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ARTICLE INFO ABSTRACT

Keywords: Gonorrhea is a disease that is spread by sexual contact, and it can potentially cause infections in the genital
Gonorrhea region, the rectum, and even the throat. Due to the shared history between infected individuals and their
Caputo derivative sexual partners, infected individuals will likely continue to have sexual relations with those same partners.

Structured population
Mathematical model
Sensitivity analysis
Ulam hyers stability

As a result, this article aims to investigate how memory affects the transmission of gonorrhea in a structured
population using the Caputo fractional derivative and sensitivity analysis. The model is shown to be positively
invariant with a unique bound. The existence and uniqueness criteria of the fractional model are established
using fixed-point theory. The stable nature of the model is obtained using the Ulam Hyers and Ulam Hyers
Rassias ideas. To highlight the stability of the fractional model, the stability of solution trajectories to the
disease-free and endemic steady states is graphically illustrated for the gonorrhea basic reproduction number,
RS* <1 and RS* > 1, respectively. We showed the sensitivities linked to the proposed model using the Latin
hypercube sampling, singular value analysis, box plots, scatter plots, contour plots, three-dimensional plots,
and sensitivity heat maps. We noticed that the transmission rate from females to males, f,,, is the most
influential parameter in the spread of the disease. From the sensitivity heat maps, it is noticed that using the
first four principal components analysis, the most sensitive state variables to the parameters in the model are
symptomatic females, recovered males, susceptible females, and recovered females. In conjunction with the
modified Adams-Bashforth method, the numerical trajectories of the fractional Caputo model are investigated.
Finally, we noticed that memory changes impact the number of incubative females and incubative males.

1. Introduction

The bacteria Neisseria gonorrhea is the source of the sexually transmitted infection (STI) known as gonorrhea. Both men and women can have
gonorrhea, an infection of the urethra, rectum, and throat, which is highly prevalent, particularly among young adults aged 15 to 24. It may
spread through vaginal, oral, or anal intercourse and even harm newborns after delivery. Babies born to infected mothers can also get the disease,
with the eyes being the most commonly impacted organ. Infection with gonorrhea frequently has no signs. However, genital tract indications are
widespread. However, it can also result in painful urine output, pus-like discharge, testicular swelling, increased secretions from the vagina, bleeds
from the vagina, and abdominal or pelvic pain [1]. Carriers may continue propagating the disease, possibly much more so when asymptomatic. They
could be more prone to infect their partner(s) during a sexual encounter without recognizing it [2]. Treatment for gonorrhea halts infection but
does not reverse long-term effects; antimicrobial resistance concerns increase, making therapy more challenging to complete [3]. If left untreated,
gonorrhea can result in severe, long-lasting health issues, including pelvic inflammatory disease (PID) in females and painful disorders in the tubes
that connect the testicles, in rare circumstances, can make a man infertile [3]. Understanding the dynamics of gonorrhea using the mathematical
model has provided many insightful views on the dynamics of the disease and how to prevent it. Lajmanovich and Yorke (1976) considered the
mathematical model of gonorrhea by dividing the population into n—groups and studying the asymptotic stability characteristics [4]. The endemic
scenario has a nontrivial periodic solution that is globally asymptotically stable, according to Aronsson and Mellander (1980), who adapted the
Lajmanovich and Yorke model to add seasonal variation in the contact and removal rates [5]. A population of females to which the sailors were
exposed was examined to evaluate the prevalence of Neisseria gonorrhea. The number of sexual partners and the frequency of sex were statistically
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significantly correlated with the probability of gonorrhea transmission. Further evidence reveals that most men are vulnerable to gonorrhea if
the amount of exposure is significant, as shown by the rising infection incidence with increasing numbers of exposures among men who had
a single-sex partner [6]. Additionally, simulations of the whole HIV-gonorrhea model revealed that a rise in gonorrhea infections (singly or in
combination with HIV) in the presence of therapy leads to a drop in gonorrhea-only cases and an increase in HIV-only cases [7]. Alcoholism
is now a major health concern for society and a menace on a worldwide scale. A deterministic alcohol model was developed and examined,
and established its fundamental characteristics [8]. The work in [9] used sensitivity analysis to examine the effects of parameters on R, including
condom efficacy, effective contact rate, condom compliance, progression rate, and treatment rate. As the dynamics of the disease may take different
paths, it is important also to understand the impact of memory on the spread of gonorrhea, and to do this, is the use of fractional derivatives. In the
past, there have been numerous studies on the relevance of fractional derivatives in epidemiology. For example, Ogunmiloro and Oluwatayo [10]
presented a mathematical model with multiple population sections that describe the spread of fascioliasis in individuals, domestic animals, and the
environment employing the Caputo fractional derivative. They demonstrated the effectiveness and convergence of the method via the numerically
improved Euler method, and their selection of the Caputo derivative is due to the integration of conventional initial and boundary conditions.
Using a modified Predictor—Corrector scheme, Kumar et al. [11] study examines the Lassa hemorrhagic outbreak, a disease that can harm pregnant
women. Shah et al. [12] put out an epidemic model that employs the fractional-order derivative in the sense of Caputo—Fabrizio to explain the
nature of the Ebola virus’s propagation. Aslam et al. [13] created a fractional-order COVID-19 model. They examined the domain’s convergence
and nonnegative special solution. The model was solved using the Sumudu transformation method and the Caputo-Fabrizio methodology. Nwajeri
et al. [14] studied a mathematical model for HPV and syphilis using the Caputo-Fabrizio fractional derivative, which was proven to be generalized
Ulam Hyers—Rassias stable. Singh et al. [15] provided a mathematical model for stem cell development. The Atangana-Baleanu derivative in the
Caputo (ABC) sense transformed the model from its non-fractional order formulation into a fractional sense. Farman et al. [16] investigated the
dynamic propagation of computer viruses. They examined the consequences of corrupted portable storage devices and external computers. Adamu
and Usman [17] created a mathematical model for the dynamics of Neisseria gonorrhea infection transmission and investigated how the only
known control interventions-natural immunity and treatment-affected the disease’s spread in a population. However, a conceptual model must take
gonorrhea’s specific epidemiologic characteristics into account. It is sufficient to consider only the community’s sexually active members who might
spread the disease to their connections. The transmission dynamics of gonorrhea in a sex-structured population can be modeled, which can assist
in identifying factors that contribute to the disease’s spread and guide the creation of successful management techniques. Using a fractional Caputo
differential equation to represent gonorrhea transmission is one approach. This type of equation includes a non-integer order derivative, which
allows for modeling long-range memory effects. It is possible to generate a sensitivity heat map to analyze how sensitive the model is to changes in
the parameters. In this step, the values of the model’s parameters are changed within a predetermined range, and then the changes that occur in the
equilibrium points of the model are calculated as a result. The equilibrium points are symbolic representations of the populations’ steady-state values
under varying environmental conditions. Therefore, this study builds on the work of [17] by developing a novel Caputo fractional mathematical
model for a crisscrossed population with the effects of memory. Crisscrossed models are a slight extension of the generalized population model to
account for the fact that gonorrhea can be transmitted through sexual activity between males and females, where the female infectives transmit
the disease to a male susceptible and vice versa.

The remaining parts of the paper are organized as follows: The preliminaries of the research were provided in Section 2. In Section 3,
we presented the fractional model. Section 4 contains the model’s qualitative characteristics are presented, that is, the model’s positivity
and boundedness condition, the existence and uniqueness, basic reproduction number, the gonorrhea-free equilibrium and gonorrhea present
equilibrium, and the Hyers-Ulam stability. Section 5 contains the numerical simulations. In Section 6, we presented the study’s conclusion.

2. Preliminaries

In this section, some basic definitions that will guide us through the formulation of the fractional gonorrhea disease model are introduced based
on the available information in [18-23].

Definition 2.1. The Caputo fractional derivative of the function ¢(p) of order = (z > 0) is given by

c _ 1 P —r—1 d"p(e)
D;¢(1’)—m/o(ll—e)mr hode, m—l<t<mmeN,

dm _
¥ d(p), m=r,meN.

with I'(k) = [ e7Pp*~dp, being the Euler’s Gamma function.
The Caputo fractional integral of order r > 0 is given by

T (Cpnt _ 1 r ¢(S)
17 (Dpp) = e /0 oo
where p > 0, fulfills the following:
ITP)" = ¢,
I"(¢(p)") = ¢(p) — ¢(0).

3. Formulation of the mathematical model

We divided the model’s population into men and females. Each group is divided into four stages: the susceptible (vulnerable), the incubating, the
symptomatic, and the recovered stages. The number of susceptible females is denoted by .S, (t), the class of symptomatic females by I, (1), the class
of incubating females by I, (@, and the class of recovered females by R;(t). For the male population, S,,(r) stands for those who are vulnerable,
I,,,,(t) for those who are incubating, I, () for those who are showing symptoms, and RZ () for those who have fully recovered. The male recruitment
rate is represented by 6,, and the female recruitment rate by 6. Male recovery rate is denoted by the «,,, whereas female recovery rate is written as
ay. When a symptomatic man comes into touch with a susceptible female, the chance of infection is 7,,,, but when an incubating male comes into
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contact with a susceptible female, the probability of infection is #,,,. Similarly, #,, stands for the infectivity rate via contact between symptomatic
females and susceptible men, and 7, stands for the infectivity rate through contact between incubating females and susceptible males. The new
transmission force between men and women is marked by the symbol §,,;, whereas the same force between women and men is represented by
the symbol f,,. Infection net force is indicated by 4, ,, and infection net force per unit mass is denoted by 4,,. Females in recovery have a
relapse rate of x,, while females in the incubative class have a transition rate of (1 — p,). (1 - p,,) is the percentage of cured men that revert to
the incubative male susceptibility class. The «,, denotes the rate at which men in the recovery class revert to the incubative class. The assumed
disease-induced death rate in the female compartment is denoted as e,, and that of the disease-induced death rate in the male compartment is
represented by ¢,,. The natural death rate for women is denoted by u,, whereas for men, it is denoted by ,,. v,, and y, represent the rate at which
men in the incubative class transition to the incubative male class, respectively. Male and female student populations are calculated as follows:
Np=SO+ 1,0+ 1,0+ R;(t), and N,, = S, () + I,,,() + I,,() + R,Tn(t). Below are the assumptions and table for all the parameters and their
description.

Assumption

i. Population size is constant.
ii. All classes in each sub-compartmental block have the same natural death rate.
iii. Death by disease is neglected because very few people die due to the contraction of the disease.
iv. Temporal recovery (i.e. recovered individuals become susceptible again).
v. There is the possibility of relapse; that is, an individual under treatment(recovered) does not complete treatment and relapses to the
incubative classes.
vi. Only the heterosexual class was considered (the disease transmission among individuals of the same gender is not considered).
vii. It is assumed in this model that only individuals from the symptomatic class will recover because they seek medical help after seeing the
symptoms of gonorrhea whereas the incubative class may not know that they have contracted the disease.
viii. The incubative class is comprised of both exposed individuals and asymptomatic patients.
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Parameters and descriptions

0, Recruitment rate in females

0,, Recruitment rate in males

Ky Natural death rate in females

Hin Natural death rate in males

Hef Infectivity potential by contact between incubative females and susceptible males
N5y Infectivity potential by contact between symptomatic females and susceptible males
Nem Infectivity potential by contact between incubative males and susceptible females
Hem Infectivity potential by contact between symptomatic males and susceptible females
Brm Transmission rate from females to males

B Transmission rate from males to a females

ay Recovery rate in females

o, Recovery rate in males

pr The proportion at which recovered females become susceptible again

Pm The proportion at which recovered males become susceptible again

Ky The rate at which females in the recovery class have a relapse

K The rate at which males in the recovery class have a relapse

Yr The rate at which females in the incubative class move to the symptomatic class

Vm The rate at which males in the incubative class move to the symptomatic class

Our fractional Caputo model that describe the dynamics of gonorrhea in the male and female population is represented in Fig. 1. Eq. (1)
represents the nonlinear fractional Caputo mathematical model of gonorrhea considering the two populations; for balance in the dimension in the
model parameters, we raise the individual parameters to the fractional order o¢,, where ¢, € (0, 1]. Making ¢, = 1, turns the model into a classical
integer model.

DSy =07 = Ay Sy o R Uy Sy,

CDU I =ApsS;+(1— pfO*)xj* R; -y + M‘}*)IC,,

DMLy =y Ly~ @]+ u €,

DI RY = al Ly~ (pp® + (1= pyo)xy + ui)RY, (1)
DS, =05 —ArSy+om RL — i S,

CD Loy = A Sy + (L= ) R = (1 + ) Lo

DI Ly = 1o dem = (@ + iy + €0 ) s

CD;)* R; = a9 I, — (1= pSxes + o0 + ub: )RZ,

m

ﬂi*/ ('15:;1 Ism ‘HTgrtx Tem)

where S;(t) > 0. L) 2 0,11 = 0, R{(1) 2 0,5,(1) > 0,1, (1) > 0,1, > 0, RI® > 0; with 4,, = N ,

and
i = ﬂ;f,, (ﬂf; Isy +’1f} Iep)
fm — N .

m

4. Model analytical study

Some necessary and sufficient criteria for the model are presented here, such as non-negativity, uniform boundedness, solutions’ existence,
uniqueness, local stability and Hyers—-Ulam stability.

4.1. Non-negativity and uniform boundedness

Given that
A= {M(t) M) = (Sf(t), INION FION AQRMOR SN MON RZ(t)) € R, M@ > o}.

To prove that all solutions to the model under consideration are positive and fall within the set A, we use the Theorem as discussed in [24,25].
Theorem 4.1. Let m(x) € Clu,v] and g Dﬁ* € C(u,v] for 0 < g, <1, then
m(x) = m(u) + —— (C Dg*n) (€)(x — u)
rlo) \o >
where u < € < x, for all x € (u, v].

As a consequence from Theorem 4.1, we propose the following.

Corollary 4.1. Assume that n(x) € [u,v] and OCD;’* € (0,v] for0 <o, < 1. If ng(*n(O) > 0,Vt € (0,v), then the function n is not decreasing, and if
ng;*n(O) <0,Vx € (0,v), then function n is not increasing Vx € (0, v).

Theorem 4.2. The solution to the gonorrhea model (1) is oriented positively and belongs to A.
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Proof. Applying Theorem 4.2, we show that the solution to the model (1) is positive, thus taking this

¢p’ Sf‘sfzo =07 Ny + 5 R} >0, @
O Oy (2%
D11y = RS 20, ®
SDfa], =iy 0 .
tho* R;|R;=o = a;i* Isf 20, 5)
§ DS, | 5,0 = O N 03 Ry, > 0, ©
S0 Len, o= AmSu+ (L= plOR R, 20, -
0D, | = aien 20, .
gD:)*RZn-|R£=O =“?*Ism > 0. ©)

Hence, in reference to Corollary 4.1, it can be said that all the solutions associated with model (1) are nonnegative and is owned by A. []

Lemma 4.1. The solution set {S rodeps Ly Ri, Spis Lems Lo RZ} is bounded and positively invariant in

0% 9%
Q= {(Sf,Icf,ISf,R?,Sm,Im,Im,RZ) eR¥IN, < 2 and N,, < ﬂ'(’}* } 10$)
f m

Proof. Firstly, adding the female compartments, we have;

CDINp =07 =l (Sp+ Lop + Lip + RY) = €77, an
<600 — U Ny, 12)
Due to the fractional nature on the right-hand side, in solving (12), we apply the Laplace transform, and we obtain
0 /.0* 0 f O«
Ny < <Nf(0)— o >E<—llfg*fp*> + =5 13)
Hy Hy'

where E<—/4 O t0*> represent the Mittag-Leffler function of fractional order o,.
0

[ Ox
Therefore, considering that N (0) < ng* ,thent>0,N (1) < /—. Using a similar approach for the total male population, we have;
By Ky
0 0= 0%
N, () < <N,,,(0) - )E(—yﬁ*t"*) + =, 14
M Hm

where E<—;4mt"*> represent the Mittag-Leffler function of fractional order o,.

Ox%
2, thent >0, N, (1) <

0 o
i

0}:”0: . This ends the proof of Lemma 4.1. []

Therefore, considering that N,,(0) <

4.2. Scaling

Now, before we identify the equilibrium points and the reproduction number, we use the scaling approach to lower the complexigy of our

system. To do this, we scale the equation in the original fractional model, which is denoted by (1), using the transformations; s, = N—’; iy =
s
[ I RY . . . . .
N—;; i = N—;; rp= N—; and ¢, = ¢,, = 0, thus, assuming that disease-induced death rate is very low, gives:
C 10+ e 0% (0 0s ; I
Dy*s; = 0% — ﬂmf("lsm’sm + Nemiem)Sp + o1y — Hy g
D ey = By Ol + emien)s + (1= p IRy = (" + M i
€D%i = y;*icf - (a}‘i* + ﬂj*)isf, (15)
D ry = a iy = (o0 + (L= p 0K + oy
C 190+ Oi _ 0c o Ou: 0 0. 0.
D, Sy =0, — fm(”sfle + ”cf’cf)sm + P P — M S
D iy = 7, (nf;is s+ nfj‘;ic S+ (L= oo Yt 1 = (vl Vi
Df) Lsm = y’fl lem — (a::l + /’t; )lsm’

C 1yos 0, ; 0. 0uy Ox 0
Dt rm=am15m_(Pm +(1_ﬂm)’(m +ﬂm)rm~
4.3. Existence and uniqueness

In this section, we investigate whether or not the model of fractional order, Eq. (1), has a solution. The existence argument has numerous
practical uses and is a significant result of applied mathematics. If the model we are looking at exists, it tells us whether or not there is a
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solution. Determine the possibility that there will be only one solution to the problem. It also helps us learn more about the solution’s qualitative
characteristics. We use fixed-point theory to demonstrate the existence and uniqueness of the model [26,27]. Considering a Banach space B(€) for
a continuous real-valued function £ = [0, #], we obtain the sub norm IL = B(£) X B(E) X B(E) X B(E) X B(E) X B(E) X B(E) x B(E) with the norm

ICspsicpsispst psSmobems Lsms Fad Il = WS g+ icg 1+ Wi+ Mlr gl + sl + il + Nign Il + 7yl
lls /1l =supls | il = sup lic L. lig 1l = sup lig 1. 17/ 1| = sup |7 /1 15,1l = sup [s,,|
te€ te€ teé te€ te€

”icm” = sup |icm|’ ”ism“ = sup |ism|9 ”rm” = sup |rm|-
te€ teé te€
Using the fundamental theorem of calculus and the Caputo fractional operator, we now obtain
570 = 5,0 = DY (057 = B i an®) + im0+ 5 7,0 = 5,0
iep (0= i (0) = D [ B2, i) + M) 70+ (1= P70 = (0 + e 0]
i3 0 = 15 0) = CDP [1071, 0 = (@ + )iy )] (6)
rr0 = 1,0 = CDY [a0i, (1) = (% + (1= p 0w + ;f*)rfm] :
5(0) = 5,(0) = € D" [em* — B %% 0+ % (D)5, (0) + 0 (D) = K2 s (z)]
fon(8) = T (©) = D" (B0, 0151 + 15 05,00 + (1 = PRS0 = 157+ i ()]
fsm®) = i5(0) = C D [y (D) = (@ + py >zm(r)]
Fun(®) = Fp(0) = E D™ g i (1) = (o + (1 = por Ykt + Uy (@) -
Now, letting
[0"* = B (1) + M O3 1) + 9 (1) = s (z)]
HZ - [ _sm vm(t) + ncm cm(t))sf(t) + (1 - Pfa*)’(g*rf(t) - (yf + .Mf )icf(t)] )
H; = [y,*icf(r) - @+ i) an
Hy = [0 = (0% + (1= p 2k + uj*)rf(z)] :
Hs = [0 = 875,051y 0+ 15 (05,0 + 955 70 = i 5,0
H = [ 852,000y + 103 )0+ (= pOK0 7,0 = (1 + 5ien®)]
H7 = [ym cm(t) - (a!)* + Mm )lsm(t)]
Hg = [a i@ — (o + (1 = o e ()]

Eq. (17) can be put in a Caputo integral form as

1 T H, (04,5, 5 7(5))

0 =3,0= = | e s,
i (D) =i (0) = F(IO*) /0 ’ Hz((ff;ffﬁfs» v

OO T /0 | H3<(to i;lifff)) ds, o
0= 15 ) Hiioj’j)’lr—faiﬁ)) @

0= 0= r(lo,»/ HS(iofj)ls 2 g,

o) = () = F(lo*) / Hﬁ((to*—’:)ll“:yﬁ(ﬁ)) .
0= a0 = 5 ./0 Hé((zo fj;fi?fs» ds,

1 " He(o,. 5. rn(5))
rm(t)—rm(t)—[,(‘)*)/o oo ds

Notice that H (s ¢, 5), Hy (i, r, %), H3 (i 7, 5), Hy(r 7, 5), Hs (s, 5), He (i 5), Hy (i, 5), Hg (7, 5), conforms to Lipschitz if and only if s (1), i. (1), 1,70, 7 (),
Su(1), iy (1), i (1), 1, (1) are limited from above. Now, let 5,(¢) and s,* be dual-functions, thus

NEL, (0,0 1,5, (6) — Hy (041, 5, 0)]] = H (B2 O ®) 4 )+ 0 ) (50— sf*(z))H ‘ 19
Assuming ||iy,(®)|| < 4;, and ||i,,(®)|| < 4,. Now, supposing 6, := ﬂ:’} (non Ay +nlndy) + ;4 , then the above expression can be written as

WL (0o, 5 /(1) = iy (a0 < 6 (5,00 = 5,7 @) (20)
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Using the same method, the following can be extracted

L (0. i () = Hy(0u e O] < s || ey = i)

WL (0. 1, (1) = Ha(ous 11" O < 65 | Gy (0 = i)
WLy (0. 1,7 (1) = Hy(ous O < €4 |y 0 = 1,70 @1
IHL (0. . 5,0 (1) = Hs (0,1, 5, )| < Os || (5, (0) = 5,* O]

(0 - iem(®) = Hy (@ 2 iy DI < Op [ Giem(D) = g™ O]

Ly (@ g (1)) = Ey (0 1oy * OV < 65 [ 1) = " O
IEg (0 . (1) = Hy(0s 1.1 * O] < O [[(r(D) = " 0.

where

Oy = P (A1 + ) + (ry + u7). O3 = (o] + 7). 04 = (L= ps oKy + Ui,
65 = 7, (1% 83 + 15 80 + iy 5,0 [isy @] < 45, s 0] < 440 O = i + wi,

67 = (ap + upr), Og = (1 — p ke + por),

therefore, it proves that M;,i = 1,2,3,4,5,6,7, 8 satisfies the Lipschitz condition. The Eq. (18) can be written recursively as

1 T H1(0,5,57,_,(5))
= ds,
57,0 f(o*)/o o 5
. 1 t Hy(04: 8,0y, (8))
o= F(O*)/o R
1 " H3(04. 8. 157,_1(9))
' = ds, 22
fssa® I'(o,) /0 (t —5)!=0s ¢ (22)
! H4(0*557 rfn—l(ﬁ))

1
Tl = I'(o,) /0 (t —5)l-0« ds.

_ 1 " Hs (04 58,1 (5))
smn(t)_ F(O*)A ([—5)1_0* ds!

e ] /' Hy(oSoicm, ,(5)
lc”m - F(Q*) 0 (t— 5)]70* S,
i ()= 1 /t H; (0., s, is”’n—l(ﬁ))d
lsm,, - F(o*) 0 (I _5)1_0* 5,
1 t Hg(0,,5, ", _, (5))
() = / R
"= Teo o T o

connected to the following starting points

510 = 57 O)ie o) = i Oy o (1) = i1 0). 7o (B) = 7 (0), 5,(1) = 5,(0),

femy®) = ie(0), igpy ) = i3y (0), 1y (1) = 1), (0).
By deducting regular terms of succession, we get

T H; (04,5, S -1 () — H (04,5, 8 2(5)) ds

1
25,00 = 3700 =501 = = |

(t —s)l=0x
. ) 1 " Hy (04,5, ic 1)) — Hp (04,5, i ppn(5)
Zicf,n(t) = ICfn(t) - ’Cfn—l(t) = I'(o,) /0 - s)l—g* ds,
. . _ 1 d H3(0*’5’ i.vfn—l(ﬁ))_HB,(@*ssa ixfn_z(ﬁ))
Ziyf’n(l) =igra®) —igpp ()= T /0 P ds, 23)
1 " Hy (04, 8,17, (8) —Hylo,, 5,17, ,(5)
b = - = ds,
rpn®=rp,O=rp, I',) /0 (t —s)l-0s ¢
1 d HS(Q*,S, Smn_l(ﬁ)) _HS(O*’55smn—2(5))
> 0= 1) = Sy () = ds,
Am,n( ) Smn( ) Smn l( ) F(Q*) /(; (t _5)1—0* s
S O =iy (O =iy ()= — / e
im0 = Lem, tem,_\1) = Ty Jo (t—5)l—0x 5

) A 1 " Hg(04: 5, i5m,_, () = He(04. 5 g, (5))
Zign ) = Lo, () = g, () = I'(o,) /0 (t—s)l-es @
2, @O =r, () n= 1 / O Tl rm"‘z(s))d
8= T = T o (t—s)l-os -
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After doing the computations, it becomes apparent that

sy (r)—z (D) m(r)-Z Y,

isr, ()= ZY, D, Uy (1) = ZYU,,(r) o2
k=0

Sn(t) = Z Y, a0 = 2 Y, 0.
k=0

Lann @) = D Y5 a0 ) = 2 ol
k=0
In addition, by combining the ideas presented in Egs. (20) and (21), we get
Y 1O = 5010 = 57000, Yi 1 (O = dcpy1 () =iy (),
ij w1 (D = igpu 1 () =iy 0., vy = 1O=rp, O=rzg @,
Y,,, n—l(t) = Smn—l(t) Smn— 2(1)’ Yzcm n— l(t) cm,, l(t) - icm,,,z ®,

s
Ylw n— l(t) = Ivmn 1 Ok smn_z ®, rm,n—l(t) = rmn—l " - rmn_z @),

o, [ Mm@l
17,0 = s 61 [ s,

1Y, a0l = =6 [ D™,
Dl = s,
fey I *Jo (t—s)i-e

RPN LIl o5
1Y;, Ol = T 3/0 oo s,
o, [ Mm@l
” rfn(t)” l_,( *) /0 (1_5)1 o 5
Y @
” Sm n(t)” =

F(o*) SJo (t—s)i-e
1Y, A0l = —— 6 / Do,
Fo*) o (-9l
e ol @/ 1Y @
) " Jo (t—s)l-e

Y, ol = ——6 / Dot O
T o) B o (1 - s)i-es

To conclude the existence and uniqueness of the gonorrhea model in the Caputo sense, we then state and verify Theorem 4.3.

Theorem 4.3. A unique solution exists for the Caputo fractional gonorrhea model (1) if and only if

20 A
2 6. <1, i=1,2,3,45678, 26
T, +1D) i ! (26)

when t € [0, z].

Proof. Since the preceding results hold, we know that the functions s (1), i. (1), i), 7 (1), $,y(1), iy (8), i (1), 7, (7) are limited and the functions
H;,i=1,2,3,4,5,6,7,8 meet the Lipschitz condition. As a result, we obtain the following results by applying the recursive principle and Eq. (25).

1Y, O < sz Ol <F( 5 1> ,

7% A
1Y, 2@l < llicy oIl ( 6

< T, °
( 70« \ @7
(o

I'(

704

Ol < lliy 7o

lfn

Yy O < Mir @Il 4

~

Os

~

( (o

Y, Ol < (>||< =
t t

N SmO (0

ZO

*
*

6

1Y, Al < Nligny Ol (

~

(

n
B
n
>
n
5
n
na
B
n
B

0
Z
(o

— ~— —— —

*)
)
)
) 7

Y7, a O < N, DI <

Sm"

~

6
6
2)

2]

n

)

8

)
)
)

1Y, 2O < Ml DIl <

N———

0*
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This means that

I, Ol = 0, 1, @l = 0, 1Y, ,®ll =0,
Yy a @l = 0, 1%, Ol = 0, 1Y, ,Oll =0,
I,

Femsh

rysn

Additionally, by utilizing the triangle inequality in conjunction with Eq. (27) for any value of {, we can eventually arrive at

n+¢ AntL gt
k _ 1 1
IS 7 iy ® = spu@I < Y, Al = T
k=n+1
n+¢ Amtl _ pnHl
. . . ;
licseey® = icrn®Il < Z e e
k=n+1
n+{ Antl _An+§+l
i i k_ 3 3
lissio® = i@l < D) A% = =
k=n+1 X
n+{ Antl _An+§+l
[ M B
I ey @ =g, O S 3 A= =g
k=n+1
n+¢ Antl _ pnteHl
k_ 75 5
IS menrey® = Spa®Il < z Ak = ﬁ’
k=n+1
n+¢ Antl _ pnteHL
' i e N —
”lcm<n+g“)(t) - lcmn(t)” < Z A6 = = A6 R
k=n+1
n+{ Antl _An+§+l
‘ j [ M M
lll“'”(naf;)(t) — g, DIl < Z AL = — .
k=n+1
n+¢ Antl _ pnteH
e M B
i@ = 7, O S 3 A5 = =78
k=n+1

0% A

where A = m

@l =0, 1Y, .0l = 0. IIY, ,®ll -0, provided n — co,

0;, i =1,2,3,4,5,6,7,8. As a consequence of this, the sequences s ,

(28)

.1y, are all examples of Cauchy

sequences in the Banach space B(&). As a result, the state variables have a complete and umforrn convergence Therefore, using the limit theorem,

we can claim that the limit of the sequence, denoted by the notation (22), is the only solution to the Caputo model.

4.4. Gonorrhea absent equilibrium point

By setting the right-hand side of the model equations to zero, it is possible to investigate the steady states in the absence of infection.
Let DEF represent the disease-free equilibrium points. Now, solving the above equation with the right-hand equal to zero, and the states

sk oak ok sk ek __ ok __ 3
ch_zsf_rf_zcm_tsm_rm_o,gwes,

0;* 00*
* 2k . m
DEF = {s5uiy poly 1o 1o Sps Ly Fg T} = ,0,0,0, —-,0,0,0

Mf ”m

4.5. Basic reproduction number, Rg*

The basic reproduction number, typically written by R, is a mathematical notion used in epidemiology to quantify an infectious disease’s
contagiousness or transmissibility. Without interventions or control measures, it estimates the average number of secondary infections one infected
person would generate in a vulnerable community. For example, if a disease’s R, is 3, each afflicted individual is predicted to infect three others. If
the R, is less than unity, the disease may not be able to survive in a population and will eventually die out. If R is greater than one, the disease will
spread farther, potentially causing an epidemic or pandemic. Apart from the numerical interpretation, one can also explain the epidemiological
effect of the parameters contained in R on the spread of the disease. The R, is calculated by considering characteristics such as the route of
transmission, the length of the infectious phase, population density, and population susceptibility. Public health experts and policymakers must
consider when developing effective methods to restrict the spread of infectious illnesses. Here, we will use the new method proposed by [28], thus,
the Jacobian-Determinant Method to extract our basic reproduction number by grouping our disease state compartments. The fractional infected

compartments are i* o i* f, ix, and i¥, ,

Cpo+;
CDo*iSf _ Vf* oy — (aa* + ﬂf*)isfv
Cng*

C yos ; .
Dt lsm = ym lcm (a + Mm )lsm

therefore, we reduce Eq. (29) to:

Iep = ﬂ (rlrm s + Mo iem)Sy + (1= ﬂfo“)’(o*"f oy, + ”‘}*)icfa

—ﬂ"‘(nf'sf+nfcf)s + (L= 2K oy = W+ M Diems

(29)
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Hence, the Jacobian of the affected subsystem, measured at the disease-free equilibrium point, is:

ey o ST e
Yy THf ”4/’* ”?*
0. 0, 0.
* —(a .+ u; 0 0
J (DEF) = a*yé* 04 (0{ 0x l:*f ) g
ﬂfmr’q"e'" ﬂ/m”:f Om (2 O 0
20 P ="+ M)
0 0 Yo —(@ + Hy)

whose determinant is given by

B im0 @5+ 17 Yoty + i) B0

|T (DEP) =(ry" + W)y + 1) + s e + ) =

uy Hor
U Bt B0 Bt @ W) B0l O v 30)
uy Hor uy Hor
B em®y" Bty O (o + i)
uy Hor '
Now Eq. (30) can be expressed as
3 Oy Ox 0sy () Ox Oy Ox 0x @
O N |1 = u,‘i:)] | &)
where
Py om0 @+ g ey + ) Bl 00
- uy Hor
s ﬂ%*,nf;;ﬂj* ﬂ;;,ng;e,‘;* , Puin iaﬁ* + 1) ﬁ;*,‘nnf}ji* Yo'
Hy Hm Hy' Hm
. ﬁ;',}ni';neﬁ* By O iaf’; )
Hy M
After some simplification, and from Lemma 2.3 of [28], we have
o (i ity g ) (st st + s
0 M;*Mf;* (a;" +;4;*>(a;* +”$,*) (Y;* +ﬂ?*>()/,i* +”§1*)
Finally, from Remark 3.1 of [28], the basic reproduction number is given as
Bt 005 (et s ) (s s+ s
Ry = (32)

M (aj + M_‘}*)(aﬁf + 1) (7/; +uy ) (v + )

Thus, the secondary infection of Gonorrhea from male to female (an*f) in the female population and female to male (R‘}jn) in the male population
are respectively defined as

Ox 0« Oy O (™ Ox  Ox Ox 0« O Ox (N Ox O«
. ﬁmfem (am Nem + Nsm¥m +ncm”m> 0 ﬁfmef <af ncf +nsfyf +’10fo > 33)
RO — - 33
mf [ 0:\ (, 0x 0y P fm
uo (0% + p) (o + a*( 0s 0*)( 0x o*>
e O ) ()

Now from (31), we see that, if R(‘;* < 1, the disease will die out in the population but if R, > 1, the disease will spread. From Eq. (31), if all the
parameters are held constant with fixed fractional order, and we vary 6, and 6,,, we can see that an increase in 6, and 6,,, will cause a decrease
in Rg* and vice versa. The parameter, y,, which is the rate at which females move from the incubative class, indicates that if f we increase y/,
will, in turn, decrease the value of RS*, which also holds for y,,. This implies that early detection of the contraction of the disease will help reduce
its spread in the female and male compartments. We also noticed that an increase in f,,, (transmission rate from a male to a female susceptible)
increases the disease in the considered population. Similarly, an increase in §,,, (transmission rate from a female to a male susceptible) increases
the disease in the considered population.

4.6. Gonorrhea present equilibrium point

By setting the right-hand side of the model equations to zero, it is possible to investigate the steady states in the presence of infection. Let
EEF = (Spoig poly 12 s o [y B0 17y, TEDTESENE the endemic equilibrium points. Hence, model (29) becomes;
— 0% _ * Ox Ok ok
O—Of Amfsf+pfrf H' S
— * _ 0 Os % Oy O\ -3k
0= Anssy+(L=p O rp = (" +ug iy

0= y;*i:f - (a;" + [l;*)ijf, (34)

10
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0= aj,*ijf - (p‘}* +(1- p‘}*)x?* + y?*)r},
0=20% - ApmSm + p,';,*rfn e Tha

0= Ay + (1= pu V0 13 = U+ )il
0=y gy — (apt + upt )i,

0= a5, = (o + (L= P Ky + )1

m “sm

Oi [ Oy - 0 .
A::,f = mf(nsmljm + ncmljm)s

Ay = B iy + 07
Solving Eq. (34) in terms of Egs. (35) and (36) we have the following
Sr= oo e o [ 92* (:(;*Yfg*p?*_ilhh) 0. [ * 0
alyy Amfpf' +af" yf*ﬂf" pf* —ky ks k4ﬂmf —ky k3 k4/4f* +af* yf* ky j'mf
ks ky A7 0%
ky k3 ky Ajnf +ky k3 ky ;4?* - a;" y;* Afnf p?f - a;* y;* /4;* p;* - a;* y})* ko }‘:an |

Oy * O
Vi kadp 0y

- _
s T kyksky A:‘nf +ky ks ky /4;* - a‘;,* y;* /1:1/. p‘}* - a‘;,* y;* ,u;* pj” - a;* yj.* ko Afnf '
0x 0x 3% pOs
ry= . 2 oafayf *Am'foef 0x 0s 0y 0 0, 0 P
kq k3k4lmf + ky k3k4;4f* —af" yf* Amfpf* —af" yf* ﬂf* pf* —af* yf* kzlmf
. 00 (@l 70 ol — ks ko k)
"l Yo Pt + @ vty oy — ks ey kg Ay = ks kg kg i, + @ v ke /1},,,’
~ ky kg A%, 6,
T sk ks A kes g ke iy = a v A o = @ T My o — @ 1 ke A%,
1o ke 1
am = ks Ky kg A%+ ks Ky ke gy’ = 0 Yt A o = @ Y Pt = Y K Ajm’
y abryer }f/‘.m 0%
m

0x [ 0s [ [ ’
kS k7 k8 A’j”m + kS k7 kS Hm = % Vm A;m Pm — % Ym Hm Pm — @m Vm k6 A;m
where

ki =y 1) ky = (L= pfOK kg = (@ 4 ) kg = (0 + (1= pfOK] + ),

ks = ('’ + ) ke = (1= iy ky = (@ + ) kg = (0 + (1= oKy + ).
Now replacing (37) and (38) into Egs. (35) and (36), and simplifying yields;
i ﬁ;’;,, ky A 9;* (’1:/ J’})* + ey ks)
Im ke kg Artkiky kg ,4;*) - (aji* y}’* A pj* + a;’f y}’* ,4;* pj* + a;" y/of ky Aj‘nf)’
ﬂ,(::f k8 I;"m 91(:1* (Vlsm }lr(:l* + Hem k7)
Oy

M s deg ey A%, s g ke ) = ey v A 00 @ v e o+ v g A%,)

s

Substituting (39) into (40), the Gonorrhea present (nonzero Gonorrhea) equilibria of the model (29) fulfill
Ry -1
o=t
e 4+,
where
0y _ 0412
Rl = O'(RO ),
K Mo (a; +uy ) (am + my) (7? +uy ) (v + ey Keg
o= R
i iy (a7 o = ks e ) (o v oh = ks ey k)
Ty = gy (o0 vor o — ks kg kg) (a;’,* 7’?* ky + a;’," Yfg* /7‘}* —ky ks k4),

Iy = RE il (ry + ks ky kgr'y™ — w7k (o v ke — @y v o).

When, ¢ =1, R‘l’* = (Rg* )%, we have a unique gonorrhea present equilibrium point (endemic point) and the Rg* > 1 will lead to endemicity.

4.7. Stability analysis

(35)
(36)

37

(38)

(39)

(40)

(41)

Stability theory is a branch of mathematics that examines the degree to which solutions of differential equations (fractional and non-fractional)
and how the trajectories of dynamical systems are resilient in the face of minor changes to their initial conditions. The most used form of stability

11
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analysis when using fractional derivatives is the Ulam-Hyers and Ulam-Hyers—Rassias stability analysis. First described in [29], Ulam-Hyers
stability was generalized by Rassias in a later paper [30]. Ulam-Hyers and Ulam-Hyers—Rassias stability is used to effectively govern the dynamics
of a suggested model where precise solutions might be difficult to discover. Here, comparable notions from [31,32] will be presented in the context
of discussing the stable solutions to the Caputo fractional gonorrhea model (1) employing Ulam-Hyers and Ulam-Hyers—Rassias stability conditions.

Definition 4.1. The fractional Caputo gonorrhea model (1) is Ulam-Hyers stable if there exist 0 < Dy, € R,i=1,2,3,4,5,6,7,8 such that vV §; > 0

and for all (s*f*, z:} z:;r’}* s e i ) € Y satisfying

|CD838;*(1) - N (S}*(I), ij’;(l), i:f;i(t), rj;*(l), S, i @), T (D, 1 ()] < 6y,
|CDgf,if}'(f) - J\fz(Sjl*(I), i:;(t), iﬁ;(& r’}*(t), S, i @), T (D, 175 ()] < 6,
|Cngif}(t) - N3(S*}*(t), i;‘;i(t), if;(l), r}*(l), S, i (), i (), 1)) < 83,
) |CDSjr;*(l) - J\/4(S}*(I), ij}(l), i;‘;(t), r’}*(f), SO, i @), T (D, 1y ()] < By, 42)
|CDS_*,S:;*(I) - Ns(S}*(I), i:}(’)a i:;(t), r’}*(t), SO, i (@), T (D, 1y ()] < 6,
|CDgf,ij,’;',(t) - NG(S}*(I), i’j}(l), if;(t), r;*(t), S, i (1), g (1), 1 (D)) < 8,
|CDSf,if,’:,(l) - J\/7(S}*(l), i:}(t), i:f;f»(f), V}*(I), e, i @), T (D, 17 @) < 67,
|CDgf,f:;*(t) - -N‘g(S}*(t), i:’}(’), ij;(t), rj*(t), SO, i @), B (D, 1y ()] < Jg,
3 (SpaicpsispstpsSmsiemsismsTm) €Y satisfying the fractional gonorrhea model (1) with
I55(0) = (0] < Do, 5,
|i:;(t) =i < Dg,8,,
|i§;(1) —igr (] < Dg, 63,
|r;*(z)—rf(t)| < DQ464, (43)
[s3 (@) = 5, (0] < Dy, 55,
li22 (1) = iop(0)] < Do, .
[i5 () — ic(D] < Do, 67,
|7 (@) = ry(D] < Do, b.
Remark 4.1. (s;*, :j; 1;‘; r’}*, sy s ) €Y isa solution of (42) iff
3Py, P2, P3: P4, Ps, Ps, P7. Ps € C([0, T, R)
(based on sj,*, z’:; zj}ir;* s e i e, respectively) such that Ve € T,
@. Ip;®)| <6, (i=1,2,3,4,5,6,7,8), and
CDS‘*,S_’;*(I) = Nl(S}*(l), i:}(l), i:;(f), r;*(f), SO, e (@), T (O, 1 ()] + Py (8),
CDgf,i:;(f) = Nz(sji*(f), iﬁ;(f)a i;‘;(t), r}*(t), SO, i (), T (D), 17 ()] + o (D),
CDEITEO) = N3l 0, 550, 750, 7 (1), 55 (0, 250, 15 (0, 7 ()] + 3,
(ii). 1 Cng‘,r}*(r) = N4(S;*(l),i:;(l),i:;(f), r;*(l), Sai(B), B (@), T (), 1 ()] + Pa(D), (44)

¢ Df,j;s:‘,,*(t) = N5 (50, 775 (0, 8750, 7770, 5,7 (@), 15, (0, 5 (0, 1 (0)] + ps (),
CDSj‘,ij,’;(t) = Nﬁ(s}*(t), I ONONAOENONON ORI ES HON
Cng;i;“;;(t) = No (ST @, 75 (0, 875 (0, 770, 535 (@), 175, (0, 5 (0, 1 (D) + P (D),
CDg;r;;*(t) RGO ON OO ORI ON ORI ES NG

Definition 4.2. The fractional Caputo gonorrhea (1) is Ulam-Hyers—Rassias stable with respect to the functions y;,i = 1,2,3,4,5,6,7,8 whenever
there exists 0 < DQ,‘JG eR,i=1,2,3,4,56,7,8 such that V §; > 0 and V (s’}* [T et

eptspts

ICDSj',s}*(t) OO R O A GO ON S ON O IR AG
ICDS_*‘,ij}(t) = No(ST O, 1550, 1550, 17 (@0, 5350, 5 (. 5 (0,135 (O)] < 85 25(0),
C o ; sk . . . : -

€D i75(5) = N3 (s (O, (0, 0, (0, 53 (0, (O, (D, 5O < 83230,
1€ D05 (1) = N3 O, 750, 00, 15 0, 535 O, 5 (O, (O, F O] < 84140,
DG s (1) = N (8@, 2500, 8750, 77 @), 530, (O, 5 (0. r3F )] < 85150,
|€ D5 (1) = N5 (0, 150,150, P50, 535 (0, 15 (0, P (D, 75O < 8626(0),
€Dyt (1) = N (ST (0, 2500, 8250, 550, 5370, o (00, T (O, 7o O] < 87170,
€D rar () = Ny (s (O, 25 (0.5 (0,75 (@), 537 (0, o (0. o (0,735 (O)] < 8 x5(0),

12

.8

gk ok kK
slems Lom
m?’ em’“sm

r*) e Y satisfying

m

(45)
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Fig. 2. Stability plot when Rg* > 1, for the susceptible and incubative classes.

there exists (sy,icr,i57s7 s Spsfems Esm> ') € Y fulfilling the fractional Caputo model (1) together with

|5;*(1)—Sf(1)| < Dg, 61011,
[i57@ =i D] < Dy, ,6:20(1),
5570 =i s (O] < Doy 4 8325(),
) [FF@ =rpO < Do, 84240,
[s;7 @ = s, < Do . 65x5(1),
lign @ = icu®] < Do . 8661
[i5m @) = ign®] < Do, . 6707(1),
[ @ = r] < Doy, 68 25(1).

Remark 4.2. (s}*, 1:‘; z:‘}i r}*, sy e ) € Y s a solution of (45) iff there exists

P1> P2, P3, P4, Ps, Ps> P7, Pg € C([0, T], R)
(based on s;‘,*, z:‘;i i;‘;ﬁ,r*f*, s e i ¥, respectively) such that V1 € T,

13
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Fig. 3. Stability plot when Rg‘ > 1 for the symptomatic and recovered classes.

@. Ip;®| < x;(®6;, (1=1,2,3,4,5,6,7,8), and

CDSj‘,sf;*(t) =N IGAONON OO OGRS ORI ES A0

CDGiEn () = No(STE . 5 (0. 855 (0. 15 (1), 5 (0, 5 (0, o (0, 73 ()] + (1),

CDSj‘,z‘:}O) = N3(S5 . 0O, 150, 5 (0, 557 (0, i (0, 50 (0, P ()] + P3 0),

CDS () = Ny(s5 (), 5530, 5530, P (0), 555 (), 55 (1), 15(0), ¥ (1) + pa (1),
0 f 4\ cf sf f m cm sm m 4

(if). 4
CDY @) = N3(S5 0, 1750, 1750, 70, 5570, 15,0, 150, 7 (O)] + ps (1),
CDY i 1) = Nl (0. 250,170, P (0, 550, 250, 5400 P ()] + P (0,
CDriEn(t) = Nyl (0, 1750, 750, 75 (0, 53570, £ (0, 5 0, 7 ()] + By 0),

CDT i) = Nyl 0,200, 70, P20, S50, 1550, T (0, 7 ()] + Pg (D).

Theorem 4.4. The fractional Caputo gonorrhea model (1) is Ulam—Hyers stable on T := [0, T] such that
46, <1, i€{1,2,3,4,56,7,8)},
where O, and 4 are given as

;1 Oy 1= f (i) + fgn o) + 1. Oy = B (A + Ao) + (o + i), O3 = (o +ul),
Oy = (1= ps o)y + 1. 05 = Br (10145 + 1 A0) + iy (1), O = (r + Hy):
07 = (@ + uy).Og = (1= Pk +

if the assumption (D1) is true. D(1) @ ||is, (|| < 4,

licm®]| < 4,,

iy ] < 45,

iy ]| < 4
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Fig. 4. Stability plot when Rg' < 1, for the susceptible and incubative classes.

Proof. Let §, >0 and s;* € Y such that

CDgf,S}*(f) - N (S;*(I)a i:;(f), iﬁ;(t), f}*(t), SYE), o (1), 0 (D, 7 ()| < 6y
Then, in line with Remark 4.1, there exists, p,(s) in order to

CDgf,S’}*(t) =N (S;*(f)a i:}(t), lf; @, f}* (0, 857 (@), i (), T (1), 777(1) + Py (D),

and |p, (1| < §,. Therefore,

t
S0 =spo+ /0 (1 =% N (6 S50 (0, 150, 7 (), 557 (0), i (©), T (0, 7 (0 de

1
I'o.)

1 ! _
T /O (t = v p,(0)de.

From Theorem 4.3, we let s, € Y as the unique solution of the fractional Caputo model. Then s () is formulated by

+

t
sp() =55+ %0*) /o (t =" TN (x, S7*(t), i’;;(t), ij;(t), r;*(t), S (), Lo (V) T (V) 7, (v))de.
Then

t
57O =5,01 < 0 [ a= 00yl

L
I'(o,)
+ = /I(z — )0

I'(e.) Jo
X ’N‘l (r, s’}*(t), i:;(t), 1;‘; (v), r’}*(t), S (), Eo (6), T (1), 7 (1))

- N, S () dcp (V)05 p (©), 7 (), 81, (V) oy (V) g (V) 7 (1)) | dE
< 46, + 46, 57" = syl
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Fig. 5. Stability plot when Rg‘ < 1, for the symptomatic and recovered classes.

Thus, by using sup norm on the left and right of the inequality, we get

s = s/ 1l = 46, 157" = s /1| < 45,

Therefore,
As,
||S;*_Sf”5 —-
1- 46,
A

If Dy, = 38 then s =571l < Dg, 8. In the same way,

”1:; - icf” < Dgzlsz, ||lf; - isf” < DQ353, ||rj* - "f” < DQ454,

sy = swll < Do,ds, ity —iemll < Do 86, Nigy, —igmll < Dg,87,  llry" = ryll < Dg,ds,
where

Dy = —5—, (i€{23,456,7,8)).

i

Hence, the Ulam-Hyers stability of the fractional Caputo gonorrhea (1) is accomplished. []

Theorem 4.5. Suppose (D'), such that there exists a non decreasing mappings £2; € C([0,T1,R%),i € {1,2,3,4,5,6,7,8} and there exists =, o > 0 such
that for all t € T,

CI$ (1) < 20,2, € {1,2,3,4,5,6,7,8). (48)
If (H1) holds, then the Ulam-Hyers—Rassias stability of the fractional Caputo gonorrhea model (1) holds.

Proof. For every 6, > 0 and for all s;* € Y satisfying
CDSj;’”s’}*(t) = N, ST O, i 7O, 5O, O, 5570, i (O, T (0, 7 (D) | < 6182,(0),

16



J.K.K. Asamoah and G.-Q. Sun Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 175 (2023) 114026

Singular value analysis when g, = 0.99
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Fig. 6. Fractional time series plot and sensitivity dynamics of Gonorrhea with ¢, = 0.99.

there exists p, (¢) such that
e} Dg; s}*(l‘) = ./\/1 ), s’}*(t), t:}(f)’ ij;(l), r;*(t), S;*(t), i:;(l‘), i::;l(l), r;*(t)),
and |p, (1| < §,2,(r). Hence

t
Sy =spg+ 5 (L 5 / (1 = O T N (ST, 5 @), 5@, P (), 57 (@), 5 (0), (0, i (©)de
' s 0

1 ! _
+ ) /0 (t — )% 'p; (v)de.

From Theorem 4.3, we presume that s, € Y has a single solution for the fractional Caputo gonorrhea model(1). Therefore s,(t) is
t
sy =spo+ ﬁ / (1 = O N S50, 02500, 50, 7 (0, 537 (0), i (©), o (0), 7 (0)de
e 0
We get

s - sf(t)\ < %0*) /Os(z — )% |p,(v)|de

t
+ F(lp*) /0 (t =0 x|V, s}*(t), i:‘}i(t), ij}(r),r’}*(t),sfn*(t), i (), o (0), 17 (1))
- Ni(x, Sp(®), 0 (V)85 (©), 7 p(€), 5, (V) oy (V) F g (V) 7 (1))
[ ! A A
< r(;*)/o(z—t)@*lgl(t)dt+4@1||s;*-sf||

<61 Z0,2,(1) + 46, 55" = szl
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Fig. 7. Scatter plot of the fractional Gonorrhea reproduction number when o, = 0.99.
Therefore
st = < 2E2 A0
Sy —=Spll S ———————.
ro 1- 46,
If
591
D =—,
QBT 4o,

then ||s;‘,* =57l <6, Dg, o,2,(1). In a way analogous to this, we have

77 —icfll < 6:Dg, 0,925, Nlif} —igpll £83Dg, 0,231, IIry" —rpll < 84Dg, o, 24(),
llsy” = sl < 65Dg, 0, 25, 1%y, = ienll < 6Do, @, 26(®): 1%, = ignll < 37Dg, 0, 25(0).

75 = ryll < 84Dy 0, ().

where

[1]

O (i€ (2.3.4.5.6.7.8)).
1 - 40,
Therefore, we state that the fractional Caputo gonorrhea model of (1) is Ulam-Hyers-Rassias stable. Hence, this completes the stability result of
the proposed Caputo gonorrhea model (1). [

DQi’Qr =
i

5. Numerical simulations

In this section, we show the numerical simulation concerning the stability of the proposed model, the sensitivity analysis using singular value
analysis, Latin hypercube sampling, box-plot, scatter plot and sensitivity heat map. At the latter, we showed the time series plots when the fractional
order is changed from 0.50 to the integer order 1.00. Using the parameter values in Table 1. We used the well-known fractional Adams-Bashforth
iterative method by [33] for all the fractional Caputo simulations with initial conditions s r=06,i.f =02if =01Lr; =015, =07ims=
0.1,i;m=0.1,r, =0.1.
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Fig. 8. Contour and surface plot of the fractional Gonorrhea reproduction number when ¢, = 0.99.

Table 1

Parameter table.
Parameters Values, day™' Reference Parameters Values, day™! Reference
0, 0.45 [34] By 0.15 [35]
0, 0.3 [34] Ny 0.65-0.99 Variable
Ngm 0.4-0.8 Variable gy 0.65-0.99 Variable
Uy 0.04 8] Nem 0.4 Variable
P 0.04 [8] Py 0.04 [8]
a 0.03 [35] Pon 0.04 [8]
Kr 0.01 Assumed Ko 0.01 Assumed
a,, 0.4 [35] 7 0.2 Assumed
Brm 0.0625 [35] Ym 0.26 Assumed

5.1. Results and discussion

5.1.1. Global stability plot

Figs. 2 and 3 shows that the gonorrhea present equilibrium point is globally asymptotically stable when Rg* > 1. That is, for Figs. 2 and 3 we
used the parameter values in Table 1, and Rg* = 4.1224 with fractional order ¢, = 0.99. Figs. 4 and 5 show that the Gonorrhea-free equilibrium
is globally asymptotically stable when Rg* < 1, thus, using the parameter values in Table 1, RS* = 0.2735 with g, , = 0.0625, n,,, = 0.04, 1., =
0.065, 15, = 0.04, n;, = 0.065 and fractional order o, = 0.99. Therefore, we state that the proposed model has unique gonorrhea present and

gonorrhea-free equilibrium point whenever Rg* > 1 and Rg* < 1, respectively.
5.1.2. Sensitivity analysis
In this subsection, we show various sensitivity analyses and other plots. Figs. 6-9, shows the various sensitivity plots. Fig. 6(a) shows the time

series plot for all state variables when one normalized the date with a fractional order of 0.99. It indicates that, when one considers the spread of
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Fig. 9. Sensitivity heat map considering four principal components. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

the disease for 100 days, there will be more recovered females than recovered males, more symptomatic females than symptomatic males, more
incubative males than females and more susceptible females than susceptible males at the end of the simulation. Fig. 6(b) shows that the most
sensitive state variable is the symptomatic females, followed by the recovered males. This indicates that the disease can be controlled if more
females show symptoms than are in the incubative class. It also indicates that the spread of the disease can be managed with more recovered
males.

Fig. 6(c) shows that global sensitivity analysis of the parameters in the basic reproduction number. The plot indicates that the infectivity potential
by contact between incubative females and susceptible males, #, ,, the infectivity potential by contact between symptomatic females and susceptible
males, 7, the infectivity potential by contact between incubative males and susceptible females, ,,,, the infectivity potential by contact between
symptomatic males and susceptible females, 7,,,, the transmission rate from females to males, Brms the transmission rate from males to females,
By the recruitment rate of females, 6 /s and the recruitment rate of males, 6,,, contribute positively to the spread of the disease in a community.
Also, the PRCC plot indicates that « /> Tecovery rate in females, a,,, recovery rate in males, p /s the proportion at which recovered females become
susceptible again, p,,, the proportion at which recovered males become susceptible again, y,, the rate at which females in the incubative class
moves to the symptomatic class, and, y,, the rate at which males in the incubative class moves to the symptomatic class, reduces the spread of the
disease in a community. The plot indicates that reducing the disease in females will go a long way in reducing the overall gonorrhea endemicity
in the population. The box plot in Fig. 6(d) shows that the threshold value ranges between 0.5 to 5.5 using 2000 uniformly distributed parameter
values.

Figs. 7(a) and 7(b) show that, as the transmission rate from males to females and females to males increases from 0.1 to 1. The basic reproduction
number linearly increases. Controlling these two transmission rates could lead to a significant drop in secondary infections. Figs. 7(c) and 7(d)
show that, as the recovery of females and males increases from 0.1 to 1. The basic reproduction number linearly reduces. Any control measure to
increase the recovery of these two classes will lead to a significant increase in healthy people.

Figs. 8(a) and 8(b) shows the contour and surface plot for female class. It indicates that the rate of recovery and transmission rate in the female
population has an inverse relationship. That is, an increase in a, distorts the dynamical effect of the transmission rate f,,. This similar thought holds
for the male population in Figs. 8(c) and 8(d), respectively. The fractional model’s sensitivity analysis utilizes the various compartments, visualized
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Fig. 10. Fractional dynamics of Gonorrhea considering susceptible and incubative subpopulation.

as a heat map for four different principal components (PC) in Fig. 9. Principal component analysis (PCA) is a widely employed technique for reducing
the dimensionality of extensive data sets. It accomplishes this by transforming a multitude of variables into a more compact representation that
retains the majority of the information present in the original data set. The sensitivity indices of gonorrhea compartments for each model parameter
are displayed. The sensitivity index measures how much each partition shifts due to a change in one or more parameters. Each panel’s color intensity
corresponds to a different level of parameter sensitivity, with light yellow indicating a strong positive correlation between the parameters and the
model compartments, deep yellow indicating a moderate positive correlation, green indicating a weak positive correlation, light blue showing a
strong negative correlation, and deep blue indicating a robust negative correlation. Figs. 9(a)-9(d) shows that symptomatic females, recovered
males, susceptible females and recovered females are the compartments that are most sensitive to the parameter values.

5.1.3. Caputo fractional simulations

Figs. 10 and 11 show the dynamical importance of fractional derivatives in epidemic studies. Fig. 10(a) shows that memory changes impact
the number of susceptible females. For a structured gonorrhea study, each fractional order corresponds to a different number of susceptibility with
no crisscrossing behavior. Fig. 10(b) shows that memory changes impact the number of susceptible males. For a structured gonorrhea study, each
fractional order corresponds to a different number of susceptibility for males with crisscrossing behavior after 40 days. Figs. 10(c) and 10(d) show
that memory changes impact the number of incubative females and males. That is, for structured gonorrhea there exists a crisscrossing behavior
for the early stages of the disease, and afterwards, no crisscrossing behaviors occur. Figs. 11(a) and 11(b) show that memory changes impact the
number of symptomatic females and males. For a structured gonorrhea model, there exists a close trajectory for 20 days in the symptomatic female
class and no crisscrossing behavior for the female symptomatic class. However a crisscrossing behavior occurs for 25 days in the symptomatic males
class, and afterwards, no crisscrossing behaviors show up.
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Fig. 11. Fractional dynamics of Gonorrhea considering symptomatic and recovered subpopulation.

6. Conclusion

This paper studied the dynamics of gonorrhea spread between females and males. The proposed model is shown to be positively invariant and
bounded. The conditions for existence and uniqueness are obtained using the Lipschitz condition. The stability of the model was also studied using
the Ulam Hyers and Ulam Hyers Rassias stability conditions. Compared to previous mathematical studies, this work showed the importance of
memory in a structured population. We showed numerically that the gonorrhea present equilibrium point is globally asymptotically stable when
Rg* > 1, that the gonorrhea-free equilibrium is globally asymptotically stable when Rg* < 1. The numerical simulation indicates that a change in
memory affects the population sizes in each compartment. The sensitivity analysis shows that the most sensitive state variable is the symptomatic
females, followed by the recovered males. This indicates that the disease can be controlled if more females show symptoms than are in the incubative
class. It also indicates that the spread of the disease can be managed with more recovered males. Using the sensitivity heat map, we showed that
the symptomatic females, recovered males, susceptible females and recovered females are the compartments most sensitive to the parameter values.
The limitation of this work is that we did not compare this study to real data. The future outlook is to compare this model with gonorrhea data;
however, this study can serve as a guide since most parameters are related to gonorrhea studies.
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