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ABSTRACT 

Today’s computer systems are more complex, more rapidl y evolvi ng, and more essential  to the 

conduct of business than those of recent past. The complexity becomes more rigid in the case of 

distributed systems. A distri buted system is a collection of independent computers that appear to 

its users as a singl e coherent system. A distributed system shoul d be deployabl e in a wide range 

of scales, in terms of numbers of users and services, quantities of data stored and manipulated, 

rates of processing, numbers of nodes, geographical  coverage, and sizes of networks and storage 

devices. The derived scalability metric of this thesis is based on cost effectiveness, in which the 

effectiveness is a function of the system's throughput and its Quality of Service. It is a strategy 

based scal ability metri c that generalizes the well -known metrics for scalability of parallel  

computati ons to describe heterogeneous distributed systems. Scalability is measured by the 

range of scale factors that gives a satisfactory value of the metric, since a good scalability is a 

joi nt property of the initial  design and the scaling strategy.  What makes this derived metric 

unique is the fact that, it separates the impact of throughput and response time on the metric, 

formalizing the notation of a scaling strategy, introducing QoS evaluati on and more also, 

i ntroduci ng formal  scalability enablers which are optimzed at each scale factor. Throughput 

curves for all  systems with bottleneck demand 𝐷𝑚𝑎𝑥 are constrained to lie below the line 

1
𝐷𝑚𝑎𝑥

⁄ .  If one needs to improve the performance further than this limit, then it is necessary to 

reduce the demand at the bottleneck center somehow. 
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CHAPTER ONE 

I NTRODUCTI ON 

1.1 Background of Study 

Today’s computer systems are more compl ex, more rapi dl y evol vi ng, and more essential  to the 

conduct of busi ness than those of even a few years ago. The result i s an i n creasi ng need for 

tool s and techniques that assist i n understandi ng the behavi or of these systems. Such an 

understandi ng i s necessary to provi de intelligent answers to the questions of cost and 

performance that arise throughout the life of a system. Right from Sci entifi c institutions, 

Computer manufacturi ng i ndustri es, busi nesses of al l  ki nds, educational  insti tuti ons 

(Universi ties), software programmers to i ndi vi dual s, the issue of scal abi l i ty remai ns the 

number one priority i n terms of manufacturi ng and the use of computer systems. Thi s questi on 

i s of great si gni fi cance to the organi zati ons i nvol ved, because of i ts potenti al l y seri ous 

repercussi ons from i ncorrect answers. Unfortunatel y, thi s questi on i s al so compl ex as correct 

answers are not easi l y obtai ned. I n consideri ng questi ons such as these, one must begi n wi th a 

thorough grasp of the system, the application, and the objectives of the study. Wi th thi s as a 

basis, several  approaches are availabl e. One i s the use of intuition and trend extrapol ati on. To 

be sure, there are few substi tutes for the degree of experi ence and i nsi ght that yi el ds rel i abl e 

i ntui ti on. Unfortunatel y, those who possess these qual i ti es i n suffi ci ent quanti ty are rare. 

Another i s the experi mental  eval uati on of al ternati ves. Experi mentati on i s al ways val uabl e, 

often requi red, and someti mes the approach of choi ce. I t i s al so expensi ve and often 

prohi bi ti vel y so. A further drawback i s that an experi ment i s l i kel y to yi el d accurate 

knowl edge of system behavi or under one set of assumpti ons, but not any i nsi ght that woul d 

al l ow general i zati on. These two approaches are i n some sense at opposi te extremes of a 

spectrum. Intuition i s rapi d and flexibl e, but its accuracy i s sketchy because it relies on 
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experi ence and i nsi ght that are di ffi cul t to acqui re and veri fy. Experi mentati on yi el ds 

excel l ent accuracy, but i s l abori ous and i nfl exi bl e. Between these extremes l i es a thi rd 

approach, the general  subject of thi s thesi s. 

1.2 Motivation 

The worl d has now become a gl obal  vi l l age through i nternet and i nter-connecti vi ty. 

I ndi vi dual s, organi zati ons, governments, busi nesses to menti on but a few i n one way or the 

other connect or communi cate remotel y. Busi nesses have spread up to the extent of defyi ng 

geographi cal  boundari es whiles i ndivi dual s and organizations do transact busi ness and at the 

same ti me stores thei r data remotel y. Typi cal  exampl e that readil y come i n mi nd i s cl oud 

computi ng. These acti vi ti es are made possi bl e because the system i s di stri buted. A di stri buted 

system i s a col l ecti on of i ndependent computers that appear to i ts users as a si ngl e coherent 

system. I n order words, a di stri buted system i s a col l ecti on of i ndependent computers that are 

used joi ntl y to perform a si ngl e task or to provi de a si ngl e servi ce (Tannenbaum and Steen, 

2016).  Most di stri buted systems are scal able including present and future applicati ons of which 

web based distributed systems i s no exception. Typical  applications, e-commerce, multi media 

news servi ces, di stance l earni ng, remote medi ci ne, enterpri se management, and network 

management are al so some of the exampl es of di stri buted servi ces. A di stri buted system shoul d 

be depl oyabl e i n a wi de range of scal es, i n terms of numbers of users and servi ces, quanti ti es of 

data stored and manipulated, rates of processi ng, numbers of nodes, geographi cal  coverage, and 

si zes of networks and storage devi ces. As busi nesses grow, the systems that support thei r 

functions also need to grow to support more users, process more data, or both. As they grow, i t 

i s important to mai ntai n thei r performance i n terms of responsi veness or throughput (Smi th and 

Wi l l i ams 2002). Poor performance i n these appl i cati ons often transl ates i nto appreci abl e costs. 
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Customers wi l l  often shop el sewhere rather than endure l ong wai ts. Sl ow responses i n CRM 

appl i cati ons mean that more customer-servi ce representati ves are needed. And, fail ure to 

process fi nancial  trades i n a timel y fashion can resul t i n statutory penalti es as wel l  as l ost 

customers. Despi te i ts i mportance, scal abi l i ty i s poorl y understood and few organi zati ons 

understand how to quanti tati vel y eval uate an appl i cati on’s scalability. As a resul t, they often 

make assumptions about the scal abi l i ty of thei r software. I f wrong, these assumpti ons can be 

costl y.  

1.3 Probl em Statement  

Many scal ed systems suffer from the probl em of mai ntai ni ng productivity and that of del ay i n 

transmi tti ng data from one system to another. In the field of tel ecommunication industry, 

frequent cal l  drops coupled with high cost of managi ng distributed networks is a major headache 

to the managers in telecommunication business as more often than not, scaled networks 

performance does not commensurate with the cost incurred by scaling the systems, due to 

unavai l abl e well  l ai d down scal abl e metri cs.  

1.4 Research objecti ves 

The objecti ves of thi s research are as fol l ows  

1. To have metri cs that wi l l  mai ntai n producti vi ty as the system i s scal ed so as to enhance 

cal l -processi ng system and make i t scal abl e i n order to support l arge number of cal l ers 

per hour at an appreci abl e throughput and at the same time curtai l  frequent cal l  drops. 

2.  To come out wi th an effi ci ent scal abi l i ty metri cs that ensures cost-effecti veness i n 

di stri buted systems as the system is been scaled. 

3. To have a detai l ed well  laid down metric that even an i ndi vi dual  can fol l ow i n order to 

scal e hi s/her system . 
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1.5 Research Questi ons 

1. How can cal l  processi ng systems be scal abl e enough to handl e the requi red number of 

users and devi ces and at the same ti me be resi l i ent enough to handl e vari ous network 

and appl i cati on outages or fai l ures? 

2. How can the cost of scal i ng systems commensurate wi th producti vi ty?  

3. What effi ci ent metri cs needs to be adopted? 

1.6 Organization of the Thesis 

The thesis is divided into five chapters spanning from chapter one up to chapter five. The chapter 

one deals with the overview of the thesis as it explains the rationale behind the chosen topic as 

well as the reasons why this research is worth carrying out. This chapter also deals with the 

introduction of the problem, which this thesis offers a solution to. The second chapter consists of 

the literature written in the field of scalability which deals closely with the topic of this thesis. 

The third chapter takes care of the methods and various laws termed in here as the fundamental 

laws which is used to generate the various functions for scaling up or down a given system. This 

chapter also sees a detailed discussion of bounding equations, algorithms, and that of two case 

studies of the system used by the Ghana Meteorological Agency being analyzed. It further 

explains into details, the procedure for scaling a system and the full calculation of scalability. It 

again looks at applying the metric to an idealized system. The chapter spends some time in 

overview of the call processing system. Chapter four presents the results and discussion of the 

research. Finally, chapter five serves as a logical end to the thesis outlining the important 

concepts covered in it and proposing possible future work in the field of scalability. 
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CHAPTER TWO 

LI TERATURE REVIEW 

2.0 Introduction 

We often hear of students, i ndi vi dual s and even system admi ni strators compl ai ni ng of thei r 

systems i n one way or the other not functi oni ng to thei r sati sfacti on and most of them 

hel pl essl y resort to upgrade thei r system by si mpl y addi ng memory or storage space. Whi l es 

most of these peopl e do not achi eve thei r i ntended purposes and at the same ti me waste thei r 

moni es, others too end up damagi ng thei r systems. Di fferent scal abi l i ty metri cs have been 

devel oped for massi vel y paral l el  computati on, to eval uate the effecti veness of a gi ven 

al gori thm runni ng on di fferent si zed pl atforms, and to compare the scal abi l i ty of al gori thms. 

These metri cs assume that the program runs by i tsel f, on a set of k processors wi th a gi ven 

archi tecture, and that the compl eti on ti me T measures the performance. 

2.1 Review of Available Metrics 

Performance metri cs such as speedup (Amdahl , 1967), scal ed speedup (Gustafson, et al, 1988), 

si zeup (Sun and Gustafson, 1991), experi mental l y determi ned seri al  fracti on (Karp and Fl att, 

1990), and isoeffi ci ency functi on (Kumar and Rao, 1987) have been proposed for quantifyi ng 

the scalabi l i ty of paral l el  systems. Whi l e these metri cs are extremel y useful  for tracki ng 

performance trends, they do not provi de adequate i nformati on needed to understand the reason 

why an al gori thm does not scal e wel l  on an Archi tecture.  An understandi ng of the interacti on 

between the al gori thmi c and archi tectural  characteri sti cs of a paral l el  system can gi ve us some 

fai r i dea. Studi es undertaken by Kung (Kung, 1980) and Jami eson (Jamіeson, et al, 1987) hel p 

identify some of these characteri sti cs from a theoreti cal  perspecti ve, but that one too does not 

provi de any means of quanti fyi ng thei r effects. Several  performance studi es address i ssues such 
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as l atency, contenti on and synchroni zati on. The l i mi ts on i nterconnecti on network performance 

(Agarwal , 1991), (Pfіster and Norton, 1985) and the scal abi l i ty of synchroni zati on pri mi ti ves 

supported by the hardware (Anderson, 1990) , (Mel l or-Crummey and Scott, 1991) are exampl es 

of such studi es undertaken over the years. Whi l e such i ssues are extremel y i mportant, i t i s 

necessary to put the i mpact of these factors i nto perspecti ve by consi deri ng them i n the context 

of overal l  appl i cati on performance. There are studi es that use real  appl i cati ons to address 

speci fi c i ssues l i ke the effect of shari ng i n paral l el  programs on the cache and bus performance 

(Eggers and Katz, 1989) and the i mpact of synchroni zati on and task granul ari ty on paral l el  

system performance (Chen, et al, 1990). (Cypher, et al , 1993), i denti fy the archi tectural  

requi rements such as fl oati ng poi nt operati ons, communi cati ons, and i nput/output for message-

passi ng sci enti fi c appl i cati ons. Rothberg et al .(Rothberg, et al, 1993) conduct a si mi l ar study 

towards i denti fyi ng the cache and memory si ze requi rements for several  appl i cati ons. 

However, there have been very few attempts at quanti fyi ng the effects of al gori thmi c and 

architectural interactions i n a paral l el  system. The ti me taken by an al gori thm to execute on a 

si ngl e processor i s cal l ed the sequenti al  executi on ti me and i s denoted by 𝑇1. The executi on 

ti me of the correspondi ng paral l el  al gori thm on p i denti cal  processors i s cal l ed the paral l el  

executi on ti me and i s denoted by 𝑇𝑝. A paral l el  al gori thm i ncurs several  overheads duri ng 

executi on. These i ncl ude overheads due to i dl i ng, communi cati on, and contenti on over shared 

data structures. The sum total  of ti me spent by al l  processors doi ng work whi ch i s not done by 

the sequenti al  al gori thm i s termed as the total  overhead and i s denoted by 𝑇0. I n general , 𝑇0 i s a 

functi on of probl em si ze and the number of processors. Si nce the sum total  of ti me spent by al l  

processors i s 𝑝𝑇𝑝, and the total  overhead i s 𝑇0, we can deduce that: 
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𝑝𝑇𝑝 = 𝑇1 + 𝑇0 

𝑇𝑝 =
𝑇1 + 𝑇0

𝑝
 

2.1.1 Speedup (S) 

The speedup (S) obtai ned from a parallel  system is defi ned as the rati o of the sequenti al  

executi on ti me to the parallel  executi on time. Therefore, 

𝑆 =
𝑇1

𝑇𝑝
=

𝑝𝑇1

𝑇1 + 𝑇0
 

 Parallel  computers promi se the fol l owi ng enhancements over thei r sequenti al  counterparts, 

each of which l eads to a correspondi ng scal i ng strategy: 1) the number of processi ng elements 

i s i ncreased enabling a potential  performance i mprovement for the same probl em (constant-

probl em si ze scal i ng); 2) other system resources l i ke pri mary and secondary storage are al so 

i ncreased enhanci ng the capabi l i ty to sol ve larger probl ems (memory-constrai ned scal i ng); 3) 

due to the larger number of processi ng elements, a much larger probl em may be sol ved i n the 

same ti me i t takes to sol ve a smal l er probl em on a sequenti al  machi ne (ti me-constrai ned 

scal i ng). Speedup captures onl y the constant probl em si ze scal i ng strategy. I t i s wel l  known 

that for a probl em wi th a fi xed si ze, the maxi mum possi bl e speedup wi th i ncreasi ng number of 

processors i s l i mi ted by the seri al  fracti on i n the appl i cati on (Amdahl , 1967). But very often, 

paral l el  computers are used for sol vi ng larger probl ems and i n many of these cases the 

sequenti al  porti on of the appl i cati on may not i ncrease appreci abl y regardl ess of the probl em 

si ze (Gustafson, et al, 1988) yi el di ng a l ower seri al  fracti on for larger probl ems. I n such cases, 

memory-constrai ned and ti me-constrai ned scal i ng strategi es are more useful .I n paral l el  

computi ng, as i n i ts seri al  counterpart, ti me and memory are the domi nant performance metri cs. 
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Between al ternate methods that use di fferi ng amounts of memory, any user woul d prefer the 

faster method, provi ded enough memory i s avai l abl e to run both methods. That i s, there i s no 

advantage to usi ng l ess memory than mi ght be made avai l abl e to the appl i cati on unl ess the use 

of l ess memory reduces executi on ti me or cost. So, the executi on ti me or ti me compl exi ty 

remai ns an i mportant metri c. Al so, because of the l ack of program portabi l i ty, i n consi deri ng 

the compl exi ty of a paral l el  al gori thm we must real l y tal k about the anal ysi s of an al gori thm 

wi th respect to parti cul ar paral l el  computer archi tecture. We must tal k therefore about the 

compl exi ty of the system. The desi re to know how much faster an appl i cati on runs on a paral l el  

computer has made performance measurements i n the paral l el  domai n more compl ex. What 

benefits derive from the use of paral l el i sm? How much speedup resul ts? Whi l e there i s general  

agreements that speedups i s the rati o of seri al  executi on ti me to paral l el  executi on ti me, there 

are diverse defi ni ti ons of seri al  and paral l el  executi on ti mes. Thi s di versi ty resul ts i n at l east 

five di fferent defi ni ti ons of speedup and they are as fol l ows  

2.1.2 The Rel ati ve: uses the executi on ti me of the paral l el  program when run on a si ngl e node 

of the paral l el  computer for the seri al  ti me.  

2.1.3 The Real : compares the paral l el  executi on ti me wi th the ti me needed by the fastest seri al  

al gori thm or program for the appl i cati on executi ng on a si ngl e node of the paral l el  computer. 

2.1.4 The Absol ute: compares paral l el  executi on ti me wi th the fastest sequenti al  al gori thm 

run on the fastest seri al  computer. 

2.1.5 The Asymptoti c: compares the executi on ti me of the best seri al  al gori thm for a 

parti cul ar probl em wi th the asymptoti c compl exi ty of the paral l el  al gori thm, assumi ng the 

paral l el  computer has al l  the processors i t can gai nful l y use. 
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2.1.6 The Asymptoti c rel ati ve: uses the asymptoti c ti me compl exi ty of the paral l el  al gori thm 

when run on a si ngl e processor. When computi ng rel ati ve, real , or absol ute speedup, we coul d 

use anal yti cal  ti me compl exi ti es or actual  measured run ti me.   

The former provi des the anal yti cal  speedup of the paral l el  system. The l atter yi el ds the 

system’s measured speedup. Because anal yti cal  runti me measurements are usual l y accurate 

onl y wi thi n aconstant factor, the anal yti cal  runti me of the best seri al  al gori thm i s the same on 

al l  seri al  computers model ed by random access machi nes (wi thi n a constant factor). 
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Tabl e 2.1. Speedup metri c defi ni ti ons 

(I  = Probl em i nstance, P = number of processors; Q =Paral l el  program; n= Si ze of I ) 

   

METRI C FORMUL A COMMENTS 

Rel ati ve 

Speedup (I ,P) 

 

 
𝑡𝑖𝑚𝑒 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝐼 𝑢𝑠𝑖𝑛𝑔 𝑃𝑟𝑜𝑔𝑟𝑎𝑚 𝑄 𝑎𝑛𝑑 𝐼 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟

𝑡𝑖𝑚𝑒 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝐼 𝑢𝑠𝑖𝑛𝑔 𝑃𝑟𝑜𝑔𝑟𝑎𝑚 𝑄 𝑎𝑛𝑑 𝑃 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟𝑠
 

Depends on the 

characteri sti cs of the 

i nstance I  bei ng 

sol ved as wel l  as the 

si ze P of the paral l el  

computer. 

 

Real  Spead up 

(I ,P) 

 

 
𝑡𝑖𝑚𝑒 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝐼 𝑢𝑠𝑖𝑛𝑔  𝑏𝑒𝑠𝑡 𝑆𝑒𝑟𝑖𝑎𝑙 𝑃𝑟𝑜𝑔𝑟𝑎𝑚 𝑎𝑛𝑑 𝐼 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟

𝑡𝑖𝑚𝑒 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝐼 𝑢𝑠𝑖𝑛𝑔 𝑃𝑟𝑜𝑔𝑟𝑎𝑚 𝑄 𝑎𝑛𝑑 𝑃 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟𝑠
 

The fastest 

Al gori thm mi ght not 

be known and no 

si ngl e al gori thm 

mi ght be fastest i n 

al l i nstance for some 

appl i cati ons, so the 

runti me of the 

sequenti al  al gori thm 

i s most frequentl y 

used i n practi ce. 

Absol ute 

Speedup (I ,P) 

 
𝑡𝑖𝑚𝑒 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝐼 𝑢𝑠𝑖𝑛𝑔 𝑏𝑒𝑠𝑡 𝑠𝑒𝑟𝑖𝑎𝑙 𝑃𝑟𝑜𝑔𝑟𝑎𝑚 𝑎𝑛𝑑 𝐼 𝑓𝑎𝑠𝑡𝑒𝑠𝑡  𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟

𝑡𝑖𝑚𝑒 𝑡𝑜 𝑠𝑜𝑙𝑣𝑒 𝐼 𝑢𝑠𝑖𝑛𝑔 𝑃𝑟𝑜𝑔𝑟𝑎𝑚 𝑄 𝑎𝑛𝑑 𝑃 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟𝑠
 

Can al so use the 

sequenti al  al gori thm 

most often used i n 

practi ce. 

Asymptoti c 

real  speedup 

(n) 

 
𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑐𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦 𝑜𝑓 𝑏𝑒𝑠𝑡 𝑠𝑒𝑟𝑖𝑎𝑙 𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚

𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑐𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦 𝑜𝑓 𝑄 𝑢𝑠𝑖𝑛𝑔 𝑎𝑠 𝑚𝑎𝑛𝑦 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟𝑠 𝑎𝑠 𝑛𝑒𝑒𝑑𝑒𝑑
 

For probl ems such as 

sorti ng where the 

asymptoti c 

compl exi ty i s not 

uni quel y 

characteri zed by the 

i nstance si ze n, we 

use the worst-case 

compl exi ty  

 

Asymptoti c 

rel ati ve 

speedup (n) 

 
𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑐𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦 𝑜𝑓 𝑄 𝑢𝑠𝑖𝑛𝑔 𝐼 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟

𝐴𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑖𝑐 𝑐𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦 𝑜𝑓 𝑄 𝑢𝑠𝑖𝑛𝑔 𝑎𝑠 𝑚𝑎𝑛𝑦 𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟𝑠 𝑎𝑠 𝑛𝑒𝑒𝑑𝑒𝑑
 

L i ke asymptoti c real  

speedup, i t does not 

rel y on the number of 

processors avai l abl e 

i n the paral l el  

system, because we 

assume thi s number 

i s unbounded. 
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2.1.7 Asymptoti c speedup 

Consi der a matri x mul ti pl i cati on al gori thm that mul ti pl i es two n x n matri ces on an n3/l og n 

processor hypercube i n Θ (l og n) ti me. Because thi s i s the fastest the al gori thm can run even i f 

more processors are avai l abl e, i ts asymptoti c compl exi ty, assumi ng the avai l abi l i ty of as many 

processors as can be used, i s Θ (l og n). I ts asymptoti c real  speedup depends on the compl exi ty 

of the best seri al  al gori thm, whi ch changes wi th ti me as faster matri x mul ti pl i cati on 

al gori thms are di scovered. Hence, except for probl ems wi th known asymptoti cal l y opti mal  

al gori thms, asymptoti c speedup i s not ti me-i nvari ant. I f Θ (nα) i s the compl exi ty of the fastest 

seri al  matri x mul ti pl i cati on al gori thm currentl y known, 

2.1.8 Asymptoti c real  speedup(n) = Θ (nα/l og n). 

 Unfortunatel y, the goodness of our paral l el  mul ti pl i cati on al gori thm or system (as measured 

by i ts asymptoti c real  speedup) decl i nes as years pass and asymptoti cal l y superi or seri al  

al gori thms emerge. Thi s decl i ne has nothi ng to do wi th deteri orati on i n the paral l el  al gori thm 

wi th respect to i ts executi on ti me and memory requi rements. When the paral l el  matri x 

mul ti pl i cati on al gori thm runs on a si ngl e processor, i ts compl exi ty i s Θ(n3). The asymptoti c 

rel ati ve speedup of thi s paral l el  matri x mul ti pl i cati on system thus i s Θ(n3/ l og n).  

2.1.9 Absol ute speedup 

 Because we have equated anal yti cal  absol ute speedup to anal yti cal  real  speedup, we are 

concerned onl y wi th measured absol ute speedup i n thi s secti on. I n practi ce, we woul d expect 

thi s to be a cri ti cal  measure because i t tel l s us how much faster we can sol ve our probl em 

i nstance on the target paral l el  computer versus the fastest seri al  al ternati ve. Unfortunatel y, very 

few experi mental  studi es of speedup report thi s quanti ty. Besi des di ffi cul ti es associ ated wi th 

getti ng access to the fastest seri al  al ternati ve, thi s al ternati ve changes wi th ti me as faster seri al  
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al gori thms are devel oped or faster seri al  computers are manufactured. Certai nl y, i n the i nterval  

between conducti ng experi ments and publ i shi ng thei r resul ts, the speed of the fastest seri al  

computer, hence the absol ute speedup, woul d have changed! Because many paral l el  computers 

don’t use the fastest avai l abl e processors, these paral l el  computers exhi bi t an absol ute speedup 

of l ess than one, even when P i s modestl y l arge (say 100). For exampl e, a 64-processor nCube1 

computer takes approxi matel y si x ti mes as l ong as a si ngl e-processor Cray-2 for i mage-

templ ate matchi ng on a 256x256 i mage usi ng a 16x1 6 templ ate. Thi s i s despi te the fact that the 

nCube1 program achi eved a rel ati ve speedup of al most 58. (However, a 64-processor nCube1 

provi ded a tenfol d cost-performance advantage over the Cray-2).  

2.2 Real  speedup 

 Anal yti cal  real  speedup i s general l y easy to determi ne because one need not wri te a program 

and measure executi on ti me. There are two approaches to computi ng the anal yti cal  real  

speedup of a paral l el  system, one usi ng the asymptoti c compl exi ti es of the seri al  and paral l el  

al gori thms, and the other usi ng the number of operati ons, or workl oad. General l y, we regard 

workl oad (total  amount of computati on done by the program) and runti me as rel ated by the 

speed of the computer. At ti mes, we wi l l  need to di sti ngui sh between workl oad and ti me 

because thei r assumed rel ati onshi p may not hol d. For exampl e, the effecti ve speed of the 

computer may vary wi th workl oad because l arger workl oads may requi re more memory and 

eventual l y the use of sl ower secondary memory. Furthermore, as total  workl oad changes, i ts 

mi x mi ght change, causi ng a change i n effecti ve speed. As an exampl e of usi ng asymptoti c 

compl exi ti es, we can add two nxn matri ces i n Θ (n2/P) ti me usi ng a shared memory computer 

wi th P≤n2 processors. The fastest seri al  al gori thm to add the two matri ces has compl exi ty of Θ 

(n2). The analytical  real  speedup of the parallel shared-memory algorithm then is: 
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2.2.1 Anal yti cal  real speedup (n,P) = Θ(P). 

Noti ce the di fference between thi s and asymptoti c speedup. I n the l atter, we compute the 

asymptoti c compl exi ty assumi ng an unbounded suppl y of processors. As an exampl e of usi ng 

operati on counts or workl oad, consi der the probl em of readi ng two nxn matri ces from a di sk, 

addi ng them, and wri ti ng the resul t back to di sk. Suppose the ti me to read and wri te a matri x i s 

n2 uni ts and that the ti me to add them usi ng a seri al  al gori thm i s n2/S, where S i s the processor 

speed. Furthermore, suppose that the paral l el  addi ti on al gori thm, because of communi cati on 

and other overheads, takes 2𝑛2/(𝑆𝑃) ti me to add the matri ces usi ng P processors of speed S. 

The seri al  ti me i s 3𝑛2 + 𝑛2/𝑆 and the paral l el  ti me i s 3𝑛2 + 2𝑛2/(𝑆𝑃). The anal yti cal  real  

speedup i s: 

(3 + 1/𝑆)/[3 + 2/(𝑆𝑃)]……………. (1) 

Though analytical real speed up can be computed without necessarily programing an algorithm 

and measuring its execution time, it is not ideal for the practitioner whose concern has to do with 

constant factors associated with the speed up. The distinction between a speed up of P/8 and P/4 

is very important in practice (in the case of matrix addition example). Although we performed a 

more precise analysis than when using asymptotic complexities in our example of matrix 

addition, actually observed speed up differs from that of the predicted speed up. Since the 

analysis can't account for all overheads encountered in an actual execution. The best serial 

algorithm and the parallel algorithm needs to be programmed and run if we want to obtain the 

measured real speed up of a parallel system. The problem instance and that of the number of 

processors varies with the measured speed up. 
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2.3 Rel ati ve speedup 

Because the measurement of real  speedup requi res us to program not just the paral l el  al gori thm 

but al so the best seri al  al gori thm, it is tempti ng to l ook at an easi er way to report the paral l el  

al gori thm's speedup. I n parti cul ar, we mi ght avoi d usi ng the best seri al  al gori thm and use the 

si ngl e-processor executi on ti me of the paral l el  al gori thm itsel f (provi ded the paral l el  

al gori thm has been wri tten wi th P as a parameter that can be set to I ), or use the seri al  

al gori thm on whi ch the paral l el  al gori thm i s based. We do thi s when measuri ng rel ati ve 

speedup, whi ch, l i ke real  speedup, can be determi ned anal yti cal l y or experi mental l y. Rel ati ve 

speedup suffers from the same defi ci enci es as real  speedup: memory l i mi tati ons often make i t 

i mpossi bl e to obtai n the executi on ti me on a si ngl e processor, and rel ati ve speedup i s hi gher 

wi th sl ower processors.I t al so favors code that i s i neffi ci ent when run on a si ngl e processor. 

Thi s does not happen wi th real  speedup, because the si ngl e-processor code used i s the best 

avai l abl e. Consi der the probl em of mul ti pl yi ng two nxn matri ces on a paral l el  computer 

system consi sti ng of a host to whi ch P paral l el  processors are attached as peri pheral s. Suppose 

that the ti me to transfer the two matri ces to the peri pheral  paral l el  processors and recei ve the 

resul ts i s 3n2 and the ti me to mul ti pl y the matri ces on the paral l el  processors i s n3/(SP) 

(assume P ≤ n2), where S i s the speed of one of the paral l el  processors. The rel ati ve speedup i s 

(n3/S)/[3n2 + n3/(SP)], assumi ng that i f we used a seri al  computer consisti ng of one of the 

paral l el  processors, we wi l l  not need to transfer the metri cs to and from Si mpl i fyi ng thi s 

formul a yi el ds the formul a n(3S + n/P), whi ch i mpl i es that for fi xed n and P, speedup i ncreases 

as S decreases. Speedup i s greater wi th sl ower processors. Suppose we change the program to a 

l ess effi ci ent one-one that does more work. For our matri x mul ti pl i cati on exampl e, we coul d 

add redundant work such as re-computi ng the matri x product several  ti mes. The executi on ti me 

of the new code i s kn3/P, where k i s the degree of i neffi ci ency. The rel ati ve speedup i s now 
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(kn3/S)/[3n2 + kn3/(SP)] = n/(3S/k + n/P), whi ch i s an i ncreasi ng functi on of k. When S = 1, n = 

100, and P = 10, the rel ati ve speedup i s 100k/(3 + 10k). For k = 1, thi s i s 7.69 and for k= 10, i t 

i s 9.71. As i n the case of real  speedup, usi ng rel ati ve speedup as a paral l el  performance metri c 

i ndependent of actual  runti me i s hazardous. The potenti al  for erroneous concl usi ons i s even 

greater because the speedup i s not measured wi th respect to the best seri al  al gori thm. I t i s 

possi bl e that a paral l el  al gori thm that exhi bi ts a rel ati ve speedup of 10 when sol vi ng a 

probl em of si ze 1,000 usi ng 20 processors actual l y takes more ti me than the best seri al  

al gori thm runni ng on a si ngl e processor of the same paral l el  computer 

2.4 Scal ed speedup 

Scal ed speedup i s defi ned as the speedup curve obtai ned when the probl em si ze i s i ncreased 

l i nearl y wi th the number of processors. (Sun and Gustafson, 1991) propose a metri c called si ze 

up to capture the ti me-constrai ned scal i ng strategy.  

2.5 Si zeup 

Si zeup i s defi ned as the rati o of the si ze of the probl em sol ved on the paral l el  machi ne to the 

si ze of the probl em sol ved on the sequenti al  machi ne for the same executi on ti me. When the 

executi on ti me does not decrease l i nearl y wi th the number of processors, speedup does not 

provi de any addi ti onal i nformati on needed to fi nd out i f the devi ati on i s due to bottl enecks i n 

the appl i cati on or i n the machi ne. Si mi l arl y, when a paral l el  system exhi bi ts non-i deal  

behavi our i n the memory-constrai ned or ti me-constrai ned scal i ng strategi es, scal ed-speedup 

and si zeup fai l  to show whether the probl em rests wi th the appl i cati on and/or the archi tecture. 

Three other metri cs (Kumar and Rao, 1987), (Karp and Fl att, 1990), (Nussbaum and Agarwal , 

1991) attempt to address thi s defi ci ency.   
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2.6 L i mi ts to speedup 

Suppose two 100x100 matri ces has to be added manual l y. Initially, the metrics will be wri tten 

on a l ong wal l  where the resul t will also be written. If it has to be done by one person, suppose 

i t woul d take him or her a day. Usi ng a fri end, he/she  coul d do i t i n a l i ttl e over one-hal f of a 

day he/she  woul d need a bi t of ti me to tel l  the fri end whi ch hal f to work on, after whi ch i t 

woul d take them each one-hal f of a day to do the actual  addi ti on. The speedup i s al most 2. I f 

10,000 peopl e were standi ng as i n a 100x100 matri x, one  coul d assi gn each of them to add a 

uni que pai r of matri x el ements. They woul d accompl i sh the addi tion task i n a l i ttl e over one-

ten-thousandth of a day, for a speedup of al most 10,000. Wi th a mi l l i on peopl e, however, the 

job coul d not be done any faster. There woul dn’t be enough work to go around. I n fact, the 

ensui ng pandemoni um mi ght actual l y make the job take l onger, resul ti ng i n a smal l er speedup. 

Assumption can be made that each probl em i nstance i s sol vabl e by a fi ni te amount of work, i t 

fol l ows that by i ncreasi ng the number of processors indefi ni tel y, a poi nt will reached when 

there i sn’t any work to be di stri buted to the newl y added processors. No further speedup wi l l  be 

possi bl e. However, dependi ng on the amount of work avai l abl e, the attai nabl e speedup mi ght 

be very l arge and mi ght be abl e to gai nful l y empl oy (Gustafson, et al , 1988) i ntroduced metri c 

cal l ed scal ed-speed up that tri es to capture the memory-constrai ned scal i ng strategy. 

2.7 I soeffi ci ency functi on 

I soeffi ci ency functi on (Kumar and Rao, 1987) tri es to capture the i mpact of probl em si zes 

al ong the appl i cati on di mensi on and the number of processors al ong the archi tectural  

di mensi on. For a probl em wi th a fi xed si ze, the processor uti l i zati on (effi ci ency) normal l y 

decreases wi th an i ncrease i n the number of processors. Si mi l arl y, i f the probl em si ze has to be 

scaled up keepi ng the number of processors fi xed, the effi ci ency usual l y i ncreases. 
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Isoeffi ci ency functi on rel ates these two artifacts i n typi cal  paral l el  systems and i s defi ned asː 

the rate at whi ch the probl em si ze needs to grow wi th respect to the number of processors in 

order to keep the effi ci ency constant. An isoeffi ci ency whose growth i s faster than l i near 

suggests that overheads i n the hardware are a l i mi ti ng factor i n the scal abi l i ty of the system, 

whi l e a growth that i s l i near or l ess i s i ndi cati ve of a more scal abl e hardware. Apart from 

provi di ng a bound on achi evabl e performance (Amdahl ’s l aw), the theoreti cal  seri al  fracti on of 

an appl i cati on i s not very useful  in gi vi ng a real i sti c esti mate of performance on actual  

hardware. (Karp and Fl att, 1990) use an experi mental l y determi ned seri al  fracti on for a 

probl em wi th a fi xed si ze in eval uati ng paral l el  systems is computed by executi ng the 

appl i cati on on the actual  hardware and cal cul ati ng the effecti ve l oss i n speedup. On an ideal  

archi tecture wi th no overheads i ntroduced by the hardware, woul d be equal  to the theoreti cal  

seri al  fracti on of the appl i cati on. Hardware defi ci enci es l ead to a hi gher and a constant wi th 

i ncreasi ng number of processors i mpl i es a scal abl e paral l el  system very often suggesti ng that 

there i s no overhead i ntroduced by the underl yi ng hardware. Decreasi ng i s an i ndi cati on of 

super-l i near speedup that ari ses due to reasons such as memory si ze and randomness i n 

appl i cati on executi on, as outl i ned i n (Hel mbol d and MacDowel l , 1990). (Nussbaum and 

Agarwal , 1991) quanti fy scal abi l i ty as a rati o of the appl i cati on’s asymptoti c speedup when 

run on the actual  archi tecture to i ts correspondi ng asymptoti c speedup when run on an EREW 

PRAM (Fortune and Wyl l іe, 1978), for a gi ven probl em si ze. Appl i cati on scal abi l i ty i s a 

measure of the i nherent paral l el i sm i n the appl i cati on and i s expressed by i ts speedup on an 

archi tecture wi th an i deal i zed communi cati on structure such as a PRAM. Archi tectural  

scal abi l i ty i s defi ned as the rel ati ve performance between the i deal  and real  archi tectures. A 

larger ratio i s an i ndi cati on of better performance obtai ned in runni ng the gi ven application on 

the hardware platform. Metri cs used by (Kumar and Rao, 1987), (Karp and Fl att, 1990), 
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(Nussbaum and Agarwal , 1991) thus attempt to i denti fy the cause (the appl i cati on or the 

archi tecture) of the probl em when the paral l el  system does not scal e as expected. Once the 

probl em i s i denti fi ed, i t i s essenti al  to fi nd the i ndi vi dual  appl i cati on and archi tectural  

artifacts that lead to these bottlenecks and to quantify thei r rel ati ve contri buti on towards 

l i mi ti ng the overal l  scal abi l i ty of the system. For i nstance, we woul d l i ke to fi nd the 

contri buti on of the seri al  porti on i n the appl i cati on, the work imbal ance between the threads of 

control in the program, the overheads i ntroduced by paral l el i zati on of the probl em, towards 

l i mi ti ng the scal abi l i ty of the appl i cati on. Si mi l arl y, i t woul d be desi rabl e to quanti fy the 

contri buti on from hardware components such as network l atency, contenti on, and 

synchroni zati on, and system software components such as scheduling and other runti me 

overheads. But i t i s di ffi cul t to gl ean thi s knowl edge from the three metri cs. I denti fyi ng, 

i sol ati ng and quanti fyi ng the di fferent overheads i n a paral l el  system that l i mi t i ts scal abi l i ty 

i s cruci al  for i mprovi ng the performance of the system by appl i cati on restructuri ng and 

archi tectural  enhancements. I t can al so hel p i n choosi ng between al ternate appl i cati on 

i mpl ementati ons, sel ecti ng the best hardware pl atform, and the di fferent other uses of a 

performance anal ysi s study. Recogni zi ng thi s i mportance, studi es (Burkhart and Mіl l en, 1989), 

(Crovel l e and L eBl anc, 1994), (Sіvasubramanіam, et al , 1994) have attempted to separate and 

quanti fy paral l el  system overheads. 
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Ignori ng effects of super li neari ty, one woul d expect a speedup that i ncreases l i nearl y wi th the 

number of processors, as shown by the curve named “l i near” i n Fi gure 2.1. But overheads i n the 

system woul d l i mi t i ts scal abi l i ty resul ti ng i n a speedup that grows much sl ower as shown by 

the curve labelled “actual ” i n Fi gure 2.1. The di spari ty between the “l i near” and “actual ” 

curves i s due to growth of overheads i n the paral l el  system. Parallel  system overheads may be 

broadl y cl assi fi ed i nto a purel y al gorithmi c component (al gori thmi c overhead), a component 

arising from the i nteracti on of the appl i cati on wi th the system software (software i nteracti on 

overhead), and a component arising from the i nteracti on of the appl i cati on wi th the hardware 

(hardware i nteracti on overhead). Al gori thmi c overheads arise from the i nherent seri al  part i n 

the appl i cati on, the work-i mbal ance between the executi ng threads of control , any redundant 

computati on that may be performed, and additional  work i ntroduced by the paral l el i zati on. 

Fi g 2.1: Overheads i n a Paral l el  System (Sіvasubramanіam, et al , 1994) 



20 
 

Software i nteracti on overheads such as overheads for schedul i ng, message-passi ng, and 

software synchroni zati on ari se due to the i nteracti on of the appl i cati on wi th the system 

software. Hardware sl ow down due to network l atency (the transmi ssi on ti me for a message i n 

the network), network contenti on (the amount of ti me spent i n the network wai ti ng for l i nks to 

become free), synchroni zati on and cache coherence acti ons, contri bute to the hardware 

i nteracti on overhead. To ful l y understand the scal abi l i ty of the paral l el  system, i t i s i mportant 

to i sol ate and quanti fy the i mpact of di fferent paral l el  system overheads on the overal l  

executi on as shown i n Fi gure 1. Overhead functi ons and l ost cycl es (Crovel l e and L eBl anc, 

1994) are metri cs that have been proposed to capture the growth of overheads i n a paral l el  

system. Both these metri cs quanti fy the contri buti on of each overhead towards the overal l  

executi on time. The studies differ i n the techni ques used to quanti fy these metri cs. 

Experi mentati on i s used i n (Crovel l e and L eBl anc, 1994) to quanti fy l ost cycl es, whi l e 

si mul ati on i s used i n (Sіvasubramanіam, et al , 1994) to quanti fy overhead functi ons. I n 

addi ti on to quanti fyi ng the overheads i n a gi ven paral l el  system, a performance eval uati on 

techni que shoul d al so be abl e to quanti fy the growth of overheads as a functi on of system 

parameters such as probl em si ze, number of processors, processor cl ock speed, and network 

speed. Thi s i nformati on can prove useful in predi cti ng the scal abi l i ty of systems governed by a 

di fferent set of parameters. A range of performance metri cs, from si mpl e metri cs l i ke speedup 

whi ch provi de scal ar i nformati on about the performance of the system, to more compl i cated 

vector metri cs l i ke overhead functi ons that provi de a wi de range of stati sti cs about the paral l el  

system executi on i s expl ai ned i n Tabl e 2.2. The metri cs that reveal  onl y scal ar i nformati on are 

much easi er to cal cul ate. I n fact, the overal l  executi on ti mes of the paral l el  system 

parameteri zed by number of processors and probl em si zes woul d suffice to cal cul ate metri cs 

l i ke speedup, scal ed speedup, si zeup, isoeffi ci ency functi on and experi mental l y determi ned 
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seri al  fracti on. On the other hand, the measurement of overhead functi ons and l ost cycl es woul d 

need more sophi sti cated techni ques that use a consi derabl e amount of i nstrumentati on. 

Tabl e 2.2: Performance Metri cs 

METRI CS MERI TS DRAWBACKS 

 

Speedup, Scal ed Speedup, 

Si zeup 

Useful  for quanti fyi ng 

performance i mprovements 

as a functi on of the number 

of processors and probl em 

si zes. 

Do not i denti fy or quanti fy 

bottl enecks i n the system, 

provi di ng no 

addi ti onal i nformati on when 

the system doesn’t scal e as 

expected. 

 

I soeffi ency functi on, 

Experi mental l y determi ned 

seri al  fracti on, Nussbaum 

and Agarwal ’s metri c  

 

Attempt to i denti fy i f the 

appl i cati on or archi tecture 

i s at faul t i n l i mi ti ng the 

scal abi l i ty of the system. 

The i nformati on provi ded 

may not be adequate to 

i denti fy and quanti fy the 

i ndi vi dual  appl i cati on and 

archi tectural  features that 

l i mi t the scal abi l i ty of the 

system. 

 

 

 

Overhead functi ons, L ost 

cycl es 

I denti fy and quanti fy al l  

the appl i cati on and 

archi tectural  overheads i n a 

paral l el  system that l i mi t 

i ts scal abi l i ty, provi di ng a 

detai l ed understandi ng of 

paral l el  system behavi our. 

 

 

Quanti fi cati on of these 

metri cs needs more 

sophi sti cated i nstrumentati on 

techni ques. 

 

2.8 Effi ci ency (E) 

 Measures the work rate per processor (that i s, E(k) = S(k)/k ), and has an "i deal " val ue of uni ty. 

I t i s wel l  known that gi ven a paral l el  archi tecture and a probl em i nstance of a fi xed si ze, the 
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speedup of a paral l el  al gori thm does not conti nue to i ncrease wi th i ncreasi ng number of 

processors but tends to saturate or peak at a certai n val ue. For a fi xed probl em si ze, the speedup 

saturates ei ther because the overheads grow wi th i ncreasi ng number of processors or because 

the number of processors eventual l y exceeds the degree of concurrency i nherent i n the 

al gori thm. For a vari ety of paral l el  systems, gi ven any number of processors p, speedup 

arbi trari l y cl ose to p can be obtai ned by si mpl y executi ng the paral l el  al gori thm on bi g enough 

probl em i nstances. The ease wi th whi ch a paral l el  al gori thm can achi eve speedups 

proporti onal  to p on a paral l el  archi tecture can serve as a measure of the scal abi l i ty of the 

paral l el  system. The isoeffi ci ency functi on (Fortune and Wyl l іe, 1978), (Crovel l e and 

L eBl anc, 1994) is one such metri c of scal abi l i ty which i s a measure of an al gori thm's 

capabi l i ty to effecti vel y uti l i ze an i ncreasi ng number of processors on a paral l el  archi tecture. 

The isoeffi ci ency functi on of a combi nati on of a paral l el  al gori thm and a paral l el  archi tecture 

rel ates the probl em si ze to the number of processors necessary to mai ntai n a fi xed effi ci ency or 

to del i ver speedups i ncreasi ng proporti onal l y wi th i ncreasi ng number of processors. The 

effi ci ency of a paral l el  systemi s gi ven by: 

𝐸 =
𝑊

𝑊 + 𝑇0(𝑊, 𝑝)
 

I f a paral l el  system is used to sol ve a probl em instance of a fi xed si ze W, then the effi ci ency 

decreases as p i ncreases. The reason i s that the total  overhead 𝑇0(𝑊, 𝑝) i ncreases wi th p. For 

many paral l el  systems, for a fi xed p, i f the probl em si ze W i s i ncreased, then the effi ci ency 

i ncreases because for a gi ven p, 𝑇0(𝑊, 𝑝) grows sl ower than O (W). For these paral l el  systems, 

the effi ci ency can be mai ntai ned at a desi red val ue (between 0 and 1) for i ncreasi ng p, provi ded 

W i s al so i ncreased. We cal l  such systems scal abl e paral l el  systems. Note that for a gi ven 
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paral l el  al gori thm, for different paral l el  archi tectures, W may have to i ncrease at di fferent rates 

wi th respect to p i n order to mai ntai n a fi xed effi ci ency.  For exampl e, i n some cases, W mi ght 

need to grow exponenti al l y wi th respect to p to keep the effi ci ency from droppi ng as p i s 

i ncreased. Such a paral l el  system i s poorl y scal abl e because i t woul d be di ffi cul t to obtai n 

good speedups for a l arge number of processors, unl ess the si ze of the probl em bei ng sol ved i s 

enormousl y l arge. On the other hand, i f W needs to grow onl y l i nearl y wi th respect to p, then 

the paral l el  system is hi ghl y scal abl e and can easi l y del i ver speedups i ncreasi ng l i nearl y wi th 

respect to the number of processors for reasonabl y i ncreasi ng probl em si zes. The i soeffi ci ency 

functi ons of several  common paral l el  systems are pol ynomi al  functi ons of p; i .e., they are O 

(px ), where x ≥ 1. A smal l  power of p i n the i soeffi ci ency functi on i ndi cates a hi gh 

scal abi l i ty. I f a paral l el  system incurs a total  overhead of To (W, p), where p i s the number of 

processors i n the paral l el  ensembl e and W i s the probl em si ze, then the effi ci ency of the 

system i s gi ven by:  

𝐸 =
1

1 +
𝑇0(𝑊,𝑝)

𝑊

 

I n order to mai ntai n a constant effi ci ency, W shoul d be proporti onal  to To (W, p) or the 

fol l owi ng rel ati on must be sati sfi ed: 

𝑊 = 𝐾𝑇0(𝑊, 𝑝)………….. Eqn. (a) 

𝐾 =
𝐸

1−𝐸
 Is a constant dependi ng on the effi ci ency to be mai ntai ned. Equati on (a) i s the central  

rel ati on that i s used to determi ne the isoeffi ci ency functi on. Thi s i s accompl i shed by 

abstracti ng W, as a functi on of p through al gebrai c mani pul ati ons on Equati on (a). I f the 

probl em si ze needs to grow as fast as ƒ E (p) to mai ntai n an effi ci ency E, then ƒ E (p) i s 
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defi ned to be the i soeffi ci ency functi on of the paral l el  al gori thm-archi tecture combi nati on for 

effi ci ency E. Isoeffi ci ency analysis has been found to be very useful in characteri zi ng the 

scal abi l i ty of a vari ety of parallel systems. An i mportant feature of i soeffi ci ency anal ysi s i s 

that i n a si ngl e expressi on, i t succi nctl y captures the effects of characteri sti cs of the paral l el  

al gori thm as wel l  as the paral l el  archi tecture on whi ch i t i s i mpl emented. By performi ng 

i soeffi ci ency anal ysi s, one can test the performance of a paral l el  program on a few processors, 

and then predict its performance on a l arger number of processors. But the utility of the 

i soeffi ci ency anal ysi s i s not l i mi ted to predi cti ng the i mpact on performance of an i ncreasi ng 

number of processors. I t can al so be used to study the behavi our of a paral l el  system wi th 

respect to changes i n other hardware rel ated parameters such as the speed of the processors and 

the data communi cati on channel s. As Tabl e2.2 outl i nes the drawbacks of the numerous metri cs 

i n existence, there is a need for an enhanced metri c and this thesis prefer solution to that. 

2.9 Summary 

The various metrics reviewed in this thesis sums up to Speedup metric, Scaled Speedup metric, 

Sizeup metric, Isoefficiency function and Fixed-Size metric. The Speedup, Scaled Speedup and 

Size-up are useful for quantifying performance improvements as a function of the number of 

processors and problem sizes but the disadvantages or the drawbacks is that, they don’t identify 

or quantify bottlenecks in the system and hence provide no additional information when the 

system does not scale as expected. The Isoefficiency function attempts to identify if the 

application or the architecture is at fault in limiting the scalability of the system but the drawback 

is that, the information provided may not be adequate to identify and quantify the individual 

application and architectural features that limit the scalability of the system. The overhead 

functions identify and quantify all the applications and architectural overheads in a parallel 
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system that limit its scalability, providing a detailed understanding of parallel system behavior, 

but the limitation of this metric is that, quantification of this metric needs more sophisticated 

instrumentation techniques. The Quality of Service function considered in most metrics is simply 

f=1, because they only evaluate the time to completion which is already taken into account in the 

throughput. The strategy of scaling up a distributed system is more complex than simply adding 

processors, storage and bandwidth. From the numerous drawbacks associated with the already 

existing metrics, there is a need for an enhanced metric and this thesis prefer solutions to them as 

it is clearly outlined in chapter three. 
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CHAPTER THREE 

METHODOL OGY 

3.1 I ntroducti on 

The scal abi l i ty metri c adopted by thi s thesi s i s founded on some fundamental  quanti ti es of 

whi ch they will be defi ned, a number of them that are of i nterest and then i ntroduce the notati on 

that wi l l  be used i n referri ng to these quanti ti es. The second i s to deri ve vari ous al gebrai c 

rel ati onshi ps among these quanti ti es, some of whi ch, because of thei r i mportance, wi l l  be 

i denti fi ed as fundamental laws. The thi rd i s to expl ore thoroughly the most i mportant of these 

fundamental laws, Li ttl e’s l aw proposed by J.D.C. L i ttl e, whi ch states that the average number 

of requests i n a system must be equal  to the product of the throughput of that system and the 

average ti me spent i n that system by a request. Cri ti cal  use cases, scenari os that are i mportant 

to scal abi l i ty woul d be i denti fi ed. Preci se, quanti tati ve, measurabl e scal abi l i ty requi rements 

woul d be i denti fi ed. The scal abi l i ty wi l l  be appl i ed to i deal i zed cases.   

3.1.1 The Basi c Quanti ti es 

The fol l owi ng are the basi c quanti ti es, 

T = the l ength of ti me we observed the system 

A = the number of request arri val s we observed 

C = the number of request compl eti ons we observed 

From the above measurements we can defi ne the fol l owi ng addi ti onal  quanti ti es: 
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              Fi g.3.1 An Abstract System 

 

λ is  the arri val  rateː𝝀 =
𝑨

𝑻
 

              X, i s the throughputː𝑿 =
𝑪

𝑻
 

I f the system consi sts of a si ngl e resource, we can al so measure: 

B, the l ength of ti me that the resource was observed to be busy. Two more defi ned quanti ti es 

now are meani ngful : 

             U, the Uti l i zati onː𝑼 =
𝑩

𝑻
 

                         S, the average servi ce requi rement per request: 𝑺 =
𝑩

𝑪
 

We can now deri ve the fi rst of our fundamental law, Al gebrai cal l y,  
𝑩

𝑻
=

𝑪

𝑻

𝑩

𝑪
 

From the three precedi ng defi ni ti ons, 
𝐵

𝑇
≡ 𝑈,    

𝐶

𝑇
≡ 𝑋,    

𝐵

𝐶
≡ 𝑆  

Thereforeː 

                  The Uti l i zati on L awː U = XS            ……….Eqn. 1 

That i s, the uti l i zati on of a resource i s equal  to the product of the throughput of that resource 

and the average servi ce requi rement at that resource. 

Arrival s (A) Compl etions (C) System 
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3.1.2 The L i ttl e’s L aw 

Gi ven a computer system, L i ttl e’s l aw can be appl i ed at many di fferent l evel s: to a si ngl e 

resource, to a subsystem, or to the system as a whol e. The key to success i s consi stency: the 

defi ni ti ons of popul ati on, throughput, and resi dence ti me must be compati bl e wi th one another. 

L et T = the observati on i nterval  of l ength.  

We temporari l y denote, W = accumul ated ti me i n system.  

Defi ne: 

N, the average number of requests i n the system: 𝑁 ≡
𝑊

𝑇
 

R, the average system resi dence ti me per request: 𝑅 ≡
𝑊

𝐶
 

Al gebrai cal l y, 
𝑊

𝑇
=

𝐶

𝑇

𝑊

𝐶
, 𝐵𝑢𝑡    

𝑤

𝑇
≡ 𝑁,    

𝐶

𝑇
≡ 𝑋,   

𝑊

𝐶
≡ 𝑅 

Thereforeː 

L i ttl e’s L awː N = XR     ………Eqn. 2 

That i s, the average number of requests i n a system i s equal  to the product of the throughput of 

that system and the average ti me spent i n that system by a request. 

I f we denote thi nk ti me by Z, then we can wri te thi s i ncarnati on of L i ttl e’s l aw as N = X (R + 

Z). As wi th the uti l i zati on l aw, thi s appl i cati on i s so ubi qui tous that we gi ve i t i ts own name 

and notati on, expressi ng R i n terms of the other quanti ti es: 

                                The Response Ti me L awː 𝑹 =
𝑵

𝑿
−  𝒁   ……………Eqn.3 
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When consi deri ng a di sk, i t i s natural  to defi ne a request to be a di sk access, and to measure 

throughput and resi dence ti me on thi s basi s. When consi deri ng an enti re system, on the other 

hand, i t i s natural  to defi ne a request to be a user-l evel interaction, and to measure throughput 

and resi dence ti me on thi s basi s. The rel ati onshi p between these two vi ews of a system i s 

expressed by the Forced Fl ow l aw, whi ch states that the fl ows (throughputs) i n al l  parts of a 

system must be proporti onal  to one another. Let a vari abl e wi th the subscri pt k refer to the k-th 

resource (a vari abl e wi th no subscri pt conti nues to refer to the system as a whol e), then wri te 

thi s defi ni ti on as: 

𝑉𝑘 , the vi si t count of resource k: 𝑉𝑘 ≡
𝐶𝑘

𝐶
 

If the defition is rewritten as 𝐶𝑘 = 𝑉𝑘𝐶 𝑎𝑛𝑑 𝑟𝑒𝑐𝑎𝑙𝑙  that the compl eti on count di vi ded by the 

l ength of the observati on i nterval is defi ned to be the throughput, then the throughput of 

resource k i s gi ven by: 

                           The Forced Fl ow l awː 𝑿𝒌 = 𝑽𝒌𝑿   ……….Eqn.4 

Defi ne: 

𝐷𝑘, 𝑡ℎ𝑒 𝑠𝑒𝑟𝑣і𝑐𝑒 𝑑𝑒𝑚𝑎𝑛𝑑 𝑎𝑡 𝑟𝑒𝑠𝑜𝑢𝑟𝑐𝑒 𝑘ː 𝐷𝑘 ≡ 𝑉𝑘𝑆𝑘  

Whereː 

𝐷𝑘 Refers toː The total  servi ce demand 

𝑆𝑘  Refers toː the servi ce requi rement per vi si t at resource k 

D Refers toː the sum of the (𝐷𝑘): the total  servi ce demanded by a job at al l  resources. 
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I n consi deri ng usi ng the uti l i zati on l aw to cal cul ate the uti l i zati on of a resource, we can 

express throughput i n terms of vi si ts to that resource (𝑉𝑘), i n whi ch case servi ce requi rement 

must be expressed as servi ce requi rement per vi si t (𝑋𝑘). Usi ng the forced fl ow l aw, we can 

al so express throughput i n terms of system-l evel interacti ons (X), i n whi ch case servi ce 

requi rement must be expressed on a per-i nteracti on basi s (𝐷𝑘). I n other words, 𝑈𝑘 = 𝑋𝑘𝑆𝑘 =

𝑋𝐷𝑘 . 

If a system is observed for an i nterval  of length T, the uti l i zati ons of the vari ous resources, 𝑈𝑘 , 

can easily be obtaianed and the system-l evel  compl eti on count, C. The servi ce demands at the 

vari ous resources then can be cal cul ated as 𝐷𝑘 =
𝐵𝑘

𝐶
=

𝑈𝑘𝑇

𝐶
 

Frequentl y i t will  be conveni ent to assume that systems satisfy the fl ow bal ance property, 

namel y, that the number of arri val s equal s the number of compl eti ons, and thus the arri val  rate 

equal s the throughput: 

The Fl ow Bal ance Assumpti on: A = C, therefore λ = X 
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Tabl e 3.1 Summery of the Notati ons 

NOTATI ON MEANI NG 

T L ength of the observati on  i nterval  

𝑨𝒌 Number of arri val s observed 

𝑪𝒌 Number of compl eti ons observed 

𝝀𝒌 Arri val  rate  

𝑿𝒌 throughput 

𝑩𝒌 Busy Ti me 

𝑼𝒌 Uti l i zati on 

𝑺𝒌 Servi ce requi rement per vi si t 

N Customer preparati on 

𝑹𝒌 Resi dence Ti me 

Z Thi nk Ti me of a termi nal  User 

𝑽𝒌 Number of Vi si ts 

𝑫𝒌 Servi ce Demand 

 

Tabl e 3.2 The Fundamental  L aws 

 

3.2 Usi ng The Fundamental L aws To Deri ve Boundi ng Equati ons 

Asymptoti c bounds hol d for a wi der cl ass of systems than do bal anced system bounds. They are 

al so si mpl er to compute. The advantage of off-setti ng bal anced system bounds i s that they are 

ti ghter, and thus provi de more preci se i nformati on than asymptoti c bounds. System si zi ng 

studi es typi cally i nvol ve consi derati on of al arge number of candi date confi gurati ons. Often a 

The Uti l i zati on L awː𝑼𝒌 = 𝑿𝒌𝑺𝒌 = 𝑿𝑫𝒌 

L i ttl e’s L awː N = XR      

The Response Ti me L awː𝑹 =
𝑵

𝑿
−  𝒁 

The Forced Fl ow l awː 𝑿𝒌 = 𝑽𝒌𝑋 
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si ngl e resource such as the CPU i s the domi nant concern, because the remai nder of the system 

can be confi gured to match the power of thi s resource. To deri ve the vari ous equati ons to 

cal cul ate the bounds, Let:  

K = The number of servi ce centers 

D = The sum of the servi ce demands at the centers. 

𝐷𝑚𝑎𝑥 = The l argest servi ce demand at any si ngl e center. 

- The type of the customer cl ass (batch, termi nal , or transacti on). 

Z = The average think time, that is if the class is of terminal type. 

The type of customer class needs to be identified that is either Batch or Terminal or Transaction. 

The throughput bounds shows the maximum customer arrival rate that the system can process in 

the case of transaction type workloads models, whiles the response time bounds indicate the 

smallest and largest possible response time that the customer is likely to experience as a function 

of the system arrival rate. The bounds shows the minimum and maximum possible system 

throughputs and response time as functions of the number of customers in the system in the case 

of batch or terminal type workloads models. Optimistic bounds are used to refer to response time 

lower and throughput upper bounds. This is so as it depicts the best possible performance, whiles 

pessimistic bounds are used to refer to response time upper and throughput lower bounds. This is 

because; they show the worst possible performance, whiles we treat only bounds on system 

throughput and response time. 
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3.2.1 The Asymptoti c Bounds 

Per their name, they are derived by taking into account asymptotically extreme conditions of 

light and heavy loads. Analysis of asymptotic bound provides optimistic and pessimistic bounds 

on system response time and throughput in single class queuing network. To ascertain whether 

the bounds are valid or not depends on only a single proposition which is if the service demands 

of a customer at a center doesn’t depends on the number of other customers in the system at that 

moment, or at which service centers they are placed. Whatever information that the asymptotic 

bounds gives relies on either the system workload is transaction type (open) or batch or terminal 

type (closed). We commence with the simple scenario, which is the open (transaction type 

workloads).         

3.2.2. The Transacti on Workl oads 

For transacti on workl oads, the throughput bound i ndi cates the maxi mum possi bl e arri val  rate 

of customers that the system can process successful l y. I f the arri val  rate exceeds thi s bound, a 

backl og of unprocessed customers grows conti nual l y as jobs arri ve. Thus, i n the l ong run, an 

arri vi ng job has to wai t an i ndefi ni tel y l ong ti me (si nce there may be any number of jobs 

al ready i n queue when i t arri ves). I n thi s case we say that the system i s saturated. The 

throughput bound thus i s the arri val  rate that separates feasi bl e processi ng from saturati on. The 

key to determi ni ng the throughput bound i s the uti l i zati on l aw: 

𝑈𝑘 = 𝑋𝑘𝑆𝑘 for each center k. I f we denote the arri val  rate to the system as λ, then 𝑋𝑘 = 𝜆𝑉𝑘  and 

the uti l i zati on l aw can be rewri tten as 𝑈𝑘 = 𝜆𝐷𝑘 where 𝐷𝑘i s the servi ce demand at center k. To 

deri ve the throughput bound, we si mpl y note that as l ong as al l  centers have unused capaci ty 

(i .e., have uti l i zati ons l ess than one), an i ncreased arri val  rate can be accommodated. However, 

when any of the centers becomes saturated (i .e., has uti l i zati on one), the enti re system becomes 
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saturated, si nce no i ncrease i n the arri val  rate of customers can be handl ed successful l y. Thus, 

the throughput bound i s the smal l est arri val  rate 𝜆𝑠𝑎𝑟 at whi ch any center saturates. Cl earl y, the 

center that saturates at the l owest arri val  rate is the bottl eneck center i .e, the center wi th the 

l argest servi ce demand. L et max be the i ndex of the bottl eneck center. Then: 

𝑈𝑚𝑎𝑥(𝜆) = 𝜆 𝐷𝑚𝑎𝑥 ≤ 1 

Soː 

𝜆𝑠𝑎𝑟 =
1

𝐷𝑚𝑎𝑥
 

Thus, for arri val  rates greater than or equal  to 1 𝐷𝑚𝑎𝑥⁄  the system i s saturated, whil e the system 

i s capabl e of processi ng arri val  rates l ess than 1 𝐷𝑚𝑎𝑥⁄ . Asymptoti c response ti me bounds 

i ndi cate the l argest and smal l est possi bl e response ti mes experi enced by customers when the 

system arri val  rate is λ. Because the system i s unstabl e i f 𝜆 > 𝜆𝑠𝑎𝑟 our i nvesti gati on will be 

limited to the case where the arri val  rate is l ess than the throughput bound. There are two 

extreme si tuati ons that is: 

 1. I n the best possi bl e case, no customer ever i nterferes wi th any other, so that no queuei ng 

del ays are experi enced. I n that case the system response ti me of each customer i s si mpl y the 

sum of its servi ce demands, whi ch we denote by D.  

2. I n the worst possi bl e case, n customers arri ve together every n / λ ti me uni ts (the system 

arri val  rate is  
𝒏

𝒏 𝝀⁄
 = λ ). Customers at the end of the batch are forced to queue for customers at 

the front of the batch, and thus experi ence l arge response ti mes. As the batch si ze n i ncreases, 

more and more customers are wai ti ng an i ncreasi ngl y l ong ti me. Thus, for any postul ated 

pessi mi sti c bound on response ti mes for system arri val  rate λ, i t i s possi bl e to pi ck a batch si ze 
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n suffi ci entl y l arge that the bound i s exceeded. Conclusion can be made that there i s no 

pessi mi sti c bound on response ti mes, regardl ess of how smal l  the arri val  rate λ mi ght be. These 

resul ts are somewhat unsati sfyi ng. Fortunatel y, the throughput and response ti me bounds 

provi de more i nformati on i n the case of cl osed (batch and termi nal ) workl oad types. 

3.2.3. The Batch and Termi nal  Workl oads 

To deri ve the bounds equati ons, fi rst consi der the bounds on throughput, and then use L i ttl e’s 

l aw to transform them i nto correspondi ng bounds on response ti me. The anal ysi s i s stated i n 

terms of termi nal  workl oads. By taki ng the thi nk ti me, Z, to be zero, we obtai n resul ts for batch 

workl oads. To begi n wi th the heavy l oad (many customer) si tuati on. As the number of 

customers i n the system (N) becomes l arge, the uti l i zati ons of al l  centers grow, but cl earl y no 

uti l i zati on can exceed one. From the uti l i zati on l aw we have for each center k that: 

𝑈𝑘(𝑁) = 𝑋𝑁 (𝐷)𝑘 ≤ 1 

Each center l i mi ts the maxi mum possi bl e throughput that the system can achi eve. Si nce the 

bottl eneck center (max)i s the fi rst to saturate, i t restri cts system throughput most severel y. We 

concl ude that: 

𝑋(𝑁)  ≤  
1

𝐷𝑚𝑎𝑥
 

I ntui ti vel y thi s i s cl ear, because i f each customer requi res on average 𝐷𝑚𝑎𝑥 ti me uni ts of 

servi ce at the bottl eneck center, then i n the l ong run customers certai nl y cannot be compl eted 

any faster than one every 𝐷𝑚𝑎𝑥 ti me uni ts. I n the case of l i ght l oad (few customers) si tuati on. 

At the extreme, a si ngl e customer al one i n the system attai ns a throughput of 1/(𝐷 + 𝑍), si nce 
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each i nteracti on consi sts of a peri od of servi ce (of average l ength 𝐷 =   
𝑘
∑

𝑘 = 1

𝐷𝑘 and a thi nk 

ti me (of average l ength Z). As more customers are added to the system there are two boundi ng 

si tuati ons: 

l . The smal l est possi bl e throughput occurs when each addi ti onal  customer is forced to queue 

behi nd al l  other customers al ready i n the system. I n thi s case, wi th N customers i n the system, 

(N - l ) D ti me uni ts are spent queued behi nd other customers, D ti me uni ts are spent i n servi ce, 

and Z ti me uni ts are spent thi nki ng, so that the throughput of each customer i s 1/(𝑁𝐷 + 𝑍). 

Thus, system throughput i s 𝑁/(𝑁𝐷 + 𝑍). 

 2. The l argest possi bl e throughput occurs when each addi ti onal  customeri s not del ayed at al l  

by any other customers i n the system. I n thi s case no ti me i s spent queuei ng, D ti me uni ts are 

spent i n servi ce, and Z ti me uni ts are spent thi nki ng. Thus, the throughput of each customer i s 

1/(𝐷 + 𝑍)and system throughput i s 𝑁/(𝐷 + 𝑍). The above observati ons can be summari zed as 

the asymptoti c bounds on system throughput: 

𝑁

𝑁𝐷 + 𝑍
 ≤  𝑋(𝑁)  ≤ 𝑚і𝑛 (

1

𝐷𝑚𝑎𝑥
,

𝑁

𝐷 + 𝑍
)  

The opti mi sti c bound consi sts of two components, the fi rst of whi ch appl i es under heavy l oad 

and the second of whi ch appl i es under l i ght l oad. There i s a parti cul ar popul ati on si ze 𝑁∗ such 

that for all  N l ess than 𝑁∗ the l i ght l oad opti mi sti c bound appl i es, whi l e for all  N larger than 

N* the heavy l oad bound appl i es. Thi s crossover poi nt occurs where the val ues of the two 

bounds are equal : 

𝑁∗ =
𝐷 + 𝑍

𝐷𝑚𝑎𝑥
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We can obtai n bounds on response ti me R(N) by transformi ng our throughput bounds usi ng 

L i ttl e’s l aw. We begi n by rewri ti ng the previ ous equati on: 

𝑁

𝑁𝐷 + 𝑍
 ≤  

𝑁

𝑅(𝑁) + 𝑍
 ≤ 𝑚і𝑛 (

1

𝐷𝑚𝑎𝑥
,

𝑁

𝐷 + 𝑍
) 

I nverti ng each component to express the bounds on R (N) yi el ds: 

𝑚𝑎𝑥 (𝐷𝑚𝑎𝑥 ,
𝐷 + 𝑍

𝑁
)  ≤  

𝑅(𝑁) + 𝑍

𝑁
  ≤   

𝑁𝐷 + 𝑍

𝑁
 

Al ternati vel y, 

max  (𝐷 , 𝑁𝐷𝑚𝑎𝑥  −  𝑍)  ≤   𝑅(𝑁)  ≤   𝑁𝐷 

 

Tabl e.3.3 Summary of Asymptoti c Bound Equati ons 

 Workl oad 

Type 

 

Bounds 

 

X 

Batch 𝟏

𝑫
  ≤  𝑿(𝑵)  ≤   𝒎i n ( 

𝑁

𝐷
,

1

𝐷𝑚𝑎𝑥
 ) 

Termi nal  𝑵

𝑵𝑫 + 𝒁
  ≤   𝑿(𝑵)  ≤   𝒎i n ( 

𝑁

𝐷 + 𝑋
,

1

𝐷𝑚𝑎𝑥
 ) 

Transacti on 𝑿(𝝀) ≤  𝟏/ 𝑫𝒎𝒂𝒙 

 

R 

Batch 𝒎𝒂𝒙(𝑫, 𝑵𝑫𝒎𝒂𝒙) ≤ 𝑹(𝑵) ≤ 𝑵𝑫 

Termi nal  𝒎𝒂𝒙(𝑫, 𝑵𝑫𝒎𝒂𝒙  − 𝒁) ≤ 𝑹(𝑵) ≤ 𝑵𝑫 

Transacti on 𝑫 ≤ 𝑹(𝝀) 
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3.3.4 Bal anced System Bounds 

Wi th a modest amount of computati on beyond that requi red for asymptoti c bounds, ti ghter 

bounds can be obtai ned. These bounds are called balanced system bounds because they are based 

upon systems that are “balanced” i n the sense that the servi ce demand at every center i s the 

same, i .e., D1= D2 = D3 = … = DK. We fi rst establ i sh some speci al  properti es of bal anced 

systems. We then show how these properti es can be expl oi ted to determi ne bounds on 

performance that compl ement the asymptoti c bounds and l ead to more preci se knowl edge of 

system behavi or. For bal anced systems, the techni ques to be presented i s i n si mpl e form. The 

uti l i zati on of every servi ce center i s gi ven by: 

𝑈𝑘(𝑁) =  
𝑁

𝑁 + 𝐾 − 1
 

By the uti l i zati on l aw, system throughput i s then: 

𝑈(𝑁) =  
𝑈𝑘

𝐷𝑘
 =  

𝑁

𝑁 + 𝐾 − 1
=

1

𝐷𝑘
 

Where 𝐷𝑘 is the servi ce demand at every center. 

Let 𝐷𝑚𝑎𝑥 , 𝐷𝑎𝑣𝑒 , 𝑎𝑛𝑑 𝐷𝑚i n, denote respecti vel y the maxi mum, average, and mi ni mum of the 

servi ce demands at the centers of the model  we wi sh to eval uate. Then bound the throughput of 

that system by the throughputs of two rel ated bal anced systems: one wi th servi ce demand  𝐷𝑚i n 

at every center, and the other wi th servi ce demand 𝐷𝑚𝑎𝑥 at every center: 

𝑁

𝑁 + 𝐾 − 1
 ×  

1

𝐷𝑚𝑎𝑥
 ≤  𝑋(𝑁)  ≤   

𝑁

𝑁 + 𝐾 − 1
  ×  

1

𝐷𝑚i n
 

These i nequal i ti es hol d because, of al l  systems wi th K centers, N customers, and maxi mum 

servi ce demand 𝐷𝑚𝑎𝑥 the one wi th the l owest throughput i s the bal anced system wi th demand 
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𝐷𝑚𝑎𝑥 at each center. Si mi l arl y, of al l  systems wi th K centers, N customers, and mi ni mum 

demand 𝐷𝑚i n, the one wi th the hi ghest throughput i s the bal anced system wi th demand 𝐷𝑚i n at 

each center. Correspondi ng bounds on average response ti mes are: 

(𝑁 + 𝐾 − 1)𝐷𝑚i n   ≤   𝑅(𝑁)   ≤   (𝑁 + 𝐾 − 1)𝐷𝑚ax 

Ti ghter bal anced system bounds can be obtai ned by constrai ni ng not onl y the maxi mum servi ce 

demand, 𝐷𝑚ax but al so the total  demand, D (or equi val entl y, the average demand, 𝐷𝑎𝑣𝑒. Of all  

systems wi th a gi ven total  servi ce demand  𝐷 =   
𝑘
∑

𝑘 = 1

𝐷𝑘 the one wi th the hi ghest throughput 

and the l owest average response ti me i s the one i n whi ch al l  servi ce demands are equal  (i .e, 

𝐷𝑘  =   𝐷/𝐾 , k = 1, … K). Thi s confi rms our i ntui ti on that the i ncrease i n del ay resul ti ng from 

an i ncrease i n l oad i s greater than the decrease i n del ay resul ti ng from an equi val ent decrease 

i n l oad. Therefore, opti mi sti c bounds are gi ven by: 

𝑋(𝑁)  ≤  
𝑁

𝑁 + 𝐾 − 1
 × 

1

𝐷𝑎𝑣𝑒
  =

𝑁

𝐷 +  (𝑁 − 1)𝐷𝑎𝑣𝑒
 

andː 

𝐷 +  (𝑁 − 1)𝐷𝑎𝑣𝑒  ≤   𝑅(𝑁) 
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Tabl e.3.4 Summary of Bal anced System Bounds Equati ons 

 Workl oad 

Type 

Bounds 

 

X 

Batch 𝑁

𝐷 +  (𝑁 − 1)𝐷𝑚𝑎𝑥
 ≤   𝑋(𝑁)   ≤   𝑚і𝑛 (

1

𝐷𝑚𝑎𝑥
,

𝑁

𝐷 +  (𝑁 − 1)𝐷𝑎𝑣𝑒
)  

Termi nal  𝑁

𝐷 + 𝑍 +
(𝑁−1)𝐷𝑚𝑎𝑥   

1+𝑍 / (𝑁𝐷)

  ≤   𝑋(𝑁)   ≤  
𝑁

𝐷 + 𝑍 +
(𝑁−1)𝐷𝑎𝑣𝑒   

1+𝑍/𝐷

 

Transacti on 𝑋(𝜆) ≤  1/ 𝐷𝑚𝑎𝑥 

 

R 

Batch 𝑚𝑎𝑥( 𝑁𝐷𝑚𝑎𝑥  , 𝐷 + (𝑁 − 1)𝐷𝑎𝑣𝑒) ≤  𝑅(𝑁)  ≤  𝐷 + (𝑁 − 1)𝐷𝑚𝑎𝑥 

Termi nal  
𝒎𝒂𝒙 ( 𝑵𝑫𝒎𝒂𝒙  − 𝒁, 𝑫 +

(𝑁 − 1)𝐷𝑎𝑣𝑒   

1 + 𝑍/𝐷
) ≤ 𝑹(𝑵) ≤ 𝑫 +

(𝑁 − 1)𝐷𝑎𝑣𝑒   

1 + 𝑍/𝐷
 

Transacti on 𝑫

𝟏 − 𝝀𝑫𝒂𝒗𝒆
 ≤  𝑹(𝝀)  ≤  

𝑫

𝟏 − 𝝀𝑫𝒂𝒗𝒆
 

 

3.3.5 The Al gori thm for Cl osed Model  Asymptoti c Bound 

To cal cul ate the bounds, the fol l owi ng al gori thm needs to be adhered to. (Steps are presented 

assumi ng a termi nal  workl oad, to treat a batch workl oad; set Z to zero.) 

1. Cal cul ate  𝐷 =   
𝑘
∑

𝑘 = 1

𝐷𝑘    𝑎𝑛𝑑      𝐷𝑚𝑎𝑥  =
𝑚𝑎𝑥

𝑘
𝐷𝑘 

2. Cal cul ate the i ntersecti on poi nt of the components of the opti mi sti c boundsː 

𝑁∗ =  
𝐷 + 𝑍

𝐷𝑚𝑎𝑥
 

3. Bounds on throughput pass through the poi ntsː (opti mi sti c bound)ː 

(0,0)   𝑎𝑛𝑑     (1,
1

𝐷 + 𝑍
)  𝑓𝑜𝑟 𝑁 ≤ 𝑁∗ 

(0,
1

𝐷𝑚𝑎𝑥
) 𝑎𝑛𝑑  (1,

1

𝐷𝑚𝑎𝑥
) 𝑓𝑜𝑟 𝑁 ≥  𝑁∗ 
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For pessi mi sti c boundː i t’s not l i near i n N and for that matter, i t shoul d be cal cul ated for each 

popul ati on of i nterest usi ng the deri ved equati on i n Tabl e 3.3 

4. Bounds on average response ti me pass through the poi ntː 

Opti mi sti c boundː 

(0, 𝐷) 𝑎𝑛𝑑 (1, 𝐷)𝑓𝑜𝑟 𝑁 ≤  𝑁∗ 

(0, −𝑍) 𝑎𝑛𝑑 (1, 𝐷𝑚𝑎𝑥 − 𝑍)𝑓𝑜𝑟 𝑁 ≥  𝑁∗ 

Pessi mi sti c boundː 

(0, 0)𝑎𝑛𝑑 (1, 𝐷) 
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Fi g. 3.2a Termi nal  Throughput Graphi cal  Representati on of the Equati ons 

 



43 
 

 

Fi g. 3.2b Termi nal  Response Ti me Graphi cal  Representati on of the Equati ons 

 

3.4 The Scal abi l i ty Metri c 

 Scal abi l i ty ψ (k1, k2) from one scal e k1 to another scal e k2 i s the rati o of the effi ci ency fi gures 

for the two cases, ψ (k1, k2) = E(k2) / E(k1).I t al so has an i deal  val ue of uni ty. A typi cal  metri c 

i s the fi xed si ze speedup, i n whi ch the scal ed-up base case has the same total  computati onal  

work, and the speedup S is the rati o of the compl eti on ti mes (i .e., S(k) = T(1) / T(k)). 

The scal abi l i ty framework i s based on a scal i ng strategy for scal i ng up or down a gi ven 

system, control l ed by a scal e factor k. Gi ven that each scal ed confi gurati on i s determi ned by a 

set of vari abl es say, x(k), y(k) usi ng numeri c val ues, or enumerated al ternati ve choi ces, 

categori zed into two groups as fol l ows:  
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(x)k represents a set of scal i ng vari abl es, determi ned by the strategy for each val ue of k, 

(y)k represents a set of adjustabl e vari abl es, termed scal i ng enabl ers, whi ch are tuned to 

maxi mi ze the producti vi ty for any gi ven k. Si nce k determi nes x by the strategy, and x al so 

i nfl uences y through the opti mal  tuni ng, the val ues of y are effecti vel y determi ned by k. 

The creati on of threads wi thi n processes, the memory avai l abl e for buffers, the al l ocati on of 

processes to the processors, tuni ng of the mi ddl eware parameters, pri ori ti es, repl i cati on of 

processes and data, network bandwi dth and the choi ce of communi cati on protocol s are al l  

exampl es of scal abi l i ty enabl ers. For the purpose of thi s thesi s, uti l i zati on means the 

proporti on of ti me the server i s busy, resi dence ti me i s the average ti me spent at the servi ce 

center by a customer, both queuei ng and recei vi ng servi ce, queue l ength i s the average number 

of customers at the servi ce center, both wai ti ng and recei vi ng servi ce, and throughput i s the rate 

at whi ch customers pass through the servi ce center. Servi ce centers represent system resources, 

and customers, whi ch represent users or transacti ons.The scal abi l i ty metri c i s based on 

producti vi ty and for that matter when producti vi ty i s mai ntai ned as the scal e changes, the 

system i s sai d to be scal abl e. Gi ven these three quanti ti es: 

λ(k) = throughput i n responses per sec, at scal e k 

f(k) = average val ue of each response, cal cul ated from i ts qual i ty of servi ce at scal e k, 

C(k) = cost at scal e k, expressed as a runni ng cost per second to be uni form wi th  λ, 

Therefore, the producti vi ty F(k) i s the val ue del i vered per second, di vi ded by the cost per 

second: 

𝐹(𝑘) =
λ(k) ∗  f(k)

𝐶(𝑘)
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 The scal abi l i ty metri c rel ati ng systems at two di fferent scal e factors i s therefore defi ned as the 

rati o of thei r producti vi ty fi gures: 

ψ(𝑘1, 𝑘2) =
F(𝑘2)

F(𝑘1)
 

The above equati on is the scal abi l i ty metri c that the thesi s wi l l  be based on. Frequentl y, 𝑘1is 

fi xed at a known val ue and the metri c i s wri tten as ψ(𝑘2) or ψ(k). The system i s deemed as 

"scal abl e" i f producti vi ty keeps pace wi th costs from confi gurati on A to confi gurati on B, i n 

whi ch case the metri c ψ wi l l  have a val ue greater than or not much l ess than uni ty. I n thi s 

thesi s, a threshol d val ue of 0.8 wi l l  be used to say, the system i s scal abl e i f 0.8 < ψ; as the 

threshol d val ue shoul d refl ect what i s an acceptabl e cost-benefi t rati o to the system operator. 

The val ue of k at the threshol d i s the scal abi l i ty l i mi t of the system. I f ψ ri ses above 1.0, then 

we wi l l  say the system has "posi ti ve scal abi l i ty" exampl e i s super-l i near speedup. Wi th al l  the 

three quanti ti es that enter the metri c, throughput i s sel f-evi dent. I n the case of the cost, i t is not 

a one-ti me capi tal  cost, but i s expressed as a rental  cost, to express costs and benefi ts 

consi stentl y per uni t ti me. Exampl es of cost i ncl ude the cost of software, processor, networks, 

storage, hel p desks, management, etc. Thi s thesi s will dwell on few of these exampl es of cost, 

for i l l ustrati on. The val ue functi on f(k)  i s determi ned by eval uati ng the performance of the 

scal ed system, and may be a functi on of any appropri ate system measure, i ncl udi ng del ay 

measures (mean, vari ance or ji tter, probabi l i ty of del ay exceedi ng a threshol d), avai l abi l i ty, or 

the probabi l i ty of data l oss or ti meouts. The thesi s, wi l l  consi der onl y the mean response ti me 

T(k) at scal e factor k, compared to a target val ue Ṫ, i n the fol l owi ng val ue functi on: 

𝑓(𝑘) =
1

1 + T(k)/(Ṫ)
 

Eqn. 5 

Eqn. 6 
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From the above val ue functi on of Equati ons (5) and (6), the scal abi l i ty metri c for scal e k2 

rel ati ve to k1 i s, after a l i ttl e si mpl i fi cati on: 

ѱ(𝑘1, 𝑘2) =
𝜆2  ∗ 𝐶1  ∗  (𝑇1 + Ṫ)

𝜆1 ∗ 𝐶2 ∗ (𝑇2 + Ṫ)
 

3.4.1 Generati ng The Measures And Appl yi ng I t To I deal i zed Model s 

I deal l y, the choi ce of the functi on f wi l l  depend on the system goal s and on what i s practi cal  to 

esti mate. Unl i ke other scal abi l i ty measures, the metri c ѱ i s based on quanti ti es that can be 

predi cted by an anal yti c cal cul ati on. Though the cal cul ati on i s much cumbersome compared to 

other metri cs, i t i s carri ed out bel ow usi ng a wel l -establ i shed queuei ng or extended queuei ng 

anal ysi s that have been expl ai ned i n thi s chapter earl i er on. I f the scal ed-up system i s actual l y 

constructed and i nstrumented, the metri c can al so be cal cul ated from measurements of i ts 

operati on. To prove the effi cacy of the metri c ѱ, i t wi l l  be appl i ed to standard i deal i zed 

systems that are wi del y understood at an i ntui ti ve l evel , whi ch gi ve anal yti c sol uti ons for ѱ. I n 

al l  the model s, the val ue of k for the base case i s taken as 1, and the metri c i s wri tten as ѱ (k). 

3.4.2 Model  A: General  Speed-Scal ed Open System wi th Proporti onal  Costs 

Thi s model  appl i es to any system archi tecture and behavi our (not necessari l y sol vabl e 

anal yti cal l y) whi ch has external  arri val s and a steady state. Confi gurati on A is an arbitrari l y 

chosen reference, and confi gurati on B is uniforml y sped-up or ti me-scal ed by a factor k, 

therefore the i nput rate and every component l i ke computers, networks, and storage is faster. 

Cost i s scal ed by a factor k so that C2 = kC1, and λ2 = kλ1, T2 =T1/k. Further si mpl i fi cati on of 

(7) gi ves: 

ѱ(𝑘) = 1 +
(𝑘 − 1)𝑇1

(𝑇1 + kṪ)
, li m

𝑘→∞
ѱ(𝑘) = 1 +

𝑇1

Ṫ
 

Eqn. 7 

Eqn. 8 
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Thi s exampl e has posi ti ve scal abi l i ty wi th a bounded i ncrease. I f T1 ≈ Ṫ, then Ψ l evel s off 

around a val ue of 2. Thi s agrees wi th i ntui ti on. The throughput i ncrease pays for the extra cost 

i n exact proporti on, and the shorter response ti me provi des a bonus whi ch i s bounded because f 

is bounded as T goes to 0. 

3.4.3 Model  B: General  Speed-Scal ed Cl osed System wi th Fi xed User Popul ati on 

I n thi s model , the system i s cl osed i nstead of open and what i t means i s that, its l oad i s 

generated by users or jobs whi ch remai n i n the system, cycl i ng, and creati ng a new request the 

moment that the previ ous response i s over. When there are N users or jobs and a mean response 

ti me T, the system throughput i s λ = N / T. More al so, we consi der any system archi tecture and 

behavi our wi th a si ngl e cl ass of users, that i s al l  jobs make the same demands, and an arbi trary 

starti ng poi nt wi th k = 1. The cost i s scal ed by k, but the number of users i s fi xed at N and i s 

not scal ed, and the target mean response ti me i s al so fi xed. Confi gurati on B is agai n uni forml y 

sped-up or ti me scal ed by a factor k, hence every devi ce and server i s faster. Thus just as i n 

Model  A, C2 = kC1,   λ2 = kλ1, and T2 =T1 / k, and Ψ (k) i s agai n gi ven by (8). The i ntui ti on 

about thi s system i s i denti cal  to that i n Model  A and the results agree i n a si mi l ar way. 

3.4.4 Model  C: Cl osed Bal anced I deal  Queuei ng Network, Scal ed i n Users and Speed 

This i s si mi l ar to the previ ous one except that i t i s more restri cted i n i ts assumpti ons about the 

system, whi ch has a separabl e queuei ng network performance model  wi th N jobs and k servers, 

wi th equal  demands D seconds per response to al l  servers, and si ngle, constant-rate servers. The 

throughput and response ti me are as fol l ows: 

ƛ =
𝑛

[(N + k − 1)𝐷]
, 𝑇 =

𝑛

ƛ
= (𝑁 + 𝐾 − 1)𝐷 
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I n confi gurati on B, the number of jobs N, and the server speeds and costs are scal ed by a factor 

k. Thus, confi gurati on B has server demands of D/k seconds per response, at each of the K 

servers. Substi tuti ng i nto Equati on 8 wi th N2= kN1, D2=D1/k, and C2 = kC1 we getː 

ѱ(k) =
𝑘(𝑁1 + 𝐾 − 1)

(𝑘𝑁1 + 𝐾 − 1)
.  

(𝑁1 + 𝐾 − 1)𝐷1 + Ṫ

(𝑘𝑁1 + 𝐾 − 1) (
𝐷1

𝑘
) + Ṫ

 

li m
𝑘→∞

ѱ(𝑘) =
(𝑁1 + 𝐾 − 1)[(𝑁1 + 𝐾 − 1)𝐷1 + Ṫ]

𝑁1[𝑁1𝐷1 + Ṫ]
 

By i nspecti on, thi s l i mi t i s greater than 1.0, but i f K « N1 the limit approaches 1.0. 

3.4.5 Model  D: Asymptoti c General  Cl osed System Scal ed i n Users and Speed 

Thi s combi nes both model  B and C, but onl y consi ders the asymptoti c condi ti on i n whi ch the 

system i s effecti vel y bottl enecked at i ts sl owest server, even i n the base confi gurati on. The 

system throughput i s effecti vel y determi ned by the demand at thi s server, gi vi ng 𝜆 ≈ 1/Dmax. I n 

confi gurati on B,𝐷𝑚𝑎𝑥,2 =  𝐷𝑚𝑎𝑥,1/𝑘Dmax,2, and thus throughput fol l ows 𝜆2 =
1

𝐷𝑚𝑎𝑥,2
≈ 𝑘. 𝜆1As 

N2 = kN1, and C2 = kC1, the response ti me i s roughl y constant at T = kN / k 𝜆 = N / 𝜆, and Ψ ≈ 

1.0. 

3.4.6 Model  E: System wi th a Si ngl e Non-scal abl e Bottl eneck and I ncreasi ng Users 

Thi s i s l i kened to Model  C whi ch i s a general  cl osed system wi th a bottleneck, i n whi ch the 

bottleneck devi ce cannot be speeded up, and hence limits λ to some constant val ue λmax. The 

populati on N and costs C are proportional  to k. Then, for l arge kT→ N/𝜆𝑚𝑎𝑥 and: 

ѱ(𝑘) ≈
𝜆𝑚𝑎𝑥

𝜆1
.

𝐶1

𝑘𝐶1
.

𝑁1/𝜆1 + Ṫ

𝑘𝑁1/𝜆𝑚𝑎𝑥 + Ṫ
→ (

𝜆𝑚𝑎𝑥

𝜆1
)

2  1

𝑘2
 

 

Eqn. 9 

Eqn. 10 
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Thus, the scal abi l i ty decl i nes as 1/k2, for any cl osed system that has a si ngl e domi nant 

bottl eneck. 

3.4.7 Model  F: Cl osed Bal anced System Scal ed by Repl i cati on of Servers and User 

Popul ati on 

Like Model  C, thi s system has a separabl e queuei ng model  wi th bal anced demands on K 

servers. I n order to scal e i t up, each server i s repl i cated k ti mes whi l es its l oad i s di vi ded 

equal l y among the k repli cas of each server. I n case there's no overhead for managi ng repl i cas, 

i t seems i ntui tivel y cl ear that thi s i s a perfectl y scal abl e system. The scal i ng path: N2 = kN1; K2 

= kK1; D2 = D1/k; C2 = kC1 must be consi dered.  Fol l owi ng Model  C, but wi th K2 = kK1 i t can 

be seen that Ψ > 1 for all  k, and for l arge k the l i mi t i s al most the same: 

li m
𝑘→∞

ѱ(𝑘) =
(𝑁1 + 𝐾 − 1)[(𝑁1 + 𝐾 − 1)𝐷1 + Ṫ]

𝑁1[(𝑁1 + 𝐾)𝐷1 + Ṫ]
 

Moreover, if  K « N1, Ψ→ 1:0. The resul t remai n the same for an unbal anced system. 

3.4.8 Model  G: The Effect of Overhead Costs 

Wi th reference to Model  F, suppose that for k > 1 the demands D are augmented by 

coordi nati on overhead, for exampl e, to mai ntai n overal l  system state data. The repl i cas, costs, 

and user popul ati on are al l  scal ed by a factor k. An effi ci ent coordi nati on mechani sm mi ght 

l i mi t the overhead cost to a sl owl y i ncreasi ng amount of overhead, gi vi ng a scal i ng 

rel ati onshi p for the server demands, such asː D1 = (D1 /k) + D0l og k 

Therefore, usi ng the approach of Model  C, Equati on 6 resul t to the fol l owi ngː 
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𝜓(𝑘)
𝑘(𝑁1 + 𝐾1 − 1)𝐷1

(𝑘𝑁1 + 𝐾1 − 1) (
𝐷1

𝑘
+ 𝐷0𝑙𝑜𝑔𝑘)

∗
(𝑁1 + 𝐾1 − 1)𝐷1 + Ṫ

[(𝑘𝑁1 + 𝐾1 − 1) (
𝐷1

𝑘
+ 𝐷0𝑙𝑜𝑔𝑘) + Ṫ]

 

 

This decreases sl owl y towards zero as  k → ∞. Meani ng, scal abi l i ty i s moderate for “smal l ” 

val ues of k. I f the basel i ne system i s qui te l arge, so that N1 i s l arge compared to K1 and to Ṫ/ 

D1, then Equati on 11 can be si mpl i fi ed to 𝜓 ≈ 𝑘/(1 + (𝐷0/𝐷1)𝑘 𝑙𝑜𝑔𝑘)2, whi ch i s greater than 

uni ty for val ues of k that sati sfy the approxi mate i nequal i ty √k * l ogk <𝐷0/𝐷1. As an exampl e, 

suppose that 𝐷0/𝐷1, whi ch descri bes the rel ati ve magni tude of the coordi nati on overhead, i s 

0.1. Then at k = 10, i t gi ves Ψ ≈ 2.5, and Ψ > 1 for val ues of k up to nearl y 40. A l arger 

overhead rati o will limit the scal abi l i ty more. 

3.4.9 Model  H: A Cl osed System wi th Scal ed Popul ati on and Target Response Ti mes 

 Thi s Model l ooks at a scal i ng path i n whi ch response degradati on i s accepted i n proporti on to 

a ri si ng user popul ati on i n an otherwi se unscal ed system. I t is qui te a di fferent system goal , 

and ill ustrates the fl exi bi l i ty of the framework. L i ke the bal anced cl osed system of Model  C, 

but wi th constant val ues of C and D. The anal ysi s of Model  C resul t to the val ue functi onː 

𝑓 = 1/(1 + 𝑇/Ṫ) = 1/(1 + (𝑁 + 𝐾 − 1)𝐷/Ṫ) 

I f Ṫ2 = 𝑘Ṫ1𝑎𝑛𝑑 𝑁2 = 𝑘𝑁1, 𝑡ℎ𝑒𝑛 
𝑑

𝑑𝑘
𝑓 > 0 and i t i s al so wel l -known that  

𝑑

𝑑𝑘
𝜆 ≥ 0. Then, i t can 

be deduced from Equati on 7 that, ψ i s an i ncreasi ng functi on of k, and hence i t approaches a 

constant l i mi t greater than 1. Thi s gi ves cl ear i ndi cati on that the response ti me ri ses at the 

same asymptoti c rate as the popul ati on. Therefore, i t can be concl uded that, i f response ti me 

degradati on i s accepted i n proporti on to users and i s i ncl uded i n the scal abi l i ty functi on, 

cl osed bal anced systems are i nfi ni tel y scal abl e i n popul ati on. 

Eqn. 11 
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3.4.10 Model I : A Si ngl e Scal ed Open Mul ti server Queue 

Someti mes systems are scal ed up by addi ng servers and for that matter, thi s Model l ooks at an 

i deal  mul ti server queue (M/M/m queue) i n whi ch the number of servers m, the arri val  rate λ, 

and the cost C are al l  scal ed by a factor k. There i s no server coordi nati on overhead, and the 

queue shares the l oad i n an i deal  fashi on, so the metri c shoul d show i nfi ni te scal abi l i ty. The 

sol uti on i s wel l -known but qui etl engthy and for that matter,i t wi l l  not be shown here, but i t 

does show that Ψ > 1 for all  k, whi ch supports the i ntui ti on.  

As k→ ∞ , the metri c approaches the form: 

ѱ → (1 +
1

Ṫ
(𝑆 +

𝜌. 𝑃𝑄

𝜆 . (1 − 𝜌)
)) / (

1 + 𝑆

Ṫ
) > 1 

Where S i s the servi ce ti me at any server, λ i s the arri val  rate, ρ i s the uti l i zati on of each server 

(ρ = λs /m), and PQ represents the Erl ang-C formul a for the probabi l i ty that all  m servers are 

busy. The fracti on wi th ρ* PQ i n the numerator approaches zero when k i s l arge, and Ψ 

approaches 1 i n the l i mi t. The Models A-I  gi ve some confi dence i n appl yi ng i t as i t covers a 

wi de range of wel l -understood systems and of scal i ng pol i ci es, and al so reveal  how the metri c 

deri ved i n thi s Thesi s wi l l  eval uate di fferent ki nds of systems. Moreover, i t al so agrees wi th 

i ntui ti ve judgement. I f we consi der a steady state wi th one job at a ti me bei ng executed, one 

after another, and fi xed-si ze scal abi l i ty, then a paral l el  computer i s a cl osed system wi th 

repl i cati on and overhead, as i n Model  G (except the user popul ati on i s not scal ed). The ti me to 

compl eti on i s rewarded through the throughput term, wi th λ = 1/T. The QoS functi on 

consi dered i n most metri cs i s si mpl y f =1, as they onl y eval uate the ti me to compl eti on whi ch 

i s al ready taken i nto account i n the throughput. Before scal i ng a system, i t i s advi sabl e to fi rst 

Eqn. 12 
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l ook at the type of system that you i ntend scal i ng i n order to i nform you of the choi ce of Model  

to be used. 

3.4.11 Al gori thm for Cal cul ati ng Scal abi l i ty Bound 

The fol l owi ng are the detai l ed steps to fol l ow i n cal cul ati ng the scal abi l i ty bound: 

Step 1. Determi ne the producti vi ty for the base case, F(1) by a detai l ed cal cul ati on. 

Step 2. For each scal e factor k, determi ne the scal ed system confi gurati on from the scal i ng 

strategy and then compute the total  seconds of executi on of each devi ce, averaged per response, 

As: 

1. Executi on and overhead, whi ch i s determi ned and assi gned to each devi ce by the scal i ng 

strategy i s cal cul ated fi rst. 

2. The remai ni ng executi on demand i s added up over the remai ni ng tasks and spread 

(opti mi sti cal l y) over al l  the devi ces, so as to produce the most even di stri buti on of the total  

demand, expressed i n seconds of executi on per response. Meani ng, i t i s al l ocated wi thout 

regard to al l ocati ng enti re tasks to one devi ce, but wi th regard to whether the devi ce can do the 

work (so, CPU demand i s spread over CPUs and di sk demand over di sks). Opti mi sti c 

assumpti ons about overheads mean that they are set to the l owest val ue consi stent wi th the 

scal i ng strategy; thus, i f two tasks i ncl uded i n the remai ni ng demand shoul d be al l ocated 

separatel y (by the scal i ng strategy), i nternode communi cati ons overhead i s i ncl uded. The resul t 

of thi s step i s a set of demands whi ch may sti l l  be unequal l y di stri buted over the devi ces, 

because of constrai nts i n spreadi ng the workl oad. 

Step 3. At scal e k, set C(k) to the cost of the scal ed system, and fi nd bounds on λ and T: 
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a. set λ(k) to the mi ni mum of 1) the bal anced system throughput bound for a queui ng 

network wi th the same servers, and 2) the asymptoti c throughput bound for the gi ven set 

of demands 

b.  Set T(k) to the bal anced job val ue 

c. Compute F(k) from (6). 

Step 4. Set the scal abi l i ty metri c bound to ψ = F(k) / F(1), and then the bound-based scal abi l i ty 

l i mi t i s the fi rst val ue of k gi vi ng that y drops bel ow the "moderate scal abi l i ty" l i mi t of 1- ɛ. 

The queuei ng network model  wi th the evenl y spread workl oad i s constructed so that i t 

i ntui ti vel y gi ves a performance bound; that not wi thstandi ng, the rel ati onshi p i s not ri gorousl y 

proven. The i ntui ti ve reasons for bel i evi ng i t gi ves a bound as: 

a. software resource constrai nts are i gnored, whi ch can onl y i mprove performance, 

b. al l ocati on deci si ons whi ch are enabl ers i n the strategy are represented i n the bound by the   

greatest possi bl e degree of l oad bal anci ng, whi ch shoul d gi ve better performance than the best 

feasi bl e al l ocati on that respects task granul ari ty, and 

c. overhead that i s not expl i ci tl y requi red by the scal i ng strategy i s omi tted. The bounds can 

show the consequences of changi ng demands and power wi th k. Suppose that the scal i ng 

strategy resul ted i n a total  demand (i n seconds of executi on, addi ng over al l  nodes) of 𝐷(𝑘) =

𝑔1(𝑘), the number of nodes (al l  equal l y fast) i s 𝑔2(𝑘), and there i s a user del ay (not i ncl uded 

i n the response ti me) of 𝑍0. Then the bound cal cul ati on i s: 

𝐷𝑎𝑣𝑔(𝑘) = 𝐷/𝑔2(𝑘) = 𝑔1(𝑘)/𝑔2(𝑘) 

𝑅(𝑘) = 𝐷(𝑘) + (𝑁 − 1)𝐷𝑎𝑣𝑔)/(1 + 𝑍𝑜/𝐷(𝑘)) 

= 𝑔1(𝑘) + (𝑁 − 1)(𝑔1(𝑘)/𝑔2(𝑘))(𝑔1(𝑘)/(𝑍𝑜 + 𝑔1(𝑘))) 

𝑇(𝑘) = 𝑅(𝑘) + 𝑍0 
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The bound on the scal abi l i ty metri c can then be expressed as: 

 

𝜓𝑏𝑛𝑑(𝑘) =
𝐹𝑏𝑛𝑑(𝑘)

𝐹(1)
 

=

𝑚i n {
𝑘𝑁

𝑍0+𝑔1(𝑘)+(𝑁−1)
𝑔1(𝑘)

𝑔2(𝑘)
 ∗

𝑔1(𝑘)

(𝑍0+𝑔1(𝑘)

 ,
1

𝐷𝑚𝑎𝑥
}

𝐶𝑘 (1 +
1

Ṫ
(𝑍0 + 𝑔1(𝑘) + (𝑁 − 1)

𝑔1(𝑘)

𝑔2(𝑘)
∗

𝑔1(𝑘)

(𝑍0+𝑔1(𝑘)
)) ∗ 𝐹(1)

 

When the system i s saturated, both the numerator and denomi nator are domi nated by the terms 

i n the bi g round brackets mul ti pl i ed by (N - 1). The di rect effect of addi ng work (i ncreasi ng 

𝑔1(𝑘) ) i s al ways to decrease ψ. The di rect effect of addi ng nodes i s to i ncrease 𝑔2(𝑘) and 𝐶(𝑘) 

both, so as far as the bound i s concerned the effect i s neutral  when the system i s saturated, and 

harmful  to scal abi l i ty when i t i s not. The di rect effect of causi ng a bottl eneck node, due to a 

scal i ng path that does not al l ow the l oad to be properl y bal anced, i s to i ncrease 𝐷𝑚𝑎𝑥 and 

decrease scal abi l i ty through the l ast term i n the numerator. Al l  of these effects are expected, 

but the equati on gi ves a pi cture of the order of the rel ati onshi p. A second versi on of the bounds 

anal ysi s, whi ch i s cl oser to a ki nd of approxi mati on, i s to use the boundi ng val ue for 

performance and producti vi ty i n the base case al so. Thi s puts al l  scal e factors on an equal  

footi ng i n regard to the l ooseness of the bounds. However, i t reduces the certai nty that the val ue 

of 𝜓𝑏𝑛𝑑  i s i n fact a bound, si nce the denomi nator may be overesti mated. 

3.5 Overvi ew of The Connecti on-Management System 

The connecti on management system di scussed i n thi s thesi s i s based on the desi gn and 

parameters of a real  industri al  prototype. I t i s a desi gn whi ch evol ved out of a connecti on-

management desi gn descri bed by (Jogal ekar and Woodsіde, 1997). Fi g. 3.3 shows the major 

Eqn. 13 
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components i n a prototype connecti on management system for vi rtual  pri vate networks, 

i ntended to support appl i cati ons such as vi deo conferenci ng. The prototype was heavi l y 

i nfl uenced by standards such as G.805. I t was desi gned to be abl e to: 

1. set up a vi rtual  pri vate network joi ni ng user speci fi ed end-poi nts, and al l ocati ng the network 

resources i n such a manner as to meet the QoS requi rement, 

2.  Manage a vari ety of heterogeneous swi tchi ng equi pment, for the purpose of setti ng up end-

to-end connecti ons, 

3. Use the al l ocated resources of the vi rtual  pri vate network and l et the user set-up/tear down 

connecti ons arbi trari l y, among any of the si tes. The prototype was i mpl emented usi ng a 

network of workstati ons runni ng UNI X, wi th DCE mi ddl eware to handl e i nter task 

communi cati ons and transparency, and a backbone network based on a SONET OC-12 (622 

Mbi t/s) opti cal  fi ber ri ng wi th propri etary swi tchi ng equi pment on whi ch cross-connecti ons 

can be made or rel eased as requi red. The software tasks can be roughl y cl assi fi ed i nto three 

logical layers:  

1.The topol ogy l ayer that deal s wi th the connecti on topol ogy of the vi rtual  pri vate network 

(VPN), connecti ng al l  the user-speci fi ed endpoi nts (e.g., the User-Network I nterface i denti fi ers 

UNI 's i n the case of an ATM network). Once a vi rtual  pri vate network i s establ i shed, the 

objects i n the topol ogy l ayer can di rectl y communi cate wi th the l owest l ayer (cal l ed SONET 

here), i n order to set up vi rtual  channel s over thi s VPN. 

2. The vi rtual  path (VP) l ayer, that deal s wi th connecti ng al l  the si tes i n a vi rtual  pri vate 

network wi th a vi rtual  path. Thi s corresponds to provi si oni ng the network resources to meet 

user speci fi ed bandwi dth and QoS, to support future connecti ons. The SONET l ayer that 

supports a vi rtual  path by setti ng up appropri ate connecti ons on the SONET ri ng.  
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Fi g. 3.3 The connecti on management System i nfrastructure 

 

From Fi g. 3.3, the cl i ent tasks represents the users that set up (or di smantl e) the vi rtual  pri vate 

network and set up (or di smantl e) connecti ons on an exi sti ng vi rtual  pri vate network. The 

cl i ents coul d be the software tasks that manage hi gher l evel  appl i cati ons, e.g., a vi deo 

conferenci ng system that uses the gi ven connecti on management system. The cl i ents i nteract 

wi th the topol ogy l ayer to set up the vi rtual  pri vate network, as wel l  as the connecti ons on i t 

(VC's or the vi rtual  channel s). The frequency of setti ng up/rel easi ng a VPN, whi ch i s l i ke a 

leased l i ne, i s much l ower than that of setti ng up/rel easi ng temporary connecti ons by a rati o of 

1:50. 
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1. Topo_setup and Topo_del ete: these tasks bel ong to the topol ogy l ayer di scussed above, and 

support setti ng up VPNs as wel l  as connecti ons wi thi n a VPN. The necessary routi ng functi ons 

are bui l t i nto the setup entri es of these tasks and of thei r servers. 

2. VP: Thi s task sets up and del etes vi rtual  paths (VPs) that make up a VPN. 

3. SONET: Thi s task manages the fi bre-l evel  portto-port connecti ons requi red to support the 

setti ng up of the VP l ayer trai l s, whi ch i n turn hel p set up the VPN. 

Subnet_connect: Thi s task di rectl y control s the SONET network el ements. 

Database: The database stores objects rel ated to the vari ous functi onal layers i n the system and 

provi des state data to al l  the functi ons. The database, whi ch i s accessed heavi l y by al most al l  

the tasks i n the system, cl earl y i s a potenti al  hot spot i n the system. By measurement i t was 

veri fi ed that the database i ndeed had the greatest demands for both VPN setup/rel ease, as wel l  

as connecti on setup/rel ease, and woul d limit scalability i f i ts capaci ty were not i ncreased. One 

approach to thi s i s database repl i cati on, whi ch was consi dered as an el ement i n the scal i ng 

strategy. As we shal l  see, the hazard i n repl i cati on i s heavy overhead. The prototype system 

was i nstrumented and measured to obtai n workl oad parameters for the performance model , 

whi ch was used to eval uate the scalability. 

3.6 Usi ng the Metri c to Scal e the Connecti on Management System 

The scali ng strategy was to i ntroduce repl i cati ons of the database, usi ng the l ocati on-based 

repl i cati on paradi gm descri bed by (Trantafіl іou and Tayl or, 1995). For each database repl i ca, 

an addi ti onal  processor was al so added to the system. (note that the l ocati on-based paradi gm 

was moti vated by reliability as wel l  as performance, and the reli ability effects are not rewarded 

i n the val ue functi on f used here.) The scal e factor was set to be the number of database 

repl i cas. A fi xed number of fi ve processors was provi ded to run the other tasks i n a fi xed 

confi gurati on, and the number of users was taken as a scal abi l i ty enabl er. Further enabl ers that 
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were not used coul d have been the al l ocati on of the tasks other than the database tasks to the 

processors, and repl i cas and addi ti onal  processors for the other functi ons. For each scal e factor 

a performance model  was set up wi th the repl i cas and thei r overheads, wi th overhead amounts 

cal cul ated from the number of repl i cas, and the requests sent from any cl i ent entry to the 

database task were equal l y di vi ded among al l  the repl i cas. The fi xed remote i nvocati on 

overheads were i ncorporated i n the executi on demands of the task entri es. The fact that the 

accesses to the database repl i cas were symmetri c happens to permi t a speci al  effi ci ent 

approxi mati on for symmetri c repl i cati on of subsystems to be used i n the sol ver (Pan, 1996). I n 

order to model  the consi stency management overhead (i n terms of extra executi on), each repl i ca 

of the database i s associ ated wi th a transacti on overhead pseudo-task on the same CPU. The 

transacti on overhead task accounts for the synchronous and asynchronous broadcasti ng 

overheads, l ocki ng overheads, etc., for consi stency management, and the cal l s made by the 

database entri es to the overhead task duri ng the operati on prepare, commi t, and abort phases are 

proporti onal  to the number of database repl i cas i n the system. The number of wri te transacti ons 

i s si gni fi cant, but the granul ari ty of the database objects i s smal l , so the probabi l i ty of confl i ct 

on l ocks was assumed to be negl i gi bl e and l ock queuei ng del ays were not model ed. However, 

the executi on overheads of l ocki ng were substantial  and were i ncl uded. The response of the 

system was model ed as a cycl e of effort for one conference, i ncl udi ng setti ng up and teari ng 

down fi ve vi rtual  channel s for a vi deo conference between the two si tes, pl us one ti me i n ten i t 

i ncl uded setti ng up a VPN, as wel l . The cycl e had a target ti me of 15 mi nutes (Ṫ = 15 mi n.). 

L oad was generated by a number of users, who were model ed as havi ng a "thi nki ng ti me" of 10 

mi nutes, between one cycl e and the next. The provi si oni ng cost for the base confi gurati on, 

i ncl udi ng one copy of the database server, and one processor per software task, i s taken as 

GHc100,000. Each extra copy of the database server (i ncl udi ng a new dedi cated processor) i s 
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assumed to cost an addi ti onal  GHc 5,000. Thi s gi ves a cost per uni t ti me of the form Constant 

(1 + 0.05k). The reference confi gurati on of the system had a si ngl e database copy, and was al so 

opti mi zed wi th respect to the number of cl i ents, gi vi ng a reference producti vi ty of 702 cycl es 

of acti vi ty per hour per uni t cost, and a reference throughput of 95 cycl es of acti vi ty per hour. 

(That i s, setti ng up and teari ng down 9.5 vi rtual  pri vate networks, and setti ng up and teari ng 

down about 475 vi rtual  channel s per hour). 

3.6.1 How to obtain the values for the Connection Management system 

 

Productivity  𝐹(𝑘) =
λ(k) ∗  f(k)

𝐶(𝑘)
 

From the model the quality of service of the value function determined are as follows 

Scale Factor  1 2 3 4 5 6 7 

Value function 0.021606 
 

0.020460 
 

0.019666 
 

0.018819 
 

0.017988 
 

0.017413 
 

0.016665 
 

  

To calculate the cost: 

𝐶(𝑘) = 1 + .005𝑘 

When k = 1 Then 

𝐶(𝑘1) = 1 + 0.05 ∗ 1      = 1.05 

When k = 2 Then 

𝐶(𝑘2) = 1 + 0.05 ∗ 2      = 1.1 

When k = 3 Then 

𝐶(𝑘3) = 1 + 0.05 ∗ 3      = 1.15 

When k = 4 Then 

𝐶(𝑘4) = 1 + 0.05 ∗ 4      = 1.2 

When k = 5 Then 
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𝐶(𝑘5) = 1 + 0.05 ∗ 5      = 1.25 

When k = 6 Then  

𝐶(𝑘6) = 1 + 0.05 ∗ 6     = 1.3 

When k = 7 Then 

𝐶(𝑘7) = 1 + 0.05 ∗ 7     = 1.35 

 

From the model the Throughput measured are as follows 

Scale Factor  1 2 3 4 5 6 7 

Throughput 95 108.62 111.18 112.01 112.26 110.95 110.94 

 

Therefore: 

Productivity  𝐹(𝑘1) =
λ(𝑘1) ∗  f(𝑘1)

𝐶(𝑘1)
 

Productivity  𝐹(𝑘1) =
95 ∗  0.021606

1.05
   = 1.95483 

 

 

Productivity  𝐹(𝑘2) =
λ(𝑘2) ∗  f(𝑘2)

𝐶(𝑘2)
 

Productivity  𝐹(𝑘2) =
108.62 ∗  0.020460

1.1
   = 2.02033 

 

Productivity  𝐹(𝑘3) =
λ(𝑘3) ∗  f(𝑘3)

𝐶(𝑘3)
 

Productivity  𝐹(𝑘3) =
111.18 ∗  0.019666

1.15
   = 1.90128 
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Productivity  𝐹(𝑘4) =
λ(𝑘4) ∗  f(𝑘4)

𝐶(𝑘4)
 

Productivity  𝐹(𝑘4) =
112.01 ∗  0.018819

1.2
   = 1.75660 

 

Productivity  𝐹(𝑘5) =
λ(𝑘5) ∗  f(𝑘5)

𝐶(𝑘5)
 

Productivity  𝐹(𝑘5) =
112.26 ∗  0.017988

1.25
   = 1.61547 

 

Productivity  𝐹(𝑘6) =
λ(𝑘10) ∗  f(𝑘10)

𝐶(𝑘10)
 

Productivity  𝐹(𝑘6) =
110.95 ∗  0.017413

1.3
   = 1.48613 

 

Productivity  𝐹(𝑘7) =
λ(𝑘15) ∗  f(𝑘15)

𝐶(𝑘15)
 

Productivity  𝐹(𝑘7) =
110.94 ∗  0.016665

1.35
   = 1.36949 

 

 

To Calculate the Scalability Metric Value 

ψ(𝑘1, 𝑘2) =
F(𝑘2)

F(𝑘1)
  =

2.02033

1.95483
 = 1.0335 

 

ψ(𝑘1, 𝑘3) =
F(𝑘3)

F(𝑘1)
  =

1.90128

1.95483
 = 0.9726 
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ψ(𝑘1, 𝑘4) =
F(𝑘4)

F(𝑘1)
  =

1.75660

1.95483
 = 0.8986 

 

ψ(𝑘1, 𝑘5) =
F(𝑘5)

F(𝑘1)
  =

1.61547

1.95483
 = 0.8264 

 

ψ(𝑘1, 𝑘6) =
F(𝑘6)

F(𝑘1)
  =

1.48613

1.95483
 = 0.7602 

 

ψ(𝑘1, 𝑘7) =
F(𝑘7)

F(𝑘1)
  =

1.36949

1.95483
 = 0.7006 

 

3.6.2 Cal cul ati ng the Scal abi l i ty Bound of The Connecti on Management System 

Step 1. The base confi gurati on wi th si x processors i s opti mi zed wi th respect to the number of 

cl i ents, to obtai n 23 cl i ents, 95 operati on uni ts per hour and producti vi ty 𝐹 = 1.95 ×

10−5uni ts/hour. 

Step 2. At each scal e factor, wi th k database repl i cas and k database processors, the bal anced 

demand i s cal cul ated, i ncl udi ng the overheads. I n thi s case,  

Total  demand, D = 14.44 + (22.11k) sec 

 Average demand, 𝐷𝑎𝑣𝑔(𝑘) = 14.44 +  (22.11k)) ̸ (k + 5)sec 

𝐷𝑚𝑎𝑥 = 35.08sec 

Response ti me = 𝐷 + (𝑁 − 1)𝐷𝑎𝑣𝑔/ (1 + (𝑍/𝐷)) 

𝑍0 = 600 𝑠𝑒𝑐 

Cost, 𝐶(𝑘) = 1 + 0.05𝑘 𝑢𝑛i ts/ sec 
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Steps 3 and 4. The sol uti on gi ves the response ti me 𝑇 = 𝐷 + (𝑁 − 1)𝐷𝑎𝑣𝑔/(1 + (𝑍/𝐷))and 

throughput 𝜆 = 𝑁(𝑍0 + 𝑇) for the bal anced system. Substi tuti ng i nto Equati on 13 gi ves the 

fol l owi ng expressi on for the scal abi l i ty bound:  

𝜓𝑏𝑛𝑑 (𝑘) =

5.13 × 104𝑚i n {
𝑘𝑁

𝑍0+𝐷+(𝑁−1)
𝐷

𝑘+5
∗

𝐷

𝑍0+𝐷

,
1

𝐷𝑚𝑎𝑥
}

(1 + 0.05𝑘) (1 +
1

Ṫ
∗ (𝑍0 + 𝐷 + (𝑁 − 1)

𝐷

(𝑘+5)
∗

𝐷

(𝑍0+𝐷)
))

 

 

3.6.3 Obtaining the measures for the Scalability bound  

From the above data: 

When k = 1, Then 

Total demand, D = 14.44 + (22.11k) sec 

Total demand 𝐷(𝑘1) = 14.44 + (22.11 ∗ 1) 

𝐷(𝑘1) = 36.55 𝑠𝑒𝑐 

 

 Average demand, 𝐷𝑎𝑣𝑔(𝑘1) = 14.44 +  (22.11k)) ̸ (k + 5)sec 

𝐷𝑎𝑣𝑔(𝑘1) = 14.44 +  (22.11 ∗ 1)) ̸ (1 + 5) 

𝐷𝑎𝑣𝑔(𝑘1) = 14.44 +  (22.11)) ̸ (6) 

𝐷𝑎𝑣𝑔(𝑘1) = 6.0197 

𝐷𝑚𝑎𝑥 = 35.08sec 

𝑍0 = 600 𝑠𝑒𝑐 

Cost, 𝐶(𝑘) = 1 + 0.05𝑘 𝑢𝑛i ts/ sec 

𝐶(𝑘1) = 1 + 0.05𝑘 𝑢𝑛i ts/ sec 

𝐶(𝑘1) = 1 + 0.05 ∗ 1 

Eqn. 14 
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𝐶(𝑘1) = 1.05 

Substituting the values into the Equation: 

 

 

𝜓𝑏𝑛𝑑 (𝑘) =

5.13 × 104𝑚i n {
𝑘𝑁

𝑍0+𝐷+(𝑁−1)
𝐷

𝑘+5
∗

𝐷

𝑍0+𝐷

,
1

𝐷𝑚𝑎𝑥
}

(1 + 0.05𝑘) (1 +
1

Ṫ
∗ (𝑍0 + 𝐷 + (𝑁 − 1)

𝐷

(𝑘+5)
∗

𝐷

(𝑍0+𝐷)
))

 

 

𝜓𝑏𝑛𝑑(𝑘1) =

5.13 × 104𝑚i n {
1×80

600+36.55+(80−1)
36.55

1+5
∗

36.55

600+36.55

,
1

35.08
}

(1 + 0.05 ∗ 1) (1 +
1

900
∗ (600 + 36.55 + (80 − 1)

36.55

(1+5)
∗

36.55

(600+36.55)
))

 

 

𝜓𝑏𝑛𝑑 (𝑘1) =

5.13 × 104𝑚i n {
80

636.55+(79)
36.55

6
∗

36.55

636.55

,
1

35.08
}

(1.05) (1 +
1

900
∗ (636.55 + (79)

36.55

(6)
∗

36.55

(636.55)
))

      = 1.33 

 

Solving for 𝑘2, 𝑘3, 𝑘4, 𝑘5, 𝑘6, 𝑘7, 𝑘8 gives the following results in the table bellow  

Scale Factor 1 2 3 4 5 6 7 8 

Scalability Bound 1.33 1.23 1.12 1.05 0.95 0.90 0.84 0.80 

 

 

3.7 Appl yi ng The metri c to Asymptoti c Bounds (Case Study 1) 

The Ghana Meteorological Agency used to have twenty synoptic weather observation stations 

across the entire regions of Ghana which was geographically distributed. The stations were using 

IBM3790s to process their weather information data but was providing a response time which 

was not acceptable. The Agency thought of the need to have selection, acquisition and 
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conversion cycle for the period of three years, but until then, the systems required interim 

upgrade. Both IBM8130s and IBM8140s were in the position to run the software application 

called METEOSOFT. The Agency then considered to use these two systems for the time been of 

three year transition-period. The Agency got convinced after deliberations with the vendor that, 

using IBM8130s could offer a performance improvement factor ranging from 1.5 to 2 over that 

of IBM3790s whiles a performance improvement factor ranging from 2 to 3.5 was anticipated 

with the use of IBM8140s. There wasn’t any emphasis on the significance of the performance 

improvement factor. The Agency had to initiate a modeling studies to determine the weather 

observations stations that will host the cheaper IBM8130 system. From the studies it came to 

light that, both IBM8130 and IBM8140 systems had a faster disk than that of IBM3790.  The 

Central Processing Unit (CPU) speed of IBM8130 processor was quiet slower than that of the 

IBM3790. On the contrary, IBM8140 was roughly 1.5 times faster. From the above informstion, 

benchmark-experiments on IBM3790 and IBM8140 systems were carried out and also, “live-

measurements” of the existing IBM3790 systems. 

 

Tabl e 3.5 Data val ues of case study 1 

 

System 

Servi ce Demands / seconds 

CPU Di sk 

3790 (observed) 

 

4.6 4.0 

8130 (esti mated) 

 

5.1 1.9 

8140 (esti mated) 3.1 1.9 
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Fi g. 3.4 - Case Study 1 Model  Di agram 

 

Wi th the servi ce demands establ i shed, the metri c was used to assess the performance to be 

expected from each of the three systems. Fi gure 3.4 shows the queuei ng network. (Some stati ons 

had two physi cal  di sk dri ves, but the di sk control l er di d not permi t them to be acti ve 

si mul taneousl y. For that matter, havi ng onl y a si ngl e di sk servi ce center i n the model is 

enough.) The parameters are: 

 K, the number of servi ce centers (2) ; 

𝐷𝑚𝑎𝑥, the l argest servi ce demand (4.6 seconds for the 3790, 5.1 for the 8130, and 3.1 for the 

8140); 

D, the sum of the servi ce demands (8.6, 7.0, and 5.0, respecti vel y) ; 

The type of the observati on stati ons i s termi nal ; 
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Z, the average thi nk ti me (an esti mate of 60 seconds was used). 

3.8 Calculating the Throughput bound and Average Response Time of the systems 

Following the Algorithm on section 3.3.5: The Algorithm for Closed Model Asymptotic Bound, 

Given: 

𝐷𝑚𝑎𝑥  of IBM3790 = 3.6    IBM8130 = 5.1 And IBM8140 = 3.1 

D of IBM3790 = 8.6    IBM8130 = 7.0 and IBM8140 = 5.0 

Z = 60 sec 

From the above data, the intersection point (𝑁∗) is calculated using the formulae 𝑵∗ =
𝑫+𝒁

𝑫𝒎𝒂𝒙
 

The intersection point of IBM3790 is calculated as follows: 

𝑁∗ =
𝐷 + 𝑍

𝐷𝑚𝑎𝑥
 =

8.6 + 60

4.6
=  

68.6

4.6
= 14.9130 ≈ 𝟏𝟓 

 

The intersection point of IBM8130 is calculated as follows: 

𝑁∗ =
𝐷 + 𝑍

𝐷𝑚𝑎𝑥
 =

7.0 + 60

5.1
=  

67.0

5.1
= 13.1373 ≈ 𝟏𝟑 

 

The intersection point of IBM3790 is calculated as follows: 

𝑁∗ =
𝐷 + 𝑍

𝐷𝑚𝑎𝑥
 =

5.0 + 60

3.1
=  

65.0

3.1
= 20.9677 ≈ 𝟐𝟏 
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Since the intersection point (𝑁∗) of IBM3790 is approximately 15, it means that the bound on 

throughput will pass through the point (0, 0) and (1, 
𝟏

𝑫𝒎𝒂𝒙
) for 𝑁 ≤  𝑁∗ (all values of N less than or 

equal to 15). When N =16 the throughput will pass through the point (0, 
𝟏

𝑫𝒎𝒂𝒙
) and (1, 

𝟏

𝑫𝒎𝒂𝒙
)  for 

𝑁 ≥  𝑁∗ (all values of N greater than or equal to 16). 

This means that the first point will be (0, 0) and the last point will be when N = 16 

Hence: 

(16,   
1

𝐷𝑚𝑎𝑥
) = (16,   

1

4.6
) = (16, 0.217) 

Therefore the throughput points of IBM3790 are: (0, 0) (16, 0.22)  

The same way, the intersection point (𝑁∗) of IBM8130 is approximately 13, for 𝑁 ≤  𝑁∗ hence when 

N = 14 the throughput will pass through the point as follows: 

(14,   
1

𝐷𝑚𝑎𝑥
) = (14,   

1

5.1
) = (14, 0.196) 

Therefore the throughput point of IBM8130 are: (0, 0) (14, 0.20)  

The intersection point (𝑁∗) of IBM8140 is approximately 21, for 𝑁 ≤  𝑁∗ hence when N = 22 the 

throughput will pass through the point as follows: 

(22,   
1

𝐷𝑚𝑎𝑥
) = (22,   

1

3.1
) = (22, 0.323) 

Therefore the throughput point of IBM8130 are: (0, 0) (22, 0.32)  
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Tabl e 3.6 Throughput values for case study 1 

System Bound on Throughput values to plot. 

3790 (0 , 0) (16 , 0.217) 

8130 (0 , 0) (14 , 0.196) 

8140 (0 , 0) (22 , 0.323) 

 

Using the optimistic bound equation (0, D) and (1, D) for 𝑁 ≤  𝑁∗ for the Response Time. 

Since the calculation of the intersection point (𝑁∗) gave the values, N = 15 for IBM3790, N = 12 for 

IBM8130 and N = 21 for IBM8140. This implies that, the positive maximum response time 

based on the N values will be as follows: 

Tabl e 3.7 Response Time values for case study 1 

System Bound on Response Time values to plot. 

3790 (0 , 8.6) (15 , 8.6) 

8130 (0 , 7.0) (12 , 7.0) 

8140 (0 , 5.0) (21, 5.0) 
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3.8.1 Case Study 2 

Thi s case study l ooks at the use of the metri c i n asymptoti c bounds to assess the i mpact of 

modi fi cati ons to an exi sti ng system. Let’s consi der a si mpl i fi ed i nteracti ve system for whi ch 

the fol l owi ng measurements have been obtai ned 

Tabl e 3.8 Data val ues for case study 2 

DATA MEANI NG 

T = 900 seconds 

 

L ength of the measurement i nterval  

B1 = 400 seconds 

 

CPU di sk 

B2 = 100 seconds 

 

Sl ow di sk busy 

B3 = 600 seconds 

 

Fast di sk busy 

C = 200 jobs 

 

Compl eted Jobs 

C2  = 2,000 

 

Sl ow di sk operati ons  

C3 = 20,000 

 

Fast di sk operati ons  

Z = 15 seconds Thi nk ti me 

 

The servi ce demands per job are 𝐷1 = 2.0, 𝐷2 = 0.05 and 𝐷3 = 3.0. The vi si t counts to the 

di sks are 𝑉2 = 10 and  𝑉3 = 100. The servi ce ti mes per vi si t to the di sks are  𝑆2 = 0.05 and 

𝑆3 = 0.03.  
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3.8.2 Procedure for scal i ng the system 

Four i mprovements that can be made to the system usi ng the model s of the metri c are 

considered here. These are l i sted bel ow, al ong wi th an i ndi cati on of how each woul d be 

refl ected i n the parameters of the model : 

1. Repl ace the CPU wi th one that i s twi ce as fast.  𝐷1 ← 1 

2. Shi ft some fi l es from the faster di sk to the sl ower di sk, bal anci ng thei r demands. Consi der 

onl y the pri mary effect, whi ch i s the change i n di sk speed, and i gnore possi bl e secondary 

effects such as the fact that the average si ze of bl ocks transferred may di ffer between the two 

di sks. The new di sk servi ce demands are deri ved as fol l ows. 

𝑉2 + 𝑉3 = 110. Because 𝑆2 = 0.05 and 𝑆3 = 0.03, thi s i s the same as 

𝑉2𝑆2

0.05
 +

𝑉3𝑆3

0.03
 = 110 

Aiming at  𝐷2 = 𝑉2𝑆2 = 𝑉3𝑆3 = 𝐷3 

𝐷2 [
1

0.05
+

1

0.03
] = 110 

And 𝐷2 = 𝐷3 = 2.06 di vi di ng by the appropri ate servi ce ti mes, gives the new vi si t counts: 

𝑉2 = 41 and 𝑉3 = 69 

3. Add a second fast di sk (center 4) to handl e hal f the l oad of the busi er exi sti ng di sk. Once 

agai n, consi der onl y the pri mary effects of the change.  𝐾 ← 4, 𝐷3 ← 1.5, 𝐷4 ← 1.5 

4. The three changes made together: the faster CPU and a bal anced l oad across two fast di sks 

and one sl ow di sk. Servi ce demands become 𝐷1 = 1, 𝐷2 = 1.27, 𝐷3 = 1.27, 𝑎𝑛𝑑𝐷4 =
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1.27. These are deri ved i n a manner si mi l ar to that empl oyed above. Since 𝑉2 + 𝑉3 + 𝑉4 = 110, 

to ensure that  𝐷2 = 𝐷3 =  𝐷4 ː 

𝑉2𝑆2

0.05
 +

𝑉3𝑆3

0.03
 +

𝑉4𝑆4

0.03
= 110 

𝐷2 [
1

0.05
+

1

0.03
+

1

0.03
] = 110 

𝐷2 = 𝐷3 =  𝐷4 = [
0.0015

0.13
] = 110 = 1.27 

 

3.9 Overvi ew of the Cal l  Processi ng System 

The handl i ng and processi ng of voi ce and vi deo cal l s i s a cri ti cal  functi on provi ded by I P 

tel ephony systems. Thi s functi onal i ty i s handl ed by some type of cal l  processi ng enti ty or 

agent. Gi ven the cri ti cal  nature of cal l  processi ng operati ons, i t i s i mportant to desi gn uni fi ed 

communi cati ons depl oyments to ensure that cal l  processi ng systems are scal abl e enough to 

handl e the requi red number of users and devi ces and are resi l i ent enough to handl e vari ous 

network and appl i cati on outages or fai l ures. 

 

3.9.1 Appl yi ng the metri c to cal l  processi ng system 

The metri c i s appl i ed to the cal l  processi ng system of di gi tal  tel ephony, based on propri etary 

message ori ented mi ddl eware. The objecti ve i s to assess the fol l owi ng cardi nal  poi nts.  

1. Up to what poi nt a product woul d be scal abl e, i f bui l t usi ng the same basi c desi gn deci si ons, 

2.  How much i nvestment shoul d be made i n the hardware and software components of the 

system for supporti ng di fferent numbers of users, and l astl y 
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3.  The i mpact of the l ocati on servi ce-based repl i cati on model  for database transacti ons, 

(Trantafіl іou and Tayl or, 1995). 

3.9.2 The Cal l  Processi ng System Archi tecture 

For the purpose of thi s thesi s, thi s system di ffers from the tradi ti onal  cal l  processi ng systems 

used i n di gi tal  tel ephony. I t i s i mpl emented usi ng a message-ori ented mi ddl eware based on a 

fast ATM network. The moti ve i s to mi ni mi ze the l atency, and to bypass the overheads i n RPC 

stubs, the TCP/I P protocol , etc., i n order to make the di stri buted cal l  processi ng as fast as 

possi bl e. The system i s based on some of the concepts deal t wi th i n (Eіcken et al , 1995). The 

U-Net communi cati on archi tecture uses a vi rtual  vi ew of the network i nterface that can be 

di rectl y accessed at user l evel , al l owi ng di rect access to hi gh-speed communi cati on devi ces. 

Removi ng/bypassi ng the communi cati on subsystem's boundary wi th the appl i cati on-speci fi c 

protocol s achi eves effi ci ent communi cati on protocol s wi th reduced system cal l  overheads, and 

more i mportantl y, al l ows buffer management at the user l evel . Mul ti pl exi ng/ demul ti pl exi ng 

i s embedded di rectl y i nto the network i nterface. Thus, the network i nterface i s vi rtual i zed, and 

each process has an i l l usi on that i t owns the di rect i nterface to the network. Thi s enabl es 

abstracti ng out the network i nterface for some appl i cati ons, whi l e sti l l  supporti ng l egacy 

protocol s through the kernel . Dedi cated ATM vi rtual  channel  ci rcui ts are used for cal l  setup, 

wi th addi ti onal  channel s for the actual  voi ce traffi c. Thi s scal abi l i ty anal ysi s assumes that 

there i s suffi ci ent ATM network capaci ty for the voi ce traffi c, so i t i s not model ed. The model  

concentrates on the objects that col l aborate to set up an end-to-end cal l  connecti on. 
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Fi g. 3.5 Cal l  Processi ng System's Hardware i nfrastructure 

3.9.3 The Hardware Pl atform and The Processi ng Steps 

Fi g. 3.5 Depi cts the hardware pl atform used i n the prototype cal l -processi ng system. The host 

systems (I BM Power PCs runni ng AI X, 133 MHz) are connected to an ATM network. Each host 

has the cal l  processi ng software that supports the two hal f-cal l  model s, one hal f for cal l  

ori gi nati on and one for cal l  termi nati on (McDonal d, 1990). Any process that wi shes to access 

the network creates one or more objects cal l ed endpoi nts, al l ocates memory for stori ng the 

messages (cal l ed the communi cati on segment) and creates a set of send, recei ve, and free 

message queues wi th each endpoi nt. To send a message, a user process composes the data i n i ts 

communi cati on segment and pushes a descri ptor for the message onto i ts send queue. The 

network i nterface, whi ch i s embedded i n an i ntegrated devi ce dri ver, then pi cks up the message 

and sends i t over the exi sti ng connecti on i n the ATM network. I ncomi ng messages are 

demul ti pl exed and transferred to the appropri ate communi cati on segment, and a message 

descri ptor i s pushed on the correspondi ng recei ve queue. Each process pol l s i t’s recei ve queue 

peri odi cal l y, to check for arri val s. The system has a "true zero copy" archi tecture i n whi ch the 
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data i s transferred from the sender's communi cati ons segment to the recei ver's, wi thout 

i ntermedi ate bufferi ng. The communi cati on segments span the process address space and the 

sender speci fi es an offset wi thi n the desti nati on communi cati on segment, at whi ch the message 

data i s to be deposi ted di rectl y by the network i nterface. Error checki ng and correcti on i s 

handl ed at the appl i cati on l evel .I n thi s thesi s, i t i s assumed that the communi cati ons medi um 

i s suffi ci entl y rel i abl e, and suffi ci ent memory i s avai l abl e, to l et us i gnore the performance 

effects of recovery from errors and buffer overfl ows. 

3.9.4 Software Organi zati on and L ayered Model  

Fi g. 3.6 demonstrates the software i nvol ved i n a cal l , at the l evel  of processes and i nteracti ons. 

The fi gure depi cts a l ayered queuei ng network model  whi ch, as wel l  as the software tasks, 

i ncl udes components for al l  the Users, the hardware network dri vers, and the network del ay, as 

"tasks" wi th thei r own del ays. Neverthel ess, i t doesn’t model  the i ndi vi dual  software objects. 

The prototype whi ch was measured had two nodes, and i nvoked a total  of about 80 objects per 

cal l , among al l  the col l aborati ng processes. Cal l  setup i s managed by an ori gi nati ng hal f-cal l -

setup process communi cati ng wi th a termi nal  hal f-cal l -setup process. The ori gi nati ng process 

uses al ocati on server to deci de whi ch database repl i ca to use, and then obtai ns authenti cati on 

data and network addresses from the database. Al most al l  the database requests i n normal  

operati on are reads, as wri tes onl y occur for new customers, changes i n a customer's servi ce 

profi l e, and changes i n the physi cal  network. Each node has a suffi ci ent number of agents, and 

may or may not have one or both of a database repl i ca as wel l  as l ocati on server repl i ca. 
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Fi g. 3.6 L ayered model  for the cal l  processi ng software, i ncl udi ng the processes and 

i nteracti on (Jogalekar, et al, 1997) 

 

3.9.5 Scal i ng strategy for the cal l  processi ng system 

The scal e factor i s the number of CPUs, and the scal abi l i ty enabl ers are the al l ocati on of 

software objects, the l ocati on server, repl i cati on of the database, as wel l  as the number of 

cl i ents. Threads are not al l ocated expl i ci tl y, si nce they are assumed to be i nexpensi ve, and are 

provi ded as a thread-per request. The scal abi l i ty was anal yzed over a scal e factor i nterval  of 1-

15. The resul ts of the opti mi zati on are presented i n Tabl e 4.1. The same data i s pl otted i n 

Fi g.4.4b. 

3.9.6 How to obtain the values for the call processing system 

 

Productivity  𝐹(𝑘) =
λ(k) ∗  f(k)

𝐶(𝑘)
 

From the model the quality of service of the value function determined are as follows: 
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Scale Factor  1 2 3 4 5 10 15 

Value function 0.160613 
 

0.147285 
 

0.146618 
 

0.142691 0.128173 
 

0.133703 
 

0.130912 
 

  

To calculate the cost: 

𝐶(𝑘) = 𝑘 ∗
𝑑𝑏

10
 

When k = 1 Then 

𝐶(𝑘1) = 1 ∗
1

10
     = 1.1 

When k = 2 Then 

𝐶(𝑘2) = 1 ∗
1

10
   = 2.1 

When k = 3 Then 

𝐶(𝑘3) = 3 ∗
1

10
   = 3.1 

When k = 4 Then 

𝐶(𝑘4) = 4 ∗
1

10
  =  4.1 

When k = 5 Then 

𝐶(𝑘5) = 5 ∗
4

10
  = 5.4 

When k = 10 Then  

𝐶(𝑘10) = 10 ∗
2

10
  = 10.2 

When k = 15 Then 

𝐶(𝑘15) = 15 ∗
2

10
  = 15.2 
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From the model the Throughput measured are as follows: 

Scale 

Factor  

1 2 3 4 5 10 15 

Throughput 1.0958 2.1273 3.0531 3.3848 3.6485 4.4934 4.4934 

 

Therefore, to calculate the productivity:  

Productivity  𝐹(𝑘1) =
λ(𝑘1) ∗  f(𝑘1)

𝐶(𝑘1)
 

Productivity  𝐹(𝑘1) =
1.0958 ∗  0.1606

1.1
   = 0.1600 

 

Productivity  𝐹(𝑘2) =
λ(𝑘2) ∗  f(𝑘2)

𝐶(𝑘2)
 

Productivity  𝐹(𝑘2) =
2.1273 ∗  0.147285

2.1
   = 0.1492 

 

Productivity  𝐹(𝑘3) =
λ(𝑘3) ∗  f(𝑘3)

𝐶(𝑘3)
 

Productivity  𝐹(𝑘3) =
3.0531 ∗  0.146618

3.1
   = 0.1444 

 

Productivity  𝐹(𝑘4) =
λ(𝑘4) ∗  f(𝑘4)

𝐶(𝑘4)
 

Productivity  𝐹(𝑘4) =
3.3848 ∗  0.142691

4.1
   = 0.1178 

 

Productivity  𝐹(𝑘5) =
λ(𝑘5) ∗  f(𝑘5)

𝐶(𝑘5)
 

Productivity  𝐹(𝑘5) =
3.6485 ∗  0.128173

5.4
   = 0.0866 
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Productivity  𝐹(𝑘10) =
λ(𝑘10) ∗  f(𝑘10)

𝐶(𝑘10)
 

Productivity  𝐹(𝑘10) =
4.4934 ∗  0.133703

10.2
   = 0.0589 

 

Productivity  𝐹(𝑘15) =
λ(𝑘15) ∗  f(𝑘15)

𝐶(𝑘15)
 

Productivity  𝐹(𝑘15) =
4.4934 ∗  0.130912

15.2
   = 0.0387 

 

To Calculate the Scalability Metric Value: 

ψ(𝑘1, 𝑘2) =
F(𝑘2)

F(𝑘1)
  =

0.1492

0.1600
 = 0.9325 

 

ψ(𝑘1, 𝑘3) =
F(𝑘3)

F(𝑘1)
  =

0.1444

0.1600
 = 0.9025 

 

ψ(𝑘1, 𝑘4) =
F(𝑘4)

F(𝑘1)
  =

0.1178

0.1600
 = 0.7363 

 

ψ(𝑘1, 𝑘5) =
F(𝑘5)

F(𝑘1)
  =

0.0866

0.1600
 = 0.5413 

 

ψ(𝑘1, 𝑘10) =
F(𝑘10)

F(𝑘1)
  =

0.0589

0.1600
 = 0.3681 

 

ψ(𝑘1, 𝑘15) =
F(𝑘15)

F(𝑘1)
  =

0.0387

0.1600
 = 0.2419 
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The factors whi ch have to be bal anced i n the opti mi zati on of the scal abi l i ty enabl ers i ncl ude: 

a. Col l ocati on and di stri buti on of software tasks as Col l ocati on reduces the remote i nvocati on 

overhead but may cause a l oad i mbal ance i n the overal l  system. 

b. Repl i cati on of the database, whi ch affects l oad bal anci ng, remote i nvocati on costs, 

overheads for coordi nati on (and thus, l atency), and system cost. 
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CHAPTER FOUR 

RESUL TS AND DI SCUSSI ON 

4.1 I ntroducti on 

Thi s chapter expl ai ns the resul ts of the two case studi es, cal l  processi ng system, and 

connecti on management system as the metri c i s used to scal e and anal yze thei r performance and 

output. 

4.2 Resul ts and Di scussi ons of Case Study 1 

To cal cul ate the bounds, the Al gori thm for Cl osed Model  Asymptoti c Bound in secti on 3.3.5 

needs to be adhered to. Appl yi ng the Al gori thm to the model  of each of the three systems l eads 

to the opti mi sti c bounds graphed i n Fi g. 4.1 (a) and (b). These results shows that, at high loads 

IBM3790s performance will be superior to IBM8130 and is due to the fact that IBM8130's CPU 

is slower and hence is the bottleneck device. This means that, instead of performance-gain, 

ranging from 1.5 to 2, it rather gave performance-degradation in migrating from IBM3790s to 

that of IBM8130s anytime the number of active terminals surpass certain threshold. Fig 4.1 (a) 

and (b) shows a performance-gain in moving from IBM3790s to IBM8140s even though it isn’t 

two or more of the expected factor. Based on the study, a benchmark-tests were performed to 

determine whether it will be prudent to move IBM8130s in the Agency's transitional-plan. It 

became evidently clear that, the performance of IBM8130s will be worse than IBM3790s when 

the number of terminals was approximately fifteen or more, whiles the performance-gain of 

IBM8130s over IBM3790s at lighter-loads will be insignificant. For these reasons, there is no 

need of the Ghana Meteorological Agency investing in 8130s for any of their weather 

observation stations in Ghana as the metric showed clearly how the systems will perform. 

 



82 
 

 

Fi g. 4.1a Asymptoti c Bounds i n the Case Study 1 showi ng the Throughput 
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Fi g. 4.1b Asymptoti c Bounds i n the Case Study1 showi ng response Ti me 

 

4.3 Results and Discussions of Case Study 2 

The results of the case study 2 after the metric model has been applied to an existing system 

shows the optimistic asymptotic bounds for the original system which is indicated by "None" on 

the graph of Fig. 4.2, for each modification labelled "(1)""(2)""(3)" separately and with respect 

to the three together [as indicated by "(1)" and "(2)" and "(3)"]. One may think that the initial 

change might seem to be the most "significant" but Fig. 4.2 shows clearly that is not exactly the 

case. Since fast disk happens to be the initial bottleneck, changes "2" and changes "3" are 

significantly very influential. It is worthy to observe that, change "2" produced virtually great 

improvement as change "3" even though additional hardware is not required. All the three 

modifications put together yields appreciable results. 
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Fi g. 4.2 Graph of the effect of vari ous changes 

 

4.3 Resul ts and Di scussi ons of the Connecti on Management System 

From the resul ts summari zed i n Tabl e 4.1, the ful l  cal cul ati on opti mi zes the producti vi ty 

functi on wi th respect to the number of cl i ents whi ch i s the scal abi l i ty enabl er at each scal e 

factor. The resul ts i n the tabl e shows that the scal i ng strategy and opti mi zati on gi ves response 

ti mes whi ch are wel l  wi thi n the target at al l  scal es, except that the scal abi l i ty i s onl y 

moderate. The resul ts al so shows that, the throughput i ncreases from 𝑘 = 1 𝑡𝑜 𝑘 = 2 and then 

l evel s off whereas costs ri ses, whi ch dri ves the scal abi l i ty down. More al so, the database CPU 

col umns shows that most of the database work i s overhead and at the l arger scal es. The graphs 

of Fi g.4.3a and 4.3b shows the pl ots of detai l ed scal abi l i ty measure and the bound. The resul ts 
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shows that, the system i s spi nni ng i ts wheel s and thereby generati ng overhead but not 

performance.  

Tabl e 4.1 Scal abi l i ty Metri c Resul ts for the Connecti on Management  System 

(The Normal i zed Response Ti me i s the mean response ti me di vi ded by the target of 15 mi n.)  

 

 

Scal e 

Factor 

 

Producti vi ty 

(Opti mi zed) 

(𝒔𝒆𝒄−𝟏per uni t 

cost) x 1e-2 

 

 

Scal abi l i ty 

metri c val ue 

(Opti mi zed) 

 

 

Throughput 

(operati ons 

per hour) 

 

 

Normal i zed

Response 

Ti me 

Database CPU 

Uti l i zati on 

 

 

System 

Cost 

(Uni ts) 

 

Total  

Due to 

transacti on 

overheads 

1 1.95483 1.0 95 0.3017 92.59 * 1.05 

2 2.02033 1.0335 108.62 0.3645 86.86 67.85 1.1 

3 1.90128 0.9726 111.18 0.4126 82.43 69.45 1.15 

4 1.75660 0.8986 112.01 0.4761 79.77 69.97 1.2 

5 1.61547 0.8264 112.26 0.5449 77.98 70.12 1.25 

6 1.48613 0.7602 110.95 0.5953 75.77 69.30 1.3 

7 1.36949 0.7006 110.94 0.6675 74.84 69.30 1.35 

   

 

Fig. 4.3a Scalability bound for the connection management system 
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Fig. 4.3b Scalability metric for the connection  management system 

 

4.4 Resul ts and Di scussi ons of the Cal l  Processi ng System 

The resul ts of the cal l  processi ng system as scal ed by the metri c and same tabul ated shows that, 

the scal abi l i ty metri c val ues pl otted i n Fi g. 4.4a drops to 0.8 at the scal e factor whi ch i s about 

k = 4. Thi s i ndi cate that the system i s scal abl e up to scal e factor of 4. The graph of throughput 

Verses scal e factor i n Fi g. 4.4b shows the throughput wi th a knee at about k = 3 and at thi s 

poi nt i t has been i ncreased from about 1.08 mi l l i on cal l s per hour to about 3.4 mi l l i on per hour 

whi l es at the same ti me mai ntai ni ng good qual i ty of servi ce (QoS). For scal e factors (k) 

beyond 3, the opti mi zati on gi ves a response ti me whi ch i s a l i ttl e hi gher than the target val ue. 

Thi s i s encouraged by the metri c, because i t al so gi ves a hi gher throughput. The resul ts of the 

tabl e and that of the graph pl otted i n Fi g. 4.4a al so shows that the avai l abl e producti vi ty of the 

system drops gradual l y up to k = 3 and from there very sharpl y. I n summary, the resul ts 

i ndi cate that the scal abi l i ty i s reasonabl e up to the scal e factor of 3 and beyond that, the 

1
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scal abi l i ty metri c degrades, even though the capaci ty conti nues to i ncrease up to about the 

scal e factor of 10. Beyond thi s factor, the system i s bottlenecked and at the same ti me capaci ty 

i s saturated. Fi g. 4.4c also shows the graph of scalability against scale factor. 

Tabl e 4.2 Scal abi l i ty Metri c Resul ts for the Cal l  Processi ng System 

(*The response ti me i s normal i zed to the target mean response ti me of 10mi n.) 

Scal e 

factor 

Opti cal  No. of 

repl i ca 

Producti vi ty 

(Opti mi zed) 

(ms-1 per 

uni t cost) 

Scal abi l i ty 

metri c 

val ue 

(Opti mi zed) 

Throughput 

(Cal l s per 

hour) x 106 

Normal i zed* 

Response 

Ti me 

System 

Cost 

(uni ts) Database L ocati on 

server 

1 1 1 0.1600 1 1.0958 0.72 1.1 

2 1 1 0.1492 0.9325 2.1273 0.88 2.1 

3 1 6 0.1444 0.9025 3.0531 0.89 3.1 

4 1 3 0.1178 0.7363 3.3848 0.92 4.3 

5 4 2 0.0866 0.5413 3.6485 1.16 5.4 

10 2 4 0.0589 0.3681 4.4934 1.11 10.2 

15 2 10 0.0387 0.2419 4.4934 1.12 15.2 
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Fig. 4.4a A Graph of Productivity vrs Scale factor 

 

 

Fig. 4.4b A Graph of throughput vrs Scale factor 

 

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

1 2 3 5 10 15

P
ro

d
u

ct
iv

it
y 

(p
er

 m
ill

is
ec

o
n

d
 p

er
 u

n
it

 
co

st
)

Scale factor

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

1 2 3 5 10 15

Th
ro

u
gh

p
u

t 
(c

al
ls

 p
er

 h
o

u
r)

Scale factor



90 
 

 

Fig. 4.4c A Graph of Scalability vrs Scale factor 
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CHAPTER FІVE 

CONCL USI ON AND RECOMMENDATI ONS 

5.1 Concl usi on 

Asymptoti c bounds and bal anced system bounds becomes easi er to cal cul ate once you know D 

and 𝐷𝑚𝑎𝑥 si nce i t requi res si mpl e ari thmeti c operati ons. Because of thi s, they are a qui ck way 

to obtai n a fai r i nsi ght of the behavi or of a system. They shows the cri ti cal  i nfl uence of the 

bottl eneck servi ce center and hence, changes to the system that do not affect the bottleneck 

center do not al ter the heavy l oad bounds on performance. Therefore, throughput curves for al l  

systems wi th bottl eneck demand 𝐷𝑚𝑎𝑥 are constrai ned to l i e bel ow the l i ne 1
𝐷𝑚𝑎𝑥

⁄ .  I f one 

needs to i mprove the performance further than thi s l i mi t, then i t i s necessary to reduce the 

demand at the bottleneck center somehow. The metri c deri ved i n thi s thesi s i s a strategy based 

scal abi l i ty metri c that general i zes the wel l -known metri cs for scal abi l i ty of paral l el  

computati ons to descri be heterogeneous di stri buted systems. I t i s worthy to note that, i n these 

systems, a uni form i ncrease i n al l  components types i s i deal l y not a reasonabl e scal i ng 

strategy. What makes thi s deri ved metri c uni que i s the fact that, i t separates the i mpact of 

throughput and response ti me on the metri c, formal i zi ng the notati on of a scal i ng strategy, 

i ntroduci ng QoS eval uati on and more al so, i ntroduci ng formal  scal abi l i ty enabl ers whi ch are 

opti mi zed at each scal e factor. The deri ved metri c i s the rati o of the system’s producti vi ty i n a 

scal ed versi on to the producti vi ty of a base case. I t al so gi ves a reasonabl e resul ts for a l arge 

col l ecti on of i deal i zed and wel l  understood systems nodes whi ch i s i n the form of queuei ng 

modes sui tabl e for di stri buted systems unl i ke the other metri c l i ke fi xed si ze speedup, where 

the scal i ng strategy i s to use k processors, throughput i s the i nverse of compl eti on ti me, cost i s 

k and qual i ty of servi ce functi on i s gi ven as F = 1. More al so, the scal abi l i ty that deal s wi th 
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fi xed ti me speedup al so deal s wi th the use of k processors, but i t changes the workl oad (W) to a 

val ue whi ch keeps the compl eti on ti me constant. I n that strategy, throughput i s constant, cost i s 

k and qual i ty of servi ce functi on i s F = W.      

 

5.2 Recommendati ons 

Wi th respect to case study 2, the concl usi ons reached woul d not enti rel y hol ds i n a context of 

di fferent workl oad. I n the case of cal l  processi ng system, i t can be concl uded that the cal l  

processi ng system i s scal abl e up to the scal e factor of 4 and at that l evel , i t i s capabl e of 

supporti ng roughl y 3.3 mi l l i on cal l s per hour. I f i t becomes necessary to scal e further than thi s, 

then recommendati ons woul d be as fol l owsː 

1. The software objects organi zati on i nto concurrent tasks ought to be redesi gned i n order 

to make thei r executi on and communi cati on demands more equal . 

2. Modi fi cati on of the database schema can be tri ed i n order to parti ti on the database i n 

vari ous domai ns i nstead of repl i cati ng i t and al so, the consi stency management 

overheads can be reduced.    
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