y R() =vclg+vz1% +rczll,
Sacll  Ola Il +al1l]
| ont 7 7 R,
L+ I 1+ o,17

orh o Th
-— ay(Iy+17,)

L+ @08 + 1t

vrh h

aZ(IZ +IC

FFML 1y(¢1.¢2)
D8,

+OU>SU,

)
z S, - oUI;,

FFML (¢1.¢2) yv
D ey =—
‘ot L+ oI + 310,

z

for each r € [0,7] := J, where FFMLD;?;C” denotes the (c,, c,)-fractal-
fractional derivative of the Atangana-Baleanu type. In this model, the
initial conditions are

Sp0) = Spo. 1O = I, 15O =15, I8,0)= 1],
RO) =Ry, S,00)=S,, I,0)=1Y,

where Sy, I, 1% 1"

co' 120 1¢ 700 Ros SUO,I;O are nonnegative.

Existence analysis

In the current section, we get help from the well-known theorems
of fixed point theory to investigate the existence property. Take the
Banach space X = F7, by assuming F = C(J, R) via the norm

KL = I(Spo 18, 15 1

2 RS, TY)|ly =sup{|P(0)| : tE T},

vtz
for
[P| =[S+ HE + 1151+ 12,1 + IR+ |S,| + [15].

Further, for the simplicity, the right-hand side of the (¢, c,)-fractal-
fractional model (13) of the co-infection Zika-COVID-19 can be rewrit-
ten as

h h h yv
aclg lazI +a,l}]
X, (1.5,(0) = ¥" - 1 h 0
+o 1 L+ @y17
h
acz1
+ ——Z 40, ) S
L+ g3l
h
acl
X, (1, I2(0) = —Ch(Sh +981R) = (8¢ +7c +op) I
L+ 1
Glagll +a1l] |
- = C7
1+(pzlg
la 1% +all 12

X; (1. 18(0) = (Sp+9,R) ~ (65 +77 +oy) 1L

1+(p212
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Gacly
1+(pllg z
h ho o hpo
X Th ) = aczIc, [aZIZ+aZI§]Ih
4(’ cz())— 1 Ih 1 Ih c
To3lcy T @iy
h
aCIC i i
ol 7~ Bez +rez+on) ey,
Xs(t.RO) = ycIt + v, 1% +ve 18,
acll  Olaylh +alll]
- 0h+ m + n R,
L+ 1¢ L+ @15

al, (I + 11 )
X(t,S‘(,))zlpv_ __zvz ¢z’ 0, )S,,
R L+ @ 0" + gyl v

Pl +o3lc,

v rh h
a,(I7 +10,)

X, (n15(0) = —=—=—=—
z 1+(pzlg+(p3lgz

v 0ol 14

Now, the (¢, ¢;)-fractal-fractional model (13) of the co-infection Zika-
COVID-19 is reformulated by

ABRDG, Sh(®) = 627X, (1,.5,)),

ABRD TR(1) = cp1271 X, (1, 12()),

ABRD T2.(1) = cp127! X5 (1, TR (1)),

h¢ ABRD(C)l;Ié"Z(I) — Czt"l_lX4 (l‘, Iél‘z(t))’ (15)
ABRDE, R() = 6127 X (1, R(O)),

ABRDLS (1) = ea127 ! X (1,.5,(1)),

ABRDS;I;(I) = 0127 1%y (1, 15(0)).

Now, we consider the system (15), and reconstruct the extended men-
tioned system in the form of the compact initial value problem

{ABRD&SK(’) = o127 IX(1, K@), 16)
K(0) = K,,
by assuming
K(1) = (S,(0. 1L, 150), I, (1), R©). S, (0. 15()) ",
Ko = (Sno- 180+ 150 1¢ 70 Ro- Svo- Iéo)T’ e e € (0,11, a7
and
X (. 8,(),
X, (1, IEM),
X, (1. I (™),
X(.K®0) =X, (. 17,0)). as)
X;(t, R(1)),
X (1. 5,0)).
X; (1, 151), t€J

Definition of the non-singular fractional ABR-derivative gives (16) as

AB(c)) 4 [! ¢ . o
L [ e e K = et X KG). (9)

Moreover, taking the fractal-fractional Atangana-Baleanu integral on
(19), it yields

3 (1 = ¢)eyte2!
K() = K(O) + —— 12— X K()
1
fic g2 (r - )1~ X(q, K(@) dg. (20)

+ I'(c))AB(cy) Jo

By considering the above basic fractal-fractional integral equation,
we obtain the following extended system of fractal-fractional integral
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equations as

(1= ¢)eyte2!

Si0 = Sn+ —xgey

X (1, Sp(1)
€16

* I'(c;)AB(c;)

(1= ¢p)eyte2!
AB(cl)

t
a2t — 17X (q. S (@) da,

1hay =18, + X, (1, 1)

n €1
I'(c;)AB(c))

1- cl)cthrI
AB(c))

9271z — 971X, (g, I2(9)) dg,

Ihay =18, X1, 15(1)

€16
I'(c))AB(c))

(1 —cpeyt2!

t
g2~ — )7 X5(q, 12(a)) dg,

1h =18+ ABG)) X, 15,0)
cicy t el o .
TenABGy) J, 17 U - 97 X e (@) da.
1-— cp—1
RO = R+ 1:1;)(‘;2') " X,(t, RO)
1
cicy 1 ool o
TeABGE) J, 7 U~ @7 Xs(@ R@)da,
— cp—1
SU(I) = SUO + %Xﬁ([, Sv(l))
1
cicy 4 onl -
T ABE) J, & €= 07 Xe(@ Sp@) da.
v v a1- Cl)cthZ_] v
;0 =17+ T(CI)XW, 1)
cicy . - .
TenABGy J, 17 (=97 X Iz (@) da.

We regard a new map to investigate a fixed-point problem, by giving
T:X—>Xas
(1= ¢p)ept2!

T(K()) = K(©0) + AB(,)

X(t, K@)

<19 tcfl _ -l
Te)ABGE) q27 (1 = )17 X(q, K(q)) dg. 21

In relation to the existence property of solution on the (c;,c¢,)-
fractal-fractional model (13) of the co-infection Zika-COVID-19, we use
the following:

Theorem 3 ([62] Leray-Schauder theorem). Let X be a Banach space,
U C X a convex closed bounded set, G C U an open set, and 0 € G. Then
for the continuous and compact map T : G — U, either:

(HY1) 3xeGs.t.x =T(x), or
(HY2) 3x€0Gand 0 < u <1 s.t. x = uT(x).

Theorem 4. Let X € C(J x X, X), and also assume:

(G1) 3F € L'(J,R*) and 3Y € C([0, ), (0, 0)) (Y is non-decreasing)
st.VieJand K € X,

|X(. K| < FOY(K®)):

(G2) IR >0 s.t.

(1 ) -1 cgl}i—cz—lr( ) > 1 22)
—c)eT cieT cy

FXY K
[ AB(¢)) F(c]+c2)AB(c])] YOV + Ky

with Fy = sup,e; [F()].

Then for the fractal-fractional problem (16) and so, for the (c|, c,)-fractal-
fractional model (13) of the co-infection Zika-COVID-19, at least a solution
exists on J.
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Proof. To start our argument, consider 7 : X — X given by (21) and
Np = {Ke X K|y < R}, for some R > 0.

Evidently, the continuity of X implies that of the operator 7. Now (G1)
gives the following estimate

‘T(K(l‘))| < )K(O)| + 1- Cl)cztcz—l

ABe) |X(t. K@)

_aa [ a2~ (1= )1~ [X(a. K(@)| da
I'(c))AB(c)) Jo
1—cpeyter”!
<K, + %P(r)Y(IK(OI)
1
t
c1¢) -1 -l
g2t — ' F@Y (IK(g)]) dg

+ I'(c))AB(cy)

(1= ¢;)epre2! c16717 271 B(cy, ¢p)

<K,+ AB(c) FoY(R) + T@e)AB(,) FoY(R)
B (A =cpeyra™t | c1671* 27 M (cy)
=Kot =By 0 R BT oy 0 R

for K € Ny. We get
—cDept™ eyt (ey)
AB(c)) AB(c)I(c| +¢c,)

So |ITK|lx < o and T is uniformly bounded on X. In the following,
choose 1,z € [0,7] := J arbitrarily with r < z and K € Ng. Take

1
ITKlx < Ko+ [( ]rgY(R) <. (23)

sup XA K@) = X* < 0.

. K)eJxNg
Then
( —cl)czz”rl
T(K(z)) - T(K(l))) < AB(c) X(z, K(z))
1
(1 —¢p)eyre2!
T TABe) X(t, K@)
¢i6 R -1
+ T(c)AB@) q?27(z = 9)'” X(q,K(q)) dg
‘1% g -1
T TEeABE) J, q27 (t — )17 X(q, K(q)) dq
e

c16X

=1, _ ~e—1
+F(cl)AB(cl)‘/ T (z-" T dg

—/ N (A dq‘
0

(1 —cp)e X*

= TAB(c)
c16,X*B(cq, ¢5)

I'(c))AB(c)

(1 —cp)e X*

~ TAB(c)

c16,X*I'(cy)
I'(c; +¢y)AB(cy)
where (independent of K) (24) tends to 0 as z — ¢. Therefore,

( -1 _ 15271)

[Zc1+cz—1 _ tcl+c2—1]

( -1 _ 152*1)

[Zc1+c2—l _ tcl+02—l]’

tim | 7(K(2)) = TRl =0,

and T is equicontinuous, and so it is compact on Ny by referring to
the Arzela—Ascoli theorem. Since all the conditions of Theorem 3 to be
held on T, thus one of (HY1) or (HY2) will be valid. From (G2), set

@ ={KeX: ||K||X<£R},

(1 =ceyr2™l cjeyr1t271 1 (cy)
AB(c)) I(c, + ¢,)AB(c)

R. With the help of (G1) and by (23), we estimate

et 271 (ey)

I'(c; +¢c)AB(c))

for some R > 0 via K, + [ ]P;;Y(m) <

(1= cp)eyre2!
AB(c)

ITKlL < K+ [ForaKi. @)
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Next, we consider the existence of K € 0® and 0 < u < 1 with
K = uT(K). For these selections of K and yu, and by (25),

R =Ky = ulTK|lx

(1 =2l et (cy)
Ko+ | [Forax
<Rt [T X8 T(e, 7 c)AB() ) oY (Kl
(1 =cpeyr2™l et (cy)
<K +[ ]F*YER <R,
oI TABC) T T + oAby ) 0 Y

which is impossible. Therefore, (HY2) does not satisfy and T possesses a
fixed—point in @ by Theorem 3 which is the same solution of the (c;, c,)-
fractal-fractional model (13) of the co-infection Zika-COVID-19. []

To prove the uniqueness of solution of the (c,, ¢,)-fractal-fractional
model (13) of the co-infection Zika-COVID-19, we investigate the Lip-
schitz property for the kernels X,0=1...7) considered in (14).
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h h
B Gilag I +azlg]1h ]
c
1+ @It
[ ach*
1+(pllg*

Glaglh +al 1)

(Sp+91R) = (8¢ +7c +04) 12

1+ q,I2 e ] ”
<[ ac(Sy +8,R) + (B¢ + re +05)
+ 8 Il + 1Y) | AW — 1X @)
<[ acUISull + 8, IRID + (¢ + v + 04)
+ i az ITL N+ B I T5 1) | ITE@ = 1E Ol
<[ acle +8,x5) + (B¢ + e + op)

+ 8oz + ) | 1A — I @]

= Lyl 10 = I ).
Lemma 1. Let S, I8, 18,10 . R.S,. 1Y, S; 1B 10, 1 R*, 5%, 19" €
F :=C(J,R), and for all t € J, 1+ @, I5(1) > 15), 1+ @ 1%(0) > 15.(1),

and

This shows that X, is Lipschitz w.r.t. I g with constant L, > 0.
For X3, we choose I g I g* € F := C(J,R) arbitrarily. Then

X5 (8 I20) = X5 (1, I 0) |l

(G3) 1. 53, x3. 3. X5, X0 7 > 0 5.8 Syl < 1, MEN < 3, LN < 63,
22,1l < x4 IRI< x5, 18,11 < x6 and (1] < 5.

Then X;,X,,X3,X,, X5, X4, X, defined by (14) are Lipschitz with L,, L,,

[a 1% +a? 18]
| [, g
L+ @15

L, Ly, Ls, Lg, L; > 0, whert Laclh
3 S Bso Do S > T Wiere —(z+rz+00) I - — Z]
1+ I!
Ll=acxz+azx3+agu7+aczx4+ah>O, - e
h laz 17" +aj17]
Ly = ac(x +91%5) + (6¢c +vc +0p) + &1 (azxs +ayxq) >0, - [ — = 2 Z2(S,+%R)

Ly = (az +a) + 925) + (6 + 77 + o) + braciy > 0,
Ly=aczx; +(6cz +vcz +05) >0, (26)
Ls =0+ 9100 + 903 + 1920/2}{7 >0,

Lg = a3 +ayxy + 0, >0, L;=09,>0.

Proof. For the function X,, we choose Sy, S, € F = CWU,R)
arbitrarily. Then

X, (£ S, () =X, (£, SE®) I

a1
=” [Th_(1+c(plclg+

h

acz1,

+ —— 40, S, ]
1+ @310,

h
acl
—[Th— <+
L+l

[azlg +a§[§]

1+ @I

h o o h
laz17 +ayl7]

1 +(p212*
h

—(8z+rz+on) 1Y - %I? ] H
<[ (ay +al)( Sy + R + 67 +77+0p)
+oac It | 110 - 12|
<[ (az +a)USHI + %N RID + Bz + 72 +05)
+OacllI2 ] 150 - 15l
5[ (ay + ag)(;{l + 9y%5)+ (6, +v7 +0p)
+Gacn | 1150 - 15Ol
= L1150 - I ).

h
For X,, we choose 12,

X4 (2, 12, (0)) = Xy (1, 125,0) |

This shows that X; is Lipschitz w.r.t. I g with constant L; > 0.
1%, €F := C(J,R) arbitrarily. Then

h : h
1+q,I% _ ” [ aczIl, gl[azlgﬂxglg]lh Gacll
= h
acz1l, L+oyllh, L+ yIh ¢ 1+ g1 z
s )]
T+ ough o )"n ~(8cz +vez +on) It
P3lc, cz TYcz T0n) 1oy
) By ko " , n
S”[ acls lazI7 +aZ 1] ~ [ acz 1 Cl[azlg+aglé]1h Gacly
1+(ml£ 1+(021§ 1+(p3lg*z 1+(pzlg ¢ 1+q211g z
h
acz1 h
—cz +ph] (S,,(r)—sj;(r))u ez +7cz +0h)1c*z] “
14+ @51
P3lcz

<[ aclIil +az 1 + o TSl
+acz 1,1+ oy | 1S40 = S; 0l
< lacxy + azxs + alyxg + acz x4 + 04| 11S,0) = S; Ol
= L|IS,(1) - SEo)ll-
This shows that X is Lipschitz w.r.t. §;, with constant L, > 0.

For the function X,, we choose I g,I C’i* € F := C(J,R) arbitrarily.
Then

I1X, (1, 18 @) = X, (1, 125 )|

tele S, +9,R) — (5 "
Mmoo trera it

This shows that X, is Lipschitz w.r.t. I”

< aczSh+ Gez +rez + o] I, (0) = T2 @l

< [acZ ISkl + Gz +vez + oI, (0 = IE, Ol
< aczx + Gz +vez + oI, = IE, O

= L1k, - 1150l

cz
For X5, we choose R, R* € F := C(J,R) arbitrarily. Then

X5 (1, R0)) — X5 (1, R*0) |

= ” [ yclé', + yZIg + Yczlgz

lay Il +al1]
-\ on+ n R:|
L+ @,I7

191aclg

h
T+ I

with constant L, > 0.
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h h h cjc !
_ [yCIC+yZIZ+yCZICZ ﬁ 4210 — @)X (g, I (@) da,
acll  Olaylh +ah 1] (enaBle)
_ 19l olazliz +azlz « (1 —¢p)eyr™! *
<"h Y Trodt T T 14 I3 )R ] ” 10 = 10, + — X3 (1. 15 (1)
Pilc P2 AB(c))
Sacll  9la Il +al1l €6 " -1 o
< [op + + IR(t) — R*(0)|| + 00— [ 4?7 (-9 X3(q,I7°(9)) dq,
1+ Ik 1+ q,I1% = F(C1)A1(31(C1) L
< fon + 91acllIEl + 920z 151+ 90 LI IR@) = R )] @ =1k, + 1:];—(62))(4@, A0
€
< on + 91aciy + 90750 + 820:'2';{7] IR — R* (0| e Co 1 i
cy— c1— *
= LslIR() = R* 0. * T(c)AB(c)) Jo 9270 = "Xy (@, [z (@) da,
This shows that Xj is Lipschitz w.r.t. R with cogstar.lt Ls>0. R¥() = Ry + (1 = epeyr2™! X(t, R (1)
For X¢, we choose S, S* € F := C(J,R) arbitrarily. Then AB(c))
t
ciC _ - *«
X6 (£, 5,(1)) =X (1, SE D) + m g2~ (r = )17 Xs(q, R*(@) da,
ay(I2+1%) -1
=|[pr - S22zl S] o (1 —¢p)eyr® .
H[ < 1+ (leg + (p3lgz v v Sp) = S0+ AB(c)) Xo(t: S,(®)

‘ €16

t
_— co=ley _ yep—1 s
* T)ABG@) 427 = )% Xe(q, S5 (a)) da,

S (I +17 )
(g e ) s)]
L+@yl; + o310,

(1 = ¢p)eyte2!

v rh h vk v vk
< [% + oIS, - S0 0= Izot Aw) Xl 17 0)
< @S ITLN + @Y 12,1+ 0,] 1S, — S @)l + W;(CO / 02710 = 7 X (g, 15 (@) da.
< ol + alixy + 0] 1S, = SOl Now, we can estimate
= LellS, () = Syl 1—¢p)eyre2™!

15,0 = S;0)] < & LAGAGES AAD)

This shows that X is Lipschitz w.r.t. S, with constant Ly > 0. AB(e;)

Finally, for X;, we choose I 717 €F :=C(J,R) arbitrarily. Then

I1X (1, 15,(0)) — X5 (1, 15 ()

n €16
I'(c))AB(c))

t
x / 9271 = )1~ [X (10, 5, (00)) = X, (0, S (0))| o
0

” [ (I + I
1+(p2["+(p31h v Z S&LIIIS;,—S*II
AB(c))
aZ(IZ + ICZ) i ‘
-l + 12 [ gorlg— g1 LS, - S}l dw
oI+ o310, (c)AB(c)) "

Lol - 17l [(1 —cer2™lejey I(ey)rerte! ]L IS, — S*

= Lyll1y (0 - 15 ). L AB() T(ey +¢)AB(ey) | 717707
This shows that X; is Lipschitz w.r.t. I, with constant L; > 0. The and so
proof for all seven functions is completed. [] B [(1 — et e l(eg)riter! L )i, — 55 <0

AB(c)) T(c; +c)AB(cy) I )1on— =nlt =

Theorem 5. Let (G3) to be held. Then the (c,, ¢,)-fractal-fractional model

- . . - A The above inequality holds when ||S;, — S;|l = 0, or S, = S;. In the
(13) of the co-infection Zika-COVID-19 has a unique solution when

similar manner, from the inequality
cptey—1

(1 =c)epr@2™l cieyI(ey)T ] (1 =¢;)e,re2 ! I'(cy)rer+ea—!
L <1, Gef{l,...,7}), 27) h _ yhx <[ €1)eT ciel ()T ] h _ rhx
[ AB(c)) T'(c; + ¢)AB(cy) 17 e =1l < AB(c)) I'(cy +¢)AB(cy) Eallfe = 1cll.
and L,’s are introduced in (26). we reach to

(1 =c)epr2™l ey M(ey)rerte! h ks
Proof. We assume that the conclusion of theorem is not valid. Hence 1- [ AB(c) + T, + c)AB(c )]Lz & =127 < 0.
there exists another solution for the (c|,c,)-fractal-fractional model ! e !

(13) of the co-infection Zika-COVID-19. Assume that (S7, I2*, 1%, 12 This is true when || T2 — I2*|| = 0 or I} = I/:*. Moreover, the inequality

cz’
R*, S}, 157) is another solution under the initial value COIldlthl’l _ _
) 1 —cer2l cpepI(cy)rerte!

(
I - i< | L5tz = 22,

(S3(0), 110, 12 (0), I12,(0), R*(0), 57(0), I5°(0)) AB(c)) I'(c; +c)AB(c))
= (ShO’Ico’Igo’lgzo’RO’Svo’I;o) yields
. Then by (20), we have 1 [(1 - 61)6’276271 clczr(cz)rﬂlJrCz*l ] ”Ih ~ Ig*” <0,
(1= eppeyrer-! AB(c)) I'(c; +¢)AB(cy)
fep — o "
Sh®) = Sho + AB(c)) X, 5, (0) Hence I" = I*. Accordingly, we get I  =I, R=R*, S, = S* and
N c¢y I, — 1. Consequently, for each t € J, we get
I'(c;)AB
(cl)AB(e) (SHO. TR T, T, (0, R S, (00, T5(0)
x / 927! = 77X, (@, S} (@) da, = (SHOIE D). 150, 18,0, R 1), S; (). 15()).
0
" s (1 =cpegree! e This means that the (c,c,)-fractal-fractional model (13) of the co-
I =15+ T(cl)xz(f’ 125 () infection Zika-COVID-19 has a unique solution if (27) holds. []
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UH-stable solutions

In the sequel, we investigate the UH-stability notion in relation to
the system of the (c,, ¢,)-fractal-fractional model (13) of the co-infection
Zika-COVID-19.

Definition 5. The (c¢|,¢,)-fractal-fractional model (13) of the co-
infection Zika-COVID-19 is UH-stable if 30 < QX] eR,ye{l,..,7}
s.t. VR, >0, and V (7, I8, 1%, 1% | R*, 8%, 15") € X satisfying
FIMLDE2) 5 (1) - X (1, S;;(z))| <R,

FEMLD2) 1 (1) = X, (1, lg*(z))| <R,

FEMLD2) 1 (0) = X5 (1, 1;*(1))| <R,

FEMLDEED 1 (6 = Xy (1 185, 0)] < Ry,

FEMLD2) R (1) - Xs (1, R*(t))‘ < Rs,

FEMLD(12 5% (1) = X1, Sj(z))| <Ry,

FEMLDT) 155(1) = X, (1, 1;*(:))‘ <R, (28)

3(Sp, Ig, I;, Igz, R,S,.15) € X satisfying the (c,, ¢,)-fractal-fractional
model (13) of the co-infection Zika-COVID-19 with

’S;—ShlstlRl’ ‘Ig*_lg)SQ’”Rz’

h h h h
)Iz _’Z‘SQX3R3’ |[CZ_ICZ‘SQX4R4’

R* - R| < Ox_Rs, )Sj - S,| < Ox, Ry
1Y — 15| < Ox, Ry

Remark 1. (S;:,Ig*,lg*,lg"Z,R*,S:,I;*) € X is termed as a solution

for (28) iff 3G;,...¢; € C([0,7],R) (depending on S}, I2*, 14*, 1%,
R*, Sy, 17", respectively) so that V¢ € J,

M 16,0l <R,

(ii) We have

FRMLD)S, (1) = X, (1.5;0)) + G )
FEMLDT) 11 (1) = X, (1 11(1) + Go ),
FEML DT 1 (1) = X5 (1 15() + G0,
VMDD 1 (1) = X4 (1. 1250) + Gy,
FEMLDI YR (1) = X5 (1. R (1)) + G5 1),

FMLDIED 52 (1) = X (1. S1()) + G0,

FFMLDBCJI ~02)1;*(;) =X, (. I15°(0) + G;(0).
The following lemma is useful for our main theorem.

Lemma 2. For each Ry, ..., Ry > 0, suppose that ( ST, Ig*,lg*,lg"z, R*,
S*

I %* )e X is considered as a solution of (28). Then the functions

S Ak 1 1k R, S3, 15 € F fulfill the inequalities

(1= cp)eyta!

Si(n— ( Sno+ Ry XiS;0)

[ eni_ gamix, @ Si@)d )
T(c)AB(c)) J, q q 119, 5,(q))dq

ciea T(cy)rerte!

I'(c; + c2)AB(cy)

(1- cl)czrq‘l
= [ AB(c)) ]R" 29

and

(1 =¢p)eyt27! .
T(Cl)Xz(t, 177(1)

hx h
1t (1)- ( It +
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€1

I3
- c—loe  nep—1 D
T T ABE) J, 1 T RG e (q))dq)‘

(1 —Cl)cszz—l CICZF(CZ)TCH'C?_I
B [ AB(c)) I+ CZ)AB(C])] 2 (30)
and
PN A ep)eyte2! e
IZ (t) ( IZO+ T(CI)X‘%(L IZ (t))
L ' co—lee  nep—1 D
T TepABey J, & 9" Xs@ Iz (@) dg ) ‘
(1 _Cl)CZTCZ_l CICZF(CZ)TCI+C2_I
=< [ AB(c)) I'(c +C2)AB(C])] 3s 31D
and
1- 121
Ig5 (0= ( Iez0+ %Xm, 1%,
L ! cr—=ley  ~Nep—1 hx
T'(c)AB(c)) Jo q2 (t — )t X4(q,ICZ(q))dq ) ‘
(A =e¢eyr2™! cpepl(cy)rerte!
- [ AB(c)) Ic, + cz)AB(cl)] 4 (32)
and
s 1- C])Cztcz_l .
R*(H)— ( Ry + T(CI)XS(I,R ®)
L ! cr—=ley  ~ep—1 "
T TepABey J, 0 U9 Xs@ Ri(@)dg ) ‘
(1- CI)CZTEZ*I Clczf(cz)rcl+”2*1
- [ AB(c)) I'(c; + c)AB(c, )] 5 (33)
and
1- tcz—l
RO ( Sy + %xé(z, S¥(1)
L ' c—le,  Nep—1 "
* eoaBey Jy 09 X ST da ) '
(1 - 61)6270271 ciey r(cz)rcl+02—l
= [ AB(CI) F(Cl + Cz)AB(C])] 6° (34)
and
: 1- 121 N
17 (- ( I,,+ %Xﬂz, 15:(1)
L ' =1 ey—1 D
TeABGy J, 17 (-9 X Iz (@)dg ) ‘
1- Cl)czer*l €16 r(cz)‘r”l“l’l
| AB(c) I + cz)AB«:l)] 7 35

Proof. Let R, > 0 be arbitrary. Since S} € [ satisfies
‘FFMLD(()‘:;'CZ)SZO) -X, (1, S;:(z))| <R,

so, by Remark 1, we are allowed to select a function G, () so that
FIMLDET) 5v(0) = X, (1, S5(0) + G, (0),

and |G, (1)| < R;. It follows that

(1 =cp)eyt2™

1
Si0=Sn+ 555 [Xl(t, SE) + Ql(t)]

€1
I'(c))AB(c)) Jo

Then, we estimate

87— 1! [X, (0. 5@) + 6 (@] da.

(1 = ¢p)eyre2!

Skn)— ( S0t gy X SE0)

€16

t
- co—lee  nep—1 *
I'(c))AB(c)) Jo 0= @ X (0,5, (@) dg ) '
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(1= cp)ept2! ! 42! o1
_T(cl)|g1()|+r(TB(cl) -9 |G ()] dg
(1= ¢p)ep7e2! et (cy)
T AB() T(e; +c)AB(cp) !
B [(1 — et eleyI(cy)rrtea] ] |
AB(cy) I'(c; + c3)AB(cy)

This means that the inequality (29) is achieved. Similarly, we can
obtain the inequalities (30)-(35). [

The UH-stability is checked about the (c,, ¢,)-fractal-fractional model
(13) of the co-infection Zika-COVID-19.

Theorem 6. Let (G3) be fulfilled. Then the (c,, ¢,)-fractal-fractional model
(13) of the co-infection Zika-COVID-19 is UH-stable on J := [0, 7] such that

-1 clczf(cz)rcl’fcz‘l

I'(c; + c3)AB(cy)

[(1 — e

L <1, je(l,..,7),
AB(c)) ]-f A }

in which L, ’s are introduced by (26).

Proof. Let R, > 0 and S; € F be an arbitrary solution of (28). Also,
from Theorem 5, we assume S, € I as a unique solution of the (¢, ¢;)-
fractal-fractional model (13) of the co-infection Zika-COVID-19. Then
S,(1) is defined as

(1 —¢peyr2!
TABG)
1@
I'(c))AB(cy)

Sy() = x; + X, (1, Sy(1)

t
a2t - 917X, (g, S;()) dg.

Therefore, by Lemma 2 and with the help of the triangle inequality, we
estimate

(1= ¢p)eyre2!

SpO =S40 <[ S50 = Sho - NN

X, (@, S,(0)

t
_L 62—11_ cl—IX S d
T@ABGy J, & U9 Xi(@ Sy@) a
(1= ¢ eyt
AB(c))

IA

X, S, @)

S0 (Spo+

‘162 ' -1 c—1 %
TE)ABG) J, 170 X,(a. Sy@)dq )
1-— cr—1
% LABAOES AAD)

1
€16

t
_ ep=ley _ nyer—1 *
* T(c)AB(c)) Jo qa=m - )" \Xl(q,Sh(q))

~X,(q. Sy(@)| dwo

< [(1 =) e l(erate! ]R
= AB(c)) T(c; + c)AB(c) 1!
(1= ¢p)epre2!
T@Ll 1S5 = Shll

c eyt (cy)
I'(c; +¢c)AB(c))

1— -1
p [( e

LISy, = Sill

cieyT(cy)rerte! R
T(c; +c)AB(c;) |1

AB(c))

(1 —¢))eyr2™l ey M(ey)rerter] .

e e | £ty = ull
AB(c)) I'(c; +¢)AB(c))

Hence, we get
(I —epeyre™  epepM(ey)rate! R
T(c; +c)AB(c) !

N AB(c))
”Sh - Sh” s cr—1 c1+er—1
- [(1 —c1)ep T crepI'(cy)Te1™2 I
AB(c)) L(c; + c)AB(cp) 11
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(1- Cl)Cz‘L'6271 Clczr(cz)rc1+czfl ]
AB(c I'(c; + ¢cy)AB(c
If we let Ox, = L €+ DAL then |15 -
1 [(1 _ cl)czrczfl Clczr(cz)rclJrcz—l ]
AB(c) I'(c; + ¢)AB(cy) !
Spll < Ox, R;. Similarly, we have
I11¢* = T¢Il < Ox, R,
15— IL1 < Ox, Rs,
h h
”IC*Z - ICZ” < QX4R4,
”RsF - Rl < QX5R5,
”Sj -S,l < QX(‘R@
115 = 141 < O, Ry,
where
[(1 —cp)epT” clczf(c2)101+02—1
AB(c)) I'(c; + c,)AB(c )]
Ox = Ll e(2... 7).
! | (1= ¢y ciey T (cy)rcrte
AB(c) T'(c; +c;)AB(c;)

Hence, the UH-stability of the (¢, ¢,)-fractal-fractional model (13) of
the co-infection Zika-COVID-19 is fulfilled. [J

Numerical scheme via Newton polynomials method

This section shows the numerical procedures of the proposed fractal-
fractional co-infection model for COVID-19 and Zika virus dynamics.
Thus, the initial value problem of the fractal-fractional derivative is
written as

FFML y(¢1:¢2) _
o Dm O*(w) =
0%(0)=6;

4 (w, 0" (m)), (36)

Here, the variable w denotes the time 7.
Now, fractal-fractional integral of the initial value problem (36)
gives that

(l—cl)

0 (w) - 0" (0) = mqw%ﬂ*(w, O (w))
1
915 “ xcy—1 N Ty TRpor - T *
TEOABGD J, @2 (w — @) A (@, 01 (@) d ",

37)

Eq. (37) at the point w,.; = (p + 1)h, and taking §*(w,0"(w)) =
c, w2~ A*(w, O* (w)) results in

1
O (@) — 6" (0) = (AB( ))5*<w 0" (w))

Tl syep—1 *
* F(cl)AB(cl)/ o1@, O @y ~ BT
(38)
Eq. (38) can now be expressed as
. R k]
0" (w,,,) =0* (0) + AB(c )5 (w,,0*")
» w,
€ ol s * * * _ el *
* XBETED q;/wq 5@, 0"(@"))(w,,, — @)1 dE".
(39

Now, making use of the Newton polynomial, Eq. (39) is rewritten as:

1-c¢ )
@*p+l —O* ( 1 5* ’Q*p
0t ABe) ° @O
€1

+ AB(c))I(cy)
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/;;q“ 8 (W, 5, 0" )(w,,, — @)1~ dE*
5 (w107 =5" (2,017
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Z [CZW;Z_IA* (wq, @*") - 2c2w22_:]A* (wq,l,@*"_l )]

=1 g G~
4 [T ) +02W;2,2 A (wq72,9 4 2)
3 i " 1 a 2
% %\C| — £
> L LU (40) <p_q+1> [z(p_q) +(3cl—10)(p—q)+2c12+9cl+12]
q=2 wgp1 85 (@0:0")=26"(@,1.0" )46 (9,2,0*7%) %
+/u7,, 2h2 “ 2 2
(@ — Wq_z)((ﬂ* _ wq—l)(wp+| — @) ld@* -\p—q 2(p— q) + (561 - 10) (p— q) + 6¢; + 18¢; + 12
Equivalently Eq. (40) can be written in simple terms as: To proceed, the fractal-fractional coinfection COVID-19 and Zika virus
( ) model can be written as;
. (I-c c < o
O =0 + = 5" (w,, 0°7) + 25*<W,,72,@“' 2) FFML 112 ( g = SR (g S [h* ph* ph % px g ph*
AB(c)) AB(c)I(e) & o MEDL 2 (Sh(m)) = SF¥ (@, Sp 18 17 1L, R S5 1),
Wy FFML y¢1:¢2 ( rh* _ phPE % ph* yh* yh * px o ph*
X/ (@0, — @ ﬁFMLDf’c (If*(m) -I(;H(w,sh,li*,li*,liz*,lz .S, ,Ii*),
@y €2 _ * * *
0, 5% (w, 1, 0°) = 5* (w, 5,072 0 D (’z (@)) =1y (W’Sh’lc Az Aoy SRS 17 ).
‘ [ - -2 FFML ¢1:¢2 ( ph * _ gh CRE w Th* Th* yh * px o % ph*
* AB(e))I'(c)) & h “4D o DG (e, @) =Ie, (@, Sp e Iy e, RS TG,
° (44)
at! -1 .
X 0 -w, ,) (o, —®) Jdb* FFML C1:¢ R T h* oh % h*
/wq ( o=2) (o ) o Do (R () =R$+(W’SZ’IC Ay 18, RS,
* * * g * * . B * * * *
. ZP: & (w,, 0) - 26" (w,_;, 0" + 6" (w,_,, ©°172) FEML D22 (S, %(w)) = & (w, Sy I8 187 18, R* . S,5 1L7),
AB(c)T(c)) 282

=2

a1 -1,
x / (0 = @) (@ — 1w, ) (wyy, — @) de".
@y

Now decomposing the integral in Eq. (41), leads to the following

approximations:
1-c¢ )
wptl _ s ( 1) cx %P
07" =6} + Sy (@€
Clhcl . * xq—2
* AB(cl)F(c1+l)q§25 <w4‘2’@ )
x[(p=a+1)" = (p-q)"]

c h? & w1\ _ sk *g-2
* AB(c1>r(c1+2>qz;[5 (1. €717) = 8%(m,-2. 0717)

€1
(p—q+l) <p—q+3+2c,)

(o) (eesem)

c h u
§* o+
T 2AB) (e, +3) g; [ (. 6)

X

- 26" (w,_;, 0" ") + 6" (w,,,6"7) ]

X

_<p_q>q [2(1;—(;)2 +(5¢, = 10)(p— q) +6¢2 + 18¢, + 12]

Lastly, substituting §*(w, 0*(w)) = ¢, w2 1 4*(w, ©*(w)) in (42) gives
the general Newton polynomial numerical scheme for the co-infection

fractal-fractional model:

(1=c;)

sp+1 * —1 g% *
o =07 + mczwzz A (w,, 0% (w))
clhcl - =1 44 -2
. A* ’@*q
T ABE)I@ + D q; 22 4 P2
x [(p=g+1)" = (p-0)"]
¢ h . -1 4u -1
+— 214 , 0%
AB(c)I(c; +2) g; a7 A (e )

_ (o g =2
qw’, A (wq,z,Q )

€1
<p—q+1> <p—q+3+2c1>

X |
—<p—q> <p—q+3+301>

+ c h9
2AB(c)I(c; +3)

€l
<p— q+ 1) [2(17— q)z + (3c1 - 10)(1)— q) +2£12 +9¢, + 12] 2%

FFML 1yC1: ok « Th* ph* ph * h*
SMED (S, (@) = 15 (w, Sy, T2 10 1), R, S, 1),

Using the above scheme in (43) the numerical scheme for fractal-

fractional coinfection COVID-19 and Zika virus is written as;

(1_61) .

1 #
RYCAREY c
n + YT,

3= gk

_— LS

ho " AB(c;) h

c ha

,S*p’lh*p,lh *"’Ih *P’R*pys *ﬁ,Ih *P +
(wp Loic 4z olez v o1z ) AB(c)I'(c, + 1)

P

z czwgz_zlSz‘*
q=2
(wq_z,qu—z’Ig*q—z,Ig*q—Z’Igz*q—z’R*q—Z’SU*q—z’I;*q—z)
c h9
(42) x[(p=a+1)" = (p—a)"] + 1

AB(c)I(c, +2)

-1 ok wq=1 ph*a=l ppxa-l
Qw. S, (wq—l’SL Ao LIy

B

P ho *l pag-1 wg—=1 yp*d-l
Z 12, LR¥TS, 7

=1 ok wq=2 yh*472 ppxa-2
2| 0@, Sh (wq_2,SL ,Ic ’IZ s

h %472 g2 wqg=2 yh*4=2
I,  R5870.1 )

€1
y <p—q+l> (p—q+3+2€l> . ¢ ke
(3 o A
2AB r
—(p—q) <p—q+3+3c,) (e)l(e; +3)
N
)
q ph*d yh*d yn *4 q ¢ x4 yh*4
(wq’SZ ’lIc Az e, LR ’fvl 'Izq 1)
=1 epeqe ~1 ppra=l ppea-
26w S (@ Sy T
1" #q-1 Rea-l g xa-l Ih*q’l
=2 cz = R 4
=1 ok -2 ph*4=2 pprq-2
tow ., S i (@ymr S302 11 R e,
h x4 (g2 %q=2 ph*4—
Ie, RS )

B
<p—q+ 1> [Z(p—q)z + (3c1 - 10)(p—q) +2c12 +9¢, + 12]
X

—<p—q>q [2(p—q)2+ (S¢; = 10)(p— q) +6¢2 + 18¢, + 12]

(1 - Cl) wcz—llg**

—c
AB(c)) > #
50 Th*P Th*P rh *P pap o xp ph*P
(wll’SLp”C Az ey R8T )

¢ h

AB(c)I(c; +1)

(43) » e

=

Zcqulz Ig

q=2

paptl _rh *
IC —co

cq=2 ph*4=2 p#a=2 _p xq=2 -2 wqg=2 ph*d-2
(wq—z’SZq AT, R ST T

¢y

x [(p=q+1)" = (r-q)"]
+ c ha
AB(c)I(c; +2)

11
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Fig. 1. Numerical simulation under hybrid derivative with change in both fractal dimension and fractional order, ¢, = ¢, = 0.99,0.98,0.97,0.96, 0.95.
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Simulations and discussion

The numerical results of our work, which comprise both solu-
tion routes for each compartment and a change in some parameters
under the fractal-fractional model, are discussed in this part. The
Newton polynomial-based numerical iterative system in Section i is
used to simulate the nonlinear fractal-fractional deterministic model.
The numerical solutions or trajectories of the newly created fractal-
fractional model were derived using the initial conditions S,(0)
3600000, I2(0) = 800, 14(0) = 24,1%,(0) = 100, R©) = 100, S5,(0) =
4000, I7(0) = 600 for this purpose, with time step 4 = 0.12. Furthermore,
the parameter values used can be found in Table 2.

Fig. 1 shows the numerical output of the proposed fractal-fractional
model when both the fractal dimension and the fractional order are
varied simultaneously. It is noticed that a reduction in the fractal-
fractional orders captures different roles of memory effects on the
dynamics of disease spread. It is evident that the number of infected
humans with COVID-19 only, infected humans with Zika virus only,



S. Rezapour et al.

108
5.6 <10
— = 1.00,
——c1 = 1.00, c
3.4 e = 1.00,
o = 1.00, ¢
3.2 1 1
95
2.8} 1
2.6 1
2.4
0 20 40 60 80 100 120

Time in days

(a) Fractal solution profile of susceptibles

14
10 <10
sl ]
¢ = 1.00, ¢ = 1.00
c1 =1.00, ¢z = 0.95
i -1 = 1.00, ¢z = 0.90
6 1 = 1.00, ¢ = 0.85 1
=
=
al ]
2l ]
0
0 20 40 60 80 100 120

Time in days

(c) Fractal solution profile of infectious humans with Zika

9 > 10~

—¢; = 1.00, ¢z = 1.00
- 0.95

7r — 0.90 g
—c1 = 1.00, ¢z = 0.85

6l 1

_ 5t 1

=
=, i

(0] 20 40 60 80 100 120
Time in days

(e) Fractal solution profile of recovered humans

Results in Physics 55 (2023) 107118

)
6 > 10

¢ = 1.00, ¢z = 1.00
——ec1 = 1.00,
= 1.00,
= 1.00, e

@
o0

(0] 20 40 60 80 100 120
Time in days

(b) Fractal solution profile of infectious humans with COVID-19

- =< 10!

0 20 40 60 80 100 120
Time in days

(d) Fractal solution profile of infectious humans with COVID-19 and
Zika

45 210
al |
3.5 1
3t
——¢ = 1.00, c; = 1.00
L ——e; = 1.00, ¢ = 0.95||
e =
——ec; = 1.00, e = 0.85
1.5 1
1L ]
0.5 1
[
0 20 10 60 80 100 120

Time in days

(f) Fractal solution profile of infectious vectors

Fig. 3. Numerical simulation under hybrid derivative with constant fractional order and fractal dimension ¢, = 0.95,0.90,0.85.

infected humans with COVID-19 and Zika virus, recovered humans and
infectious vectors reduces as the fractal-fractional order reduces, while
that of susceptible humans increases. The dynamic of the susceptible
vector shows no trajectory effect, so we did not show it here. Fur-
thermore, it is noticed that the compartmental trajectories of infected
humans with Zika virus and infected vectors with Zika virus move to
the same converging point as time increases.

Fig. 2 gives the virous numerical graphs when the fractional order is
kept at the integer order and one has the choice to vary the fractal order
only. It is observed that a fractal difference of 0.5 between each fractal
step results in different asymptotic stability for all compartmental
classes; however, there is no new visible difference in the susceptible
vectors, so it is not shown here.

Fig. 3 shows the interesting numerical graphs when the fractal order
is kept constant and only the fractional order is varied. It is discovered
that a fractional difference of 0.5 between each fractional step results in
different asymptotic stability for susceptible humans, infected humans
with COVID-19 alone, infected humans with COVID-19 and Zika, and

recovered humans, whereas infectious humans and infectious vectors
with Zika only converge to the same stability as time increases.

Figs. 4 and 5(a) show that simulation impacts have varying satu-
rating effects on the proposed model. It is noticed that the inclusion
of this function gives a unique memory effect of the transmission of
the coinfection model of COVID-19 and Zika. Thus, an increase in
the saturating effect increases the number of healthy individuals and
susceptible vectors, with a reduction in the number of infected and
recovered individuals. Figs. 5(b)-5(f) shows the impact of the effective
contact rate for human-to-human transmission of COVID-19 on the
model. It is noticed that an increase in the effective contact rate for
human to human transmission of COVID-19 reduces the number of
susceptible humans, increases the number of infectious humans with
COVID-19 only, has no significant effect on the number of infected
humans with Zika only, and causes an increase in the number of
infectious humans with both COVID-19 and Zika virus after 37 days
and a slight reduction in the number of recovered humans.

Figs. 6(a)-6(d) show the dynamical effectiveness of the contact rate
for human-to-human transmission of Zika in the proposed model. From
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Fig. 4. Numerical simulation under hybrid derivative with fractal-fractional order of 0.99.

this simulation, it is noticed that an increase in the effective contact
rate for human to human transmission of Zika reduces the number of
susceptible humans, increases the number of infectious humans with
COVID-19 only, shows a significant increase in the number of infected
humans with Zika only, shows a slight reduction in the number of
recovered humans and no increase in the number of infectious humans
with both COVID-19 and Zika virus, hence we did not show it here.

Figs. 6(e), 6(f) and Figs. 7(a)-7(c) show the dynamical effect of
contact rate on co-infection transmission in the proposed model. It is
noticed from this simulation that an increase in the effective contact
rate for co-infection transmission reduces the number of susceptible
humans. There is no increase in the number of infectious humans with
COVID-19 only, no increase in the number of infected humans with
Zika only, but a significant increase in the number of infectious humans
with both COVID-19 and Zika, and a slight increase in the number of
recovered humans. The numerical dynamics of varying the effective
contact rate for vector to human transmission of Zika is shown in
Figs. 7(d) and 8(b). It is noticed that an increase in the effective contact
rate for vector to human transmission of Zika reduces the number of

16

susceptibles and increases the number of infected humans with COVID-
19 and the number of infected humans with Zika virus only slightly
more than the other effective contact rates considered here.

Fig. 8(a) shows the dynamics of varying effective contact rates for
vector-to-human transmission of Zika on the coinfection compartment.
It is seen that increasing this rate does not have any significant change
during the initial days of infection until the 100th day. Fig. 8(b) clearly
shows that the rate of change in the vector to human transmission
of Zika directly reduces the number of recovered individuals. After a
numerical simulation on the effective contact rate for human to vector
transmission of Zika, it was noticed that the rate of change of the
effective contact rate for human to vector transmission of Zika does
not give a trajectory change in the compartmental dynamics, so it was
not shown here.

The trajectory change of the modification parameter of transmission
is depicted in Fig. 8(c) and Fig. 8(d). It is noticed that a reduction in
the modification parameter of transmission only affects the number of
individuals infected with COVID-19 and the Zika virus only after the
60th day, respectively.
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Fig. 5. Numerical simulation under hybrid derivative with fractal-fractional order of 0.99.

Table 2

Values in the fractal-fractional hybrid model (13).
Parameter Value References
ph % per day [63]
o 20,000 per day [64]
ac 0.00003441 Assumed
a, 0.000035 Assumed
acy 0.000035 Assumed
o 0.00005 Assumed
al, 0.2 Assumed
on 749 lx 365 Per day (6]
o, % per day [64]
£,6 1.0 Assumed
9,,9, 1.0 Assumed
8c287.80 0.001 [64]
Ye 0.015 [10]
Yz 0.09-0.15 [60]
Yz 0.015 Assumed
@1, P2 P3 0.1-0.65 [58]
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Finally, this study looks at the relative impact of the rate of re-
infection with COVID-19 or Zika in Fig. 8(e) and Fig. 8(f). It is noticed
that the rate of re-infection with COVID-19 has a small impact on the
number of humans infected with COVID-19 only and the number of
humans with both COVID-19 and Zika. The change in the re-infection
rate of humans with Zika shows no trajectory change in our proposed
model.

Conclusion

Given the recent emergence of fractal-fractional operators in schol-
arly discourse, their application in investigating the intricate math-
ematical patterns of co-infections involving diverse diseases remains
unexplored. It is important to acknowledge that our study represents
the initial investigation into the co-infection phenomenon within the
framework of the fractal-fractional model utilizing the Mittag-Leffler
hybrid kernel. That is, a new two-parametric fractal-fractional Mittag-
Leffler hybrid model for COVID-19 and Zika co-dynamics was designed
and studied to evaluate the impact of COVID-19 on Zika and vice-
versa. The local and global stability analysis were carried out for the
standard model based on the obtained basic reproduction number.
The existence and uniqueness are two important properties that we
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Fig. 6. Numerical simulation under hybrid derivative with fractal-fractional order of 0.99.

proved them via the fixed-point’s tools. Also, stable solutions were
investigated according to Ulam’s criterion. With the help of the Newton
polynomials, we produced a numerical scheme for each solution of
the fractal-fractional system of integral equations and dioscussed the
relevant results based on numerical simulations obtained by given real
data. We also assessed the role of two parameters of fractional order
and fractal dimension in the final outcomes of simulations. We analyzed
the dynamical behavior of each solution completely in some graphs and
found that the prevention of the spread of the SARS-CoV-2 virus has
a high positive effect on reducing co-infections with Zika. The effects
of fractional and fractal orders on epidemiological class dynamics are
also examined. Thus, healthcare systems must constantly monitor for
abnormal patterns or co-infections, especially in places where both
diseases are prevalent. Since our understanding of diseases may evolve,
it is important to consult the latest health authority guidelines.
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