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ABSTRACT

Due to insufficient funds available for investment, Municipal Assemblics are unable to
initiate or implement all their viable projects. The dilemma facing the Municipal Assemblies
is that, which of thc numerous projects the management should invest under the limited
investment capital in order to maximize profit.

To solve this project selection problem, data were drawn from sources such as financial
statements, monthly and annual reports, daily newspapers and other relevant documents of
the Sunyani Municipal Assembly over the period 2001-2006. Financial Ratios, Continuous
Probability Analysis, Linear and Integer Programming Models were used to analyze the data.
Sensitivity analyses were performed on the project parameters,

The Linear Programming Model designed was suitable for solving large scale project
selection under multi-period capital rationing problems, and this produces the optimal
solution quantities (i.e., the project to be initiated), the value of the objective function (i.e.,
the Net Present Value) and the opportunity cost of the binding constraints. On the other hand,
the selection of small scale project problems was found to be solved easily by Integer
Programming Models.

The Mathematical models such as linear programming and Integer programming were found
to be: .
® Suitable for selecting potential projects and maximizing the returns from the batch of
 projects selected by the Sunyani Municipal Assembly;
* Suitable for carrying out sensitivity a:iaiysis on the optimal solution to Linear
programming problems to see how sensitive the project selection is to the changes in
the parameters of the model. |



ACKNOWLEDGEMENTS

I am most grateful to Almighty God for His wisdom, strength and Grace.

This thesis has greatly profited from the helpful critiques, comments and encouragement
from my indefatigable supervisors Dr. S. K. Amponsah and Dr. F.T. Oduro. I owe
special thanks to all my lecturers, especially Mr. E. Agyemang and Mr., K. Darkwah for
their instrumental role in making the dissertation to acquire a touch of class.

Special thanks go to my parents and brothers, especially Mr, D. K. Adjei, Mr. Oppong
Yaw and my intimate friend, Bishop E. W. K. Kusi for their love, support and

encouragements that have made me what [ am today.

Many individuals contributed their expertise to the development of this thesis. I am
especially indebled to Messer’s, E. K. Nsiah, A. Kumi, K. Mark and Mrs. Harriet
Takyi.

My sincere thanks also g0 to Mr. Eric Agyapong, Master Kenneth Oppong Peprah, Mr.
Kwame Frimpong, Mr. Paul Yeboah and Mr. Nketiah Costers for their role in enabling
me obtain materials and data for my work.

~ Finally, T express my profound appreciation and thanks to my dear one, Francesca for
her diverse contributions and ehcouragement to me to make my dreams come into
reality., '

“Thank you” is familiar words but T utter them with a deep sense of gratitude.

iii



DEDICATION

Dedicated to my dearest daughter, Yvonne Peprah.



TABLE OF CONTENTS

DEEIH rﬂﬁ'ﬂﬂnntcc b L R L L R N P R Y XA LA R L L R L I Y T T T I I T LA LT R Y Y T YT TR ] 1

ﬂ&hstrﬂ{:t LA R R L L L L Y S T R T T T T I T, LA AL T R R T o) t.-rlI|.||-|l-j|-|--|-.|i|it ooooo l.l
AEk“UWIEdgments LR A R R R L R T T TR T LA R L L T R e T T Esarsanidvanes LA ARl T YRR Y iii

DEdiCﬂIiﬂﬂ L Y T R I LA E LI EE N BEFFRRAARRET R RGN FEFddSEBRAbdAnnEe (A A R L R R R R Y] TEEREFREER lv

CMTER ONE L L N L L L L L L LT T e, b L Y T T T L Y L ] I

INTRDDUCIICIN 1
Background ........ bt ol e e e T e SRR 3
Missions and Objectives of District and Municipal Assemblies.......................3
MA Projects and Sources 0fRevenue4

RO QT hE BEOBIET o s cninsosssnbiissiscs i ettt e £ i)

TR0 AID ot oottt b et e e 3

CHAP'].-‘ER T\‘VO EEdsdddpen LE LI AR E R YT

liill'l-lIHI-Iii‘lll\llllilillltvui--iiliviliqtiiI.iiiill 9



Introduction..............o.ocoovooo.
Multi — Period Capital Rationing ............covreeevvnnn,

A e L S U S

Net Present Value B3 e

LU

Discount Rate ...............ccoeovv 2

Payback Period SR e e G M e,
Internal Rate Return 0 25524 (IR

Profitability Index (PI)

FProject Valuation

10

11

12

12

ol s

o

kD

A 4
el i)
wees 18

ol

C}IA])TER TPIREE b R L L R T YRR iii"l-'lil'.l!.'i."li.‘lll- LA L LR L L T T N R e 2 1

REVIEW OF BASIC METHODS

Intreduction

...........................................................................................................
................................................................................
................................................................................................

....................................................................................

Basic Definitions
Equivalent Forms 51 2 B R
B

Rules for Taking Dual Problems..........cooovvivini,

Vi

sl

21

21

23

23

AT

sarssi T

.

w2



Solution Techniques for Linear PIOSEatnmig ..o vmsmssssisisni oo i 30
Sensitivity Analysis e e |
LP Formulation and Applications R ORI
LP Model for Project Selection under Multi-Capital Rationing Problem........ 32
Integer Linear i 35
General Forms of Integer Prngrmﬁning e R S L
Solution Techniques for IPS?
lIIustratmr]EQ
AItemaﬁive Solution to the Problem using QSB E:.ﬂﬂwareals
Applications uf'[P44
IP Model for Project Selection under Multiperiod capital Rationing Problem. 45
Comments Sl O e S e e

Extensions to the LP and IP Models L e UM

CHA]‘TEI{ FD LTR L L A R TN l.l'll.ili‘.li!..illl# !!!!!!!!!!!!!!!!! LA RN L A NN TSI 49

- ANALYSIS AND INTERPRETATION OF RESULTS . »

it S R s 49
R BIOT G LR O o st o 49

Solution to the LP, WIHE MATLAR PATRAGE i.ciovivisiinsisics tinmmesssessossetibesessecssce e 50
Interpretation of Solution at R L C S TR PION IR SR R - I

Sensitivity Analysis........... o ML e e i 34
Changing the RS CoefTicient of Constraints SHTERIS s 2mnnn emnne e ek s e as e e )

Interpretation of Solution .

1]



Changing the Coefficient of the Objective Function T T e T A e
Explan&tmnﬁﬁ
Implementation of TP Moa’e!.‘iﬂ
Purpose T
Solution to IP, using MATLAB T O O UTRR ¢
Description T T R T
Interpretation of Solution s O . |

R 6]

CHAPTER FI“?E -I'I'Il‘i'Il'I-'l-fl"lI.l'iIII-i-‘lll-llllllli-lllll‘rllibil-l--i‘-n.i!‘.‘.iﬁl-‘l-f-l 62

SUMMARRY, CONCLUSIONS AND RECOMMENDATIONS .....oocoorovooon 62

il o, O R 62

Discussions and{l‘ancfmmm 63

Recommendations

!‘{_EP“E.}{.E}NC‘E:Sl!‘I IIII LA R R NS Y NI IT] ERddaan e L L L L T I FRRARRNNSBONENAANEEEG 67
APPENDIX A 'Illl"l'l'I'Il'l'Iii'.ll!"III‘.-'Il‘iii-II"..I-il-'-l'l!i‘lll'l-'!-Iit'l'l-"llill.'ll.-il 69

ﬂPPENDIX B Bhiddnsmesnasnasn

APPENDIX C SRAEAR PR RERERE S

%
RGBSR EEANES IR BRERES A L Y Y Y T I e L L L L T T T T ] 76

AEERETY
OTOEY TEDDBMAN INvERsIW &
EENGE B8R TRCRDAL My
I'I!‘ltl,'-lh‘lll



List of Tables

Table 1

Annual Net Cash flow for SMA Large Scale Projects

Table 2

Distribution of Capital Requirement for SMA Small Scale Projects
Table 3

Distribution of SMA’s Large Scale Projects Cash Flows

Table 4

Distribution of SMA’s Small Scale Projects Cash Flows



CHAPTER ONE

INTRODUCTION

AmwofhwmmnfhpmbrﬁhHW&]ﬂm
that over seventy-five percent (75%) of companics used payback as an appraisal method,
uﬂminomjmhﬁthnﬂ:r&hﬁqmﬂummryﬂmmdlhﬂmlymam
percent (17%) of the companies used Net Present Value (NPV) as their primary evaluation
technique in spite of generally acknowledged technical superiority of NPV over payback
.msuwdmmmmmmmhufﬂrmﬁunkmupﬁmwimmﬁning
nmmttwhnﬂmmyben&splmuiNﬂemmlan.invmmwuniﬁumnfm
nmmrhnpuimuhth:mnpuﬁcsdunﬂrpmﬁcuhrappmiulmﬂhoduud,sim
successful investment appraisal is entirely dependent on the accuracy of the cost and revenue
estimates.

I'he investment appraisal employed in this study is project selection under multi-period
capital rationing. Capital rationing is manifested in the situation where the firm or company is
Mchhﬂﬁmdlpmjmwhichmapmrmﬂymﬁuhkmmﬂidmlfmdsmmt
available. Atapuinlwheuinmﬁnﬂsmexpectadtnbclimiledmmcml periods
ufthuismﬂadmdﬁﬂﬁiodmpiﬂlﬂionhg

Theeffemofupiulmﬁoutugm;ydwehpfuriannqumexmpk.hmyhc
daddedﬂﬂinmdnddbeﬁmiwdmﬂnmltmmbeﬁmmdmldy&om
mmmwﬁMaﬁmwmmwmwm



which impose quantitative limits, lead to two opposing view-points developing known as the

“hard” and “soft” view of capital rationing,

The “hard” view is that, there is an absolute amount of money a company may borrow or
raise externally. The “soft” view on the other hand is that rationing by a quantitative limit
such as an arbitrary capital expenditure budget should only be seen as a temporary
administrative expedient because such a limit is not determined by the market and such a

limit would not be imposed by a profit maximizing company.

Whatever the causes of the limited capital supply available for investment purposes means
that, not only must each project cover the cost of the capital but that the project or batch of
projects selected must maximize returns from the limited funds available, making some form

of ranking necessary.

Ways of achieving this objective include the following rationing possibilities:
* Single period capital rationing with divisible projects.
* Single period capital rationing with indivisible projects.
*  Multi-period capital rationing with divisible projecis.
® Multi-period capital rationing with indivisible projects.

These entire investment appraisals would be explained in the subsequent chapters.



Background

Missions and Objectives of District and Municipal Assemblies

Within the period of colonial rule and post independence era of Ghana, local government

practices have undergone some metamorphosis,

The current structure of Municipal Assemhiiea (MA) and District Assemblies (DA), for
instance, was introduced during the era of the Provisional National Defence Council (PNDC)
to make it more responsive and relevant to the modern day demands of democratization,
industrialization and development.
Among the main objectives of the MA and DA arc as follows:
(i) To promote good governance by way of enhancing grass root participation of
democracy,
(i) To allow the local people a certain degree of local autonomy to identify and solve
local problems better. This is because the local people know their own problems,
(iii) To undertake appropriate activities and harnessing resources that would promote
well-being of the people by sponsoring economic and developmental projects.
Iri pursuance of the above stated missions, the Municipal Assemblies perform several
functions such as:
(i) Serving as tools to bring government to the people without making the government
too distant and alien.
(ii) Making mobilization of human and material resources for development much easier.
This is because the pnlicicé and project works at the local level are seen by the people

as their own creation and hence they become very proud to nurture them to fruition.



Mﬂﬁﬁhm*ﬁ:mhm:ﬁwﬁmmhh
mﬂmmmmmmm&rmm
wm-uuwwam‘mmmmm
mehmumlﬂhﬁmmﬁrﬂwm
people.

(hlﬁnvﬂhqlﬁduﬂmmmtinﬁwm facilities 1o complement the efforts of
the central government.

MA Projects and Sources of Revenue

T'he Sunyani Municipal Assembly (SMA) undertakes variety of economic and developmental
mmm&mmjmm;mﬁmﬂfmsthnymml
buildings, water borcholes, clinics, recreational centre, latrines (KVIP), roads, providing
housing facilities, toll booths, sanitation facilities, agricultural projects and electrification,
These projects are the main sources of income for the SMA_

Apart from these projects, the SMA like any other MA, derives its sources of income from
the fourth, fifth and sixth schedules of the Act 462 of 1993 constitution.

Under schedule four, the SMA has the right to issue vehicle licenses to all vehicles operating
within the jurisdiction of the Assembly.

The 6™ schedule provides the smwawmmmmmmmmn 268,
I%SLmHing{AﬂNRCme 174, lm)asw:ilasCuimRﬂm(Cuimmdecru
NRCD 200, 1973).



Statement of the Problem

It is evident from the above that the cash inflow for projects and running of the functions of
the MA comes largely from monies accrued from the projects and common fund. Usually, the
limitation of these funds extends over a long period of time. The MA operates under multi-
period capital rationing. That 15, the MA is unable to initiate all its projects, which are

apparently profitable but funds available are insufficient

The vast increasing number of the youth unemployment problem has hit the Sunyani area for
some time now. This has compelled the SMA to undertake projects to create employment
opportunities for the youth. At the same time, the SMA wishes to invest in the projects that
will maximize returns from the batch of projects it would select with regard to capital
limitation. The dilemma facing the SMA is about which of the numerous projects they should
invest under the limited funds in order lo maximize profit and also solve the youth

unemployment problem.

The problem statement of this study is to formulate mathematical programming models for

solving the MA project selection under the multi-period capital limitation problem.
Purpose of Study

The purpose of this study is;
(a) To formulate Linear programming (LP) and an Integer programming (IP)
models for solving MA project sclecﬁun problems.
(b)  To maximize the returns from the batch of the projects selected with

regards to the capital limitation.



(c) To carry out sensitivity analysis on the project parameters to see how

sensitive the project selection decision is to the data,
Significance of Study

The study is to throw light on the inherent difficulties and problems facing firms, MA and
companics in selection of projects with regards to the capital limitation. The models will
serve as a tool for solving various problems of multi-period capital rationing in firms. The
study can also be a guide for policy and decision makers in the various firms and

organizations to maximize profit from the batch of projects they would undertake.

Scope of the Study

As indicated in the background, the MA was introduced during the era of the PNDC, that is,
in 1979. However, the study will cover the project works over the period 2001-2006. Tt is
hoped that the models will be of interest to managements and planners of the various MA and

firms in Ghana,

Methodology

Data for the study is purely a secondary data, The data shall be obtained from sources such as
financial statements, annual reports, monthly reports, daily newspapers and other relevant

documents of the SMA._

The data shall critically be examined and classified into tables. The projects with different

lives will be compared. The financial ratios and Continuous Probabilistic Analysis (CPA)



will be used to analyze the data. The LP and IP models for solving project selection problems

from optimization theory perspective will also be presented.
Overview

The remaining work is organized as follows:

Chapter two provides the literature review for the project selection under multi-period capital

limitation problem addressed in this thesis.

Chapter three examines the procedure and formulation of linear programming and integer
programming models for solving programming problems from optimization theory
perspective. In this chapter, the sources, the method of collection of data and comparison of

data using financial ratios and Continuous Probabilistic Analysis (CPA) will be given.

The results from chapter three will be used in chapter four to formulate a suitable
optimization problem to compute the objective function or decision rule of the programming
problems. A MATLAB program for solving the LP and IP problems formulated in chapter
three will also be provided. This will be followed by sensitivity analysis of the results and the
findings.

Chapter five will be discussions, conclusions and recommendations of the study.
Limitations

There are no doubts that in right circumstances, the LP and the IP can be a useful method of
dealing with multi-period capital rationing problems. There are, however, few assumptions

and limitations, which are worth mentioning. These include the assumption that;

i
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* All functions which are linear may not be realistic,
* The projects and constraints are a] being independent of one another.
® The cash flows, resources and constraints which are known with certainty may also
not be realistic.
The researchers are also aware that there are other techniques like payback (PBP) and internal
rate of return (IRR) for sclecting optimal projects. However, due to the number of serious

limitations they present, only NPV will be used in the formulation of the objective function of

the models.



CHAPTER TWO

LITERATURE REVIEW
Introduction

This chapter presents the necessary literature review for the project selection under multi-
period capital limitation problems addressed in this thesis. It is upon this background

information that the programming models will be formulated.

Multi — Period Capital Rationing

The multi-period capital rationing is where investment fimds are expected to be limited over
several periods. In such circumstances, it becomes difficult to choose the batch of projects,
that is, some starting immediately, first or second or others couple of periods which yicld the

maximum returns and yet which remain within the capital limits,

The problem becomes one of optimizing a factor, (e.g. NPV) where resources are limited and
the funds available over the periods are considered. This will be recognized as a situation
where linear programming and integer programming could be used. Both IP and LP have
been used successfully in solving multi-period capital rationing problems. Specifically, the
LP method is usually used to solve divisible projects, that is, where a fractional part of a
project is desired to be undertaken. Where the projects are not divisible, the only feasible

solution method is IP method (Terry, 1997).



Project Selection

The appropriate choice of investment projects depends primarily on the nature of cash flows
generated by the projects, the risk level associated with the cash flows and the budgetary
limitations of the corporation over time, For the past four decades, researchers have
attempted to present a working investment choice model that considers the various aspects of

the budgetary process.

In 1963, the first mathematical programming formulation of the multi-period capital rationing
problem was provided (Weingartner, 1963). In his formulation, the net discount cash inflows
for projects were maximized while cash ouiflows and availability of resources were
maintained in each period. This formulation withstood many criticisms over the past three
decades. The majority of these criticisms were based on three main features of the models.
These being the appropriate selection of an objective function, the determination of a suitable
discount rate to account for project returns and the inability of the model to deal with

uncertain budgetary constraints,

In the seminar work by Weingartner, the author provided a framework using a deterministic
lincar programming approach. His model uses Net Present Value (NPV} as its objective
function. The value associated with the timing' of a particular cash flow is adjusted by an

appropriate discount rate (KIRA, 2000).

It is evident from the above surveys that the LP model for project evaluation under capital

rationing made use of project cash flows, NPV, TRR and other investment evaluation

10



techniques. It is therefore imperative that these methods are examined to see how they could

be incorporated into the formulation of [P and IP in the proposed study,

Projects and Cash Flows

Every decision the company makes is a capital budgeting decision whenever it changes the
company’s cash flows and considers launching a new project. This involves a phase where
the new product is advertised and distrihuted.l Hence the company will have cash outflows for
paying advertising agencies, distributors, transportation services etc. Then, for the period of
time the company may have cash inflows from the sale of {he products in the future, Thus,
two types of cash flows are identified: cash inflow and cash outflow from the project. Cash
flow items include:
Cash inflows

® The project revénues

* Government grants

* Resale or scrap value of assets

¢ Tax receipts

* Any other cash inflows caused by accepting the project.
Cash outflows

* Initial investment in acquiring the assets

* Project costs, labour, materials etc.

* Tax payments

* Any other cash outflow caused by accepting a project.
The difficulty with making these decisions are that, typically many cash flows are affected
and they usually extend over a long period of time. Investment appraisal criteria could be
employed in analyzing capital budgeting decisions by aggregating the multiple of the cash

11



flows into one number. Thus, all cash flows have to be included in the analysis whenever

they are affected by the decision (Smith & Whaley, 2004).

Determination of Cash Flows in the NPV analysis

The incremental net cash flow of an investment proposal is defined as the difference between
the company’s cash flows if the investment project is undertaken and the company’s cash
flows if the investment project is not undertaken. That is, the net cash flow generated by
certain assets is given by the equation: |

Net Cash Flow = Cash Inflow — Cash Outflow

= Revenue — Expenses — Capital Expenditure — Taxes ... .... (1)
The income tax paid is determined by:

Taxes =t (Revenue — Expenses — DEPrecifton] ...... ciicisoocissvmssescisn (2)
Where t is the corporate tax rate. The depreciation is not a cash expenses and it only affects
cash flows through its effect on taxes. Substituting equation (1) into equation (2) yields an
expression for the company’s cash flow:

Cash Flow = (1-t) (Revenue — Expenses) + t (Depreciation) — Capital expenditure.... (3)

The term t (Depreciation) is sometimes known as the depreciation tax shield.

Investment Appraisal Techniques

The investment evaluation techniques under consideration in this study include:
* Net Present Value (NPV)
* Discount Rate (DR)
e Payback Period (PBP)

® Internal Rate of Return (IRR)

12



alternatives, the one yielding the higher NPV should be selected. The following sums up the

NPVs in various situations.

If It means Then

NPV the investment would
. the project may be accepted
>0 add value to the firm

the investment would
NPV '
subtract value from the project should be rejected
<0

the firm

It should be indifferent in the decision whether to accept or

the investment would reject the project. This project adds no monetary value.

TR neither gain nor lose Decision should be based on other criteria, e.g. strategic
value for the firm positioning or other factors not explicitly included in the

calculation.

Source: Baker, 2007

However, NPV = 0 does not mean that a project is only expected to break, even in the sense
of untdiscounted profit or loss (earnings). It will show net total positive cash flow and
earnings over its life.

[n sum, it is optimal to make a decision that generates positive NPV of their incremental cash
values. If there are more than two alternatives, it is optimal to choose the alternative that

generates the highest NPV,

;ﬂu...-FIIF, m“!
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Ilustration

X Corporation must decide whether to introduce a new product line. The new product will
have startup costs, operational costs, and incoming cash flows over six years. This project
will have an immediate (t=0) cash outflow of GH¢ 100,000 (which might include machinery,
and employee training costs). Other cash outflows for years 1-6 are expected to be GH¢5,000
per year. Cash inflows are expected to be GH¢30,000 per year for years 1-6. All cash flows
are after-tax, and there are no cash flows expected after year 6. The required rate of retumn is
10%. The present value (PV) can be calculated for each year:

T=0 -GH¢100,000 / 1.10" = -GH¢100,000 PV,

T=1 (GH¢30.000 - GH¢5.000) / 1.10" = GH¢ 22,727 PV.

T=2 (GH¢30.000 - GH¢5,000) / 1.10° = GH¢20,661 PV.

T=3 (GH¢30,000 - GH¢5,000) / 1.10° = GH¢18,783 PV,

T=4 (GH¢30,000 - GH¢5,000) / 1.10* = GH¢17,075 PV.

T=5 (GH¢30,000 - GH¢5,000) / 1.10° = GH¢ 15,523 PV.

T=6 (GH¢30,000 - GH¢5,000) / 1.10° = GH¢ 14,112 PV.

The sum of all these present values is the net present value, which equals GH¢8,881. Since

the NPV is greater than zero, the corporation should invest in the project.

Discount Rate

The rate used to discount future cash flows to their present values is a key input of this
process. Most firms have a well defined policy regarding their capital structure, so the
weighted average cost of capital (after tax) is used with all projects. Some people believe that
it is appropriate to use higher discount rates to adjust for risk for riskier projects. Another
method is to use a variable discount rate with higher rates applied to cash flows occurring

further along the time span, (reflecting the yield curve premium for long-term debt).

15



Another approach fnrthcdhmtnr-:i:mdncidrﬂ:r-:,wﬁchﬂuupinlmddﬁxth:
project could return if invested in an alternative venture. If, for example, the capital required
hmﬂWMﬁWmm.mlhhdimuminhNWmm
Mldifﬁﬂmnmﬁmmhcmbﬁmﬁujmhmdhdmmuiw. Obviously, NPV
value obtained using variable discount rates with the years of the investment duration better
mﬂmﬂwmdsituatimthanﬂm:a]cuhledﬁ'nmnmnslmldimtmfmﬂwmﬁre

investment duration. (Baker, 2007),

For some professional investors, their investment funds are committed to target a specified
rate of return. In such cases, that rate of return should be sclected as the discount rate for the
NPV calculation. In this way, a direct comparison can be made between the profitability of
the project and the desired rate of return.

To some extent, the selection of the discount rate is dependent on the use to which it will be
put. If the intent is simply to determine whether a project will add value to the company,
using the firm's weighted average cost of capital may be appropriate. If trying to decide
between alternative investments in order to maximize the value of the firm, the corporate
mvestment rate would probably be a better choice. Using variable rates over time or
discounting "guaranteed” cash flows which is different from "at risk" cash flows may be a
superior methodology, but it is seldom used in practice. Using the discount rate to adjust for
risk is often difficult to do in practice (especially internationally), and is really difficult to do
well. An alternative to using discount factor to adjust for risk is to explicitly correct the cash

flows for the risk elements and then discount at the firm's rate (Philip.1997),

16



Payback Period

Numerous surveys have shown that payhack is a Popular technique for appraising projects
either on ils own or in conjunction with other methods, Payback can be defined as the period,
usually expressed in years, which it takes for a project’s net cash inflows to recoup the
original investment. The usual decision rule is to accept the project with the shortest payback
period. The payback has several advantages and disadvantages. Among these are:
Advantages
i.  Uses project cash flows rather than a:cnuniing profits and hence is more objectively
based.
. Favours quick return projects which may produce faster growth for company and
hence liquidity
Disadvantages
i. Payback does not measure overall project worth because it does not consider cash

flows after payback period.

ii. It provides only a crude measure of timing of project cash flows

In spite of any theoretical disadvantages payback is undoubtedly the most popular appraisal

criterion in practice (Pike, 1995),

Internal Rate Return (IRR)

The IRR of a project is the rate which equates the NPV of the project’s cash flows to zero: or
equivalently the rate of return which equates the PV of inflows to the PV of the outflows.
Internal rate of return rule

IRR is return that equates initial investment with PV of cash flows

FI—
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T

el 1
0 = Cﬂ+§]C,[(l+Hm ),]

where:
t - the time of the cash flow,
0- zero,
Cy - the net cash flow (the amount of cash) at time t, and
Cy - the capital outlay at the beginning of the investment time (t=0).
The decision rules include:
Aceept projects with IRR>r
Reject projects with IRR<r
The problems with IRR are:
a. lgnores Value Creation (Scale).
b. Assumes cash flows being reinvested at IRR,

c. Multiple IRRs if later cash flows are negative,

Profitability Index (Pl)

Another investment appraisal technique, the PI. is used when the companies or firms have
only a limited supply of capital with which to invest is positive NPV projects. This type of
problem is referred to as capital rationing. Given that the objective is to maximize
shareholder wealth, the objective in the capital rationing problem is to identify that subset of
projects that collectively have the height aggregate NPV. To assist in that evaluation, this
method requires that each project’s PI is computed using:

y PV i
Profitability Index (PI) = iMI— where /= Initial investment.
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subset of projects that can maximize the aggregate NPV,

In general the Pl is of limited usefulness and the use of NPV is considered safer.

Project Valuation

Several authors employed the single period capital asset pricing model (CAPM) (Lintner and
Sharpe, 1965) to value long-lived capital assets. The study by Bogue and Rol, (1960) was an
carly attempt in this direction. They demonstrated that the single period CAPM has
limitations in valuing long-term capital projects. Their approach was later explored and
extended by Brennah, (1998) which used the continuous time version of the CAPM and were
able to derive the project’s value assuming simple expectation formulation of the future cash

flows.

In the study reported by Harrell and Baker (2005) they investigated the valuation of a capital
investment project stipulating that a time-varying normal stochastic process with unknown
means generates the project’s cash flows. Investors are assumed to be Bayesian decision
makers under uncertainty in the sense that they combine their prior information with evidence
from the observed project’s cash flows to sequehtially about unknown mean cash flows, It is
assumed that the CAPM of Lintner and Sharpe, (1965) is valid now. and in the future periods,
ns it provides the basis of valuation framework in the capital budgeting problem. In this
context they derived the valuation formulae and betas of capital investment projects under
different scenarios regarding the behaviour of the projects cash flows. Also, they investigated

the inter-temporary behaviour of the project’s betas for various parameter values. and
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conventional NPV technique in capital hdyﬁngmdummmy is criticized.

The stochastic capital rationing (SCR) model developed by KIRA, (2000) does not directly
consider the issue of uncertain project cash flows in its analysis, Rather, they developed a
procedure for the capital budgeting problem wherein both uncertainty in  budgetary
constraints and returns can be addressed simultancously. This is realized by utilizing the SCR
model and by considering varying standard deviations of project retumns in generating the
optimal composition of projects. Many authors and researchers consider the possibility of
information upgrading in project valuation, but do not present a specific model delineating
how leamning can be formally embedded into the multi-period capital rationing problems.
This study is a step in bridging this gap.

The purpose of this study is to develop or formulate LP and IP models for solving multi-
period capital rationing problems. Specifically, the LP model will be designated 10 solve
multi-period capital rationing (MCR) with divisible project problems while IP will be used 1o
solve MCR with indivisible project problems. The models seek to produce optimal solution
quantities (i.c. Lhc projects to be initiated), the value of the objective function (i.e. the total

NPV) and the shadow costs (i.e. opportunity costs of the binding constraints).
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CHAPTER THREE

REVIEW OF BASIC METHODS

Introduction

mmmaxmmwaﬂmamnnmmm
wuﬂmmmmmmhmorw-uumuhh
“mmmmmmmmmm
Sources and Data Collection
awmhmmﬁmmwwmmmw
hmmmhmmﬁu&mmm@mmwimu
mdhmmy‘:guuhudnﬁmﬁmﬁcﬁmnnkuhmylmm
MHMMHMWMMWW&M“MMW
major items of property or projects. Thdluuuivenhﬂndmlyin\nlmhpnmnf

mwmm(m-ﬂm. 1992).
Mulﬁhﬁﬂ.moﬁhcmmyinmmm inflows and cash outflows of

hmmmmwmmmmm&wﬁmm
mm’mdnwumfwhpuhdZMI*MThmﬂmmhﬂnw
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cach project and the corresponding NPV at ten percent (10%) (Tablel). The distribution of
aﬂmhyfmSMAmﬂsmlemjuumdmwninTlﬂellehEﬂmmmeuﬁul
m&mfwuﬂhmﬂﬁhﬂew nuchpeﬁodmdﬂumrmpondiucqﬁul
refums.

Table 1.

.t-nlmc-hmwmsmumsﬂurnmmml-zouham = 107

Year 2001 2002 2003 2004 2005 2006 NPV a Pl
Project/ Period 0 I 2 3 4 5 10%

Market Circle 100 -100 -200 <400 600 500 264 0.82

School 400 500 -1000 1200 -1400 1200 719 0.80
Building

Health Post 250 200 -360 500 -400 0 237 0.92
Electrification 30 50 60 60 150 -90 217 0.33



Agriculture 10 20 -10 0 30 50 72 0.72
Discoun! 1.00 0909 0.826 0.751 0.683 0.621

Factors

Capital 550 500

Limitation Q;

Source: SMA
Table 2.

Distribution of Capital Requirement for SMA Small Scale Projects for 2001-2006 in

GH¢ x 10
Year 2001 2002 2003 2004 2005 3006 Capital
Project/ Period 0 1 2 3 4 5 Returns
KVIP (X)) 50 30 20 20 60 40 50
Refuse Facility (X,) 10 80 20 20 30 60 30
Water Borehole (X5) 15 15 30 40 60 0 50
Taxi Circle (X,) 10 40 10 10 0 10 10
Toll Booth (Xs) 10 0 10 20 50 10 20
Available Capital R; 80 145 90 100 165 8O

Source: SMA

Statistical Analysis

The Continuous Probabilistic Analysis (CPA) was used for the analysis of the cash flows and
NPV of the various projects. This shows the variability of the project outcomes, which results

from the variability of the individual prajéct cash flows. This enabled the researcher to make
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(risk) of using the project’s NPV i the proposed models.

m_nﬂmhmmhhmm Initially, the mean
mummwumwmumw:ﬁmm
m'wmnmmwmumwm
dhwwmmwhmm“ﬂuwImth
muwmnrmmmummmurm
Mnrﬂnmedmnmmwmthw

Coeflicient of Variation = & X 100%, where 7 is the mean of the cash flows.
rd

Th:miuwu:thmmmadmdmdadﬁnbhi&u

Table 3

Distribution of Large Scale Projects Cash flows (2001-2006)

Project Mean {;} Standard Coefficient of
deviation (o7) vanation/%

Market Circle 266.67 205.48 77

School Building 250.00 373.05 39

Health Post 285.00 160.59 56

Flectrification 73.33 | 38.59 53

Agriculture 20.00 16.32 82
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Table 4

Distribution of Small Scale Projects Cash flows (2001-2006)

- Project Mean (x) Standard Coefficient of
deviation (o7) variation/%
KVIP (X)) 36.67 14.9] 41
Refuse Facility (X, ) 36.67 24.94 68
Water Borehole (.X,) 26.67 19.51 73
Taxi Circle (X,) 13.33 1247 93
Toll Booth (.X,) 16.67 15.99 96

The results in tables 3 and 4 will enable the researcher to make probability statements about
the projects outcomes which refleci the variability’s expected in each period’s cash flows and

the distribution of the competing projects to be compared favourably.

Linear Programming (LP)

A Linear Programming (LP) is one of the most widely used optimization techniques and
perhaps the most effective. The term Linear Programming was coined by George Danizg in
1947 to refer to problems in which both the objective function and constraints are linear
(Dantzig, 1998, Martin, 1999).

A Linear Programming is the problem of optimizing linear objective in the decision variables

G X, subject to linear equality or inequality constraints on the X’s.

Standard Form of Linear Programming

In the standard form, Linear Programming is expressed as;
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HF-;(‘{]‘J T SSsnrasevesetnsesssinssssinasasstasnees (1)

Subject to tdl‘.ﬂ-’f, =h, f=L2. ™ evvesssnscesresvesee ()
=i
LsX, su,, f=12..m, SRRCACRE—

where C, are the objective function coefficients, (i, /)and b, arc parameters in the m linear
inequality constraints and / and u, are lower and upper bounds with /, < u,. Both / and «,
may be positive or negative.

A[inu'pmsrmmingnntxnptmedmmmnvmimdy using matrices;

Minimize F=C'YX cesssssnssnansarerassnssraase ()
Subject to: AX= b P e e e -
I£X<su P O e

A is mxn matrix whose (i, /) element is the constraint coefficient a(i, j) and C, b, I, u are
vectors whose complements areC,.b,, u, respectively. If any of the equations (1- 5) were

udlmd.lm.Mi&!imrmmhimﬁmnfﬂwoﬂmdtymﬂdbedﬁmdﬁmmm
any solutions of the system. If there is no solution or if there is one solution for equation (5),
there can be no optimization. Thmdnmafminmisﬁmﬂ:syﬂmnf
equation [S}hnsmnreﬂmnunkmwnaquatimsmdlmnlmtwmmdptﬂmlin]lymd
infinite number of solutions. This occurs if and only if .

n>m, and

Rank (A) =m
Thnemndiﬁonsmmmmdtubchucinﬂmhﬂun.ﬁcpmhlm of linear programming
hmﬂmﬁmﬁ:ﬂmﬂmimm:ﬁn.aﬂifnmﬁrﬂmﬁalﬁnyhnﬁnimmﬁ
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Basic Definitions

I. A feasible solution to LP problem is a vector X = (X, X,.._X,)that satisfies the
equation AX = b and the bounds | < X < »

2 AIMW(LP}isfndHcifd\ﬂem:hﬁbhmhﬁmm&iih
said to be infeasible.

3. Ahu:icfeuibtenltﬂinnianhuicmlmimiuwhichvmamisryﬂtirhmm
L,sX,su,.

4. Amdegcncm:husicfmiblcwluﬁminwﬁchlﬂhuicvuiahlux,mmictly
butwmuwirbomﬂs,thﬂis,f,ngs.u,,

5. An optimal solution X = (X, X,,........ X, )is a feasible solution subject o C " X , AX

=band X <0. (Lasdon and Powell, 1998).

Equivalent Forms of LP

A linear programming can take on several forms. It might be maximizing instead of
minimizing. The LP can have a combination of equality and inequality constraints, Some
vﬂuumyhmimdmhmmiﬁwmmnfmwﬁmmbemmmd in
l'mTwuﬁ)rmsmﬁaidtnbceqﬁvdmlifﬂwyhnwthcmsunfnpﬁma] solutions or are
cither infeasible or unbounded.

ke Amnximimﬁunpmblmcanheexpmedagamininﬁuﬁonpmblﬂm

Le. maximize C".X = minimize -C'X
2. &noqunlitymbercpmscmedasapairufimqualiﬁq;

a'x<h

T
a x=b=q
a xzb,

OR
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T
{a, xzbh,

— alr:-: <-b'
3. By adding a slack variable, an incquality can be represented as a combination of

equality and non-negativity constraints. For example,

]

¥ ali, j)x, < b,
f=1

Then a slack variable is defined as 5. > 0 such that

Za(i, Sx, +s, = b,

f=i

and the inequality becomes equality.

N
Similarly, if the ineguality is Z ai, f),j 2 b, , it is written as;

£=1

2.a(, )X, ~s, =b,

j=

4. Non-positive constraint can be expressed as non-negative constraints. To express X,

replace X everywhere with — y and impose the y,20.
5. X may be unrestricted in sign. In such a case, X, 1s replaced everywhere by X J—A_’ =

adding the constraints X,, X, > 0.

In general, an inequality can be represented using a combination of equality and non-negative

constraints, and vice versa. Using these rules:
Minimize {C'X, st AX = b} can be transformed into Minimize (AX—AX-5=b,

X, JI’ » §20}. The former LP is said to be in canonical form, the latter in standard form.
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Duality

For any given Linear programming problem called Primal, there is an associated Linear
Programming called Dual problem. Duality is an important concept in Linear Programming
problem since it is algorithmic and allows a proof of optimality.

Rules for Taking Dual Problems

If PRIMAL problem (P) is minimal problem, then the DUAL (D) problem is maximum
problem and vice versa.
In general, using the rules of transforming a Linear Programming in Standard Canonical

form, the Dual (D) of Primal (P) is;

Minimize Z7=C"x
Subjectto A XY < b.

X, 20,

v
where X' = (X, X,,....X,)" is any n-vector,

C =(C,(,,....,.C,)" isany n-vector,

A =ali, j) is-m» n matrix and
b= (b.b,......h,)" is any m-vector is DUAL (D).
Maximize W =5p'y
Subjectto AT y >, y20.
The variables in the P are called Primal variables and the variables in the Dual problem are
called Dual variables.
The general rules for converting primal problem of any form into dual problem can be

summarized as shown in table 3.1:
29



Table 3.1

PRIMAL PROBLEM

DUAL PROBLEM
Maximization Minimization
Cocfficients of objective function Right hand sides of constraints

Cuetficients of im constraints

i" constraint is an mequality of the
form <

i" constraint is an equality (=)

" variable is unrestricted

i
i" variable satisfies > 0

Number of variables

Number of constraints

If inequality of type > occurs in

maximization problem convert to type

< by multiplying through by -1

Coefficients of /" variable

i" variable satisfies > 0

i" variable is unrestricted

i constraint is an equality (=)

i" constraint is an inequality of the type
>

Number of constraints

Number of variables

If inequality of type < occurs in
minimization problem convert to type

= by multiplying through by -1

Solution Techniques for Linear Programming

There are several approaches for solving the linear programming problems. Among these

techniques are:

(1)
(if)
(iii)
(iv)
(v)

Graphical Approach
Simplex Algorithms
LINDO Software
QSB Package

MATILAB
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(vi)  YE’s Interior Point Algorithms

(vii) Microsoft Excel 2003

The most convenient and effective technigue in use now is the Simplex Algorithm.
Essentially, the Simplex Algorithm starts at one vertex of the feasible region and moves (at
el steration) to another (adjacent) vertex, improving (or leaving unchanged), the objective
function as it does so, until it reaches the vertex corresponding to the optimal linear

programming solution.

The Simplex Algorithm for solving LP's was developed by Dantzig, (1940). A number of
different versions of the algorithms have now been developed. One of these later versions,
called the Reversed Simplex Algorithms (Appendix B) forms the basis of the most modern

computer packages for solving LP’s. (Arsham, 1999),

Sensitivity Analysis

Sensitivity analysis (or post-optimal analysis) allows the researcher to observe the effect of
changes in the parameters of linear programming problems on the optimal solution. Given the
LP package, it is easier to change the data to see how the solution changes (if at all) as certain

key data items change.

As a by-product of using the Simplex Algorithm, researchers automatically get sensitivity

information;
(a) for the variables, the Reduced Cost (also known as Opportunity Cost) column which
give each variable an estimate of how the objective function will change if that

variable is made non-zero. This is called “Reduced Cost” for the variables. The
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mCmmd:ohcimﬂvmduu:mby which the objective function
mﬁmrmamh|:MmdemmmmMm.
{h}fwwhmnimmlunmhndedmwpﬁuim;mbthmh the objective
function will change if the right hand side of the corresponding constraint is changed.
'l'hisiskmwn&slhc“Ma:ginsl Value™ or “Dual Value™ for the constraint.

LP Formulation and Applications

The conditions for a Mathematical model to be a Linear Programming:

| @@ all variables must be continuous (i.c. can take fractional values)

| (b)  asingle objective (minimum or maximum) must be indicated

(€)  the objective and constraints are linear (i.e. any term is either a constant or constant

multiples of an unknown),

The LP are important in everyday life because, many practical problems can be formulated as
LP and also there is an algorithm (called the Simplex Algorithm) which enables the

researcher to solve LP numerically relatively easy (Padberg & Hoffman, 1995),

LP Model for Project Selection under Multi-Capital Rationing Problem

Based on the above information about LP, a formal formulation of LP model for solving MA
Project Selection problems is presented below.
Conditions

* The capital available for investment is denoted by Q..

® The problem facing the MA is that, which project or portions of a project it should

initiate with Q.
Steps.
I. The project NPV’s, are determined using
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ﬂj(NPV)=Z"{ .

=1 | (1 + r)f
where t=0), |,
.i‘ J=1,2... 5.and Cis the cash flows,
- Assuming the results, NPV of the projects to be; Market Circle (A)= B, School Building (B)
g =, , Health Post (C) = 8,, Electrification (D)= B, and Agriculture (E)=45..
i, Formulating the problem as LP means defining the objective function, decision
il variables and constraints, The objective function of MA is to maximize NPV. That
is; |
Maximize Z = 8,.X +BhX,+ X+ B X, +4.X,,
where the decision variables ( X Pl
X, is proportion of project A o be initiated (j=1),
Xy is proportion of project B to be initiated (=2),
X is proportion of project C to be initiated (G=3),

A is proportion of project D to be initiated (j=4),

r X ; is proportion of project E to be initiated G=5).

ili, Subject to the constraints in the MA problem are the budgetary limitations in

T L

periods 0 and 1 (table 1). Taking the periods separately, gives;
Capital at time (t) =0,

’ Xy +ay Xy + a3 Xe +ay X, +a,5 X, <0,

Capital at time (t) =1,

Qo Xy + @50 X, + Ao nXe a0, 40X, +a,5X £ 0.
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To ensure that a project is not accepted more than once or negative projects are accepted,

the constraints regarding the proportions of the projects are specified as shown below:

XX, XX ¥ <i
X Xe X X, X0,

where a,, s = cash flow for each period for each project.

The whole formulation in a compact form is thus;

Maximize 7 = B X +ﬂzrz +ﬂ3X3 +ﬁ4X¢ +0.X,
' Subject to
gy X+ Ay 2y X, + Ay 5 X 5 + Ay X, + a5 X5 = 0,
Ay X +a, ., X, + A3 Xy +a, 0 X, + Qs ads =0,

X, <1

Xs =<1

ET Wy
e LT Hiterngyey

SUENGE anp TER= 0L ooy
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A more general form is;

i)
Maximize 7 = ; B,X, (objective function)
- hl'
Subject to ZI.:IMXJ, <Q, (constraints)
i=
i=1,2...m
0<X <1
F=12.. N

where {H{:‘,_r'} > Qj and f3 7 } are given and N is the number of projects to be invested.

Assumptions

The assumptions made in formulating the LP model include:
(i) All the projects and constraints are independent on one another.
(i)  Equal investment Opportunities are assumed for the projects for each period.

(iii)  The cash flows, resources and constraints are known with certainty:.

Integer Linear Programming (IP)

In many of the LP problems, certain variables should have been regarded as Integer values.
But for the sake of convenience, the variables are allowed to take fractional values reasoning

that the variables are likely to be so large that any fractional part could be neglected. Whilst

this is acceptable in some situations, in many cases, a numeric solution must be found

that the variables take integer values, The problems in which this is the case are called Integer
Programs (IP) and the subject of solving such programs is called Integer Programming, Thus

Integer Programming is the subset of Linear Programming in which all the variables are

required to be non- negative integers.
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5 General Forms of Integer FProgramming (IP)

; 1. AnIP mwhich all the variables are required to be integers is called Pure [P problem,

| ie maximize Z = 21 a,X (objective function)
J =

Subjectto ), 4, , X, <b,

-~ (constraints)
i=
X, =0,X, Integer
F=1,2...n
} 2. An IP in which only some of the variables are required to be integers is called Mixed
Integer Programming,

ie. Maximize Z = > O X |

Subject to Z": a

I=1

AL P

(1.1 J J

ZH:XJ-'_ZJ;IEW
/=1

X, 20, p=0,0rl
d= e o
3. An IP problem in which all the variables must be equal to 0 or 1 is called a Zero-one
Integer Programming,

le. Maximize Z =3 0.X,
Subject to Zd X, lessthan D,
J=1

Xf.zﬂnrl

4. The LP obtained by omitting all integers or 0-1 constraints as variables is called the [P

Relaxation of IP.
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For example, the LP relaxation of (1) is
Maximize Z =3X, +2X,
Subject to X, +X,56
X.X,20
And the LP relaxation of (2) is
Maximize Z =X, + X,
Subject to X, +2X,52
2X,+ X, <1
X,X,20
Any [P may be viewed as LP relaxation plus some additional constraints, the constraints that
state which variables must be integers or be 0 or | Hence the LP relaxation is less
constrained or more relaxed version of the LP. This means that the feasible region for an [P
must be contained in the feasible region for the corresponding LP relaxation. LP relaxation
for any IP is a maximize problem. This implies that;
Optimal value for LP relaxation > Optimal Z value for LP.

This result plays a key role in the discussion of the solution of [P (Whaley and Smith, 2002).

Solution Techniques for IP

There is general purpose (independent of LP being solved) and computationally effective
(able to solve large LP) algorithms (Simplex or interior point) for solving LP problems.
However, there is no similar general purpose and computationally effective algorithm exists
for solving IP problems. This means that [P problems are harder to solve than LP problems.
Thtmmlmmrudiﬂ'mtappmmhmfurmlvingmmobkm&dﬂmghm“
frequently combined into “hybrid” solution procedures in computational practice. They are;
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s' F- Enumerative techniques

- Relaxation and decomposition techniques

R Cutting planes approaches based on polyhedral combinatory,

The most effective and simplest approach to solving a pure [p problem is to numerate all
finitely many possibilities. However, due 1o the “combinatorial explosion” resulting from the
parameter “size” only the smallest instances could be solved by such an approach. Sometimes
one can implicitly eliminate many possibilities by domination or feasibility arguments.
Besides straight-forward or implicit enumeration, the most commonly used enumerative
approach is called BRANCH and BOUND, where the “branching” refers to the enumeration
part of the solution technique and “bounding” refers (o the fathoming of possible solutions by

comparison to a known upper or lower bound on the solution value (Land and Doig, 1960).

To obtain an upper bound on the problem (e.g. in maximization problem), the problem is
relaxed in a way which makes the solution 1o the relaxed problem, relatively easy to solve.

All commercial branch-and-bound codes relax the problem by dropping the integrality
conditions and solve the resultant continuous [P problem over the set P, If the solution to the
relaxed linear programming problem satisfies the integrality restrictions, the solution
obtained is optimal. If the LP is infeasible, then so is the integer program. Otherwise, at least
one of the integer variables is fractional in the LP solution. One chooses one or such
fractional variables and “branches” to create two or more sub problems which exclude the
prior solution but do not eliminate any feasible integer solutions. These new problems
constitute “nodes™ on a branching tree, and an LP problem is solved for each node created.
Nodes can be fathomed if the solution to the sub problem is infeasible, satisfies all of the

integrality restrictions, or has an objective function value worse than a known integer solution

(Powell and Brennah, 1998),
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, [Hustration
Consider the LP problem, (parameters measured in $m).

Maximize Z = 0,2.X, + 0.3X, + 05X, + 0.1X,

Subject to 0.5X, +1.0x, +0, 15X, +0.1X, <3.1

0.3X, +0.8., +1.5X,+04X, <25
0.2X, +0.2x, +0.3X, +0.1Xx, < 0.4
X =0orl, =234

What makes this problem difficult is the fact that the variables are restricted 1o integers (zero
or one). If the variables are allowed to be fractional (takes all values between zero and onc for

example) then LP would be obtained which can easily be solved.

To solve this LP relaxation of the problem, the x, =0 or 1, j =1, 2. 3, 4 is replaced by 0 < X
£1,7=1,23,4. Then using MATLAB package gives the solution x;= 0.5, x;=1, x, = x;=0
of value 0.65 (i.e. the objective function value of the optimal linear programming solution is

(1.65).

Now, the optimal integer solution is < 0.65, i.e. this value of 0.65 is an upper bound on the
optimal integer solution. This is because when the integrality constraint is relaxed, the

solution value ends up with at least that of the optimal integer solution (and may be better).

Consider this LP relaxation solution. The variable x; which is fractional needs to be an

integer. To remove this troublesome fractional value, two new problems can be generated:
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» original LP relaxation plus x,= ()

« original LP relaxation plus x,= 1

Then the optimal integer solution to the original problem js contained in one of these two new
pbtens. This process of taking a fractional variable (a variable which takes a fractional
value in the LP relaxation) and explicitly Constraining it to each of jtg integer values is known

ag branching. It can be represented diagrammatically as below (in a tree diagram, which is

how the name tree search arises),
The solution to these two new LP relaxations problems are given helow:

» PI - original LP relaxation plus x2=0, solution x;= 0.5, %=1, %= x,= 0 of value 0.6
o P2 - onginal LP relaxation plus x; = 1, solution 2= 1, x3=0.67, x;= x,= 0 of value

0.63

This can be represented diagrammatically as below.

Initial LP relaxation value 0.65

X2 fractional
X2=0 X2=1
1 value 0.6 P2 O value 0.63
X1 fractional X3 fractional

To find the optimal integer solution, the process is repeated, i.e. choosing one of these two

problems, choosing one fractional variable and generating two new problems to be solved.

Choosing problem P1 means branch on x; to get a list of LP relaxations as:
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of value 0.6

. P4 - original LP relaxation Plus x2= 0 (P1) plus *r= 1, solution x = 1, x;=0.67, x,=

x¢= 0 of value 0.53

[ o P2 - original LP relaxation plys x,~ 1. solution x,= 1, x;= 0,67, x, = x4= 0 of value

0.63. This can again be represented diagrmmnatically as below.

Initial LP relaxation value 0.65

X2 fractional
X2=1

value 0.6 | po (O value 0,63
X1 fractional X3 fractional
X1=1

pa O NG

value 0.6 value 0.53
integer feasible

Al this stage, an integer feasible solution of value 0.6 at P3 is identified. There are no
fractional variables so no branching is necessary and P3 can be dropped from the list of P

relaxations.

Hence, the new information about the optimal (best) integer solution is that, it lies between

0.6 and 0.65 (inclusive).

Considering P4, it has value 0.53 and has a fractional variable (x3). However if the branching

were to be on x3, any objective function solution values that would be obtained afier
branching can never be better (higher) than 0.53. As already the integer feasible solution

value is 0.6, P4 can be dropped from the list of LP relaxations since branching from it could
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« P2 - original LP relaxation plus x, = 1, solution x, = |
0.63

+ X3 = 0.67, x;= x, = 0 of value

Branching on x; gives:

* PS5 - original LP relaxation plus x;= 1 (p2) plus x5 = 0, solution x, = x, = lLxi=x,~0
of value 0.5

# P6 - original LP relaxation Plus x;=1 (P2) plus x;= 1, problem infeasible

manSmPﬁcanlmdmﬁmhnbthingsothcmismplmduﬂlhew
integer solution value is 0.6 which corresponds 1o x; = x,= |, x;= x,= ().
'lhcnﬁmpmcessleadjngtathisupﬁma]snlutiun(mdtnpmvetimitisopﬁnmnisﬂmwn
graphically below,

Initial LP relaxation value 0.65
X2 fractional

value 0.6
X1 fractional

X1=1

P4
value 0.6 value 0.53 valug 0.5 infeasible
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Variable X; X; X X, Direction R HS
Maximize 0.2 0.3 0.5 0.1
C) 0.5 1.0 1.5 0.1 < 3.1
C; 0.3 0.8 1.5 0.4 < 2.5
Cs 0.2 02 0.3 0.1 < 0.4
Lower 0 0 0 0
Bound
Upper 1 I I 1



Bound

Binary

Type

— "
_—

The solution is shown below-

" Dale Decision —_Sm m Total Reduced Basis
Variable Value Profit Contribution Cost Status
1 - R T e 02000 At bound
2 X 0 03000 0 0.3000 At bound
3 Xz 1.0000 0.5000 0.5000 0 basic
4 Xy 1.0000 0.1000 0.1000 0 basic
Objective  Funetion (maximum) = 0.6000

Here, the optimal decision is to choose to do projects 3 and 4 (Baker and Harrell, 2007).

Applications of IP

The major application arcas which IP can be applied arc;

fa)
(b)
(c)
(d)
(e)
()

manpower scheduling problems concerned with security personnel.
church location problems

capital budgeting problems

traveling salesperson problems

the cutting stock problems

vehicle routing problems
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[P Model for Project Selection ynde, Muitiperiod capigy Rationing Problem

Based on the background informatio about P, a formg] formulation of an IP model for

solving MA project selection problems i presented below,

Conditions

1. The problem facing MA is that, it cannot invest in all N-projects suitable for investment
which run n-years,

ii. ~The project characteristics shows tha Zdu. ;) 18 greater than R , Where d; ,; is the least
capital requirement for ; Projects and R is the capital for investment.

The decision problem is that, which projects MA should select in order to maximize the total

returns. To formulate IP for the MA problem, the following steps were used.

Step 1: Decision Variables

To define decision variables.

I, if MA invest in project |
0, if MA does not invest in project

let X, = {
i=1 2, .N

That is, the X are integer variables which must take one of the two possible values (zero or
one). This represents Binary decision (e.g. do project = 1 or not to do project = 0)

Step 2: Constraints

To define the constraints,

let d, , = capital requirements for j projects,

R, = available capital for j projects for each year.

Then the constraints relating to availability of capital funds each year are;

N
Zid“.”,&’ <R,
e
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Step 3: Objective Function
Let the total profit be E PX,

Then the total Return is maximized as;

Maximize Z = i;;,t;

/=1

This gives a complete IP model for MA problem as;

A
" Maximize Z =
;ﬂ-’f i (objective function)
N
Subjectto » d <
J g wnX; < R, (constraints)
i=1, 2,..m
X, =00R 1] i
(non-negative
constraints) i=1 2,..N

A more compact form is:
Maximize Z=RX,+PX,+....t+ P.X,

Subject to

e i R
:h.
e

4+
=
Ko
B
il
:RL
i
2=
1A
£

at:!.hxl +d{;,3;X; Fimnuny o ‘f{z,mX.-.- <R,

—
1
1

e

WA WRUMAG o
SIENGE ADD Yeman ooy
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'f;m,l}Xl +d{m.2|X1 Fo + d[m,N}XN =R

XJ=I'.}nr1

| This completes the IP mode].

Comments

* In writing down the complete IP, the inclusion of the information x=0orl (=
1,....N) serves as a reminder that the variables are integers

» The zero-one nature of the decision variable means that always a single term or item
will be captured, i.e. a project is either accepted or rejected,

» The objective and constraints are linear (i.e. any term in the constraints/objective is
either a constant or a constant multiplied by an unknown).Here, only a linear integer
programming (IP with a linear objective and linear constraints) is under consideration.

Non-linear integer Programmings are, however, outside the scope of this thesis.

Extensions to the LP and IP Models

The extensions to the models include;

* projects of different lengths

* projects with different start/end dates

* adding capital inflows from completed projects

» projects with staged returns

* carrying unused capital forward from year to year

» mutually exclusive projects (can have one or the other but not both)

* projects with a time window for the start time.
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CHAPTER FOUR

ANALYSIS AND INTERPRETATION OF RESULTS

Introduction

In this chapter, the secondary data extracted from the published financial statements, monthly
and yearly reports of SMA from 2001-2006 and other supporting documentary evidence
obtained from the SMA department, will be analyzed with the help of the LP and IP models
formulated in the third chapter. The data will be used to formulate suitable LP and IP
objective function and decision variables that will assist the SMA to select viable projects

within its capital limitation.
Implementation of LP Model

Applying LP model;

Maximize Z = f3, X

Subject to E}:.t“wﬁfJ <h,

J=1

il 2..m
0<X <1,
J=|| 21---1'”1

to the SMA capital rationing data (Table 1), the Assembly’s project selection problem can be
formulated as LP as shown below:

Maximize Z = 264.X, + 719X, + 237X, + 217X, + 72.X,

49



Subject to 100X, +400.X, +250, +30., + 10.X, <550

100X, +500.X; + 200, + 50X, +20x, <500

05X, s1, j=1, 2.5

In this LP problem the assumption is that, fractional variable values will be acceptable. Since

the amount required for each period is reasonably large, this will not cause too many

problems.
Solution to the LP, using MATLARB Package

There are more than two variables in the [P problem, hence it is considered as large scale LP
problem that can be solved easily by software package like MATLAB. The LP module in the
MATLAB package is called “Linprog",
To solve an LP problem,
rn‘in S X such that
AXsh

A X =)

~y ~

Ib< X <ub
where £, x, b, beg, Ib, and ub are vectors and A and Aeq are matrices, using linprog,
the Syntax is;
x = linprog (f. A, b, Aeq, beg)
x = linprog (. A, b, Aeq, beg, Ib, ub)
x = linprog (f A, b, Aeq, beq, Ib, ub, x0)
- x = linprog (£ A, b, Aeq, beq, Ib, ub, x0, options
(X fval] = linprog (...)
[X. fval, exitflag] = linprog (...)
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[X, fval, exitflag, output] = linprog (...)

[X. fval, exitflag, output, lambda] = linprog (...)

Description

Linprog solves linear programming problems.

x = linprog (£ 4, b) solves min J(x) such that Ax < p,

x = linprog (f, 4, b, Aeg, beq) solves the problem above while additionally satisfying the
equality constraints Aeq.x = beq. Set A= [] and b= {7 if no inequalities exist.

x = linprog (£ 4, b, Aeq, beg, Ib, ub) defines a set of lower and upper bounds on the design
variables, x, so that the solution is always in the range /b < x < ub. Set Aeq= [] and beg= []
if no equalities exist.

x = linprog (f A, b, Aeq, beq, Ib, ub, x0) sets the starting point to x0. This option is only
available with the medium-scale algorithm (the LargeScale option is set to 'off' using
optimset). The default large-scale algorithm and the simplex algorithm ignore any starting
point.

x = linprog (f. A, b, Aegq, beg, Ib, ub, x0, options) minimizes with the optimization options
specified in the structure options. Use optimset to set these options.

[X fval] = linprog (...) returns the value of the objective function fun at the solution x: fral -
I'®).

[X, lambda, exitflag] = linprog (...) returns a value exitflag that describes the exit condition.
(X, lambda, exitflag, output] = linprog (...) returns a structure output that contains information
about the optimization.

(X, fval, exitflag, output, lambda] = linprog (...) returns a structure lambda whose fields
contain the Lagrange multipliers at the solution x.

Input the parameters of the LP into the “linprog” as

f =[-264,-719,-237,-217,-72]
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A.lmmmm 10 ]
100 500 200 50 39

b =[550,500]
Ib = zeros(5,])
ub = ones(5,1)
b, =

]

4, =[]

~y

X, fval, exitflag, output, lambda)] = linprog (1 A. b, Aeg, beq. b, ub, []. []):

Enter
X. fval, lambda.ineqlin, lambda.lower
Enter

The solution to the LP problem is shown below;

Decision Selution  Unit Cost Total Shadow  Reduction
Variables Variables  or Profit  Contribution Price Cost
Market ( X, ) 1.00 264.00 264.00 0 0
School (.X,) 0.66 719.00 474.54 1.438 0
Health (X,) 0 237.00 0 0 50.60
Electrification (.Y, ) 1.00 217.00 217.00 0 0
Agriculture (X,) 1.00 72.00 72.00 0 0

Optimal solution (Max. objective function) = GH & 1027.5x 10°

32



- =

e ?—'_—q_‘#:f..__w;h

Interpretation of Solution

The solution indicates the construction of a market place (X, =1), providing Agricultural
mputs (X; =1). and electrification projects (X, =1) can be done by the SMA within its
capital limitation, At the same time, 0.66 portions of a unit classroom block (X,) can be
initiated while(X, = 0) indicates that the Assembly cannot put up health posts within the

time frame with the limited capital. This investment plan uses all the funds available in year

Zero and year one.

The shadow prices indicate that the amount by which the NPV of the optimal plan
(ie.GH @ 1027.5x 10%) could be increased if the budgetary constraints increases.

For every GH 1 x 10° relaxation of the constraint in period two, GH o 1.438 x10% extra
NPV could be obtained. The shadow prices also indicale that extra funds in period zero are
not required. That is, the marginal value or dual value is not needed in the first constraint.

The Reduced Cost of 50.6 in X s Indicates the amount by which the objective coefficient for a

variable X, needs to change before becoming non-zero is GH @ 50.6x 107

The slack or surplus column gives, for a particular constraint, the difference between the [eft
Hand side of the constraint when evaluated at the LP optimal (i.c. evaluated at X, ) and the
Right Hand side of the constraint. However, in the LP solution, all the constraints are tight or
binding (i.e. have zero surplus or slack). None of the constraints is loose (i.e. have non-zero
surplus). All these facts may give SMA management some guidance in their considerations of

the various alternative sources of capital.
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(b)  the Right Hand Side (RHS) coefficient of a constraint of our LP model.

The MATLAB ermﬁmmxwﬁmmm(hamcﬂ}m
dndnwmim.Hm,ﬂnduliMEummwmmeUmIvdhmhwth:
solution changes as certain parameters change.

Changing the RHS Coefficient of Constraints
The shadow price of the j*mnsu'ninlgimdrlmmtbywhichtheoptimﬂziulueis
inmusedinthemuimi;:mblnnif&mkﬂﬂcucﬂiciunufmmﬁmhimmdbym.

Hence, the b, is increased by one (i.e. 500 +1=501) and the LP resolved to get;

Decision Solution  Unit Cost Total Shadow  Reduction
Variables Variables  or Profit  Contribution  Price Cost
Market (X, ) 1.00 264.00 264.00 0 0
School (.X,) 0.66 719.00 474.54 1.438 0
Health (X,) 0 237.00 0 0 50.60
 Electrification (X,) 1.00 217.00 217.00 0 0
Agriculture (X, ) 1.00 72.00 7200 - 0 0
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Interpretation of Solution

|

$

MhﬂﬁMdMthwmwmx,ﬂmmd&dhﬂmm
and reduced cost or Opportunity cost.
Mn.llmilincmmdindzclpiul funds for the constraint (Health Post (X)) has created a
marginal value of 1.5 in the optimal objective function value (NPV) for a project investment.
That is, the optimal objective function value increased from 1027.6 to 1029, with a difference
of 1.5 which is approximately equal to the shadow price of 1.438 for the constraint X', .
From this observation, it can be deduced that in the maximization problem, if RHS of the
J* constraint is increased by an amount Ab, , then assuming the current optimal solution, the
new optimal Z-value can be found from;

New optimal Z-value = Old optimal Z-value + Ab, (constraint j shadow prices)
This analysis is very useful in planning because it enables the management to identify the
most sensitive parameters or elements in the projects. Once the elements of the projects are
identified, further analysis and study can take place on these elements trying to establish the
likelihood of the variability and range of values that might be expected to make a more
reasoned decision whether or not to proceed with the project.

Changing the Coefficient of the Objective Function

The Reduced Cost, 50.6 in X, row shows the amount by which the objective function
coefficient for the variable X, should change to make it non-zero. Hence the coefficient of
X, in the objective function is altered by +50.6 and the LP problem resolved.
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Decision Solution  Unit Cost Total Shadow  Reduction

Variables Variables  or Profit Contribution Price Cost
Market (X,) 100000  3g400 264.00 0 0
I' School (X,) 0.38042 719.00 273.52 1.438 0
' Health (X,) 0.69895  287.60 201.20 0 0
Electrification(X,)  1.00000 217.00 217.00 0 0
Agriculture (.X,) 1.00000 72.00 72.00 0 0

Optimal solution (maximum objective function) =GH¢ 1027.5x 10°,

Explanation

Addition of the reduced cost of the 50.6 on the row of variable (.X,) to its corresponding
coefficient in the objective function effects no changes in the shadow prices with solution
values for variables X X, Y s and the optimal objective function. However, there were
sharp variations in some the optimal solution values. The coefficient of variable (X,)
decreased from 0.662 to 0.38042 while variable X, increased from 0 to 0.69895. Thus,
increasing the NPV per unit on variable X ; impacts a sharp change on the optimal solution.
Given the sensitivity analysis of one or more of the key factors of projects like this, the

management’s task is to decide whether the project is worthwhile.

~ Implementation of [P Model
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-mammmmwmvﬁgmmm. Although the
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mmmtﬁcmﬂmnlmnfmeduhhnmwmﬁmm
I.mjviﬁcs.lnsmhaﬁsc,lhc[Pmdeuilllehcmtudmn for itself which are the most

_important decisions and determine those first or it can be assisted by specifying the hierarchy
- of decisions explicitly.

Based on these IP principles, the IP model for solving multiperiod capital rationing problems;

Maximize Z= 3"y

=1

N
Subjectto  }'d, X <R,

f=1

X, = Oorl f=1, 2..N

s applied to the SMA small scale project selection problem data (table 2) as follows:

Purpose

The SMA project manager wishes to select from N-potential projects for investments so that
by the end of n-years, the project selected will maximize returns from these batch of projects
with regards to his capital limitation. This problem can be formulated, (using the data in table
2)as zero-one IP problem (do a project = 1, do not project = 0).

Putting the data into the [P model gives:

Maximize Z = 50X, + 30X, + 50X, +10X, + 20X,
Subject to 50X, +10.X, +15X, +10.X, +10X, <80
30X, +B0X, +15X, +40X, +0X, <145

20X, + 20X, + 30X, +10.X, +10.X, <90
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20X, + 20, +40.X, +10X, +20X; <100
60X, +30x, +60.X, +0X, +50X, <165
40X, +60.x, + 0.X; +10X, +10.X, <80
XJ =0 orl, J=1 2.5
where KVIP = X, | Refuse =X,. Water=X, , Taxi= X, and Toll Booth = X,
This is a Binary decision problem and can, be solved easily by MATLAB software as shown

below:

Solution to IP, using MATLARB

The IP module in the MATLAB package is called “bintprog™. To solve an IP problem of the
form;

mjn "X such that

AX <b
Aw=bfq

All variables are integer:

where /. b, and beg are vectors, 4 and Aeq are matrices, and the solution x is required to be a
binary integer vector -- that is, its entries can only take on the values 0 or 1. Using
“bintprog™, the syntax is
x = bintprog (/)
x = bintprog (f, 4, b)
x = bintprog (f, 4, b, Aeq, beg)

x = bintprog (f; A, b, Aeq, beg, x0)

x = bintprog (f, 4, b, Aeq, beg, x0, options)

[X. fval, exitflag] = bintprog (...)
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[X fval, exitflag, output] = bintprog (...)
Description

x = bintprog (f) solves the binary integer programming problem
min Jr;m:'ze X
x = bintprog (f, 4, b) solves the binary integer programming problem

min i_mize JX such that AX <p

x = bintprog (£ A, b, Aeg, beg) solves the preceding problem with the additional equality

constraint. Aq = b,q

x = bintprog (/. A, b, Aeg, beg, x0) sets the starting point for the algorithm to x0. If x0 is not in
the feasible region, bintprog uses the default initial point.

x = bintprog (f; A, b, Aeg, Begq, x0, options) minimizes with the default optimization options
replaced by values in the structure options, which you can create using the function optimset.
[x. fval] = bintprog (...) returns fval, the value of the objective function at x.

[X. fval, exitflag] = bintprog (...) returns exitflag that describes the exit condition of bintprog.
[X. fval, exitflag, output] = bintprog (...) returns a structure output that contains information
about the optimization.

Input the parameters of IP into the “bintprog™ as: f = [-50,-30,-50,~10,-20]

(50 10 15 10 10
30 80 15 40 0
20 20 30 10 10
20 20 40 10 20
60 30 60 0 50
40 60 0 10 10

L -

b = [80.145,90,100,165,80]
[X. fval, exitflag, output] = bintprog (f, 4, b)
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The solution to the IP problem (output from bintprog) is shown below;

Decision Variable  Solution  Unit Costor Total Reduced
Value Profit Contribution Cost
KVIP (x,) | 50 50 0
Refuse Facility (Y, ) 0 30 0 30
Water Borehole (X, ) 1 50 50 0
Taxi Circle (X,) 1 10 10 0
Toll Booth (.Y,) 0 20 0 20
Optimal objective function value =GHel10 X 167,

Interpretation of Solution

The optimal decision is to choose to do projects; KVIP, Water Borehole and Taxi Circle
whilst the SMA cannot provide Refuse Facilities and Toll Booths within its capital limitation

for the next five years unless the capital investment is reviewed.

The optimal decision achieves maximum returns of GH¢110 X 1¢F instead of GH¢l60 x 107,
That is, the SMA has been able to recover about sixty-nine percent (69%) of the targeted
returns from the batch of projects selected. It is evident that the model has assisted the project
manager to select a large number of the viable projects that can maximize profit. This is

better than relying on an ad-hoc judgmental approach to the project investment.

The model can be used for sensitivity analysis, for instance, to examine how sensitive the

project selection decision is to changes in the parameters of the model.
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Findings

(i) The LP and IP models revealed the following facts about project investment paramcters.
The models;

* Enabled the SMA to maximize profit rather than depending on an ad-hoc judgmental
approach to project investment.

* [Enabled the SMA 1o deal with a larger number of viable investment opportunities,

* Assisted the SMA project manager to see that a unit change in the capital funds

constraint x could create marginal value in the optimal objective function (NPV).

® A change in the coefficient of the objective function by the reduced cost could cause a

sharp variation in some of the coefficient of constraintsx,. A unit increase in the NPV

would impact some changes in the optimal solution.

(i) The study has shown that in the project selection problems where proportions or
fractional parts of a projects and a whole project(s) are desired to be initiated within a period,
the best decision tool is the LP model. Whenever only a whole project is desired to be
invested, the IP model is the suitable decision making tool.
(iii) It has also been found that the following computer software packages:

(a) MATLAB

(b) QSB package

(c) Microsoft Excel 2003,

could be used to analyze and solve the problem at stake,
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CHAPTER FIVE

SUMMARRY, CONCLUSIONS AND RECOMMENDATIONS

Introduction

The results from the previous chapters arc summarized in this chapter. Conclusions,

discussions and recommendations are made about the findings.

Summary

The primary objective in this thesis was to design linear programming and integer
programming models for solving Sunyani Municipal Assembly’s projects selection under
multi-period capital rationing problems,

A second objective was to maximize the return from the batch of the projects selected with
regard to the capital limitation, and also use the models to carry out sensitivity analysis on the
project parameters in order to assist project managements decide effectively which projects

are worth undertaking.

Data used for this thesis is purely secondary data extracted from financial statements, annual
reports, monthly reports, daily newspapers and other relevant documents from the Assembly.
The financial ratios such as NPV, Profitability Index, and also LP and IP models were used in
the analysis of the data. The discount factors at cost of capital at ten percent (10%) for cach

cash flow for each project, NPV’s at percent (10%) and relative profitability index (P1) were

computed and the results tabulated (Table 1).
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The LP model is designed to solve SMA large scale project selection problems and this
produces the optimal solution quantities (i.e. the projects to be initiated), the value of the
objective function (i.e. the total NPV) and opportunity costs of the binding constraints. On
the other hand, selection of the small scale project problems is solved effectively by IP model
or quantitative modelling techniques,
Factors which come into play in choosing which IP solution method is appropriate are:
i. The size of the IP (variables and constraints)
ii. Time available to build the model ( formulation plus solution algorithm)
iii. Time available for computer solution once the model has been built
iv. Experience
The solutions to both P and IP models can be given by software such as:

1. MATLAB

il. QSB Package

iii. Microsoft Excel 2003
The model can be used to carry out sensitivity analysis, for instance, to examine how
sensitive the project selection decision is to change in the parameters of the model. This
invariably helps the project management to decide effectively on the projects which are worth

undertaking.
Discussions and Conclusions

As explained earlier on, the idea behind the profitability index (P1) is that the PI provides the
subset of projects that maximizes the aggregate NPV, However, this is not always the case.
The projects were ranked with the most highly PI first i.e. Health Post ninety two percent

(92%) viable, followed by Market Circle eighty two percent (82%), School Building eighty
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percent (80%) and Agriculture Seventy seven percent (77%). This provided the highest
aggregate NPV value of GH¢1392. This value is much higher than the LP model optimal
objective function of GH¢1027.5. The total capital available for investment is GH¢1050. The
PI thus leads to wrong conclusion, a decision that could have reduced the SMA wealth.

The larger coefficient of variation of Agriculture eighty two percent (82%) and Market Circle

seventy seven percent (77%) means that the probability of selecting these projects are more

certain than others,

The LP model assisted the project manager to accept the hundred percent (100%)
construction of market place, hundred percent (100%) agriculture inputs, hundred percent
(100%) electrification projects and sixty six percent (66%) construction of classroom blocks
but failed to accept the construction of health posts at the total cost of GH¢ 1027.5x 10°

against the investment capital of GH¢ 1050 x 10* (Table 1).

After post-analysis of the projects’ parameters using the LP model, the trend changed. The
SMA tend to accept hundred percent (100%) construction of market place, thirty eight
percent (38%) construction of classroom block, 69.9% of construction of health post, hundred
percent (100%) of both electrification and agriculture inputs at the cost of GH¢ 1027.5 x 10%

This yielded an acceptable optimal decision.

Much of the information obtainable as by-product of the solution of the LP model can be
useful to management in estimating the effect of changes without going to the expense of
resolving the LP. Similarly, using the TP model, the optimal decision for maximizing the
returns 1s to do the projects: KVIP, Water Boreholes and Taxi Circle at the cost of GHg 110

x 102,



One helpful observation is that, the mathematical models support project management in the

following ways. The models wil] enable the project mangers in:

(i)

(ii)

(iii)

(1v)

(v)

Problem identification, that is. diagnosis of the problem from its symptoms
if not obvious, delineation of the subproblem to studies, establishment of
objectives, limitation and requirements,

Formulation of project selection problem as LP or IP.

Model validation. This involves running the algorithm for the model on the
computer in order 1o ensure that the input data is free from errors.

Solution of the model, that is, standard computer packages or especially
developed algorithms can be used to solve the model. The solutions are
many under varying assumptions to establish sensitivity.

Implementation, that is, the implementation of the results of the study or

algorithm for solving the models serves as an operational tool.

The advantages of using a software package to solve LP and IP models, rather than a

judgmental approach to project selection problem are:

(1) Aclually to maximize profit, rather than belicving that the judgmental solutions

maximize profit. This may end up having bad judgment,

(i)  Making the project selection decision one that can be solved in a routine

operational manner on a computer, rather than having to exercise judgment each

and every time solution to a problem is desired.

(i)  Those that can be appropriately formulated as LP are almost always better solved

by computers than by people.

(iv)  Carry out sensitivity analysis very easily using a computer,
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Mﬂmﬂfumm.mmnnumdmuwﬁm within a
period, the best decision tool is the LP model. Whenever only a whole project is
desired 10 be invested, the IP model or quantitative modelling techniques is the
suitable decision making tool.

o DucluUtelargcnnmmlufdﬂninvnlvnduﬂﬂwwmpluitynfm:mm
techniques involved, project managers are highly implored to use computer software
packages such as Matlab, QSB and Microsoft excel to solve capital rationing
problems, particularly for risk evaluation (NPV) and sensitivity analysis.

* The models can be modified to deal with the following extensions:

I.  projects of different lengths

il. projects with different start/end dates

iii. adding capital inflows from completed projects

Iv. projects with staged returns

v. carrying unused capital forward from year to year

Vi, mutually exclusive projects (can have one or the other but not
both)

vii. projects with a time window for the start time.
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APPENDIX A

EXTENSIONS TO THE MATHEMATICAL MODELS OF PROJECT
SELECTION

Consider the TP model for MA project selection problems:

N
" Maximize Z = ZF}X . (objective function)
i=1
N i
Subject to Zdu,nX; =R, =l 2..m
i=1
X,=0 OR 1 (non-negative constraints)
i=1, 2,...N

This basic model can be modified to deal with extensions or projects with the following
characteristics:

Prajects of different lengths

Projects with different lengths are easily dealt with. just set their capital requirement in any
year in which the project does nol exist (i.e. has not started or has already ended) to zero. For
example if project X; only runs for 2 years (instead of 3 years) and hence finishes in year 2

then the capital requirement constraint for year 3 becomes (let j=1,2,34):

0.X, +d35, X, + Ay X5 + Xy SRy



inyw!:pmjm-t';minywzuldpmjm.l}aﬂsinyuzmu:cqiulmaﬁmm
constraints become:

0X,+0X, +d,, X, td, X,<R (Year1)

d ) Xi+dp 3 Xavdp yXs+dp 4 X, <R, (Year 2)

0X, +d X, +d, 3, X, +0X, < R, (Year 3)

Adding capital inflows from completed projects
If project X; finishes in year 2, and all of the return from project X; is available as capital in
year 3 then this can be formulated by changing the capital requirement constraint for year 3

to:
0X, +d,, X, +d, X, +d, X, <R, +dy X,

ltcanbeuhsm'vedthm,ﬂmﬂxfabnveaspmjecleﬁnishminymzmmhaverm

capital requirement in year 3.

Aquestiuna.riscshcminﬂmtlnmnunfromapmjnctispminluthempimlfmﬁmmyms
then should the counting the return comes from the project in the objective function as well?
One way to address this for project .X; here is to say that the return is split into two - one part
i (say) that is counted as return taken in the objective and one part y; (say) that is taken as
return used for future capital inyml'menamndingthefurmulmimgim



Yity2=dpnlX

a balancing equality equation to correctly account for the return (since the chose may be not

to do project X;)
0.X, Fde.0X +da 5 X, +d, X, <R, + ¥,

1o account for the capital added in year 3
Maximize Z = y; + P.X, + PiX3+ P,
to account for the return declared as profit.

It is observed that, y; and y, (both =0) are continuous (fractional) variables so adding them in

this way yields a mixed-integer program (MIP).

Solving this MIP numerically, would yield optimal split between the return from project X; as

return in the objective (y;) and reinvesting it as available capital in year 3 (3;).

Projects with staged returns

In this extension, a project gives a return at various stages over its lifetime, and this return
can (perhaps) be used as capital to fund ongoing (or new) projects. To illustrate how this can
be formulated consider project X; which gives a total return of P;. Suppose now that this
project gives a return of g (such that g + S = L) at the end of year 2, and the remaining
return of S in year 3. Suppose further that all of this "early" return can be used as available

capital in year 3. Then the capital requirement constraint in year 3 becomes:

d‘[ll}Xl + d{lzr’r’j +dﬁ_3];¥3 +'dlll,4:|"?(d = Rﬂ +q

-



Carrying unused capital Jorward from year to year

In the example as currently formulated there is capital available in each year (R; in year 1, R»
in year 2 and R; in year 3). In any particular year all of this capital may not be consumed by
the projects that will be chose to do. Suppose that it is allowed to carry forward (from year to
year) r% of any capital that is unused. To formulate this, introduce linear (fractional)
variables C; and €5 (20) with ¢ 1 being the unused capital in year 1 and C, being the unused

capital in year 2. Then the constraints of the problem become:

dyn X, +dcl,3}-rz = d{l,ij‘xl +dy X, +C =R (Year 1)

dez )Xy +de X HdpyXstdp 4 X+ Co= Ry + 0.01Cr (Year 2)

dﬂ,l]Xl it d{},z}rz o d{},s}*’rj + dm.q]Xd = R; + {].E'IU:._I‘ (Ycar 3]

Note that, years 1 and 2 have been employed in the equality relationship:
Capital used + unused capital = capital available

The introduction of additional variables (C’; and C,) makes the task of formulating the

problem easier.

Mutually exclusive projects fcan have one or the other but noi both)
Suppose that projects X; and X, are mutually exclusive, i.e. the MA can choose to do one, or
other, of these projects but not both, Then this can be formulated by adding to the problem

the constraint:

XA Xy =1

— -



This allows the MA to do neither of the projects (X3 = X, = ()). If the managements wish to

insist that they should do exactly one of these projects then

X_] ‘|‘X,‘=1

Projects with a time window Jor the start time

Suppose that project X; can start either in year 1, when it has the characteristics given above,
or in year 2, when it has a different characteristic - still the same return of P, but a capital
requirement of k; in year 2 and k2 in year 3, where ky, k, arc different capital requirements.
Then this can be formulated by introducing a new zero-one variable y with y = 1 representing
choosing to do project X; starting in year 2, y = 0 representing not choosing to do project X;

starting in year 2. Then the capital requirement constraints for vears 2 and 3 become:

i

i
&,

A XrtdpyXortda st dagXet bys Ry (Year2)

‘1|

dﬁI,}X, +d X + disy X, + diagy Xy +hy < R, (Year 3)

The MA also needs to add a constraint to prevent project X being started at more than one
start time (i.e. project X; starting in year 1 and project X; starting in year 2 are mutually

exclusive)
Xi+y=<1
and the objective becomes

Maximize Z = P .Xj+ P Xo+ PiXs+ PJXs+ Py,

.



APPENDIX B

THE REVISED SIMPLEX ALGORITHM

Consider the LP,

Maximize iC,XJ

=1
&

Subject 0} a, \ X, <b ,i=1,2...m
i=1

X 201,20

To show how to create a tableau for any sect of basic variables, BV, we first describe the

following notation (assumed the LP has m constraints).

BV = any of basic variables (the first element of BV is the basic variable in the first
constraint, the second variable BV is the basic variable in the second constraint, and so on.

Thus BV} is the basic variable for constraint j in the desired tableau).

b = right hand side vector of the original tableau’s constraints.

a; = column for X; in the constraints of the original problem.

B=m x m matrix where the jth constraint is the column for BVjin the original constraints.
C; = coefficient of X; in the objective function.

Cgy=1xm row vector whose jith element is the objective function coefficient for BV}



= -ulmmﬂﬁﬂmﬂlﬂﬂmmqﬂhm.
Now it can be deduced that:
B'a, = column for X, in BV tableau. Busash e oibgrieas e ottty (3t reracmerenes (1)

Cav B'a, - €, = coefficient of X, in row DL <. et s Sa s i s 1Y

B'b = right hand side of constraints in BV tableaw. .. (3)
Cav B, = coefficient of slack variable S, in BV in fow zero SRR I
Cav B'(-u) = coefficient of excess variable ¢,in BV L e A o

M+ Cgy B'u, = coefficient of artificial variable a, in BV in row zero (in maximum

Cay B b = right hand side of BVrow. ............................____ (7

If the BV, B’ and the original tableau are known. formulae (1)~ (7) will enable the reader
to compute any part of the simplex tableau for any set of basic variables BV, This means that
if a computer is programmed to perform the simplex algorithm, all the computer needs to
store on any pivot is the current set of basic variables, B”, and the initial tableau. Then (1) -
(7) can be used to generate any portion of the simplex tableau. This idea is the basis of the
Revised Simplex Algorithm.



APPENDIX C

SUMMARY OF IMPORTANT FORMULAS
Payback Period (PBP)

This is the cost of investment divided by the cash flow period.

- Cost af i
ic. PP  S08 f investment
cash flow period

e L)

Net Present Value (NPV)

The Net Present Value (including the time of money) of initial and future flows is given by

the equation

2
Z{{lﬂr‘} ] @)

=]

Internal Rate of Return

This is the interest or discount rate of which the future net cash flows equals the initial cash

outlay.
;[{1+ IRR)’J ¢ ©)

Profitability Index (P.I)

This is the NPV per unit initial investment.

i.e. Profitability Index ek e A )

Initial Investment




Net Cash Flow = Cash Inflow — Cash Qutflow

-------------------------------
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