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ARTICLE INFO ABSTRACT

MSC: Meningitis is an inflammation of the membranes that surround and protect the brain and spinal cord. Typically,
34A08 the enlargement is caused by a bacterial or viral infection of the fluid around the brain and spinal cord. For
49J15

many years, licensed vaccinations against meningococcal, pneumococcal, and Haemophilus influenzae diseases
have been accessible. Vaccines are meant to protect against the most dangerous strains of these germs, which
Keywords: are known as serotypes or serogroups. There have been significant increases in strain coverage and vaccine
Cap‘f“’ 'fr'acml‘framo“al derivative availability throughout time, but there is no universal vaccine against these illnesses. In this study, we explore
Mentms the mathematical features of a new six-compartmental fractal-fractional two-strain model of meningitis. With
:,;:;?;im the use of compact functions and ¢ — y-contractions, we establish the existence of solutions. To study the
Lagrange polynomial unique solutions, we employ the Banach principle. On the basis of the Hyers-Ulam definition for the fractal-
Adams—Bashforth method fractional two-strain model of meningitis, stable solutions are examined. From the numerical simulations,
we notice that as the fractal-fractional order decreases, the number of infected individuals with strain 1 of
meningitis decreases, while the number of infected individuals with strain 2 rises. This means that all serotypes
or serogroups need to be controlled effectively for the disease to be closed up.

65P99

Introduction if it progresses, can cause damage to the brain and impair learning and
even hearing loss. Of course, some of the symptoms that can warn of
The brain and spinal cord are surrounded by membranes called this disease are sensitivity to natural light, nausea and headache [4].
meninges, which can lead to meningitis if these membranes become The disease becomes more dangerous and deadly when the symptoms
inflamed [1]. There are several factors that can contribute to the dis- are not detected immediately and the infection covers the whole brain.
ease, including bacteria, viruses and even protozoa, but most bacterial In such cases, even with the necessary treatments, the patient may
agents are common in meningitis in children and adolescents. The die [5,6].
disease is more likely to spread in crowded public places where people Because the risk of different diseases is so important, scientists have
spend a lot of time together, such as student dormitories, prisons, made mathematical models that can predict how viruses and bacteria

and military camps [2,3]. Pathogenic microorganisms can spread the
disease among people in a community in a very short time. These
microorganisms can be classified according to different age groups:
Streptococcus pneumonia, Listeria monocytogenes, Neisseria meningi-
tides, Group B streptococcus, and Haemophilias. Bacterial meningitis,

diseases spread in a population and how to control them using different
optimal control strategies [7-11]. To better understand the subject, we
can refer to some of these studies in which researchers use operators
and mathematical parameters to design models [12-18]. Recently,
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singular and non-singular fractional operators have played a major role
in such an area. The mathematical modeling of anthrax in animals [19],
Hepatitis C [20], memristor-based circuit [21-23], dynamics of en-
vironmental persistence of infections [24], Langevin equation [25],
genetic regulatory networks [26], Mump virus [27], Zika virus [28,29],
mosaic disease [30], Computer viruses [31], thermostat control [32-
34], pantograph equation [35,36], canine distemper virus [37], Q-
fever [38,39], hybrid equation of p-Laplacian operators [40], COVID-
19 [41-44], co-dynamics of COVID-19 and diabetes [45], chemical
structure of cyclohexane [46,47], Navier systems [48,49], etc. are some
instances of the application of mathematical models in simulations of
the diseases. In the theoretical study of all these mentioned models,
the theoretical results are among the basic parts of the analysis of
mathematical models; Because the existence of a solution for a system
allows us to study other properties such as stable solutions, equilibrium
solutions, numerical solutions and their simulations. Usually, fixed
point theory is effective in this field and its role can be observed in
boundary and initial value problems. Many researchers have used this
technique to prove existence results in [50-58].

In 2017, Abdon Atangana [59] worked on a new form of hybrid op-
erators which is referred as fractal-fractional derivatives, and derived
some of their properties numerically and graphically. These hybrid
operators deal with some existing notions from fractal calculus and
fractional calculus. The fractal-fractional derivatives are the convolu-
tion of three types of kernels with fractal derivatives; in other words,
these hybrid derivatives have three kinds of kernels of the generalized
Mittag-Leffler-law type, exponential-law type and power-law type. The
components of the fractal dimension and fractional order play an
important role in the simulating of these operators. All differential
equations defined by the fractional-fractal derivatives correspond the
dimension and order of the given system to a new system of the rational
order.

By considering such abilities, we are able to generalize ordinary
differential equations to advanced systems having arbitrary values of
orders and dimensions. In fact, we can analyze and discuss a wide
range of nonlocal boundary value problems in which there are some
fractal behaviors. Therefore, a limited number of mathematicians and
researchers generalized several phenomena to fractal-fractional models
and found interesting and accurate results and simulations in compari-
son to fractional models. For instances, we mention such generalized
fractal-fractional models in some works done by Shah et al. [60],
Algehyane et al. [61], Owolabi et al. [62], Gomez-Aguilar et al. [63],
Najafi et al. [64], Ali et al. [65], Khan et al. [66], Asamoah [67], Min
Li et al. [68] and Addai et al. [69].

The application of mathematical modeling has also been contin-
ued by some researchers on dynamics of meningitis. Miller and Sha-
hab [70] emphasized on the immunization in terms of cost constrain
for controlling epidemic meningitis in 2005. Broutin et al. [71] applied
several mathematical notions to implement wave-length technique to
investigate dynamics of meningitis in nine countries of Africa. They an-
nounced that international mass collaborations in public health are ef-
fective to control the disease. Irving et al. [72] designed a deterministic
simple model to analyze the control strategies of meningitis.

Unlike other studies, most models in relation to meningitis have
been only designed with respect to one strain. Therefore, we need to
investigate new models equipped with multiple strains of meningitis
and analyze some relevant qualitative properties.

The main motivation is to present a fractal-fractional multi-strain
model of meningitis and discuss it mathematically. Our contribution
to this new approach is to design this mathematical structure via the
newly-defined hybrid power-law operator.

To follow this study, Section “Preliminaries” is devoted to recalling
some definitions. The main structure of the fractal-fractional multi-
strain model of meningitis is presented in Section “Description of the
meningitis model”. The existence analysis is conducted via the ¢ — -
contractions and also Leray-Schauder theorem in Section “Existence
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of solutions”. The Banach principle is applied for investigating the
unique solutions in Section ‘“Uniqueness result”. Stable solutions are
defined and proved in Section “Stability criterion” in the sense of
Hyers-Ulam. To simulate the suggested model numerically, we use a
new type of two-step Lagrange polynomials in the context of Adams—
Bashforth method to derive some algorithms in Section “Simulations”.
In Section “Simulations”, by using Matlab, we analyze the behaviors
of solutions during a finite time period, and try to investigate the role
of some parameters in controlling the disease by varying the values
of dimensions and orders. The conclusions are presented in Section
“Conclusions”.

Preliminaries

In this section, several required definitions on the hybrid fractional-
fractal operators are assembled. Moreover, a special form of contrac-
tions is recalled.

Definition 1 ([59]). Assume that M is fractal-differentiable and con-
tinuous on (a, b) with fractal dimension v. Then the fractal-fractional
derivative of M of order w is given by

t

FEPDOY M) = oo (nl_ > % / (t—m)" ! M(m) dm,

n—1<w,v<neN),

where the kernel is of the power-law type and

dM@@) _ . MO - M)
dmV tom Y —mY

is the fractal derivative.

’

It is notable that by taking v = 1, the fractal-fractional derivative
FFPH®Y is the same wth-Riemann-Liouville derivative RLD? .

Definition 2 ([59]). Assume that M is continuous on (a, b). The (w, v)-
fractal-fractional integral of M with the power-law type kernel is

t
FFP~w,v _ Vv v=1/¢ w—1
TaM = o / mY! (6 = m)®~! M(m) dm.

Consider ¥ as a subcategory of increasing mappings y : R20 — R20
with w(t) < t, Vt> 0, and

Zy/(t)<oo.

=1

Definition 3 ([73]). Let M : X - X and ¢ : X? - R20 where X is a
norm space. Then

(1) if for each x|, x, € X,
POy, 1) d (M, Miy) < w(d (o, ),

then M is ¢ — y-contraction.
(2) if Pp(x;, 37) > 1 gives p(Mx, M) > 1, then M is ¢p-admissible.

Description of the meningitis model

Baba et al. [74] designed a meningitis model in the context of a
six-compartmental system of differential equations. These six compart-
ments are denoted by S(t), C;(1), C, (1), I, (1), I,(t), R(t). The susceptible
individuals at time t is denoted by S(t), C,(t) denotes carrier individuals
with strain 1 meningitis at time t, C,(t) denotes carrier individuals with
strain 2 meningitis at time t, Z,(t), and I,(t) represent the number
of infected individuals with stain 1 and strain 2 respectively. The
recovered individuals from strain 1 and strain 2 at time t is denoted
as R(t). Because of birth, migration and other factors of growth of
population, we consider the recruitment rate as a constant value in
the susceptible individuals and there is no double infection. B is the
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recruitment rate, ¢ stands for the loss of immunity, s is the rate of
natural death, p; and p, are the rates of effectiveness contact caused
by strain 1 and strain 2, respectively, 6 denotes the rate of natural
recovery, ¢, and ¢, stand for the rates of progression from C, to 7, and
from C, to I,, respectively. The parameter b, is the rate of mortality
due to disease caused by strain 1 and b, is also the same parameter
caused by strain 2. Finally, the rate of recovery from disease caused
by strains 1 and 2 are given by r; and r,, respectively. In view of the
above description the system of equation governing the proposed model
in Baba et al. [74] is given as

% = B+ {R(t) — p; SH(C () + I, () — p,SE(Cy () + T, (1)
—sS(,
% =pSOC;®) + I, (1) — (g + 5+ O)C (b,
% =q,Ci() —(s+ by +rDL (), o
dcdzt( 2o P2SIC (D) + Ip() — (g2 + 5+ O)Cy (D),
dldz: Ly @ C(H) = (s + by + 1) IH (D),
% =n L0+ LM +0C, 1)+ 06, — € + IR,

The initial conditions are S(0) = S, > 0, C;(0) = C; 5 > 0, C;(0) = C, 5 >
0, 7,(0) = 1,4 2 0, I,(0) = I,y > 0, and R(0) = R, > 0.

Inspired by the mentioned standard model (1), we define another
mathematical two-strain model of meningitis via the fractal-fractional
hybrid derivatives as
FFP’D((’;”:S(U =B+ {R®) — piSHOC (D) + I (D) — pSHOCo(H) + I (1)

—sS(b),
FFP@S’,‘:CI(‘:) =piSOC O+ L) — (g + s+ 0)C, (1),
FEPDTIT () = q,Cy () = (s + by + DIy (0),
FFP@&’ZCQ(’() =P SHOC(D) + I, (D) — (g + 5+ OC, (D,

FEPDU T () = g2Co(H) = (s + by + rp) I (),

FFP@K{ R = r () + ry I (t) + 0C, () + 0C5 (1) — (& + 5)R(Y),
2

with initial conditions

SO)=5,>0, C(0)=C20, C0)=Cy020,

1,0)=1,020, 1,(0)=1,5 >0, R(O)=Ry20,

in which FFPD®" is the fractional-fractal derivative with the fractal
dimension v € (0, 1] and fractional order w € (0, 1]. Some necessary
assumptions, we impose on the model are that: all the involved param-
eters in the model (2) are nonnegative, (the non-negativity can be seen
in Baba et al. [74]), hence the state functions of the model is defined
by

N®) =S®)+ CiO+ GO+ I + I, + R,

where N'(t) is the total population at the time t € J :=[0,T],(T > 0).
Existence of solutions

To investigate the qualitative properties, we consider a Banach
space as X = Y XY XY XY XY x Y, where Y = C(J,R) shows the
subclass of all continuous functions under the norm

1€ = (S, €. Gy, Iy, 1, R) lx

= max{|5(t)| +[C;(D)| + GO+ LD+ [ L+ [RMD] = te J}.
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To begin the analysis, at first we define the R.H.S. of the fractal-
fractional model (2) via six functions as

Fi (6 S®), C (D, I, (1), Co (1), (), R(D) = B+ ERE) — py SOC, (H)

+I,(1)

=2 SHOGM®) + I (1) — sS(H),
Fo (6 S®), C1 (), T, (1, &), T (), R(H) = p1 SOC; (B + T; (1)

= (g1 + s+ 60)Ci (1),
F3 (4, S@), C (), I, (1), Co (), (1), R()) = q,C;(t) — (s + by + r )L (1),
Fu(£:SM), C1 (D, T1(1), C2(), (1), R(Y)) = p,SH(C2 (1) + (1))

= (@2 +5+0OCy(D),
Fs(t, S, CL (), I, (1), Co (), Ty(), R(D) = g,Co(H) — (s + by + 1)L (H),
Fo(t, S(), CL (), I, (1), Co (), (1), R()) = r1 Iy (4) + ry I, (1)

+0(C() + )

— €+ HR®).

3)

Due to the differentiability of integral, the given problem (2) is pre-
sented by

RLD® S(t) = vt Py (6. S, €1 (0, T, (1), (1), Tr(H), R(D),
RLDP C1(1) = v Py (£, S®, € (1), T, (), & (0, O, R(®),
< RLDP T, (1) = vt F3 (£ S0, €1 (0, T, (1), Co(0), Tr(H), R(D)), @
RL@gflcz(t) = vTLF (.S, C (1), I, (1), Gy (1), T, (1), R(Y)),

( )

RLDP (1) = vt Fs (£ S0, €1 (0, 1) (1), (0, Tr(H), R(D),

RL@g{tR(t) = v Fg (4, S0, C (1), I, (1), Cy(h), T (1), R(Y).

By (4), the extended system of initial value problems is reformulated
as

RL’D&IC(t) = vt 1P (t K@),

5
K@) =K,, o,ve(,1],
for t € J so that
K = (S, €0, 1,9, (8, L1, R®) ",
Ky = (So’cl,()a11,0aC2,0a12,0»R0)T» ©
and
1 (6. S0, € (0, T, (1), G (1), T (), R(H)),
Py (6:S®), € (9, T,(0), C(1), T (1), R(H)),
Fi(t, SMH,C,(H), I,1),C,1), I,H),R®)),
PLE®) = 3 (6. S0, € (1), T,(0), Co(6), T (), R(H)) -
Py (650, € (0, T,(0), (1), T, (), R(H),
Fs (£ S0, C, (0, 1,0, G, (0, T,(H), R(H)),
Fo (. SO, C, (1), T, (9, Co(1), T (1), R(H)).

By operating the hybrid fractional-fractal integral on both sides of (5),
we have

t

KO = £O0)+ —— [ m~'(t = m)®'F(m, K(m)) dm. @®)

I'(w) Jo



S. Rezapour et al.
In fact, we obtain the following extended form
t
v v—1 w—1

SH =S+ —— mT(t—-m

=35 T @) /0 ( )

X Fy(m, S(m), C;(m), T;(m), Cy(m), Ir(m), R(m)) dm,

t
v v—1 w—1

CH)=Cog+ —=—— mT(t—-m

1H=Cp @) /0 ( )

X Py (m, S(m), C;(m), I,(m), Cy(m), T,(m), R(m)) dm,

L0 =T+ s /Otmv_l(t e

X Fy(m, S(m), €y (m),tI] (m), Cy(m), T,(m), R(m)) dm, (9)
Co(t) = Cog + ﬁ /0 O P

X Fy(m, S(m), € (m), I;(m), Cy(m), I,(m), R(m)) dm,
L) =T, + %w) /0t 'Lt — m)®~!

X Fs(m, S(m), C; (m), I, (m), Cy(m), T,(m), R(m)) dm,

t
— v v=1,¢ w—1
R =Ry + T@) /0 m"" (t—m)

X Fg(m, S(m), C;(m), I;(m), Cy(m), I,(m), R(m)) dm.

In this position, we transform (2) into a fixed point problem. Define
G : X - Xby

t

GKW®) = KO) + —— [ m"(t—m)®' P (m, K(m)) dm. (10)

I'(®) Jo

In the following, a fixed point theorem for ¢ — w-contractions is
given which is useful for our goal.

Theorem 1 ([73]). Let (X,d) be a metric space with the completeness
property, w € ¥, ¢ : X> > R, and G : X - X an ¢ — y-contraction
s.t.

(1) G is ¢-admissible;

(2) Axy €X, st Plxy,Gxg) = 1;

(3) Y{x,} € Xwith x, - x and ¢(x,.x,,.,) > 1, Yn > 1, we have
@O, ) >1,Vn> 1.

Then a fixed point exists for G.
Here, the existence result is established under ¢ — y-contractions.

Theorem 2. Let 3T : RXR > Rand 3y € ¥ and I3F € C(J x X, X).
Also,

(B) VK, KyeXandte],

[F(t, Ky (1) = F(t, Ky ()] < Zw(1KC; (D) — Kp(B))),

with (I, (8), ICy(1) > 0 and 7 = VTFEVw—:‘}’zV)
(P, 3K, €X st Vel

T(ICy(). GUCy(1)) > 0,

and also

TR0, K,(0) 20 = T(GU, (1), GU,(1)) = 0;

(B3) VK, )1 SXwith €, > K,
T(Ky(0, Ky (9) 20 = T(K, (0, KO) 20,
for each n and t € J.

Then, there is a solution for the given fractional-fractal model of meningitis

(2).
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Proof. Consider K, K, belonging to X so that T(K;(t), K1) > 0,
for each t € J. Definition of the Beta function and some simple
computations yield that

t
G(K, (1) — G(lCz(t))| < ﬁ /0 = !

X | (m, k0, () = F (m, Kym)) | dm

t
v v—1 w—1 7

< — m"T t-m)*T gy
r(w)/o

x (1K1(m) = Ky(m)[) dm

VETVHO 1 B(v, w)
- I'()

vIvto-l ()

= mb’lﬂ/(”’cl - ICZ”X)'

W(”’Cl - ]C2||X)

Therefore,

VTV+w—1F(v) »
TO+a) 2y (1K) = Kallx) = w (1K) = K llx)-

For arbitrary elements K|, K, € X, define ¢ : X x X — [0, o) by

IG(KED) - GU)lx <

1 if Tk (), Ky(h) 20,
By, Kr) =
0 Otherwise.

Then,

P, KDA(G(K), G(Cy)) < w(d(Ky,Ky), VKK eX

So, G is an ¢ — y-contraction. In this step, let K|, K, € X with
¢(K,,K,) > 1. From the property of ¢, we find that T(lCl(t), lCz(t)) > 0.
Thus (B,) implies that T(G(K; (1)), GUKC, (1)) > 0. Once again, ¢ yields
that ¢(G(K,), G(K,)) > 1. Therefore G is an ¢-admissible.

Moreover, (,) confirms that there is some X,
T(Ko(1), G(Ky(1)) = 0, V t € J. It is evident that

€ X. Then,

B(Kp, G(Ky)) 2 1.

Consider {K,},»; € X st. K, - K and Vn, ¢(K,.K,, ) > 1
Definition of ¢ implies that

TR0,y (0) 20

Thus, (P;) gives T(K, (), K1) > 0. Therefore ¢(K,,K) > 1,Va. By
Theorem 1, we find that 3K* € X s.t. G(K*) = K*. Consequently,
K* = (S*,C‘I*,Z;‘,C;,Z;,R*)T is a solution to the fractal-fractional
two-strain model of meningitis (2). [J

The Leray-Schauder theorem is the next auxiliary theorem for our
purpose in relation to the existence result.

Theorem 3 ([75]). Let X be a Banach space, £ a convex, bounded, and

closed setin X and G C £ an open set with 0 € G. If f : G — £ is
continuous and compact, then either:

(i) 3x* € G s.t. f(x*) = x*, or
(ii)) 3x € 0G and u € (0, 1) s.t. % = pf(x).

Remark 1. For convenience, we define

A=Ky, an
and

v+o—1
Ak A a2)

I'(v+w)

Theorem 4. Assume that F € C(J x X, X).
(C): 3¢ € L'J,R*) and 3 an increasing map B € C([0, o), R>0)
satisfying, for all t € J and K € X,

[F(t K1) < ¢OBIKMDD;
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(Cy): 3y >0 and
v
_ >
A+ AQSB()
with qb(’; = supiy [@((V)| and A, 4 are specified in (11) and (12).
Then a solution exists for the given fractal-fractional two-strain model
of meningitis (2) on J.

1, 13

Proof. Consider G : X — X defined by (10) and

N, ={KeX:|K|x <€}, forsomee > 0.

From the continuity of 7, we yield the continuity of G immediately.
Now from (C,) and for K € N,, we have

v

|G| < [K©O)] + T@)

t
/ m" !t — m)*~H P (m, K(m))|dm
0

t
<Ko+ ﬁ /0 m"~ (¢ — m)®~ p(m) B( K (m)|)dm

yTvte- 1 B(V, w)

<Ko+ T@) o BUIKIx)
<A+ AdyB(e).
Hence
IGKIl < A+ A B(e) < 0. 14

The uniform boundedness of G is derived on X. Arbitrarily, choose
t,t' €[0,T]s.t. t <t and K € M. By assuming

sup |F(t, K@) =F* < oo,
(tL,K)EIXN,

we have

‘!
IG((t) - GW)] = ﬁ /0 m' (¢ = m)® P (m, C(m))dm

t
__F(Vw) /0 m* ! (¢ = m)? F(m, P(m»dm‘ as
* t/
< vF / m I —m)®ldm
I'(w) | /o
t
_/ m' (¢ —m)* 'dm
0
VF*B(V, ©) | jysa—1 _ vto-1
< T [t ¢ ]
_ VF*F(V) Nv+o—1 _ vtwo—1
T I'v+w) (© ‘ b

which is not dependent of K, and as t — t, the R. H. S. of above
inequality tends to 0. Thus

IGEW)) - GEM)IIx — 0.

This proves the equicontinuity of G. Finally, the Arzela-Ascoli theorem
gives the compactness of G on WN,. The hypotheses of Theorem 3 on
the operator G have now been verified. Thus one of the two cases (i)
or (ii) will hold. Utilizing (C,), we construct

P={KeX:|Klx<7}

for some y > 0 via

A+ APB(y) <.

Utilizing (C1) and by (14), we estimate

IGKIx < A+ Ag} B(K). (16)
Consider the existence of £ € dP and « € (0,1) s.t. K = aG(K). For
such « and K, by (16),

y = IIKlx = allGKllx < A+ 4¢{B(IKllx) < A+ Ay B(r) <7,

which is not possible. Therefore, (ii) is invalid and by Theorem 3, G
admits a fixed point in P. In other words, it is found a solution for the
fractal-fractional two-strain model of meningitis (2). []
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Uniqueness result

Now, we are ready to discuss on the unique solutions of the model.

Lemma 1. Let S.C,,1,.C,. 1, R, S*,C:, 1},C;. I;,R* € Y = C(,R)

and (HD: [|S]| £ A, G £ 4o, 11 £ A3, 1G]l € A4y Lol £ 4s,
[IR|| < Ag for some A, Ay, A3, Ay, A5, Ag > O, where the norms are sup-norm
with respect to t.

In this case, F|,F,,F3,Fy4,Fs, Fg given in (3) are Lipschitz w. r. t. the
corresponding components whenever k|, k,, k3, k4, K5, kg > 0, where
ki =pi(da+ 3) +py(Ay +A5)+s, Ky =piA+(q +5+0),
K3=58+b +r, a7
K4 = Prd1 + (g +5+0),

Ks=S+by+ry,, Kg={+s.

Proof. Starting from the function 7, for each S, $* € Y, we estimate

Il 7y (68, C (0, I; (), (0, Tr(), R )
= F1 (6850, G0, (), G0, O, ROY) ||
=l B+ R — p SOC () + I1(H) — py SH(C(H)
+ () - sS®)
= (B+{RM) = p; S* (€ () + I, () = pS*(O(Co (D) + T (1)
= sS*®) |l
L =p1 (G () + L (DS = S™) = pp(Co (1) + T(H)(S = S¥)
-s(S=SM
< (e IS O+ 1T + pUIGON + IO + IS — S*|l
S (p1(Ag + A3) + pa(Ag + 45) + 9IS — S7|
<xlIS-S*.
18)
This means that 7, is Lipschitz w. r. t. $ with constant x; > O.
Regarding the function 7,, for each C,, Cf €Y :=C{,R), we have
I 72 (£S5, €, (0, I, (1), G0, L0, R(1)
- P (6 S®), Ci®), T (), G0, L), RO®) ||
=l (b SO (D) + I (D) — (g1 + 5+ O)C (D)
= (1 SOECTO+I(1) = (g + s +NCTO) ||
< e SOEC (1) = C7®) = (g1 + 5+ O)(C () — CT O
<@lISOI+ (g +s+C, - CTll
<Ay + (g +s+O)IIC, - €Tl
<ioll6 - il
This leads that 7, is Lipschitz w. r. t. C; with constant x, > 0. Now
VI, I7 €Y, we write
| 75 (:S®). € (0, I, (1), Co(), L (9, R(b))
= P36, S(1), C; (0, 7 (1), Co(0), T, R(V) ||
= (@€, = (s + by +r DI (H) = (¢, () = (s + by +r)ITO)
S(s+by+rIT - I7
=i3llZ, - Il
Thus F; is Lipschitz w. r. t. 7; with constant x; > 0. Now for two
arbitrary members C,, C; € Y, we estimate
| 74 (6, S®, €, (0, T, (1), (1), Tr (1), R(V))
= F4 (6. S0, C1 (), T;(1), C5 (0, (0, RM) |l
=[l (. SWC () + Ir (1) = (g, + 5 + O)C,(1) — (P SCF (V) + T (1)
= (@ +s+0)C5®) |l
S I SHC () = C (1) + (g3 + 5 + (G (H) = D)
S (AISON + (g2 + s+ OIS, = Gl



S. Rezapour et al.

S A+ (@ +s+ OG- Gl
<rgllC = Gl

Thus F, is Lipschitz w. r. t. F with x, > 0. For every I,,1; € Y, we
may write

| 75 (.S, €1 (0, I, (1), G (1), T (1), R(H))
— F5 (£SO, C; (0, I, (1), Co(H), X1, R(H)) |l
= (@262 (8) = (s + by + 1)L (1) = (G (1) = (s + by + 1) 3|
S(s+by+ )L, - I3l

= x5l 2, - I3

This shows that Fs is Lipschitz w. r. t. 7 with constant «5 > 0. Now for
each R,R* € Y, we get

| F&(£:S®), C (8, T, (1), Co (), Tr(£), R(Y))
= Fe(t, S, C1 (1), I, (1), Co (1), Tr(), R*(®)) ||
=l (r L) + 1y L () + 0C () + 0C,(H) = (§ + 9)R(L)
= (L) + 1L (1) + 0C, (1) + 0C,(H) — (€ + HR* (V) ||
<= ¢+ RO = R* W)l
SE+9IR-RY|
= KkelIR = R*||.

Therefore F is Lipschitz w. r. t. R with k¢ > 0. From the above, we
conclude that 7;,i = 1,2,3,4,5, 6, are Lipschitz w. r. t. the corresponding
component with constants «;,i = 1,2,3,4,5, 6, respectively. []

Theorem 5. Consider (H1). Then the given fractal-fractional two-strain
model of meningitis (2) admits a unique solution if

Ak <1, i€{1,2,3,4,5,6},

where A is introduced in (12).

Proof. The outcome of theorem is assumed to be invalid. That is,
another solution exists for the fractal-fractional two-strain model of
meningitis (2). Let (S*(t),C;‘(t),II‘(t),C*(t), Z;(t), R*(t)) be other solu-
tion furnished with the initial conditions (S,. C, . I, . Cy. I, Ro) S.t.
by (10), we obtain
v ¢ 1 1
S*t) =S, + —/ m'7 (- m)®”
7 T Jo
X F(m, $*(m), C{(m), I} (m), C;(m), I3 (m), R*(m))dm,
t
% v —1 w—1
CCH)=Cig+ — VTt -
HO) 1.0 F(w)/o m"(t—m)
X Fp(m, $*(m), Cy(m), I} (m), C5(m), I3 (m), R*(m))dm,
T =110+ —— /tnﬂ—'(t—m)w—1
! YT T@) Jo
X F3(m, S*(m), C{(m), I} (m), C;(m), I3 (m), R*(m))dm,
t
— v -1 —1
C;(t) = Cz’o + m /0 mY (= m)"’
X Fy(m, $*(m), C{(m), I} (m), C3(m), I3 (m), R*(m))dm,
THt) = Ty + —— /tmv_l(t—m)“’_l
20T T J

X Fs(m, S*(m), C(m), T} (m), C;(m), I3 (m), R*(m))dm,

and

t
* _ v v=lo¢ w—1
R (t)—R0+—F(w)/0 m"” (t—m)

X F(m, S*(m), CH(m), T (m), C3(m), I} (m), R*(m))dm.
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Hence

t
1S(H) = S* O < —— [ m"~(t—m)®"!

I'(w) Jo
X |Fy(m, S(m), C; (m), I;(m), Cy(m), I,(m), R(m))
— Fy(m, $*(m), C(m), I} (m), C;(m), T} (m), R*(m))|dm
< ﬁ /Otm”’l(t —m)® g IS = S*[|dm
< k1S - S*].
Thus
[1— 4K ]IS - S*|| <.
This is true whenever ||S — S$*|| =0, and so S = S*. Again, from
€ = CHIl < {1 = Ay ]lIC, = €Tl
we obtain
[1 - Ao llICy = €Tl < 0.
This gives ||C; — C{|| = 0 and so C; = C]. Moreover, we have
17, - Z71 < [1 - w3l T, = I7 .
This yields that
[1 - 43I Ty — ZT” <0.
This implies that |7, — il =0 and thus 7, = 17 Similarly, from
1€, = Gl < [1 = Axy]lIC, = G,
we get
[1 = Axg)lIC, = G511 £ 0.
This is true if ||C, — Gl =0. Thus C, = G Similarly,
17, - T < [1 - AsII T, - Z211,
gives
(1 - k5] Z, - T31| <.
This implies that ||Z, — =0 and hence 7, = . Finally, from
IR —R*|l <[1 - AxgllIR — R,
we get
[1 - 4AxglIR = R*| < 0.
This implies that |R — R*|| = 0 and so R = R*. Therefore, we obtain
(S, (1), I, (), G, (1), T (1, R(D) = (S™(B), C] (1), I} (1), C; (1), I3 (1), R* (V).

From these results, we find that the fractal-fractional two-strain model
of meningitis (2) admits a solution uniquely. []

Stability criterion

In terms of fractional calculus, stability plays an important role.
Ulam-Hyers and Ulam-Hyers-Rassias type stability are one of the most
attractive of the various types of stability. The Ulam-Hyers stability
was first introduced by [76] and afterwards generalized by Rassias
in his published paper [77]. This form of stability is important in a
range of natural phenomena where searching for an exact or accurate
solution is difficult. In modeling techniques, where it might be difficult
to obtain accurate solutions, Ulam-Hyers stability is used to obtain an
approximation of the solution in order to govern the proposed model’s
dynamics in a functional manner. In this section, we will examine the
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stable solutions in the sense of Ulam-Hyers and Ulam-Hyers-Rassias
for the fractal-fractional two-strain model of meningitis (eqmodel2).

Definition 4. The fractal-fractional two-strain model of meningitis (2)
is Ulam-Hyers stable if 3 0 < My, € R,i=1,2,3,4,5,6s.t. forall¢; >0
and for all (S*, C.17.C. 15, R € X fulfilling

[FIPDYS* () — 7 (S*(0), €1 (0, T} (0, C (0, T30, R*®)] <y,
FFPD (1) — Fp(S™ (0, €0, T, G50, O, R* W) < e,

[FFPDOY T (0 = F3(S* (0, C; (0, I} (0, G5 (0, T30, R* )] < &3,
\ 19
[FFPDEYCI(1) = Fy(S™ (0, CF (0, I} (0, G5 (). ;. R* )] < ey

IFFPDEYII(1) = Fs(S* (0, CF (0, I} (0, G (0. ;. R* )] <5,

[FIPDPYR* () — Fo(S*(0, €1 (0, T} (), C3 (0. T30, R* D) < e

there exists (S,C,1;,C,,1,,R) € X satisfying the fractal-fractional
two-strain model of meningitis (2) with

[S*(H) = S| < My €,
ICT () = Ci ()] < Mp, e,
IZ; ) = T,(0] < Mp e, o0
IC3 () = G (O] < My, ey,
1756 — T,(t)] < Mpes,

[R*(t) — R(D| < My, e

Remark 2. (S*,C;‘, Z;‘,C;, Z;‘,R*) € X is a solution of (19) iff
3y, 12,13, M4- M5, s € C([0, T1, R) (depending upon S*, C;‘,II‘,C;,I;, R*,
respectively) s.t. Vt e J, (). |7;(H)| <¢;, (i=1,2,3,4,5,6), and

FEPDIVS™ () = F(S* (), C; (0, T} (). G (0, I3 (), R* () +my (1),
FEPDOICIO) = Fo(S* (), CF (0, T7 (1), C5 (0, T3 (), R* (1) + 1 ().
- FEPDUVTT() = F3(S™ (0, CF (0, I7 (1), C5 (). T (0, R* () + n3(0),
FEPDUCI(H) = Fy(S™ (0, CF(O, T7 (1), C5 (0. T3 (1), R* () + ny(b),
FEPDUVII(M) = Fs(S™ (0, Ci (0, I} (1), C5 (0, T; (0, R* (1) + ns(0),
FEPDUVR* () = Fo(S* (), CF (0, T} (1), C5 (0, T3 (1), R* (1) + ().

(2D

Definition 5. The fractal-fractional two-strain model of meningitis
(2) is Ulam-Hyers-Rassias stable w. r. t. functions ¥;, i = 1,2,3,4,5,6
whenever 3 0 < MF,-,‘PI eR,i=1,2,3,4,56s.t. for all ¢, > 0 and for all
(S*,CT,Z;",C;‘,I;,R*) € X satisfying

[FFPD0Y S™() = Fi(S* (0. C{ (0, 1 (1), C; (O, L3O, R* (W) < e ¥(D),
[FEPDOYCH®) = Fo(S*(), €0, I} (), G (0, T; (0, R* )] < ¥, (b).
[FFPDUYTT (1) = F3(S™(0, CF (0, I (), G (0, T30, R* (D) < e3¥3(D),
[FFPDEYCI (1) = Fy(S™ (0, CF (0, I} (1, G (0, T30, R* ()] < ¥y (),
POV (1) = Fs(S*(1, C{ (0, I (), G (0. T30, R* ()] < e5P5(1),
[FFPDTYR* (1) = Fo(S* (0, C; (0, T1 (0, C; (O, T30, R* ()] < e6¥6(0),
(22)
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3(S.C,1,,C,,1,,R) € X satistying the fractal-fractional two-strain
model of meningitis (2) with

1S* (0 = SO < My, g %0,

ICIO = CL O] < My, g, P (0),
FROBSAC]
130 - G0
1730 - 1,0
IR*() - R(V)

< My, p e3'5(0), 23)
< My, p,e4¥4 (D),
< Mrs,v,us est¥s(b),

< My, ea¥s(0).

Remark 3. (S*,C;‘,I;‘,C;,I;,R*) € X is a solution of (22) iff
A1y, 1y, 13, M4 115511 € C([0,T1, R) (depending upon 5‘*,CT,II‘,C;‘,I§,R*,
respectively) s.t. for all t € J, (D). |n;(t)| < ¥;(De;, (i =1,2,3,4,5,6), and

FEPDUVS* () = Fi(S*(®, €] (0, I} (1), C5 (), T; (0, R* (1) + ny (0,
FEPDUYCI(D) = Fa(S* (0, C (0, T} (0, C5 (), T3 (1), R* (1) + np (V).
. FEPDOVTI(O) = F3(S* (), C; (0, I} (). G (0, I3 (), R*(1) + m3(1),
FEPDUYCI(H) = Fy(S* (0, CF (0, I7 (1), C5 (0, T3 (0, R*() + ny(0),
FPDUVI; () = Fs(S* (0, Cy(0, I} (1), C5 (0, T3 (1), R*(1) + 15(b),
FEPDUVR* () = Fo(S* (0, €] (0, I} (1), C5 (1), 5 (5, R* (1) + 16(H).

(24

Theorem 6. The fractal-fractional two-strain model of meningitis (2) is
Ulam-Hyers stable on J :=[0,T] s.t.

Ak <1, i€{l1,2,3,4,5,6},
where k; and A are given by (12) and (17), respectively, if assumption (H1)
is valid.

Proof. Lete; >0and S* eV s.t.

FPUY S ()~ Fy (L. 8%, €. 1}.C}. 15 RY)

1:C00 455 < €.

Then, in view of Remark 2, 3#,(¢) so that
FFP@f)ffs*(t) =F (4 S*,CI I, C5L I, R¥) + i (b),
and |7, (4)| < ¢,. Hence
t

S*) =S, + —— / m* Lt — m)~!

" T Jo

X Fy (m, $*(m), C(m), I} (m), C; (m), I} (m), R*(m) ) dm
t
v _ —
+ m/o w1t —m)? gy (m)dm.

From Theorem 5, we consider S € Y as the unique solution of the
fractal-fractional two-strain model of meningitis. Then S(t) is formu-
lated by

t
— v v=1o¢ w—1
S =S+ Fo /0 m¥~1(t — m)

X Fy(m, $*(m), C}(m), I} (m), C;(m), Iy (m), R*(m))dm.

Then

t
1500 - S0 < 7 /0 w1 (= m)e iy, (m)ldm

t
v v=lo¢ w—1
+ _F(a)) '/0 m’7(t —m)

X ‘rl (m, $*(m), C}(m), I} (m), C;(m), I;(m), R*(m))
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Fig. 1. A fractal and fractional trajectories with different orders of w = v.

— Py (m, S(m), C;(m), I;(m), Cy(m), I, (m), R(m)) )dm
< Ae; + Ak ||S* = S

Therefore
Aeq
1 — Ak ’

If My, = ﬁ, then [|S* — S| < Mg, €. Similarly,

Is* -S| <

”CT -Gl < MT’ZEZ’ ”Ir - < Mr3€3a ”C; -Gl < MF4€45

IZ; = LIl £ Mpes,  IR™ = RI < Myge,

where

My 4

= . (i €{2,3,4,5,6)).
T Tk (ief )

Thus, the Ulam-Hyers stability of the fractal-fractional two-strain
model of meningitis (2) is fulfilled. []

Theorem 7. Let (H'): 3 increasing mappings ¥; € C([0,T],R*),(i €
{1,2,3,4,5,6}) and 3 Ay/i >0s.t Vte],
PRI PO < Ay (0. (0 € {1,2,3,4,5,6)). (25)

Then the fractal-fractional two-strain model of meningitis (2) is Ulam-
Hyers—Rassias stable whenever (H 1) is satisfied.

Proof. For every ¢, > 0 and VS* € Y fulfilling

FEPDLYS* (O = Fi(6:S* (0, €1 (0, T (0, C5 (0, r(0). R(V)| < e, (D),
I () s.t.

FEPDLYS™ (B = Fi(6 S* (0, € (0, T} (), C5 (1), y(0), R()) + my (9,

and |7;(t)| < €;%;(t). Hence
t
S*) =Sy + —— [ ml(t—m)®!
°" T Jo

X F(m, S*(m), C; (m), I} (m), C; (m), I,(m), R(m))dm

t
+ ﬁ /0 m (¢ — m)® Ly, (m)dm.

From Theorem 5, we consider S € Y as a unique solution for the
fractal-fractional two-strain model of meningitis (2). Hence S(t) is

t
— v v=1o¢ w—1
S(t)_50+r(w)/0 m" (t—m)
X Fi(m, S(m), C,(m), I, (m), Cy(m), I,(m), R(m))dm

We get

() — V2 R DA
[5°0 = SO] < 5 [me = me i ) jdm

t
v v=lo¢ w—1
+ T@) /o m' (t —m)

X |7~"1 (m, S*(m), C}(m), I} (m), €} (m), T,(m), R(m))
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Fig. 2. A fractal and fractional trajectories with different orders w = v.

— Fi(m, S(m), C;(m), I;(m), Cy(m), I,(m), R(m))dm

&1V ¢ v—1 w—1 s
< w7t — )@ (m)dm + 4k, [|S* — S|
(@) Jo
< €1 Ay, Py () + 4K, ||S* = S|.
Therefore
e Ay P (1)
Is* =Sl < ———
1 — Ak,
If
M.y = 0
Pt T Ak
then ||S* — S| < ey My ¥ (D). In the similar manner, we have

ICT = Cill < e;Mp, y, 5 (1),
IC; = Goll < e4Mp, y, 4(b),

IZ7 = I, 1l < e3 My, W5 (0),

175 = Lol < esMp, i ¥5(0),
IR* = RIl < €M, ¥s(®),

where

A'{’
M =——(i€{2,3,4,5,6)}).
Fi ¥, 1— Ax, (i€ b

Hence the fractal-fractional two-strain model of meningitis (2) is Ulam—
Hyers-Rassias stable. []

Simulations

In this part of the paper, we shall see the convergence and stability
of solutions in a time period by simulating them based the Lagrangian
polynomials (Predictor—-corrector) [78,79]. To start the process. The
following values for the parameters are assumed B = 500, { = 0.5,
pi = 0000174, p, = 0.000174, s = —L—, g = 0.0263, g, = 0.0263,
b, 0.0747, b, = 0.0747, 6 = 0.0896, r; = 0.0153, r, = 0.0153. All
parameter values are assumed to be in days. Further, the initial values
for state functions are
S(0) = 14000, C;(0) =200,
RO)=0.

In our simulations for six state functions S,C;,1,,C,,1,, R, the values
o = v = 0.95,0.90, 0.85,0.80,0.75,0.70 are considered for the fractal
dimensions and fractional orders.

Fig. 1 shows the fractal-fractional dynamics of the two-stain model
of meningitis. In Fig. 1(a), it can be seen that as the fractal-fractional
order reduces, the number of susceptible individuals gradually in-
creases. Figs. 1(b) and 1(c) show that as the fractal-fractional order
reduces, the number of infected humans with strain 1 of meningitis

7,(0) =100, C,(0) =200, I,(0)= 100,
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Fig. 3. The effect of varying recruitment rate on susceptible, carriers, infected and recovered humans when the fractal-fractional orders is 0.99.

reduces while that of infected humans with strain 2 increases. Fig. 1(d)
shows the dynamics of the recovered individuals. It can be seen that the
decline in the fractal-fractional orders reduces the number of recovered
individuals.

In Fig. 2, we show the dynamics of the carrier compartments.
Fig. 2(a) shows that fractal-fractional trajectories have close relation-
ships for 19 days, then the trajectories decrease as the fractal-fractional
order decreases. Fig. 2(b) shows that the fractal-fractional order w =
v = 0.95,0.90,0.85,0.80,0.75,0.70 does not capture the dynamics of
carrier humans with strain 2 as that of carrier humans with strain 1.
This may be as a result that carrier individuals of particular strains
of meningitis cannot be easily detected. Hence, Fig. 2(c) shows the
dynamics of the combined dynamics of both strains. It is noticed that
the trajectories take the same path for 20 days and then reduce as the
fractal-fractional orders reduce.
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Fig. 3 shows the effect of perturbing the recruitment rate on the
fractal-fractional two-strain model. It is noticed that an increase in
the recruitment rate increases the number of carriers, recovered and
individuals infected with strain 1, but has no effect or has minimal
effect on the number of susceptible humans and individuals infected
with strain 2.

Fig. 4 depicts the fractal-fractional dynamics as the rate of progres-
sion from C; to Z;,i = 1,2 is varied. Figs. 4(b), 4(d), and 4(f) show
that increasing the progression rate reduces the number of carriers and
recovered individuals, whereas Figs. 4(c) and 4(e) show that increasing
the progression rate increases the number of individuals infected with
strain 1 rather than strain 2. Fig. 4(a) also shows that increasing the
progression rate from C; to Z;,i = 1,2 has little effect on the number of
susceptible individuals, as expected.

Fig. 5 depicts the fractal-fractional dynamics when the recovery rate
is varied. Figs. 5(b), 5(d), and 5(f) show that increasing the recovery
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Fig. 4. The effect of varying progression rate from C, to I,, C, to I, on susceptible, carriers, infected and recovered humans when the fractal-fractional orders is 0.99.

rate increases the number of carries and recovered individuals, whereas
in Figs. 5(c) and 5(e), it decreases the number of individuals infected
with strain 2 compared to strain 1. It is also noticed in Fig. 5(a) that
an increase in the recovery rate has minimal effect on the number of
susceptible individuals.

Fig. 6 depicts the fractal-fractional dynamics when the effective
contact rate is changed. It is noticed in Figs. 6(b) and 6(c) that an
increase in the contact rate increases the number of carries and infected
individuals with strain 1, while in Figs. 5(a) and 5(e) it reduces the
number of susceptible humans and individuals infected with strain 2. It
is also noticed in Fig. 5(f) that the total number of recovered individuals
is greater when the contact rate is lower at the end of the simulation
time.
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Conclusions

In this paper, we proposed the fractal-fractional dynamics of two
strains of meningitis model. The existence of solutions was investigated
using the Banach principle, which shows the subclass of all continuous
functions under a given norm. It was further shown that the fractal-
fractional model of meningitis has a unique solution using the Lipschitz
property. We proceeded to the stability criterion in the context of the
Ulam-Hyers and Ulam-Hyers-Rassias and their generalized versions
for solutions of the given fractal-fractional model. After theoretical
analysis of the unique and stable solutions, the numerical scheme
for the fractal-fractional two-strain model of meningitis disease was
given in an approximate manner using the Lagrangian polynomials
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Fig. 5. The effect of varying recovery rate on susceptible, carriers, infected and recovered humans when the fractal-fractional orders is 0.99.

based on the Adams—Bashforth technique. The simulations for six state
functions S,C,1,,C,,1,,R with fractal-fractional values w = v =
0.95,0.90,0.85,0.80,0.75,0.70 are considered using the given numeri-
cal scheme. We noticed that the number of susceptible individuals
gradually increases as the fractal-fractional values reduce. In some
instances, it shows that as the fractal-fractional order reduces, the
number of infected humans with strain 1 of meningitis reduces while
that of infected humans with strain 2 increases. We again noticed
that the dynamics of the recovered individuals decline as the fractal-
fractional orders reduce. Finally, we looked at the sensitiveness of some
parameters when the fractal-fractional values are kept at 0.99. From
that, we noticed a crossover behavior in the carrier compartment, the
infectious compartment of strain 2, and the recovered compartment
when the effective contact rate is varied. In future work, researchers
can compare the given model to real data since this is main limitation
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in the current work. Other researchers can consider different recov-
ered classes for strain 1 and strain 2 meningitis dynamics with the
Mittag-Leffler operator.
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