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A B S T R A C T

Maize streak virus disease, caused by the maize streak virus, has been identified as severe vector-borne disease
in Africa. In most regions of the continent, the disease is generally uncontrolled, and in epidemic years, it
contributes to massive yield losses and famine. We propose a Holling-type predation functional response to
explore the disease transmission. We show the sensitivity indices of various embedded parameters in the basic
reproduction number. To illustrate the dynamics of the disease of the maize–leafhopper interaction, we perform
a numerical simulation, and the results are graphically displayed. Incorporating four control methods (infection
control, predation control, removal of infected maize plants, and insecticide application) into the basic model
yields an optimal control issue. We used the Incremental Cost-Effectiveness Ratio technique to evaluate the
most cost-effective combination of the four controls. We notice that the most cost-effective strategy combines
the simultaneous adoption of the four controls.
Introduction

Zea mays, popular known as Maize or Corn is one of the most
commonly cultivated food crops worldwide. In fact, in 2016, Maize was
estimated to be second only to paddy rice in the list of most valuable
crop products [1]. It is estimated that over 80% of the food consumed
by humans is plant-based and hence the health of plants is key to
securing the Sustainable Development Goal related to ending hunger.
However, with increased international travels, climate change and con-
tinuous encroachment on forests due to the increasing populations and
industrialization comes increased exposure of both plants and animals
to pests and diseases. With close to 40% of annual global loss of food
crop attributed to pests and diseases [2], the need for increased efforts
towards fighting plant pests and diseases cannot be over-emphasized.

Maize Streak Virus Disease (MSVD) is a vector-borne disease caused
by the Maize Streak Virus (MSV), affecting mostly Maize and over 80
other grasses. Following Northern Corn Leaf Blight (NCLB) and Grey
Leaf Spot (GLS), MSVD comes as the third most serious disease affecting
the Maize plant and even judged as the more serious than the first two
in Sub-Saharan Africa [3]. The main vector of MSV is the leafhopper
(predominantly, Cicadulina mbila Naude even though there are several
other leafhopper species that serve as vectors). The vector can transmit
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the virus to a susceptible plant and also acquire same from an infected
plant during feeding.

The role of mathematics in helping to improve our understanding
of the world around us cannot be over-emphasized. Mathematics plays
a major role in assessing the impact of phenomena and making pro-
jections for policy implementation. One of the areas of applications of
Mathematics that has continues to receive attention is mathematical
epidemiology. Mathematics has been used to successfully study the
spread of various diseases and to suggest mitigating measures [4–
14]. While several attempts are being made to reduce the impact of
pests and disease in plants through genetic engineering and chemical
application, mathematical modelling has also been shown to be a
useful tool in helping to better understand the dynamics and control of
infectious diseases, thus through optimal control and fractional deriva-
tives (see for example [15–24]). Asamoah et al. [25–27] presented the
ordinary differential equation and fractional models for Q fever disease
in livestock. The use of mathematics to study vector-borne human,
animal, vector-borne plant and environmental spread of diseases has
seen some increase over the years (for reference, see the following [28,
29,29–35]). Specifically, [36] proposed an epidemic model to study the
dynamics of foliar disease in maize plants and to determine the optimal
vailable online 2 August 2022
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strategies for control the disease. [37] proposed an SEI-SI plant-Vector
model to describe the interaction between plants and MLND-vector
population and observed that the contact rates among maize plants,
between maize and other plants and also between maize and MLND-
vectors have positive influence in driving the spread of MLND. [38] also
proposed and SI-SI maize-vector ODE model to study the dynamics of
Maize Streak Virus Disease. The model of [39] introduced a Pathogen
compartment into the Maize–Leafhopper model to study the impact of
environmental pathogen-concentration in the optimal control of MSVD
and concluded that the strategy involving infection prevention and
quarantine (i.e. removal and burning of infected maize plants) is the
most effective strategy. The model in [38] was extended in [40] to
determine the most cost-effective strategies for the control of MSVD and
made the same observation as in [39] in the optimal control strategies.

While the models in [38–40] are interesting and provide useful
insights into the dynamics of MSVD, it is noteworthy to mention that
they described the infection of Maize plants and the predation with a
composite functional form. While the predation may follow a Holling’s-
type functional response, the infection may not and even if it does,
the composite form is over simplified and does not account for the
predation of the maize by Susceptible leafhoppers. In this paper, an
ordinary differential equation (ODE) model is proposed to study the
spread of MSVD in Maize–Leafhopper interaction by using a Holling’s-
type functional response for MSVD-infection while ignoring the effect
of predation. This formulation accounts for the role of the Susceptible
leafhopper in the predation of maize.

The rest of the paper is structured as follows: In the next section, the
mathematical model of concern is formulated. In Section ‘‘Qualitative
Analysis of the MSVD Model’’, basic qualitative results concerning
the developed model are presented. The optimal control problem is
formulated in Section ‘‘The Optimal Control Model’’. The numerical
results of the studies are given in Section ‘‘Numerical Experimentation’’.
Finally, in Section ‘‘Conclusions’’ the conclusion of the study is drawn
to an end.

Formulation of the mathematical model

Now, based on the model proposed in [38–40], the model is divided
into maize and leafhopper population. The maize field of carrying
capacity 𝐾 consisting of susceptible, exposed and infected maize of
sizes 𝑆𝑚, 𝐸𝑚 and 𝐼𝑚 respectively. Hence, the total maize population
is given by 𝑁𝑚 = 𝑆𝑚 + 𝐸𝑚 + 𝐼𝑚. An invasion of the maize field by

leafhopper population of size 𝑁ℎ = 𝑆ℎ + 𝐼ℎ is considered, where
𝑆ℎ and 𝐼ℎ represent sizes of the susceptible and Infected leafhopper
populations. Infected leafhoppers are those that have acquired the
MSV and can transmit it to susceptible maize plants. The susceptible
maize population grows logistically with intrinsic growth 𝑟 while the
leafhopper population is considered to grow at a constant rate of 𝑏
usceptibles per unit time. The susceptible maize plants get exposed
o MSVD through contact with infected leafhoppers at rate 𝛽ℎ𝑚𝐼ℎ𝑆𝑚

𝑁ℎ
,

here 𝛽ℎ𝑚 is the probability of transmission of MSVD from infected
eafhopper to maize plant. The susceptible leafhoppers get infected with
SVD through contact with infected(and exposed) maize plants at rate

𝛽𝑚ℎ(𝐸𝑚+𝐼𝑚)𝑆ℎ
𝑁𝑚

, where 𝛽𝑚ℎ is the probability of transmission of MSVD
from infected maize plant to Susceptible leafhopper. A Holling’s-Type II
functional response is used to describe the rate of consumption of maize
plants by leafhopper such that the rate of predation of maize is given
by 𝑎𝑌𝑚𝑁ℎ

1+𝐴𝑌𝑚
, where, 𝑌𝑚 represent any of the maize sub-populations, 𝐴

measures the product of the attack rate and time spent processing plant
by leafhopper. The use of MSVD-resistant maize varieties is assumed
such that only a proportion 𝜀 of the exposed maize plants progress
o the infected class at rate 𝜀𝜌 while the remainder reverts to the
usceptible class. The parameter 𝜌 represents the resistance maize to
SVD infection. Natural death rate of maize plants and leafhoppers are
2

espectively taken to be 𝜇𝑚 and 𝜇ℎ, while MSV-induced death rate in
plants is 𝛼. With these assumptions, the dynamics of MSVD is described
by the following set of differential equations:
d𝑆𝑚
d𝑡

= 𝑟𝑆𝑚

(

1 −
𝑁𝑚
𝐾

)

+ (1 − 𝜀) 𝜌𝐸𝑚 −
𝛽ℎ𝑚𝑆𝑚𝐼ℎ

𝑁ℎ
−

𝑎𝑆𝑚𝑁ℎ
1 + 𝐴𝑆𝑚

;

d𝐸𝑚
d𝑡

=
𝛽ℎ𝑚𝑆𝑚𝐼ℎ

𝑁ℎ
−

𝑎𝐸𝑚𝑁ℎ
1 + 𝐴𝐸𝑚

−
(

𝜌 + 𝜇𝑚
)

𝐸𝑚;

d𝐼𝑚
d𝑡

= 𝜀𝜌𝐸𝑚 −
𝑎𝐼𝑚𝑁ℎ
1 + 𝐴𝐼𝑚

−
(

𝛼 + 𝜇𝑚
)

𝐼𝑚;

d𝑆ℎ
d𝑡

= 𝑏 −
𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
− 𝜇ℎ𝑆ℎ;

d𝐼ℎ
d𝑡

=
𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
− 𝜇ℎ𝐼ℎ;

𝑆𝑚(0) ≥ 0, 𝐸𝑚(0) ≥ 0, 𝐼𝑚 ≥ (0), 𝑆ℎ(0) ≥ 0, 𝐼ℎ(0) ≥ 0.

⎫

⎪

⎪
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⎪

⎬
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⎪

⎪

⎪
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⎪
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⎭

(1)

n the subsequent discussions, all model variables and parameters are
aken to be non-negative. Some basic qualitative properties of the
odel are presented in the next section.

ualitative analysis of the MSVD model

It important to note that, all subsequent discussions of the model
re considered within the region defined by 𝛺 which can be shown to
e positively invariant and thus the model (1) is mathematically and
pidemiologically well-posed.

ositivity and boundedness of model solution

To determine whether model solutions are positive and constrained,
he following calculation was performed for model (1).

emma 1. All solution of model (1) which start in 𝛺 remains in 𝛺 for
ll 𝑡 ≥ 0.
Also, the region 𝛺 =

{

(

𝑆𝑚, 𝐸𝑚, 𝐼𝑚
)

×
(

𝑆ℎ, 𝐼ℎ
)

∈ R3
+ × R2

+|𝑁𝑚 ≤

, 𝑁ℎ ≤ 𝑏
𝜇ℎ

}

,

roof. With reference from [41], we define 𝛩(𝑥) =
{

𝑥(𝑡) = 0,
𝑆𝑚, 𝐸𝑚, 𝐼𝑚) ∈ R3

≥0 𝑎𝑛𝑑 (𝑆ℎ, 𝐼ℎ) ∈ R2
≥0
}

,∀𝑥 ∈
{

𝑆𝑚, 𝐸𝑚, 𝐼𝑚
}
⋃
{

𝑆ℎ, 𝐼ℎ
}

.
Then from model (1), we have;

d𝑆𝑚
d𝑡

|

|

|𝛩(𝑆𝑚=0)
= (1 − 𝜀)𝜌𝐸𝑚 ≥ 0;

d𝐸𝑚
d𝑡

|

|

|𝛩(𝐸𝑚=0)
=

𝛽ℎ𝑚𝑆𝑚𝐼ℎ
𝑁ℎ

≥ 0;

d𝐼𝑚
d𝑡

|

|

|𝛩(𝐼𝑚=0)
= 𝜀𝜌𝐸𝑚 ≥ 0;

d𝑆ℎ
d𝑡

|

|

|𝛩(𝑆ℎ=0)
= 𝑏 > 0;

d𝐼ℎ
d𝑡

|

|

|𝛩(𝐼ℎ=0)
=

𝛽𝑚ℎ𝑆ℎ
(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
≥ 0.

(2)

ow, referring to Lemma 2 of [42], indicates that any solution of model
1) is such that (𝑆𝑚, 𝐸𝑚, 𝐼𝑚) ∈ R3

≥0 and (𝑆ℎ, 𝐼ℎ) ∈ R2
≥0. Thus, the initial

art of Lemma 1 is complete.
Now, since 𝑁𝑚 = 𝑆𝑚 + 𝐸𝑚 + 𝐼𝑚, we have
d𝑁𝑚
d𝑡

= 𝑟𝑆𝑚

(

1 −
𝑁𝑚
𝐾

)

−
𝑎𝐼𝑚𝑁ℎ
1 + 𝐴𝐼𝑚

,

d𝑁𝑚
d𝑡

≤ 𝑟𝑁𝑚

(

1 −
𝑁𝑚
𝐾

)

;

𝑁𝑚(𝑡) ≤
𝐾𝑁𝑚(0)𝑒𝑟𝑡

𝐾 +𝑁𝑚(0) (𝑒𝑟𝑡 − 1)
.

Hence, if 0 ≤ 𝑁𝑚(0) ≤ 𝐾, then lim sup𝑡→+∞ 𝑁𝑚(𝑡) ≤ 𝐾.
Also, since 𝑁ℎ = 𝑆ℎ + 𝐼ℎ, we have;

d𝑁ℎ = 𝑏 − 𝜇 (𝑆 + 𝐼 ),

d𝑡 ℎ ℎ ℎ
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d𝑁𝑚
d𝑡

≤ 𝑏 − 𝜇ℎ𝑁ℎ.

hus, 𝑁ℎ(𝑡) ≤ 𝑁ℎ(0)𝑒−𝜇ℎ𝑡 +
𝑏
𝜇ℎ

(

1 − 𝑒−𝜇ℎ𝑡
)

. Therefore, if 0 ≤ 𝑁ℎ(0) ≤
𝑏
𝜇ℎ

,
hen

im sup
𝑡→+∞

𝑁ℎ(𝑡) ≤
𝑏
𝜇ℎ

.

ence, all solutions initiating with 𝛺 stays in the domain of 𝛺. There-
ore, the proof of Lemma 1 is fully complete. Hence, the proposed
aize streak model (1) is mathematical and epidemiologically well-
osed. □

quilibrium points and basic reproduction number of the MSVD model

The model can be shown to have a unique MSVD-free equilibrium
nd possibly several endemic equilibria. A typical endemic equilibrium
∗ =

(

𝑆∗
𝑚, 𝐸

∗
𝑚, 𝐼

∗
𝑚, 𝑆

∗
ℎ , 𝐼

∗
ℎ
)

of model is given by

𝑆∗
𝑚 =

(

𝜇ℎ + 𝛽𝑚ℎ
)

𝐸∗
𝑚

(

𝜇ℎ
(

𝜌 + 𝜇𝑚
) (

𝐴𝐸∗
𝑚 + 1

)

+ 𝑏𝑎
) (

𝐸∗
𝑚 + 𝐼∗

𝑚

)

𝜇ℎ
(

𝛽𝑚ℎ𝛽ℎ𝑚
(

𝐸∗
𝑚 + 𝐼∗

𝑚

) (

𝐴𝐸∗
𝑚 + 1

)

−
(

𝜇ℎ
(

𝜌 + 𝜇𝑚
) (

𝐴𝐸∗
𝑚 + 1

)

+ 𝑏𝑎
)

𝐸∗
𝑚

) ,

𝐸∗
𝑚 =

((

𝛼 + 𝜇𝑚
) (

𝐴𝐼∗
𝑚 + 1

)

𝜇ℎ + 𝑏𝑎
)

𝐼∗
𝑚

𝜇ℎ
(

𝐴𝐼∗
𝑚 + 1

)

𝜀 𝜌
,

𝑆∗
ℎ =

𝑏
(

𝑆∗
𝑚 + 𝐸∗

𝑚 + 𝐼∗
𝑚

)

(

𝑆∗
𝑚 + 𝐸∗

𝑚 + 𝐼∗
𝑚

)

𝜇ℎ +
(

𝐸∗
𝑚 + 𝐼∗

𝑚

)

𝛽𝑚ℎ
,

𝐼∗
ℎ =

𝛽𝑚ℎ𝑏
(

𝐸∗
𝑚 + 𝐼∗

𝑚

)

((

𝑆∗
𝑚 + 𝐸∗

𝑚 + 𝐼∗
𝑚

)

𝜇ℎ +
(

𝐸∗
𝑚 + 𝐼∗

𝑚

)

𝛽𝑚ℎ
)

𝜇ℎ
,

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

where 𝐼∗𝑚 can be found by substituting the endemic state variables into
𝑑𝑆𝑚
𝑑𝑡 = 0 and solving for 𝐼∗𝑚. The resulting equation is intractable (it is

actually a 24th degree polynomial in 𝐼∗𝑚) and its explicit form is thus
left out in this work.

The MSVD-free equilibrium is given by 0 =
(

𝑆0
𝑚, 0, 0,

𝑏
𝜇ℎ

)

where
0
𝑚 is the solution of

𝑟𝐴
𝐾

(

𝑆0
𝑚
)2 +

( 1
𝐾

− 𝐴
)

𝑟𝑆0
𝑚 + 𝑏𝑎

𝜇ℎ
− 𝑟 = 0

which has a unique epidemiologically reasonable solution when
𝑟(𝐴𝐾+1)2𝜇ℎ

4𝐴𝐾𝑎𝑏 ≥ 1.
In order to determine the basic reproduction number of the MSVD-

model (1), the Next-Generation-Matrix method [43] is employed. By
this method, the infected/infectious subsystem of the model is given
by;

d𝐸𝑚
d𝑡

=
𝛽ℎ𝑚𝑆𝑚𝐼ℎ

𝑁ℎ
−

𝑎𝐸𝑚𝑁ℎ
1 + 𝐴𝐸𝑚

−
(

𝜌 + 𝜇𝑚
)

𝐸𝑚;

d𝐼𝑚
d𝑡

= 𝜀𝜌𝐸𝑚 −
𝑎𝐼𝑚𝑁ℎ
1 + 𝐴𝐼𝑚

−
(

𝛼 + 𝜇𝑚
)

𝐼𝑚;

d𝐼ℎ
d𝑡

=
𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
− 𝜇ℎ𝐼ℎ.

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

so that the transmission and transition matrices of the model are
respectively given by;

 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0
𝛽ℎ𝑚𝑆0

𝑚𝜇ℎ
𝑏

0 0 0
𝛽𝑚ℎ𝑏
𝜇ℎ𝑆0

𝑚

𝛽𝑚ℎ𝑏
𝜇ℎ𝑆0

𝑚
0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, and

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑏𝑎
𝜇ℎ

+ 𝜌 + 𝜇𝑚 0 0

−𝜀 𝜌 𝑏𝑎
𝜇ℎ

+ 𝛼 + 𝜇𝑚 0

0 0 𝜇ℎ

⎤

⎥

⎥

⎥

⎥

⎥

⎦

The Next-generation matrix of the model is thus given by −1 in Box I.
The basic reproduction number determined by the spectral radius of
3

−1 is given by

0 =

√

√

√

√

𝛽𝑚ℎ𝛽ℎ𝑚
(

𝑏𝑎 + 𝜇ℎ
(

𝜀 𝜌 + 𝛼 + 𝜇𝑚
))

(

𝑏𝑎 + 𝜇ℎ
(

𝜌 + 𝜇𝑚
)) (

𝑏𝑎 + 𝜇ℎ
(

𝛼 + 𝜇𝑚
)) .

The basic reproduction number measures the average number of MSVD
infections that will result due to the introduction of a single infectious
leafhopper into an initially MSVD-free maize field.

Local stability of MSVD-free equilibrium 0

The Jacobian of the model at 0 is given by 
(

0
)

in Box II where

11 = 𝑟
(

1 − 2 𝑆0
𝑚
𝐾

)

− 𝑏𝑎

𝜇ℎ
(

𝐴𝑆0
𝑚+1

)2 , which has two of its eigenvalues

iven by −𝜇ℎ and 11 and the rest of the eigenvalues are zeros of the
haracteristic equation given by
3 +𝛷2𝜆

2 +𝛷1𝜆 +𝛷0 = 0, (3)

where

𝛷2 =
2 𝑎𝑏
𝜇ℎ

+ 𝛼 + 𝜌 + 𝜇ℎ + 2𝜇𝑚,

𝛷1 = 2𝑎𝑏 + 𝜇ℎ
(

𝜌 + 𝛼 + 2𝜇𝑚
)

+
(

𝑏𝑎 + 𝜇ℎ
(

𝜌 + 𝜇𝑚
)) (

𝑏𝑎 + 𝜇ℎ
(

𝛼 + 𝜇ℎ
))

×
(

1
𝜇2ℎ

−
2

0
𝑏𝑎+𝜇ℎ(𝜀 𝜌+𝛼+𝜇𝑚)

)

,

𝛷0 =
(

𝑏𝑎 + 𝜇ℎ
(

𝜌 + 𝜇𝑚
)) (

𝑏𝑎 + 𝜇ℎ
(

𝛼 + 𝜇𝑚
)) (

1 −2
0
)

.

The zeros of (3) have negative eigenvalues if 𝛷0 > 0 (or equivalently
0 ≤ 1) and 𝛷1 −

𝛷0
𝛷2

> 0. The importance for 0 ≤ 1 indicates that
he disease cannot establish itself in the maize population [44]. The
ollowing mathematical result is thus obtained.

heorem 1. The MSVD-free equilibrium of the model is locally asymp-
otically stable whenever 0 ≤ 1, 𝛷1 −

𝛷0
𝛷2

> 0 and 2𝑆0
𝑚

𝐾 + 𝑏𝑎

𝑟𝜇ℎ
(

𝐴𝑆0
𝑚+1

)2 >

.

Theorem 1 indicates that 0 ≤ 1 is not sufficient for disease
radication, since other conditions need to be satisfied in addition to
0 ≤ 1 for the MSVD-free equilibrium to be locally asymptotically

table. Therefore, the model cannot exhibit forward bifurcation unless
he conditions in this theorem are satisfied.

ensitivity analysis of 0

The motive here is to find parameters that are most sensitive to
he spread of the maize streak virus disease under Holling’s Type
I predation form and standard incidence infection. It can be seen
hat most of the parameters in the proposed model are captured in
0. Therefore, one can use the normalized forward-sensitivity index
easures to test for the local sensitiveness of the parameters in 0 and

the Latin hypercube sampling (LHS) to test for the global sensitiveness
of the parameters in 0. The normalized forward-sensitivity index is
defined as

𝛬0
𝑝∗𝑖

=
𝜕0
𝜕𝑝∗𝑖

×
𝑝∗𝑖
0

, (4)

where, 𝑝∗𝑖 represent the various parameters in 0.
If 𝐷1 = 𝑏𝑎 + 𝜇ℎ

(

𝜀 𝜌 + 𝛼 + 𝜇𝑚
)

, 𝐷2 = 𝑏𝑎 + 𝜇ℎ
(

𝜌 + 𝜇𝑚
)

and 𝐷3 =
𝑎 + 𝜇ℎ

(

𝛼 + 𝜇𝑚
)

, then the sensitivity indexes of the parameters are
iven in Box III: The above normalized forward-sensitivity analysis
hows that, 𝛽ℎ𝑚, the probability of transmission of MSVD from infected
eafhopper to maize plant and 𝛽𝑚ℎ, the probability of transmission of
SVD from infected maize plant to susceptible leafhopper contributes

ositively to the spread of the disease in the ecosystem. We can also see
hat farmers who use MSVD-resistant maize varieties reduce the spread
f the disease because the product of 𝜀𝜌 gives a negative sensitive index.
he natural death rate of maize plants, 𝜇 , leafhoppers, 𝜇 and the
𝑚 ℎ
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M
o
l
a
o
S

E

𝐚

−1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 0
𝛽ℎ𝑚𝑆𝑚

𝑏
0 0 0

𝛽𝑚ℎ𝑏
𝑆𝑚

(

𝑏𝑎 + 𝜇ℎ
(

𝜌 + 𝜇𝑚
)) + 𝛽𝑚ℎ𝑏𝜇ℎ𝜌 𝜀

𝑆𝑚(𝑏𝑎+𝜇ℎ(𝜌+𝜇𝑚))(𝑏𝑎+𝜇ℎ(𝛼+𝜇𝑚))
𝛽𝑚ℎ𝑏

𝑆𝑚
(

𝑏𝑎 + 𝜇ℎ
(

𝛼 + 𝜇𝑚
)) 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

Box I.

(

0
)

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

11 −
𝑟𝑆0

𝑚
𝐾

+ (1 − 𝜀) 𝜌 −
𝑟𝑆0

𝑚
𝐾

−
𝑎𝑆𝑚

𝐴𝑆0
𝑚 + 1

−
𝛽ℎ𝑚𝑆0

𝑚𝜇ℎ
𝑏

− 𝑎𝑆0
𝑚

𝐴𝑆0
𝑚+1

0 − 𝑏𝑎
𝜇ℎ

− 𝜌 − 𝜇𝑚 0 0
𝛽ℎ𝑚𝑆0

𝑚𝜇ℎ
𝑏

0 𝜀 𝜌 − 𝑏𝑎
𝜇ℎ

− 𝛼 − 𝜇𝑚 0 0

0 −
𝛽𝑚ℎ𝑏
𝜇ℎ𝑆0

𝑚
−
𝛽𝑚ℎ𝑏
𝜇ℎ𝑆0

𝑚
−𝜇ℎ 0

0
𝛽𝑚ℎ𝑏
𝜇ℎ𝑆0

𝑚

𝛽𝑚ℎ𝑏
𝜇ℎ𝑆0

𝑚
0 −𝜇ℎ

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

Box II.
𝛬0
𝛽𝑚ℎ

= 1
2
, 𝛬0

𝛽ℎ𝑚
= 1

2
, 𝛬0

𝑎 = 𝑎𝑏
2

(

1
𝐷1

− 1
𝐷2

− 1
𝐷3

)

,

𝛬0
𝑏 = 𝑎𝑏

2

(

1
𝐷1

− 1
𝐷2

− 1
𝐷3

)

, 𝛬0
𝜀 =

𝜇ℎ𝜀𝜌
2𝐷1

, 𝛬0
𝜇ℎ =

𝜇ℎ
2

(
(

𝜀𝜌 + 𝛼 + 𝜇𝑚
)

𝐷1
−

(

𝜌 + 𝜇𝑚
)

𝐷2
−

(

𝛼 + 𝜇𝑚
)

𝐷3

)

,

𝛬0
𝛼 =

𝛼𝜇ℎ
2

(

1
𝐷1

− 1
𝐷3

)

, 𝛬0
𝜌 =

𝜇ℎ𝜌
2

(

𝜀
𝐷1

− 1
𝐷2

)

, 𝛬0
𝜇𝑚 =

𝜇ℎ𝜇𝑚
2

(

1
𝐷1

− 1
𝐷2

− 1
𝐷3

)

.

Box III.
w

C
i

T
b

SV-induced death rate in plants, 𝛼, respectively decrease the spread
f the disease. It is also noticed that the conversion rate of infected
eafhopper 𝑎 and the leafhopper population increased through birth
nd immigration 𝑏 have the same magnitude in reducing the spread
f the disease. Further discussion of this is done in Section ‘‘Numerical
ensitivity Indices’’.

xistence of bifurcation

It is easy to show that if 𝛽∗𝑚ℎ = (𝑏𝑎+𝜇ℎ(𝛼+𝜇𝑚))(𝑏𝑎+𝜇ℎ(𝜌+𝜇𝑚))
(𝑏𝑎+𝜇ℎ(𝜀 𝜌+𝛼+𝜇𝑚))𝛽ℎ𝑚

is chosen as
a bifurcation parameter, then the Jacobian of the Model (1) will have
a simple zero eigenvalue. This implies that the centre manifold theory
as described in [45] can be used to study the stability of the MSVD-
free equilibrium point. By this theory, the stability of the equilibria of
the MSVD model can be completely characterized by the bifurcation
coefficients 𝐚 and 𝐛 given by

=
𝑛
∑

𝑖,𝑗,𝑘=1
𝑣𝑘𝑤𝑖𝑤𝑗

𝜕2𝑓𝑘
𝜕 𝑥𝑖𝜕𝑥𝑗

(

0, 𝛽∗𝑚ℎ
)

, and 𝐛 =
𝑛
∑

𝑖,𝑘=1
𝑣𝑘𝑤𝑖

𝜕2𝑓𝑘
𝜕 𝑥𝑖𝜕𝛽1

(

0, 𝛽∗𝑚ℎ
)

,

where 𝐰 and 𝐯 are the right and left eigenvalues of the Jacobian of
Model (1) at the MSVD-free equilibrium point and 𝑓 (𝑥) is the right-
hand side of the model with 𝑥1 = 𝑆𝑚, 𝑥2 = 𝐸𝑚, 𝑥3 = 𝐼𝑚, 𝑥4 = 𝑆ℎ
and 𝑥5 = 𝐼ℎ. The right and left eigenvalues of 

(

0
)

are given by

𝑤 in Box IV and 𝑣 =
(

0 𝑣 𝛽𝑚ℎ𝛽ℎ𝑚𝑣2 0 𝛽ℎ𝑚𝑆0
𝑚𝑣2

)𝑇
with,
4

2 𝑏𝑎+𝛼 𝜇ℎ+𝜇ℎ𝜇𝑚 𝑏 b
𝜂 =

⎛

⎜

⎜

⎜

⎝

𝜌 (1−𝜀)−
(

𝑆0𝑚 𝑟
𝐾 +𝛽∗mh𝛽hm

)

(

𝜌 𝜀+𝑆0ℎ 𝑎+𝛼+𝜇𝑚
)

𝜇ℎ
(

𝑆0ℎ 𝑎+𝛼+𝜇𝑚
)

𝑟
(

2𝑆0𝑚
𝐾 −1

)

+ 𝑎𝑏

𝜇ℎ
(

𝐴𝑆0𝑚+1
)2

⎞

⎟

⎟

⎟

⎠

𝑤2 where 𝑤2 and 𝑣2 are chosen

such that 𝑤 ∙ 𝑣 = 1. The bifurcation coefficients are therefore obtained
as

𝐚 = 2
(

𝐀1 − 𝐀2
)

𝑤2
2𝑣2 and 𝐛 =

𝛽ℎ𝑚
[

𝑏𝑎 + 𝜇ℎ
(

𝜀 𝜌 + 𝛼 + 𝜇𝑚
)]

𝑤2𝑣2
𝜇ℎ

(

𝑏𝑎 + 𝜇ℎ
(

𝛼 + 𝜇𝑚
)) ,

here

𝐀1 = 𝐴𝑆0
ℎ 𝑎 +

𝐴𝑆0
ℎ 𝑎 𝛽hm 𝛽mh 𝜌2 𝜀2

𝜇ℎ
(

𝑆0
ℎ 𝑎 + 𝛼 + 𝜇𝑚

)3
,

𝐀2 = 𝐀2

=
𝛽hm 𝛽mh

𝑆0
𝑚

[

1 − 𝜂
(

1 + 𝜇ℎ
)

𝜇ℎ
+

𝛽mh (1 + 𝜀)
(

𝜌 𝜀 + 𝑆0
ℎ 𝑎 + 𝛼 + 𝜇𝑚

)

𝜇ℎ2
(

𝑆0
ℎ 𝑎 + 𝛼 + 𝜇𝑚

)

+
2𝜌 𝜀

𝜇ℎ
(

𝑆0
ℎ 𝑎 + 𝛼 + 𝜇𝑚

)
+

𝜌2 𝜀2

𝜇ℎ
(

𝑆0
ℎ 𝑎 + 𝛼 + 𝜇𝑚

)2

⎤

⎥

⎥

⎦

.

learly, 𝐛 > 0 and hence by Theorem 4.1 of [45], the following result
s established.

heorem 2. The MSVD-Model (1) near 0 = 1 exhibits a forward
ifurcation whenever, 𝐀1 > 𝐀2. Also, the Model exhibits a backward
ifurcation whenever 𝐀 < 𝐀 .
1 2
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𝑤 =

[

𝜂 𝑤2 𝑤2
𝜀 𝜌𝑤2𝜇ℎ

𝑏𝑎 + 𝜇ℎ
(

𝛼 + 𝜇𝑚
) −

𝑤2𝛽𝑚ℎ
(

𝑏𝑎 + 𝜇ℎ
(

𝜀 𝜌 + 𝛼 + 𝜇𝑚
))

𝑏

𝜇ℎ2
(

𝑏𝑎 + 𝜇ℎ
(

𝛼 + 𝜇𝑚
))

𝑆0
𝑚

𝑤2𝛽𝑚ℎ
(

𝑏𝑎 + 𝜇ℎ
(

𝜀 𝜌 + 𝛼 + 𝜇𝑚
))

𝑏

𝜇ℎ2
(

𝑏𝑎 + 𝜇ℎ
(

𝛼 + 𝜇𝑚
))

𝑆0
𝑚

]

,

Box IV.
a
l

t

𝐻

T

w

w
a
b

The optimal control model

The aim of the section is to propose a problem with which the
spread of MSVD can be optimized. Thus, the attempt to find the most
cost-effective strategy to curtail the spread of MSVD with the minimal
cost is made. In order to do this, the following controls are introduced
into the model (1):

(i) 𝑢1(𝑡) is the control strategy to reduce infection of maize plant by
leafhopper,

(ii) 𝑢2(𝑡) is the control strategy to reduce predation of maize plant.
(iii) 𝑢3(𝑡) is the control strategy involving removal of infected maize

from the field. This goes a long way to also reduce the infection
of leafhopper by infected maize.

(iv) 𝑢4(𝑡) is the control for insecticide application to kill leafhoppers.

With these controls, the MSVD model in (1), is modified into the
following model:

d𝑆𝑚
d𝑡

= 𝑟𝑆𝑚

(

1 −
𝑁𝑚
𝐾

)

+ (1 − 𝜀) 𝜌𝐸𝑚

−
(1 − 𝑢1(𝑡))𝛽ℎ𝑚𝑆𝑚𝐼ℎ

𝑁ℎ
−

𝑎(1 − 𝑢2(𝑡))𝑆𝑚𝑁ℎ
1 + 𝐴𝑆𝑚

;

d𝐸𝑚
d𝑡

=
(1 − 𝑢1(𝑡))𝛽ℎ𝑚𝑆𝑚𝐼ℎ

𝑁ℎ
−

𝑎(1 − 𝑢2(𝑡))𝐸𝑚𝑁ℎ
1 + 𝐴𝐸𝑚

−
(

𝜌 + 𝜇𝑚
)

𝐸𝑚;

d𝐼𝑚
d𝑡

= 𝜀𝜌𝐸𝑚 −
𝑎(1 − 𝑢2(𝑡))𝐼𝑚𝑁ℎ

1 + 𝐴𝐼𝑚
−
(

𝑢3(𝑡) + 𝛼 + 𝜇𝑚
)

𝐼𝑚;

d𝑆ℎ
d𝑡

= 𝑏 −
(1 − 𝑢3(𝑡))𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
−
(

𝑢4(𝑡) + 𝜇ℎ
)

𝑆ℎ;

d𝐼ℎ
d𝑡

=
(1 − 𝑢3(𝑡))𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
−
(

𝑢4 + 𝜇ℎ
)

𝐼ℎ,

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(5)

with the initial conditions stated in (1) and 𝑢𝑖 ∈  , where  is the set
of admissible controls.

Now, the objectives – which are to minimize the infection at the
end of the interval [0, 𝑡𝑓 ], and to minimize the cost incurred over
the application of the controls – will be achieved by minimizing the
objective functional

(𝑢) = ∫

𝑇

0

[ 4
∑

𝑖=1

1
2
𝜔𝑖𝑢

2
𝑖 + 𝐵𝑚𝐼𝑚 + 𝐵ℎ(𝑆ℎ + 𝐼ℎ)

]

d𝑡, (6)

where 𝑇 is the final time, 𝐵𝑚 and 𝐵ℎ are balancing constant coefficients
of the infected maize and infected leafhopper respectively while 𝜔𝑖
are weight coefficients that depends on the cost of application of each
control measure. Thus, the goal here is to minimize (𝑢) subject to (5).

The Pontryagin’s Optimality Principle (POP) helps us to devise the
necessary conditions for optimal controls 𝑢∗𝑖 ∈ 𝑈 presented by Lenhart
and Workman [46]. But before we show these conditions, we have the
following existence theorem for the said controls 𝑢∗𝑖 .

Theorem 3. There exists 𝑢∗𝑖 ∈ 𝑈 , with the corresponding state variables
𝑆∗
𝑚, 𝐸

∗
𝑚, 𝐼

∗
𝑚, 𝑆

∗
ℎ and 𝐼∗ℎ , such that (𝑢

∗
𝑖 ) ≤ (𝑢𝑖) for all 𝑢𝑖 ∈ 𝑈 .

The proof of Theorem 3 follows directly from the existence theorem
for the solutions of such problem as shown in [47]

Notation. Hereinafter, we denote 𝑥 = (𝑆𝑚, 𝐸𝑚, 𝐼𝑚, 𝑆ℎ, 𝐼ℎ),
𝑢 = (𝑢 , 𝑢 , 𝑢 , 𝑢 ), 𝑓 = (𝑓 , 𝑓 , 𝑓 , 𝑓 , 𝑓 )𝑇 , where 𝑓 , 𝑓 , 𝑓 , 𝑓 ,
5

1 2 3 4 𝑆𝑚 𝐸𝑚 𝐼𝑚 𝑆ℎ 𝐼ℎ 𝑆𝑚 𝐸𝑚 𝐼𝑚 𝑆ℎ
nd 𝑓𝐼ℎ denote the right-hand side of system (1), respectively. Also, we
et 𝜆 = (𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5)𝑇 be the adjoint state.

Now, from Pontryagin’s optimality principle, we define the Hamil-
onian 𝐻(𝑢, 𝜆, 𝑥, 𝑡) as

(𝑢, 𝜆, 𝑥, 𝑡) =
4
∑

𝑖=1

1
2
𝜔𝑖𝑢

2
𝑖 + 𝐵𝑚𝐼𝑚 + 𝐵ℎ(𝑆ℎ + 𝐼ℎ) + 𝜆 × 𝑓.

heorem 4 (Necessary Conditions).. If 𝑢∗ ∈ 𝑈2 are the optimal control
for (6), with corresponding optimal state 𝑥∗, then the adjoint variable 𝜆
exists and satisfies 𝜆̇ = −𝜕𝑥𝐻 , with transversality conditions 𝜆𝑖(𝑡𝑓 ) = 0, 𝑖 =
1,… , 5. Furthermore, the optimal controls 𝑢∗ are characterized as follows

⎧

⎪

⎨

⎪

⎩

𝑢∗ = 0 if 𝜕𝑢𝐻 > 0,
𝑢∗ ∈ (0, 1)2 if 𝜕𝑢𝐻 = 0,
𝑢∗ = 1 if 𝜕𝑢𝐻 < 0,

and the state variables 𝑥∗ satisfy (5) subject to (6).

The necessary conditions that an optimal solution must satisfy
the maximum principle of [48]. This principle converts the model of
Eqs. (5) and (6) into a problem of minimizing point-wise a Hamiltonian,
𝐻 , with respect to 𝑢𝑖(𝑡) as:

𝐻(𝑢, 𝜆, 𝑥, 𝑡) =
4
∑

𝑖=1

1
2
𝜔𝑖𝑢

2
𝑖 + 𝐵𝑚𝐼𝑚 + 𝐵ℎ(𝑆ℎ + 𝐼ℎ) + 𝜆1

d𝑆𝑚
d𝑡

+ 𝜆2
d𝐸𝑚
d𝑡

+ 𝜆3
d𝐼𝑚
d𝑡

+ 𝜆4
d𝑆ℎ
d𝑡

+ 𝜆5
d𝐼ℎ
d𝑡

,

hich can be written as

𝐻(𝑢, 𝜆, 𝑥, 𝑡) =
4
∑

𝑖=1

1
2
𝜔𝑖𝑢

2
𝑖 + 𝐵𝑚𝐼𝑚 + 𝐵ℎ(𝑆ℎ + 𝐼ℎ)

+ 𝜆1[𝑟𝑆𝑚

(

1 −
𝑁𝑚
𝐾

)

+ (1 − 𝜀) 𝜌𝐸𝑚

−
(1 − 𝑢1(𝑡))𝛽ℎ𝑚𝑆𝑚𝐼ℎ

𝑁ℎ
−

𝑎(1 − 𝑢2(𝑡))𝑆𝑚𝑁ℎ
1 + 𝐴𝑆𝑚

]

+ 𝜆2[
(1 − 𝑢1(𝑡))𝛽ℎ𝑚𝑆𝑚𝐼ℎ

𝑁ℎ

−
𝑎(1 − 𝑢2(𝑡))𝐸𝑚𝑁ℎ

1 + 𝐴𝐸𝑚
−
(

𝜌 + 𝜇𝑚
)

𝐸𝑚]

+ 𝜆3[𝜀𝜌𝐸𝑚 −
𝑎(1 − 𝑢2(𝑡))𝐼𝑚𝑁ℎ

1 + 𝐴𝐼𝑚
−

(

𝑢3(𝑡) + 𝛼 + 𝜇𝑚
)

𝐼𝑚]

+ 𝜆4[𝑏 −
(1 − 𝑢3(𝑡))𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚

−
(

𝑢4(𝑡) + 𝜇ℎ
)

𝑆ℎ]

+ 𝜆5[
(1 − 𝑢3(𝑡))𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚

−
(

𝑢3(𝑡) + 𝜇ℎ
)

𝐼ℎ],

⎫
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⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(7)

here 𝜆1, 𝜆2, 𝜆3, 𝜆4 and 𝜆5 are the adjoint variables or co-state vari-
bles. From Eq. (7), the following adjoint equations can be obtained
y taking 𝜆𝑖

𝑡 = − 𝜕𝐻
𝜕𝑥𝑖

where 𝑥 =
(

𝑆𝑚, 𝐸𝑚, 𝐼𝑚, 𝑆ℎ, 𝐼ℎ
)

(see Eq. (8)
given in Box V): with transversality condition (or boundary condition):
𝜆𝑖(𝑇 ) = 0, 𝑖 = 1, 2…5.

The optimal controls are characterized by
∗ { min { max }}
𝑢𝑖 = max 𝑢𝑖 , min 𝑢𝑖 , 𝜙𝑖 , ∀𝑖 = 1, 2, 3, 4.
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I
t
a
a

𝑢

N

i
t
m
b
c
c
p

d𝜆1
d𝑡

= −𝜆1

[

𝑟
(

1 −
2𝑆𝑚 + 𝐸𝑚 + 𝐼𝑚

𝐾

)

−
𝑎
(

1 − 𝑢2
)

𝑁ℎ
(

𝐴𝑆𝑚 + 1
)2

]

+

(

1 − 𝑢1
)

𝛽ℎ𝑚𝐼ℎ
(

𝜆1 − 𝜆2
)

𝑁ℎ
+

(

1 − 𝑢3
)

𝛽𝑚ℎ𝑆ℎ
(

𝐸𝑚 + 𝐼𝑚
) (

𝜆5 − 𝜆4
)

𝑁2
𝑚

,

d𝜆2
d𝑡

=
𝜆1𝑟𝑆𝑚
𝐾

+

[

𝑎
(

1 − 𝑢2
)

𝑁ℎ
(

𝐴𝐸𝑚 + 1
)2

+ 𝜇𝑚

]

𝜆2 +

(

1 − 𝑢3
)

𝛽𝑚ℎ𝑆ℎ𝑆𝑚
(

𝜆4 − 𝜆5
)

𝑁2
𝑚

+ 𝜌
[

𝜆2 − 𝜆1 + 𝜀
(

𝜆1 − 𝜆3
)]

,

d𝜆3
d𝑡

= −𝐵𝑚 +
𝜆1𝑟𝑆𝑚
𝐾

+ 𝜆3

[

𝑎
(

1 − 𝑢2
) (

𝑆ℎ + 𝐼ℎ
)

(

𝐴𝐼𝑚 + 1
)2

+ 𝑢3 + 𝛼 + 𝜇𝑚

]

+

(

1 − 𝑢3
)

𝛽𝑚ℎ𝑆ℎ𝑆𝑚
(

𝜆4 − 𝜆5
)

𝑁2
𝑚

,

d𝜆4
d𝑡

= −𝐵ℎ +

(

1 − 𝑢1
)

𝛽ℎ𝑚𝑆𝑚𝐼ℎ
(

𝜆2 − 𝜆1
)

𝑁2
ℎ

+ 𝑎
(

1 − 𝑢2
)

[

𝑆𝑚𝜆1
𝐴𝑆𝑚 + 1

+
𝐸𝑚𝜆2

𝐴𝐸𝑚 + 1
+

𝐼𝑚𝜆3
𝐴𝐼𝑚 + 1

]

+ 𝜆4
(

𝑢4 + 𝜇ℎ
)

,

+

(

1 − 𝑢3
)

𝛽𝑚ℎ
(

𝐸𝑚 + 𝐼𝑚
) (

𝜆4 − 𝜆5
)

𝑁𝑚

d𝜆5
d𝑡

= −𝐵ℎ +

(

1 − 𝑢1
)

𝛽ℎ𝑚𝑆𝑚𝑆ℎ
(

𝜆1 − 𝜆2
)

𝑁2
ℎ

+ 𝑎
(

1 − 𝑢2
)

[

𝑆𝑚𝜆1
𝐴𝑆𝑚 + 1

+
𝐸𝑚𝜆2

𝐴𝐸𝑚 + 1
+

𝐼𝑚𝜆3
𝐴𝐼𝑚 + 1

]

+ 𝜆5
(

𝑢4 + 𝜇ℎ
)

.

⎫
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⎪

⎪

⎪

⎪
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⎪

⎪
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⎪

⎬
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⎪

⎪

⎪

⎪

⎭

(8)

Box V.
Table 1
Description and baseline values of model parameter used in numerical simulations.

Parameter Description Baseline value Source

𝑏 Incremental rate of susceptible leafhopper 20 Assumed
𝛽ℎ𝑚 Probability of transmission of MSVD from infected leafhopper to maize plant 0.45 [49]
𝛽𝑚ℎ Probability of transmission of MSVD from infected maize plant to Leafhopper 0.04 [49]
𝜇𝑚 Natural death rate of maize plants 1/120 [50]
𝜇ℎ Natural death rate of leafhoppers 1/33 [51]
𝑎 Conversion rate of Infected leafhopper 0.45 [52]
𝜌 Resistance maize to MSVD infection 0.001 Assumed
𝜀 Proportion of exposed maize 0.50 Assumed
𝛼 MSV-induced death rate in plants 0.001 Assumed
𝑟 Intrinsic growth rate of Maize 0.0005 [52,53]
𝐴 Product of the attack rate and time spent processing plant by leafhopper 0.4 [52]
𝐾 Carrying capacity 10,000 [52]
where 𝜙𝑖 are obtained by solving 𝜕𝐻
𝜕𝑢𝑖(𝑡)

= 0 and are given by

𝜙1 =
𝛽ℎ𝑚𝑆𝑚𝐼ℎ

(

𝜆2 − 𝜆1
)

𝑁ℎ𝜔1
;

𝜙2 = −
𝑎𝑁ℎ
𝜔2

[

𝑆𝑚𝜆1
𝐴𝑆𝑚 + 1

+
𝐸𝑚𝜆2

𝐴𝐸𝑚 + 1
+

𝐼𝑚𝜆3
𝐴𝐼𝑚 + 1

]

;

𝜙3 =
1
𝜔3

[

𝐼𝑚𝜆3 −
𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚

(

𝜆4 − 𝜆5
)

]

;

𝜙4 =
1
𝜔4

[𝜆4𝑆ℎ + 𝜆5𝐼ℎ].

n this paper, the minimum and maximum control bounds are taken
o be 0 and 1 respectively to represent non-application and 100%
pplication respectively. The characterizations of the optimal controls
re thus given by:

∗
𝑖 =

⎧

⎪

⎨

⎪

⎩

0 if 𝜙𝑖 ≤ 0,
𝜙𝑖 if 0 < 𝜙𝑖 < 1,
1 if 𝜙𝑖 ≥ 1,

∀ 𝑖 = 1, 2, 3, 4.

umerical experimentation

In this section, using the Runge–Kutta method of order four, numer-
cal experiments are conducted on the model to illustrate or confirm
he analytical results and also to further study the impact of various
odel parameters on the spread of MSVD. Also, using the forward–

ackward sweep scheme [46], the optimal control problem is numeri-
ally simulated in order to illustrate the cost-effectiveness of various
ombinations of the controls. Unless otherwise stated, the baseline
6

arameter values presented in Table 1 are used in the simulations.
Numerical sensitivity indices

Using the parameter values in Table 1, the local normalized sensitiv-
ity indices of 0 are obtained and presented in Table 2. Fig. 1(a) shows
the global sensitivity indexes of the parameters in 0, which is in agree-
ment with the directional flow of the local sensitivity analysis. From
Fig. 1(a) we see that the most positive sensitivity parameter in the basic
reproduction number is 𝛽𝑚ℎ, the probability of transmission of MSVD
from infected maize plant to susceptible leafhopper followed by 𝛽ℎ𝑚, the
probability of transmission of MSVD from infected leafhopper to maize
plants. Likewise, we see that the most negative sensitivity parameter in
the basic reproduction number is 𝑏, the incremental rate of susceptible
leafhopper, followed by 𝑎, the conversion rate of infected leafhopper.
On the other hand, the uncertainty analysis (UA) in Fig. 1(b) shows
that the range of the 𝑅0 is approximately [0.03 − 0.06], though most of
the outputs are concentrated in low values ([0.03 − 0.047]).

Numerical simulations without controls

Simulating the model (1) with varying 𝛽ℎ𝑚 values while holding all
other baseline parameter values constant produces the results shown
in Fig. 2(d). Thus, in Fig. 2(d) we noticed that a reduction in the
probability of transmission of MSVD from infected leafhoppers to maize
plants increases the number of healthy maize plants, thereby reducing
the number of infected maize and infected leafhoppers. Simulating the
model (1) with varying 𝛽𝑚ℎ values while holding all other baseline
parameter values constant produces the results shown in Fig. 3(d).
Thus, in Fig. 3(d) we noticed that a reduction in the probability
of transmission of MSVD from infected maize to leafhoppers slightly

increases the number of healthy maize plants, thereby slightly reducing
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Table 2
Normalized forward-sensitivity indexes of 0.

Parameter 𝑏 𝜇𝑚 𝛽ℎ𝑚 𝜇ℎ 𝑎 𝛽𝑚ℎ 𝜌 𝜀 𝛼

Value −0.4985 −0.0014 0.5000 −0.0015 −0.4985 0.5000 −0.0001 0.0001 −2.8 × 10−8
Fig. 1. Global sensitivity and uncertainty analysis of 0.
C

C

C

C

the number of infected maize. Therefore, comparing 2(d) with 3(d),
it indicates that to have a higher yield of maize, all effort should be
pushed towards the reduction of the probability of transmission of
MSVD from infected leafhoppers to maize.

Numerical simulations of the optimal control problem

In this section, the optimal control problem is simulated to deter-
mine the cost-effectiveness of the various combinations of the controls.
In order to achieve this, the optimal control problem is solved for
the various combinations of the controls, while calculating the total
number of maize plant infections averted and the total cost incurred
(see Table 3). The total maize plant infections averted is the total size of
the maize plants over the period of simulation without controls minus
that with controls. Using the forward backward sweep, the optimal
control model is simulated with the following initial conditions and
weights:

𝑆𝑚(0) = 12000, 𝐸𝑚(0) = 100, 𝐼𝑚(0) = 0, 𝑆ℎ(0) = 100,
𝐼ℎ(0) = 10𝑤1 = 5, 𝑤2 = 5, 𝑤3 = 5, 𝑤4 = 5, 𝐵𝑚 = 2, and 𝐵ℎ = 1.

The 15 possible combinations of the controls are as follows:

Control Strategy (𝐶𝑆1): 𝑢1(𝑡) is the control strategy to reduce infec-
tion of maize plant by leafhopper.

Control Strategy (𝐶𝑆2): 𝑢2(𝑡) is the control strategy to reduce pre-
dation of maize plant.

Control Strategy (𝐶𝑆3): 𝑢3(𝑡) is the control strategy involving re-
moval of infected maize from the field.

Control Strategy (𝐶𝑆4): 𝑢4(𝑡) is the control for insecticide applica-
tion to kill leafhoppers.

Control Strategy (𝐶𝑆5): the use of the control strategy to reduce in-
fection of maize plant by leafhopper 𝑢1(𝑡),
and the control strategy to reduce preda-
tion of maize plant 𝑢2(𝑡) only.

Control Strategy (𝐶𝑆6): the use of the control strategy to reduce in-
fection of maize plant by leafhopper 𝑢 (𝑡),
7

1

and the control strategy involving removal
of infected maize from the field 𝑢3(𝑡) only.

Control Strategy (𝐶𝑆7): the use of the control strategy to reduce in-
fection of maize plant by leafhopper 𝑢1(𝑡),
and the control for insecticide application
to kill leafhoppers 𝑢4(𝑡) only.

Control Strategy (𝐶𝑆8): the use of the control strategy to reduce
predation of maize plant 𝑢2(𝑡), and the con-
trol strategy involving removal of infected
maize from the field 𝑢3(𝑡) only.

Control Strategy (𝐶𝑆9): the use of the control strategy to reduce
predation of maize plant 𝑢2(𝑡), and the
control for insecticide application to kill
leafhoppers 𝑢4(𝑡), only at time 𝑡.

ontrol Strategy (𝐶𝑆10): the use of the control strategy involving
removal of infected maize from the field
𝑢3(𝑡), the control for insecticide application
to kill leafhoppers 𝑢4(𝑡), only at time 𝑡.

ontrol Strategy (𝐶𝑆11): the use of the control strategy to reduce in-
fection of maize plant by leafhopper 𝑢1(𝑡),
the control strategy to reduce predation of
maize plant 𝑢2(𝑡), and the control strategy
involving removal of infected maize from
the field 𝑢3(𝑡) only.

ontrol Strategy (𝐶𝑆12): the use of the control strategy to reduce in-
fection of maize plant by leafhopper 𝑢1(𝑡),
the control strategy to reduce predation of
maize plant 𝑢2(𝑡), the control for insecticide
application to kill leafhoppers 𝑢4(𝑡), only at
time 𝑡.

ontrol Strategy (𝐶𝑆13): the use of the control strategy to reduce in-
fection of maize plant by leafhopper 𝑢1(𝑡),
the control strategy involving removal of
infected maize from the field 𝑢3(𝑡), the
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C
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Fig. 2. Time Series plots of the effect of varying 𝛽ℎ𝑚, the probability of Leafhopper-to-Maize transmission of MSVD.
I
t
A
t
𝑝
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c

control for insecticide application to kill
leafhoppers 𝑢4(𝑡), only at time 𝑡.

ontrol Strategy (𝐶𝑆14): the use of the control strategy to reduce
predation of maize plant 𝑢2(𝑡), the con-
trol strategy involving removal of infected
maize from the field 𝑢3(𝑡), the control for
insecticide application to kill leafhoppers
𝑢4(𝑡), only at time 𝑡.

ontrol Strategy (𝐶𝑆15): the use of all controls, 𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡), 𝑢4(𝑡).

From Table 3, the cost-effectiveness for each of the control strategies
can be calculated. The cost-effectiveness analysis can then be done
using the incremental cost-effectiveness ratio (ICER), which has been
used in most optimal control research [54,55] to determine the best
and most effective control strategy at a minimal cost. The incremen-
tal cost-effectiveness ratio (ICER) assesses the variations between the
costs and health benefits of distinct intervention options vying for the
same constrained resources [56]. Assuming strategies p and q as two
main control intervention strategies, then ICER of 𝑝∗ relative to 𝑞∗ is
8

G

expressed as

ICER(𝑝∗, 𝑞∗) =
Total costs in strategies 𝑝∗ minus Total costs in strategies 𝑞∗

Benefits in strategies 𝑝∗ minus Benefits in strategies 𝑞∗
.

where 𝑝∗ and 𝑞∗ are often chosen such that 𝑞∗ has the least cost than 𝑝∗.
f ICER(𝑝∗, 𝑞∗) is lower that the cost-to-benefit ratio of 𝑞∗ then 𝑝∗ is said
o be more cost-effective that the 𝑞∗, otherwise 𝑞∗ is most cost-effective.
lternatively, if 𝑝∗ and 𝑞∗ are chosen such that 𝑞∗ has the most benefit,

hen if ICER(𝑝∗, 𝑞∗) is lower than the cost-to-benefit ratio of 𝑞∗ then
∗ is said to be more cost-effective that the 𝑞∗, otherwise 𝑞∗ is most
ost-effective. In this paper, the benefit of implementing strategies is
aken as the total MSVD-infection of maize averted.

Using the data in Table 3, the ICER are calculated for the various
ontrol strategies in the following categories:

Group A: Single controls (𝐶𝑆1 to 𝐶𝑆4),
Group B: Double control combinations (𝐶𝑆5 to 𝐶𝑆10),
Group C: Three control combinations (𝐶𝑆11 to 𝐶𝑆14), and
roup D: Four control combinations (𝐶𝑆 ).
15
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Fig. 3. Time Series plots of the effect of varying 𝛽𝑚ℎ, the probability of Maize-to-Leafhopper transmission of MSVD.
Table 3
Cost and total maize infections averted for various control strategies.

Control strategy Control combination Total cost ($) Total infected maize averted

1 𝑢1 692970 1082400
2 𝑢2 690800 −156870
3 𝑢3 691050 407290
4 𝑢4 692970 3201500
5 𝑢1 , 𝑢2 693700 905870
6 𝑢1 , 𝑢3 693060 2526000
7 𝑢1 , 𝑢4 695870 6300900
8 𝑢2 , 𝑢3 692270 244870
9 𝑢2 , 𝑢4 693690 3181300
10 𝑢3 , 𝑢4 694670 5412000
11 𝑢1 , 𝑢2 , 𝑢3 695150 2355500
12 𝑢1 , 𝑢2 , 𝑢4 696590 6286800
13 𝑢1 , 𝑢3 , 𝑢4 695220 6560800
14 𝑢2 , 𝑢3 , 𝑢4 695510 5402400
15 𝑢1 , 𝑢2 , 𝑢3 , 𝑢4 696050 6553100
9
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s

Fig. 4. Optimal control simulation when one uses all the controls.
Incremental cost-effectiveness of single controls
The Control strategy 2 is not considered in the analysis because it

does not avert infection of maize. The other strategies in this group are
rated (𝐶𝑆3, 𝐶𝑆1, 𝐶𝑆4) in increasing order of the total number of maize
treak virus infections averted.

Control
strategy

Control
combination

Total cost ($) Total infected
maize Averted

1 𝑢1 692970 1082400
3 𝑢3 691050 407290
4 𝑢4 692970 3201500

The ICER of the various strategies are computed as follows:
10
𝐈𝐂𝐄𝐑 𝐃𝐞𝐜𝐢𝐬𝐢𝐨𝐧
ICER(𝐶𝑆3) = 691050

407290
= 1.696,

ICER(𝐶𝑆1, 𝐶𝑆3) =
692970 − 691050
1082400 − 407290

= 0.0028, 𝐶𝑆1 is better than 𝐶𝑆3,

ICER(𝐶𝑆1) = 692970
1082400

= 0.6402,

ICER(𝐶𝑆4, 𝐶𝑆1) =
692970 − 692970

3201500 − 1082400
= 0, 𝐶𝑆4 is better than 𝐶𝑆1.

Therefore, 𝐶𝑆4 (control for insecticide application to kill leafhoppers) is
the most cost-effective single control strategy among the four strategies
in Group A.
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Fig. 5. Optimal control simulation when one use all the controls.
T

Incremental cost-effectiveness of double control combinations
The strategies in this group are also rated (𝐶𝑆8, 𝐶𝑆5, 𝐶𝑆6, 𝐶𝑆9,

𝐶𝑆10, and 𝐶𝑆7) in increasing order of the total number of maize streak
virus infections averted.

Control
strategy

Control
combination

Total cost ($) Total infected
maize Averted

8 𝑢2, 𝑢3 692270 244870
5 𝑢1, 𝑢2 693700 905870
6 𝑢1, 𝑢3 693060 2526000
9 𝑢2, 𝑢4 693690 3181300
10 𝑢3, 𝑢4 694670 5412000
11

7 𝑢1, 𝑢4 695870 6300900 i
The ICER are computed as follows:

𝐈𝐂𝐄𝐑 𝐃𝐞𝐜𝐢𝐬𝐢𝐨𝐧
ICER

(

𝐶𝑆8
)

= 692270
244870

= 2.8271,

ICER
(

𝐶𝑆5 , 𝐶𝑆8
)

= 693700 − 692270
905870 − 244870

= 0.0022, 𝐶𝑆5 is better than 𝐶𝑆8

ICER
(

𝐶𝑆6 , 𝐶𝑆5
)

= 693060 − 693700
2526000 − 905870

= −3.9503 × 10−4 , 𝐶𝑆6 is better than 𝐶𝑆5

ICER
(

𝐶𝑆9 , 𝐶𝑆6
)

= 693690 − 693060
3181300 − 2526000

= 9.6139 × 10−4 , 𝐶𝑆6 is better than 𝐶𝑆9

ICER
(

𝐶𝑆10 , 𝐶𝑆6
)

= 694670 − 693060
5412000 − 2526000

= 5.5787 × 10−4 , 𝐶𝑆10 is better than 𝐶𝑆6

ICER
(

𝐶𝑆7 , 𝐶𝑆10
)

= 695870 − 694670
6300900 − 5412000

= 0.0013 𝐶𝑆7 is better than 𝐶𝑆10 .

herefore, 𝐶𝑆7 (control for insecticide application to kill leafhoppers)
s the most cost-effective among the four strategies in Group B.
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Fig. 6. Cost and benefit profiles of the best control strategies in the various groups.
Incremental cost-effectiveness of three control combinations
The strategies in this group are also rated (𝐶𝑆11, followed by 𝐶𝑆14,

𝐶𝑆12, and 𝐶𝑆13) in increasing order of the total number of maize streak
virus infections averted.

Control
strategy

Control
combination

Total cost ($) Total infected
maize Averted

11 𝑢1, 𝑢2, 𝑢3 695150 2355500
14 𝑢2, 𝑢3, 𝑢4 695510 5402400
12 𝑢1, 𝑢2, 𝑢4 696590 6286800
13 𝑢1, 𝑢3, 𝑢4 695220 6560800

The ICER are computed as follows:

𝐈𝐂𝐄𝐑 𝐃𝐞𝐜𝐢𝐬𝐢𝐨𝐧
ICER

(

𝐶𝑆11
)

= 695150
2355500

= 0.2951,

ICER
(

𝐶𝑆14 , 𝐶𝑆11
)

= 695510 − 695150
5402400 − 2355500

= 1.1815 × 10−4 , 𝐶𝑆14 is better than 𝐶𝑆11

ICER
(

𝐶𝑆14
)

= 695510
5402400

= 0.1287,

ICER
(

𝐶𝑆12 , 𝐶𝑆14
)

= 695510 − 695150
5402400 − 2355500

= 1.1815 × 10−4 , 𝐶𝑆12 is better than 𝐶𝑆14

ICER
(

𝐶𝑆12
)

= 696590
6286800

= 0.11080,

ICER
(

𝐶𝑆13 , 𝐶𝑆12
)

= 695220 − 696090
6560800 − 6286800

= −0.0050 𝐶𝑆13 is better than 𝐶𝑆12 .

Therefore, 𝐶𝑆13 (control for insecticide application to kill leafhoppers)
is the most cost-effective among the four strategies in Group C.

Incremental cost-effectiveness among best strategies in all groups control
combinations

Since Group D consists of only one strategy, 𝐶𝑆15 is compared with
the best from the other groups to determine the overall best strategy.
These strategies are also arranged (𝐶𝑆4, 𝐶𝑆7, 𝐶𝑆15, 𝐶𝑆13) in increasing
order benefits.
12
Control
strategy

Control
combination

Total cost ($) Total infected
maize Averted

4 𝑢4 692970 3201500
7 𝑢1, 𝑢4 695870 6300900
15 𝑢1, 𝑢2, 𝑢3, 𝑢4 696050 6553100
13 𝑢1, 𝑢3, 𝑢4 695220 6560800

The ICER are calculated as follows:
𝐈𝐂𝐄𝐑 𝐃𝐞𝐜𝐢𝐬𝐢𝐨𝐧
ICER

(

𝐶𝑆4
)

= 692970
3201500

= 0.2165

ICER
(

𝐶𝑆7, 𝐶𝑆4
)

= 695870 − 692970
6300900 − 3201500

= 9.36 × 10−4 𝐶𝑆7 is better than 𝐶𝑆4

ICER
(

𝐶𝑆7
)

= 695870
6300900

= 0.1104

ICER
(

𝐶𝑆13, 𝐶𝑆7
)

= 695220 − 695870
6560800 − 6300900

= −0.0025 𝐶𝑆13 is better than 𝐶𝑆7

ICER
(

𝐶𝑆13
)

= 695220
6560800

= 0.1060

ICER
(

𝐶𝑆15, 𝐶𝑆13
)

= 696050 − 695220
6553100 − 6560800

= −0.1078 𝐶𝑆15 is better than 𝐶𝑆13

Therefore, the overall most cost-effective strategy is 𝐶𝑆15 which in-
volves the implementation of all four controls. The simulation results
depicting the relative effect of implementing the best control strategy
are presented in Figs. 4and Fig. 5.

Figs. 6(a) and 6(b) show the control cost profile and infection
averted profile for the best control strategies.

Conclusions

This paper offered a mathematical analysis of maize streak virus
disease transmission dynamics using Holling’s Type II predation form
and standard incidence. Thus, to better understand the disease’s trans-
mission and to look into feasible prevention and control techniques
to stop the infection from spreading. The sensitivity analysis of the
MSVD model reveals that 𝛽𝑚ℎ, the likelihood of MSVD transmission
from infected maize plant to susceptible leafhopper, is the most positive
sensitivity parameter, followed by 𝛽ℎ𝑚, the probability of MSVD trans-
mission from infected leafhopper to maize plants. We also discovered
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s

that 𝑏, the rate of inflow of susceptible leafhoppers, is the most negative
ensitivity parameter, followed by 𝑎, the infected leafhopper conversion

rate. We incorporated four time-dependent control variables into the
model using the sensitivity analysis results. We used cost-effectiveness
analysis to evaluate the advantages of various control tactics and offer
ways to manage infections using the incremental cost-effectiveness
ratio. The optimal control analysis shows that the most efficient control
technique uses all four control variables.
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