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Abstract: In this paper, we study the dynamical e�ects of timely and delayed diagnosis on the spread of
COVID-19 in Ghana during its initial phase by using reported data from March 12 to June 19, 2020. The es-
timated basic reproduction number,R0, for the proposedmodel is 1.04. One of the main focus of this study is
global stability results. Theoretically and numerically, we show that the disease persistence depends on R0.
We carry out a local and global sensitivity analysis. The local sensitivity analysis shows that themost positive
sensitive parameter is the recruitment rate, followed by the relative transmissibility rate from the infectious
with delayed diagnosis to the susceptible individuals. And that the most negative sensitive parameters are:
self-quarantined, waiting time of the infectious for delayed diagnosis and the proportion of the infectious
with timely diagnosis. The global sensitivity analysis using the partial rank correlation coe�cient con�rms
the directional �ow of the local sensitivity analysis. For public health bene�t, our analysis suggests that, a
reduction in the in�ow of new individuals into the country or a reduction in the inter community in�ow of
individuals will reduce the basic reproduction number and thereby reduce the number of secondary infec-
tions (multiple peaks of the infection). Other recommendations for controlling the disease from the proposed
model are provided in Section 7.
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1 Introduction
COVID-19 was declared a pandemic in the �rst quarter of 2020 by the World Health Organization (WHO) see,
e.g. [1]. The disease a�ects di�erent people in di�erent ways with most infected people developing mild to
moderate illness. Most common symptoms are fever, dry cough and tiredness while less common symptoms
include aches and pains, sore throat, diarrhoea, conjunctivitis, headache, loss of taste or smell, a rash on
skin or discolouration of �ngers or toes [1, 3]. It is well understood that the elderly with underlying medical
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problems are the most vulnerable people. COVID-19 is transmitted by means of contact (direct or indirect),
droplet spray in short range transmission and aerosol in long-range transmission (airborne transmission)
[2]. Globally, there were 100, 285, 517 con�rmed cases with 2, 149, 461 con�rmed death cases as on 26th
January, 2020 [3].

In Africa, there were a total of 3, 472, 023 con�rmed cases with 86, 060 con�rmed death cases where
Ghana is among the top ten (10)most infected countries as on 26th January, 2021 [3]. As on 26th January, 2021,
Ghana had 62, 135 con�rmed caseswith 372 con�rmed death cases. The �rst con�rmed cases in Ghanawere
recorded on 12th of March, 2020 from two people who had returned from Norway and Turkey [4]. In Figure
1, we presented the logistic growth model for the cumulative cases of COVID-19 for Ghana on 25th January,
2021.
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Figure 1: Logistic model �t and cumulative trajectories for reported cases for Ghana.

Several works have been studied concerning COVID-19 including a human-to-human model analysis
comparing Ghana and Egypt [5–9]. The transmission dynamics in Wuhan has also been studied and pre-
sented in several articles with control measures and basic reproduction number well analyzed, see e.g. [10–
12]. In [13], the authors analyzed COVID-19 spread dynamics with environmental in�uence using the reported
cases in Ghana. Most recently, a modi�ed SEIR compartmental model with nine compartments (CoVCom9) to
describe the dynamics of SARS-CoV-2 transmission in Ghana has also been developed with a detailed mathe-
matical analysis including the derivation of the basic reproduction number, see, [14]. Also, a COVID-19model
that accounts for the symptomatic, asymptomatic and hospitalized people has been presented with optimal
cost-e�ective control measures with data fromNigeria, see, [15]. Other COVID-19models have been developed
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and analysed for other African countries like Cameroon, Togo, Gabon, etc., see, e.g. [16–18]. In [19], the con-
trol strategies to curb the virus using data from Wuhan were presented. Measures to control the spread of
COVID-19 are mostly avoiding human-to-human contacts, personal protection and environmental disinfec-
tion. The diagnosis of COVID-19 is di�cult and the incubation period of 2 − 14 days or 0 − 24 days is longer
thanmost known coronaviruses or similar viruses which usually ranges between 1 to 10 days [20]. Due to the
long incubation period, it results in a delay in diagnosis. This delay allows for human-to-human transmission
as well as human-environment-human transmission. In this article, we present the transmission dynamics of
COVID-19 considering human-environment-human dynamics for Ghana. We have mainly considered Ghana
from the anglophone west Africa to understand the e�ect of timely-delayed dynamics in these region in the
sub-saharan continent. For mathematical feasibility, we will present the global stability analysis, the basic
reproduction numbers, sensitivity assessment and numerical simulations of the proposed model.

The rest of the article is organized as follows; In Section 2, we present the model formulation and def-
inition of parameters used. Section 3 concerns the existence and uniqueness as well as the positivity and
boundedness of the solution. We present the analysis of disease-free equilibrium in Section 4 and the en-
demic equilibrium in Section 5. The numerical results using data from Ghana and corresponding parameters
are presented in Section 6.Wepresent local andglobal sensitivity analysis in section 7. Finally, the concluding
remarks and recommendations are presented in Section 8.

2 Model formulation
The delay in diagnosis of COVID-19 leads to an increase in the spread of the virus. In all teaching hospitals
in Ghana, patients are required to be tested for COVID-19 before any major treatment can be e�ected. Also,
the delay in the diagnosis impacted on the severity of several diseases including pulmonary diseases [21, 22].
Rong et al.[10] studied the impact of delay in diagnosis on the spread of covid-19 in Wuhan. Our interest is to
modify their model for the case of Ghana. Based on the model formulated in [10], we propose a modi�ed ver-
sion of the epidemiological compartmentmodel that takes into account the recruitment of hosts as a result of
people traveling in and out of Ghana during the initial phase of the pandemic and the natural death of people
due to other factors. Here, we note that the total human population size denoted as (N) is divided into suscep-
tible (S), self-quarantine susceptible (Sq), exposed (E), infectious with timely diagnosis (I1), infectious with
delayed diagnosis (I2), hospitalized (H) and recovered (R). The viral spread in the environment is denoted as
(V). Hence for the total humanpopulation at time twehaveN(t) = S(t)+Sq(t)+E(t)+I1(t)+I2(t)+H(t)+R(t).We
also consider that all parameters are positive and it is only the I1, I2 and H compartments which experiences
disease induced death at a rate, d. The overall force of infection is given as λ = βeE + βi1 I1 + βi2 I2 + βvV. We
refer the interested reader to reference [10] for detailed explanations for the remainder of model parameters.

Figure 2 below shows the compartment model describing the interaction between the human population
and the pathogens in the environment.

The description of the parameters used in the model for the COVID-19 transmission are given in Table
1. Following the compartmental transition diagram as shown in Figure 2, the eight state dynamical model
describing the transmission dynamics of COVID-19 is given by

dS
dt = Λ − λS + q1Sq − (µ + q)S,

dSq
dt = qS − q1Sq − µSq ,

dE
dt = λS − ωE − µE,

dI1
dt = ϕωE − γ1I1 − µI1 − dI1, (1)

dI2
dt = (1 − ϕ)ωE − γ2I2 − µI2 − dI2,

dH
dt = γ1I1 + γ2I2 − mH − µH − dH,
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Figure 2: Diagram of COVID-19 Dynamics.

Table 1: Description of parameters.

Parameter Description
Λ Recruitment rate
q Self-quarantined rate of the susceptible
q1 Transition rate of self-quarantined individuals to the susceptible
βe Transmission rate from the exposed to the susceptible
βi1 Transmission rate from the infectious with timely diagnosis to the susceptible
βi2 Transmission rate from the infectious with delayed diagnosis to the susceptible
βv Transmission rate from the susceptible to the exposed (infected by virus)
1/ω Incubation period
ϕ Proportion of the infectious with timely diagnosis

1/γ1 Waiting time of the infectious for timely diagnosis
1/γ2 Waiting time of the infectious for delayed diagnosis
µ Natural human death rate
d Disease-induced death rate
m Recovery rate of the hospitalized
f1 Virus released rate of the exposed
f2 Virus released rate of the infectious with timely-diagnosis
f3 Virus released rate of the infectious with delayed-diagnosis
dv Decay rate of virus in the environment

dR
dt = mH − µR,

dV
dt = f1E + f2I1 + f3I2 − dvV .

3 Analysis of the model problem
The model (1) is described by a system of �rst order autonomous nonlinear di�erential equations. It can be
rewritten in the matrix form as

X′(t) = F(X(t)), (2)
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where X(t) := (S, Sq , E, I1, I2, H, R, V)T and F is a smooth function de�ned from R8 by

F(X) :=



Λ − (βeE + βi1 I1 + βi2 I2 + βvV)S + q1Sq − (µ + q)S
qS − q1Sq − µSq

(βeE + βi1 I1 + βi2 I2 + βvV)S − ωE − µE
ϕωE − γ1I1 − µI1 − dI1

(1 − ϕ)ωE − γ2I2 − µI2 − dI2
γ1I1 + γ2I2 − mH − µH − dH

mH − µR
f1E + f2I1 + f3I2 − dvV


,

where X := (S, Sq , E, I1, I2, H, R, V) ∈ R8. Since F is a smooth function, then F is locally lipschitz onR8. And
we deduce the existence and uniqueness of the maximal solution to the Cauchy problem associated with the
di�erential system (1) relating to the initial condition (t0, X0) ∈ R ×R8.

Next, we consider the positivity of the solution. Here, we investigate the asymptotic behavior of orbits
starting in the non-negative cone R8

+.

Theorem 3.1. For any initial condition(
t0 = 0, X0 = (S(0), Sq(0), E(0), I1(0), I2(0), H(0), R(0), V(0)) ∈ R8

+
)
, the maximal solution

(
[0, T[|X(t) =

(S(t), Sq(t), E(t), I1(t), I2(t), H(t), R(t), V(t))
)
of the Cauchy problem related with system (1) is non-negative.

Proof. We de�ne the set ∆ :=
{̃
t ∈ [0, T[ | X(t) > 0, ∀t ∈]0, t̃[

}
. Since (S, Sq , E, I1, I2, H, R, V) are continuous

functions, then ∆ ≠ 0. Also, let T̃ := sup ∆ and show that T̃ = T. Assume T̃ < T, then S, Sq , E, I1, I2, H, R and
V are simultaneously positive on ]0, T̃[.

At least one of the following conditions is satis�ed at time T̃: S(T̃) = 0, Sq(T̃) = 0, E(T̃) = 0, I1(T̃) = 0,
I2(T̃) = 0, H(T̃) = 0, R(T̃) = 0 or V(T̃) = 0.

Assume S(T̃) = 0, then we deduce from the �rst equation of system (1)

d
dt

(
Se

∫ t
0 (λ(s)+µ+q)ds

)
= (Λ + q1Sq)e

∫ t
0 (λ(s)+µ+q)ds . (3)

The integration of equation (3) from 0 to T̃ yields

S(T̃) = e−
∫ T̃
0 (λ(s)+µ+q)ds

(
S(0) +

T̃∫
0

(Λ + q1Sq(t))e
∫ t
0 (λ(s)+µ+q)dsdt

)
> 0.

Similarly, we can prove that S(T̃) > 0, Sq(T̃) > 0, E(T̃) > 0, I1(T̃) > 0, I2(T̃) > 0, H(T̃) > 0, R(T̃) > 0
and V(T̃) > 0.This is a contradiction to the previous claim that S(T̃) = 0, Sq(T̃) = 0, E(T̃) = 0, I1(T̃) = 0,
I2(T̃) = 0, H(T̃) = 0, R(T̃) = 0 or V(T̃) = 0, if T̃ < T. Then, T̃ = T and consequently the maximal solution
(S(t), Sq(t), E(t), I1(t), I2(t), H(t), R(t), V(t)) of the Cauchy problem related with system (1) is positive.

Therefore, the variables of the system (1) are positive for all time t > 0. In other terms, solutions of the system
(1) with nonnegative initial conditions will stay positive for all t > 0.

Next, we consider the invariant region of the model problem (1).

Theorem 3.2. The model problem (1) has solutions in the invariant region

Ω :=
{
(S, Sq , E, I1, I2, H, R, V) ∈ R8

+, N(t) ≤ Λµ and V(t) ≤ (f1 + f2 + f3)
Λ
µdv

}
.

Proof. We �rst split model system (1) into two parts i.e. the human population (S, Sq , E, I1, I2, H, R) and the
viral spread in the environment V . Then, usingmodel system (1), the dynamics of the total human population
satisfy

dN
dt = Λ − µN − d(I1 + I2 + H) ≤ Λ − µN . (4)
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Integrating the expression above, we deduce that

N(t) ≤ Λµ +
(
N(0) − Λµ

)
e−µt , ∀t ≥ 0,

where N(0) is the value of N(t) at the beginning. We deduce that if N(0) ≤ Λµ , then 0 ≤ N(t) ≤ Λµ , ∀t ≥ 0. Now

using the fact that I1(t) ≤ Λ/µ, I2(t) ≤ Λ/µ, E(t) ≤ Λ/µ, the dynamics of the viral spread in the environment
satisfy

dV
dt ≤ (f1 + f2 + f3)

Λ
µ − dvV .

Integrating the expression above, we deduce that

V(t) ≤ (f1 + f2 + f3)
Λ
µdv

+
(
V(0) − (f1 + f2 + f3)

Λ
µdv

)
e−dv t , ∀t ≥ 0,

where V(0) is the initial condition of V(t). Thus, as t → +∞we have

V(t) ≤ (f1 + f2 + f3)
Λ
µdv

.

Thus the region Ω is positively invariant and attracting for the system (1). It is therefore su�cient to consider
the dynamics of the �ow generated by the system (1). Since each maximal solution of the Cauchy problem
associated with (1) is positive and bounded, each solution of the model problem (1) is global [23].

4 Disease-free equilibrium and its stability
For the analysis of the spread of an infection, the disease-free equilibrium (DFE) exhibits a state in the popu-
lation where the disease is not prevalent and thus it is very crucial. The disease-free equilibrium is deduced
from the resolution of the system of equations in (1) by taking E = 0, I1 = 0, I2 = 0, H = 0 and V = 0. Thus,
the disease-free equilibrium for model (1) satis�es the system following of equations:

(µ + q)S0 − q1S0q = Λ,

qS0 − (µ + q1)S0q = 0.
(5)

Solving the system of equations in 5 yields the disease-free equilibrium point:

Q0 = (S0, S0q , 0, 0, 0, 0, 0),

where S0 = Λ(µ + q1)
µ(µ + q + q1)

, S0q =
Λq

µ(µ + q + q1)
and S0 + S0q =

Λ
µ .

The linear stability of Q0 depends on the basic reproductive number R0, which is de�ned as the average
number of secondary cases caused by an infected individual during his/her infectivity period when he/she is
introduced to a population of susceptible individuals without any intervention. We study the stability of the
equilibrium through the next generation operator [24, 25]. Recalling the notations in [25] for model (1), the
matrices F of the new infection andW of the remaining transfer terms are given by

F =


(βeE + βi1 I1 + βi2 I2 + βvV)S

0
0
0
0

 and W =



ωE + µE

−ϕωE + γ1I1 + µI1 + dI1

−(1 − ϕ)ωE + γ2I2 + µI2 + dI2

−γ1I1 − γ2I2 + mH + µH + dH

−f1E − f2I1 − f3I2 + dvV


.
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The Jacobian matrices of F andW at Q0 are respectively,

F =


βeS0 βi1S

0 βi2S
0 0 βvS0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 (6)

and

W =


µ + ω 0 0 0 0
−ϕω µ + γ1 + d 0 0 0

−(1 − ϕ)ω 0 µ + γ2 + d 0 0
0 −γ1 −γ2 µ + m + d 0
−f1 −f2 −f3 0 dv

 (7)

Then, the basic reproduction number of model system (1) is

R0 = ρ(FW−1) = R0e +R0i1 +R0i2 +R0v , (8)

where R0e =
βeS0
µ + ω , R0i1 =

βi1ϕωS
0

(µ + ω)(µ + γ1 + d)
, R0i2 =

βi2 (1 − ϕ)ωS
0

(µ + ω)(µ + γ2 + d)
,

R0v = βv f3(1 − ϕ)ω(µ + γ1 + d)S0 + βv(µ + γ2 + d)[f1(µ + γ1 + d) + f2ϕω]S0
dv(µ + ω)(µ + γ1 + d)(µ + γ2 + d)

and ρ(FW−1) is the spectral

radius of FW−1.
The term R0e represents the average number of secondary cases caused by one exposed during its infec-

tious period. Then the termR0i1 (respectivelyR0i2 ) represents the average number of secondary cases caused
by one infectious timely diagnosis (respectively infectious with delayed diagnosis) during its infectious pe-
riod. Similarly, the term R0v represents the average number of secondary cases caused by one virus in the
environment during its infectious period.

The importance of the basic reproductionnumber is due to the result given in the next Lemmaestablished
from Theorem 2 in [25].

Lemma 4.1. The DFE Q0 of the system (1) is locally asymptotically stable wheneverR0 ≤ 1 and unstable when-
ever R0 > 1.

The biologicalmeaning of Lemma4.1 is that a su�ciently small number of contaminatedhostswill not induce
an epidemic unless R0 > 1. Global asymptotic stability (GAS) of the DFE is required to better control the
disease. In addition , the expansion of the basin of attraction of Q0 is a more challenging task for the model
under consideration, involving a fairly new result. For this purpose, we will use Theorems 2.1 and 2.2 of [26].

Theorem 4.2. If R0 ≤ 1, the DFE Q0 of the system (1) is GAS in Ω. If R0 > 1, Q0 is unstable, the system (1) is
uniformly persistent and there exists at least one endemic equilibrium in the interior of Ω.

Proof. The system (1) can be written as
dx
dt = (F −W)x − f (x, y),
dy
dt = g(x, y),

(9)

where x = (E, I1, I2, H, V)T is the vector representing the infected classes, y = (S, Sq , R)T is the vector repre-
senting the uninfected classes, the matrices F andW are given as in (6) and (7) respectively, and

f (x, y) =


βeE(S0 − S) + βi1 I1(S

0 − S) + βi2 I2(S
0 − S) + βvV(S0 − S)

0
0
0
0


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and

g(x, y) =

Λ − (βeE + βi1 I1 + βi2 I2 + βvV)S + q1Sq − (µ + q)SqS − q1Sq − µSq
(βeE + βi1 I1 + βi2 I2 + βvV)S − ωE − µE

 .
Then,

W−1F =



AβeS0 Aβi1S
0 Aβi2S

0 0 AβvS0

BβeS0 Bβi1S
0 Bβi2S

0 0 BβvS0

CβeS0 Cβi1S
0 Cβi2S

0 0 CβvS0

DβeS0 Dβi1S
0 Dβi2S

0 0 DβvS0

EβeS0 Eβi1S
0 Eβi2S

0 0 EβvS0


,

where

A = 1
µ + ω , B = ϕω

(µ + ω)(µ + γ1 + d)
C = (1 − ϕ)ω

(µ + ω)(µ + γ2 + d)
,

D = ω[γ1ϕ(µ + γ2 + d) + γ2(1 − ϕ)(µ + γ1 + d)]
(µ + ω)(µ + γ1 + d)(µ + γ2 + d)(µ + m + d) , and

E = f3(1 − ϕ)ω(µ + γ1 + d) + (µ + γ2 + d)[f1(µ + γ1 + d) + f2ϕω]
dv(µ + ω)(µ + γ1 + d)(µ + γ2 + d)

.

Let (ω1, ω2, ω3, ω4, ω5) be the left eigenvalue ofW−1F and be given by

ω1 =
βe
βi1

, ω2 = 1, ω3 =
βi1
βv

, ω4 = 0 and ω5 = 1, (10)

since (ω1, ω2, ω3, ω4, ω5)W−1F = R0(ω1, ω2, ω3, ω4, ω5). We consider the following Lyapunov function
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Figure 3: 3(a): Global stability when R0 < 1, 3(b): Global stability when R0 = 1, in accordance with Theorem 4.2. Parameter
values used are as given in Table 2, except γ2 = 1/10, so that R0 = 0.77 < 1 and ϕ = 0.909, so that R0 = 0.95 ≈ 1.

Q =(ω1, ω2, ω3, ω4, ω5)W−1(E, I1, I2, H, V)T = AE +BI1 + CI2 +DV , (11)

where A = R0e
βi1S0

+ R0i1
βi1S0

+ R0i2
βvS0

+ R0v
βvS0

,B = dv + f2
dv(µ + γ1 + d)

, C = βi2dv + f3βv
βvdv(µ + γ2 + d)

and D = 1
dv

. Then the

derivative of the Lyapunov function Q yields,

Q
′
= (R0 − 1)(ω1, ω2, ω3, ω4, ω5)Tx − (ω1, ω2, ω3, ω4, ω5)TW−1f (x, y).
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Since (ω1, ω2, ω3, ω4, ω5) ≥ 0,W−1 ≥ 0 and f (x, y) ≥ 0 in Ω, then (ω1, ω2)TW−1f (x, y) ≥ 0. Therefore, Q
′
≤ 0

in Ω if R0 ≤ 1 and Q is a Lyapunov function for the system (1). By LaSalle’s invariance principle [27, 28], Q0

is GAS in Ω [13].
If R0 > 1, then Q

′
= (R0 − 1)(ω1, ω2, ω3, ω4, ω5)Tx > 0 provided that x > 0 and y = (S0, S0q , 0). By

continuity, Q
′
> 0 in the neighborhood of Q0. Solutions in positive cone su�ciently close to Q0 move away

from Q0, implying that Q0 is unstable. Thus, the model system (1) is uniformly persistent [29, 30]. Uniform
persistence and the positively invariance of Ω imply the existence of an endemic equilibrium.

As a consequence of this result above, we can con�dently deduce that COVID-19 can be eradicated from the
host community if the value of R0 can be reduced and retained less than the unity. Figure 3 shows the vali-
dation of the global stability analysis for the disease-free equilibrium point.

5 Endemic equilibrium and its stability
Let Q* = (S*, S*q , I*1, I*2, H*, R*, V*) be the positive endemic equilibrium (EE) of model system (1). Then, the
positive endemic equilibrium can be obtained by setting the right hand side of all equations in model system
(1) to zero, giving: 

Λ − λ*S* + q1S*q − (µ + q)S* = 0,
qS* − q1S*q − µS*q = 0,
λ*S* − ωE* − µE* = 0,
ϕωE* − γ1I*1 − µI*1 − dI*1 = 0,
(1 − ϕ)ωE* − γ2I*2 − µI*2 − dI*2 = 0,
γ1I*1 + γ2I*2 − mH* − µH* − dH* = 0,
mH* − µR* = 0,
f1E* + f2I*1 + f3I*2 − dvV* = 0,

(12)

where λ* = βeE*+βi1 I*1+βi2 I*2+βvV*. Given the complexity of the system (12), we are going to try to determine
an explicit formula for the endemic equilibrium point Q*. To do this, we will solve the system (12). After
algebraic manipulations of this system, we obtain:

R* = mµ H
*, E* = µ + γ1 + d

ϕω I*1, I*2 =
(1 − ϕ)(µ + γ1 + d)
ϕ(µ + γ2 + d)

I*1, S*q =
q1 + µ
q S*,

H* = γ1ϕ(µ + γ2 + d) + γ2(1 − ϕ)(µ + γ1 + d)
ϕ(µ + γ2 + d)(µ + m + d) I*1,

V* = f1(µ + γ1 + d)(µ + γ2 + d) + f2ϕω(µ + γ2 + d) + f3(1 − ϕ)ω(µ + γ1 + d)
ϕωdv(µ + γ2 + d)

I*1,

S* = dv(µ + ω)(µ + γ1 + d)(µ + γ2 + d)
βedv(µ + γ1 + d)(µ + γ2 + d) + βi1ϕωdv(µ + γ2 + d) + βi2 (1 − ϕ)ωdv(µ + γ1 + d)

+ dv(µ + ω)(µ + γ1 + d)(µ + γ2 + d)
βv f1(µ + γ1 + d)(µ + γ2 + d) + βv f2ϕω(µ + γ2 + d) + βv f3(1 − ϕ)ω(µ + γ1 + d)

,

and

I*1 =
ϕω[(q + µ)(q1 + µ) − qq1]
(q1 + µ)(µ + ω)(µ + γ1 + d)

S*(R0 − 1).

Lemma 5.1. Model (1) has exactly one endemic equilibrium whenever R0 > 1.

We establish the following result to analyze the stability of Q* by using the Lyapunov function of Goh-Volterra
type, see, e.g. [26, 31, 32, 34].

Theorem 5.2. If R0 > 1, the endemic equilibrium Q* is GAS in Ω.
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Proof. Consider the following Lyapunov function candidate:

L =
(
S − S* − S* ln S

S*

)
+ h1

(
Sq − S*q − S*q ln

Sq
S*q

)
+ h2

(
E − E* − E* ln E

E*

)
+ h3

(
I1 − I*1 − I*1 ln

I1
I*1

)
+ h4

(
I2 − I*2 − I*2 ln

I2
I*2

)
+ h5

(
V − V* − V* ln V

V*

)
, (13)

where h1, h2, h3, h4 and h5 are positive constants to be determined later. Di�erentiating the function (13)
with respect to time yields

L̇ =
(
1 − S

*

S

)
Ṡ + h1

(
1 − S

*
q
Sq

)
Ṡq + h2

(
1 − E

*

E

)
Ė + h3

(
1 − I

*
1
I1

)
İ1 + h4

(
1 − I

*
2
I2

)
İ2 + h5

(
1 − V

*

V

)
V̇ . (14)

Substituting equation (1) into equation (14) and using Equation (12) at the positive endemic equilibriumwith
further simpli�cation yields

L̇ = − (q1 + µ)
(
1 − 1

x1

)2
S + βeS*E*

(
1 − 1

x1
+ x3 − x1x3

)
+ βi1S

*I*1
(
1 − 1

x1
+ x4 − x1x4

)
+ βi2S

*I*2
(
1 − 1

x1
+ x5 − x1x5

)
+ βvS*V*

(
1 − 1

x1
+ x6 − x1x6

)
+ q1S*q

(
x2 +

1
x1
− x2x1

− 1
)

+ h1qS*
(
x1 − x2 −

x1
x2

+ 1
)
+ h2βeS*E*

(
1 − x1 − x3 + x1x3

)
+ h2βi1S

*I*1
(
1 − x3 + x1x4 −

x1x4
x3

)
+ h2βi2S

*I*2
(
1 − x3 + x1x5 −

x1x5
x3

)
+ h2βvS*V*

(
1 − x3 + x1x6 −

x1x6
x3

)
+ h3ϕωE*

(
1 + x3 − x4 −

x3
x4

)
+ h4(1 − ϕ)ωE*

(
1 + x3 − x5 −

x3
x5

)
+ h5f1E*

(
1 + x3 − x6 −

x3
x6

)
+ h5f2I*1

(
1 + x4 − x6 −

x4
x6

)
+ h5f3I*2

(
1 + x5 − x6 −

x5
x6

)
, (15)

where x1 =
S
S* , x2 =

Sq
S*q

, x3 =
E
E* , x4 =

I1
I*1

, x5 =
I2
I*2

and x6 =
V
V* . Then equation (15) becomes

L̇ = − (q1 + µ)
(
1 − 1

x1

)2
S + βeS*E* + βi1S

*I*1 + βi2S
*I*2 + βvS*V* − q1S*q + h1qS*

+ h2βeS*E* + h2βi1S
*I*1 + h2βi2S

*I*2 + h2βvS*V* + h3ϕωE* + h4(1 − ϕ)ωE* + h5f1E*

+ h5f2I*1 + h5f3I*2 +
(
− βeS*E* − βi1S

*I*1 − βi2S
*I*2 − βvS*V* + q1S*q

)
1
x1

+ (h1qS* − h2βeS*E*)x1 + (q1S*q − h1qS*)x2 + (βeS*E* − h2βeS*E* − h2βi1S
*I*1

− h2βi2S
*I*2 − h2βvS*V* + h3ϕωE* + h4(1 − ϕ)ωE* + h5f1E*)x3

+ (βi1S
*I*1 − h3ϕωE* + h5f2I*1)x4 + (βi2S

*I*2 + h4(1 − ϕ)ωE* + h5f3I*2)x5
+ (βvS*V* − h5f1E* − h5f2I*1 − h5f3I*2)x6 + (−βeS*E* + h2βeS*E*)x1x3
+ (−βi1S

*I*1 + h2βi1S
*I*1)x1x4 + (−βi2S

*I*2 + h2βi2S
*I*2)x1x5

+ (−βvS*V* + h2βvS*V*)x1x6 − q1S*q
x2
x1

+ h1qS*
x1
x2
− h3ϕωE*

x3
x4
− h4(1 − ϕ)ωE*

x3
x5

− h5f1E*
x3
x6
− h5f2I*1

x4
x6
− h5f3I*2

x5
x6
− h2βi1S

*I*1
x1x4
x3

− h2βi2S
*I*2

x1x5
x3

− h2βvS*V*
x1x6
x3

. (16)

Considering the expressions

h2βeS*E* = βeS*E*, h2βi1S
*I*1 = βi1S

*I*1, h2βi2S
*I*2 = βi2S

*I*2, and h2βvS*V* = βvS*V*,

we have h2 = 1, thus the coe�cients of x1x3, x1x4, x1x5 and x1x6 are all 0. By setting the coe�cients of x2,
x3, x4, x5, and x6 to 0 and solving for h1, h3, h4 and h5 yields

h1 =
q1S*q
qS* , h3 =

βi1S*I*1(f1E* + f2I*1 + f3I*2) + βv f2S*V*I*1
ϕωE*(f1E* + f2I*1 + f3I*2)

,
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h4 =
βi2S*I*2(f1E* + f2I*1 + f3I*2) + βv f3S*V*I*1

(1 − ϕ)ωE*(f1E* + f2I*1 + f3I*2)
and h5 =

βvS*V*
f1E* + f2I*1 + f3I*2

.

Therefore, L̇ can be rewritten as

L̇ = − (q1 + µ)
(
1 − 1

x1

)2
S − βeS*E*

(
x1 +

1
x1
− 2
)

− βi1S
*I*1
(
x3 − x4 +

1
x1

+ x1x4x3
− 2
)
− βi2S

*I*2
(
x3 − x5 +

1
x1

+ x1x5x3
− 2
)

− βvS*V*
(
x3 − x6 +

1
x1

+ x1x6x3
− 2
)
− q1S*q

(
x1
x2

+ x2x1
− x1 −

1
x1

)
− h3ϕωE*

(
x4 − x3 − 1 +

x3
x4

)
− h4(1 − ϕ)ωE*

(
x5 − x3 − 1 +

x3
x5

)
− h5f1E*

(
x6 − x3 − 1 +

x3
x6

)
− h5f2I*1

(
x6 − x4 − 1 +

x4
x6

)
− h5f3I*2

(
x6 − x5 − 1 +

x5
x6

)
.

Thus, using the arithmetic-geometricmeans inequality, we can see that L̇ is less or equal to zerowith equality
only if x1 = 1, x2 = 1, x2 = 1, x3 = 1, x4 = 1, x5 = 1 and x6 = 1. By LaSalle’s invariance principle the largest
invariant set in Ω, contained in

{(S, Sq , E, I1, I2, H, R, V) ∈ Ω | L̇ = 0}

is reduced to the endemic equilibriumQ*. Then,we conclude that the endemic equilibrium is globally asymp-
totically stable in Ω [33, 34].

Figure 4 shows the validation of the global stability analysis for the endemic equilibrium point.
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Figure 4: Global stability when R0 > 1, in accordance with Theorem 5.2. Parameter values used are as given in Table 2, except
ϕ = 0.8, so that R0 = 2.06 > 1.

6 Numerical Results
In this section, we present numerical simulations of the proposed model (1) using parameter estimated from
COVID-19 data for Ghana [35]. The estimation was done by using the least squares approach which consists
of minimizing the sum of the squared di�erences between each observed cummulative case data point and
the corresponding cummulative cases point obtained from the model (1), i.e.

∑N
i=1(yi − yd)

2, where yi is the
solution to the model with a set of estimated parameters and yd is the reported data, see, e.g. [36]. In Figure
5, we present the �tted model, the cumulative cases and residual plot for Ghana using 100 data points. The
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initial conditions are taken on the date of the �rst con�rmed cases i.e. 12th March, 2020. The incubation
periods of COVID-19 is known to be 2 − 14 days. On 12th March, 2020, the �rst two COVID-19 cases were
reported in Ghana, hence, we took the initial hospitalized to be two i.e. H(0) = 2, the total population of
Ghana was 30, 417, 856. It is assumed that, there were no recoveries, but equal number of exposed, timely,
and delayed people as the �rst two detected cases during the initial stages. Therefore, the initial values for
Ghana are given by S(0) = 30417848, Sq(0) = 0, E(0) = 2, I1(0) = 2 I2(0) = 2 H(0) = 2 R(0) = 0 V(0) = 0.
From the data �tting, as shown in Figure 5 and Table 2, the computed reproduction number, R0, for the 100
data points is given as Rc = 1.0410. In what follows, we show the sensitivity analysis and other numerical
outputs of the model using the obtained parameters in Table 1.
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Figure 5:Model �t for Ghana during the time window 12 March, 2020 to 19 June, 2020 .

Table 2: Estimated parameters .

Parameters Value/day Source Parameters Value/day Source
Λ 1319.294 [37] γ1 0.5000 Fitted
q 0.0333 Fitted γ2 0.0714 Fitted
q1 1.6945 × 10−5 Estimated µ 4.2578 × 10−5 [38]
βe 6.0380 × 10−8 Fitted d 0.006139 Estimated
βi1 3.8196 × 10−8 Fitted f1 0.0178 Fitted
βi2 1.4286 × 10−5 Fitted f2 0.3115 Fitted
βv 4.00199 × 10−8 [13] f3 4.6131 × 10−5 Fitted
ω 1/5.2 [38] m 0.9815 Fitted
ϕ 0.9000 unitless Fitted dv 0.3117 [39]
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7 Global sensitivity analysis
In this section we present the graphical representation for the 18 parameters in basic reproduction number,
R0, using scatter plots and Latin Hypercube Sampling (LHS). Scatter plots are used to obtain the correlations
of the various parameters in the basic reproduction number,R0. They also give undeniable visual connection
of the various parameters in R0. It can vary from −1 (perfect negative correlation) through 0 (no correlation)
to +1 (perfect positive correlation). LHS is known to be aMonte Carlo samplingmethod. It divides the various
parameters into equal even intervals and indiscriminately draws one sample from each equal interval once.
LHS is usually carriedoutwithpartial rank correlation coe�cient (PRCC) to estimate thenonlinearity between
the parameters, and also the unmodulated, relationship between model parameters, see, e.g. [40, 41].
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Figure 6: Global sensitivity analysis plot for COVID-19 model with timely-delayed diagnosis

Using the LHS with 2500 samples from a uniform distribution, the parameters in the basic reproduction
numberR0, were employed to obtain the global sensitivity of the various parameters inR0. Figures 6(a) to 6(c)
depict the scatter relation of the various parameters in the basic reproduction number. Particularly, Figure
6(a) shows the relation of Λ, q1, µ, q, ω, and dv to the logarithmic relation ofR0. We notice that each sample
point in Λ and µ has a 100% clear direction with the basic reproduction number. Figures 6(b) and 6(c) give
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Figure 7: Sensitivity analysis plot for COVID-19 model with timely-delayed diagnosis, using Λ, and βe.

an undetermined relation of the other parameters to R0. Using the PRCC plot in Figure 6(d), we noticed that
the parameters contributing to the growth of the basic reproduction number are Λ, βe , q1, f2, βi2 , f1, γ2, f3,
and βi1 (arranged in order of magnitude). While ϕ, q, ω, γ1, µ, dv , d and m contribute to the decline of the
basic reproduction number, R0 (arranged in order of magnitude). Among the positive parameters, Λ and βe
are themost dominant parameters, hence it suggests that a reduction in the number of new in�ow Λ, and the
interaction of exposed individuals βe, in the population will reduce the rate of the virus spread in the local
community or the basic reproduction number faster then the other parameters. Among the negative param-
eters, ϕ, q, ω and γ1 are the most dominant parameters, hence, an increase in these parameters will reduce
the rate of the viral spread in the local community or the basic reproduction number faster than the other
parameters, µ, dv , d m. Therefore, in Figures 7 and 8 we show the graphical trajectories of the parameters on
the infected classes.

In Figures 7(a)to 7(d), we show the impact of the rate of recruitment Λ, and the rate of relative transmis-
sibility of exposed individuals βe, on the model. We noticed in Figure 7(a) that an increase in Λ, will have a
direct increase in the number of new infections whiles Figure 7(b) shows that, a decline in Λ, will help erad-
icate the disease in Ghana. In Figures 7(c) and 7(d), we notice that an increase in the relative transmissibility
of exposed individuals will have an exponential growth in the number of secondary infections. Hence, we
suggest that all persons should keep to the regular washing of hands with soap and alcohol based sanitizer
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whenever they use public facilities, since this will help reduce the spread of the virus by exposed individuals.
In Figures 8(a) and Figure 8(b), we showed the dynamical e�ects of varying the proportion of the infectious
with timely diagnosis and self-quarantined rate of the susceptible individuals. Figure 8(a) indicates that, an
increase in the proportion of the infectious with timely diagnosis reduces the basic reproduction number
and that a 100% detection of infected individuals on time will have the basic reproduction reducing to 0.025,
resulting in a complete eradication of the disease within 100 days. In Figure 8(b) we noticed that the willing-
ness of individuals to practice self-quarantine has a major role in reducing the disease spread in Ghana. In
Figure 8(c) we show the dynamical e�ect of incubation period of the disease on the number of timely-delayed
diagnosis individuals. We noticed that an increase in the number of incubation period reduce the number
of timely-delayed diagnosis individuals. Figure 8(d) shows the dynamical e�ects of delayed diagnosis on the
number of exposed individuals. The Figure 8(d) shows that, a reduction in time delayed reduces the number
of exposed individuals, hence, we suggest that the government should increase their e�orts in diagnoses so
to reduce the number of infected individuals in each community.
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Figure 8: Sensitivity analysis plot for COVID-19 model with timely-delayed diagnosis, using ϕ, q, ω and γ2.
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8 Conclusion
In this article, we presented a COVID-19model that considers self-quarantined individuals, delay in diagnosis
and environmental transmission and analysed the transmission dynamics of the pandemic in Ghana. The
proposed model was shown to be globally asymptotically stable when R0 ≤ 1 and when R0 > 1. The
numerical simulations of the model suggest that, the recruitment rate positively increase the number of
new infections, likewise the rate of transmissibility of exposed individuals. Figure 7(c) and 7(d) shows
that, an increase in the relative transmissibility of exposed individuals will have an exponential growth
in the number of secondary infections. Hence, we suggest that all persons should keep to the regular
washing of hands with soap and alcohol based sensitizer whenever they use public facilities, since this will
help reduce the spread of the virus by exposed individuals. We also noticed from Figure 8(d) that, timely
diagnosis can reduce the number of exposed individuals in Ghana, hence, we suggest that the government
should increase their e�orts in diagnoses so to reduce the number of infected individuals in each community.
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