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ABSTRACT
Euler’s phi — function ®(n) is defined for every positive integern as follows:
$(1) =1 and whenn =2 then ?(M) is the number of distinct integers k €

{12, ...,n — 1}sych thatkandn are relatively prime.

This thesis seeks to examine the application of Euler’s phi-function in the study of

cyclic groups, field extensions and cyclotomic polynomials of a finite field.
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CHAPTER 1

INRODUCTION

A fundamental difficulty for beginning students is often the axiomatic nature of abstract
algebra and the exacting need to follow the axioms precisely. To this end particular and
extensive attention is paid to the integers, which are familiar objects of knowledge, and
which, together with some simple properties of polynomials, are used to give motivation
for the introduction of more abstract algebraic concepts. The aim here is to provide an
appropriate, interesting and entertaining text for those who require a rounded
knowledge in application of Euler’s phi-function in Abstract Algebra as well as for those

who wish to continue with further studies in algebra.

1.1 BACKGROUND OF STUDY

Leonhard Euler's father was Paul Euler. Paul Euler had studied theology at the
University of Basel and had attended Jacob Bernoulli's lectures there. Leonhard was
sent to school in Basel. Euler's father wanted his son to follow him into the church and

sent him to the University of Basel to prepare for the ministry.

He entered the University in 1720, at the age of 14, where, Johann Bernoulli soon
discovered Euler's great potential for mathematics in private tuition that Euler himself
engineered. Euler obtained his father's consent to change to mathematics after Johann
Bernoulli had used his persuasion. Euler completed his studies at the University of
Basel in 1726.

In 1726, Euler now had to find himself an academic appointment when Nicolaus (II)
Bernoulli died in St Petersburg; Euler was offered the post which would involve him in

teaching applications of mathematics and mechanics to physiology.



He had studied many mathematical works during his time in Basel. They include works
by Varignon, Descartes, Newton, Galileo, van Schooten, Jacob Bernoulli, Hermann,
Taylor and Wallis. By 1726 Euler had already a paper in print, a short article on
isochronous curves in a resisting medium. In 1727 he published another article on
reciprocal trajectories and submitted an entry for the 1727 Grand Prize of the Paris
Academy on the best arrangement of masts on a ship. The Prize of 1727 went to
Bouguer, an expert on mathematics relating to ships, but Euler's essay won him second
place which was a fine achievement for the young graduate. By 1740 Euler had a very
high reputation, having won the Grand Prize of the Paris Academy in 1738 and 1740.

On both occasions he shared the first prize with others.

Euler's reputation was to bring an offer to go to Berlin. Accepting an offer, Euler, at the
invitation of Frederick the Great, went to Berlin’s Academy of Science. He left St
Petersburg on 19 June 1741, arriving in Berlin on 25 July. Even while in Berlin Euler
continued to receive part of his salary from Russia. For this remuneration he bought
books and instruments for the St Petersburg Academy, he continued to write scientific

reports for them, and he educated young Russians.

Maupertuis was the president of the Berlin Academy when it was founded in 1744 with
Euler as director of mathematics. He deputised for Maupertuis in his absence and the
two became great friends. Euler undertook an unbelievable amount of work for the
Academy. During the twenty-five years spent in Berlin, Euler wrote around 380

articles.
He wrote books on the calculus of variations; on the calculation of planetary orbits; on

artillery and ballistics (extending the book by Robins); on analysis; on shipbuilding and
navigation; on the motion of the moon; lectures on the differential calculus; and many

more.


http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Varignon.html
http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Varignon.html

In 1766 Euler returned to St Petersburg and Frederick was greatly angered at his
departure. Soon after his return to Russia, Euler became almost entirely blind after an
illness. Shortly, he became totally blind. Because of his remarkable memory he was
able to continue with his work on optics, algebra, and lunar motion. Amazingly after
his return to St Petersburg (when Euler was 59) he produced almost half his total works
despite the total blindness. Euler died on 18 September 1783, after his death in 1783
the St Petersburg Academy continued to publish Euler's unpublished work for nearly 50

more years.

He made large bounds forward in the study of modern analytic geometry and
trigonometry where he was the first to consider sin, cos, etc. as functions rather than as

chords as Ptolemy had done.

He made decisive and formative contributions to geometry, calculus and number theory.
He integrated Leibniz's differential calculus and Newton's method of fluxions into
mathematical analysis. He introduced beta and gamma functions, and integrating
factors for differential equations. He studied continuum mechanics, lunar theory with
Clairaut, the three body problem, elasticity, acoustics, and the wave theory of light,
hydraulics, and music. He laid the foundation of analytical mechanics, especially in his
Theory of the Motions of Rigid Bodies (1765). We owe to Euler the notation/ (*)for a
function (1734), e for the base of natural logs (1727), i for the square root of -1 (1777),

n for pi, D, for summation (1755), the notation for finite

differences AYand A*Yand many others.

1.2 STATEMENT OF PROBLEM

Euler’s phi — function ®(n) is defined for every positive integern as follows:



¢(1) =1 and whenn >2 then ?(") is the number of distinct integers k €
{12, ...,n — 1}gych thatkandnare relatively prime. The ¢ function has many
interesting properties which among other things greatly simplify the problem of

computing® (n). The one obvious property is that if P is a prime®(®) =p — 1,

The problem of the thesis is to establish some useful application of Euler’s phi —

function ¢ (1) in Abstract Al gebra

Let n be any positive integer. Then by definition there are ¢ (1) numbers in Znthat are
relatively prime ton. If a and b are two of these numbers, then so isab. This follows
from Euclid’s lemma by contradiction. Suppose ab was not relatively prime to n.Then

there is some Prime P that divides ab and divides n.

By Euclid’s lemma, P must divide a or b.Suppose for example that P divides a, then a
and n both have P as a factor and are not relatively prime. This contradicts our

assumptions. Hence ab is relatively prime to n.

This thesis also seeks to examine the study of field extensions and cyclotomic

polynomials of a finite field.

1.3 OBJECTIVE OF STUDY

The aim of the project is to identify some properties and uses of Euler’s phi function in
abstract algebra. In particular in the determination of Automorphisms of Cyclic group

as well as cyclotomic polynomials and related field extensions.

1.4 METHODOLOGY

To present an overview of the application of Euler’s phi function in group and field

theory with particular attention to the following subjects: homomorphism,



isomorphism, automorphism of cyclic groups, fields, field extensions and cyclotomic

polynomials.

1.5 JUSTIFICATION OF THE OBJECTIVES

The thesis deals extensively with the use of ¢(n)  to describe -the group of
automorphisms of Cn whereCn is a cyclic group of ordern . It also makes it easy to write
the cyclotomic polynomial @ (1) and show that it’s splitting field over the field of all
rational numbers is an extension of degree® (1), 1t will also help you learn about some

properties of Euler’s phi — function® (n), as well as Group and Field automorphisms.

1.6 ORGANIZATION OF THESIS

The Chapter one of the thesis comprises the statement of problem. The Chapter two
looks at the preliminary concepts of integers, some properties of Euler’s phi-function.
The application of Euler’s phi-function in the determination of the order and structure
of the Automorphisms of Cyclic Groups with the properties of Groups, Rings and Fields
is outlined in the Chapter three. The Chapter four outlines Ring of Polynomials, Galois

group and Cyclotomic polynomials.



CHAPTER 2

BASIC CNCEPTS

In Mathematics, it is always possible to regard any object as a set with some additional
structure-preserving bijective function from the set to itself. Composition of functions
provides an operation on this set and it is not hard to show that the group axioms are

satisfied.

The theory of Euler’s phi function is concerned with group theory and number theory
with probably more of the latter than the former. This chapter looks at some properties

and theorems of Euler’s phi-function.

2.1 Principle of Well-ordering
LetNbe the set of natural numbers. Every non-empty subset SofNhas a least element
integer inS. It frequently happens that we have some assertion, proposition or statement

P(n)which depends on the particular integern.
The proposition may itself be true or false.
Examples

11+2+---+n=g(n+l)whereneN

22n+1<2"wheren € N
3.n% < 2" where n € N

In each of these examples we have a statement that depends onn. We are not asserting
the truth or falsity of the statement. Naturally, however, we wish to know whether the

particular statement is true for alln € Nor, possibly, for all n €



Ngreater than some fixed integer.

We are led to the Principle of Induction and to an obvious and convenient variant of this
principle. We may derive the Principle of Induction from the Principle of Wellordering
but both, for present purposes, may be regarded as simply axiomatic or, indeed, as

'obvious'.

2.1.1 Principle of Induction

Let? (Mbe a proposition depending on the integern. Suppose that
1. P(L)is true and

2. IfP (k)is true then P (k + 1)is true (induction assumption).
ThenP (Wis true for alln € N.

Proof

Let Sbe the subset of N of those integersn for which? (1t)is true.
Then certainlyleSand soSis a nonempty set. LetX = N/S.

We wish to show that Xis an empty set and thenS = N.

For the sake of argument suppose Xis a nonempty.

We apply the Principle of Well-ordering to X. Let N be the least integer inX.
NowN # 1Isince 1 € Sand soN > 1.

Since Nis the least integer in X, N — 1is an integer not inXandso N — 1 € §.

But thenP (N — 1is true and so, by hypothesis 2, P (Nis also true andN € S. Z But this

is a contradiction as X N'S = @(is an empty set).

7



Hence Xis empty andS = N. (Wallace, D. A. R., 1998)

The Principle of Induction is often used in a modified version which we may also deem

to be axiomatic.

2.1.2.Principle of Induction (Modified Version)

LetP(Mbe a proposition depending on the integern.

Suppose that

1. P(L)is true and

2. If for eachm < k, P(M)is true, then P(K + Lis true (induction assumption).
ThenP (Wis true for alln € N. (Wallace, D. A. R., 1998)

Examples

n
1. P(n)is the statement1 t2+-mkn _E(n+ 1) forn € N.

1
Certainly P(1)is true ince bt L)

If we now make the induction assumption thatP (k)is true, then we suppose

that

142+ +k=2(k+1)

But this implies that

k
1424+ k+(k+D=5k+D+Kk+1)

8



_(k+ 1)

> (k+2)

(k+1)
2

[(k+1)+1]
and so we may assert that P (k)impliesp (k + 1), Hence we have forall n € N
n
1+2+---+n=5(n+1)

2. P(n)is the statement that 2n + 1 < 2" where n € N NowP (1) and P(2are, in
fact, false since 2(1) + 1 > 2%3p4 2(2) + 1 >
22 However, P(3)is true since2(3) +1 =7 < 2°,
Let us suppose that P(k) is true for allk = 3. Then we suppose 2k + 1 < 2k,
But this implies
2k +1)+1=2k+3=2k+1+2<2K+2=2F1fork>3
and so P(k + 1) is true.

Hence we conclude that foralln € N,n = 3:2n +1 < 2"

2.1.3 Euclidean Algorithm
The Euclidean Algorithm is a very important and non-obvious systematic procedure to

find the greatest common divisor d of two integers™, 1, and also to find integers

X,y

so that ¥m +yn = d

Each step in the Euclidean Algorithm is an instance of the Division algorithm. One
important aspect of the Euclidean Algorithm 1s that it avoids factorization of integers
into primes, and at the same time is a reasonably fast algorithm to accomplish its

purpose. This is true at the level of hand calculations and for machine calculations, too.



2.1.4 The Division Algorithm

For a non-zero positive integerm, there is the process of reduction modulo m, which

can be applied to arbitrary integers/N.

This is exactly the division-with remainder process of elementary arithemetic, with the

quotient discarded: the reduction modulo m of N is the remainder when N is divided by

n. This procedure is also called the Division Algorithm, for that reason. More precisely,

the reduction modulo m of N is the unique integer rsuch that N can be written as
N=gm-+r

with an integer 9 and with0 < r <m,

2.2 FACTORS

An integerd is a common divisor of a family of integers™1, ---» 'mif d divides each one
of the integers™i.
An integer N is a common multiple of a family of integers™1. ---» mif N is a multiple of

each of the integers™i.

Theorem 2.1

Letm, ibe integers, both not zero. Among all common divisors of M, ithere is a unique
one, call itd, so that for every other common divisor e of M, we have€ ld,

and alsod > 0.

This divisor d is the greatest common divisor (9€@)ofm, n._ The greatest common
divisor of two integers M, n(both not zero) is the least positive integer of the form

dxm + ynwith X,V € Z,

Remark: The greatest common divisor of ™, 1 is denoted9¢ d(m,n).

10



Lemma 2.1

If a and b are integers, not both zero then, the greatest common divisor exist is unique.
Moreover, we can find integersm and n such that the greatest common

divisor cof a and bis ¢ = ma + nb.
Proof

Let B be the set of all integers of the form ma + nb,where m,n € Zand a # 0,b #
0.1fd/a and d/b then d/(ma + nb) hence d/¢- Given X = M1a@ + N1bin B, then

by the Euclidean algorithm, x = tc + rwhere 0 <7 <c.

Now Mua+nb=t(ma+nb)+r=r=(m; —tm)a+ (ny — tn)b gince 0 < r
and r < ¢ by the choice of ¢, = 0. Thus x = tc. Hence ¢/ for any X € B.Hence ¢/a

and ¢/b.

2.2.1 Relatively Prime
Two integers are relatively prime or coprime if their greatest common divisor is 1.
Also we may say that m is prime to n if they are relatively prime.

For example 24 and 35 are relatively prime.
Corollary 2.1
Ifa and b are relatively prime, we can find integers m and n such that ma + nb = 1.

Lemma 2.2
If a is relatively prime to b but @/bC, then @/c Proof

Since a and b are relatively prime, by the corollary, we find integers m and n such

that ma + nb = 1.

11



Thus mac + nbc = c. Now @/Mac and by assumption @/1b¢. Consequently,
a/(mac + nbc) since mac + nbc = ¢. We conclude that @/¢-
Hence, if a is relatively prime to b but @/bc¢ then @/c.

2.2.2 Associates
A nonzero element a of a commutative ring R is said to divide an element b € R if

there exist x € R such that ax = b,where @, b € R are said to be associates if

a/b and b/a.

Invertible: An element is said to be invertible ifa € Rand b € Rthena-b =1

2.2.3 Prime element

A non-zero element P of an integral domain D with unity is called prime element if

1. Pis a nonzero and non-unit

2. ifp/ab then P/a or P/b where a, b € D.

2.3 INTEGERS MODULO m
If two integers ¥, ¥ € Z differ by a multiple of a non-zero integerm € Zwe say that

xis congruent to Yto modulo mwrittenX =Y mod m,

Any relation such as this is called a congruence modulomand mis the modulus.

Equivalently, X = ¥ mod mif and only ifm|(x — ),

Example 3 = 18 mod Sbecause?|(18 —3),

Theorem 2.2

For a fixed integerm, congruence modulom is an equivalence relation. That is;

1. Reflexivity: always x = x mod mfor any integerx

12



2. Symmetry: if ¥ =¥ mod Mthen ¥ = x mod m,

3. Transitivity: if ¥ =y mod mapd ¥y = z mod Mthenx = z mod m.
Proof
1. Since x — x = Oand always™|0, we have reflexivity.
2. 1fm|(x = ¥then™|(Y — X)sincey = * = —(X — ¥)thus we have symmetry

3. Suppose that M|(x —¥) and M|(¥ — Z) . Then there exists integers k, [ €
Zsuch that

mk=x—yagndml=y—2 Then,X —zZ=(x—y)+ (y—z) =mk+ml =

m(k + 1), This proves the transitivity.

2.3.1 EULER’S PHI-FUNCTION

Definition

For n = 1. The number ®(1) denotes is the number of distinct integers
k€ Q) ={12,..,n—1} guch that k and n are relatively prime, that is

¢(n) = | Q(n) lthe order of@ (1),

Examples
Q) ={1} Q@ ={1} QB)={12} Q(4) ={13},
Q(7) ={1,2,3,4,5,6}, Q(10) = {1,3,7,9},
Q(30) ={1,7,11,13,17,19,23,29}
Therefore

13



¢ = [QMI=1, ¢(2) = |Q(2

| Q@] =2, ¢(7)=|Q(7N] =6, ¢
=1 ¢B)=1003) =2 ¢4 =

(10) = [Q(10)| = 4, ¢(30) = |Q(30)| =8

Definition

For n = 1, #(1) can be characterized as the number of positive integers less than n and
relatively prime to n. The function d(n)is usually called the Euler phi-function after

its originator. The functional notation ¢ () however is credited to Gauss,
that is () = |p(n)|,

where®(n) = {m;|0 < m; < n,where m; are relatively prime to n}

Remark: We know®(1) =1 for n > 1. Since the greatest common divisor,

gcd(1,1) =1, ged(n,n) = n # 1 = njg not relatively prime ton.

If n is prime then every number less than n is relatively prime to it, that is® (n) =

n-—1.
Theorem 2.3

If P is a prime number and k > 1, then o) = p* —p*t =p*(1-1/p) ,

: : : k
integers relatively prime toP".

Proof

The 9¢d(n.p*) = 1if and only ifPdoes not dividen. There are pkt integers between
1 and p*which are divisible by PnamelyP» 2P 3P, -, (2" 1)P. Thus the set
{1,2, ..., P"Ycontains exactly p¥ - Pk_lintegers which are relatively prime to P" so by

the definition ofps (@) = P* — P* L integers relativel prime toP*
g y

14



Example

i $(9) = ¢(3%) =32 -3 =6elements = Q(9) = {1,2,4,5,7,8} o

$(16) = p(4%) = 2* — 23 = 8 elements = Q(16) = {1,3,5,7,9,11,13,15}

Theorem 2.4
The function @ is a multiplicative function, ¢(mn) = ¢(M)P(n) when ever m and n

are relatively prime i.e. g€ d(m,n) =1

Theorem 2.5

ki pk k
If an integer n > lhas the prime factorization * = PR LT

Then,® (M) = (P1"61 - P1k1_1)(P2k2 o szz_l) (Prkr ” Prkr_l) and hence

¢n) =n (1 B Pil) (1 £ Piz) (1 = Plr)elements.
Proof
By induction on r, the number of distinct prime factors of n. It is true forr = 1.
Then¢(P1k1) = (P1k1 . Plk]_l).
Let it hold for r = i since theng(Plklpzk2 Pikipi’f{l) =1
Now by the definition of multiplicative function;
(A E L BEP) = p(POR BB (RY
= ¢(A B B (B - BT

Invoking the induction assumption, the first factor on the right hand side becomes

15



¢(P1k1 szz a+1) (Pk1 _ P1k1—1)(P2k2 _ kz—l) (P i+1 _

i+1 i+1

This serves to complete the induction step as well as the proof.
k ky=1Y [ pk k -1 ; i41-1
Hence® (™ = (P =B ) (B> = P2 7). (‘D:+irl - :+1rl )

Therefore

$p(n) =n (1 )(1 - P_z) (1 b Plr)elements

Example

To find®(360). We know that the prime factors of 360 = 23325,
L $(360) = 360 (1 - —) (1 - —) (1 _E) Lo

Thus? (360) has96 elements, each relatively prime360.

Theorem 2.6
For n > 2, #(Mis an even integer.

Proof

Consider two cases when nis a power of2 and when nis not a power of2.

1. Let nbe a power of2 that isn = 2%, k > 2.

kiyq—1
l+1

Hence® (M) = ¢(2¥) = 2K(1 = 1/2) = 2%7" therefore ® (Mis even.

2. When nis not a power of2. Then it is divisible by an odd prime numberP,

then M = Pkmwhere k =1and gcd(pk,m) =1

By the multiplicative nature of phi-function,

p(m) = p(p*m) = p@P*) p(m) =p*t(p—1) ¢p(m)

16
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Hence ¢ (Mis even, because? is divisible byP — 1.

2.3.2 Fermat's Little Theorem
LetP be a prime number. Then for any integer x

xP =x mod p

Proof

P
We will first prove that prime Pdivides the binomial coefficients (1) with

1<i<p—1 keeping in mind that the “’extreme" cases i = 0 and { = P cannot

p 14
possibly also have this property, s1nce(0) (P)

|
Indeed, from its deﬁnition,(?) - i!(}f—i)-'
Certainly Pdivides the numerator. Since 0 < I < P, the primeP divides none of the
factors in the factorials in the denominator. By unique factorization into primes, this
means thatP does not divide the denominator at all.

From the Binomial Theorem,

Gy =D (B)xiyr

0<isp

In particular, since the coefficients of the left-hand side are integers the same must be
true of the right-hand side. Thus, all the binomial coefficients are integers.

Thus, the binomial coefficients withO < I < Pare integers expressed as fractions whose
numerators are divisible by P and whose denominators are not divisible byP. Thus,
when all cancellation is done in the fraction, there must remain a factor of P in the
numerator. This proves the desired fact about binomial coefficients.

Now we prove Fermat's Little Theorem (forP0Sitive X) by induction onx.

First, certainly,liD =1 mod p,

17



For the induction step, suppose that we already know for some particular x that
xP =x mod p

Then

x+ 1P = Z P) xi1p-i = xP 4 Z PYxi+1

( ) 0<isp (L) 0<i<p (L)
All the coefficients in the sum in the middle of the last expression are divisible byP.
Therefore,

(x+1)P=xP+0+1=x+1mod p
since our induction hypothesis is thatx? = x mod p,
This proves the theorem for positivex.
To prove the theorem for x < 0 we use the fact that - xis then positive. For? = 2,
we can just treat the two cases,x = 0 mod 2andx = 1 mod Zseparately and
directly.
For P > 2 we use the fact that such a prime is odd. Thus,
xP==(-x)P ==(—x) modp =x mod p

by using the result for positive integers.

Definition

Let n be a positive integer. An integer Y is a primitive root modulo n if the smallest

positive integer [so that g ‘=1mod nis ¢(n)

Theorem 2.7
The only integersn for which there is a primitive root modulo n are those of the forms
1. = P° with an odd prime P, and e = 12.

n = 2p°with an odd prime P,and e = 1

18



3. n=2;4
It is useful to make clear one important property of primitive roots.
Corollary 2.2
Letd be a primitive root modulon. Letlbe an integer so that
g'=1mod n
Then ¢ (Mdivides L.
Proof
Using the Division Algorithm, we may write | = 4. ¢(n) +7 with0 <r <
(). Then
1= gl = gaotm+r = (g qb(n))q.gr =19.g" = g" mod n
Since 9 is a primitive root, (1) is the least positive exponent so that Jraised to
that power is 1 mod n.

Thus, sincel = 9" mod n_jt must be that r = 0. That is, d(m)|L.

2.3.3 Euler’s Theorem

Let n be a positive integer. For x € Zrelatively prime ton,

x®™ =1 mod n

Proof:

The set Z/1™ of integersmod nwhich are relatively prime ton has ¢ (MWelements. By

Lagrange's theorem, this implies that the order K 0f g € Z/n* | ¢(n)
Therefore,

¢ (n)/kis an integer, and
gqb(n) — (gk) Pp)/k — g d(M)/k — o

Applied to x mod n this is the desired result.
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Theorem 2.8
Letn be a positive integer. Forx € Zrelatively prime ton, the smallest exponent
[so that
x' =1 mod n
is a divisor of (1), That is, the order of x in the multiplicative group Z/n%is a
divisor of (1),
Proof:
The order x is equal to the order of the subgroup < X =,which by Lagrange's theorem

is a divisor of the order of the whole groupZ/n”.
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CHAPTER THREE

GROUPS, RINGS AND FIELDS
This chapter looks at Groups, Rings and Field and also Polynomials. Also looks at the
use of Euler’s phi-function, in the determination of the order and structure of

automorphisms of cyclic groups under multiplication.

The evolution of the concept of an abstract group owes much to the labours of many
mathematicians of whom only a few will be mentioned here. The origins of the concept
may be traced from the work of P. Ruffini (1765-1822) and E. Galois (181132) through
to that of L. Kronecker who developed ideas for what we now call an Abelian group
('Abelian' after N.H. Abel, 1802-29). The abstract concept of a finite group was first
formulated in 1854 by A. Cayley (1821-95) but its significance was not properly
appreciated until 1878. W. von Dyck (1856-1934) and H. Weber (18421913) were
influential in the development of group theory, the latter giving the first definition of an

infinite group in 1893.

3.1 GROUP

A group (G*) is an ordered pair such that G is nonempty set, a binary operation (*)

defined on G and it satisfies the axioms of a group.

3.1.1 Axioms of a group

Axiom 1: The binary operation (*) is closed, if for every pair @, b € Gthena * b €

G

Axiom 2: The binary operation (*)satisfies the associative law.
Ifa,b,c € Gthena* (b*c)=(ax*b) *c
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Axiom 3: There exists an identity element (€) under the binary operation.

If3 e € Gsuchthata xe = e * a = aforall a € G.

Axiom 4: The existence of inverse in G. For every a € ( there exist an element a”

e Gsuch thata * a'lala = e

Terminology: If (G.*) is a group, will from hence forth denoted as G is a group or G a

group under(*).
Some Useful Properties of a Group

Suppose G is a group under a binary operation(*)and without any ambiguity
ab = a * b for every pair@, b € G. Then the following results:

1. Left cancellation

2. Right cancellation

3. Aleft identity is also a right identity

4. Uniqueness of an identity

5. Aleft inverse of an element g € G is also a right inverse of g
6. Uniqueness of the inverse of an element

7. The inverse of the inverse of an element

For every pair of elements & b € G, (ab)™' = b~ta™*

*

Examples

1. Group of numbers Z, @ R and € ynder multiplication

2. Group of matrices; let R be a ring with an identity element and let
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GL(n, R)denote the set of all n X nmatrices with coefficients in Rwhich have
inverses, taking matrix multiplication, GL(R)isa group with identity
1n,n X 1 identity matrix.

3. Groups of linear transformation; if V is an n — dimensional vector space
over a field F, let GLV denote the set of all bijective linear transformations, then
GLV is a group under composition

4. Group of Permutations

3.1.2 Commutative Group

A group G under a binary operation(*) is called a commutative or Abelian group if

(*)is commutative that is for everya, b € Gthena * b = b * a.

3.1.3 Subgroup
Let H be a nonempty subset of a groupG. A nonempty subset H is defined as a subgroup
of G under a binary operation (*) defined in G , if it satisfies these

conditions.

e a,beEH=a+xbeH

e a€H=aiEH

* theidentitye € H
Examples

! Q" = {%:p and q are nonzero integers}

is a subgroup of R”
2. H=1{1,-1, i,~1}is a subgroup of C*

3.1.3.1 Left Cosets and Right Cosets of a Subgroup
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Given a groupG, a subgroup H of G and an elementa € G. Let

aH = {ah|h € H} gnq Ha = {halh € H}
then aH is called a left coset of H in G and Ha is called a right coset of Hin G.

In the case where His a normal subgroup ofG. ThenaH = Ha.

3.1.4 Normal Subgroup
A subgroupH of a groupG is a normal subgroup ofG ifd"'hg € Hfor every 9 € G and

everyh € H.
Proof

Ifa € Aandh € Hthen a'ha = ha'la=hl =h€H

ThereforeHis a normal subgroup ofA.
Example

IfA is an Abelian group andH is a subgroup ofA thenH is a normal subgroup ofA.

Theorem 3.1
These two statements about a groupGand a subgroupH ofG are equivalent.

1. His a normal subgroup ofG.

2. Ha = aH forevery a € G.

Proof
SupposeH is a normal subgroup ofG is true. If a € G then V¥ h € H,aha'e H

anda'ha € H

Let a’tha =y € H, then ha = ay € aH .. Ha c aH
aha'N € Hthen ah=na € Ha *.aH c Ha~-Ha=aH V a€G

24
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ThusH is a normal subgroup ofG implies Ha = aH for every a € G.

On the other hand, suppose Ha = aH for every a € Gis true. If9 € Gand h € H
thenhg € Hg = gH = hg = gf where f €H  theng'hg =f € H
Therefore Ha = aH for every a € G impliesH is a normal subgroup ofG.

Hence, the two statements are equivalent.

3.1.5 Center of a Group
LetG be a group and Z(Gbe the set of all elements @ € G such that & = a4,V g €
G.

Then Z(G) is called the centre of a groupG,4(G) ={a € G |ag = ga,V g € G}

Theorem 3.2

The centre of a group £ (G) is a normal subgroup ofG.

Proof

Let  be the identity in G. Then /9 = gl = 9,Vg € G = 1 € Z(G).

Ifa € Z(Gthenad = 9, Vg € GHence aga'gvyg € G - al€ Z(G)

Ifa andbare elements of Z(G) thenabg = agb = gab,Vg € G - ab € Z(G),
That show thatZ(G) is a subgroup ofG.

Finally for every,d € Gand every i € Z(G) g-lhg = g'gh =1h =h € Z(G) -

Z(G) is a normal subgroup ofG.

3.2 FINITE GROUP
A group whose underlying set G has finite number of elements is known as finite group.

The order of a group is the number of elements in the group. A group G consisting of an
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infinite number of elements is said to be an infinite group, for example the set Z of all

integers is an infinite group under the addition composition.

The number of elements inG is called the order of the groupG and is denoted by G|.
The infinite group is said to be of an infinite order. Example; the set {1, =1} under

multiplication composition is a group of order2.
Examples

1. For every integer n = 2 there is a dihedral group of order2n, let Dn denote
a dihedral group of order 2n . Then Dn =
{LLA,..,A""',B,AB, ..., A" *B"}where I is the identity, 4, B are elements
such that A™ = [for, A* # Iforl <k <mn,
B? = Jand BA = A" 1B.
2. For every positive integer n there exists a group Cn comprising of exactly n

n-1

elements: a',a? ...,a"~", I wherea™ = I , the identity. Such a group is

called a cyclic group of ordern.

3.2.1The Order of an Element
A group elementxhas finite order if the cyclic subgroup < x >has ordern. If < x >is
infinite then xhas infinite order. LetlX| denote the order ofx. Elements of order2are

often called involutions.

A periodic group (or torsion group) is a group all of whose elements have finite order.
If the orders of the elements of a group are finite and bounded, the group is said to have
finite exponent (or index). The exponent of the group is then the least common multiple

of all the orders.
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However, a group is said to be aperiodic (torsion-free) if apart from the identity/, all its

elements have infinite order.

Theorem 3.3
Let xbe an element of a groupG. Then the following statements are equivalent.

1. If xhas infinite order if and only if all powers of xare distinct.
2. If xhas finite ordern, then x™ = 1if and only iftlm. Moreover < x > consists
n—1

of the distinct elements1, X, X%, ..., x

3. Ifxhas finite ordern, the order of* * equals n/(n, k),
Proof

If all powers ofxare distinct,< x >is infinite. Conversely suppose that two powers

M=l — 1. Thus we can choose

ofxare equal, sayx' = x™ where | < m:then x
the least positive integernsuch thatx™ = 1. Using the division algorithm we may
write an arbitrary integermin the form™ = qn + 1 Where q,Tare integers and0 <

r<n

Thenx™ = (x™)7x” = x”_ which shows that< X >= {1,%, ..., x" 71},

Hencexhas finite order. Alsox™ = 1if and only ifr = 0, that is, if%|M: this is by

minimality ofm.

Next suppose that¥' = x/ where 0 < i < j <n_ Thepx/™ = 1,50 that n|j —i.

n

but this can only mean that! = J. Hence the elementsl, , ..., x ~lare all distinct

andlx| =n,

ThuslandZare established.
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To prove3, observe that (xkyn/ (k) = (x™)k/ (k) = 1

which implies thatm = |x*Idividesn/ (. k) . Also since(* )™ = 1 , one has thatn|km

and hence that™/ (1, K)divides(k/(n, k))m,

By Euclid’s lemma/ (%, kK)dividesm, som = n/(n, k).

3.2.2 Lagrange Theorem
If G is a finite group and H is a finite subgroup of G then the order of Hdivides the order

ofG.
Proof

Letnbe the order of G and 4 be the order of H.

_ Lk 3
Choose finitely many elements 91 > kin G such that ¢ = Uj Hgj and H 0 H; =

@ where every 7 # J then ® = V1 + =+ Vi = gk for each J € {1, .., K} where Viis

the number of elements in fgJ
Since each right coset of H contains exactly 9 elements. Hence 4 divides n.

Therefore, if G is a finite group and # is a finite subgroup of G then the order of H

divides the order of ¢

3.2.3 Cauchy Theorem
If G is a finite group and P is a prime number such that P divides the order of G then

there exists a € G such that the order of a 1s P-
Proof

First suppose G is Abelian. Choose an element b € G such that b is not the identity.
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If order of b is PT where r is positive. In this case let a = b" then the order of ais @
On the other hand if P does not divide the order of b.

Let H be the subgroup generated by the G/H is a group whose order is indivisible by P

and whose order is less than the order of G.

If the hypothesis is true for all group whose orders are less than that of G and are
divisible by Pthen there exist t € G/H such that the order of t is P- Let Y:G — G/H
be the projection of G ontoH.

Choose a € G such that¥ (W) =t Then the order of u is PX where a is a positive

integer.

In this case let a = u® then the order of aisP.

On the other hand if P does not divide the order of b. This proves Cauchy’s theorem if

G is Abelian.

If G is not Abelian, then let kbe the order of the centreZ(G) and the order of G bePA ,
where Ais a positive integer. Then we can choose elements @1 -- @y € G —

Z(G) such that the class equation of GispA=1t+ Z;=1[G: Za}'(a)]

If there exist @ € Z(G) such that the order of a is P then the result is done. If k and P

are relatively prime then there exist / € {1, -7} such that the index [G:Za;(@)]5s not

divisible by P:

That implies the order of Zaj(G) is divisible by P and the order of Zaj(G) s less than
the order of G using induction hypothesis we choose? € Z4j(G) such that the

order of ais P- Then the theorem is proved in all cases.
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3.3 CYCLIC GROUP

Definition 1

The group G is said to be cyclic if every element of G is a power of some given element

of G. This given element is said to generate, or to be a generator of, the groupG.

Thus if G is cyclic we may write G = {a":n=0,12..} for somea € G. A cyclic

group is necessarily Abelian.
Definition 2

If G is a finite group and there exists an element a € G such that G is the same as the

subgroup ofG generated by < a > then G is called a cyclic group.

It is denoted byCn, where n is a positive integer. For every positive integer n there

exist a group Cn comprising exactlynelements @, ... a"!, Iwherea™ = I , the

identity. Such a group Cn is called a cyclic group of ordern.

Examples
1. Whenn = 1, let! = {1}, Then/isa cyclic group of order 1 and / is also
called the trivial group.

2. Whenn = 2, then C2 = {=1,1}then C2 is a cyclic group of order 2

w = cos Z + isinZ 2
o 3 3 .Then (3 = {1, w, 0"} s a cyclic

3. Whenn = 3, let
group of order3.
4. Whenn = 4, let C4 = {i, —i,=1,1} or C4 = {a,a* a1} wherea* = [,1s

cyclic group of order4.

w = cosz—”+ isinz—”
5. For all nx=1, let o n n .

wtr=1 and

Then

Ch={lLw.., 0"} isa cyclic group of ordern.
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3.3.1 Subgroup of Cyclic Groups

Theorem 3.4
LetG =< x >and let Hbe a subgroup ofG.

1. IfGis infinite,His either infinite cyclic or trivial.

2. IfGhas finite ordern, thenHis cyclic of order dividingn.

Conversely, to each positive divisor d of nthere corresponds exactly one subgroup

of orderd, namely< x™/¢ >,
Proof

We prove first thatHis cyclic. IfH = 1, letH # 1: thenHcontains some positive power
x° # 1such that s is the smallest positive integer. Clearly < x* >E H. Choose

a positive integert, if x* € H, writet = $q + 7 where 0 <71 <5 Thenx" =
(x*)"x" € H , so the minimality of sshows thatr = Oand S 13

Hencex® € < x¥ >andH =< x° >. IfGis infinite, xhas infinite order, as doesx?®.

HenceHis an infinite cyclic subgroup.

Now letlx| = n < o ThenlHldividesn, as we see at once from Lagrange’s theorem.

d| —
Conversely suppose thatd|n: then|xn/ | =d by theorem 3.3 and< x4 >=

d

Finally suppose that < x* >is another subgroup of orderd.

Thenx*® = 1and™|kd: consequentlyn/d divideskand< x* > < < x™4 >,

But these subgroups both have orderd, so they coincide.
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3.4 HOMOMORPHISM
Let G and B be groups under binary operations (*)and(*)respectively. A mapping

h: G — B is called a homomorphism if h(a°b) = h(a) * h(D) for every pair

abeGaG.
Example

1. Leth(x) =e, for all e€ G, then h(x) is a trival homomorphism.
2. Leth(x) =x,for every x €Gisa homomorphism.
3. Let h(a) = 2% for all a € Ghepceh(ab) = 29%0 = 2920 = h(a)h(b),

Therefore 7(@) is a homomorphism.

Some result of homomorphism

1. Ifh:G — BV gy, g; € Ggych thath(g1)h(g2) = 9192 thenh is injective
andhis said to be a monomorphism.

2. Ifh:G— BV bE€B, 3 g€ Ggychthat ") = b then, h is surjective

andh is said to an epimorphism.
3. Ifh: G — B is a homomorphism andh is bijective then h is called an

isomorphism. Whenh is bijective, it meansh is both injective and surjective.

Theorem 3.5

Let G and B be groups with identities /, € respectively and h: G — B a

homomorphism.
Then these results are important.

1. h(I) =e
2. h(@™) = (h(®)Y ' forevery g E G
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3. h(Sisa subgroup of B for every subgroup S of G.

3.4.1 Kernel of a Group
Let G andH be groups and let f: & = H be a homomorphism. Then the subgroup
K ={x € G|f(x) = Iy} is a normal subgroup ofG which is called the kernel off,

denoted Ker f.

Lemma 3.1
LetG and H be groups and let f:G = H be a homomorphism with kernelK.
Leta andb be elements ofG. Then, /(@) = f(blif and only ifKa = Kb.

Proof

Supposef (a) = f(b), Then
flab™) = f(@f(b™ = f(@IfB)]™ = fWIFB]™ =1y,
Hence ab™! € K and so Ka = Kb.

Conversely if Ka = Kb thenb = ka for some h € K and

so f(b) = f(ka) = (fk)f(a) = Iyf(a) = f(a),

Theorem 3.6
Let G and H be groups and let f:G>Hpea homomorphism.
Then the following statements hold.

1. If Ic and Inare the identities of G and Hrespectively, then f(g) = Iu
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2. Forall X € G, [f(x)]™ = f(x Dwhere [F (¥)] 7" is the inverse of £ (%)

1

inHand x~* is the inverse of xin G.

3. f(G)isa subgroup of H.

4. LetK = {x € G|f(x) = Iy}. Then K is a normal subgroup ofG.
Proof
We note the necessity of distinguishing the identities in the two groupsG andH.
1. Sincef/ Ue)fUe) = fUgle) = fIs), we conclude that/ (Ic) = Iu.
2. Sincef (x™Df(xX) = f(x7'x) = f(Ig) = Iy where x € G we have
fE) =[fEl™

3. f(G)is closed under multiplication inH. Let @ € f(&,

Then @ = f (%) for some x € Gand @~ = [f ()™ = f(x™) € f(©),
Thus f(G) is a subgroup of H.

4. Since fUg) = lu, K is non-empty. Let X; ¥ € K then f (x) = f(¥) = In.
Hence

fGy) = fOf ) = Iyly = Iy,

and

fE™D =[fOI™ = [1u]™ = 1u.

Consequently K is a subgroup of G.

To prove that Kis a normal subgroup let
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a € K,x € G. Then f(x"tax) = f(x™")f(ax) = f(x™")f(a)f (x)
[f )1 My f(x) = [f )] f(x) = Iy, and sox~tax € K.

Hence K is a normal subgroup ofG.

SOME APPLICATIONS OF EULER’S PHI-FUNCTION IN GROUP THEORY

3.5 AUTOMORPHISMS OF A GROUP

Let G be a group. If h : G — G is an isomorphism then h is called an automorphism of
G. For every pairf» g € Aut G, Jetf °gbe the composite map. Then AutGthe set

of all automorphisms of G is also a group under the binary operation(*) and the

identity inAut Gisl.

The composite of two automorphisms is again an automorphism; composition of maps
is always associative; an automorphism is a bijection and therefore has an inverse,

which is again an automorphism.
Example

1. Letl:G — G be a mapping of G such that every element of G maps to itself, that
is [(x) = x for allx € G. We say lis a trivial automorphism ofG.
2. Given an element,a € G a group. Define/ (@):6 > G by f(a)x =axa™*
Then f(@) is an automorphism of G called then inner automorphism of G

determined by a . The remaining automorphisms are said to be outer

automorphism.
Notation

Denote by Gthe set of all inner automorphisms ofG. Then G is also a group under the

binary operation(®).
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3.5.1 Automorphism of Cyclic Group

Theorem 3.7
Let Gbe a cyclic group

1. If G is infinite, AutG consists of the identity automorphism and the
automorphism® g — 9. Thus AutGis cyelic of order2.
2. IfGhas finite order n then AutGconsists of all automorphisms

ay: g — g* where1 <k <nand gcd(k,n) = 1 _AutGis Abelian and has

order®(n) where ¢ is Euler's function

Proof

LetG=<x>andlet®:g = g~' V g € Gsuchthat a € AutG _Sjpce (x™* =

(x%)", the automorphism « is completely determined by x% . If G is infinite,

1 1

xand x™* are the only generators, so x* = x or x~* which implies that x¢
generatesG . Both possibilities clearly give rise to automorphisms. Hence AutGis cyclic

of order2

Next, let 6 =<x>={Lx, v XY where 1,%, ..., x™ L are distinct elements of

< x >which implies|G| =n < oo,
From1,G =< x% >. Sincex“must have order™, by theorem 3.3,x* has order
m=n/(nk),

We conclude thatx® = x* where 1 < k <nand gcd(k,n) =1 1 etk g — g*

for a positive integerk, such that) < k <n,gcd (k,n) = Iyherex € Aut G,

Observe that(x*)™ ™ = (x™* ) = 1if the order ofl Gl = nthan this implies the

order of Aut G =n/(n, k) = ¢(”)by definition.
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Example 1:

LetCs = {a,a®,a’,a* I}. Find AutCs

Solution:

The order ofAut Cs = ¢(5) =4,

Choose? * Cs = Cs where? € AutCs,

SupposeT(a) = a?

Then?” (@) = 7(7(a)) = T()7(a) = a®.a® = a* ppygr? 1,

Therefore the ordert of is4 hence the same order asAut C5 by Lagrange’s theorem
Hence AutCs = {t,72,7%, 1%}

Example 2:

LetCs = {b,b?, b>, b* b>, b®, b7, I}. FingAutCq

Solution:

The order ofAutCs = ¢(8) = 4.

ChooseY * (g = Cgwherey € AutCg

Suppose]/(b) =b?

Then ¥2(®) = v (¥ () = v (b%) = y (b)y (b)y (b) = b3b*b* =b*=1.b =b
It implies ¥ has orderZ2.

Choose 0 ¢ Cg = Cg whered € AutCy

Supposed (b) = b®
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Then 82(b) = 6 (8 (b)) =8 (b°) = & (b)5 (b)5(b)S (b)5(b) = b>b°b5b°b®

=b®=1.b=0>b
Henced has order 2. Therefore AutCg = {y,6,v6,1},

Because the generatorsY» 8 are both of order2,Aut Cg is Klein four group.

3.6 RING
A nonempty set R is said to be a Ring if there are two defined binary operation namely
addition(*) and multiplication(*) such that the following conditions are

satisfied.

1. Foreverypaira,b €R a-b ER
2. Multiplication is associative(@a*b) ¢ =a-(b-c) V ab,c €R

3. Distributive law a*(b+c)=a-b+a'c zpd
(b+c)ra=b-a+c:

avabhbceR
4. Foreverypaira,b ER a+b€R
5. Addition is commutative a+b=b+a V a,b€R
6. Thereis anelement O inRsuchthat a+0=a V a€R
7. There exist an element - a in R such that @ + (—a) =0

8. Addition is associative (@+b)+tc=a+(b+c)V a,b,c ER

3.6.1 Commutative Ring / A Ring with unity 1
A ringRis said to be a commutative ring, if the multiplication on a ringR is such that

a-b=b-aforevery @b € Rthen R is.

A Ring with unityl: A ring R is said to be a ring with unity1 if R contains at least two

distinct elements and there exist 1 € R such that
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lra=a-1=a for all a €R.
Example

1. Let Z be the set of all integers. ThenZis commutative ring with unity 1 under the

usual binary operation of addition and multiplication.

2. LetQbe the set of all rational numbers thenQis a commutative ring under the
usual binary operation of addition and multiplication
3. Let Cbe the set of all complex numbers. Then C is a commutative ring under the

usual binary operation of addition and multiplication.

3.6.2 Subring
Let R be aring and S a nonempty subset ofR. Then S is a subring of R if and only if the

following conditions are satisfied.

1. 7S €S forall r,seS

r—Ss€S forall r,s€ S

2.
3.6.3 Integral Domain
A commutative ring is an integral domain if it has no zero divisors. That is, if for
every pair @, b € k such that a - b = 0 either a = 0 or b = 0 then k is called an

integral domain.

An integral domain with identity is a commutative domain with identity. An irreducible
element is an element which cannot be written as a product of two non

units.

Example: The ring Z of all integers is an integral domain. Examples of finite integral

domain areZ>-
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3.6.7 Zero Divisor
A nonzero elementa in a ringR is called a zero divisor if there is a nonzero elementh

in R such thatab = 0.

Example
Let the product of two elementsa andb inZn be defined by@.b(mod n),
For instance, in the ring Z12 , the product of>.7 = 11 (mod 12),

This product makes the Abelian groupZ12into a commutative ring.

If we consider3,4 € Z1; then3.4 = 0 (mod 12),
It is easy to see that a product of two nonzero elements in the ring can be equal to zero.

Hence Z12is not an integral domain.
Theorem 3.7
Let D be an integral domain and@, b € D, Then these two statements are equivalent

1. aand b are associates

2. There exists an invertible element «u € D such that a = ub

Proof
Suppose a and b are associates is true. Let a = ub where u € D or b = va where

v € D then a=uva, a(uv = 1) = 0if a=0then b=0andso a=1-bh.
Let u =1 ifa# Othenfrom a(uv—1) =0 thenwegetuv—1=0 - uv =1
Thusu is invertible.

Thereforea and b are associates implies there exist an invertible element u € D such

that
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a = ub.

Suppose there exists an invertible element u € D such that a = ub is true. Let a = ub

whereu an invertible element inD.

Choose v € Dsuchthat uv =1 then

va = vub = bthena = uband b = va .. a and b are associate.

Hence, there exist, an invertible elementu € D such that a = ub implies a and b

are associates

3.7 FIELD
A commutative ring with an identity in which every non-zero element is invertible is
called a field. Also a non-empty set F with two binary operation; addition and

multiplication is said to be a field if the following conditions hold;

1. Fis an additive Abelian group. Thatisa + b = b + a where @, b € F
2. Fwithout zero is a multiplicative Abelian group.

3. The distributive laws hold. That is a*(b+c)=a-b+a-c

and (b+c)ra=b-a+c-aV abc€eF

Examples

1. Q , RandCare fields.
2. Zsis a field.

3. Zis not a field.
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3.7.1 Subfield
Let F be a field. A subring S of F is called a subfield if S is also a field under the same

binary operation of multiplication and addition.

Example R is a subfield of the field € of all complex numbers
Theorem 3.8

Every field is an integral domain

Proof

LetF be a field. Then F is a commutative ring with an identity1.

Suppose there exist @, b € F such that a - b = 0.

1

Now as a ¥+ 0 there exista~ such thata™!-a = 1and so write

b=1-b=(ata)b = b=aa'b)=at-0=0

Similarly ~ if b # 0 there existh~lsuch  that b~'-b=1s0o write
a=la=0B"1b)a=bb-a)=b1-0=0~a=0
Hence we show that F is an integral domain. Thus every finite field is an integral

domain.

Theorem 3.9

Every finite integral domain is a field.

Proof

Let F be a finite integral domain. Suppose Fcontains exactly n distinct elements.

Then F = {0,1.2, ...Xn} If a € F and a # Othen a ... a" cannot be all distinct

elements.
Choose 4 € {1, .,n}and € {1, ...,n} such that ¢ < "and a9 = a".
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Then a?(1 —a"" %) = 0 and a? # O therefore1 —a"9=0and1 =a" 9 =qa"1-
a=a""1, If7 — 4 2 2 then
a9 lterF where g<r . If r=q=1 then, a=1.

1

Let at-a=1a"1=1, a* =a""9! Thusin all cases a has an inverse.

Hence every finite integral domain is a field.

Example

Let Z be the set of all integers. AlsoZis an integral domain. If P is a prime number

thenZP, Zp =101,...,p = g an integral domain.

Z

Since “p is finite integral domain then is a field.

3.7.2 Polynomials

When we talk about polynomials, we think of algebraic expressions such as2x +
1or

x% + 5x + 6 or 2x* + x*— 2x— 1 etc. We say these are 'polynomials in x' and say

that 2x + 1 has 'degree' 1, x* + 5x + 6has 'degree' 2 and 2x® + x?>— 2x— 1 has

'degree' 3.

We know how to add, subtract and multiply such polynomials:

e (Bx+5)+@x*—-2x—1)=4x*+x+4
e (2x*—6)—(x*—5x—=1)=x*4+5x—5

o (x?+2x+2)Bx+1)=x*CBx+1)+2x(Bx+1)+2Bx+1)
= (3x3 + x2) + (6x% + 2x) + (6x + 4)

=3x3 + 7x% + 8x + 4.
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As in the case of the integers we may perform long division, for example 3x + 1does
not divide 9x3 — 3x2 + 6x + 4but leaves a remainder when we employ long division

as follows:

3x% -2 +8
X° — 44X -
3

3x + 14/9x3 — 3x2 + 6x + 4
9x3 + 3x?
—6x? + 6x
—6x% — 2x
8x +4

8x + 5
3
4
3
Thus we write
4
9x3 —3x2+6x+4 8 =

= 3x% — 2% + =
3x + 1 NN 3 37 g

or, more usefully,

0x® —3x2 +6x+4=GBx+1) (322 — 20 +2) +2

CHAPTER 4
RING OF POLYNOMIALS

4.1 Ring of Polynomials

LetR be a commutative ring with unityl. Then the ring of polynomials in indeterminate
xwith coefficients inR is the collection of all polynomials in

indeterminatex denoted byR [x]
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When a polynomial in indeterminatex is written as

— 2 n-—1 n . .
p(x) = co + C1X + X + -+ €1 X" + CpX" | the coefficientsCos €1 -+ Cn are in

the ringR.

The constant coefficient isCo. Iftn # 0, thencnX"is said to be the highest-order term or
leading term andCn is the highest-order coefficient or leading coefficient. The order of
the highest non-zero coefficient is the degree of the polynomial. A polynomial is said

to be monic if its leading or highest-order coefficient is 1

We have looked at polynomial rings in indeterminatex in which the polynomials
have coefficients from Z, Q or R yielding Z[x], @[x] or R[x] respectively. But
similarly we may have a polynomial ring inx in which the coefficients belong to an

integral domainDyielding? [X]. We have the following result.

Theorem 4.1

LetD be an integral domain. Then the polynomial ring D [xlis an integral domain.
Proof

Certainly D[x]is a commutative ring with the identity ofD as the identity of D [x],
Thus we have to show thatD [X] has no proper divisors of zero.

Let
f(x) =ag+ax+...+a,x™ (a, #0),
g(x) = by + by XPrrrbiplilllcb=£0),

be two non-zero polynomials in P[x], Then f (0)g(®)is a polynomial of highest term
Abnx™ ™ But sinceD is an integral domain @mPn # 0. Thus fx)g(x) # 0 and

Dlx]is an integral domain.
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Corollary 4.1
Let /(%) and9 (*)be non-zero polynomials in?[X] Then

deg f(g(x)) = deg f(x) +deg g(x),

Definition 4.1

LetF be a field and let f (X) be a polynomial inF [x]. Then the greatest common divisor
of the coefficients off (*) is called the content of f (X)), A polynomial of content1 is said

to be primitive.

Let f(x) € Q[x], f(x) # 0. Then we may write

d
f() =—h()

where¢, d are integers,h(x) € F[x] andh(*)has contentl.

Lemma 4.1

Let/ (*)and9 (*)be primitive polynomials inf’ [x]. Suppose there exist¢1, €2 € F,

c1 # 0,¢; # 0, sych thatcf (¥) = c29(X), Then €1 = £¢2and f(x) = £g(x)
Proof

Let f(x) = ap + ayx+... +a,x"(a, # 0). Then the ged of o) @1, --+» An is1 and so

there existto, t1,-+-, tn € Fsych that
toao + t1a1 + + tnan == 1
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SinceC1f (X) = €29(x), ¢z divides CoQos €11, -- -, Cn@nand soCz divides
t0C1a0 + t1C1a1+. . +tnC1an = Cl(toao + t1a1 + -+ tnan) =0

Similarly€idividesCz. Thus €1 = €2 and sof (¥) = £g(x)

4.1.1 Gauss theorem

Let /(%) and 9(*)be primitive polynomials inZ[x]. Then/ (x) g (x)is primitive.
Proof

Let f(x) = ag + ayx+... +a,x™ (a,, #0),

g(x) = by + byx+...+bx™ (b, #0),

f)g(x) = h(x) = co + c1x+... +CnunX™ ™ (Cpgn # 0),

If h(X) is not primitive there exists a prime P € Z such that P divides each of
€0, €1, s Cm+n. NowP cannot divide all of the coefficients of £ (or all of the

coefficients of () since [ (*)and 9(X)are primitive.

Suppose therefore that P divides @0, @1,--+»@r—1 but P does not divide @r where
0 < r < m and that P divides Pos b1, .-, bs—1 but P does not divide Ps where

0<s<n.
Considering ¢r+s we have

Cris = Qobris + A1bpys 1 + oo+ @Qp_1bsyq + @pbs + Qr 1 bs g + - + a4 sbg

Now P divides Cr+s; Qo» A1, -, Ar-1; bo, b1, ..., bs—1 and hence it follows thatP

divides @rbsand so divides@rorPs.

But this is a contradiction and so f (X)g(x) is primitive.
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4.1.2 Gauss lemma

If f €ZIx] and f has a factorization / = gh where 9,h € Q[x], deg g >1 and

deg h > 1 Then/ has a factorization/ = 9hwhered, h € Z[x], deg g > 1

anddeg h > 1

Proof
Let/ be a primitive polynomial inZ[x]. Letf = ghchoose integers”, Nsuch

that™J is primitive andnhis primitive. Hence M1 is primitive.
That impliesmnis an invertible integer that ismn = 1.

Therefored € Z[x]andh € Z[x].

4.1.3 Eisenstein's Irreducibility Criterion

Let f(x) € Z[x] and let f(X) = ap + a;x+... +aux™ (a, # 0).

Suppose there exists a primePsuch that:
1. Pdivides Qo) A1s--+» A1,
2. P does not divide @mand

3. P%does not divide %o.
Then f (%) is an irreducible polynomial in@[x],
Proof
We prove by contradiction.

1/ (%) is not irreducible in @[x] thenf (*) is not prime inQ[xland so f(*) may be

factorized inQ[xlinto two polynomials of degrees r and s where0 < r <n,
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0 < s <n,7+s =n, There is necessarily a corresponding factorization of / (x)

inZ[x].

Hence we may suppose that f (¥) = g(x)h(x)where 9(x) and h(x) are polynomials

in Z[x]of degreesr ands respectively.

Let

g(x) = by + bix+...+b.x" (b, # 0),
h(x) = cy + c1x+...+cex®  (cy # 0).

_ . .. 2 - )
Now@o = boCo and sinceP divides@obutP ‘does not divide@o, eitherPoorCo but

not bothPo andCo, is divisible byP.

SupposePdividesPo butPdoes not divideCo. IfP were to divide Do, b1, -- -, Drthen

all the coefficients off (X) would also be divisible byP and that is false. We suppose
therefore that P divides Do, b1, - - -, k1 but P does not divide bk for some k

where0 < k <r <n,

Since@k = bxCo + bx_1¢1 + =+ 4 boCk, we have thatPdivides @ Do, b1, ) b1

and so PdividesPkCo. ButP does not divideCoand soP dividesPk which is false.
Hence our initial assumption was wrong and consequently/ (%) is irreducible inQ[x].
Example

1. LetP be a prime. Then ¥ "—p € QIxlis irreducible by the criterion.
2. 24+ 6x% + 9x° + 4x*is irreducible in@[XJon applying the criterion with

p=3,

4.2 Characteristic of a Field
Let Fbe a field with unitylr. LetZbe the ring of all integers with unityl. We

define a homomorphism hZ —F as
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followsh (1) = 1, h(0) = 0.1 that is the zero € F,
For every positive integerm, h(m) = 1g + 1g + -+ 1z(m terms) and

h(—m) = —h(m)ifor every pairm,n € Z h(m +n) = h(m) + h(n)
andh(mn) = h(m)h(n),

1. IftheKer h = 0, thenhis a homomorphism andF is isomorphic toR(Z). in this
case F is said to be of characteristic oo (others say F is of
characteristic0)
2. IfKer h =0, then h(W) = 0 for some positive integers, let P be the
smallest positive integer such thath(P) = OwhereP = 0. ThenP is a prime

number and Fis said to be of characteristicP.

Examples

1. » =2, Z; = {0,1} andZais of characteristic 2

2. P =3, Z3 = {0,1,2} andZsis of characteristic3

3. forallP = Zsuch thatPis primeZp = 10,12, . P = g 4 field with
characteristic P.

4. Q R, Care all fields with characteristicoo.

Theorem 4.2

LetFbe a field of positive characteristicP then for any polynomial

f(x) =ag+aix + -+ ay_1x" 1 + apx™inF [xkye have

fOOP =ab +alxP + -+ ab_ xPM~D 4 gPypn
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Theorem 4.3

For two polynomials f>9in the ring F[x]of polynomials in indeterminate x with

coefficients inF, and forr € F,

g f) =r.f'
n(f+9)'=1"+4g'n0

9 =fg+frg
Definition 4.2

LetF andK be ficlds. IfF is a subfield ofK, thenK is called an extension of the fieldF.

Theorem 4.4
IfK is a field andK is an extension of a fieldF, thenK is a vector space overF.
Definition 4.3

LetKandF be fields, such thatKis an extension ofF. If K is a finite dimensional vector
space overF thenK is called a finite extension ofF. We letlK: Fldenote the dimension

ofK overF, thenlK: Flis called the degree of extension ofK overF.

Definition 4.4
SupposeK andFare fields andK is an extension ofF.

1. Anelementa € K is said to algebraic overF, if there existsd € F [x]such

thatg(a) =0,

2. An elementB € Kis said to be transcendental overF ifP is not algebraic overF.

51



Definition 4.5

Let KandF be fields, such thatK is an extension ofF. Supposea € K andais algebraic
overF. LetP be a polynomial inF [*lsuch that the degree ofP is a

positive integer.

We say ais a root ofP ifp(@) = 0, Given thatais a root ofP, thenP is said to be a

minimum polynomial of degreeaoverF.

Theorem 4.4

LetF be a field andP € Flxlan irreducible polynomial of degreen = 1 overF. Then
there exists a finite extensionK ofF such thatlK: F] = nanda € Ksuch

thatP (@) = 0
Corollary 4.2

IfF is a ﬁeld,f € Flxlanddeg f = lthen there exists a fieldK such thatKis a
finite extension of F[K: F]1 < m!and f hasm roots that is @1 @2, -+, &m not

necessarily distinct (some may be repeated). That is f=Ax—ai)..(x —ap)

4.3 Splitting Field
LetKbe a field, and a polynomialf (x) € K we need to construct the smallest
possible extension fieldF ofK that contains all of the roots of f(X). This is called a
splitting field for f(X) overK. Note that any two splitting fields are isomorphic.
LetFbe an extension field ofKand letu € F. If there exists a nonzero polynomial

f(x) € K[xlsuch that/ (W) = 0, thenu is said to be algebraic overkK.

If not, thenu is said to be transcendental overK.
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Corollary 4.3
If Fis an extension field ofK, andu € F is algebraic over K, then there exists a
unique monic irreducible polynomial? (x) € K[x] such thatP(¥) = 0, It is the
monic polynomial of minimal degree that hasu as a root, and iff ()is any polynomial
inK [*}with
f) =0, thenp (Of (x).
Proof
Assume thatu € F is algebraic overK, and let/be the set of all polynomials
f(x) € K[x]such that/ (&) = 0. The division algorithm for polynomials can be used
to show that if P(X) is a nonzero monic polynomial in I of minimal degree, thenP (x)is
a generator forl, and thus

p(X)|f (X)wheneverf (W) = 0,

Furthermore,? (X) must be an irreducible polynomial, since

ifp(x) = g()h()f or g(x); h(x) € K[x]theng(W)h(w) = p(u) = 0, and so
either 9(W) = 0 or h(w) = OgjnceF is a field.

From the choice of?(X) as a polynomial of minimal degree that hasu as a root, we

see that eitherd (*)or h(*has the same degree as P (%), and soP (must be

irreducible.

Corollary 4.4
LetFbe an extension field ofK and letu € Fbe an element algebraic overK.
a) K@) =K [x]/<p(x) >, where P(%) is the minimal polynomial of u
overK.
b) If the minimal polynomial ofu overK has degreen, thenK (1) is an n-

dimensional vector space overK.
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Proof

Define a homomorphism 8: K [x]/<p(x) >= K(u) py6[f (x)] = f () | for all
congruence classeslf () lof polynomials (modulo P(x)).

This mapping makes sense becauseK () containsu, together with all of the elements
of K, and so it must contain any expression of the form @o + @ U == +@pu™,
where®i € K for eacht € {0,1,2, ...m},

The functiond is well-defined, since it is also independent of the choice of a
representative of [f (). In fact, if9 (x) € K[x] andf (*)is equivalent tod (x)’

then f(x) — g(x) = q(xX)p(x) for some 9(x) € K[x] , and so fw —gl) =
q(w)p(u) = 0 showing that

S([f()D = 8([gx)D.

Since the function § simply substitutesu into the polynomial/ (%), and it is not difficult
to show that it preserves addition and multiplication. It follows from the definition of
p(*) that§ is one-to-one.

Suppose that/ (x)represents a nonzero congruence class inK [x] =<p(x) >,

Then P(*) t f (%), and sof (*)is relatively prime toP (X since it is irreducible.
Therefore there exist polynomials@(x) andb (*)inK [x]such that@ (x)f (x) +

b(x)p(x) =1,

It follows thatl@COILf ()] = [1for the corresponding equivalence classes, and this
shows that K [X]/<p (%) > is a field. Thus the imageE of § in F must be

subfield ofF. On the one hand, Fcontains u andK, and on the other hand, we have
already shown thatE must contain any expression of the form @o + @ u + - +

AmU™ , where a; €K ,
for each ! € {0,1,2,...m} 1t follows that £ = K(w) , and we have the desired
isomorphism.

(b) It follows from the description ofK (Win part(a) that ifP (has degreen,
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then the setB = {1, 1, u?, ..., un_l}is a basis forK (W) overK.

Theorem 4.5
LetF be an extension field ofK. The dimension ofF as a vector space overK is called the
degree of extension of F overK, denoted bylF: K].
If the dimension of F overK is finite, thenF is said to be a finite extension ofK. Let F be
an extension field of K and letu € F. The following conditions are
equivalent:

1. uis algebraic overK;

2. K(u) is a finite extension of K X

3. ubelongs to a finite extension ofK.
Let K be a field and let f(X) = ap + a1x + -+ ;X" pe a polynomial inK [xlof
degree n > 0. An extension fieldF ofK is called a splitting field forf (%) overK if there
exist elements?1, 72, .-, Tn € F such that

(i) f(x) = an(x =) (x =12) . (X =Fdand (i) F = K(rp, 72 .0 13)

4.4 GALOIS GROUP

We use the notation Aut(F) for the group of all automorphisms ofF, that is, all oneto-
one functions fromF ontofF that preserve addition and multiplication.

The smallest subfield containing the identity elementlis called the prime subfield of
F. IfFhas characteristic zero, then its prime subfield is isomorphic to@Q and ifF has

Zp,

characteristicP, for some prime numberP, then its prime subfield is isomorphic to
In either case, for any automorphism g ofF we must @ (x) = x for all elements in the

prime subfield ofF.
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To study solvability by radicals of a polynomial equationf (x) = 0, we letK be the field
generated by the coefficients of f (%), and let F be a splitting field for fO0) over K.
Galois considered permutations of the roots that leave the coefficient field fixed. The
modern approach is to consider the automorphisms determined by these permutations.
The first result is that ifF is an extension field

ofK, then the set of all automorphisms a: F = F such that 0(@) = @ for alla € K

is a group under composition of functions.

This justifies the following definitions

Definition
LetF be an extension field ofK. The setl® € Aut(F)| 8(a) = a for all a € K}

is called the Galois group ofF overK, denoted by Gal(F/K).

Definition
LetK be a field, let f (¥) € K[x] and let F be a splitting field forf (X)over K. Then Gal
(F/K) is called the Galois group off (X)overK, or the Galois group of the

equation f(x) = 0 gverk.

Theorem 4.6
LetK be a field, let f(*) € K[X]have positive degree, and letF be a splitting field for

[ (%) overK. If no irreducible factor off (*)has repeated roots, then

IGal(F = K)| = [F: K],

Theorem 4.7

LetK be a finite field and letF be an extension ofK with[F: K] = m_Then
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Gal(F/K) is a cyclic group of orderm.

Definition 4.6

A polynomial/ (*)over the fieldK is called separable if its irreducible factors have only
simple roots.

An algebraic extension fieldF ofK is called separable overK if the minimal polynomial
of each element ofF is separable.

The fieldF is called perfect if every polynomial overF is separable.

Any field of characteristic zero is perfect, and a field of characteristic? > 0 is perfect if
and only if each of its elements has a pth root in the field. It follows immediately that
any finite field is perfect.

The extension field F of K is called a simple extension if there exists an elementu € F
such that?” = K(u), In this case,u is called a primitive element.

Note that if Fis a finite field, then the multiplicative group F™is cyclic. If the generator

of this group is a, then it is easy to see that? = K(@)for any subfieldK.

Definition 4.7

An extension fieldF of Kis called a radical extension ofK if there exist elements

Uy, U, .., Uy € F gych that

6)) F = K(uy, uz, ., Um), and
(i) w' €K and w' € K(uy, Uy, ..., ti—q) for i=2,..,m

and nq, Ny, ..,y € Z.

Forf (x) € K[X] | the polynomial equation/ (%) = 0js said to be solvable by

radicals if there exists a radical extensionF ofKthat contains all roots off (X)),
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Corollary 4.5

IfF is the splitting field of x™ — 1 over a fieldK of characteristic zero, then Gal(F/K) is
an Abelian group.

The roots of the polynomialx™ — 1 are called the nth roots of unity. Any generator

of the group of all nth roots of unity is called a primitive nth root of unity.

Definition 4.8
The complex roots of the polynomialx™ — 1 are the nth roots of unity. If we let fbe the

complex

n-1

. . 21
= cosO + isinf, where 8 = =—,then 1,a,d?,..,«a
n are each roots

number ¢
ofx™ — 1, and since they are distinct they must constitute the set of all nth roots of
unity. Thus we have *¥" — 1= k=o(x —a®)

The set of nth roots of unity is a cyclic subgroup of C* of ordern. Thus there are $(n)
primitive nth roots of unity, the generators of the group.

Choose a positive integerd. If1™, then any element of orderdgenerates a subgroup of
orderd, which has® (d)generators.

Thus there are precisely ¢(d) complex numbers of orderd, all living in the group of
nth roots of unity.

IfP is prime, then every nontrivialPth root of unity is primitive. And is a root of the

irreducible polynomialx?~* + xP~% + -« + x + 1, which is a factor ofx? — 1.

Theorem 4.8

IfPis a prime number andnis a positive integer, then there exists a finite fieldK

containing exactlyPndistinct elements.Kis the splitting field of the
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Z

. n
polynomialx?" — xover#p.

Proof letKbe the splitting field of xP" — x overZp. The proof is done if we show that

the set of all @ € Ksuch thatais a root of xP" — x is a field .let/ = xP" — X¥and L be

the set of all @ € Ksuch that f(@) =0,

Then f(0)=0=0€Lf(1)=0=1€l
1B €L then(a + )P =aP” + - +pP" =a+p=a+pEL,
And@B)P" = aP ' pP = af = af €L

Finally it € Land 1 # 0 Then ™ )P" = @) ™ =n"'andson™* €

Lif nel
The conclusion is thatl is a subfield ofK andL contains all the roots off .

Thereforel. = Fthis implies Kcontains exactlyP "distinct element and they are the
roots ofxpn —x € Zy[x]

4.5 CYCLOTOMIC POLYNOMIALS

LetUn = {z € C|z"™ = 1} Note that Un = < P o 42 3 A0 >for all k such

that ged(k, ) = 1 wheret,k € Z and i € {0,1,2,...,n — 1}

Any cyclic generator of Unis called a primitive nth root of unity.

There are® (n)primitive nth roots of unity.

Definition 4.9

The nth cyclotomic polynomial is

@, (x) = 1_[ (x —at)

1<isn,gcd(in)=1
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whereais any primitive root of unity.

Definition by induction

1. Givenn = 1, then®1(x) =x—1

d)n(x) Sy )

2. Ifn> 1then T M ®a),

where in the product in the denominator druns over all the divisors ofn except
n itself.

3. When ™ = Pa prime number, then

(xP —1)
b, (x) =———= xP1 4 xP2 ¢+ +x +1
p( ) (x_ 1) MM
This implies that X P71+ x P+ ___+ x + Dx—-1) = x? -1
Examples
e Pi(x)=x-1
_(x%-1) _ (x-1)(x+1)
. Py(x) = . 7 e =x+1
_ (x3-1) RS
. P == E a1
o (x*-1) (x2-1)(x?+1) o . ov -
. Pulx) = o, — U=~ + 1=(x — i)(x + i)
_ (x5-1) (x-1) 4 3 2
. P (x) = " T +x*+x-+x+1

o P(x)=x*—-x+1

o D) =x+x +xt+xP+x?+x+1
o Pg(x)=x*+1

o Do) =x+x3+1

. ¢10(x):x4—x3+x2—x+1

Remarks
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1 x" =1 =[5 (x — at)
2. x"—1= Hd|n,d>0 (pd(x)since x"—-1= Hd|n(na has order d(x - ai))

3. deg &(x) = p(n)

Lemma 4.3

Thenth cyclotomic polynomial®n () € Z[x]

Proof
Induction on »n: when n =1 the case is trivial.
Let n > 1 and assume Pa(x) € Z[x]for all d < nby remark 2,

x" =1 = [lanaso Pa(x) = f ()P (X yheref (X) € Z[x] by induction.

Note that £(X) is monic, so by the Division Algorithm,

x" —1=f(x)g(x) + r(xwhereq (x),7(x) € Z[x]
Thus it is also true in C[XIiwhere we knowX™ — 1 = f(x)®,(x)

By the uniqueness of quotients and remainders,”(x) = 0 and Pn(x) = q(x) € Z[x]:

Theorem 4.9
The nth cyclotomic polynomial®n (%)is irreducible overQ.
Proof

Suppose the assumption is false. Then by Gauss's Lemma, since Pn (%) € Z[x]there

exists [+ 9 € Z[x] such that®Pn(*) = fGwheref, Jare monic andf is irreducible
over Q(if not, take an irreducible factor off and group the other factors into 9).
Letabe a root of f (and therefore of®n (%)) and p any prime such that P ¥ . Since

ged(p,n) = 1ywe seeaPis also a primitive nth root of unity and thus is a root

Oftpn
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Claim:aPis a root of [
If the claim is false, then 9(@”) = 0 which says ais a root of9 (xP),
Since/ +is monic and irreducible f = Irred(a, @),
Thus /19(x") in Q[x] (and thus, inZ[x]as it is monic) and, so 9 (XP) = fhfor
some
h € Z[x] . In ZplX]ye see(g'(j'c))}D = g(xP) = fh_ LetBbe any root off (x)

ZP, then G (B) = 0 a5 we are in an Integral Domain.

in

Then Pn (%) has multiple roots, which says X7 — 1 = x" — 1has multiple roots in
Lplx] ytged (¢ — 1, nx™1) = 1, a contradiction. Thus aPis a root off .

Thus every primitive nth root of unity is a root off/ which is enough to say / =®nand

sincefis irreducible,Pn (x)is irreducible.

Corollary 4.6
If a € Cis a primitive nth root of unity, then [Q(a): Q] = ¢(1) and

Irred(a, Q) = &,

Note. The above extension is normal as it is the splitting field for Pn (20),

Example.
Letabe a primitive 9¢h root of unity. Thenl@(@): Q] = ¢(9) =6,

To find the minimal polynomial, note that
x9 —-1= (pl(pgd)g = (x3 & 1)¢9

Thuslrred (@, Q) = @o(x) = x° + 23 +1

Definition 4.10

An extension Q (@)/Qwhereais a root of unity is called a cyclotomic extension.
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Theorem 4.10

If P is a prime number then the polynomiall + x + -+ 4+ xP~2 + xP~1 is called
theP thCyclotomic polynomial.
TheP thCyclotomic polynomial is irreducible overQ. Proof

xP-1

A+x+-+xP2+xP Hx-1)=xP-1=

x—1.

We change the indeterminate x by writingX = ¥ + 1,

Then

(y+1)—-1
y

14+x+-+xP24+xPt=

By binomial expansion
YPTh 4+ pyP TP 4 4 py + pifp > 2,

Therefore Y7~ + pyP~% + =+ p¥ + P is irreducible over @ by Eisenstein's

irreduciblity criterion.

Hence 1 + x + +-- + xP~2 + xP Y5 irreducible over@.
Lemma 4.4
Letnbe a positive integer not divisible by the characteristic of the fieldF.

Then the polynomialx™ — 1 has no repeated roots.
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CHAPTER FIVE

CONCLUSION AND RECCOMMENDATION

5.1 CONCLUSION

The definition of Euler’s phi-function is clearly stated as well as some of its important
properties. There are so many uses of Euler’s phi-function in abstract algebra,
especially in the determination of the order and structure of automorphisms of cyclic

group, Galois groups and cyclotomic polynomials.

5.2 RECOMMENDATION

I will recommend that other students take up research in other uses of the Euler

phifunction in all aspects of the study of mathematics for instance, Number Theory.
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1. N -
2. I -
3. Q -
4. R -
5. C -
6. (G*),G :
7. S,HAB -
8. Ch<a> _

o D ZnZ, _
10. R -
11. F,EK )
12. ¢(n) -
13. h(x), g(x), f(x) -
14. Gal (F/K) 2
15. Pn(x) .
16. Aut G -
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