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ABSTRACT

Mosquitoes are one of the deadliest insects in the world. Their ability to carry
and spread disease to humans cause millions of deaths every year. The
worldwide incidence of diseases caused by mosquitoes has risen 30-fold in the
past 30 years, and more countries are reporting their first outbreaks of the
mosquito caused diseases. Zika, Malaria, and Elephantiasis are all transmitted
to humans by the Aedes aegypti mosquito. More than half of the world’s
population live in areas where this mosquito species are present. Sustained
mosquito control efforts are important to prevent outbreaks from these
diseases. There are several different types of mosquitoes and some have the
ability to carry many different diseases. The study presents a multi-infections
system model to study the transmission dynamics of Malaria, Zika-Virus and
Elephantiasis in an endemic region such as Kedougou in the South Eastern part
of Senegal and other parts of the world. This makes it possible to have multi-
infections of the three diseases simultaneously. The main objective of this work
was to study the dynamics of multi-infections (Malaria-Elephantiasis-Zika virus)
and transmission through the use of mathematical model, to determine the
stability of the multi-infections model, the co-infections model and also study
the single models for individual diseases including Malaria, Zika and
Elephantiasis. The disease-free equilibrium is performed and it was shown to
be globally asymptotically stable when the associated threshold number
known as the basic reproduction number for the model is Ro < 1. Investigation
on the existence and stability of equilibria was also derived, the model was
found to exhibit backward bifurcation. Thus, Roless than unity is not sufficient
to eradicate the disease from the population and there was the need to lower
Ro below a certain threshold for effective disease control. Sensitivity analysis

was performed to determine parameters that have high influence on the basic



reproduction number. Optimal control policies was also used as measures to

eradicate the diseases from the system.
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CHAPTER ONE

INTRODUCTION

1.1  Background to the Study

Zika virus disease is mostly by mosquito (mosquitosurveillance, 2016; Gao et
al., 2016; zika, 2016) which is also responsible for the spread of chikungunya
and other disease. The disease was initially discovered in an animal in Uganda
forest the year 1947 (Abushouk et al., 2016);(Nautiyal, 2017). However, much
attention was not given to it until recently when it started causing harm to
expectant mothers in the South and Central America. Mothers in these
countries were producing microcephaly babies (children with abnormal small
head and other neurological disorders), and this caught the attention of the
World Health Organization (WHO). The incidence of Zika virus disease is
spreading and this is partly due to the fact that there is neither cure nor
vaccine.

As part of the mode of transmission of zika virus, only female aedes aegypti
mosquito can cause an infection and this has to be done during the viremic
stage. That is in the first several days of infection, when the virus is still
circulating in the human blood. The mosquito takes up the virus, stores it in her
gut and salivary glands, and then transmits it when she bites another
uninfected human (Hennessey et al., 2016). As part of the mode of
transmission, there has been an evidence that zika virus can be contracted
through casual sex with an infected person according to Centre for Disease and
preventive Control (CDC). In the light of this, the very key things in the spread
should be known to come out with the measures to control the spread.

In another development, Malaria is an old disease that was first studied by Ross
in the late 1800’s (Kamal-Yanni et al., 2012). There are a number of mosquito
species in the world, however only those species from female anopheles genus

can transmit malaria (WHO1, 2015). The first disease is an infection obtained



from a female Anopheles mosquito. The species parasites include: plasmodium
falciparum, plasmodium vivax, plasmodium ovale, plasmodium Malariae and
plasmodium Knowlese (Olaniyi & Obabiyi, 2013). Among the parasites,
plasmodium falciparum is considered as deadly (Geleta & Ketema, 2016). The
disease continues to be a major problem in sub- sub-Sahara Africa, Asia,
Central and South America and furthermore the Middle East. AlImost 40% of
the world’s population settles in endemic areas (Mwamtobe et al., 2014). The
disease is caused by parasite and is spread between people through contact. It
kills many million people yearly, majority of whom are African children (N.
Chitnis et al., 2006). The parasites develops into the body of human between
10-18 days. As time goes on the parasites find their way in the body and
develop in the cells. At this stage the infected individuals symptoms include
fever etc.

To add to the first two diseases is the third disease is also a vector borne
disease. It is a neglected tropical disease primarily prevalent in poor population
in 73 countries (Kastner et al., 2015). It is a disease which is caused by worms
that are spread by the bite of mosquitoes (Medicalnewstoday, 2018). The skin
becomes bigger than the normal size. There are three types of worms namely;
Wuchereria Bancroft, Brugia Malayi and Brugia Timori. Wuchereria accounts
for majority of the cases around the globe (Bhunu & Mushayabasa, 2012).
Multi-infection is an individual suffering from many infection. However,
Coinfections are two diseases such as malaria and zika virus only or malaria and
elephantiasis only etc. But, entomological survey conducted by Muturi et al.
(2006) in some inland villages along the coast of Kenya showed that there is a
common item for malaria, zika virus and other diseases. Mosquitoes were
sampled by the use of spray sheet collection inside houses and were later
sorted to species for examination using an enzyme-linked immunosorbent
assay (ELISA). The result showed that there is the possibility of an individual

being infected with all three diseases though the intensity of say malaria, zika



virus or elephantiasis by their respective mosquito species will be much higher
compare to the

other.

1.2 Statement of the Problem

Zika virus has been in many regions around the globe for couple of years and
has been misdiagnosed and treated as malaria because of similarities in
symptoms (WHO1, 2015).

As a result of this, the health care officials in diverse ways sampled out some
patients who reported at the health facilities in Kadougou district, Senegal to
test for arboviruses (Diagne et al., 2015).

It was confirmed that some of the patients were not only having arboviruses
but were also co-infected with other diseases such as malaria and others (Sow
et al., 2016). This has necessitated the research into multi infectious diseases
in mosquito endemic regions where other vector borne diseases are common.
As an example, Okongo (2015) developed a mathematical model involving a
multi-infection system of differential equations of HIV/AIDS co-infected with
TB and Malaria. From his study the susceptible human cannot simultaneously
get infected with malaria, HIV/AIDS and TB since the transmission is different
for the three diseases. His results showed that with an increase in mosquito
biting rate the model exhibit a backward bifurcation phenomenon. However, a
susceptible human can simultaneously be infected with Malaria, Zika virus and
Elephantiasis even though the same vector but different species. It is against
this backdrop that has necessitated the study into the multi-infection (Malaria,

Zika virus and Elephantiasis) model.

1.3  Research Objectives

The main objective of this work was to study the dynamics of Malaria-Zika virus

and Elephantiasis disease transmission through the use of a mathematical



model. In particular to put up a constructive model incorporating the
important epidemiological parameters influencing the multi-infection state of
these diseases as well as the spread of the epidemic and possible control

strategies.

The objectives of the study were:

1. to develop a model for the human population as well as the mosquito

population known to be the causative organism for these diseases.

2. to develop sub-models that investigate the possible impact of the co-

infection of diseases.

3. toinvestigate the conditions under which the epidemics would persist or

die out in the population.

4. to carry out sensitivity analysis so as to establish the key vital parameters

in the model.

5. to use optimal control technique to examine the control measures and

the most effective control measure.

1.4  Significance of the Study

Mathematical modelling over the years has been seen as the process of
translating conceptualisation whose theoretical and numerical analysis
provides a comprehensive ideas, solutions, and directions useful for the
problem under consideration (Martcheva, 2015). It is seen as a tool that gives
precision and direction for problem solution and also enables a thorough
understanding of the system being modelled by preparing the way for better
design to allow for good analysis. The understanding of the dynamics of several

diseases has been achieved with the help of these models. This has led to



important measures and strategies being employed to check such diseases and
also the eradication of most of the

diseases.

This study would help support the World Health Organisation to obtain
qualitative information on the progression from Zika-virus, malaria and
elephantiasis infection to disease. The dynamics involve also provide further
information to various stakeholders in order to make precise policy
interventions which would go a long way to accelerate progress towards
achieving of the Millennium Development Goals (MDGs) for disease
eradication.

Lastly, the work would also aid research scientist, mathematicians, etc., to
develop various suitable models in order to help public health professionals

make better strategies for controlling the disease.

1.5 Limitation

In the light of the nature of the model used in this work, some of the items
used did not have the backing of being clinically or experimentally determined.

This is a problem for assessing the model.

1.6 Methodology

A model that examine the epidemiology of the multi-infections diseases
(MalariaElephantiasis-Zika virus) using deterministic approach is obtained.
Explanations of the multi-infections model would be done with also the various
co-infected sub-models as well as the single individual models would be taken

into consideration. Qualitative analysis would be carried out to determine the

existence of both disease free and endemic equilibria.



The basic reproduction number which is the threshold value which the health
officials use in determining whether the disease would invade the population
or the disease would die out would be determined. Routh-Hurwitz criterion
would be employed to establish the existence for multi-infectious disease at
locally asymptotically stable. Lyapunov function would be constructed to study
the global stability of the system. Bifurcation analysis would be considered to
examine the behaviour of the system whether the disease would persist if Ro <
1lorRo>1.

Sensitivity analysis would also be carried out to determine which parameter
would have some serious impact on the multi-infections model. On the control
of the spread of the multi-infections, the optimal control analysis would be

employed using the principle of Pontryagin Maximium Principle.

1.7  Organisation of the Study

The thesis was arranged into five chapters. In addition to this chapter which
describes the background of the research including the objectives, Chapter two
was devoted to reviews related works which have been done by other
researchers and also discussed various conclusions drawn from these works.
Chapter Three explored the various qualitative analysis employed in this study
and performed the sensitivity analysis. In Chapter Four, we used the
programming tool to calibrate the model to derive numerical results in order
to interpret and analyse the behaviour of the model.

Finally, Chapter Five captured the summary and conclusion of the thesis;
discussing the results obtained from the analyses performed and making
recommendations where necessary. Further work to be done in the area of this
thesis would also be explored with all other conclusions clearly shown.

CHAPTER TWO

LITERATUREREVIEW



2.1 Introduction

This chapter emphasised on literature works on Malaria, Zika-virus and
Elephantiasis (Multi-infections) that have been considered by other authors.
The focus here is on the epidemiology and the history of the diseases in various
countries where these disease are endemic. The clinical manifestation and the

method of application of control strategies and options were also mention.

2.2 History and Epidemiologies

Malaria is endemic throughout most of the tropics. Almost ninety five
countries and territories around the globe still experience transmission
(mosquitosurveillance, 2016). In 2017, the World Health Organization (WHO)
reported that, between 2016, substantial increase in cases of incidence occur
in WHO regions of Americas and marginally in Southeast Asia, Western Pacific
and African regions (Gao et al., 2016). Of the approximately 3.2 billion people
living in the endemic countries 1.2 billion are at risk. This was stated by the
WHO that there are 214 million people who are symptomatic malaria in 2015.
The true magnitude of the mortality and morbidity accountable to malaria
globally is at best a scientific assumption, even though it is not disputable that
the greatest burden is in sub-Sahara Africa (zika, 2016). The risk of malaria
attacks in residents of malaria endemic areas falls as they become older (Baird
et al., 1991), suggesting that protection is a function of age.

On the other hand, elephantiasis which is described as a neglected tropical
disease with serious economic and social consequence can affect people of all
ages (Gelderblom, 1995; Remme et al., 1993; Bhunu & Mushayabasa, 2012).
They are caused by three types of nematode namely Wuchereria Bancrofti,
Brugia Malayi and Brugia timori. Of these Wuchereria Bancrofti accounts for
90% of the infection while Brugia Malayi and Brugia Timori also account for

10% (Bhunu & Mushayabasa, 2012). Human beings are exclusive host of



infection with Wuchereria Bancroft accounts for the greater percentage. Areas
or regions where elephantiasis are common have higher incidence rate of
poverty (Tan, 2003) making it a disease of the poor and also serve as an
indicator of underdeveloped nation or country. It is estimated that 120 million
people globally are affected with the disease (Bhunu & Mushayabasa, 2012).

In another development, Zika virus is also a vector borne disease which is
caused by the bite of Aedes aegypti mosquitoes (Dick et al., 1952). The
infection was first found in the Zika backwoods in rhesus monkeys in Uganda
in the year 1947, be that as it may, the main human event was in Nigeria in
1954. (Gao et al., 2016). The main human out break of Zika virus occurred in
Yap Island in 2007 in Micronesia but there was no casualties (Posen et al.,
2016). In the past, the infection spread eastbound from tropical Africa and Asia
to the Pacific islands during the late 2000s to 2010, attacked the Caribbean and
Central and South America in 2015 and arrived at North America in 2016 (Song

et al.,, 2017).

2.3 Malaria, Elephantiasis and Zika Virus in Ghana

Malaria has been one of the major causes of poverty and low productivity in
the country and this has accounted for approximately 32.5 percent of all cases
at the OPD attendances (Boadu et al., 2016). Malaria is considered among the
major health and development challenges facing some of the poorest
economics in the world (Asante, 2007). The malady represents a normal of
13.2% of all mortality cases in Ghana and 22% of all mortalities in kids under 5
years.

On account of pregnant ladies, out of the absolute number announcing at the
wellbeing organizations, 13.8% experience the ill effects of jungle fever and
9.4% of the passings in pregnant ladies (Antwi & Marfo, 1998). As far as malaria

elimination is concern, Ghana is categorized in the malaria control phase



following the global malaria eradication program. As a result of several years

of strategic policy development and control interventions, malaria specific
mortality among children less than five years has reduced drastically from
14.4% in 2000 to 0.6% in 2012 (Awine et al., 2017).

Elephantiasis on its part becomes a permanent disability and a major source of
worry to socio-economic development in many endemic and sub-tropical
countries (Ramaiah et al., 2000). In recent times, close to 120 million people are
infected in about 80 countries (Pothikasikorn et al., 2008). In Ghana, research on
Elephantiasis has shown that the three Northern regions in the country exhibit
greater prevalent compare to the Southern part of the country (J. O. Gyapong et
al. (1996); de Souza et al. (2014); Dunyo et al. (1996)). The pattern of the disease
manifestations reveal a preponderance of elephantiasis (1.7%),
microfilaria(11.3%), hydrocele (20.3%) and breast lymphedema (6.6%) in the
Northern Ghana as compared with the Southern part of the country where it is
(0.3%, 0.6%, 5.2% and 6.1% respectively) (de Souza et al., 2014).

For Zika virus, since the Aedes aegypti mosquito species is not found in Ghana,

no incidence has been reported, nevertheless, Ghana is among one of the
African countries who are at risk of getting the disease if proper measures are
not put in place. Since the disease can be transported through cargo ships and
air planes it is possible for a country to acquire it if proper security measures
are not put in place. Again since it can be transmitted sexually it is also possible
that a partner from an endemic community can pass it on to his or her sex
partner who is in Ghana. There was an incidence in Colorado where a scientist
returned from Senegal an endemic region with the virus. After having an affair
with the wife, it was later confirmed through Laboratory report that both of
them have the Zika virus through sexual intercourse (Zamani & Zamani, 2017).

In 2011, it was accounted for that a tainted male has contaminated a female

by having vaginal sex, even before the beginning of the side effects.

2.3.1 Mode of Transmission



Only female aedes aegypti mosquito bites an infected human. She has to bite
during the viremic stage. That is in the first several days of infection, when the
virus is still circulating in the humans blood. The mosquito takes up the virus,
stores it in her gut and salivary glands, and then transmits it when she bites
another uninfected human (consumerreport, 2016). As part of the mode of
transmission, there has been an evidence that zika virus can be contracted
through casual sex with an infected person according to CDC. In the light of
this, it is very important to know the key parameters in the transmission of the
disease and come out with the measures to control the spread. In another
development, Malaria is an old disease that was first studied by Ross in the late
1800s (Barley et al., 2012). There are a number of mosquito species in the
world, however only those species from female anopheles genus can transmit
malaria (zikasituationreport, 2016). There are five species of parasites namely:
plasmodium falciparum, plasmodium vivax, plasmodium ovale, plasmodium
Knowlese and plasmodium malariae infect human and plasmodium Knowlese
(Olaniyi & Obabiyi, 2013).

Among the parasites, plasmodium falciparum is considered as deadly (Geleta
&

Ketema, 2016). The disease continues to be a major problem in sub-Saharan
Africa, Asia, Central and South America and furthermore the Middle East.
Almost 40% of the world’s population settles in endemic areas (Mwamtobe et
al., 2017).The disease is caused by plasmodium parasite and is transmitted
between humans through the bite of the female anopheles mosquito. It kills
about 700,000 to 2.7 million people yearly, 75% of whom are African children

(N. R. Chitnis, 2005). The parasites develops into the body of human between
10-18 days then is passed on when the mosquito injects saliva while feeding.
In the human body malaria parasites migrate to the liver, where they grow and
multiply. As time goes on the parasites find their way in the blood stream and

continue to develop in the red blood cells. At this stage the infected individuals

10



begin to show symptoms like fever, chills, sweating, headaches and other flu-
like conditions. The infection can sometimes produce even more severe
reactions including kidney failure and death, especially if not treated for a
period of time (mosquitosurveillance, 2016).

To add to the first two diseases is the third disease which is Elephantiasis also
known as Lymphatic filariasis which is also a vector borne disease. It is a
neglected tropical disease primarily prevalent in poor communities in 73
countries (Kastner et al., 2015). It is a tropical disease caused by parasitic
worms that are spread by the bite of mosquitoes (Medicalnewstoday, 2018).
The skin becomes bigger than the normal size. There are three types of worms
namely; Wuchereria Bancroft, Brugia Malayi and Brugia Timori. Wuchereria
accounts for 90% of the cases and is found almost tropical and subtropical
areas around the globe (Bhunu & Mushayabasa, 2012). Unlike malaria whose
main mode of transmission is through the bite of infected female anopheles
mosquitoes, elephantiasis has several species of mosquitoes including Aedes
Aegypti mosquitoes mainly in endemic islands in the Pacific which is
responsible of transmitting (zikavirus and chikungunia), Anopheles female
mosquitoes which can also transmit malaria (Sciencegov, 2018) and Culex
mosquitoes, widespread across urban and semi-urban areas which also
transmit elephantiasis. Firstly, before one becomes infected,the person might
have lived in endemic region or might have been bitten by such species for a
long time. As the mosquitoes become infected with the roundworm larvae they
take a blood meal from infected human. It then passes it on to any human that
it bites passing the larvae into the bloodstream.Finally, the worm larvae
migrate to the lymphatics through the bloodstream and mature in the lymph
system (Medicalnewstoday, 2018). The worms affect the lymphatic system in
the body. The lymphatic system is responsible for removing toxic and waste.
When the system gets blocked it becomes difficult to function well and as a

result leads to back up of lymphatic fluid which causes swelling. Many different

11



species of mosquitoes act as vector for transmission of elephantiasis (Close et
al., 2014). Approximately 1.4 billion people in 73 countries globally are under
threat by the disease of which 120 million individuals are infected (Mwamtobe

et al.,, 2017).

2.3.2  Difference between Zika-Virus, Malaria and Elephanti-
asis

Zika virus and Malaria are both mosquito borne diseases. The rise of Zika first
in Brazil and now extending to other parts of the world, has raised a lot of
guestions being asked as to the differences between Zika virus and Malaria.
The major differences in the manner we combat the two diseases generate
from the fact that they are spread by two different types of mosquitoes namely
female anopheles for malaria and female aedes aegypti for zika virus. Female
anopheles mosquito bite at night and at dawn and can transmit the malaria.
This can be prevented by sleeping in mosquito insecticide nets. On the
contrary, the aedes aegypti mosquito bite during the day time (zikaandmalaria,
2016) which makes prevention more complex to deal with. However, to avoid
being bitten by the female aedes aegypti mosquito having the virus, the
medical experts suggest that using insect repellent and protective clothing can
also help in a way (zikapressrelease, 2016). Since Zika virus can be transmitted
through sexual intercourse there is the need for us to abstain or consistently
use condom (Oster, 2016). Elephantiasis on the other hand is a debilitating
disease that affects the leg, arms, and genital organs such as scrotum
(hydrocele). This does not claim life like malaria and other vector borne disease
but the stigmatization attached make it more embarrassing. Malaria and
Elephantiasis cause the largest public health burden of all vector-borne
diseases globally with around 350-500 million clinical episodes and 1 million

deaths every year caused by malaria and more than 120 of them globally

12



infected with Elephantiasis (Malaria, 2005). The disease are co-endemicin sub-
Sahara Africa (Slater et al., 2013).

Elephantiasis can be transmitted through the bite of infected Culux female
mosquitoes, Aedes mosquitoes and female Anopheles mosquitoes dependent on

the geographical location of the vector.

2.4  Clinical Presentation

Intestinal sickness is a genuine tropical infection influencing individuals in sub-
Sahara Africa, South and Central America, some portion of Middle East and

Asia. It is transmitted to people through the nibble of a contaminated female
Anopheles mosquitoes and brought into the circulatory system of people the
parasite (Skeet, 2005). There are five types of parasitic plasmodium species
namely; Plasmodium falciparum, Plasmodium Vivax, Plasmodium Ovale,
Plasmodium Malariae and Plasmodium Knowlese. Out of the fives species
Plasmodium falciparum is described as malignant form and is considered as
more serious and can easily claim life. The remaining four which is described
as benign form is generally not life threatening except in the infants, very old
people and people with immunodeficiencies. Malaria can develop months or
even years dependent on once immune system, and also dependent on the
parasite causing it. The incubation period from the onset of being bitten to the
appearance of clinical symptoms vary according to the species of mosquito.

Following the WHO report on 2005, it remains the leading cause of mortality
and morbidity particularly among expectant mothers and children in sub-
Sahara Africa where at least 90% of the incidence of malaria death occurs
(Kalinga et al., 2012). It can be categorized into two namely; uncomplicated
and severe. In the case of uncomplicated malaria, this is diagnosed when
symptoms are present, but there are no signs to indicate severe infection or

dysfunction of the vital organs. Uncomplicated can be severe if left unattended
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to. Indications of uncomplicated jungle fever incorporate an impression of cold
with shuddering, fever, cerebral pains, and regurgitating, seizures now and
then happen in more youthful kids, sweats, trailed by an arrival to ordinary
temperature, with tiredness (medicalnewstoday., 2017).

On the other hand, severe malaria shows clinical and laboratory evidence on
vital organs dysfunction. Symptoms of severe malaria include fever and chills,
impaired consciousness, prostration, or adopting a prone position, multiple
convulsions. Severe malaria, that notwithstanding has recently occurred fairly
common in older children in Ghana (33% in a recent series with cerebral
malaria) (Kurtzhals et al., 1998). Neonatal malaria emerges as a result of
combination of maternal and infant blood during the delivery process may not
be so uncommon. On Clinical presentation in the case of elephantiasis is
manifested in fever. The fever usually called filarial or elephantoid fever is
immune-mediated and generally accompanies attacks of Lymphangitis
(Obacha, 2016). Lymphangitis is an infection of the lymph channel, typically
originating in the lymph node. Before individual is infected with the disease,
that individual must have been bitten by mosquitoes infected with round worm
several times, or that individual might have lived in endemic regions or tropical
areas. As the infected female mosquito with roundworm bites you, the tiny
larvae stays in the bloodstream and multiples in the lymph system. They can
survive for many years and can cause harm to the lymphatic system
(Medicalnewstoday, 2018). In adult men or boys the parasites settle is the
scrotal lymphatics and in women and children are larger lymph vessels and
lymph node draining to lower and upper limbs (Mand et al., 2004). The
development of a pathology depends on the presence of adult worm. The
standard method for diagnosing active infection is the identification of
microfilariae in the blood smear by microscopic examination and this test
usually occurs at night since the microfilariae is very active during this period

(WHO, 2013). Once an individual is infected with the elephantiasis disease, it
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affects his or her immune system thereby increases the risk of individual
getting a secondary infection (Healthline, 2017).

In addition to the above, the clinical presentation of Zika-virus is similar to that
of chikungunya and dengue. The common symptoms including mild fever, rash,
headache, conjunctivitis arthralgia which appears usually between three days
to twelve days after the bite of the infected aedes aegypti mosquito. To some
people, the disease shows no symptoms while others experience the

symptoms.

Figure 1: symptoms of Zika virus. Source: (Zikalmage, 2018a)

Similarly, the symptoms of Zika is just like other arboviruses such as dengue
and chikungunya which means it could be mistaken considered as other
ilinesses. The clinical symptoms in the patients are low-grade fever,
conjunctivitis transient arthritis or arthralgia. Complications associated with
Zika virus infection at the expectant duration of a mother is a cause of
microcephaly and other congenital malformations known as congenital Zika
syndrome. Other complications also include the Guillian —Bare Syndrome and

still birth.
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Figure 2: Children with abnormal small head. Source: (Zika-Image, 2018b)

2.5 Treatment

The clinical aim of treating uncomplicated malaria is to ensure that it does not
generate into severe type of malaria which can lead to kidney failure and
eventually to death. In treating malaria, our attention is drawn to the
elimination of plasmodium parasite from the patient’s bloodstream.
Individuals who do not have symptoms may be treated to avoid the risk of
further transmission to uninfected population. In treating malaria, infected
individual should ensure that the parasite is out of the blood, other than that
it can hibernate and will reoccur few days after responding to treatment. To
completely eradicate the disease from the population, White et al. (2009)
explained the phases of eradication of an infectious disease as defined by

(Molyneux et al., 2004) as follows:

¢ Elimination of disease: Reduction to zero of the incidence of a specified
disease in a defined geographical area as a result if deliberate efforts.

Continued interventions are required.
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¢ Control: Reduction of disease incidence, prevalence, efforts morbidity or
mortality to locally acceptable level as a result of deliberate efforts.

Continued interventions are required to maintain the reduction.

¢ Elimination of infection: Reduction to zero of the incidence of infection
caused by a specific agent in a defined geographical area as a result of
deliberate efforts. Continued measures to prevent re-establishment of

transmissions are required.

e Eradication: Permanent reduction to zero of the worldwide incidence of
infection caused by a specific agent as a result of deliberate efforts.

Interventions measures are no longer needed.

Treatments for lymphatic filariasis differ depending on the geographical
location of the endemic areas. In sub-Sahara Africa, albendazole is being used
with ivermectin to treat the disease, whereas elsewhere in the world,

albendazole is used with diethylcarbamazine.

(a) (b)

Figure 3: Persons suffering from Elephantiasis. Source: (M. Gyapong, 2000)

Information of pathology of lymphatic filariasis and presence of the
medications diethylcarbamazine and albendazole are important to treat

lymphatic filariasis, it keeps on being a noteworthy general medical problem in
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tropical and subtropical nations. These medications are to be taken once a year
for five consecutive years. The medicine will not heal the disability or the
disfigured part of the body but rather kill the microfilariae (immature larvae)
to prevent further deteriorate. Again, one of the primary goals of treating the
influenced networks is to dispose of the microfilariae from the blood of the
contaminated people so as to intrude on transmission of disease by
mosquitoes. The medication has its own side effect like dizziness, fever and
itching muscles. If the situation is detected early, surgical operation can be
performed to get rid of the part that is showing

disfigured.

On the treatment of Zika virus the current situation is such that there is neither
avaccine nor a cure toit. In view of this the only way to prevent Zika is to avoid
the bite of Aedes aegypti mosquito and also use condom when having an affair
with a Zika patient (Paixao et al., 2016). Owing to the fact that the™ symptoms
such as fever, rash, or joint and muscle pain is common the health officials
recommend that patients with Zika virus should have enough rest, drink fluids
and treat pain and fever with ordinary pain killer medicines. Since the disease
can be transmitted sexually, there is the need to protect your self-using
condom especially when you are living in endemic regions. It is believed that
once the person is infected with Zika virus, he or she becomes immune to it;

thus he or she does not get it again (zikavirus-jhpiego, 2016).

2.6 Mathematical Model Framework

For a long time the flare-up and spread of illnesses have been detailed and
contemplated. This has enabled scientists and researchers to evaluate
inoculation plans which have had a significant effect on the mortality rate of
particular epidemics. Daley & Gani (2001), surveyed the demonstrating of

irresistible maladies to be a device which is utilized to consider the elements
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by which infections spread, and furthermore to increase a knowledge that
predicts the future course of a flare-up so as to assess systems to control a
pestilence.

The beginning of scientific displaying of the spread of illness is accounted to
have been completed by Daniel Bernoulli in 1766. In his model, Bernoulli
protected the act of immunizing against smallpox (Hethcote, 2000) and he was
able to use the model to calculate and predict that, there would be an increase
in life expectancy from 26 years 7 months to 29 years 9 months as a result of
universal inoculation against smallpox (Bernoulli & Blower, 2004). The work
done by Daniel Bernoulli gave rise to the modern understanding of “game
theory” and modern theoretical epidemiology began when Roland Ross
researched into the spread of malaria. A. G. Mckendrick and W. O. Kermack
followed immediately with their work on ”A contribution to the Mathematical
Theory of Epidemics” and this was published in 1927 (Kermack & McKendrick,
1933). In their work, a simple deterministic (compartmental) model was
formulated and according to Brauer et al. (2001), the hypothetical record was
fruitful in anticipating the conduct of flare-ups fundamentally the same as that
saw in many recorded scourges. Such documentations could not be left out
when dealing with modelling the multi-infection of malaria-zika virus and

elephantiasis transmission dynamics in mosquitoes endemic regions.

In this subsection, we discuss some of the studies in relation to this thesis.

The Ross-MacDonald model as studied in Castillo-Chavez et al. (2002);
CastilloChavez & Song (2004); Chachuat (2007); Clarke (1990); Diekmann et al.
(2012) has been recorded as the earliest attempt to describe quantitatively the
dynamics of the transmission of malaria at the population level. Given, the

following differential equations

din Nh =In
—_=gxilm
dt Nh

_gllh;
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dim In
— =g(Mm-Im) — -g2lm,
dt Nh
where Ny and M, are the respective total populations for the human beings

and female mosquitoes and the constant 9g0 the biting rate; x1 and x; is the

likelihood that a from an infective mosquito will cause disease of a vulnerable

human and
1 1

vice versa respectively. The assumption thatand ~is the average duration of
g1 g2

infection for human beings and mosquitoes respectively. In their analysis, Ross
and McDonald found out that the transmission of malaria could be eradicated
without necessary killing all vector mosquitoes. This was however not in line
with the traditional belief that malaria could be eliminated only by killing all
the vector mosquitoes. Interestingly, the basic reproduction of their model

which is given by

aei1 M ge>

Ro=
diN d2

indicates that any method that can lead to Ro been less than 1 will eventually
lead the disease to extinction. Although these measures were just an assertion
made by Ross and Mcdonald recent models have included cost effective
approaches in the quest to help curtailed the disease transmission.

For example, Okosun et al. (2013) investigated the effectiveness of three
malaria preventive measure by incorporating the cost associated with those
measures.

The controls applied were in line with the assertion made in the work of Ross
and Mcdonald. They considered a mathematical model that incorporate this

models. By calculating the basic reproduction number using a constant control
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parameter, they showed that the existence and stability equilibria of the model
exhibit a backward bifurcation. By the use of Pontryagins Maximum Principle
to derive necessary conditions for the control of the diseases they performed
the calculation of the Infection Averted Ratio and the incremental cost ratio to
establish the associated cost attached to those controls. They observed
through their numerical simulation that the strategies will require that they
give a 100% effort in the application of treatment for 20 days and also spraying
of insecticides for 57 days. Their work did not however consider forces of
infections in the form of a saturated incidence rates.

To cater for the gap in Okosun et al. (2013), Olaniyi & Obabiyi (2013) developed
a malaria transmission model with nonlinear forces of infection in the form of
a saturated incidence rate to investigate the transmission of Plasmodium
Falciparum malaria. Their model made use of seven ordinary differential
equations and their incidence rates was developed to capture the production
of antibodies in response to the presence of parasite-causing malaria both in
humans and female mosquito population. By applying the basic properties in
epidemiology, their model showed that the disease-free is both locally and
globally asymptotically stable. The results from their numerical simulations
showed that increasing the proportions of antibodies in humans correspond
positively in reducing the transmission of malaria infection. But no matter the
proportions of antibodies in the system, when the mosquito biting rate
exceeds the threshold, reducing its transmission becomes ineffective.

In a similar manner, Traore et al. (2017), developed a scientific model of the’
transmission of jungle fever with an organized vector populace and regularity.
Their model considered the biting rate to be a periodic function which depends
on climatic factors. The numerical result of their model showed that malaria
can be controlled by fighting the proliferation of the mosquitoes, thus, the

available breeder sites represented by KE and KL sites in their model should be
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reduced. They did not factor the fact that to fight breeding sites then the
transmission of malaria should be considered in a periodic environment.

In another work by the same authors to now make up the gap in their earlier
work, Bakary et al. (2018) formulated a model that investigate intestinal
sickness transmission in an occasional situation. In order to also move a little
ahead of the work done by Okosun et al. (2013) and Olaniyi & Obabiyi (2013),
their model incorporated an age structure for the vector populace and
furthermore doled out a parameter to decide the occasional gnawing pace of
female anopheles mosquitoes. The human populace in their model was divided
into groups, that is those that are most vulnerable known as the non-immune
group and those that are least vulnerable known as the semi-immune group; a
situation that was not considered by Olaniyi & Obabiyi (2013) when determine
the effect of antibodies in the transmission of malaria. By applying the theory
of uniform persistence and the Floquet theory with the comparison principle,
they showed the stability of the disease-free equilibrium and analyse the
reproduction number of the system. Their model through the basic
reproduction number indicated that the transmission of malaria was highly
influenced by the biting rate. Their result showed that when prevention
measures are employed, it is difficult for the required goal to be achieved but
in the long run those measures are achievable making their numerical result to
prove their assertion of mathematical attaining an Ro which is all inclusive
asymptotically stable at the ailment free state. The work done by Ross and
Mcdonald and the success in the methods and prevention strategies employed
in their work by policy makers has made researchers transfer the idea of
developing mathematical models to cater for other diseases. For example,
Bonyah et al. (2017) analysed an SEIR Zika virus transmission model by
incorporating time dependent controls to ascertain its optimal effect of bed
nets, treatment of infective and the application of insecticides sprays. The basic

principles of mathematics were used to determine the local and global stability
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of the model. By applying the center manifold theorem, they observed a
backward bifurcation phenomenon in their work. The Pontryagin’s Maximum
Principle were used to establish the optimal control of the Zika virus. Their
results showed that the best way to minimize the Zika virus transmission was
to optimize all the three controls implemented in their model and as a result,
the reduction of the disease could only be attained when all the controls are
taken into consideration. However, their model did not consider the
transmission of Zika virus through sexual means and as such their controls did
not cater for that approach. Although, treatment as recorded in their model
can provide a long term solution to that effect.

Goswami et al. (2018) studied a mathematical model that incorporated human
to human transmission of the Zika virus disease which was not recorded in the
work done by Bonyah et al. (2017). In their study, they introduced an inci-

Clp 1

, Where Clpis the infected force of the virus and
1+/, 1+/p

number of infected susceptible individuals when there is an increase in the

dence rate is the

infected compartment. They applied the Maximum principle as well in helping
to find an optimal control strategies that will help reduce the number of
infected Zika virus cases. Their result indicated that by applying two controls
that is insecticide-treated bed nets and the use of repulsive lotions as well as
other devices to reduce contact rate, the transmission of the disease will be
curtailed.

In a similar manner, various mathematical models have been developed for
elephantiasis. Some of the most reached articles on this disease includes the
work done by (Bhunu & Mushayabasa, 2012). They developed an
epidemiological model that check the spread of lymphatic filariasis; the
causative agent for Elephantiasis. Their model incorporated treatment and
they observed that treatment has the possibility of reducing lymphatic filariasis

cases however, what their model could not record was the magnitude of those

23



reduction. But for an effective reduction of the disease, then treatment should
be given to those displaying symptoms as well as applying chemoprophylaxis

for exposed individuals.

In another work done by Nwadibia et al. (2018), a model for the transmission
of genital Elephantiasis was developed and investigated. Their model made
used of eight compartments with five for the human population and three for
the vector population. By using the Lyapunov function technique, they found
the stability of their to be globally asymptotically stable both at the disease-
free and endemic equilibrium. Results from their numerical simulation showed
that even when the individuals infected with elephantiasis are put on
treatment, eradicating the disease will not be achieved. However, for an
effective eradicating of the disease lie in treating individuals who are rather
displaying symptoms of the disease.

Over the last decade, researchers have been hit with the situation of
developing complex models to deal with individuals suffering from various
forms of diseases ranging from single infection to multi-infection. By single
infection; this refers to an individual suffering from one disease. Many of these
works are recorded and published online, however much concentration are
given to single infection diseases like HIV/AIDS, Tuberculosis, Human
Papillomavirus, Syphilis, Malaria etc. Moreover, co-infections refer to an
individual suffering from more than one disease and notably among them is
Mutua et al. (2015), who developed a co-infected mathematical model of
malaria and typhoid fever in Kenya. By analysing the model mathematically,
they identified distinct features of typhoid and malaria infection dynamics that
lead them to come out with relationship associated with their co-infection. By
investigating two threshold and one threshold for malaria and typhoid
respectively the global dynamics of the disease was determined. The numrical

results by the use of data from the Eastern Province of Kenya depicted
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illustrative graphs on what led to a possible false diagnosis that come out from

this co-infection.

2.6.1 Multi-Infection Models

Multi-infections which is an emerging area is the process where an individual
is suffering from more than two diseases. It is attracting an attention in the
epidemiological world. Notable among them are Okongo et al. (2015) and
AmoahMensah et al. (2019).

Okongo et al. (2015), built up a scientific model to decide the steadiness of an
individual multi-contaminated with HIV/AIDS, Tuberculosis and Malaria. By
characterizing an arrangement of twelve (12) differential conditions, the model
was examined to acquire the conditions for the solidness of the equilibria
focuses. The model was recognized to show a retrogressive bifurcation marvel;
a scenario which pose serious as to how the multi-infected disease can be
effectively controlled. To come with a convincing result, the model HIV/AIDS
only model was analyzed to ascertain the stability of the equilibria so as to
determine the role of both counselling and treatment in controlling how the
disease spread. Their results show that increasing ARV treatment without
incorporating effective counselling will increase the reproduction number and
vice versa. Their work therefore suggested that for HIV/AIDS to be controlled
then the emphasis should be on counselling rather than treatment.
Furthermore, a complete success would be achieved if the reproduction
number for the transmission of both malaria and tuberculosis is also brought
to a number below unity.

But, when it comes to the development of multi-infection models, work has
been done on the likes of diseases such as HIV/AIDS co-infection with other
diseases like Tubercuosis; HPV etc with very few works done on the multi-
infection of neglected tropical diseases which the zika-virus, elephantiasis and
malaria are not excluded; a motivation for this work since all three disease are

caused by the mosquito parasite.
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2.7 Mathematical Tools

2.7.1 Basic Reproduction Number, Rq

The mathematical models use a threshold number that defines the most
significant aspects of transmission for any infectious disease. This threshold
number in this context is called the basic reproduction number which is defined
as the average number of infected individual produced in a population when a
single infective individual is introduced into a wholly susceptible population. It
is denoted by Ro. If Ro< 1, then the disease will fade out of the population and

Ro> 1 implies that the disease will invade the population.

2.7.2 Bifurcation Analysis

Theorem 1

Consider a general system of ordinary diferential equations with a parameter

*,

8

X _ fx6), f: R"xR = Rand f € C¥(R" xR) - R, dt

where 0 is an equilibrium point of the system (that is, f(0,6*) = 0 for all 8*) and

Jf
Al: A =Dxf oxi is the linearization matrix of the system

around the equilibrium 0 and B8* evaluated at 0. Zero is a simple

eigenvalue of A and other eigenvalues of A have negative real parts.

A2: Matrix A has a non-negative right eigenvalue w and a left eigenvector v
corresponding to the zero eigenvalue.
Let fx be the k" component of f and

n dek
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a = ki j=1VkWiwk 9.9 xi (0,0)

n ka
0

b= k,Zi=1VkWid xi98+(0,0).

Then the local dynamics of the system around 0 is totally determined by the

signsof aand b

1. a>0,b >0. When 8*< 0 with 1B*| < 1,0 s jocal asymptotically stable and

there exist a positive unstable equilibrium; when 0 < B* < 1,0 js
unstable and there exists a negative, locally asymptotically stable

equilibrium;

2. a<0,b<0. When 8*< 0 with 1B*| < 1,0s locally asymptotically

stable, and there exists a positive unstable equilibrium.

3. a>0, b<0. When 8*<0 with |B*| < 1.0 s stable and a positive

unstable equilibrium appears;

4. a <0, b >0. When 8* changes from negative to positive, 0 changes its
stability from stable to unstable. Corresponding a negative unstable
equilibrium becomes positive and locally asymptotically stable.
Particularly, if a > 0 and b > 0, then a sub-critical (backward) bifurcation

occursat x=0. 8

2.7.3 Sensitivity Analysis

The parameter values and assumptions of any model are subject to changes
and errors. Sensitivity analysis is broadly defined as the investigation of these
potential changes and errors and their impacts on the conclusions to be drawn

from the models. Sensitivity analysis therefore helps to establish confidence in
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the model by studying the uncertainty associated with the parameters in the
real world. It is derived by applying the definition below:

Definition 1

A sensitivity index is a number calculated by a defined procedure which gives
information about the relative sensitivity of results to different parameters of

the model.

Sensitivity indices allow us to measure the relative change in a variable when
the parameter changes (Martcheva, 2015). The sensitivity index is of a variable

u that is dependent on the partial derivative of z is defined as

u du z
Ez= X

0z u

Therefore, sensitivity indices of Rowith respect a parameter v can be defined
as

EzRo="0RO X vV—
0z Ro

If the model is simple, it may be possible to take the derivative of the outcome
with respect to each parameter in each of them. The derivatives are the rate

of prediction with respect to the parameters.

2.7.4 Optimal Control Method

Over the years optimal control has become an important mathematical tool in
disease modelling. Optimal control is generated from calculus of variation and
is very important in making a decision regarding difficult situations such as
biological, finance, economic, ecology and many others. The behaviour of the
differential equation of the model is explained by the state variable(s). The

assumption is that there is a way to deal with the state variables say Sy, by
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acting upon it with the suitable control. The main aim is to adjust the control u
to minimize or maximize the objective functional J(u(t),x(t),t) that attains the
desired aim and the required cost to arriving at it. The optimal solution is then
achieved when the required goal is achieved with reasonable cost. The
functional is dependant on the control and the state variables. Various
methods of computing optimal control are employed, but for the purpose of
this thesis, the principle of Pontryagin Maximum Principle would be employed.
This allows the computation of the optimal control for an ordinary differential

equation model system with given constraints (Gerdts, 2011).

2.7.5 The Pontryagin Maximium Principle

The principle states that the optimization problem J(u(t),x(t),t) can be solved
using Hamiltonian function H over a certain duration. That is, the principle
converts the maximization or minimization of the objective functional J
together with the state variable into maximizing or minimizing the pointwise

the Hamiltonian with respect to the control (Gerdts, 2011).

Theorem 2

Following Lenhart & Workman (2007) in order that u*(t) and x*(t) be an
optimal problem, it is necessary that there exist a piecewise differential adjoint
variable

Y(t) for all 0 < t < T we have Y(t) 6= 0 such that forevery0 <t <T,

H(tx*(t),u(t),Y(t) < H(tx*(t),u*(t),Y(1)),

for all controls at each time t, where H is

H = g(tx(t),u(t)+Y(t)f(tx(t)+u(t))
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and

dt ox
Y(tr) =0.
2.7.6 Necessary Condition

If u*(t) and x*(t) are optimal, then the following conditions hold: and

Y(t) OJH(t,x* u*(t),Y(t)
d

2.7.7 Sufficient conditions

If all the functions fiand g are jointly convex with respect to x and u and if Y;(t)
> 0 we have a set of sufficient conditions for optimality.

In this situation Y(t) is the co-state variable which denotes the increase of the
objective functional as a result of marginal increase in the state variables. At
any particular moment the policy maker can apply the control variable to
generate direct contributions to the objective functional (represented by the
term f(t,x(t),u(t),Y(t)) in the Hamiltonian), can use the control variable to
change the value of the state variables in order to generate contributions to
the objective function in the future. The indirect contributions are measured
by the term

Y(t),g(tx(t),u(t)) in the Hamiltonian.
CHAPTER THREE

METHODOLOGY
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3.1 Introduction

Compartmental models have been described as strong and well established
mathematical tools for explaining disease epidemics in the population. These
models provide a suitable framework in which individuals in different
compartments can be described in mathematical terms based on their
relationships. The models assume that the population can be divided into
compartments that are homogeneous in relation to a particular characteristics.
They make it easy to determine prevalence and incidence of disease at various
times from the mathematical equations derived.

In this chapter, a mathematical model to explain the transmission dynamics of
a multi-infection disease that is Malaria-Zika-Elephantiasis model is developed.
The next section presents the basic properties of the model. The analysis of the
model where the basic reproduction number, the disease free equilibrium and
endemic equilibrium states, as well as their stability for the equilibria were also
investigated. The approach to perform the numerical simulation was discussed

in the last section.

3.2  Model Formulation and Description

The proposed model subdivides the human population into eleven
compartments namely: susceptible individual (Ss), infectious malaria
individuals (/m), infectious elephantiasis individuals (/r), infectious zika virus
individuals (/;), individuals infected with both malaria and zika virus (Imz),
individuals infected with both malaria and elephantiasis (/ms ), individuals
infected with both zika virus and elephantiasis (/s), and individuals that are

infected with all three diseases
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(Imzr) known as the multi-infection. Individuals that recover from malaria only
are denoted by Rm, while those that recover from zika and elephantiasis only
are denoted by (R;) and (Ry) respectively.

The mosquito population is also partitioned into four compartments, that is,
susceptible mosquitoes (Sm), female anopheles mosquitoes infected with
malaria parasite (/p), female Aedes aegypti mosquito infected with zika virus
(/a) and female culex mosquito infected with round worm (/).

Susceptible individuals were recruited into the population at the rate Myand
susceptible mosquitoes were also recruited at the rate Mm. Susceptible
individuals get infected with malaria through a bite from infectious female
Anopheles mosquitoes at the rate ém. Zika infection was also acquired through
a bite from infectious female Aedes aegypti mosquito at the rate &, and
Elephantiasis infection occurs through a bite from infectious female mosquito
with worm infection at the rate &7. Individuals exit the population through
natural death at the rate uy and the mosquito population is also reduced at a
natural death rate denoted by um. Individuals can also exit through malaria
induced death rate n. For co-infection to occur, individuals with malaria
infection can either get zika or elephantiasis infection when bitten by infectious
female aedes mosquitoes with zika virus or female Culux mosquitoes
respectively and vice versa.

The state variables and parameters describing the assumption upon which the
flowchart as shown in Figure 4 was obtained for the transmission dynamics of

the infection are presented in Table 1 and 2.
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Figure 4: Flow diagram for the Multi-infection model of System 3.1.

Table 1: Description of state variables.

HpRy

Trly

(i + Mnzr

—

—

J’z[mn

Hnlzs

State Variable

Description

Sn(t)

Susceptible individuals.

Im(1)

Individuals infected with Malaria.

33




Individuals infected with Zika virus,

I:(t)
If(t) Individuals infected with Elephantiasis.

Individuals infected with both Malaria and Elephantiasis.

Ima(t)

Individuals infected with both Zika virus and Elephantiasis.
1L () Individuals infected with both Zika virus and Elephantiasis.
zf

Imzf (t) Individuals infected with both Malaria, Zika virus
and Elephantiasis (multi-infected individuals).
Individuals recovered from Malaria.
Rm(t)
R.(t) Individuals recovered from Zika virus.
Rs (t) Individuals recovered from Elephantiasis.
Susceptible mosquitoes.
Sm
| Anopheles female mosquito infected with malaria parasite.
p
| Aedes aegypti mosquito infected with Zika virus.
a
Culex mosquito infected with worms that causes
Iw Elephantiasis.

Table 2: Description of model parameters.

Description of Parameters

Parameters
o Rate at which one acquires malaria infection.
o Rate at which one acquires Elephantiasis infection.
s Rate at which one acquires Zika virus infection.
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Rate at which one recovers from Malaria infection.

Tm
Rate at which one recovers from Zika virus infection.
Tz
. Rate at which individuals recovers from Elephantiasis.
T
" Recovered individual’s loss of Malaria immunity.
" Recovered individual’s loss of Elephantiasis immunity.
Um Probability of an individual getting infected with Malaria
from a mosquito parasite.
v/ Probability of an individual getting infected with Elephantiasis
from a mosquito infected with worm.
Uz Probability of an individual getting infected with Zika virus
from a mosquito with zika infection.
Number of bites of humans per Anopheles mosquito per unit
ém time.
5 Number of bites of humans per Culex mosquito per unit time.
Number of bites of humans per Anopheles mosquito per unit
6z time.
3.2.1 Mathematical Representation of the Model

The model equations are given by:

dididtdtdtms=== NaamfhSS+pn+P—RT(mTmml+m+d+nNRT+fz—lo¢(for+mor+z

- (Tf_l' az‘*‘”h)lfa

1
+0z+h) O f ++TUM) mfSh, + Tzl mg,
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dlz +Tf Izf
= azSh +Ttmimz — (T, + O + o+ un )L,
at
dididtdtmfr== aazfllmm++Ttfzl mzfmzf ++otammll ¢
“=((trzr++nn++aafz++ttmm++upnh) ) mzmg,

?
arm

— = azlf +tmlmzf + oyl — (Tf + 1+ O + T + L), I
dImzfdt
= amly +0f Imz +0zlmg —(Tm +n +Tf +Tz +Uh) Imzf,
dRm
J— = Tmlm _(()L’ +I"lh)le
dt
_dRs
= Tyl =(¢ +un)Ry,
dt
dt
dRz-
= Tzlz —uhRz,
at
dSm
= Mm —(Ap +Aw +Aa)Sp,
dt
- ApSm _Ilmlp,
dt
dlw
dlp
= AWSm _Ilmlw, dt
dlq
= AGSm _Ilmla,
dt

where, Imémlp
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(3.1)



Om= , Of= , Oz = 926210
Nh Nh Nn ,
OmSm(Im +Imz +Imf +Imzf ) Ap = |
Of Of (If +Imf +lzf +Imzf ) B Aw =
Sm; g
my
Nh
U262(Iz +Imz +lzf +Imzf ) Aa = Nh |
Sm.
Np (3.2)

The associated total population for humans and mosquitoes are respectively;

Nh = Sh +Im +If +1z +Imz +Imf +fz +Imfz +Rm +Rf +Rz, (3.3)

and

Nm = Sm+lp +ly +lq (3.4)

and are subject to the following initial conditions Sn(0)=Sk°, Im(0)=Im°, If(0)=
lof, 12(0) = Iz0, Imz(0) = Imz0, Imf (0) = Imfo, Izf (0) = Izfo, Imzf (0) = Imzfo, Rm(0) =
R%x, Rs(0) = R%, R,(0) = R%and Sm(0) = /p(0) = Iw(0) = Ia(0) = 0. We therefore
proceed by stating some important basic properties for the System

3.1.

3.3  Analysis of Multi-Infection Model

This section accounts for the basic properties as well as the stability analysis of

the System (3.1).

3.3.1 Invariant region and Positivity
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This is the domain in which the solution of the System (3.1) makes sense
biologically while the positivity of the solution describes the non-negativity of
the solution. It shows that all feasible solutions are uniformly bounded in the
proper subset Q = Qn xQp. All the state variables and parameters for the

System 3.1 are non-negative for all t = 0.

Theorem 3

The solutions of System 3.1 are contained in the region Q = Qp xQpm.

To show that all feasible solutions are uniformly bounded in the proper subset

Q, Equations 3.3 and 3.4 are applied. Thus, from Equations 3.3 and 3.4, we
respectively have:

dNp
— =Ma=pnNp, dt
and
de_ =m
_I.lmNm. dt

Applying the approach in Birkhoff & Rota (1982) on differential inequality, it follows

that:

dNp
< dt. Nh
—uUhNp
Integrating both sides gives:
Z dNp Z
£ dt
Mh —unNp
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- In(Np=unNp) <t +¢ uhIn(Np
—unNp) = —pun(t +c),

== Mh—uUnNn = e-ph(t+c),

Mh —uhNh = Ae-punt, (3.5)

where A is a constant. Substituting the initial condition into Equation 3.5 gives

Ny —pnNp 2 [Nh—unNa(0)]e#0t (3.6)
= Ny < —— (0)
Nh M h —uhNh
e-unt. (3.7) uh Uh

Thus as t —— oo, the size of the population approaches

nh
0<Nps __.

Uh

In a similar manner, same can be done for the mosquito population to obtain

—2 { Nm NMm Nm =umNm(0)e-ymt.

Hm Um
Thus as t —— oo, we have:
O<Nms _.
Um

Hence, the feasible solutions for both human and mosquito population for System

(3.1) is given by

Qh = {(Shalfrh[ja].:uLJz:a]:nj'~Iz_)" R11 <Mp —
,Imfz,Rm,Rf,Rz) € +: Nh(t) un
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and

I1,
= {(Sm:[,mlw-.la) € Rj_ : Nm(t) < ”}

Qm ~ Hm (3.8)

Hence the feasible solution set for the multi-infection model is given as

- {(Sh’ I Ip Ly Doy g A g I

;Imfz;

Ry, Rf Re, S Iy, Iy, 1) € RY 2 (3.9)

Mh
Sh,Im,If,Iz,Imz,Imf,Ifz,Imfz,Rm,Rf,Rz : Nh(t) <

11
;Sm,Ip,Iw, la Nm(f) < l}

Uh HUm
(3.10)

Thus, System (3.1) is positively invariant and well posed in the domain Q.
3.3.2 Positivity of State Variables

The variations in the population were studied under certain conditions in the
model System. We assumed that the variables and parameters are positive
entities for all time values t = 0. Since it is also irrational to have a negative
population density, it is necessary to prove that all state variables are non-
negative.

Hence, we apply the following lemma.

Lemma 1

If Sh(0) > 0,/m(0) = 0,/ (0) = 0,/z(0) = 0,/mz(0) = 0,/ms (0) = 0,/5(0) = O,/mz(0) =
0,Rm(0) = 0,R;(0) = O,R.(0) = 0,54(0) > 0,/,(0) = 0,/w(0) = 0, and /a(0) = 0, then
the solution S(t), Sm(t), Im(t), I (t), I:(t), Imz(t), Ims (t), Ir(t), Ime(t), 1o(t), Iw(t),

la(t), Rm(t), Rs(t), and R;(t) of System (3.1) are positive for all t = 0.

We define

t*=sup{t >0 : Sh(t) > 0,Sm(t) > O,/m(t) = 0I5 (t) = O,1x(t) = O,Ims(t) = O,
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O,Rm(t) = O,Rf(t) = O,Rz(t) = 0}

This implies that

Sh(t),Sm(t), Im (), 15 (£), (), Imz(£), Img (), 15 (E), Iz (£), Lo (), I (t),1a(t), Rm(E), R

(E),R:(t) >0V t € [0,t").

Considering the first equation of System 93.1), we have:

dSh
_ =MNh+YRm +PRr—(am +a; +af+un)Sh. dt
Since My, Y and ¢ are positive, it implies that:

dSh
= —(am+a;+ag+un)Sh, dt
ZdSh Z
> - (am+o +as+up)dt,
Sh

InSh = —(otm +otz +ots+un)t +c,

Sh 2 Ze-(am+az+as+up)t,

where, Z = e°. At t = 0,5,(0) = Z. Therefore, Sp(0)e-(@m+az+af+unt > Q,

Similarly, from the second equation of System (3.1), we have:

dim
= amSh+Tf Imf+Tzlmz —(Tm +n +af +om +pn)Im,
dt
Al
==2 —(up +eta+tm +as+a;)lm, dt
Zdlm Z
==> - (un+n +Tm +as+a;)dt,

Im
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INlm 2 =(un+n +Tm +or+a;)t +c,

Im 2 e-(untn+Tmtop+ar)t+c.

Representing A = e“ gives:

Im = Ae-(uptn+Tm+ag+az)t.

At t =0 and Im=In(0) gives:

Im 2 Im(0)e-(ur+n+tm+af +a?)t 2 0.

The right hand side of System (3.1) is clearly positive. Thus, the solution of I, will
always be positive. In the same way, it can be shown that lf(t), I.(t), Im(t),
Imf (£), (1), Imfz(t), Rm(t), Rr (t), R(t), Sm(t), In(t), Iw(t) and Is(t) > O for all t >0

and this completes the proof.

333 Disease Free Equilibrium (DFE) Points

The disease free equilibrium points denoted by Em; are the steady state
solution where there are no malaria, zika virus and elephantiasis disease in the
population. It can be determined by putting the right hand side of the infected

compartment in Equation (3.1) to be equal to zero. That is

Im=lf=lz=Imz=Imf=lzf=Imzf=lp=Ilw=la=0.

Since no infection implies no recovery, it further implies that:

an:Rf: Rz=0.
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Hence, we obtain:

Mn (3.11)
Np=urSh=0== Sp= _h
Uh
n
Nm—UmSm=0==>Sn= _m (3.12)
HUm

Therefore, the disease free equilibrium point for the multi-infection state is given

as:

= (Shr[malj'r]:11111:11111_/'1]:j';[m:,j'aRm;RfaR::Smw.]palu-'ala)

I I
= (—’"’,0,0.0,0‘0,0.,0,0,0,0,u—m,o,o,o).

h m

Emzf

3.3.4 Basic Reproduction Number Rg

In this subsection, we compute the basic reproduction number, Ro. It is the
expected number of secondary cases, taking into consideration the complete
population of the susceptible individuals having an infected individual who
serve as an index case during the entire period of infectiousness (Van den
Driessche & Watmough, 2002). It is a very essential tool use in epidemiological
modelling of diseases. It is used to determine whether the disease is invading
the population or the disease is dying out of the population. When Ro= 1, we
have the point in which the generation of secondary cases are not adequate
enough to sustain the infection within the human community. However, if Ro <
1, then it means that the rate at which an individual infect another individual
is slow and hence the disease will gradually fade out or can be eradicated out
of the population. Furthermore, if Ro = 1, then the rate at which an individual
infect another is high and as a result the disease will be rampant in the
population. The implication here is that in order for a population to completely
eradicate the disease from the population, the value for the basic reproduction

number should always be less than unity (one).
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In order to compute Ro, let us suppose that there are n compartments of which
the first m compartments corresponds to infected individuals. Let Fi(x)
represents the rate of appearance of new infections in compartment i such that
Vit = Vi (x)-Vi*(x), where Vi-and Vi*is the rate of individuals moving out of the
ith compartment and the rate of transfer of individuals into compartment i by
all available means respectively. It is assumed that each function is
continuously differentiable at least twice in each variable. The disease
transmission model is made up of positive initial conditions together with the

following System of equations:

X = gi(x) = Fi(x)-Vi(x),i = 1,2,..,.n;

where n denotes the number of compartments with new infection.

Let

0.7; av;
= ) (x0) = o (xo ) -
F Xj and V ") with 1<) <m.
Here, F is non-negative and V is a non-singular matrix. However, both are mxm

matrices, where m is the number of infected classes and xo is the disease free

equilibrium point. Hence, Rois the largest eigenvalue of FV-1.

In order to obtain an expression for the basic reproduction number, there is
the need to rewrite System (3.1) starting from the infected classes and

followed by the uninfected classes.

dlm = OmbmlpSh —tmlm —(h +n)lm +Tf Img =OFf f lwlm +Tzlmz =026zl alm.
dt
dly
= Of 8f lwSh —(uh +Tf ) lf =OmOmlpls +Tmlms + Tzl =028zl
dt
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dl,
= @ZéZ/aSh _(TZ +Hh)lz _19m5mlp/z +Tmlmz +Tf/zf_19f6flwlz.
dt dimz = 0z6zlalm —(uh +n +Tm +12)Imz +Tf Imzs —Of 6f Iwlmz +Omémlpl-.

dt dimf = 0f 6f lwlm —(uh +n +Ttm +Tf ) Imf +Tzlmzs =026 zlal mg +Ombmlply.
—dt—

dl zf

= Uz26:zlaly —(uh +Tf +T2) Iz +Tmlmzr —OmSmlpl ¢ +0f 6f lwlz.
dt
dImzf

= OmOmlplys —(h +n +Tm +Tf +T2)Imzr +0f Of Iwlmz +826zlal .

= '(9‘m(lm +Imzf)5m _umlp. (3.13)

—_— = l?f (If+lmzf)$m _Ilmlw.

= Oz(I; +Imzf )Sm —Umla.
dt
dRm
= Tmlm —(Un +Y)Rm. dt
dRy
= Tflg=(un +@)Ry. dt
dR; = tzlz —uhR: dt

dSh=Nh +YRm +PRs—OmEmlpSh —uhSh —028215n —Of 6f lwSh.
dt
dSm

=Mm _umSm —l?m(Sm(/m +Imz +Imf+lmzf)5m _19f6f
dt

(If +Imf +lzf +Imzf )Sm —0262(Iz +Imz +Izf +Imzf )Sm.

We identify the matrices F and V for the new infection terms and the remaining
transfer terms at the disease free equilibrium using the next generation operator

method as described by Van den Driessche & Watmough (2002) respectively.

mlp Of 6f Iw U:26z1a
Sh - Im— Im
h Nh Nh

97 6f Iw Imémlp 326zla
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and

Sh - If— If Bl

Nh Nh Nh
926zla Onémlp Of 61 Iw

Sh - Iz - Iz

Nh Nh Nh

B Spbsla Uf Of Iw Umdémlp

N

@ Im - Imz + Iz

Nh Nh Np

HSFw ~Gzbzle- Gmbmip
Im— Imf + If

F & Nhn Nh Nh
=0

U26zla Imbmlp Uf 6f lw

If- Izf + Iz
Nh Nh Nh
R9mémlip 97 6f Iw U26zla
Iz + Imz + Imf
Nh Nh Nh
OmOm(Im +Imz +Imf +Imzf )
ESm
Nn
Of Of (If +Imf +1zf +Imzf )
2ISm
Ny
(Iz +Imz +1zf +Imzf )
U26:
Sm
Nh
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(uh +n +Tm)lm =Tf Imf =Tzl m;

(uh +tf )l =Ttmlms =Tzl

(Tz‘f'ﬂh)[z -1

mlmz —Tf Izf
(.uh + n + T + 'r:)[m: -7

flmzf

(uh +n +Tm +Tf )lmf —Tzlmz 210
¥ (.uh‘i'rf""f:)]zf_’f
mlmzf 2.

(uh +Tf +T2) Lz —Tmimzf

(Uh+n +Tm +Tf +T2) I mzf

B =
B =

=
=

pmlp

B =&
B =

=l
=
=l
=

Umlw
Umla

=l

The Jacobian matrix of Fand V are given as

-a11 0 0 0 0 0 0 a8 —0d19  -ax
729 —a.%()‘
40
0 -a22 0 0 0 0 0 -0 d
20 '
19 *a6o|

20 0 —ads3 0 0 0 0 —dad38 —d39 a 30 ‘
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@l as1 0 as3 —qa4 0 0 0 g38 —-a49 a

a44 a43 0 0 -a41 0 0 a8 a
F=10,
0 asl a44 0 0 —043 0 —-068 @39 a
0 0 0 aaa aal a43 0 aes a49 ae0
as1 0 0 asa ass 0 as7 0 0 0
0 a92 0 0 ass as6 497 0 0 0
0 0 a103 Q104 0 a106 @107 0 0 0
where,
.6.1 3,0
= ( oféf + ¢ ° G)ng = " lwmSh O 6 Im 8:26zIm a11
,al9= g0 = , Nh Nh Nh Nh
Nn
= ( + )7“28 = a = , 29 f
Imémlp Bz6z1a Ombmlf &
Of Sh 0z6zIf 022 ,a30 = ,
Nn Nh Nn Nn Nn
= ( + ) a3y = .a = Umbmlp Ofb6flw Ombml:
97 6flz 9:6:5h a33
39 ,a40 = , Nh

Nh Nh Nh Nh
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Sm

Uz6zla Imbmlp U7 6f Iw 9f 6f Imz U26zImf
aal = aa3 = ad4 = aa9 = ,d60 =
Nh Nh Nh Nh Nh
Imémlzf Ombm(Imz +Imf +Imzf) OmSm(Im +Imf +Imzf )
a78 = ,081 = Sm,a84 =
Nh Nh Nh
Om&m(Im +Imz +Imzf ) Omém(Im +Imz +Imf)
ass = Sm,as7 = Sm,
Nh Nh
Of Of (Imf +1zf +Imzf ) Of Of (If +1zf +Imzf)
a92 = Sm,a95 = Sm,
Nh Nh
Of F (I +mg +lmzr) Of 6f (If +1ms +1zr)
096 = Sm,a97 = Sm,
Nh Nh
U26z(Imz +1zf +Imzf) U20z(1z +1z5 +Imzf )
a103 = Sm,a104 = Sm,
Nh Nh
19252(/2 +Imz +/mzf) 19252(/2 +/mz +/z_f) di06 =
Sm,0107 = Sm.
Nh Nh
b1100 -b14-b1500000
0 bxn O 0 —bas —bia 0 0 0 0
0 0 b3z —bys 0 -b1s 0 0 0 0
0 0 0 bas 0 0 -bis O 0 O
0 0 0 0 bss 0 -bisa O 0 0

V=0
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0 0 0 0 0 bes  —bas

20 0 O 0 0 0 b77
20 0 0 0 0 0 0 b

@o 0 O 0 0 0 0

where,

0 0 0
0 0 O
gg 0 0
0 bss O
0 O bss

b11 = (uh +n +tm),b14 = t2,b15 = Tf,b22 = (Uh +Tf ),b25 = Tm, b33 = (Uh +T2),

bas= (un+N +Tm +T2),bss = (Un +0 +Tm +T¢),bes = (U +T7+T2),

b77 = (Uh +n +Tm +Tf +12),bgg = Um.
c1100 —c14¢c150¢c17000
0 c2 O 0 C25 C26 C27 0
O O ¢33 3 0 c36c37 O

0 0 0 Ca4 0 0 Ca7 0

V-1= 0 0 0 0 ¢ss 0O ¢7 O

O 0 O 0 0 Ce6 C67 0
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0 o@
0 0@
0 o@
0 0@

@,
0 0@
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=
=

=l

@o 0 O 0 0 O ¢v 0O O O

sg 0 0O

@o 0 O 0 0 0 0 ¢

@o 0 O 0 0O 0 O O ¢ 0O

0 0 0 0 0 0

0 0 Css

where,
1 Tz
Ci1= Cia=
(uh +n +Tm) (ph +n +Tm) (uh +n +Tm +T2)
[5j
Ci5=

(uh +n +tm) (uh +n +Tm +17)

Tzfj'(.uh + AT FT) + Tsz(ﬁh +N+ T+ Tf)
i1 4 T ) (11 T+ %) (A1 T =+ Tp) (B 1+ T+ T 4 T2),

17:(

c
1 m Tz
c2= 8 _ &= €26 =
(un +17) (un +17) (Un +n +Tm +T5) (un +17) (un + 17 +T2)
— Tsz(uh""n +Tm+rf)+’czrm(#h +Tf+rz)
¢ () + 0+ T+ ) (U + T+ T) (Me + 1+ T+ T+ 7).
1 m Tf
€33= (3= , ,
(uh+12) (uh +12) (Uh +n +Tm +12) (Uh +T2) (Uh +Tf +T2)
3= TfTm (,uvh +N+Tn+ fz) + Tfﬂn(#h + Tr + TZ)
;=
c (Mp + 7)) (U + 1+ T+ 7)) (1 + Tr + T)(Mp+M+ T+ T+ Tz.),
1
44 =
Cc (Ju‘h +N+Tn+ Tz),
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Tf
Ca7=

(Un+n +Tm +T7) (Un +N +Tm +TF+17)

1
55
c (Jufz +N+ T+ T_f')l

1z

Cs7=

(Un+n +Tm +T¢) (Un +1 +Tm +Tp+T5)

1 Tm
C66 = c67 =
(n +T5+T2) (n +Tr+T) (Un +1 +Tm +T5 +T2)
1 1

c (uf? +N+Ty+ 73 + T:_) 12

The next step is to determine FV-!and it is obtained as:

di 0 0 d2 d3 0 da ds d7
de 13 dia ‘
21
0O ds O 0 dodiodi1dizd

0 O d1s dis 0 d17 dis d1s d2o0d

dzz 0 d23 d24 d2s5 d26 d27 d28 d29 d30
— )
= |ds; 39
Fv d32 0 d33d3sd3sd3ed3zdisd
dao ds1 ds2 da3 dasa das dae daz
0 ds1  ds2 dast

0 0
daos  dso de> de3 ds3  dss

do O o ger des de7 o o dss@28
dea

0 des
0 0 0 o0
0
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o =
=l
o

0
where,
Uf 6f lw +026:1a) O7 6f lw +926:z1a tf (Of 6f Iw +U26z1a)
di= d2= ,d3 =
Nn(uh +n +tm) Nn(uh +n +tm) Nn(uh +n +tm) (uh +n +Tm +17)
(Of Of lw +0z26zl0)Tztf (Uh +n +Tm +T2)+Tf Tz(Uh +n +Tm +T7f ) da =
Nn(uh +n +Tm) (uh +n +Tm +12) (Uh +n +Tm +Tf ) (Uh +N +Tm +Tf +T2)
Tm(Oméml — p+0:621a) Tz(OmOmlp +026z1a)
ds= dio=
Nn(uh +tf ) (Uh +n +Tm +Tf) Nn(uh +tf ) (uh +1f +12)

(Omémly +026z1)Tztm(uh +n +Tm +7f )+Tztm(uh +7f +72) di1 =

Nu(uh +1f ) (uh +n +Tm +12) (Uh +TF +T2) (U8 +1n) +Tm +Tf +T2)

Imémlf Of6F Sh 3282l Imbmlp +55 6f Iw d12 = ,d13 =
,d14 = ,d15 =
Npum Npum Npum Np(uh +12)
Tm(Omémlp +0f 61 Iw) 7f (Ombmlp +0f 6f Iw)
dis = ,d17 =

Nn(uh +t2)(uh +n +Tm +12)  Na(un +12) (Uh +71 +72) 77 Tm((OmSml, +0f
Of lw) (Uh +N +Tm +T2)+(uh +Tf +12)) dhg =

Np(un +t2)(uh +n +Tm +12) (Uh +Tf+T2) (Uh +1) +Tm +Tf +T2)

Iméml: G761 1z 926:5h 9:26:z1a Imémlp
dio = d2o = ,d21= ,d22 = d23 =
Npum Npum  Nppum  Np(uh +n +tm) Na(puh +12) tTmOmdmlp 12026210 dra =
Np(uh +t2)(Uh +n +Tm +12) Np(pn +n +tm)(uh +n +Tm +12)
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- 97 6f Iw ,d25 =

9:6z1atf ,
Nn(uh +n +Tm +12) Nn(uh +n +Tm)(Uh +n +Tm +Tf)
Imémlptsf
de=
Nu(ph +12) (uh +1f +12)
OmOmlptztf ((Uh +n +Tm +12)+(Uh +Tf +12))
dy7 =

Nn(uh +t2)(1h +n +Ttm +12) (Uh +TF +T2) (Uh +10) +Tm +Tf +T2)

Ombmlytf tm((Uh +n +Ttm +12)+(Uh +Tf +12))
+

Np(uh +t2) (1h +n +Tm +12) (Uh +Tf +T2) (Uh +1 +Tm +Tf +T2)

- Uf 6f Iwtf <

Np(uh +n +Tm +12) (Uh +n +Tm +Tf +T2)

Imbéml:z 9f 6f Imz 326:zIm 97 6f Iw
,d29=— ,d30= ,d31= , Npum

ds =

Npum Nppth Np(h +n +tm) Ombémip tauzOf Of Iw

d32= ___ d33=
Nn(uh +tf) Nh(uh +n +Tm)(uh +n +Tm +12)

— gifbflw Ombmilptmdzs =+

Np(uh +n +tm)(puh +n +Tm +17) Np(uh +tf ) (1h +n +Tm +7f)

- 926zla ,d35 =

Tz20mémlp

Nn(uh +n +Tm +1f) Nn(uh +t7 ) (Uh +Tf +T2)
Of Of lwtztf ((uh +n +Tm +12)+(Uh +n +Tm +1f))
d36 =

Nn(ph +n +tm)(Um +n +Ttm +t2) (Uh +n +Tm +Tf ) (Uh +Nn +Tm +Tf +T2)

OmOmlytztm((uh +n +Tm +1f )+(Uh +1f +12))

Nn(ph +tf ) (uh +n +Tm +12) (Uh +TF +T2) (Uh +0 +Tm +Tf +T2)

- T2026:z1a
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Nu(uh +n +Tm +7f ) (Uh +n +Tm +Tf +12)

Imémlf 97 6fIm 26zImf 926:z1a
d37= ,d38 = d39 = ,dwo=

Npum — Nppum  Npum  Np(pun +t7) O 6f lw tmUf 6f Iw
dar= _____ ,da=

Np(uh +12) Np(un +t2)(1h +n +Tm +12)

Tmz6zla

daz=

Nn(uh +tf ) (Uh +n +Tm +1f)

12926z1a T Or 6f Iw Imbmlp
daa= + -
Nn(uh +tf ) (Uh +Tf +12) Np(uh +12) (Uh +Tf +12) Np(uh +Tf +12)
Uz6zltztm((uh +n +tm +7f ) +(uh +1f +12)

das =

No(un +T¢) (L +0 +Tm +T2) (Un +Tr+T2) (U +0 +Tm +T+T2)

Of 6f lwtf Tm((th +n +Tm +T2)+(uh +Tf +12))
+
Nn(uh +t2) (1h +n +Ttm +12) (Uh +T7 +T2) (Uh +0) +Tm +Tf +12)
- TmOmSmlp ”
Np(uh +1f +12) (Uh +0 +Tm +Tf +12)

ImOmlzf 97611z 9:6:1f 7 6f Iw

dae= _____ daz= ,dag = ,da9 =
Nmpm Npum Npdm Np(uh +n +tm +12) 826zl Omémlp
dso = ,ds1=
Nn(ph +n +tm +17) Nn(uh +Tf +12)
T Of6F1 —-w

dsy =

Nu(uh +n +Ttm +72) (Uh +n +Tm +Tf +72)

12629:1a

Nn(uh +n +Tm +Tf )(1h +n +Tm +Tf +T2)
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TmImOmlp
+
Np(ph +1f +12) (Uh +n +Tm +Tf +12)

Imbmlzf Of 6f Imz O26zImfds3a=___ dsa
= ,d55 = , Nhpum Nhpm Nhpm

l?mdm(lmz +Imf +Ime)Sm d56 =

Nu(uh +n +tm) Omém(Im +Imf +Imzf )Sm Tz0mOm(Imz +Imf

+Imzf )Sm ds7 = — ,
Nn(uh +n +tm +t2)  Na(uh+n +Ttm)(h +n +Tm +12) Tf
Ombm(Imz +Imf +Imzf )Sm Ombém(Im +Imz +Imzf )Sm dsg = — )
Nn(uh +n +tm) (Uh +n +Tm +17) Np(uh +n +Tm +17)

T T2((OmOm (Imz +1mf +Imzf ) (Uh +1n +Tm +T2)+(h +n +Tm +Tf))Sm
dso =

Nn(uh +n +tm)(Uh +n +Tm +72) (Uh +n +Tm +Tf ) (Uh +1 +Tm +Tf +T2)

T OmOm(Im +Imf +Imzf )Sm

Np(uh +n +Ttm +t2) (Uh +n +Tm +Tf +12)

T20m&m(Im +Imz +Imzf )Sm
+

Nu(uh +n +Tm +7f ) (Uh +N +Tm +Tf +T2)

Of S(Imf +1zf +Imzf )Sm deo =

Nn(uh +1£)

TmOf 8f (Umf +1zf +Imzf ) Sm Of &f (If-+Imf +Imzf )Sm ds1 = +

J

Nn(uh +tf ) (uh +Tf +T2) Nn(ph +n +tm +17)

120f Of (Imf +1zf +Imzf ) Sm_09f 8f (If +Imf +Imzf ) Sm dsz = +

J

Np(ph +tf ) (Uh +Tf +12) Np(uh +tm +1f)

T2Tm((Of Of (Imf + 12t +lmzr ) (Uh +n +Tm +Tf )+ (Uh +Tf +T2)Sm
de3 =

Nu(un +tf ) (uh +n +Tm +12) (Uh +Tf +T2) (Uh +0 +Tm +Tf +T2)

T20f Of (I5 +1zf +Imzf ) Sm
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Nu(uh +n +Tm +7f ) (Uh +n +Tm +Tf +12)

Of 6f tm(If +Imf +Imzf )Sm

Np(ph +1f +12) (Uh +n +Tm +Tf +12)

6f6f (If+/mf+/zf)5m
+

Nu(ph +n +Tm +1f +12)

U262(Imz +1zf +Imzf )Sm dea =

Np(uh +12) TmO262(Imz +Izf +Imzf )Sm U262(1z +1zf
+Imzf )Sm des = +

J

Np(un +t2)(1h +n +Tm +12) Np(uh +n +tm +12)
f1%282(Umz +17f +Imzf )Sm $262(z +Imz +Imzf )Sm dss =
+ ’
Np(ph +t2) (uh +17 +72) Np(uh +1f +12)

T Tf (0262(Imz +12f +Imaf ) (h +0 +Tm +T2)+(Uh +Tf +T2))Sm
de7 =

Np(uh +12) (uh +n +Tm +72) (Uh +Tf +T2) (U +n +Tm +Tf +T2)

Tf 0202(lz +1z7 +Imzf ) Sm

Nn(uh +n +Tm +12) (Uh +n +Tm +Tf +T2)

Tm0262(Iz +Imz +Imzf )Sm
+

Nn(uh +Tf +T2) (Uh +n +Tm +Tf +T2)

0252(’1 +1yf +/mz)5m
+

Np(uh +n +Ttm +Tf +12)

By the use of the next generation matrix, and applying the method used to describe
the reproduction number for multi-infection diseases in Okongo et al.

(2015); the basic reproduction number was obtained as
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1.932 SZ?H,,, Hp
(b + )T, Ry

\/ '19}]21 6,,2, Hm .ul'T =
(Julz +n+ T}]])thu“.'%" Rzv

Rma

19? 6% Hm Ly

:\/<

Hp + Tf)nhlugt ,

As the basic reproduction Ro for the malaria, elephantiasis and zika multi infection

model.

3.3.5

To determine the local stability of the disease-free equilibrium for the multiinfection

Local Stability for Disease-free Equilibrium

model of System (3.1), the following theorem is considered.

Theorem 4

The disease free equilibrium point is locally asymptotically stable if Ro< 1 (i.e Rma <

1,Rs< 1 and R, < 1) and unstable otherwise.

To investigate the local stability at the disease free equilibrium, we linearize

—b

JEO

0 0 0 0
by 0O 0 =
m
0 0 0 0
T"i
0 Tf
0 0 T-

—bys —by —ba —bg
[Jg 5 0 0 b25
0 by O 0
0 0 b2y b7

0 0

0
b]t)

by7

—bxw  —b3g

bas
bag

0

—b

—b3)
bas
bag

ba7
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System (3.1) by computing its Jacobian

matrix, Jeo to
@ (1} 00

0 O0-bs O
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

0 0

—tig)

b2

—b13

obtain

—b;  —by
0 0

0
b3 0
0
g 0
0b 4

-bis
00
0 0 0 -big
00 HMm

o O o o

o o



0 0 0 0 0 0-by 0 0 0 0 0
0 0 0 0 0 0 —un 0 0 0 0
0 0 0 -b3; 0 0 0
0 0 0 b3z —pm
0 0 0 bsa
0 - 0
0 0 0
bss 0 0

where,

b1= ,uh,bz = @mé-m,bgz = l?fé-f,b4 = l?zé-z,be = (uh +n +1'm),b9 = (uh +Tf), biz= (,uh +I'z),b15 = (,uh
+1 +Tm +Tm),b1s = (Un +1N +Tm +Tf),b20 = (Un +TF+T3),

UmémMmuh
b2 = (un +n +Tm +Tf +T2),b23 = (U +),b2a = (n +@),bos = O &f Mmun
Mhpum
U26:Mmu
b26 = b27 = hb28 =Tl muh(Gmém +0:62),
Mhum Mhpm Mhum
MNmuh Mmu
bag = (Ombm +0f 6f),b3o = h(926z +5f &),
MNhpum Mhpum
Mmu
bs1 = h(Ombm +826z +9¢ 6f),b32 = —um.

Mhpm
The stability of the multi-infections around Eny in JEois established if all the

eigenvalues have negative real parts. It is observed that the first, ninth, tenth,
eleventh and twelfth columns have negative real parts given by A1 = —un, Ag=

—(un+y), Ar0= —(un+@), A11 = —unand A12 = —um respectively. Hence,

the stability of the disease free equilibrium is dependent on the eigenvalues of
the sub-matrix of the Jacobian Je..
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=l
|
Q
oy
=

0 0 17 456 0 0 a2 0 0

0 _qB0 -G 0 o a5 a7 g 0 a3 0

als  aieé 0 0 0 0 a4

O 0 0 -a7 0 O as O 0 O

E, = 0 0 0 0 -a8 0 a7 0 0 0
JB

0 0 0 0 0 -0s  0dis 0 0 0

o 0 o 0 0 0 -aw O 0 0 Ba

a1l 0 0 g1l ai11 0 g1l —-a12 0 0
0 ai13 0 0 gi3 013 013 0 -012 0
0 0 gl4 014 Qa4 0 ai4 0 0 -a12
where,
Mhum Mhpm

z6zMNMlmumaia= —,@15=Tm,016
= Tf,a17 = Tz [hum

a1= (un+Tm
From Je;, we obtain the following sub-matrices, +n),02 =
2 " 3 On6m, 03 = O
-as a3 —(un +17) Of 61

6f,a4= 06,05 = (Un +77),06 = (Un +Tf), a7 = (Un +Tm +Tz+N),a8 = (Un +Tm +Tr+Nn),09 = (Un +Tf

+T;),
a10= (uh+Tm+Tf+1z+n),011=0_—_ mbémMNmun,a12=pm,a13=9_—___ f6fMNmun,
J - Pf‘sfﬂ uh BB, (3.14)m
a3 —ap I
M -u
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o as] |

Ity

-1
ﬁm SmH az —(uh +Tm +n)l9m5m
m
—0s
a4 —(un +17) 0262 { J = {19:6311 .
(3.16) | 44— I
mUh

_umm

From Equations (3.14), (3.15) and (3.16), we obtain the following respective
characteristics polynomial;

22
gé6MNu

X%+ (uh +um +1f )x— _— f m n (3.17)

+Tf um +Uhpum = 0, Mhum

2 19.31 6?121Hm[1h
y +(Un +Um+n +Tm)y— - ATmHm+Um =0, (3.18)
Nhum
2 1952 62,2Hmuh

A +(un +um +T2)A - NN UplmTUm (3.19)

Mhpum

By applying the Routh-Hurwitz criteria for order n = 2 requires that given a polynomial

of the form:

b%+ai1b+a; =0,

the coefficient of a1 and a; be greater than zero. Hence, applying the same principle,

Equation (3.17) can be written in the form:

X%+ fix+ =0,

where,
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Ji=ph+pum +15,
22
U6 Nmuh fr = -
+Tf Um +Uhm.
TthUum

Since f1> 0, the criteria requires that f, > 0. Hence to achieve that we perform some

algebraic manipulation to obtain:

htTr H/ r?rR.
fzz_(u, _[) AR f +(“ll+um+’;f)+,11111(#h+rf')

Mhpm

= =Ry pm(tn +Tr ) +Um (U +Tf )+ (1n +m +T5), = (Un +Hm

+7f ) +Um(un +77) [1-Ry].

It is observed that for f> to be greater than zero requires Rg< 1.
Similarly, Equation (3.18) can be written in the form:

y2+miy+m, =0,

where,

ma= Uh +Um +n +Tm,
050,11

ma=——_ "M im +ubum.

Mhum

It is seen that m1> 0 and after some manipulations the value for mzis obtained

as:

w1+ Tu) I Rin
m2:_(‘ul n ) ]‘um +(,uh+n+.uvm+fm)

Mhum

(h +1 +MUm +Tm)+m(n +Tm) [1-Rm).
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Following the same approach, Equation (3.19) can be rewritten in the form:

2
A+qid +g2=0,

where,

1= ph+im +1 +T,
19926721—[111.“]?

+T__ sum+uhum.

q2=
Mmum

In order to make g2 > 0 we have:

g2 = (Un+Hm +T2)+Um(Un +T) [1-Re].

It is observed that for ay f> and g. to be positive in order to satisfy
RouthHurwitz criteria requires that R ,Rm and R; be less than unity. The
condition that the various reproduction numbers be less than one indicates

that the disease free equilibrium is locally asymptotically stable.

3.3.6  Global stability for Multi-Infection model at DFE

In this section, we prove the global stability of the disease-free equilibrium.

Theorem 5

The DFE of System of Equation (3.1) is globally asymptotically stable if Rmz;< 1

and unstable if Rmz;> 1.

We divide the model into two sub models that is infectious class and
noninfectious class denoted by F and G respectively. The above description can

be represented as:
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dF
_ =x(FrG)
dt
dG
=y(F,G). dt

We define the two valued functions as x(F,G) with f € R1% and y(F,G) with

F € R°+. The definition for x(F,G) and y(F,G) are respectively given by

[ 9,01 Br01, 9,61,
mNm £ Sp— Tndm — (.uh + n)Im + Tflm/ = Ml’m + TZII??Z, - }Vi‘alm
h h h
O8I, OOl 0.8.1
fo ’ Sh— (;u-h + Tf)]f — ”}V: pl_f + T.lnlmf + Tzlzf - Nl’ . If
g h
0.5.1 1 08,1,
— Sh - (TZ + .uh)I: L pIZ ali Tanz + T]I:/ - L t"Z
S50 A 050y DGl
‘I)Vz “ Sh - (#h + n + T+ fz)lmz O Tflmz oy %]mz + %IZ
X (F’ G) - 19}! 5}‘ Iy, o 6”:}]) 19f Sfiv
1l — (tn + T + T ) op + Tndimzp — L+ ———1I
ol o ¥
O Sl L, 9.0
mYm P]Zf _ (uh + n + ’C,,; + Tf+7:)[mzf + fTJ’f‘an_F Tialmf
h h 1
O O (I + Iz Or0,(Ir+1,
- m( £]+ m&f) S — [.Lm] P = f( 1{,:_ mzf) Sm— u-mIWa
1
9.6, (L, + Lz ¢
2 4.(z m‘,j) m_.u-m]a
L A i
Nh
and
Tmlm _(Ilh +¢l)Rm
Tl —(uh + )R
Tzlz —uhR:z
v(F.G) = z2ans +Rm +PRf — OmNSE~mIpSh —unSh ~ 2621.5h ~ Of &f
IwSh

= N

Nh Nh
+Imz +Imf +

MNm —umSm - Sm
Nh
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0f5f (If+lmf+lzf+lmzf) 6252(/2 +/mz +sz+lmzf)
- Sm - Sm Nh Nh

where, T is the transpose. Now the reduced form of the System:

dG
— =y(0,G) dt

ds
— h=Nh+YRm+PRs- T
dt  Nn Nh Nh dRm
= tmlm —(uh +Y)Rm

mOmlpSh —unSh —Oz5z1aSh — Uf Sf twSr

dt
dRm
— =1l (un +@)Rs
dt
dR,
= Tzlz —uhRz
dt
dSm_ OmOm(Im +Imz +lmf+Imzf) Of O (I +mf +1z7 +1mzf)
= Nm —UmSm——Sm=_ Sm—dt N5 Ny Uz62( 1z +1mz F1zf F1mzf )
Spm. (3.20)
Nh

G* =( Sp Rm Rf Rz, Sm)=( ﬂﬁ' 0,0, 9 n_’") is globally asymptotically stable

Um— umdG
for the reduced form of System = y(0,G). To see this we solve the second dt

and third equations of (3.20) to yield the result Rm(t) = Rm(0)e-“+¥)twhich turns to

zero as t —— oo and R¢(0)e-“"+®)also turns to zero as t —— oo, It is

also observed that Sm(t)= —Mm +{Sm(0)- N—_"e-#mtwhich turns to _ Mmat
—— Um Um Um

oo, Lastly substitute Sp(t) = Mp +Y{Rm(0)e- WPt +p{Rs(0)e-(Wr+P)1} -

(1 +[5(0)~ — Myt~

WUh Uh
independent of initial conditions in w. Hence, the convergence of the solution

__Mast «- oo, This asymptotic dynamic is uh
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(3.20) is global in Q. Truly x(F,G) satisfies the following two conditions given as

H;in Castillo-Chavez et al. (2002) namely;

1.x(0,G) =0,

2X(F,G) =TG-x"(F,G),x (F.G) 20,

T= Dy)((O,G) =

—-Z1 0 0
0 —-Z3 0
0
2
0 0 0
0 0
0 0 0
7

0 0
0 0 0
7
Z
713
7
| 0 0 -—z5
0 Z14 0

T; Tf
0 Tm
=77 0
0 —Z3
0 0
Z10 Z11
0 0
T
m 0
0 0

66

1z

on

1z

Tm

—Z12

Z13

Tf

214

Q.

Z2

_um

(3.21)
0
0
o
Z4
0 @m
@0
&,
0
0 on
0
0 0@g
0 Al
00d@n
0 z
Mm



0 0 715 0 0 0 Z15 0
0 —Um
(3.22)
where,
ImdmSh Uf 61 Sh
z1= (Un+Tm+N),22=,23= (un+T£),24=  ,25= (un +12),
Nh Nh
U7 Of Iw
z7= (Un+N +Tm +T;),28 = (Un +N +Tm +T7),29 = (U +T; +Tf),Z10 = ,
Nh
U26zla ImOémMNmun Uf 6f Nmuh
Nn Mhpm Mhpm ?11=
l?zazl_lml.lh 926z5h Z15 = 212=
Z6= (uh+n
+Tm
Mhpm Nh +1f
+12),213 = ,214 =
S .
Im [ am(l—]\—,“)ﬂaﬁra:) Nh  NhNh
h S
(l__h)+(aln+a3)
S Nh
a ('lNh>+(am+a .
h o I+
; y |t
S (l Sm)
P | N,
h h
aZf)Iz
= ‘ 0t (15 +
—az8zlalm + af 6f Iwlmz — Imazf)
amOmlplz
Nh Nh Nh
azbz(1
afSflwim  QzSzlelmi—  omSmipl— 2 +Imzf
- + - )

Y|

=l

‘i(F,G) = @A Nzhlalf SN, Izt af SNfhlwl
Xi(F,G) zhla %—m_ &!Ez wlz
+1? -

NS

Nh Nh Nh

omOmlplzf af Of lwlmz ozbzlalmf
_ - -

= &
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,where i=1,2,3,:--10.

It is shown that x'4(F,G) <0, x's(F,G) <0, x's(F,G) <0, and x'7(F,G) < 0. Hence, the
conditions in 3.33 are not met. Hence, the DFE may not be globally

asymptotically.

3.3.7 Existence of endemic equilibrium point of Multi-infections

Obtaining an implicit expression for the endemic equilibrium point of the
multiinfection is not forthcoming due to the complex nature of the equations
involved.

Therefore we assume that the endemic equilibrium may exist as

ot = (S L T Lo I I R R R S I T, 1)

mtp rfa >

Let us now determine the global stability of the endemic equilibrium as follows;

Theorem 6
If Rmzr>1, then the unique endemic equilibrium Enz7* of System (3.1) is globally stable
in the interior of Q.

The global stability of the endemic equilibrium can be determined by constructing

a common quadratic Lyapunov function V(t) of the form:
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1 * ok
RmaRf:RzaSm:[palwala) = 2{(511 _S}: )+ (Im _Im )

V(Sh,Im, Iz, 15, Imz,Img, 15z, I,
(L= L) A Uy = 1F) 4 (e = D2) + (g = D) + (e = LF) + (g )

Kk skk kk ] Kk k% kk
+(Rm_Rm)+(RZ_R: )+(Rf_Rf )}24—5{(5‘”1—5”1)4-(][ _Ip )+(1’u_la )

+ (L — I (3.23)
Differentiating Equation (3.23) gives;

= [(Sh - S;;*) + (Im - I:z*) + Uz - I:*) + (I,f - [?*) + ([m' o I,:at) + (Imj' - dv**

— mf)dt
Ly = L)+ (o= Inp) + (R — RY) + (R: = RZ") + (Rp — R}
d
__[Sh +Im +lz +If +Imz +Imf +Ifz +Imfz +Rin+ Ry + R+ [(Sm = S,,0) + (1, —1,)7)
dt
L)+ (Ly— = d
+(la )] —[Sm+lp+la+le] — (3.24) dt

The total population size of both humans and mosquitoes; Nyand Nm, can be defined

by:
Nh = Sh +Im +1z +If +Imz +Imf +Ifz +Imfz +Rm +Rf +Rz,
Nm = Sm +Ip +Ia +Iw,

such that:

Wh = MNp—unNsp, dt

de= ﬂm _I.lmNm.

dt
Hence,
0V =51)+(Im
=Im )+ (lz=12)+ (I =I¢ )+ (Imz =Imz) + (Imf = Imp** ) = (Sh

dt
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s =Imzfex )+(Rm —=Rxxm )+(Rz —=Rxxz )+(Rf —Rx+f )dNh +(Izf — Iy
)+ (Imzf
dt
- Sm ) + (I _I**) + (Ia _I:*) + (Iw — 4+ dNm
+[(Sm )]
dt

={(5h—573*)+( m IJTI*)_F(]Z_I:*)'i_(]f_{?*)+([ ]:T:*)"‘(lmf mf)

L)+ (R —RE)+ (R, — R + (R — RY) | x
Ly —LF) + (g nzf) +1( )+ 2+ (Ry =R}

|:H1'1 — Up (Sh + 1 + Iz + Ij + Imz + Ijz +
Imfz +Rm +Rf +Rz)

+ (S =Sy )+ I = 1;") + (I — I;7) + (hy — 137)]
=N (Im +Imz +Imf +Imfz)

X [nm _IJm(Sm +Ip +Ia +Iw)].
At the endemic equilibrium, we have the following relations:

Ly =g (S} + DI ok I I Iy I Iy + R AR+ R) + (B +

Imzxx

+Imf** +/mzf** )

nm :!im(Sf;: I;* +I;* i I::*)

We have:

0V =5)+(Im
=Im )+ (I =12 )+ (lg=lg)+ (Imz =Imz) + (Imf = Impex ) = (Sh
dt

+ (sz —I:”f) —+ (/mzf_ Imzf) + (Rm Rm ) + (R R ) + (RJr — R_,f' )
X W (Sp L)+ I+ L+ Lo L+ L+ L+ Ry + R+ R+ n(L, + L,
" Inf i f)} — (Sh T+ I+ If + e +/mf+/fz +Imfz +Rm +Rf +Rz)

-N(Im +Imz +Imf+lmfz)] + [( n S;';'*) + (IP 71}5*) + (1“ 7";*) + (b — ‘I:'*)]
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X W (S A+ T+ I+ T2 — (S + I + L+ 1))

Manipulating the right hand side of susceptible differential equations for both
humans and mosquitoes at the endemic equilibrium points gives the relations

T, = fa(SE* I A+ IF I 4 L I+ I 4+ I+ R+ RE R

mz m

mf m mz + mzf )
Hm - ﬂm(S:;:k +I;* +I:* +11:*)
av** |: kk %k kk kK ks
— = (Sh=Sh)+(Im
=Im )+ (Iz =1z )+(If =If )+ (Imz =Imz) +(Imf =Imf)

dt

+( ]**f)‘i‘(R _R**)+(RZ_R:*)+(RJ“_R}*)

I
d

+ (Er = LF) + (g
— [**f) + (Rm R:;?*) + (Rz ‘R:*) =t (Rf . R}*)] . n[([m . ]:;2*)

of :f)+([ mzf
[(

Ha[(Sh = Si7) + (I = B )+ (E—=L7) + (I = 15") + (Inz — L) + (g — L)

gk ok k% _pE#
) g 1 0| G G0

+uw—1;:*)} ! [—um{(sm—S;*>+up—1;:*)+ua—1;*>+uw—1;*)]].

Vv s % Hk $k Kk Hok
= E:_|:(Sh_sh )+(m L1z)+(IZ_Iz )+(If_ f )+(Im7 I )+(mf f)
4 (R — R™) 4+ (R, — RY) + (R — R**
i, ></me )+ (R~ R3) (R = RE)-+ Ry~ R
x{sh—s I T B+ (e — I+ G~ I25)
(I’f ) (Imzf
)4 (R R (R R (R — R =l — 1)
(e I+ U =1+ G ’"ﬁf”} {( =S )+ U =1) (o = 07)

+
+(!W [** :| { m ”1 S;::( ( p_];*)—"_(Ia_[:*)_'_([lv_]‘t,*)]

By letting

Al = Sn =837 A2 = (In = £,), Az = (L= I7),Aq = (Iy = I"),As = (Inz — Lz
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A6 — (IHU"_IJT;}')'A7 - (I:f _I:F)rAS - (/m Ly ):A‘) = (Rm _R:;k)~A]0 = (R; _R:*)

zf_ mzf

Al =Ry —=Ry), A= (S —S,),A13 = (I —1,7),Ara = (I — 1), Avs = (hy — 1)

Al6 = A1+A2+A3+A4+A5+A6+A7+A8+A9+A10+A11,

A17 = A2+A5+A6+A8,A18 = A12+A13+A14+A15,
we substitute it to get:

— ov %8)
_(IlhA216+r]A16Al7+I1mA- (325) =
ot

It can be seen that 0__ " < 0if Sy < Sex, I < sty Jz < lyor, [ < Frsf  lonz < Iz,
ot h

Imf < Imfsx lzf < Izfxx, Imzf < Imzfsx , Rm £ Rm*x , Rz £ Rx+z , Rf < Rxxf, Sm < Smxx, Ip <

lp*x, la < laxx, Iw < lw++, Again, oVt = 0if and only if Sh = Shxx, Im = Imsx, Iz= 0

[, If = /**f,/mz = Imz*x, Imf = /mf** zf = /zf**, Imzf = /mzf** , Rm = Rxxm, Rz= Rxxz, Rf=
R**¢, Sm=Sm**, Ip= Ip**, la = la**, lw = lw**. This leads to the following theorem;

Theorem 7

If a function V(t) is positive definite on the entire state space and has the
additional property that |V(t) —— oo| as k t k-— oo and its derivative V is
negative definite on the entire state space, then the equilibrium point at the
origin is glob-

ally asymptotically stable.
dL
Therefore __ <0 and by LaSalle’s Extension, LaSalle (1976), it implies that dt

the omega limit set of each solution lies in an invariant set contained in Q. The
only invariant set contained in Q is the singleton E. This shows that each
solution which intersects R*>: limits to the endemic equilibrium and that trivial
equilibrium is globally asymptotically stable in the invariant feasible region.

This completes the proof.
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3.3.8 Bifurcation

In this subsection, we determine the stability of the endemic equilibrium by
finding the eigenvalues of the Jacobian matrix computed at the endemic
equilibrium. However, our mathematical model gave rise to multiple steady-
states which show a bifurcation phenomena; a set of parameter values at
which an equilibrium or fixed point of the System being considered changes
stability, that is, either appears or disappears. There are two distinct
bifurcation at Ro = 1; forward and backwards bifurcation. A transcritical
bifurcation brings about an exchange in stability between the disease free
equilibrium,which exist for all values of Roand an endemic equation which only
exist on one side of the bifurcation point. Hence, we apply the method of
centre manifold theory used by Castillo-Chavez & Song (2004), to investigate
the stability of endemic equilibrium.

To apply the method, System (3.1) can be rewritten in a dimensionless state variables

of the multi-infection model as follows;

X1 = Shx2 = Imx3 = If , x4 = Iz,x5 = Imz,X7 = Ixf,x8 = Imfz,x9 = Rm,x10 = Rf x11 = Rz,x12 =

Sm,x13 = Ip,x14 = Iw,x15 = la.

The System (3.1) can be written in the vector form as

dXi
___=F(X),
dt

where, Xi= (x1,x2,X3,*** ,x15)", F = (fy, f2, f3**, f1s)". Hence, we obtain the following;
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dx1 Umémx13 9:6:2x15 O 6f x14

— = f1=Nh+Yxotdx10— — X1~ MhX1- X1- X1,
dt Nh Nh Nh
dx; Imbémx13 U 65 x14 Uz6zx15
== x1—(Un+N +Tm)X2+Tr X6~ L Xo+TXs— — Xe
dt Nh Nh N =fo=
dxs O 6f x14 Imémx13 9:6:2x15 tmXe
_ =f3=__ X1-Uhx3-—  X3+TmX6-TfX3+TfX7T— X3, (un
dt Nh Nh Nh
dxa 9:6:2x15 Imémx13 O 6F x14
_ =fa=___ X1-TzX4- _ XA+TmXSHTFXT— _ XA—|IhX4,
dt Nh Nh Nh
dxs J262x15 U 65 x14 Umbmx13
—=fs=__ Xs=TXs5—(Un+N)Xs+TfXe— X5+ Xa—TmXs,
dt Nh Nh Nh
dxe O 6f x14 926:2x15 Umémx13
— =fe= — Xo—TrXe—(Mn +N)X6+TXa— Xe+ X3—TmXe,
dt Nh Nh Nh
dx7 J262x15 Imbmx13 Uf 6f x14
__=fr=  X3-TfX7—-UhX7+TmX8— X7+  X4—Tzx7, Ot Nh Nh
Nh
dxs Imémx13 O 6f x14 9:6:2x15
__=fg= — x7-TmXs—(Mn +N)Xa8—Tr Xa+ Xs+ X6—TzXs,

dt Nn Nn Nh dxg

__ +)xs
dt
dxio
= f10= T x3—(Un +@)x10, (3.26)
ot
dxi1
T =f11= TaXa—UhX1y,
dt
dx12 l?m5m(Xs+X5+X7X3) l?f 5f (X3+X5+X7+X8)
= f12 = MNm —umx12- X12— X12
dt Np Np

— U267 (xa+x5+x7 +x3) X12,

Nh

dx13 OmOm(X2+X5+X6+Xs)

____=fi13= X12—Umx13, dt
Nh

dx14 Uf Of (Xx3+x6+x7+x8)

_ _=fia= X12—-Umx14, dt
Nh

dx1s U262(xa+x5+X7+X8)
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= f15

Nh

X12—umx1s, dt

where N = X1+X2+X3+Xa+X5+Xe+X7+Xg+Xo+X10+X11 and Npm = X12+ X13 + X14 + X15. With

— 2 . .
B* = ¥, chosen as the bifurcation parameter and also

considering the situation Rmz= 1 and assuming that Rmqis greater than both R;and

Rsthen solving for 8* at Rmz= Rma = 1 gives

The method also requires evaluating System (3.1) at the disease free equilibrium

B =

(1 + 11+ T T2

5m2|_|m[.1h

state to obtain the following Jacobian matrix;

Jo

_b]

0
0

o o o o o o o

0 0 0 0 0 0 0 "
~bs 0 0 T Ty 5
0 —bg 0 0 T T, 0
m 0T 0
T | 0
Tz
m| 0
0 0 0 0 0 0 —br
Tm
0 Tr
0 0 T,
—bys —by —by —bw —by —by —bs
R N TR e o
0 by O 0 by b b
by by by 0. by
0 0 0
0 0 0 -bss 0 0 0
0 0 0 0 -big 0 0
0

75

(3.27)

0

—bg

(0Bl

0 B

(0Bl

0 [I[,



[

0 0 0 0 0 0 -b2s 0 0 0 0 0 0]

0 0 0 0 0 0 —bas 0 o0 0 0 0
0 0 0 0 0 0 —pn 0 0 0 0
0 0 0 —bs 0 0 0
0 0o o0 0 i 0 0
0
0 0 0o o0 0 L
0 o0 0 0 0 0o o0 0 0

where,

bi= Uuh, b, = @m(Sm, bs = @f(Sf, ba= 13252, be = HUh +n +Tm, bo = Uh +1f, biz= HUh +Tz, bis= HUh +n

+Tm +Tz, b1g = Uh +n +Tm +Tf, bao = Uh +Tf +Tz, b3 = —um, baa = Uh +n +Tm +Tf +Tz, bz = uh +,

baa = uh +@, OmdmNmuh Of 8f Nmph 926:Nmunb2s=___ b6 =,,
Mhum MNhum MNhum
(Ombm +0262)Nmuh (Ombm +0f 6f )Mmuh b2s =
b2s =
Nhpm Mhum
(0262 +0f 6f ) Nmph (Ombm +926z +0f &6f )Mmpn b3o =
b31=
Naum  Nhph

The right eigenvector associated with the eigenvalues are given by:
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0 0 —bz —b3 —b4 w1

—b 0 0 0 0 0 0 0
0 7b(3 T Tf alk
—bg T T, 0 0 0 0 0 0 00 b,
0 O @Bw:2l
mo 0T
5
0 0 0 0 0 0 00 0
T 0
| —by T
m b3
0 REEARWIRA
— 0 ) ( —b
0 0 0 ( ) 0 )
0 1T | ~biy T
0 O 00 0
o 1
0 0 0 0 0b
0 0 0 T.
0 7!‘)25 7b3[-, 752‘,‘ 71‘)23 7]729 7!'}3[) 7/J3| 0 0 0 0 —b15 0 0 00 0
0 0 0 0 [@RwshA
0 b 0 0 bas 0 Dby bos
0 0 by O 0 by  bw b 0000
0-b1500000000 BARNAWAR
0 0 0 by by by 0 by
0 0 0 0 0 0 0 0 0 0 0 0 0 EERERw,RIR
Jo 0 0 o0 0 0 0 BEEEWsAA=0,

EEE000000-b3000000 ARARAAWIRAR

0 0 0 0 0 0 -bas 0 0 0 0 0 AIRlw4,@E

BRI E000000-u,0000 RRAwW1IEA

000
—b320 00 AW 2

000
0 -um0 0 ARRAEAW 30

o []]
0 0 0 0 0 Hm
0 0 0 0 0 0 —um wis

Ywo+pwi0-Omémwiz-9f 6f wi14—-0:6:wis  T:Ws+Tf We+OmOmwiz wi =

,W2 =
Uh (uh +n +Tm)
TmWe+T:w7+0f 6f wia TmWs+Tf W7+926:w1s
(uh +1f)
(uh+12) 5=0,ws=0w;=0, w3 = Wa= W
Tmw2 Tf W3 Tzwa
wg=0,w9 = . ,wio= ___ ,wil= ,
(uh +¢) (uh +¢) ph
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MNmuh(ImEmw2+0f &f wa+926:wa) Of &f Mmuhw3 wi2 =

2,Wi13 = MNhum2,
Mhum
4= Or 5f 1T, Uhw3
- 2
IT u Uz6zMNmuhwa w
,W15 =
2 .h m Mhum
The left eigenvector is also evaluated as follows
0 0 0 0 0 0 0 ¢ ) 0 0 -b,
_ 0 0 0 0 0 0 0 0
bs 1z of b2
0 —b9 0 0 m 1z 0 0 0 0 0 0
v2lIE 0
Rlv3Biplp 0

| v | | 0o 0 0 —b3 7
m 0 173 0 0 0 0 0 0
0 0 0 -bys 0 0 T 0 0 0 0 0
0 0 0 0-bys 0 z 0 0 0 0 0
B.2p%m0 o0 0 0 O Q=bzo  TIND T Ol e
0 0 0 0 0 0-by; 0 0 0 0 0
AveliEPIE O Tm 0 0 0 0 0 0-b23 0 0 0 0
0 T 0 0 0 0 0 0-byy 0 0 0
0 0 T, 0 0 0 0 0 0 —up 0 0
EIRlv120 0 —b25 —b26 —b27 —b28 —b29 —b30 —b31 0 0 0 -b32 0
EIRlv13Q 0 b2 0 0 b2s 0 b2s  b2s 0 0 0 0 —um
0

Blvia@Ql
bzs 0 0 bzs bzs bzs 0 0 0 0 0 Hm
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v150 0 0 b27 b27 b27 0

Solving for the left eigenvector gives:

V1= 0,

UmémMNmunvi3
V)=

(uh +n +Ttm)Nhum Of 6f

MNmunvia
V3=
(uh +t£ )N Apm
U26:Mmu
V4= hv1s,
(uh +t2)Nhpm

b27 0 0 0 0

Vs = 2 ImOmMNmuhvi13+9:62Imuhvis, tzv +Tmva+

(uh +n +Ttm +12)Nhpm

of V2+tmv3+9f O6f Mmunvia+9:6:Mmunvis ve

(uh+n +Ttm +1f )NAUm

TzV3+Tf Va+OmémNmunv13+9f &f Mmuhvia vy

(uh +Tf +12) Nhum
Tf V5+Tzv6+Tmv7+OmOmMNmunv13+0f 8f muhvi1a+926 N mpunvis vg =

(uh +n +Tm +1f +72) Nhum

vo=0, vio
=0, vi1=
0,vi2=0,
Imédmv2
Vi3 = ,
um ¢
(Sf V3Via =
Mm
3:62v4 Vis
Mm
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Computation of aand b

The associated non-zero second order partial derivatives at DFE are given by:

f
axlzaxla, 8)61%(9)(1 5 5
d f2 d fz d fZ d f2
— = = = —1.9' 6
axlaxB ax138x1 ﬁm5m, aXanM 8x148x2 f f
2f3 023 02f3 02f3
o]
= = 0](6](’ = = —l?mém’
0x30x13 0x130x3
02f3 0213 02 fa 02 fa
dx3dx;s  dxi5dx; = = -U;6,
f i f - T
= = — Uy O =-0 06 O0x10x15
4 13 13 4
0x150x1
02 fa 0?4 024 024
dx dx dx dx dx4dx1s  dx140x, f
2 2 2 2
s =3 o °fo _ 9°fe — 9,5,
dx40x13  Idx130x4 0x20x14  Jx149x2
92 9> 9> 92
fo _ 9°fs = yn B 9.5,
dx3dx;3  dxj3dxs dx3dx;s  dxj5dx; re
2 2 2 2
0°f1 _ 9°fi — 9,5, °fiz _ 9°fi3 =5
BJC4 8x14 aJC]4aJC4 axZ axlz E)xl 28x2 m,
2 2 2 0,
0°fia _ 9 fia _ 5.5, “fis _ 9fis g
0x30x12  dx;pdx3 dxsdxin  dx2dxy o
Thus, the expression for a is given as:
9% f> ] { 9% f» } { 9 f ]
- +vawaw - +FViwiwig | =—=—
a=v2w1w2lax18x13 oMy 0x20x14 e dx|dxy4
[ 9% f ] [ 2%fs ] [ 9%f3 ]
+v3W3Wl3_ax38x13d +V3WSWI5 _8x153x3_ +V4WIW15 _8x158x1_
[ I*fa ] [ I*f [ 9*f5 ]
“+ vawaw + vswaw -
+V4W4Wl3_8x48x13_ MM _8x148x4_ SIS _a.X4a)C13_
[ 9 fe | [ 9 fe [ 9%fr ]
+ vewaw + VIwaw
+V6W2Wl4_8x38x14_ 6733 _aX3aX13_ TS _a.X3a)C|5_
_ 32f7 +V13W2W12|: aZfB :| +V14W3W12|: 32f14 ]
+V7W4Wl4_8x48x14_ 8x28x12 8x33x12
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al
{ fis ] -0
+V15W4W12 dx40x12

The non-zero partial derivatives of f associated with b is given as:

_Ph
9 9%

X13m

SIHX] > 0 b.

It is observed that for a > 0 and b > 0, the result satisfies Theorem 1. Thus,
when 8 < 0 with |B| < Lo, is locally asymptotically stable and there exists a
positive unstable equilibrium; when 0 < B <1, 0 is unstable and there exists a

negative and locally asymptotically stable equilibrium.

3.3.9 Numerical Bifurcation

This is a qualitative change in behaviour of a dynamical System produced by
varying a parameter in the equation. Backward bifurcation is an important
phenomenon in compartmental epidemiological models. The existence of such
a bifurcation suggests that the basic reproduction number itself is not sufficient
enough to characterize or decide whether Malaria, Zika virus and Elephantiasis
will prevail or not and if the disease will become endemic also depend on the
initial sizes of the involved population. Thus it is important to identify the
backward bifurcation and establish its threshold. We carry out bifurcation
analysis to study the behaviour of the model System (3.1) based on the results
in the endemic equilibrium of the model state variables through numerical
simulation over chosen parameter values. It is important to note that the
existence of the bi-stability is not easy to simulate numerically. This is because
a small interval of Rois required for the occurrence of backward bifurcation and
a very range of parameter has to be chosen. The qualitative backward
bifurcation diagram describing the behaviour of Rois presented in Figure 5

where Oy is taken as bifurcation parameter. The result indicates that reducing
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the Ro below the saddle-node bifurcation value which is less than 1 but greater

than zero, may result in disease eradication.

14

Force of Infection
o o
o @

o
>

o
N

0 L ]
04 0.6 0.8 1 1.2 14 1.6 1.8

Basic Reproductive Number (Ro)

Figure 5: Description of the backward bifurcation of System (3.1) with Onas the
chosen parameters.

Epidemiologically, Figure (5) implies that bringing Ro below unity does not
suffice for the eradication of multi-disease. From the analysis of the existence
of the endemic equilibrium, we have established that the model System
exhibits backward bifurcation when Ro < 1. The existence of backward
bifurcation indicates that in the neighbourhood of 1, for Ro < 1, a stable disease
free equilibrium coexists with two endemic equilibria, that is a smaller
equilibrium (smaller number of infectious individuals) which is unstable and a
larger equilibrium (with a large number of infectious individuals) which is
stable. These two endemic equilibria disappear by saddle-node bifurcation
when the basic reproduction number Rpis decreased below the critical value
which is less than one but greater than zero.

In order to achieve the epidemiological goal of disease eradication, Ro must be
brought below the critical value. The interpretation of this is that reducing the
transmission rate or increasing treatment can lead to disappearance of the
backward bifurcation curve and in this case lowering Ro below unity is sufficient

to eliminate the disease from the population; a situation that will lead to
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forward bifurcation which is shown in Figure 6 and lowering Ro below unity

would be sufficient to make the disease free equilibrium globally stable.

01

0.09

Force of Infection
e o o o o o4
8 8 &8 8 9 8

e
R

o
2

o

L H )
05 1 1.5
Basic Reproductive Number (Ro)

=}

Figure 6: Description of the forward bifurcation of System (3.1).

3.4 Model co-infection states

In order to fully understand the dynamics of the multi-infection disease, we
begin by gaining insight from the various co-infection sub-model that is derived

from the System (3.1).

3.4.1 Malaria-Zika virus Sub-model

The following differential equations are derived for the Malaria-Zika virus submodel.

BldSh
| B="TNh —unSh —amSn —otzSp +YRm, dt

| ZEBdIm = amSh —Tmlm —(uh +n)Im —Qzlm +Tzlmy,
dt

lar,

| - = azSh —Tzl; —aml; +Tmlm; —Uhl;,
| dt
| e
= 0zlm —Tzlmz = (Uh +N)Imz +0tml; =tmlm,,
dt——
BdRm

= Tmlm —(Un +Y)Rm, (3.28)
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| dt

| dR;
| = Tzlz —uhR;,
| dt

dSm

= MNm —umSmApSm —AaSm,

dt
a1,
dtApSm —pumly, =
| ai,

= AGSm _I.lmla, dt
where,
Umbmlp 026z1a Om&m(Im +Imz) O282(Iz +Imz) otm = a;

;Ap = AG =
Nh Nh Nh Nh

(3.29)

3.4.2 Disease free equilibrium for Malaria-Zika Co-infection

The Malaria-Zika co-infection model of System (3.29) has a disease free equilibrium

point when all the infectious states are set to zero. Thus, we have

IT I1
= (ShaI.'JHIZaIIHZaRmaRz:SmaI[NI(i') = (‘1::0109030:01 ‘um3030>- (3-30)

i

Em:z
343 Basic Reproduction Number for Malaria-Zika Co-infection

(Rmz)

Rewriting System (3.28) starting from the infected states;

BldIm
| A= amSh =tmlm —(uh +n)Im —0tzlm +Tzlm,, dt

|ai,

= azSh —Tzl; —aml; +Tmlm; —Uhl;,
| a
| dimz
= zlm =Tzlmz = (Uh +N)Imz +otml; =tmlmg,

dt
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RRRdIdIdtap= ApSm —pmlp,

—— = AeSm—Umlo, (3.31)
dt
“dRm
= Tmlm —(un +@Y)Rm,
dt
| dr.—
dttzlz —puhRz =
| dSnm
| = MNm —umSmApSm —AaSm,
dt
| dSh
Mh —hSp —amSp —azSh +WYRm; =
dt

we identify matrices F and V for the new infection terms and the remaining
transfer terms at the disease free equilibriun using the next generation
operator method as described by Van den Driessche & Watmough (2002)

respectively from equation (3.31).

5
Ombmiy, — OzNShzl, Im

Sh

(llh +n +I'm) Im _TZImz

ﬁg&gla_Sh = OmNb&hmlp 12211 Nn ('uh S rZ)IZ‘ = E”L":
—
2 2
F = I RSnbhzla Im + Imn6mmip 121 and V = (uh +n +Tm +12)Im; .
S Umlp
Np mp] Umla Ombm(Im+Imz)
0267(Iz+Imz2)
S
N m "
The associated

Jacobian matrix is given as

vi
9z6zla Imém™ h —ﬁgN(Shg/ﬂ
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= Nh 0 0 Np

0 —ImNSpmlp 0 —ﬁmN(Shm/z_ﬁgNéghsh
0 02625m 2625m 0 0
Nh Nh
(uh +n +Tm) 0
0 0
T, 0@
V= 0 0 0
= 0
T £
(un +12) m 0
0 0  (un+n+m+r) O
Um
0 0
A
0 0 0 0

F= 9zNSpzla ImNSrmlip 0 ImNSpmlz ﬁgNéhglmand
Sm 0 ImNSEmp, Sh 0 0
Plomém
Nhp

The basic reproduction number of co-infection model Malaria and Zika Virus is

obtained by considering the dominant eigenvalue Rm;= FV-1={Rm,R.}, where,

_ {0 + 19;% a,%nm.uh + 19;2 Szznmjuh }
? (“‘}l +n+ ’L',,I)Hh,u,% ’ (ﬂr’z + Tz)nh .u;%

_ { 191}21 SJ%HIHN'PI 19;2 5;2 Hm,Uh }
Rmz (Ju'h +n+ Tm)nhur%t 1 (:uh + ‘r;)l'Ih,u,% ’
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_ { ﬁ;%z(snzrnmﬂh } _ { M }
Rm (‘uh +1n + T’")nhﬂi% and R, (lu'h + TZ)HITHJ%

Rmis the average number of secondary malaria infections in human or female

anopheles mosquito population caused by a single infective human or
mosquito introduced into a wholly susceptible population. In the same way, R;
is the average number of secondary Zika virus infections in human or mosquito
population caused by a single infective human or female aedes aegypti

mosquito introduced into a wholly susceptible population.

3.4.4 Local Stability of Disease Free Equilibrium Point for Co-Infection
Malaria-Zika Model

To determine the local stability of the disease free equilibrium of the co-infection

Malaria-Zika model of System (3.31), the following theorem is considered.

Theorem 8
The disease free equilibrium point is locally asymptotically stable if Ro< 1, that is

Rm<1andR;< 1, and unstable otherwise.

The prove of Theorem 8 is done by linearising System (3.31) around the disease

free equilibrium to obtain the Jacobian matrix Jm,.

—Uh 0 0 0 1] 0 0 -Ombm  —-9:5;
—0)
0 1z 0 0 0 Umém 0
0 0 -Q2  Tm 0 0 0 0 U:0;
0 0 0 -Qs 0 0 0 0 0
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IJmz = 0 Tm 0 0 -Qs O 0 0 0 B,

0 0 T 0 0 -un O 0 0
0 -Q7-Q3s—Qq 0 0 —Um 0 0
0 Q7 0 Q7 0 0 0 um 0

0 0 Qs Qs 0 0 0 0 —Um

where,

Q1= (un+n +Tm),Q2 = (Un +T2),Q3 = (Un +Tm +T2),Q6 = (Un +),

. (S0 § BT Os — ;0,11 mUm (Ombm +9262) Nmpin

Q — B /03
MNhpum Mhum Mhpum
The DFE is locally stable if all eigenvalues of Jacobian Jm;are negative. The matrix has
all eigenvalues negative only if the trace of Jm;<0 and determinant of

Jmz> 0. It is observed that the diagonal entries of Jm;are all negative, therefore, using
the properties of matrix algebra Jm; can be reduced to obtain:

-Q1 0 Tz Umbm 0
0 3.6,
_QZ Tm 0
Imz* B 0 0 -Qs 0 ol.
Q0 Qrpm 0

0 Qs Qs 0 —Hm

Applying the method in Abdulrahman & Abdulrahman (2013), we get:
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B N

—Q1 0 Tz Omém 0

=l

| o
-Q2 Tm 0
- | U:6:
Jmz+0 0 -Q3 0 0 2.
0 0 0 (Q3Q79mbm —QzQaum) 0

0 0 0 0 (Q3Qs0:6; -Q3Q21um)

The associated eigenvalues are derived as:
[-(Qu+A1)][-(Q2+A2)][-(Q3+A3)] [(Q3Q79mEm — Q3 Qupim —A4)] X

[(030819252 -Q3Qalim _A5)] =0,

== A1=-QuA= -Q,A3= -Qa.

For A4, the following manipulations are considered:

(Q3Q79m6m —Q3Q1um -A4) =0,
|:1 = Q3Q7ﬁ?7761n]
Aa= -Q3Qium Q3Q11um

A= —0301 1,1 - Ry
Similarly for As

(Q3Qs¥;6. - Q3Qatim —As) = 0,
|: f— Q3 QZJum ‘|
As = —Q3Qg9:6- 03089 32 }

As = —03039.8.[1 — R?]

It can be seen that the disease free equilibrium point is locally asymptotically stable

when Ro< 1, thatis Rm<1and R;< 1.
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3.4.5 Global Stability at the disease free equilibrium for coinfection
model Malaria-Zika Virus

The proof of the global stability is done using the approach by (Castillo-Chavez &
Song, 2004).

Theorem 9

The disease free equilibrium of System (3.31) is globally stable if Rm: < 1 and unstable

if Rmz> 1.

We begin by dividing the System (3.31) into the uninfected class represented by
A and infected class denoted by B. This is given as:

4 IA _ y(A.B)
(3.32)
Plddts = Y(A,B),

where we define the two valued functions as x(A,B) (dimension 4) and Y(A,B)

(dimension 5) represented as:

Mh —— —UhSh OmSmlpShOz6zlaSh+PRm,
— Nh =3 Nh
x(AB) = Mm —UmSm — ImémSm(Im+mz) — 055zsmN(h/z+/m), . (3.33)
Nh
- (Juh + III)RITH
Ttmim
TZ/z _I.lth

OImENmulpSh —Tmlm 19;6glglﬂ+1'z/mz, —(Hh +I7)Im -
Nh
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ﬁg(Sg/gSQ—TZIZ — 9 m6Nmhlplz +Tmilmz —Hh/z,

_ | w8 N
Y(A,B)fl «

mO&Nmhlplz —I'm/mz, el.

Nzlalm =Tzlmz —(Uh +n)Imz + 9

(3.34) »

| Ombém(INm+h Iﬂ)Sm—[Jmlp,
02625mN (plz+Imz) —Umla

The proof of Theorem 9 will be complete if the following two conditions are

satisfied:

4 1.x(0,B) =0 , is globally asymptotically stable
(3.35)

2.Y(A,B) = TB-Y"(A,B),Y (AB) =0 € Q.

The condition I = D7Y(A,0) is an m-matrix (i.e off diagonal elements of I are
nonnegative) and Q is region where the System becomes biologically

meaningful. Thus,

a m
s T uhtntmt Ty, 0 Tz Imém N o
0 = %f‘*’ uh+* Tz ™ — 0151
— —_ ¥ i
r= DTY(AI O)_ B ‘3‘,6:1“ ‘3"‘1\‘?:1“ ~(uh* ™+ ) ‘9"‘,@""1‘ &5‘1‘“%
S S 7 0 a
7 25:Sm 25¢Sm P
= i a Y
ImNEmpSm 0 - m
=(un+n +17) 0

0

23 Umém 9,6,

0
~(un +Tm) Tm 0 0.

0 —(Un+Tm +T7) 0
= 0
191”2

NmpSm 0 ImNOmpSm —Um 0
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0 JzNSzpSm 9zN&4,Sm 0 —pm

This implies that:

( OOl (1 -~ fg) + ol
ree (1-3) +a
| .
T(A,B) = T;(AB) | = — (Ol + 0t 1) BIRY" (A B)BRzlamlz
% 19.’" 8’" ([l” +I’”:) ;S'm 2
Y‘S(A.B) 19:5:([:+[Hl2) (] _ h)
Nfi N"T

Since Y"3(A,B) < 0 and does not completely satisfy the two conditions in Equation
(3.35), the disease free equilibrium may not be globally asymptotically sta-

ble.

3.4.6 Existence of endemic equilibrium point of co-infection Malaria and
Zika virus

Endemic equilibrium point is the steady state solution where the disease
(malaria and Zika virus) exists in the population. The endemic equilibrium point

of the co-infection model is denoted by En;*and is given by:

* %k * * * * * * * *
Emz — (Sful.'n?[z sz?RmaRz'JSm’IpJa)

3.4.7 Global Stability of Endemic Equilibrium of Co-infection
Malaria-Zika model

The prove of the global stability of the endemic equilibrium point is done using

the following theorem;
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Theorem 10
If Rmz> 1, then the unique endemic equilibrium En;* of System (3.31) is globally stable

in the interior of Q.

The global stability of the endemic equilibrium can be determined by constructing
a quadratic Lyapunov function V(t) of the form:

] * ok ok
V(Sh:II?H]ZaL?l:aRm:RmSm:Ipa]a) :E ((Sh 1 Sh*) + (Im 7Im ) + (IZ "Rz )+ (

2
% 1
-5+ (R R+ (Re=R2)) 5 (

Imz

2
=S )+ U —17) + (L —1:*)) s

Taking the time derivative gives:

av sk k kk *kk )k kk kok
E - (Sh - Sh ) + (Im _Im )+ (IZ _Iz )+ (Imz _Imz) iy (Rm _Rm ) + (RZ _Rz ):|
d
X E[Swlm + I PRy + Ry | (S — Sp) (Lo =150+ (L —I;‘*)}
d
X __[Sm+lp+l]. dt
a_V *ok *% *k pik
X ﬂh[(sh 1 S;:*) + (Im _Ir::) -5 (Iz _Iz**) A (Imz _11:1;) == (Rm —R:,*)
+ R =R =Nl =1 + (e = L)1 | = (S =S ) + (I — 1"+ (la = I77)]
ot - [(Sh - Sh ) oy ("m _Im ) w1 ("z _Iz ) p ("mz _Imz) + (Rm _R;:z*) + (Rz _Rz**)]
X W [(Sm — S, ) + (I *I;*) + (la— I;*)],
Let

mz

Wl = Sh _S}Z*!W2 = In _L’;*:W:i =IZ _I;*1W4 = IHI:’._I**:'WS = R T Rxxm

W6 :RZ’*R:*,W7 - S‘ln 78;:1*5W8 :Ii 71;*,W9 — [a 7[;‘*’

93



W10 = W1+W2+W3+Wia+Ws5+We, W11 = W2+W4, W12 =

W7+Ws+Wo,

Thus, we obtain:

= — {W%O -k T]W]OWI 1+ JumW%Z]
ov

ot

It can be seen that %< 0if S, <S5 In < 1,5 I < |+ R,< Ry R < Rer,

Smg S**

m?®

<[ I, <

laxx. Also, govt = 0 if and only if Sh = Shxx, Im = Imxx,

I

Iz = lz%x, Imz — :;;, Rm = Rx+m , Rz = Rz*x , Sm = Smxx, Ip = lp*x, la = lax+. Therefore,

the endemic equilibrium of the co-infection Malaria-Zika sub-model is globally

asymptotically stable.

3.4.8 Existence of Backward Bifurcation for Malaria-Zika virus sub-

model

To the existence of a backward bifurcation phenomenon, System (3.31) can be

rewritten as follows;

X1 =Sh,x2 = ImX3 = lz,x4 = Imz,x5 = Rm,x6 = Rz,Xx7 = Sm,x8 = Ip,x9 = la.

It can further be expressed in a vector form as:

dX,‘
—=F(x), dt
where x;= (x1,x2,X3,++* ,X9) and F = (fy, f2, f3, fa,+, fo) . Thus,
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JE,

] 251 5] 2] 2] 0] ) 5] 28] 5] 25 2] 2] 1] 2] 5] ) 2] 2] BN SN BN 0 |

[ dx, 7|
| 42
| dt 2 = OmNShmxeX1—(h +1 +Tm)x2—

dx

= = 9,NShxax2+TzX4,

dt 3 = 9;NShzxoX1—TzX3— OmNShmxeX3+TmX4—LLhX3,
| dx — f
dt 4 = 9;NShzxoX2—(Uh +n +Tz) x4+

OmNShmx8X3—TmX4,

{ % = f5 = TpuXo — (Un + W)x45

dxg _ p .
| o =Je=Tx | LhXe,

d.JC',l _ .
| | I f 7= L T dtUmXT— ImSmN (xh2+x4)X7— 926z(Nx3h+x4)X7,
[~

dt 8= Om&mN(xx2+x4)X7—AmX8,

| drg
dt 9 = 9;62(Nx3h+xa)X7—AmXO.

The Jacobian matrix at the disease free equilibrium state is given as:

~(un+ n+ tm) 0 Tz 0 0 0
0 ~(un+ ) ™ 0 0 0 0
0 0
™ 0
0
0 [v4
_ OmémNmuk _ Uz6zMNmuhn - Hm
MNhum MNhum
OmémOmyh
hum 0
—Un 0 0 0 Y 00
—(Un+Tm +15) 0 0 0
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(3.36)

- 13rM 6m
'Bm Sm

“m

=1, 6:

dt 1= Mh —UhX1— ImNSErmxeX1— OzNShzxoX1+ X5,

0
0.5




0 ~(un+) O 0 0

0 0 —Un
— (9m6™+9269) Nmph 0 0lo
Mhum SmémNmu
h 0 0 0
7]
n Nhum 9262Nmuth 926zNmuh
0 0 0 0 0 0
Nhum MNhum

To analyze the dynamics of Equation (3.36), we compute the eigenvectors of the
Jacobian matrix Je,at the disease free equilibrium. We first of all consider the right
and left eigenvectors represented by W=(w1,W2,W3,Wa,Ws,We,W7,WgWs) and V =
(V1,V2,V3,V4,Vs,V6,V7, Vs, Vo) . Solving for the right eigenvector associated with the

eigenvalue of the Jacobian Jgis given as;

Yws=Imbémws—0:6zw9 Umémws U267W9
Wi = W= - W=
uh  (uh+n +tm)  (Uh +T2) TWW2 TW
(19.'71 OmW2 + Y, azwii )Hm Hp

wa=0, Ws= _____, W= W7y -
(uh +¢) ph Mhpm
UmOmMmu
we=___ [hum2 hw2,w9 =17
262MNhmupum2mwa3.
The solution for the associated left eigenvectors are as follows;
UmémMmphvs Uz6zMNmpn(vo-v7) vi=0,
V2= V3=
(uh +n +Ttm)Nhum (uh +12)Nhpm
(tzv2+Ttmvm)Nhpum +(ImEmve+0262v9) Mmun ve=0,v7=0,
Vg = Vs = 0,

(un +n +Tm)Nhum
Imémv
ve= __ 2v9=9__ z62v3.

Hm Hm
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Since we are dealing with a co-infection state, we consider the case when Rm;=
1 (assuming that Rmq >R2v) and also consider the bifurcation parameter w =9,

Solving for w from Rm= R, =1 gives:

(Ju.’? +1+ Tm)nlz“;i

5m2|_|m[.lh

Computation of aand b

Here, the second partial derivative of all the state variables are computed to help
obtain the value for both a and b. It follows that the value of a is given as:

% f
dx>dxg  dxgdxs
°fi  9*fi 2
Ix1dxg  Oxgox 2 Ssh 0fi 02f1 -7
= =-9,6,
0x10x9 0x90x1
*f  9*f 2
7x1dxg N dxg0x| = Ombm, af7 02f7 -
O0x40x7 Ox70x4
02f2 022 027 02f7
= = =i%,0,, = = =Umbm,

0x20X7 0x70x2
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d*fr  9°fr 2

Ixgdx7  Ix70x4 _ 9.5 0 f4 02fa
= zUz, - - _ﬁm6m
0x30x8 0x80x3
I fo  Ifo 2
3x38x7 8x78x3 9)[38;{7 o ax—',-ax}‘ - 9.5 df3 02f3 19262 0262
*fs  9*f3 5.5 % fi - = = —Fmbm, Ox40x7 Ox70x4
8x18x9 - a)(ga}q IR 3X13x3 0x30x8 0Xx80x3
2 2 2
df7 of 0 fo 02 f9
= 7= - , = = ,
Thus, the expression

for ais given as:

2

9*fi 9 fi °f d’fy
a =v1w1ws{axlax8} v {axlax‘j \TT {39615')63] + VR [8x48x7}

[ 9% ] [ d2f ] 9 fy 9% f
+vawawal 9X20x9 | HAARAE | dx70x; | +774[ax7ax4] YA [8x3c9xJ

[ *fo ] [ 9 ] 9’ fr 9% fo
+v9w3w7_ax33x7_ VAW _53633)68_ Fh3Y {axﬁxJ Yo {5)64(%7}

[ d*f3 ] [ *fy | 2fs
+vawiwel X109 | +VOWaWT | dx309x7 | +VsW2Wg {axzaxj >O.

From the left eigenvectors of the co-infection Malaria-Zika virus model, it
follows that vi = vs = v = vz = 0. Hence we do not consider the equations
associated with fy, fs, feand f7. Therefore, the value of b is obtained as follows;

2f2 0213 02 fa 02fs
0

+ + + = 5mX1_6mX3+6mX3+6m[X2+X4],
0x80Um 0x80Um 0x80Um 0x709m

= [Om[x1+x2+xa]] > 0.

Since a >0and b >0, it shows that when w <0 with o] < 1gjs locally

asymptotically stable and there exists a positive unstable equilibrium. Bifurcation

Diagram Co-infected Malaria-Zika virus sub-model
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Figure 7: Description of the backward bifurcation of System (3.31).

The implication of the occurrence of backward bifurcation in this model is that,
for the disease to be eradicated, it is no longer enough that the basic
reproduction number Roshould be less than one. In fact, to achieve eradication,
additional efforts such as control measures and cost are required to bring Ro

below a critical value when Ro < 1.
3.4.9 Malaria-Elephantiasis co-infection sub-model

In this subsection, we consider the Malaria-Elephantiasis sub-model given as:

BldSh

Adldtn== aNmmS+n —PYRTmml+m =R (Ush—+0tNm) Slhm=——HUhfSIhm—+aTHSImgh, ,

lat
| dly
1= af Sh —uhls—amls =Tf Iy +Tmlms dt
| dimf
RARBRRRARJRItm = aflm—(uh +1n +Tm +Tf )Img +amly,

= Tmlm —(un +Y)Rm, (3.37)

2 dt
| Ry
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= trlf—(un +@)Ry,

dt

| ds,

dt Nm —umSm —ApSm —AwSm, =

| di,

| = ApSm _I.lmlp,

| dt
Awm Umw dlw
dt =mn SE 1/,
where,
Om&mlp Of 6f Iw OmSm(Im +Imf) Of &f (If +Imf ) am = af=
,Ap = Aw =
Nh Nh Nh Nh

The disease-free equilibrium point for System (3.37) is obtained as

H HH?
= (—h,0,0,0,0,0, _1010)

h m

Emf
Basic Reproduction Number for Malaria-Elephantiasis sub-model (Rny)

As defined in the preliminaries, the respective F and V for System (3.37) can be

obtained as follows;

=

Np Np

A 9r8pluSh  Omémlply
Np Np
Ofbflwlnm Smémlpls
Np " Np
Om&m(Im+ ImfSm) Rlimf

Np

Bm
9£85£Sm(lf+ Imf)
Nh

19m5m/psh Of 6f Iwlm )

(Wn+op)lp =7

=
|

and

h
1
SIS

S
SN NN E|

ESIES

(uh+n +Tm +1f ) Ims 2.

= N

=l

Umlp

uUmlw
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Using the next generation method, the dominant eigenvalue of Equation ((3.38)

given as FV-1is obtained as

-1 _ { 19:721 5;%“1111”/1 } {\/ a%a%nnnuh }
FV (.uh + n + ’Gn)niuur% : (Juh + ’L‘J.r)l'I,“u,%

Therefore, the basic reproduction number is given as

{ 19,,216"211_1”,”/2 ﬁ%&%nmﬂh }
Remf (ko + 1+ T Tt "V (b7 T

Local Stability of Disease Free Equilibrium for Co-Infection Malaria and Elephantiasis Sub-

Model

To determine the local stability of the disease free equilibrium of System (3.37),

the following theorem is considered.

Theorem 11
The DFE point is locally asymptotically stable if Ro < 1 that is Rmf< 1 and

unstable otherwise.

The Jacobian matrix Je,;0f System (3.37) at the disease free equilibrium state is:

0 0 0 T2 T3 0

=Tz 0 Ts 0 0 0

0 0 0 -T11 T12 0 0 0 oOT
- To Te -Twa O 0 0 T13 To
— O
JEnT12 O 0 -Tis 0 0 0 o,
0
0 0 Ts 0 0 -Ti6 0 0 0
0 —T17-T18 -T19 0 0 -T20 0 0
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=l
=l

0 T17 0 0 0 0 0 -Ta3 0

(3.39)

where,

Ti=unTo=Y,T3=@,Ta=OmbmTs = 056£,T7= (Un+N +Tm),Te = T;
T11= (Un+T7), T12= Tm, T1a= (Un +N +Tm +T7), T1s = (Un +Y), T23 = Um, T = (Uh +¢),T17

= Omém, T1g = Of 8f, T19 = (OmSm +0f 6f ), T20 = um.

By applying matrix algebra it can be seen that all the trace of Equation (3.39) are

all negative, thus the disease free equilibrium is locally asymptotically stable

for Rms< 1.

Global Stability of the DFE Co-Infection Malaria-Elephantiasis Sub-model

In this subsection, we prove the global stability of the disease free equilibrium
for the co-infection Malaria-Elephantiasis sub-model by applying the following

theorem

Theorem 12

The disease free equilibrium of System (3.37) is globally stable if Rms< 1 and unstable
otherwise.

The prove of the theorem is made possible by applying the idea in Theorem 1

with its putative explanation and approach applied in Theorem 5. By so doing

we derived the following:
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_ S
Nh a

S, _
UAl(A,B) (&n‘smlp (] - N_iji) + ajIm\(l ) Lo

oo

k 1},"6['“1‘—9—[[”]') (] _ ﬁ) )
Nj Ny,

BU"2(A,B)RAEf lwmlf
U

Ty Sm ].ur+1m i i
4(A,B) | | (Nh /) (l_-l’s\/;i)

U’s(A,B)

From Castillo-Chavez & Song (2004), it can be seen that U"3(A,B) < 0 does not
satisfy the condition. Thus, the disease free equilibrium of System (3.37) may

not be globally asymptotically stable.

Existence of Endemic Equilibrium Point for System (3.37)

Due to the complex nature of the Malaria-Elephantiasis sub-model it was
difficult to obtain an implicit solution for the endemic states. Thus, we assume

and denote the endemic equilibrium point of System (3.37) by:

Emf* = Sh**,lm**,l**f,lmf**,R**m,R**f,Sm**,lp**,lw**)

Global Stability of Endemic Equilibrium for System (3.37)

The global stability of the endemic equilibrium point is proved by applying the

following theorem.

Theorem 13
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If Rms> 1, then the unique endemic equilibrium Emg* of System (3.37) is globally stable

in the interior Q.

The global stability of the endemic equilibrium can be determined by constructing a
quadratic Lyapunov function L(t) of the form:

] %k ok *k
L(SlulmaIj'aLnJ"aRnan'aSmalpalw) :5[(51‘1 - Sh ) + (Im *Im ) + (I] *If )

+ (Inp— B+ (R — RS + (R — R

+ 2[(Sm = Spe (I, = ") + (1 —1;;*)]21

Taking the time derivative yields:

Blee = S;7)+ = 05) 4 (I = 1) g — i) (R — R1) + (Ry — =[5
Rt

)]
dt

Gt [Shtlm +lg+Imp+Rm +Re 1 +[(Smlw )] —S5") + (L, — I;*) + (1, — dt

d
+ {Sm+lp+lw), dt
=[(Sh = Sp") U — 1))+ (L = IF") + (Bnp — Lyyp) + (R — Ry,) + (Ry = RY))]

X [nl[(Sh = S3") + I =L, ) + (Lp = 15 ) + (g = Ip) + (R — R,)) + (R — RY7)]]

+1 (Im - I;*) + n(‘rmf "2 ;::})] + [(Sm = S:tz*) + ("p i I;*) e (Iw 3 I»T'*)] X

[ [(Sm — S0) +Tp = 1,7 ) + (1w — I57)]]
Let

E! :Sh *S;:*,Ez :Ln‘I;*aE?) :I‘['*I;'*:E4 :[m - ;;TfaES :Rm*R**

m
’

g6 =Ry — R} \Ey =Sy =S, Eg=I; =I}"\Eg =1, — I*
Ei0= E1+E2+E3+E4+Es+E6, E11 =

E2+EaE12 = E7+E8+Eo.

Making the substitution gives:
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oL 2 2 ]
__ = [unEr0+nE10E10+UmE.
ot

It can be seen that 9oLt < 0 if Sh < Shxx, Im < Imsx, If < lxxf, Im < Imfsx , Rm < Rxxm,

dL __
Rf < Rxxf, Sm < Smxx, If < lxf , lw < lw=x. Again, 9t —0if and only if Sh = Shx,
Im = Imxx, If = lexg, Im = Impex , Rm = Rmxx , Rf = Ruxg, Sm = Spxx, If = lxxf, lw = fysx.

Therefore, the endemic equilibrium of System (3.37) is globally asymptotically
stable with reference.
Existence of Backward Bifurcation for System (3.37)

System (3.37) can be rewritten in a dimensionless state variables of the

MalariaElephantiasis Co-infection model as follows:
X1=Sh,x2 = Imx3 = If,x4 = Imf,x4 = Rm,x6 = Rf,x7 = Sm,x8 = Ip,x9 = Iw.

Writing it in the vector form yields:
aX;

—=F(X),
dt

where X;= (x1,X2,x3,-** ,xo)"and F = (fy, 5, f3,+:+, fo) . It follows that

dx1 Imémxsx1 U7 6f xox1
— =fi=Nh+xs+@xe— — —ppxa——,dt N
Nh
dxz Imémxsx1 U7 61 xox2
__=fr= — —(untn HTm)X- +Tfxg, dt
Nh Nh
dxs 07 6f xox1 Imémxsx3
__=f3= — —(UnHTF)Xa—— +Tmxs, dt
Nh Nh
dxa U7 65 x—9x2 UmOmxsx3
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___=fa= _  —(uh+n+TfETm)XA+
dt  Nn Nh dx

_ 5= fs=Tmxa—(Un +)xs,

dt
dxs
= fo = Trx3—(1n +)xe, dt
oxr Umbm(x2+x4)x7 Uf Of (x3+x4)x7
= 7= Mm umx7 - - -
dt Npdxg Ombm(x2+xa)X7 Np
— =fs= —UmXe,
dt Nh
dxo Uf Of (X3+xa)x7
= fg = —MUmXo.
dt Nn
The Jacobian  at

the disease free equilibrium point is given in Equation (3.39).

The associated right and left eigenvectors of the Jacobian matrix is respectively
represented byW =(w1,wa,ws,Wa,Ws,We,W7,Ws,Wo)" andV =(v1,V2,V3,Va,Vs, Ve V7,Vs Vo),
where T is the transpose. Solving for the right eigenvector with its associated zero

eigenvalue yields;

Yws+owe—Ombnws-9¢ 6f w9  Ombmws G 6 ws wi =
Wz = W3 =
Uh (uh +n +tm) (uh +12)
TmW2 Trws

5 6
wa=0, w (ntV) w (Ht¢) wr= -
OmSmw2+NOhuf Sm2f w3)Mmun,

ImOmMNmunw2 9 6f Mmuhw3 wa =

2 , w9 =

Mhpm?2
Mhum

The left eigenvector is also derived as:

vi=0, V2= ImOmMmunvs ,Vv3=1 fOf
MNmuh(ve-v7),

(un +n +Tm)Nhum (uh +12)Nhpum
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(tf va+Tmv3)Nhum +(ImEmve+0f 6f vo) Mmun
Vg =

(uh +n +Tm)ipum
Imbémv2 Ordfv3vs=
Vg =

Um

Um

Considering the case when Rms= 1 and assuming that Rm > Ry with the bifurcation

parameter chosen as w = 9% we solve for w to obtain:

® — (Juh +nN+ Tm)HIzIJ,%'

5m2|_|m[.lh

This is followed by the computation of a and b as described in (Castillo-Chavez &

Song, 2004).

Computation of a and b: The associated non-zero partial derivatives at the DFE are

given by:
02f1 02f1 0212 0212
3x| a.’Cg 3x3 (9)6] = —Ombm, = =Umbm,
f OX10x8 0X80x1
dx;dxg  dxgdx 02 f1 021 02f2 02f2
= = —]3‘f6f’ = = —ﬁféf’
0x20x9 0x90x2
02 fa 02 f4 02f7 02 f7
= = 9mbm, = -0rdf,
0x40x8 0x80x4 0x40x7 0X70X4
02f7 02f7 02 f7 02f7
= = =UmOm ’ = _ﬁf(sf:
0x20x7 0x70x2 0x30X7 0x70x3
02f3 02f3
- 3x3 3x3 axS 8x3
92 a2 9?2 a2
fS = fS =1, 51111 f3 = f3 = 19;6
dx2dx7  dx70x> dx1dxg  dxgdx; :
02fs 02 fo
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Omém Uf 6f
0X30x7 0X70x3

f.
Thus, the expression for a is given as:
a =viwiws dx0xg el dx1dxy P9 dx10x9
e _-l-vww [ O*/a _+vww [ 91 |
+V2w2w9 Oxdxo | | Oxgdxg | | 9xa0x7 |
e _-l-vww L _+vww [ 91 ]
+V7Waw7 | dx2dx7 | e | dx70x4 | T | dx30x7 |
v _-l-vww L _+vww (9% |
+VIWaAW? | dx30x3 | g | dx40x7 | et | dx30x7 |
s | 9% ]
: 0
+V8W2w7. | Ix20x7 | v | dx1dxg | 7
The value for b is also obtained as:
2f2 0213 0214 02fs
0
+ + + =OmX1=OmX3+OmX3+O0mX2,

0x80Um 0x80Um 0x80U0m 0x709m

=[6m(x1+x2)] > 0.
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Since a >0and b >0, it implies that there exist a positive unstable equilibrium

which is locally stable.

Bifurcation Diagram for System (3.37)
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Figure 8: Description of the backward bifurcation of System (3.37).

The implication for occurrence of backward bifurcation for System (3.37)

shows that the basic reproduction number is not sufficient to help eradicate

the coinfection disease. Hence, eradication would be achieved if additional

efforts such as control measures are applied.

3.4.10

Co-Infection Zika-Elephantiasis Sub-Model

Finally, for the Zika virus-Elephantiasis co-infection sub-model, we obtain the

following differential equations;

dSh
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dt = Nh—uhSh—a?Sh —af Sh +PR’, | dl;

| = 0zSh —Tzl; —Of I; +Tf |5 —uhl

dt
| dly
| = af Sh —phlf —Tf If +Tzlzf —atzlf,

dt
| d/zf

Bt = azlf =tf Izf —uhlzf +af Iz —Tzlf,
EIPIdR:
=T, _Hth, (340) dt
|
| ar,
=Tl —(un +@)Ry,

dt—
lds,

Bldidta = Nm —umSm —AwSm —AaSm,

| PBIPl= AaSm —umla, dt
|,

= AwSm —umlw, dt

where,

926:z14 I?féflw I?Z(Sz(/z +sz) Of(sf (If+lzf) o;= or= Ao =
AW =
Nn Nn Nn Nh
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The disease free equilibrium point of System (3.40) is given as:

I IT
= (”,0,0,0,0,0,’”,0,0)

h Hm

Ezf
Basic Reproduction Number for System (3.40)

The associated F and V matrices of System (3.40) is obtained as

N Nh 0262145y — 06wz - B (Un +T2)!

?

2 ﬁL&-A‘;—I“éh - ﬁz&/\z/ﬁzlf_ 2Tl (Mn+ 1)l —1

7] § i 2l 7
Fo [ dalls | obslule

) N

2] 92870+ 1;6)Sm 2

2] ?

% N % Bllzf

7 9esrUst by M Bz

Nhn

and V= (uh +tz +77 ) [ BT,

?
Umla

Umlw

Using the next generation matrix approach the basic reproduction number of

System (3.40) is given as:

_ { 1932 331—[:;:#}; \/ ﬁr%ra_?r[m.uh }
Ryt (kn+ )ty | (1 4 T T
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Local Stability of DFE Point for System (3.40)

To determine the local stability of the (DFE) point of System (3.40) the

following theorem is considered.

Theorem 14
The DFE point of System (3.40) is locally asymptotically stable if Ro< 1 that is

Rz;s< 1 and unstable otherwise.
The Jacobian matrix Je,of System (3.40) is given by

-Y, e O
0 Y3 0

-Ye 0 Y7 0 0 0

0 0 Y10 Y11 0 0 0 0 Y

0 Y9 Ys -Y13 0 0 0 Y12 Ys

JEx= 0 Y11 0 0 -Yis 0 0 0 0 @,

2o 0 Ye 0 0 -Yis 0 0 0 2l
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where,

=

o o

-Y16-Y17 -Y18 0 0 -Y19 0 0
Y16 0 Y20 0 0 0 -Y22 0
0 Y17 Y23 0 0 0 0 -Y22
(3.41)
Yi=unY2=@,Y3=0:6,Ya= 0766 = (Un+T2),Y7 = T, Y10 = (Un +Tf),
- - = = A zéznm/lh

Y11=tz Y13 = (Uh +Tz +7f),Y14 = —h, Y15 = (Uh +¢), Y16 = (O ),

MNhum
£ 8f Nmpn ) Y18 =025 :Nmpm+0r8f Fimun), Y19 = (Um), Y20 = 0262,

Yi7= (O

Mhpm

Nhum MNhpm

Y22 = (Um), Y23 = Or 6f.

Applying the concept of matrix algebra, a Jacobian matrix will be locally stable

if its trace is negative. It can be seen that the Jacobian matrix JEshas all its trace

being negative thus the disease free equilibrium is locally asymptotically stable

for Ry<1.

Global Stability at the DFE for System (3.40)

The global stability of System (3.40) is shown using the method described in

Castillo-Chavez & Song (2004) and explained and putatively analysed in

Theorem 5. As a result we apply the following theorem;

Theorem 15

The DFE point of System (3.40) is globally stable if R;s< 1 and unstable oth-

erwise.
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Applying the idea of Theorem 5, we have:

(Nl (AB)\ (1936;1(, (1 — f,—j) + aflz\

| — % +of &
(A B)AEDE BABMas hwlf b |
2

h m

13:5:(]:+]:_f‘) 1 Sm
Nh o m

da) (‘s )

4(A,B) |

The Castillo-Chavez & Song (2004) approach requires that N"(A,B) > 0, however,
it can be seen from Equation (3.42) that N"3(A,B)<0 implying that N"(A,B)< 0.
Therefore, System (3.40) does not completely satisfy the approach and thus the

disease free equilibrium may not be globally asymptotically stable.

Existence of Endemic Equilibrium of System 3.40

The endemic equilibrium point is the steady state solution where the disease
(Elephantiasis-Zika virus) exists in the population. We denote the endemic
equilibrium point of System (3.40) by E;rand due to the complexity nature to

obtain an implicit solution we denote it by:

. %k * ok Bt ok * % %k ko k% k%
Ezf**i( h ’If )2k 3 Zf’Rf ’Rz S b 1 )

Global Stability of Endemic Equilibrium of System (3.40)
The endemic equilibrium point is solved using the following theorem.

Theorem 16
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If R;s> 1, then the unique endemic equilibrium E; of System (3.40) is globally

stable in the interior of Q.

The prove of the global stability of the endemic equilibrium is determined by

constructing a quadratic Lyapunov function V(t) of the form:

1
V(Sf“valzvszvR,ﬁRz:Srm]wn[a) :E[(Sh = S}:*) + (If — ‘I};*) + U: " ;*)
£ (sz *I;}k) + (Rf = R}*) + (R, — R;*)]Z

o [(Sn =830 + (B = 1) + (la = I57))

Taking the time derivative of yields:

_ oV
=[(Sh—Si" )+ U —IF" )+ (L= L)+ (L —EF) + (Rf — RY) + (R, — R})]
ot
x DSy I+ dot Lop + Rp+ R Sm= Sy )+ hw= I )+( fa- **)]
la
ot
d
X [Sm+lw+lg]. dt
— =[Sh =8y ) +Up—157) + (. — L) + (Ly — L) + (Ry — R}") + (R —
OV
Rz)]
X [ [(Sn — Sy*) + Uy = I5%) + (L — £*) + (Ly = L7) + (Ry — RY") + (R, — R;™)]
ot
+ 0l =177)] = [(Sm =Sy ) + (e = I5°) + (e = 157)| [ M [(Sm = S3) + (D — 1)
+ (L —1")]]
Let

Ly =Sy—Sy Ly = Iy —I}* Ly = I, — I}* Ly = Ly — I}, Zs = Ry — R}’

T =R, —R™ Ly =S, — S Ty =1, —I'* Tg = I, — I**

m a
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710 = 21+72+73+74+75+76,711 = Z7+78+70.

We therefore obtain:

- = [JuhZ%O + nZZZIO + u'mZ%]]

ov
(3.43)
ot
9L < < S RS B I <
=
We observe ! that 0if
SRV
Sh hl**f; /mS/mf**'RmSR**m’

Rf< R**¢, Sm. Again, 0 if and only if Sp= Sp**, Im = I+, If = lxxf, Im = Impex , Rm =
Rm#* , Rf = Rxxf, Sm = Smxx, If = Ixxf, Iw = ly*+. Hence, the endemic equilibrium of

System (3.43) is globally asymptotically stable with reference.

Existence of Backward Bifurcation for System (3.40) We

rewrite System (3.40) such that:

Xi
— =F(Xj), dt

where Xi= (X1,X2,X3,***,X9)"and F = (f1,f5,f3,+++,fo)". We assign x1 =

ShX2 = IX3 = lg,Xa = l£,X5 = Rz, X6 = Rf, X7 = Sm, X8 = la, X9 = lw. Thus, System (3.40)

becomes:
dxi1 U26z2x8x1 Uf 6 xox1
_ =fi=Nh-punx1- - +ox6 dt Nh Nh
dxa J262x8x1 Of 6f xox2
—=fa=  ___ —(uh+T)x2—_— +Tfxadt
Nh Nh
axs U7 6 xox1 926zx8x3
—=f3= _ —(UntTF)X3+ToXa—
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dt  Nn Nh dxs Uz6zx8x3 Uf 6 xox2

_ =fa= ___ —(uh+Tf+T2)X4+
dt  Nh Nh dx
__s=f5=1z2x2—-hxs

dt
dxe
= fe = Trx3—(Un +P)xe dt
oxr Of 6f (x3+x4)x7 0262(x2+x4)X7
7 Nm pumx7 =
dt Npdxs 0z0z(x2+x4)x7 Ni, =
__ =fg= —UmXg -
dt N -
~dxo OF 8f (x3+x4)x7
_ =fg= —MUmXo.
dt Nn

The Jacobian matrix Jesgiven by Equation (3.41) is analyze by computing its
eigenvectors at the disease free equilibrium. The right and left eigenvectors is
respectively denoted by w = w1, w2, W3, Ws,We,W7,Ws,Ws)"and v =
(V1,V2,V3,V4,Vs,V6,V7, Vs, Vo) . Solving for the right eigenvector associated with

its zero eigenvalue yields:

LﬁWs-l?z(SzWS—l?f 5f w9 19252W8 l?f 5f W9
W1 = Wy = e 4 W3 = o =
ph (Uh +12) (Uh +12) W2 TrwW3 (G 6w +8 6 w )M
zz 2 £ 3 mMy

ws=0, W5 = , We= - 5
. wy= Uh Uh+¢
Nhpum
926zMNmu 19f6fﬂm
we=___ 9= I w2 Mhum2hw2, W
hmUhW3,.

For the left eigenvector we obtain:

Uz6zMNmu

117



vi=0, wv2= hv8,v3 = fof
Mmun(vo-v7),

(uh +12)Nhpum (uh +1£)Nhpum

(tfv2+t2v3) Nhum +(9262v8+0f 6 va) Mmuh

V4= vs=0, ve=0,
(uh +7f +72)Mhum
v7=0, ve=0____ 7z62v2,
vo=1 fOf V3. Um
Um

Considering the case where R;= 1 and assuming that R, > Rs, we choose o = 9,
to be the bifurcation parameter. Solving for o gives:
(un +n +T2)Nhpm? o

= 2

62Mmuh

Computing for a and b, the non-zero second partial derivatives of f associated
with a is given by:

2 0*f; =06y, *f; 5.5
o 0 f2 A
aXIaXS Z axzaxg aX|aX9 3X38Xg ,
f
a0 Txow  F
02f2
=06 = -Us6y,
2
0 fs 029

Hence, the expression of a is given as:
a =[vawiws[9z8z]+vawaw9[-Uf 8f | +vawiws[f &f | +vawaws[-0z67]

+VgWaW7 [19262]+V9W3W7 [l?f&f]] >0.
Similarly, the expression for b is given by:
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b= V2W8[52X1] >0.

Sincea>0andb >0, it implies that the established endemic equilibrium is locally

asymptotically stable and there exists a positive unstable equilibrium.

Bifurcation Diagram for System (3.40)

0.30

0.15}

Force of infection

0.05

0.10 X

0 0.5

1.0 1:5

Figure 9: Description of the backward bifurcation of System (3.37).

Figure 10 shows the bifurcation graph for System (3.40). The implication here

is that to achieve eradication, efforts that will help bring Ro below the critical

value when Ro < 1 must be put considered.

3.4.11 Malaria Only Model

The Malaria only model is obtained by setting all the state variables and

parameters related to Zika and Elephantiasis in System (3.1) to zero. Thus, we

obtain:
RldSh

| dlm

B="h +YRm —amSy —unSy dt

| = = oamSy—tmim—(un+n)lmdt

BldRm

= Tolm —(n () R (3.44)
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| dt
| dSm

= MNm —umSm —ApSm
o

dl,
dt ApSm _Hmlp,
where,
Imémlp Imémim
am =

Ap= .Nn  Nn

The disease free equilibrium of System (3.44) is given as:

Using the next generation method operator applied in Van den Driessche &

Watmough (2002), the basic reproduction number of System (3.44) is derived as:

0 A Az O
Frn = and  Vp= &,
A, O 0 A

where A1 = Imbm, A, = 9mplmy ks A3 = (uh +n +tm), and As= um. The spectral

radius of FmVm~! which is the basic reproduction of System (3.44) is given by:

Rm . 19,}21 6,% I, Uy
3.4.12 Local Stability (Hp+mn+ )3 of Disease Free
Equilibrium Point for

System (3.44)
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Theorem 17

System (3.44) is locally stable if Rm < 1 and unstable otherwise.

The prove of the theorem is performed by linearising System (3.44). The Jacobian

matrix Je, is given by:

Y
0 0
~(un+¢) \
=1 0 —(un+n +tm) 0 U O
% Mhum m 19'1116.'?2
P PR 0
0 - - mOémNmuh & 0 0
0
0
JEm s . (345)
Umm 0 0 —Um

The diagonal entries un, umand =(un +¢) are the three of the eigenvalues of the

Jacobian matrix JE,. Thus, Equation (3.45) can be reduced to obtain:

(—(}J,h +1n+ T.v.u) O am\: k By Oon L 1, =) )
L . ( 3. 46)

JEm

For stability to be achieved,the determinant of Equation (3.46) must be positive

and the trace must be negative. From Equation (3.46), we have:

2 82
ﬁm 9

m

Hmuh

det(JEm) = um(un+nN +Tm)” — Maum (3.47)

tr(Jem) = —(un +n +Tm +pm) < 0.

Performing some algebraic manipulation Equation (3.47) becomes:
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= W:ﬁ%ﬁm(uh +n +tm) (uh

+n +Ttm)Nhim

It is observe that if R < 1 the determinant will be positive. Hence, since the trace
is negative and the determinant is positive if and only if Rm < 1, it implies that the

disease free is locally asymptotically stable.

3.4.13  Global Stability of DFE for System (3.44)

Theorem 18
The DFE of System (3.44) is globally asymptotically stable if Rm < 1 and unstable

otherwise.

Using the idea in explained in Theorem 1 and applied in Theorem 5, the solution

to help obtained global stability is obtained as:

V. W) = \ovn) )~ \ w21 -

(o) (it 51\

Q

Since the terms in Q"(V,W) are nonnegative and the conditions in Castillo-
Chavez & Song (2004) are satisfied, we can conclude that the disease free

equilibrium is globally asymptotically stable.

3.4.14 Existence of Endemic Equilibrium Point for System
(3.44)

The endemic equilibrium point is the steady state solution where the disease

(Malaria) is present in the population. It is given by:

Em** — (S}:*,I:’*,R** S** I**),

m?*»>~m>*>°p
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where,

o (RO S (B + W)?) — R (K W)NWY T+ Ny (R — 1) (5 + @)

Sh= Om?6m?uh(uh +P)2(Rm —1)Nh +uhumNi(G—-RmumTmy)
v (Rm =1) (uh +)umNh Im =

(G=Rmumtmy)
s+ (Rm =1) (uh +)umTmMh Rmg =

G-Rmumtm{
o Mm(G=Rmpumtmy)=(Rm —=1)OmEmNmun(un +)
Sm =

G-Rmpumtmy
o (Rm =1) (un +)OmSmMNmun

lp = H —RmumZTm(,U

where,

1931 6}% Ly Hm

¢ M p2(p +vy)
h m h

) — 19;7215"2111,':“;::(#/1 S ';U)
Mh

3.4.15 Global Stability of Endemic Equilibrium for System
(3.44)
Theorem 19

If Rm> 1, then there is a unique endemic equilibrium E**for System (3.44) that is

globally stable in the interior of w.

The global stability of the endemic equilibrium can be determined by constructing

a common quadratic Lyapunov function V(t) of the form;
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V(Sh I, R S Ip)= S [(Sh= Sh)+( hn = I )+( Rm = Ry )T’
l k %k k% 2
* 2[(5’"_ Sm)+( Ip=1p )]
Taking the time derivative yields;
:[(S‘h - S;’;*) + (IHI _1:1*) + (Rm - dv** d
— Rm )] —_ [Sh +Im

+Rm] Otdt

+[(Sm =S )+ Up =1,9] d [Sm+1o].
dt
= ()= S5 A+ (I — 1) + (R — RE)] (14 (Sh — 1)

+ (uh + n) ([m - IITI*) + ﬂh (Rm Y R:kn*)]

Let Al =Sh— S}, Ay = In— I A3 = R — Ry, Ay = Sy — Siy, As = I —p

As = A1+Ax+As, and A7 = As+As. This gives:

ov

—= =[A1+As+As] [Un(A1+A2+A3) +0A2 ]+ [As+As] [m(Aa+As) ]
ot -

OV —[urA26+nA2A6+UmA. = 7]

ot

. LLar? & - v _
It is observed that ar =0 if Sp < Sp**, Im < Im**, Rm < Rm** . Again ar —0if

and only if Sp = Sp*™*, Im = Im**, Rm = R**m, Sm= Sm** and I, = I,**. Therefore, the

endemic equilibrium of System (3.44) is globally asymptotically stable.

3.4.16 Bifurcation Analysis for System (3.44)

We rewrite System (3.44) in the form;

dXi
—_=F(X)), dt
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where Xj = (x1,x2,X3,Xa,xs)" and F = (fy, f, f5 fa f5)'. We also assigned the state

variables as follows: x1 = Sp, X2 = Im, X3= Rm, Xa = Sm, X5 = I,. We therefore have the

following;

dX1 0m5mX5X1

_ =fi=sNh+yY3-__  —uhxa |

dt N c

I g \ f = Ombémxsxi
dt Np .\

Pldxs — 2 ———(ur+n

+Tm)X2 -

= f3=tmX2 (Un +P) X3

? ImOmx2x4
dxa = fa = Nm —UmXa—
dt Nh
) dXs ImOmx2x4
—dt =fo=— o Np—pmxs

* 2
Taking® = U, as the bifurcation parameter for Rm =1, System (3.44) is lin-

earized at the disease free equilibrium point to obtain the Jacobian JE,o.

o 0
—Un Umém
. g
0 . 0
(un+p) OmbmiE
0 -
Jemo= BI@ 0 0 Hm ‘moam.
=(un+n +Tm) 0 0
0
m
° ImémNmuh
~UmOmlImUh
Mhum
7
OmémMmuh —Um
0 Mhum

To analyze the dynamics of System (3.44), we compute the eigenvectors of the

Jacobian Je,0. We consider the right and left eigenvectors represented by W =
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(w1, wo,ws,wa,ws)"and V = (vi,va,v3,v3,va,vs)'. Solving the right eigenvec-

tor we obtain:

¢W3+ﬁm5mw
wi= 5, . By O Ws T — 2
2=~ 3=~
Uh w o (tn+t), o w (U ty)
gvéNuw gvéNuw 4= ]
1
mm m h?2 mm m h2w "
, w5 = — 2
M u2 Mhpm
The left eigenvector is equally obtained as:
Imbémv
ImOmMmunv vi= 0, V2= Vs =
0, va=0, 2. HAOTm
Hm
The approach in Castillo-Chavez & Song (2004) is applied. As a result the nonzero
second partial derivatives of f needed to compute the value for a is given
as:
2f1 02f1 0212 0212
0
8x1 8x5 8x5 811 = =Umbm, = = Ombm,
92
f 4 = _191?1 5m1 f — fS - 19'.!716
2 4 4 20x dx dx dx 0x20xys  dx4dxs
Ox10x5  Ox50x1
02 fa 02 025

Hence, the expression of a is given as:

9’ f) y 9’ f> n 9°fa
a =Viwiws dx)dxs v dxjdxs rawara dx20x4
2
{ O ] >0
+vswawal 9X20%4 .

Also, the non-zero second partial derivatives of f associated with b is given by:
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2f2 02fs
0
+ = (2Wsx1+VswaXaJbm > 0.
0xs00m  0x200m

b

Since a>0and b >0, it implies that there exist a positive unstable equilibrium.

3.4.17 Bifurcation Diagram for System3.44

o1

|
0.09 - ‘
0.08 -
[
0.07 r Stable EEP
8 |
§- 006
= 008 |
4 \
X 004 -
S |
W 003 - Unstable EEP
0.02 +
|
0.01 - Stabie |
DFE Unstatle DFE ‘
o- s i N e
0.98 0.885 099 0.885 1 1.005 101

RO

Figure 10: Depicts the backward bifurcation of System (3.44).
3.4.18  Zika Only Sub-Model

The Zika only model is obtained by setting all state variables and variables and
parameters related to Malaria and Elephantiasis to zero that is (lf= Im= Imz= Imf

=l = Imzr = Ip = lw=0) in the System (3.1) to get:

@dSh
B="Th —puhSh —azSk dt
| dl,
| S 0zSn —Tzl, —pnl, dt
BdR,
= Tl —nR: (3.48)
| at
| dSm
- =Mm —uUumSm —AaSm
dt
dlq
dt = AaSm —pumla,

127



where,

9:6:z1a 9:6:12
o= Aa=

7

Nh Nh

The disease free equilibrium of System (3.48) is given as:

_ (H”‘,o,o,n’”,O)

E; Hp Lm

Using the next generation operator method of Van den Driessche & Watmough
(2002), the basic reproduction number of System (3.48) is determined by first

obtaining the values for F;and v;. Thus,

B ( 0 1926;\

e MTe 0 ) e o0
Fand V; = .
0 uz
The basic reproduction number obtained as the spectral radius of R, = {F,V,; '} is

obtained as:

R, (, + fz)Hh.u/%_

3.4.19 Local Stability of Disease free Equilibrium Point of
System (11)
Theorem 20

The disease free equilibrium point of System (3.48) is locally asymptotically stable

if R;< 1 and unstable otherwise.

The prove is done by linearising System (3.48) to obtain the Jacobian matrix

JE,.
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-un O
12l [l
B0 -(un+w) 0 0 o6p 0 0:6:
% 0 - Mhum 0 - um 0 rl (349)
?
Mm

Applying matrix algebra requires that the trace of JE, be negative and the
determinant be positive. It can be seen that the trace of JE,< 0. To determine
the determinant we have:
282
ﬁz 6z I—Imuh

det(./Ez)=
Umlun 26T 4,)-

Mhpm mph

(uh +12) Nhpdm?

= l_Rz.

It can be seen the det(Je,) > 0 if and only if R, < 1. Thus, System (3.48) is locally
stable if R; < 1.
3.4.20 Global Stability of DFE of System (3.48)

Theorem 21
The DFE of System (3.48) is globally asymptotically stable if R; < 1 and unstable

otherwise.

Applying Theorem 1 and the method in Castillo-Chavez & Song (2004), we

have:
. S
Tl (V. W) 1935213 l — N_;,
(V’W) = —
TE(VaW) 0.1 |1 — %
T,\ n
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Since the terms in T"(V,W) are non-negative and the conditions given in Carlos
et al. (2002) also satisfied, we can conclude that the disease free equilibrium

of System (3.48) virus is globally stable.

3.4.21 Existence of Endemic Equilibrium Point for System

(3.48)

Kk PRk
")

The endemic equilibrium point of System (3.48) is given by E,— (S5 L™ R, S,

where,

2g2 3
Sher NpU2 O LTty o —R 1 3n N2z + Ntz (R: = 1) i3

‘92 5:.2 H,,,l'[;,ui (R:—1) +Nhumuh( ‘922 322 Hm-uf? " RzumtzMNh)

2
[z (R; —l)um/,lhnh -
— 2
020,11, 45 “RzumtzMh
— 1)t TZH}ZT: >
Reszu 028 Tty —
(Rz2untzNh
Rlem

*k H’”(ﬁrzafznmug _Rz[,lmzfznh)—(Rz_ ])ﬂfafnmnhuf%‘u’%

Sm= 92622Mmpuh3—R2z um2puhtzlh

z

_ (R —1)0.8.1T, TG
laxx— 2 2622 muh =Rzum2tzlh.

z

3.4.22  Global Stability of Endemic Equilibrium of System (3.48)

Theorem 22
If R;>1, then the unique endemic equilibrium of System (3.48) is globally stable

in the interior of Q.

The global stability of the endemic equilibrium can be determined by constructing

a common quadratic Lyapunov function L(t) of the form;
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1
(Sh:]z:R:sth]a) :E[(Sh - S;*) + (IZ _I:*) + (RZ - R;*NZ

1

= [(Su=S3) + (L")

N
The time derivative of V(t) is given by:

=[(Sp—Si")+ (L —I'*)+ (R, — 0Vird

L1 R:)] — [Sh+1:+R;]
otdt
=Sy )+ Ua— = d
+[(Sm la)] —[Sm+ld]
dt
= —[(Sh =7+ (= I") + (R = RE) < [(S4 = 871+ (1= 1)+ (Re = V.,
— R
ot

— [(Sm =83 ) + (L = L) [mOSm = S + 1w (T =a=157)]o

let B 1=—8,"Bo=L—-0L" B3=8,-5,/,Bs=1,—I}*, B¢ =B, +B; + B3

and By = B4+Bs. Thus,

ov
= —[31+Bz+B3] [[Jh(Bl+Bz+B3)]—[B4+Bs] [H(B4+Bs)]
ot

OV —[unB2e+umB. = %}
ot

a %k ek ko *
It is observed that ar =0 if Sp= Spo L <7 R < R; , Sm< Sm**and I, = Ig",
Again, 2% =0 if and only if Sm — St =" R, = R:*, Sm=Sm**and lg= I;**.
Therefore, the endemic equilibrium of System (3.48) is globally asymptotically

stable in the interior Q.

3.4.23 Bifurcation of System (3.48)

System (3.48) can be rewritten in the form:
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X1=Sp, X2= 1, X3= R, X4=Sm, Xs= lg

It can be written in the vector form as:
aXi

—_=F(X),
dt

where, Xi= (x1,x2,X3,X2,x5)"and F = (fy, f>, f3, fa, fa, f5)". The System (11) becomes:

dx1 Uz262x5x1
_ =fi=Nh-punx1—-
dt Npdx; Gz62x5x1
—=fi= _ —(T+un)x
dt  Npdx
3= f3 = t2x2—uhx3 dt
dxa Uz6:2x2x4
=fasNm—ptmxa——
dt Npdxs Uz82x2x4
—— N 8-
dt Nh

Taking the bifurcation parameter to be 9% at the point where R;= 1, we have:

192 — (:uh + TZ)HhJu:%:
z 2Mmun
6z

The Jacobian matrix of Equation (3.49) is evaluated at the DFE point at R,=1
by computing the right and left eigenvector. The right eigenvector is

represented by w = (w1, wz,ws,wa,ws)"and the left eigenvector is represented v

(vuva,v3,vavavs)'. Solving the right eigenvector associated with the Jacobian
matrix (3.49) is obtained as:
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926:w5 Fozws 2wz 06 MNMwwr= 2z mMn 2

2
, Wa= ___  uh (uh +12) Uh h m
ws = 026zMNmunhw2
MNhum2
The associated eigenvector for v is given by:
oz mJuhSz: -
I ,uz(,u Jr’f) h m h z
g6MNv 9:62v2
vi=0, % , vs=0, v4=0, vs= .

Mm

Here, the method by Castillo-Chavez & Song (2004) is applied. The non-zero

second partial derivative of f is derived to help compute the value for a. This

gives:
_ _ 9.8 92f1 02fi 922 02f2; =
dxi 8x5 8x58x,1 Iy = 9,5,
f 0Xx10x5 0x50x1
24 2 44 ; 2%, oafo
025 = -10.8,, — — =19,0
dx dx dx dx dx20xs  Idxa0x>
Hence, the expression of a is given as:
% fi 2’ f 3% f
a =V1W1W5[axl 8,'(5] i § [axlaxS] —— [8@8){4]
32
2]
+vswawal 9X20x4 .

Also, the non-zero second partial derivatives of f associated with b is given by:

021> 02fs
b =+ = 52X1+Ozx4> U.
0x500:  0x200:

Since a > 0 and b > 0, it satisfies one of the conditions and thus it is locally

asymptotically stable and there exist a positive unstable equilibrium.
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3.4.24  Bifurcation Diagram of System (3.48)

A Stable endemic
equilibrium
0.6
g 0.4 -
3 3
b %
[
[y ‘\ Unstable endemic equilibrium
0.2 .
§‘~
\“‘
~~~~~
5 Stable DFE “~.,‘ Unstable DFE
0.4 0.6 0.8 1 152

Ry

Figure 11: Depicts the backward bifurcation of System (3.48).

Figure 11 (Zika-virus only model) also exhibits a backward bifurcation curve.
The implication is that the basic reproduction number less than unity is not
sufficient to help eradicate the diseases. In fact, to achieve eradication,
additional efforts such as control measures are required to bring Ro below a

critical value

R0< 1.
3.4.25  Elephantiasis Only Sub-Model

The Elephantiasis only sub-model is also obtained by setting the state variables

and parameters related to Malaria and Zika virus to zero. By doing so we get:

RdSh
dt  =Tlh—-unSh—afSh

RREBRA; = afSh-unlf -t il
dt
EIRdRf
= Tl —unRy (3.50)
dt
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PR R dSm =[m
—UmSm —AmSm | dt

@dldtY = AmSm —umly,

where,

Of Oflw Ofof If o=
sz Nh

Nh

The disease free equilibrium of System (3.50) is given as:

- (&70305 &10)
Ef uh H'm .

Applying the next generation operator method as applied for the multi-
infection as well as the various co-infection model, we do same for System

(3.50). We derive our Frand Vymatrix as

0 Uf Of (uh+tf) O
Ff= \lsfa Bland V=0 0. fimu,B
bl
0 0 uf
huf

Therefore applying Van den Driessche & Watmough (2002), the basic

reproduction number which is the spectral radius of FfVfis given by

Rf (.uh + Tf')Hh:ur% ,

3.4.26  Local Stability of DFE Point of System (3.50)

Theorem 23
The disease free equilibrium point of System (3.50) is locally asymptotically stable

if Rr< 1 and unstable otherwise.
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We linearise System (3.50) to obtain the Jacobian matrix Jg;.

0
— v, 6)
Un 0 0 'f Of
0@ & Of 6f
~(un+t) e
Jgr= 0 f 0 0B. oo u 0
— B%
—0f 6f Nmum 0 MNhum m
N |
: g
0 M &AM ummunh 0 0 —um

The proof of local stability requires the trace be negative and determinant be

positive (Mwamtobe et al., 2014). Thus,

22
Uy 67 Nmputh
det(Jer) = um(pun +15)— (3.51)
Mhum

tr(Jer) = —(un +Tr+uUm) <O.

From Equation (3.51) we observe that:

22
Uy 67 NMmpuh
det(Jer) = 1- 2="13RF,
(uh +1f )Ithum

Thus, if Rf< 1, then the determinant is greater than zero which shows that the

disease free equilibrium is locally stable.

3.4.27  Global Stability of DFE for System (3.50)

Theorem 24

The DFE of System (3.50) is globally asymptotically stable if Rf< 1 and unstable

otherwise.
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The prove is established by applying Theorem 1 and the method in CastilloChavez

& Song (2004) to obtain:

N Siy

Gy (V. w) OOk | 1=
vw)=| = 1 e

Gz(VW) 19]5]]] N,

Since the terms in G"(V,W) are nonnegative and the conditions in Castillo-
Chavez & Song (2004) are satisfied, we can conclude that the disease free

equilibrium of System (3.50) is globally asymptotically stable.

3.4.28 Existence of Endemic Equilibrium Point for System
(3.50)
— *ok *k *k ok K%k
The endemic equilibrium point of System (3.50) is given by (S} ’If RS Iy )
Eg~,
where,
ﬂ%a}%nmnh“]::#m -
. NhRf Um uhNpN2ntf +Nits (Rf=1) m>unlh
Sh = 9262MNmMNhun3(Rf —1)+Nhumph (926f2Nmuh2—Rf umts Mh) .
2
Hh (R 1)
= Y 2 % Y I.lmllh
D50 Tty — I
Rf umMh
Rf = Uf26f2Nmpuh3—R2f um2uhts MNh.
s Hm(ﬁ‘foHm#f == ,i"L'Jr‘H s (Rf g l)ﬂf'éfnmnhﬂgu,i
Rt ph)

Sm=223-R2f um2uhtf Nh. 9f 6f NMmuh
(Rf - 1)19f6fnmnhnu}%
2 2 2

Twsx 9 6f Mmuh f

um2tfNh. =R
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3.4.29 Global Stability of Endemic Equilibrium of Elephantiasis Only Sub-
Model

Theorem 25

If Rs> 1, then the unique endemic equilibrium Eg* of System (3.50) is globally stable in

the interior of Q.

The global stability of the endemic equilibrium can be obtained by constructing

a common quadratic Lyapunov function L(t) as in

1 ok Hok ok
(SIqu:RfaSman) :E[(Sh _Sh )+(If_1f )+(Rf_Rj )]2
1

o [(Sm = $3) + (e = B
The time derivative of 29 is given by:

=[(Sh = S$;") + Iy =17") +(Ry =RF)] [Su+Ir +Rf]+[(Sm— OV d =

_ Sm) Ot dt

+(w—=hw)] _d [Sm +hu]. dt
=—[(Sh = Si") + (Ir = IF*) + (Ry — RY)] [ [ (S — S ) + (L = I7")

+ Ry = Ry = [(Sm = 8) + (o = L) (S = 83) + bom (B = £17)]

=S’?_S;";*7D2 =If_17*7D3 :Rf_R*'*1D4=SH’I_S;;1*5D5 :IW

We Iet D] f _IW**,

De = D1+Dz+D3, D7 = D4+Ds.

ov
_ = —[D1+D2+D3][un(D1+D2+D3) |~ [Da+Ds] [ im(Da+Ds) ]
ot

2
=- [uhD26+umD71

av
Itis observed that 9 =0 if [y Sp's Iy SI**f, Ri< R*f, Sm< Sm**and Iy <
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Iw++. Moreover, govt = 0 if and only if Sh = Shsx, If = I+xf, Rf = Rxxf, Sm = Sm*+ and
lw = lw**. Therefore the endemic equilibrium of System (3.50) is globally

asymptotically stable.

3.4.30 Bifurcation Theorem for Elephantiasis Only Sub-Model

The System (3.50) is rewritten by assigning the state variables as follows:

X1= Sh;XZ = Ile3 = Rf;X4 = SleS = IW-
Therefore, writing System (3.50) in the vector form is obtained as:

aXi
— =F(X),
dt

where Xi= (X1,X2,X3,X4,X5)Tand F= (fl, fz, f3,f4,f5)T. ThUS,

dx1 Of 6f x5x1
— =fi=Nh+Px3—punx1—
dt Npdxa Of 6f xsx1

— S o= —  —(n +T )
dt Nh
dxs
= f1= ipxo—(un +¢)xs dt
dxa Uf 6f x2x4
= f1= Nm —pUmXa—
dt Nndxs Uf 6f xaxa
__=fs= ___ —Uumxs. dt
Nh

Choosing the bifurcation parameter to be 6* = 97 at the point R¢= 1 we have:

B — (p+ 7)),

2
67 Mmpun
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The Jacobian matrix evaluated at the disease free equilibrium point for the chosen

bifurcation parameter is given by:

0 0 « 2 8
—Un ¢ of
Eg« = 0 0 6«67 IR
'8¢
Mhum
6 arn Jt | —(un+d) O 0 (3.52)
"
0 uh
o] —Hm 0
0 ™ 0 0 —um

To analyze the dynamics of System (3.50), we compute the eigenvectors of
Equation (3.52). The right and left eigenvectors denoted by w=(w1,wa,ws,wa,ws)"
and v = (va,v2,v3,va,vs)" respectively are considered. Solving the right eigenvector

associated with the zero eigenvalue of Equation (3.52) gives:

Pws+6B*6f ws 6*6f ws W2
wi= 5 1, = w3
- T o pth—{hETE) (un +¢)
s N\
w h m -B+6NfNumu?hw2, ws=-6______ 60
Mhummu2 hwa.

For the left eigenvector, we transpose Equation (3.52) and solve to obtain:

B*é,I1 . v
mih 6 6fvi=0, Vo= -— , V3=0, v4a=0, vs=
Mhapm(uh +Tf) um

Computing for the signs of a and b, we derive the non zero second partial

derivative of f associated with a to be:
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02f1 02f1 02f2 022

8x1 8x5 8X5a)6| = = _ﬁf6f; = =
f 0x10x5 0x50x1
— = 8
dxrdxqy  dxydxs 2f4 024 O2fs 02fs
0
f, = = l?féf
0x20x4 0x40x2
Hence, the expression of a is given as:
a =Viwiws
9°fi N % f N 9% fa N 9 fs
VW W5 | =—=— VAW W, VsWwowy | =—=—
8x18x5 2HIES 8x18x5 ¥ 'Y 8xQBX4 ST 8x23x4

Also, the non-zero second partial derivative of f associated with b is given by:

02f, 0’fs
b = 0x506+ + 0x208+ = 65 x1+65Xxa > 0.

We realise a >0and b >0, hence it is locally asymptotically stable and there exist a

positive unstable equilibrium.

3.4.31  Bifurcation Diagram for Elephantiasis only Sub-model

00002

:

Stable EEP

3

0.0005 4

3

Force of Infection

:

00002 ". Unstable EEP

00001

Stable DFE te,, Unstable DFE

T T L T v ;%
092 094 096 098 100 102 104
RO

Figure 12: Depicts the backward bifurcation of System (3.50).
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The Elephantiasis only sub-model of System (3.50) also exhibit a backward
bifurcation curve indicating that in order to attain full eradication other control

measures are needed to bring Ro < 1.

3.5 Sensitivity Analysis

We perform sensitivity analysis on the parameters of the model to determine
which parameter will increase or decrease the basic reproduction number Ro
when it is perturb by a small margin. It is computed using the normalized
forward sensitivity index. In terms of differentiable expression, it is defined as

follows

where P is the parameter under consideration. Positive sensitivity index means
an increase in that parameter will lead to a corresponding increase in the basic
reproduction number. However, negative sensitivity index means an increase
in parameter will lead to a decrease in the basic reproduction number. The
sensitivity indices for the various Malaria, Zika virus and Elephantiasis sub-

model only are given in Table 3.

Table 3: Sensitivity index for the various model parameters

Malaria Only Parameter Value | Sensitivity Index
Mh 800 -0.4655
Mm 1000 0.4857
Uh 0.00004 0.4857
Um 0.1429 -0.9107
Um 0.034 0.9974

142



5m 0.6502 0.9974
m 0.05 -0.4655
n 0.05 -0.2428

Zika Virus Only

Parameter Value

Sensitivity Index

Mh 800 -0.4350
Oz 0.40 1.00

5z 0.12 0.10012
o 0.02 -0.4350
Mm 1000 0.4887
ph 0.00004 0.4887
pm 0.1429 0.8337

Elephantiasis Only

Parameter Value

Sensitivity Index

Mh 800 -0.4363
Mm 1000 0.4848
Uh 0.00004 0.4880
Um 0.1429 -0.8337
Uf 0.034 0.9987
of 0.6502 0.9987
Tf 0.125 -0.4363

The graph of the sensitivity analysis is also performed using the Latin
Hypercube Sampling (LHS); a stratified Monte Carlo sampling scheme

applicable to many parameters from a multi-dimensional distributions.
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Sensitivity Index Profile for i Sensitivity Index Profile for

Index
Index

(a) (b)

Sensitivity Index Profile for £

Index

(c)
Figure 13: Simulation graph for the effect of parameter values of (a) Malaria

only sub-model; (b) Zika virus only sub-model and (c)
Elephantiasis only sub-model on Ro.

Figure 13 shows the tornado plots of partial rank correlation coefficients
(PRCCs) of parameters that influence the basic reproduction number Ro for the
input using values in Table 3. Parameters with PRCC > 0 increases Rowhen they

are increased and those with PRCC < 0 decreases when the Rpis increased.
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Figure 14: Depicts the changes in the number of individuals with malaria for different
values of Umand 6m.

Figure 14 track the changes in the population of individuals infected with
malaria. It was observed that the infected human population with malaria
would increase if the probability of transmission of infection from a mosquito
with parasite infection to a susceptible human given that a contact between the
two occurs. It also increases as well as if there is also an increase in the number
of bites of humans per Anopheles mosquito per unit time. With parameter
values shown in Table 3 and also using the following values for the state
variables; S, = 0.30,

Im=0.2,1,=0.2,1,=0.2,1,=0.2, Im;= 0.2, Imf= 0.2, [, f = 0.2, Imf,= 0.2, Rm= 0, Rf
=0,R,=0,5+=0.40, [,=0.1, I»=0.1, Io= 0.1, we observe that when we set the
values for both O, and ém to 0.1 the graph settles at the disease free
equilibrium shown by the magenta colour and this is due to the small
probability of transmission as well as the low occurrence of bites of humans by
anopheles mosquito. But if the values of 3 and &mis increased to 0.3, 0.5, 0.7,
and 0.9, the infected human population with malaria also increase as
respectively shown by the black, green, red and blue line in the graph.

Therefore, for an increases in probability of transmission and the number of
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bites of humans by anopheles mosquito there will be a corresponding increase

in the number of individuals infected with malaria.

0.10 0.15 0.20
I 1 1

Co-Infected Zika/Malaria Human Pop.

0.05
1

0.00
1

Time (Days)

Figure 15: shows the changes in the number of individuals with Malaria and Zika
virus for different values of Om, 8;, 6mand 6.

For the given parameter values shown in Table 3 and using the values for the
state variables shown in the explanation of Figure 14 and also varying the
values for Om, 9, dmand 6, we determine their effect on the co-infected malaria
and Zika compartment. It was noticed that if the probability of transmission of
both dn and U; are high and relate positively with also a high number of bites
of humans by mosquito (that is a corresponding high values of 9, and ;) then
the probability of one being infected with both disease is very high. In Figure
15 it was observed that when we set Oy, =0, = ém = 6, = 0.1 respectively the
magenta line, the level of transmission is not effective and the individuals in
the co-infected population tends to zero. However, the number of individuals
in the co-infected population increases when the values are increased to
0.3,0.5,0.7 and 0.9 shown by their respective colours black, green, red and blue.
In the case of the multi-infected compartment, it was observed that the value
of the state variable (/mz;) has more effect on the compartment compared to

the major transmission parameters that has to do with the multi-infected

146



differential equation (9n,97,6m 6 and 6;) as shown in Figures 16 and 17

respectively.

Multi Infected Human Population.

0 20 40 60 80 100

Time (Days)

Figure 16: Simulation graph for the effect of varying values of the state variables
on the multi-infected population.

0.04 0.06 0.08
| 1 1

Multi-Infected Human Pop.

0.02
|

0.00
1

0 20 40 60 80 100

Time (Days)

Figure 17: Simulation graph for the effect of varying parameter values on the multi-
infected population.

From Figure 16, it is observed that when you set the value of the state variable
of the multi-infected compartment (/my;) to 70, the disease settles at the
endemic state and this increases when the value is further increased from 70

t0 90,110,130 and 150 as represented by the respective magenta, black, green,
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red and blue line. However, in Figure 17, it is observed that no matter how
much you increase the corresponding values for the transmission parameters
for the various disease (that is malaria, elephantiasis and Zika) indicated by
(OmUrand ;) from 0.1,0.3,0.5,0.7 and 0.9 together with an increase in their
corresponding number of bites per unit time (6m6; and 6;) also from
0.1,0.3,0.5,0.7 and 0.9 shown by the magenta, black, green, red and line
respectively, the graph tends to zero.

In conclusion, multi-infection model was formulated. Through the various
submodels namely co-infected Malaria and Elephantiasis only; con-infected
Malaria and Zika virus only; co-infected Zika virus and Elephantiasis only;
Malaria only, Elephantiasis only and Zika virus only were derived. Through the
various sub models stability analysis were examined and they were showed to
exhibit a backward bifurcation. Sensitivity analysis were also performed using
the Latin hypercube sampling Monte Carlo Sampling (LHS) scheme applicable
to many parameters from a multi-dimensional distribution. From the analysis
it was observed that parameters with PRCC > 0 increases the basic

reproduction number when they are increased and vice versa.

148



CHAPTER FOUR

OPTIMAL CONTROL ON MULTI-INFECTION MODEL

(MALARIA-ZIKA VIRUS AND ELEPHANTIASIS)

4.1  Optimal Control Problem

In this section the optimal control of the model is discussed by minimizing the
spread of the multi-infection Malaria-Zika virus and Elephantiasis using control
parameters us,uz, U3, UsUs and us. The description of the control parameters are

such that

u1; represents the effort to reduce acquisition of malaria through the use of

such measures as insecticide treated nets.

uz; represents the individual protecting themselves from female Aedes
aegypti mosquitoes through the wearing of long sleeves, individual applying

insecticides.

us; represents individual applying insecticides to increase the death rate of

the Culex mosquito in order to reduce its contact rate with humans.

ua; represents providing treatment controls to curtail the transmission of

malaria.

us; represents using condoms during sexual intercourse that helps to reduce

the transmission of Zika virus.

us; represents the drug that lower microfilariae in the bloodstream of

elephantiasis infected people.

The general formulation and the derivation of the Euler-Lagrange optimality
conditions for an Optimal Control Problem can be presented using the

following control induced System:
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dv
—_ =f(xu,t),x(0) = xq, (4.1)
dt

where x(t) is the state variable, u(t) stands for the control parameter and t is the

time. System (3.1) is modified by fixing in the control parameters to obtain;

- BldSh
Imémlp 9:26:z1a

dt=—(N1h-+U3)ROmf 5+f IpwRShs, - (1-u1) Nh  Sph—unSh
—(1-u2) Nh Sh

Nh

| dim Imémlp
= (1_U1) 4Sh —(I,lh +I7 +Tm)/m +Tflmf+lemz dt
N, —

Prrporazra trEr AR EE BB RERE AR _dtf —+= ((tlmli-—mfuu2+3))0r___
U2zNI6f2fNShzInf-alwlm(S1—p——(ul(2—p) iOu+23NE)ntz015a) INISfinf,—Iw(, 1-u1) 0.
mN&hmlply

Adl, U26zla Imbmlp
— =(1-w) — Sh—(tz+un)l:—(1-u1) I dt
Nh Nh
97 61 Iwlz

— — DpEpElrEEREREEBEBRddm: = (+Tmll-mau+s)Tof

IZNZféhZI_aI(ml__ (U[Bh) +nN+h I'm, +TZ) lmz +Tf Imzf

EE-(1-u3)d fNOhf Iwlmz +(1-u1)— OmS&Nmhlplz,

dimf Uf Of Iw
— =(1-u3) —_Im—(uh +n +Tm +1f )Imf +Tzlmzf dt Np
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PErErErErt CePEREEERERERAd . dty  --= (((111-——uuu212)))09_____

UzmNzNSNSEShznhzmllalalplmflfzf—+(+((u1h1—+-utu1f3) ) +FImTNEENS) hmhlfzfllpw+Ilfz, Tmimzf

(4.2)

d/mzf Imbmlp

— dt=(1-u1) Nhlzf —=(uh +n +tm +7f +12) Imzf
o » +(1—U3)L7f5flw/mz
| +(1-u2)026zlalmf,
|
Nh Nh
| dRm
= TmUalm —(Un +Y)Rm,
dt
dR—
= truslf=(1n + )Ry,
dt—
| detz= TzUsl; —uhR;,
BdSdtm= Nm —um8&m —(1-u1)0. m&m(Im +ImzNp+Imf +Imzf )Sm

(4.3)

BR-(1-u2)0. 26z2(Iz +ImzN+h Izf +Imzf )Sm
)

-(1-w3) £ 6f (If +ImfNh+1zf +Imzf )Sm
BRERdI__dtp= (1-u1)0. m&m(INmh+Imzf )Sm —pumlp
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ARERRERG—dtw= (1-u3)d £ 8f (INf h+Imzf )Sm —pumlw
RRRRRA o= (1-u2)d 26z(1z +Imzf )Sm —pumla.

dt Nh

It is important to note that the control variables are bounded and measured
with Lebesgue measurable on [0,1] such that when u;fori=1,2,3,4,5,6 equals
zero then the control is not effective in helping to eradicate the disease whiles
for ui= 1 implies that the controls are effective in eradicating the disease. To

apply the method, the following objective function is considered,;

7T

J(u1,u2,u3,us,us,us) = Y1Im +Y2lf +Y3lz +Yalmz + YsImf +Y6lzf +Y7Imzf +Y8Nm
0

1
3 (Zlu% + Zo165 + Z3u3 + Zaug + Zsus + Zﬁ“%) dt

(4.4)

In Equation (4.4), T is the final time, Y for i = 1,2,3,4,5,6,7 are the cost
associated with minimizing the infected human population and Ys represent
the cost associated with minimizing the infected vector (mosquito) population.
The functional objective also includes »1(Zw?) for i = 1,2,3,4,5,6 which relates
to the use of insecticides treated nets; individuals protecting themselves
through the wearing of long sleeves; applying insecticides to increase death
rate of Culex mosquito to reduce its contact with humans; providing treatment
controls to curtail the transmission of malaria; using condoms during sexual
intercourse that helps to reduce the transmission of Zika virus; and providing
drug that lower microfilariae in the bloodstream of elephantiasis infected
individuals. Again, the total mosquito population represented as Nm = Ip +lw +1q

is included in the objective function. Thus,
Sy g, uz, uy, s, ug) = mind (uy, uz, uz, us, us, ue )
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whereU ={u=(u1,uz, U3 Usus,ue)| ui(t) is Lebesgue Measurable, 0<ui(t)< Uimax(t)
<1fort € [0T] -— [0,1],i = 1,2,3,4,5,6} is the control set subject to Systems
(4.2) and (4.3) together with appropriate initial conditions.

The necessary condition for the application an optimal solution is applied in
(Pontryagin et al., 1962). The Pontryagin principle converts Systems (4.2), (4.3)
as well as Equation (4.4) into a problem of minimizing point wise Lagrangian L
and Hamiltonian H with respect to uifor i = 1,2,3,4,5,6. The Lagrange of the
control problem which is the Hamiltonian augmented with penalty terms for
control constraints consists of the integrand of the objective functional and is

given by:

L =Y1Im +Y2lf +Y3lz +Yalmz +YsImf +Y6lzf +Y7Imzf +Y8Nm

+ (zluf +Zgué +Z3u§ + Z4uﬁ +Z5u_% +Z@H§)' (4.5)

That is to say the Hamiltonian H, is the combination of the Lagrange together
with the right hand side of Systems (4.2), (4.3) and the co-state variables or

the adjoint variable. Hence,

dSh dim dif dlz dimz dimf
H =L+Ysh +Yim +Yir +Yi. +Yim: +Yimg
dt ot ot ot —dat— dt
dlzf dImzf dRm dRy dR: dSm
+Yir ~ AYimy  YRm  +YRr  +YR:  +Ysm
dt dt dt dt dt dt
dy  dl  di
+Yip +Yiw +Yla
dt dt dt

=Y1Im +Y2lf +Y3lz +Yalmz +Y5Imf +Y6lzf +Y7Imzf +Y8Nm
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+Yi, Sm —pumlw Sm—umls, where,

YSt, Yio, Yie, Y1, Yl Yimg, Yiog, Yimas, YRy YR:, YSmy Y, Y, Yia

are the adjoint variables or co-state variables. The System of equations is found
by taking the appropriate partial derivatives of the Hamiltonian with respect to

the associated state variables.

Theorem 26

Given optimal controls u1,uaus,usus,us and solutions Sp,Im,lf Iz lmzlms 1z ,Imzf, Rm, Ry
,SmIp,Iw, 1o Of the corresponding state of Systems (4.2) and (4.3) and the Hamiltonian
that minimizes J(u1,u>,us,usus,ug) over U, then there exist adjoint variablesYs,Yiy,Yi

Yo, Yivg Yiot, Yiog, Yimag, YR, YR:, YSi, Y1, Y1, Yia satisfying:

dYi oH

dt o]

with transversality conditions:

YSh(T) :Ylm(T) :Ylf(T) :Y/z(T) :Ylmz(T) :Y/mf(T) :Y/zf(T) :Y/mzf(T) :YRm(T) :YRf(T)

=Ysm(T) =Yip(T) =Yiu(T) =Vl
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Proof. Using quotient rule on the force of infection to differentiate through the
state variables to determine the adjoint equations gives:
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To determine the optimal control parameters, we differentiate the Hamiltonian

with respect to each control and equate it to zero. Thus,
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Hence the optimal control is given as:
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The optimality system consist of Systems (4.2) and (4.3) as well as the adjoint
equations, initial conditions at t = 0 and the boundary conditions and the
characterization of the optimal control solution given by Equation 4.6. The
state and optimal control can be determined using the optimal System. Hence,
taking the second derivative of the Lagrange Equation (4.5) with respect to u,
U2, U3, Ua, usand usrespectively are positive indicates that the optimal problem
is a minimum at ul» %2 43, U3 U5 and us. Substituting Equation (4.6) into
Systems (4.2)

and (4.3) gives:
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The Systems (4.2) and (4.3) are computed numerically to derive the simulation

graph for the optimal control problem. ]

4.2 Numerical Result on Optimal Control

The optimality System of the ordinary differential equations which consist of
the state and adjoint equations was solved by the use of iterative method of
the Runge Kutta fourth order scheme. The state and adjoint equations were
solved using the backward in time and the initial guess for the controls
simulated over time. This method is adapted so that the difference between
the values of unknown at the previous iteration and that of the present
iteration is negligibly small. The parameter values as described in Table 1 are
used and the simulations of the model are done by using the initial conditions
such that:

$v=0.30, In=0.2, l;=10.2, ;=02, [;,=0.2, Imz=10.2,
Imf: 0.2, sz: 0.2, Imzf: 0.2, Rm = 0, Rf: 0, Rz: O,

Smn=04, I,=0, w=0.1, Il,=0.1
For the purpose of illustrating the optimal controls combined with the efforts

that is required to minimize the number of infected humans and the vector
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(mosquito) population as well as also minimizing the associated cost of the

controls, the weight constant values in the objective function as shown in

Equation (4.4) are chosen so that:

Z3=10;5, Z4=15;10, Zs=25;10,

Z1=1;5, Z>=45;5,
10;10, a1 = 3;35, a>=17;15,
as=20;28,

as3=19;25, as=15;25,

and the parameter values used described in Table 1.

Table 1: Parameter value and their reference.

ds

Parameter | Value Reference(s)
800 [Assumed]
Mh
0.05 [Assumed]
Tm
Mm 1000 (Blayneh et al., 2009)
(Bonyah & Okosun, 2016)
0.05 [Assumed]
n
0.00004 (Yang, 2000)
Uh
Uz 0.40 (Andraud et al., 2012)
(Gao et al., 2016)
0.1429 (Makinde & Okosun, 2011)
Hm
s 0.12 (Andraud et al., 2012)
V4
0.034 [Assumed]
Um
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0.02 [Assumed]

1z

0.6502 (N. Chitnis et al., 2006)
ém

0.034 (Labadin et al., 2009)
Uf
of 0.6502 (Labadin et al., 2009) (Bhunu

& Mushayabasa, 2012)
; 0.125 | (Bhunu & Mushayabasa, 2012)

T

4.2.1 Insecticides Nets (u1), Protective clothes (u,), Insecticides Spray

(us) and treatment (u4) as control for Malaria

8 T . _
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Figure 18: Simulations of the model showing the effect of protecting; spraying;
insecticide net; and treatment only on malaria transmission.

The strategy applied here is the use of insecticide treated nets (u1), individuals
protecting themselves from female Aedes aegypti mosquitoes through the

wearing of long sleeves (u2), individuals spraying (us) their environment to
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increase the death rate of the Culex mosquito, providing treatment controls
(us) are used to optimize the objective function. Thereby, setting abstaining
from sexual intercourse and drug that lower microfilariae in the bloodstream
to zero. It is observed in Figure 18 that due to the control strategies activated,
the number of infected malaria individuals decreases from the blue line (which

depicts without controls) to the red line.
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Figure 19: Simulations of the model showing the effect of protecting; spraying;
insecticide net; and treatment only on the mosquito population.

Figure 19 depicts the behaviour of the mosquito population when the controls
are applied and also when they are not applied. It is observe that when the
strategy of using insecticide sprays and nets accompanied by protecting
oneself are applied, the mosquito population that is capable of infecting an
individual with malaria decreases while it increases when no control measure

is applied indicated by the red and blue curve respectively.

4.2.2 Insecticide Spray (us) and Drug application (ug) as control for

Elephantiasis
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Figure 20: Simulations of the model showing the effect of insecticide spray and
application of drug only on Elephantiasis transmission.

The strategy been applied in this section is to educate individuals in their
application of insecticides (u3) in order to help reduce the contact rate with
the vector as well as providing drug to individuals (us) that will cause a
reduction in the microfilariae population that lives in the bloodstream of
elephantiasis infected individuals. By setting u1 = u; = us= us = 0 to optimize the
objective function, Figure 20 is attained. It is observed in Figure 20 that the
introduction of the control strategies are effective in tacking the disease as it
leads to a reduction in the population of individuals infected with

elephantiasis.
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Figure 21: Simulations of the model showing the effect of insecticide spray and
application of drug only on mosquito population.

In Figure 21 a proportional decrease in the behaviour of the mosquito
population is observed when the controls are applied. It can be seen that even
when we consider the strategy of using insecticide sprays only, since drug
application cannot be administered on the vector, the mosquito population
that is capable of infecting an individual with elephantiasis decreases while it
increases when no control measure is applied indicated by the red and blue

curve respectively.

4.2.3  Protection (u;); Insecticide Spray (us) and Condom use

(us) as control for Zika Virus
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Figure 22: Simulations of the model showing the effect of protecting; insecticides
spray and condom use on Zika Virus transmission.

In this strategy, preventive measures that will help individuals from protecting
themselves from female Aedes aegypti mosquito biting by wearing long
sleeves (u2) especially during the day, educating individuals to use insecticides
spray to help reduce the contact with Culex mosquito (u3) and also using
condoms during sexual intercourse (us) since the mode of Zika transmission
has also been observed to be via sexual while setting u1 = us = ug = 0 are used
to optimize the objective function. In Figure 22, it is observed that due to the
introduction of the control strategies, the number of infected humans reduces

as not without the control strategies (in blue).
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Figure 23: Simulations of the model showing the effect of protecting; insecticides
spray and condom use on the mosquito population.

Figure 23 also depicts the behaviour of the mosquito population that causes
Zika virus when the controls are applied and also when they are not applied. It
is observe that when the strategy of using insecticide sprays is considered,
there is a proportional decrease in the mosquito population that is capable of
infecting an individual with zika virus while it increases slightly when no control

measure is applied indicated by the red and blue curve respectively.

4.2.4 Insecticide Nets (u1); Protection (u;); Insecticides Spray
(u3); Treatment (us) and Condom use (us) as Control for

Co-infected Malaria and Zika virus
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Figure 24: Simulations of the model showing the effect of insecticide nets;
protection; insecticides spray; treatment and condom use on co-
infected Malaria and Zika Virus transmission.

With the successful implementation of the use of insecticides treated nets (u1),
individual protecting themselves from female Aedes aegypti mosquitoes
through the wearing of long sleeves (u2), individual applying insecticides (u3)
to increase the death rate of the Culex mosquito in order to reduce its contact
rate with humans as well as providing treatment controls (us) to curtail the
transmission of malaria and also using condoms during sexual intercourse (us)
that helps to reduce the transmission of Zika virus, these controls were
activated simultaneously to ascertain its effect on an individual having been
infected by both malaria and Zika. It was observed that the combined
strategies of u1=uz=u3=us= us 6=0 while ue = 0 worked as it led to a reduction

in the population of individuals who are co-infected Malaria and Zika virus.
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Figure 25: Simulations of the model showing the effect of insecticide nets;
protection; insecticides spray; treatment and condom use on
mosquito population.

The mosquito populations that cause an individual to be co-infected with both
Malaria and Zika virus is observed to proportionally decrease when the control
measures as insecticides sprays and nets are applied. This can be seen in Figure
25 with the blue curve depicting the nature of when no control measures are

applied and the red curve showing the application of the controls.

4.2.5 Insecticide Nets (u1); Protection (uz); Insecticide spray (us);
Treatment (us) and Drug application (us) as control for

Co-Infected Malaria and Elephantiasis
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Figure 26: Simulations of the model showing the effect of insecticide nets;
protection; insecticides spray; treatment and drug application on
co-infected Malaria and Elephantiasis transmission.

Figure 26 shows the outcome obtained when the control strategies of setting u1
= U2=U3= Us= Ue 6= 0 while us = 0 is activated led to a reduction in

the number of individuals co-infected with malaria and elephantiasis.
Furthermore, with the inclusion of insecticide sprays as part of the controls,
the infected mosquito population that causes an individual to be co-infected
with Malaria and Elephantiasis is seen to proportionally decrease as shown in
Figure 27. The application of controls are shown by the red curve while without

the controls are shown by the blue curve.
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Figure 27: Simulations of the model showing the effect of insecticide nets;
protection; insecticides spray; treatment and drug application on
mosquito population.
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4.2.6 Protection (u;); Insecticide Spray (us); Condom use (us); and

Drug application (ue)
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Figure 28: Simulations of the model showing the effect of protection;
insecticides spray; condom use and drug application on co-infected
Zika virus and Elephantiasis transmission.

In a similar manner, the combined control strategies activated by u>= us=us=
us 6= 0 while u1 = us = 0 showed that by applying those controls in the
population there is a reduction in the number of individuals co-infected with
Zika and elephantiasis as depicted in Figure 28. However, it is observed that
there is no change in the mosquito population that causes an individual to be
co-infected with Zika and Elephantiasis indicating that insecticide spray alone
cannot help to eradicate the vector population. This can be seen in Figure 29
with the red curve showing the application of the controls and the blue curve

showing the effect of not applying the controls.
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Figure 29: Simulations of the model showing the effect of protection;
insecticides spray; condom use and drug application on mosquito
population.
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4.2.7 Insecticide Nets (u;); Protection (u,); Insecticide Spray (us);
Treatment (us); Condom use (us) and Drug application (us) as

control for Multi-Infection
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Figure 30: Simulations of the model showing the effect of insecticide nets;
protection; insecticides spray; treatment; condom use and drug
application on multi infected (Malaria-Zika Virus-Elephantiasis)
transmission.

Figure 30 shows the strategy of using all six controls u1;uz;us;us;us and us to
optimize the objective function. It was observed that the control strategies
resulted in a decrease in the number of individuals that has been infected with
the Malaria, Zika and Elephantiasis. Likewise the application of the controls

causes the mosquito population to decrease as shown in Figure 31.
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Figure 31: Simulations of the model showing the effect of insecticide nets;
protection; insecticides spray; treatment; condom use and drug
application on mosquito population.
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CHAPTER FIVE
CONCLUSIONSANDRECOMMENDATIONS

The multi-infections disease (Malaria, Elephantiasis and Zika virus) is a novelty
that this study seeks to contribute to existing knowledge. This work became
necessary as a result of arboviruses patients who have been often
misdiagnosed as malaria patients due to their similarities in clinical
presentation by the health officials in some parts of Africa and other parts of
the world where infectious disease can concurrently exist in the malaria
endemic regions.

The study introduced multi-infections model which was mathematically
formulated to study the transmission dynamics of Malaria, Zika virus and
Elephantiasis diseases in the mosquitoes endemic region so as to be able to
apply it to other parts of the world that may experience multi-infection in
future. The basic reproduction numbers Rowere derived from multi-infections
and the submodels. Stability analysis on multi-infections and various sub-
models were also performed to determine both disease free and endemic
equilibrium. Investigation of the existence and stability of equilibria for multi-
infections, co-infections and the single infections were proved. The model was
found to have a global stable disease free equilibrium of Ro < 1 and global stable
endemic equilibrium of Ro> 1. The model was also found to exhibit backward
bifurcation, so that Ro < 1 was not sufficient enough to eradicate the disease
from the population. There is the need to lower Ro below a certain threshold
for effective disease control. Sensitivity analysis was performed to determine
parameters that have high influence on the basic reproduction number. Figure
5 tracked the changes in the population of individuals infected with malaria. It
was observed that the infected human population with malaria will increase if
the probability of transmission of infection from a mosquito with parasite

infection to a susceptible human given that a contact between the two occurs.
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It also increases as well as if there is also an increase in the number of bites of
humans per Anopheles mosquito per unit time. With parameter values shown
in Table 3 and also using the following values for the state variables; Sy = 0.30,
Im=0.2,1=0.2,1,=0.2, Im;=0.2, Imf= 0.2, I;;=0.2, Imz=0.2, Rm=0, R=0, R; =
0, Sm=0.40, I,b=0.1, lv=0.1, Io= 0.1, we observe that when we set the values
for both On and ém to 0.1 the graph settles at the disease free equilibrium
shown by the magenta colour and this is due to the small probability of
transmission as well as the low occurrence of bites of humans by anopheles
mosquito. But if the values of Omand émis increased to 0.3, 0.5, 0.7, and 0.9,
the infected human population with malaria also increase as respectively
shown by the black, green, red and blue line in the graph. Therefore, for an
increase in probability of transmission and the number of bites of humans by
anopheles mosquito there will be a corresponding increase in the number of
individuals infected with malaria.

For the given parameter values shown in Table 3 and using the values for the
state variables shown in the explanation of Figure 4 and also varying the values
for Om, ¥;, 6mand 6, we determine their effect on the co-infected malaria and
Zika compartment. It was noticed that if the probability of transmission of both
Um and 0; are high and relate positively with also a high number of bites of
humans by mosquito (that is a corresponding high values of 9, and ;) then the
probability of one being infected with both disease is very high. Figure 5 tracks
this as no assertion, it was observed that when we set 9, =9,= 6m= 6,=0.1
respectively the magenta line, the level of transmission is not effective and the
individuals in the co-infected population tends to zero. However, the number
of individuals in the co-infected population increases when the values are
increased to 0.3, 0.5, 0.7 and 0.9 shown by their respective colours black, green,
red and blue. In the case of the multi-infected compartment, it was observed

that the value of the state variable (/mz) has more effect on the compartment
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compared to the major transmission parameters that has to do with the multi-
infected differential equation (Om, U, &;, &m, 6rand &;) as shown in Figure 7a
and 7b

respectively.

From Figure 7a, it is observed that when you set the value of the state variable
of the multi-infected compartment (/mz) to 70, the disease settles at the endemic
state and this increases when the value is further increased from 70 to 90,110,130
and 150 as represented by the respective magenta, black, green, red and blue
line. However, in Figure 7b, it is observed that no matter how much you increase
the corresponding values for the transmission parameters for the various disease
(that is malaria, elephantiasis and Zika) indicated by (Om ,9r and ;) from
0.1,0.3,0.5,0.7 and 0.9 corresponding number of bites per together with an
increase in their unit time (9m, 9rand é;) also from 0.1, 0.3, 0.5, 0.7 and 0.9 shown
by the magenta, black, green, red and line respectively, the graph tends to zero.
The optimal control policies were incorporated in a transmission dynamics
model of SIR type to derive the optimal level of the system. In order to obtain
the optimal control strategies for the multi-infections (Malaria, Zika-virus and
Elephantiasis) model, the control functions: insecticides treated nets (ITNs)
individual protecting themselves from female Aedes aegypti mosquitoes
through the wearing of long sleeves, individual applying insecticides to increase
the death rate of the Culex mosquito in order to reduce its contact rate with
humans as well as providing treatment controls to curtail the transmission of
malaria and also using condoms during sexual intercourse that helps to reduce

the transmission of Zika virus. This was done through simulation.

5.0.8 Findings

A mathematical model on multi-infections (malaria-zika-elephantiasis) where

susceptible human can simultaneously be infected through the same vector
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but different species has been demonstrated as a novelty that has been
contributed to the existing knowledge and literature.

Investigation from the mathematical model and analysis performed showed
that the model exhibited some form of bifurcation; a backward bifurcation
phenomena and as a result requires additional measures in order to control
the disease .

By the implementation of the control measures introduced and discussed, it was

seen that;

The application of insecticides spray and the drugs are effective in the

control of elephantiasis.

e The application of protecting oneself, insecticides spray, insecticides nets

and treatment are effective in controlling malaria.

¢ The application of condoms, insecticides sprays and protecting oneselfs are

effective in controlling Zika virus.

¢ Combining the controls also help to control the co-infected and multi

diseases.

5.0.9 Limitations and Recommendations

One of the limitations as far as this thesis was concerned was lack of adequate
data for multi-infections disease (Malaria, Elephantiasis and Zika). This is
because for an individual having multi-infections such as the thesis topic is
uncommon in our part of the world .The conclusion drawn from the study are
limited to only the area considered in the research since the vector that cause
the transmission of elephantiasis is geographically dependent. It is
recommended that further studies are focused on variables whose conclusions
could be extended beyond the scope.

The following recommendations are made with respect to the outcome of the
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thesis;
e The application of fractional optimal control can be considered.

¢ The model can also be extended by including the effects of environment
such as the impact of climatic change on the spread of multi-infections
disease (Malaria, Elephantiasis and Zika).Here, environmental factors such
as rainfall and humidity affect some parameters in the model including

biting rate of the mosquitoes and incubation period.
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APPENDICES

APPENDIX A

Code for Sensitivity Graph for R_f
#!/usr/bin/python
#Codes for tornado plot import
matplotlib.pyplot as plt import numpy as
np from scipy import integrate import
pylab as plt from matplotlib import
rc,rcParams
# Sensitivity graphs objects = (r’'S\Pi_hS’, ’S\Pi_m$’,
"S\mu_h¢’,
‘S\mu_m$’, r'S\vartheta_f$’, ‘S\delta_f$’,r'S\tau_fS’) y_pos =
np.arange(len(objects)) performance = [-0.4363, 0.4848,
0.4880, -0.8337, 0.9987, 0.9987,-0.4363] barlist = plt.bar(y_pos, performance,
align="center’, alpha = 1) barlist[0].set_color(’black’) barlist[1].set_color(’black’)
barlist[2].set_color(’black’) barlist[3].set_color(’black’) barlist[4].set_color('b’)
barlist[5].set_color(’b’) barlist[6].set_color(’b’) #barlist[7].set_color(’b’)

plt.xticks(y_pos, objects, fontsize=14, weight = 'bold’)
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plt.xlabel(”, fontsize = 17, weight ="bold’)
fig=plt.gcf() fig.subplots_adjust(bottom=0.1)
plt.ylabel(’'Index’, fontsize=17, weight="bold’)
plt.title(’Sensitivity Index Profile for

SR_{f}$’,fontsize = 17, weight = 'bold’) plt.show()

APPENDIX B

Code for Sensitivity graph for R_{mz}
#!/usr/bin/python
#Codes for tornado plot import
matplotlib.pyplot as plt import numpy as
np from scipy import integrate import
pylab as plt from matplotlib import
rc,rcParams
# Sensitivity graphs objects = (r'S\Pi_h$’, 'S\Pi_m$’,
"S\mu_hs’,
’S\mu_m¢$’, r’S\vartheta_m$’, ’S\delta_m$’,r'S\tau_m$’, 'S\eta$’) y_pos =

np.arange(len(objects)) performance = [-0.4655, 0.4857, 0.4857,

-0.9107, 0.9974, 0.9974,-0.4655,-0.2428] barlist = plt.bar(y_pos, performance,
align="center’, alpha = 1) barlist[0].set_color(’black’) barlist[1].set_color(’black’)
barlist[2].set_color(’black’) barlist[3].set_color(’black’)
barlist[4].set_color(’b’) barlist[5].set_color(’b’)
barlist[6].set_color(’b’) barlist[7].set_color(’b’) plt.xticks(y_pos,
objects, fontsize=14,weight = "bold’) plt.xlabel(”, fontsize = 17,
weight ='bold’) fig=plt.gcf() fig.subplots_adjust(bottom=0.1)
plt.ylabel(’'Index’, fontsize=17, weight="bold’) plt.title(’Sensitivity

Index Profile for
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SR_{mz}$’,fontsize = 17, weight = "bold’) plt.show()

APPENDIX C

#!/usr/bin/python #Codes for tornado plot
import matplotlib.pyplot as plt import
numpy as np from scipy import integrate
import pylab as plt from matplotlib import
rc,rcParams
# Sensitivity graphs objects = (r'S\Pi_h$’,
r’'S\vartheta_z$’,
’S\delta_z$’, r'S\tau_z$’, r'S\Pi_m$’, ’S\mu_hS’,r’S\mu_m$’) y_pos =
np.arange(len(objects)) performance = [-0.4350, 1.0012, 0.10012,

-0.4350, 0.4887, 0.4887,0.8337]
barlist = plt.bar(y_pos, performance,

align="center’, alpha = 1)
barlist[0].set_color(’black’)
barlist[1].set_color(’black’)
barlist[2].set_color(’black’)
barlist[3].set_color(’black’) barlist[4].set_color(’b’)
barlist[5].set_color(’b’) barlist[6].set_color('b’)
#barlist[7].set_color(’b’) plt.xticks(y_pos, objects,
fontsize=14, weight = "bold’) plt.xlabel(”’, fontsize
=17, weight ="bold’) fig=plt.gcf()
fig.subplots_adjust(bottom=0.1) plt.ylabel(’Index’,
fontsize=17, weight="bold’) plt.title(’Sensitivity
Index Profile for

SR_{zv}$’,fontsize = 17, weight ="bold’) plt.show()
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APPENDIX D

Code for Endemic Graph library(deSolve)
tbimmune.Model = function(t, x, params){
with(as.list(c(x, params)),{ pi_h = 0.000215; pim = 0.07;
muh = 0.00004; mum = 0.1429; varthetam =
0.034; deltam = 0.3; taum = 0.05; eta = 0.05; varthetaz =
0.034; deltaz = 0.3; tauz = 0.02; varthetaf = 0.034; deltaf =
0.3; tauf = 0.125; alpham = varthetam*deltam*|p alphaf =
varthetaf*If*Iw alphaz = varthetaz*deltaz*la lambdap =
varthetam*deltam*(Im+Imz+Imzf)*Sm lambdaw =
varthetaf*deltaf* (If+Imf+lzf+Imzf)*Sm lambdaa =
varthetaz*deltaz*(lz+Imz+lzf+Imzf)*Sm dS_h =pi_h +
phi*Rm + psi*Rf - alpham®*S_h -muh*S_h - alphaz*S_h-
alphaf*S_h dilm = alpham*S_h - taum*Im-(muh+ eta)*Im +
tauf*Imf - alphaf*Im + tauz*Imz - alphaz*Im dIf =
alphaf*S_h - muh*If -alpham*|f
+taum*Imf - tauf*If +tauz*1zf - alphaz*If diz =
alphaz*S_h - tauz*Iz - alpham*Iz + taum*Imz +
tauf*lzf - alphaf*lz - muh*1z dimz = alphaz*Im -
tauz*Imz - (muh + eta)
*Imz + tauf*Imzf - alphaf*Imz + alpham®*lz taum*Imz dImf
= alphaf*Im - tauf*Imf - (muh+eta)*Imf + tauz*Imzf -
alphaz*Imf + alpham*If - taum*Imf dlzf = alphaz*If -
tauf*Izf - muh*Izf + taum*Imzf - alpham*1zf + alphaf*Iz
tauz*lzf dimzf = alpham*Izf - taum*Imzf -
(muh+eta)*Imzf - tauf*Imzf +alphaf*Imz + alphaz*Imf - tauz*Imzf dRm =

taum*Im - (muh + phi)*Rm
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dRz = tauz*Iz - muh*Rz dRf = tauf*If - (muh + psi)*Rf
dSm = pim - mum*Sm - lambdap*Sm - lambdaw*Sm
- lambdaa*Sm dlp = lambdap*Sm - mum*Ip diw =
lambdaw*Sm - mum*Iw dla = lambdaa*Sm -mum*la
list(c(dS_h,dIm, dIf, dlz, dimz,dImf, dlzf, dimzf, dRm,

dRz, dRf, dSm, dlp, diw, dla))})

params <-c(pi_h =0.000215, pim = 0.07, muh =

0.00044, mum = 0.034, phi = 0.05, psi = 0.02)

times <- seq(0, 100, 0.1)

x_init=¢(S_h=0.30,Im=0.2,1f=0.2,1z=0.2, Imz =
0.2, Imf=0.2, 1zf=0.2,
Imzf=0.2,Rm=0,Rz=0, Rf =0,

Sm=0.40,lp=0.1,lw=0.1,1a=0.1)

out = as.data.frame(ode(y = x_init, times, tbimmune.Model, parms =

params, maxsteps = 10000))

plot(times, out[,8], type="1", col="blue’, lwd =3, ylab="Infected’, xlab="Time

(Days)’, ylim = c(0,1)) lines(times, out[,3], col ="green’, Ity = 3,lwd = 3)

grid(lwd=2)
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# In drawing the individual plots for the state variables | only change the
numbers in the out[,’number’] a = ¢("Susceptible Human Pop",
"Infected H/Malaria Pop.", "Infected H/Elephantiasis Pop",
"Infected H/Zika Pop", "Co-inf Mal/Zika", "Co-Inf-Mal/Zika",
"Co-Inf-Mal/Ele", "Co-Inf-Zika/Ele",
"Multi-Inf-Mal/Zika/Ele",
"Recovered H/Mal", "Recovered H/Ele","Recovered H/Zika",
"Susceptible malaria Pop",
"Infected P", "Infected W", "Infected A") for(i in

"III

2:14){ plot(times, out[,i] , type="I", col="blue’, lwd =3,
ylab= a[i-1], xlab="Time (Days)’) grid(lwd=2)

}

APPENDIX E

Code for Individual Graph library(deSolve)

tbimmune.Model = function(t, x, params){

with(as.list(c(x, params)),{ alpham =

varthetam*deltam*Ip alphaf = varthetaf*If*|lw

alphaz = varthetaz*deltaz*Ila
lambdap = varthetam*deltam*(Im+Imz+Imzf)*Sm lambdaw =
varthetaf*deltaf*(If+Imf+lzf+Imzf)*Sm lambdaa =
varthetaz*deltaz*(lz+Imz+lzf+Imzf)*Sm dS_h = pi_h + phi*Rm
+ psi*Rf -
alpham*S_h-muh*S_h - alphaz*S_h-alphaf*S_h dim =
alpham*S_h - taum*Im-(muh+ eta)*Im

+ tauf*Imf - alphaf*Im + tauz*Imz

alphaz*Im dIf = alphaf*S_h - muh*If -

alpham*If
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+taum*Imf - tauf*If +tauz*Izf - alphaz*If dlz =
alphaz*S_h - tauz*lz - alpham*Iz

+ taum*Imz + tauf*|zf - alphaf*Iz

- muh*Iz dimz = alphaz*Im -
tauz*Imz -
(muh + eta)*Imz + tauf*Imzf - alphaf*Imz + alpham*Iz
- taum*Imz dImf = alphaf*Im - tauf*Imf -
(muh+eta)*Imf
+ tauz*Imzf - alphaz*Imf + alpham®*If taum*Imf
dizf = alphaz*If - tauf*lzf - muh*1zf

+ taum*Imzf - alpham*Izf + alphaf*Iz tauz*|zf

dimzf = alpham*I1zf - taum*Imzf -

(muh+eta)*Imzf - tauf*Imzf +alphaf*imz +
alphaz*Imf - tauz*Imzf dRm = taum*Im - (muh +
phi)*Rm dRz = tauz*lz - muh*Rz dRf = tauf*If - (muh
+ psi)*Rf dSm = pim - mum*Sm - lambdap*Sm
lambdaw*Sm - lambdaa*Sm dlp = lambdap*Sm -
mum*lp dlw = lambdaw*Sm - mum*lw dla =
lambdaa*Sm -mum*la list(c(dS_h,dIim, dIf, dlz,
dimz,dimf, dizf, dimzf, dRm, dRz, dRf, dSm, dlp, dlw,

dia))})

} params<-c(pi_h =0.000215, pim = 0.07, #pi_h = 800; pim =

1000; muh = 0.00004, mum = 0.1429, varthetam = 0.3045,

deltam = 0.9, taum = 0.05,eta = 0.05, varthetaz = 0.1, deltaz =

0.9, tauz = 0.02,phi = 0.05, varthetaf = 0.5, deltaf = 0.7, tauf =

0.125, psi = 0.02)
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#params <-c(pi_h, pim = 1000, muh = 0.00044, mum =

0.034, varthetam = 0.0005, phi = 0.05,# psi = 0.02)

times <- seq(0, 100, 0.1)

x_init=c(S_h=0.3,Im =0, If = 70,
Iz=0,Imz=0, Imf=0, lzf =0,
Imzf=0.1, Rm=0,Rz=0, Rf =0,

Sm=0.40,lp=0.1, lw=0.1,1a=0.1)
#x_init = c¢(S_h = 5000, Im = 100, If = 10,

Iz=20, Imz =0, Imf =0, Izf = O,
Imzf=10, Rm=0, Rz=0, Rf =0,
Sm = 200,
#Ilp=0,lw=0,la=0)
out = as.data.frame(ode(y = x_init, times, tbimmune.Model, parms =
params, maxsteps

= 10000))

plot(times, out[,8], type="I", col="blue’, Iwd =1,
ylab="Multi Infected Human Population.’, xlab="Time
(Days)’) lines(times, out[,8], col =’red’, Ity =1, lwd = 1)
lines(times, out[,8], col ="green’, Ity = 1,lwd = 1)
lines(times, out[,8], col =’black’, Ity = 1,lwd = 1)
lines(times, out[,8], col ='magenta’, Ity =1,lwd = 1)
grid(lwd=1) legend("topleft",

c(expression(varthetam

= deltam = 0.9), expression(varthetam
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=delta_m =0.7), expression(vartheta_m =
delta_m=
0.5),expression(vartheta_m = delta_m =0.3),
expression(vartheta_m =delta_m =0.1)), col =
c("blue", "red","green","black"),

pch =c(’l’, NA), Ity = c(1,2), Iwd=2)

229



