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The purpose of analysing the transmission dynamism of Q fever (Coxiellosis) in livestock and incorpo-
rating ticks is to outline some management practices to minimise the spread of the disease in livestock.
Ticks pass coxiellosis from an infected to a susceptible animal through a bite. The faecal matter can
also contain coxiellosis, thus contaminating the environment and spreading the disease. First, a nonlinear
integer order mathematical model is developed to represent the spread of this infectious disease in live-
stock. The proposed integer model investigates the positivity and boundedness, disease equilibria, basic
reproduction number, bifurcation, and sensitivity analysis. Through mathematical analysis and numerical
simulations, it shows that if the environmental transmission and the effective shedding rate of coxiella
burnetii into the environment by both asymptomatic and symptomatic livestock are zero, then the usual
threshold hold and it produces forward bifurcation. It is noticed that an increase in the recruitment rate
of ticks produces backward bifurcation. And also, it is seen that an increase in the natural decay rate
of the bacterial in the environment reduces the backward bifurcation point. Furthermore, to take care
of the memory aspect of ticks on their host, we modified the initially proposed integer order model
by introducing Caputo, Caputo-Fabrizio, Atangana-Baleanu fractional differential operators. The existence
and uniqueness of these three newly developed fractional-order differential models are shown using the
Banach fixed point theorem. Numerical trajectories are obtained for each of the fractional-order math-
ematical models. The trajectory of some fractional orders converges to the same endemic equilibrium
point as the integer order. Finally, it is seen that the Atangana-Baleanu fractional differential operator
captures more susceptibilities and fewer infections than the other operators.

© 2022 Elsevier Ltd. All rights reserved.
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ward Derrick identified this infection, which he named Q (query)
fever [2,3]. Coxiella burnetii, the aetiological agent, is found in

1. Introduction

Query (Q) fever is a zoonotic illness that affects both humans
and animals and is caused by Coxiella burnetii, a Gram-negative
obligate intracellular bacterium that has evolved to survive within
the phagocyte’s phagolysosome; the disease is also known as
coxiellosis in animals [1]. In 1935, during an epidemic of a febrile
fever among slaughterhouse employees in Brisbane, Australia, Ed-
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nearly all animal kingdoms, including arthropods, although it is
mostly transferred to humans by infected agricultural animals
such as goats, cattle, sheep, and pets [4]. The primary reservoirs of
Coxiella burnetii are domestic ruminants. However, cats, dogs, rab-
bits, birds, and other animals have been linked to human sickness
and infection [1,4,5]. Coxiella burnetii is extremely hardy, meaning
it may live in the environment for months [1]. Chronic Q fever
can cause endocarditis (inflammation of the heart valves) and en-
dovascular infections. If a woman is infected while pregnant, she
is more likely to have a bad pregnancy result unless she is treated.
Premature birth, growth restriction, spontaneous abortion, or fetal
death can all result from Coxiella burnetii infection in pregnant
women. The acute infection in most cases of Q fever resolves
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Fig. 1. Transmission cycle of Q fever and reported incidence of Q fever in humans in Australia.
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(a) Q fever incidence in humans in the USA, data obtained

from WAHID [9].
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(b) Q fever incidence in humans in the Netherlands, data

obtained from WAHID [9].

Fig. 2. A pictorial representation of Q fever in humans in USA and the Netherlands, data obtained from the World Animal Health Interface Database as at 23-04-2019 [9].

spontaneously or with proper antibiotic therapy, but the chronic
infection requires long-term antibiotic therapy (at least 2 years)
and serological surveillance [1,6]. Coxiella burnetii is a bacteria that
causes difficulties in cattle reproductive. The illness can result in
occasional miscarriages or epidemics, as well as dead or weak kids,
all of which can be recovered without complications, although the
infection is more often asymptomatic. With the exception of New
Zealand, Iceland, French Polynesia, and Norway, Q fever (or Coxiel-
losis) is prevalent worldwide [7,5]. Ticks also carry the organism
and are suspected to transmit it to animals, particularly rodents
(such as tiny mice) and rabbits, as well as birds [8]. Coxiella
burnetii can also be transmitted to livestock animals through ticks’
bite [5,9]. Figures 1 and 2 gives a pictorial nature of the transmis-
sion routes, and incidence cases in some selected countries.

Mathematical modeling of infectious diseases and their con-
structive analytical study together with numerical simulations have
greatly contributed to understanding diseases dynamics and their
possible control measures [10-18]. Integer-order nonlinear differ-
ential equations have shown to be very useful in the construction
of realistic epidemiological models, and they continue to gain pop-
ularity.

Fractional calculus which includes the calculus of derivatives
and integrals of arbitrary order has been utilized to analyze the
dynamics of real-world problems in numerous disciplines of sci-
ence and engineering over the last few years [19-23]. Baleanu and
Agarwal [24] have explored a variety of intriguing opinions and

perspectives on fractional calculus and its application to real-world
problems in science and engineering. In recent times, the applica-
tion of fractional calculus in epidemiological modeling has broad-
ened the mathematical analysis and numerical simulations per-
spectives of infectious disease models. It has been demonstrated in
the literature that non-integer order differential equation models
that are characterized by fractional-order derivative operators are
very powerful and useful in formulating realistic models. One of
the most widely used fractional derivative in fractional order mod-
els is the Caputo operator (see for example, [25-35]).

The authors in [36] and [37] have respectively developed
Caputo-Fabrizio and Atangana-Baleanu fractional derivative op-
erators with non-singular kernels. In [38], Khan and Atangana
used three differential operators in fractional calculus namely
Atangana-Baleanu, Caputo, and Caputo-Fabrizio to develop and ex-
amined epidemic models for Ebola virus disease (EVD). They per-
formed numerical simulations for the three model problems and
concluded that the EVD model with Atangana-Baleanu fractional
derivative gives better results.

In [39], the author studied and analyzed an EVD compartmental
model using Atangana-Baleanu fractional derivative operators. The
author carried out the existence and uniqueness of solutions for
the formulated EVD model and performed numerical experiments
via the newly constructed and efficient iterative scheme developed
by Toufik and Atangana [40]. Yavuz and Bonyah [41] in their study
formulated and analyzed nonlinear mathematical models for schis-
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tosomiasis disease using Caputo-Fabrizio and Atangana-Baleanu
fractional derivative operators. They obtained numerical solutions
for the model problems using an iterative method through Laplace
transform and Sumudu-Picard integration approach. The dynami-
cal behavior of a two-strain Influenza virus infection is described
using a fractional-order differential equation model based on the
Mittag-Leffler kernel operator [42]. The transmission dynamics of
diarrhea infection are investigated using real statistical data and
deterministic differential equation models based on Mittag-Leffer
kernel, exponential law kernel, and power law kernel operators
[43]. A data-driven compartmental model for chickenpox has been
developed and thoroughly studied using Mittag-Leffer kernel, ex-
ponential law kernel, and power law kernel operators in fractional
calculus [44].

The literature on fractional calculus modelling techniques in the
construction of realistic mathematical models connected to real-
world situations, particularly compartmental modelling of infec-
tious diseases, provided the motivation for this study. Furthermore,
in the study of the transmission dynamics of Q fever in animals us-
ing deterministic models the following works can be cited [7,45],
but none has consider the use of fractional calculus and the trans-
mission dynamics of the disease between livestock and ticks. Even
though numerous pioneering studies have been done on the rel-
evance of ticks in Q fever epidemiology, the presence of Coxiella
burnetii in ticks remains disputed [4,46,47]. Over 40 tick species
contain Coxiella burnetii, according to early microscopic morpho-
logical observations [46]. Ticks with unusually high levels of Cox-
iella burnetii infection have been reported on occasion, raising the
question of whether ticks play a critical role in Q fever transmis-
sion in livestock [4,48,49]. Thus, through non-fractional and frac-
tional mathematical analysis and simulation, we seek to address
this problem at the ecosystem (population) level using Caputo,
Caputo-Fabrizio and Atangana-Baleanu derivatives and integrals.

The rest of the study comprises of eight sections, thus,
Section 2 contain the model formulation and description of the
state variables. Section 3 presents the model analysis in non-
fractional form. In Section 4, we focus on some important defini-
tions from factional derivatives in relation to the three fractional
operators. In Section 5 the formulation of the three fractional op-
erator models are given together with the prove of existence and
uniqueness through fixed point theory. In Section 6, we provide
the numerical schemes for our three proposed fractional opera-
tor models in livestock and ticks. Firstly, we start with the Ca-
puto scheme, followed by the Caputo-Fabrizio scheme and lastly
the Atangana-Baleanu scheme using the two step Lagrange in-
terpolation. In Section 7, we apply the above numerical schemes
to obtain numerical solutions for the three fractional derivatives.
Section 8 contains the conclusion of the study.

2. Model formulation

We considered the dynamics of Q fever in livestock (cattle,
sheep and goats) in a locality where the onset of a new infection
is through environment, and contact with infected ticks. We as-
sume a community where there are no vaccination and treatment
dose for livestock. Let S; (t), A;(t) and I; (t) respectively denote the
number of susceptible livestock, asymptomatic livestock and clini-
cally ill livestock at time t. The susceptible tick population size and
the number of the infected ticks at time t are respectively denoted
by St (t), and I (t). Therefore, the total livestock population at time
t is given as

Ni(t) = S.(t) + AL(t) + I.(t), (1)
and the total tick population is given as

Nr(8) = Sr(t) +Ir (0). (2)
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The total bacteria load at any time, t, in the environment is de-
noted by B(t), Ay and Arg respectively denote the incremental
rate of susceptible livestock and ticks. We assume that, the rate
of transovarial transmission in ticks and livestock is zero, hence,
all newborns are susceptible, w; and ur denote natural death rate
in both compartments, ¢ is natural decay rate of Coxiella burnetii
from the environment. The incidence of acquiring an infection in
the livestock population is assumed to be

AL = (B1B+ BsIr)St. (3)

this is due to the homogeneous mixing of livestock and a possi-
ble invasion of ticks on farms, the environmental transmission is
denoted as B, Bs is the per capita transmission rate of coxiella
burnetii from infected ticks to a susceptible livestock, B, is the ef-
fective shedding rate of coxiella burnetii into the environment by
both asymptomatic and symptomatic livestock, B3 is the effective
rate of transmission of coxiella burnetii to ticks after biting an in-
fected livestock, thus (A; +1I;), and B4 is the effective shedding rate
of coxiella burnetii into the environment by infected ticks. The pro-
gression rate from A; to I; is denoted as «;. The model flow dia-
gram is shown in Fig. 3.

2.1. Model

From the above description we have the following system of
equations for the proposed study.

B = AL — (B1B+ Bslr)S, — (St
W = (B1B + Pslr)Sy — (o + )AL,
U = AL — iy,

9 = Bo(AL+11) + Balr — €B,

Lr = Ar — BsSr(AL+ 1) — purSr.

O = BsSr(AL+1) — prly.

with initial conditions

51(0) =S, > 0,A(0) =A,, =0, [,(0) =1, =0,

B(0) =By > 0,57(0) =Sp, = 0, I (0) = Iy, = 0.

3. Model analysis

This section focus on the feasible regions of the transmission
model (4), thus, we need to show that the proposed model is epi-
demiologically well stated, and that, it leads to nonnegative state
values as time, t, increases (thus, t > 0). If this is satisfied, then it
is sufficient to obtain the disease equilibria, reproduction numbers,
and further test the stability of the equilibria. The model (4) is ba-
sically divided into three invariant regions; thus, Q2 = Q; + Qp +
Qr, therefore with reference from Agusto et al. [50], we now pro-
ceed to analysis the positivity and boundedness of solutions; in-
variant regions.

3.1. Positivity and boundedness

Theorem 3.1. Let the initial state values be S;(0) > 0, A (0) >
0, [(0) >0, S;(0) > 0, I;(0) > 0, B(0) > 0. Then, the solution set
Q = {S (), AL(t), I.(t), St (t), Ir(t), B(t)} e Ri of the Q fever model
(4) are nonnegative for all t > 0.
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Fig. 3. Flow diagram for Q fever in a tick induced environment.
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Proof. Let Z* = (S5;,A.. 1. B, ST,IT)T*,M(’; = (B1B+ Bslr), Mj = Br(Ap + 1), Mj = B3Sp (AL +1;) where T* represent transposition. Hence,

model (4) can be written as
Gk = AL —M;St— St
% = MgSt — (ur + A,
% = AL — i,

95 — Mj + Baly — €B,

G = At —M;Sr — prSt,
@ — MjSr — urlr,

Solving a5,

7 by applying the integration factor rule and the method of change of variables, we have

t t
‘i{SL(t)exp[uLt+/() M(’;(r)dt]} = AL{exp|:,uLt+/o M{;(r)dt]}.

Thus,

t t y*
SL(t1)exp|:,uLt1 +/(; Ma(‘[)df:| -5.(0) :./o AL{exp[,uLy* +/0 ME‘)(‘L')dT:| }dy*

Hence,

t
Si(ty) =5L(0)3XP|:—IJ«LH —/0 MES(T)dT]

t t; y*
+ exp[—um - Mg(t)dr} X / AL{exp[,uLy* +/ Mg(t)dr} }dy* > 0.
0 0 0

The same idea can be used to show that A;(t) > 0,I;(t) > 0,B(t) > 0,Sr(t) > 0 and I (t) > O for all t > 0. This guarantees that the com-
partments remain nonnegative and feasible during the entire scope of the study. In addition, model (5) can be written as % =D*Z* +Y*,

where
— (Mg + ) 0
Mg —(pL+ o)
D — 0 o
0 0
0 0
0 0
O

0 0 0 0 AL
0 0 0 0 0
—ur 0 0 0 v 0
0 - 0 B« | | M
0 0 —-(Mj+pur) 0 0
0 0 M3 —UT 0
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It is obvious that Y* > 0 and the off-diagonal of D* are positive for positive parameter values. This proves the property of Metzler
matrix. Hence, this further support that all the equations in model (4) remains positive through out the scope of the study.

3.1.1. Boundedness
Using the epidemiologically feasible region, €2, as defined below, we want to verify that a transformation on the Q fever model (4) will
remain in a certain realistic limit for t > 0.

Q:QL—‘,-QB—l-QTCRiXRJrXRi,

where

Q= {(SL,AL,IL,ST,IT,B) eRS:N, < %,NT <Ar g B+ Bl }
L

H“r EULMUT

From model (4) the total population is given as

dNéft) = AL — pur(Se(t) +AL(t) +IL(1)), o
dl\gt(t) = A1 — pr(Sr) + I (£)), o
% = Ba(AL(t) + I.(t)) + Balr (t) — eB(t). “

Now to establish that Ri is positively invariant, we recall the following Eqs. (6), (7), and (8), here, it should be noted that, if 0 < A;(t) +
I (t) < Ni(t), 0 < Iz (t) < Ny(t), then it follows that

dl\Zt(t) < Ap— urN(t),
dlz(tt) < BaNi(t) + BaNr (t) — €B,
% < At — urNp (D).

Now, solving the above inequalities, the following is established Nj(t) < N;(0)e=#it + %(1 - e‘“L‘), B(t) < w +B(0)e~¢t —

WE_” and Ny (t) < Np(0)e~ ()t 4 ﬁ—;(] - e‘(/‘ﬂf). In particular, N, (t) < %,B(t) < ﬁgﬁl + ’%*If‘TT and Ny(t) < 2—; as t — oo.
Therefore, the region 2 is positively-invariant. Hence, the proposed model is considered to be epidemiological meaningful (mathemati-
cally well posed) and it is sufficient to say that all solution of the Q fever model, with initial conditions remains in the feasible region

Q.

3.2. Disease-free equilibrium(DFE) and basic reproduction number

The disease-free equilibrium of our Q fever model is obtained by setting the right-hand sides of the equations in model (4) to zero,
and further equating the coxiella burnetii induced livestock, ticks and bacteria load in the environment to zero, thus A, =1, =If =B =0.
Hence, the unique disease-free equilibrium is given by

DEF = 50 = (SL(), ALO: 11_0, Bo, 510, IT()) = <AL, 0,0, 0, ﬂ, 0)
ML MUt

Using the DFE, we can obtain the basic reproduction number Ry. Here, Ry is defined as the number of secondary infection(s) that an
infected tick can generate in a completely susceptible livestock population during its entire period of infectiousness, and/or the number
of secondary infection(s) produced when the bacteria is taken in from the environment by a susceptible livestock, Rq also contains the
secondary infection(s) of ticks produced by both asymptomatic and symptomatic livestock. If Rg < 1 then the disease will eventually die
out, whereas Ry > 1 means that the disease will persist in the population and Ry =1 is a baseline which requires further investigation.
The above account can be obtained mathematically, by using the next generation operator method G = FV -1, thus we define two matrices
F and V, where the element(s) in matrix F constitutes the new infection terms, while that of matrix V constitutes the new transfer of
infection terms from one compartment to the another [51,52]. Now, considering the Coxiella burnetii induced state variables in model (4),
we have the following equations

dA
(TtL = (B1B + Bslr)S. — (1 + ap)AL, 9)
dl
(Tf = oAy — i, (10)
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dB
i = Bar(Ar +11) + Baly — €B, (11)
dr
7: = B3Sr(AL+1) — prlr. (12)

Linearising Eqs. (9)-(12) about the DFE and assuming that shedding is not a new infection then elements in B goes into matrix V(see [53],
Sections 6 and 7, for similar approach), we obtain a Jacobian matrix J, given as, ¢ := JM = (F — V)M, where M = [A;(t).];(t), B(t). Iy (t)]T

, d
denotes vector of infectious variables. '
Therefore,
0 0 Bt Bsit (M+a) 0 0 O
0 0 0 0 - 0 0
Fo V= Lo : (13)
0 0 0 0 —B2 B> & —Pa
Bsat  Bsst 0 0 0 0 0 pur
which leads to,
ALBi Ba ALBi B AL AL (B BatBs &)
& ur? & u? €L & UL Lt
G:=FV-! 0 0 0 0 (14)
- - 0 0 0 0 '
Ar B Ar B
uLT u; MLT ui 0 0

Hence, the basic reproduction number Ry is the spectral radius (dominant eigenvalue) of Eq. (14). Therefore, Rg = p(FV~1), is the positive
root of the quadratic equation.

Q) =A% —RYA - RERY =0, (15)
01 _ BihA 02 _ AL(B1Ba+Bse) 03 _ ArB
where Rl = P2t RE2 = MOLERD, RE = frfa.
Hence,
Ry = RNC,
where

1
74 = 5 (R + R+ ARPRE).

Here, the reproduction number, R, consist of the number of secondary infections generated per each stage of the disease transmission
processes. It can be seen that

Ro < 1iff RS + RPPRP < 1, (16)
RO =1 iff RY' + RPPRY =1, (17)

RO > 1 iff RY + RPRP > 1. (18)
The above assertion can be verified by direct calculation,
Rgc <1,

(R8 + R ARG <1
V(R +4REPRY < 2 — RY,

4ARPRY < 4—4RJ,

N —

RY' + RYPRY < 1.
Analogously, (17)-(18) hold, which completes the proof of our assertion.
Also, the expressions in R’S’G support some epidemiological facts: Rgl indicates that the rate of shedding of the bacteria by both
asymptomatic and symptomatic livestock into the environment which may multiply the rate of intake of the bacteria by a susceptible
animal, this may lead to an outbreak, but the term MZ' indicates that in such situation, any method aimed at increasing bacteria decay

rate from the environment will eventually minimize the rate of new infection in a completely susceptible live animal population. The

term %&AL in R82 indicates that shedding of Coxiella burnetii into the environment maintains the circle of new infection in a completely

susceptible livestock population, where MiL ur >0 and % & >0 is the mean time in (A, +1;) and B respectively, hence any approach

aimed at increasing w; and/or &, will lead to a reduction of bacteria load shed by an infected livestock. The term ﬁ;—[T‘L in R82 is the new
infections that can be generated by an infected tick through a successful bite of susceptible livestock during its period of infectiousness. The
expressions R83 is the secondary infections produced by both asymptomatic and symptomatic livestock in the susceptible tick population.
In a tick free livestock farm, we will have R = R!.
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3.3. Endemic equilibrium and existence of backward bifurcation

The endemic equilibrium is obtain by solving the following equation.
AL = (B1B+ Bslr)Sy — uiSL =0,

(B1B + Bslr)S. — koAL = 0,
A — il =0,

B2(AL+11) + Balr —eB =0, (19)
Ar — BsSt(AL+1) — urSr =0,
BaSr(AL+11) — prlr =0,
where kg = (4 + «1). Now, let the force of infection be
A7 = (B1B+ Bslr), (20)
A= Ba(AL+ 1), (21)
3=PB(AL+1p), (22)
Ay = Balr, (23)
and let the impulsive endemic equilibrium point be denoted by
& = (S, Al I, B, St If).
Therefore, the endemic equilibrium point from (19) expressed in terms of A7, A5, A3, A} is given as
Ap
S = ———,
R
. AMAL
A= W ke
( 1 + /’LL) ]
aL)\,TAL
R S Sl S 24
L™+ ko (24)
&
At
Sh= o,
T G+ )
. AsAr
=7,
(A + ur)iur
substituting (24) into (20)-(23), the force of infection now becomes
3= Bipr (A5 4+ pur) (A% + A%) + BsAseAr 5
1= " ; (25)
eur (A3 + ur)
Ba AL
AMy= —— 26
2= %+ D (26)
Bs AL
M= — 27
T+ ) @7
ArBsALA:
Ay = */34 83 g 1* . (28)
BaALA pur + o b2 (A% + pg)
Thus, substituting (26)-(28) into (25), gives
AR 4 A3+ Ash + Ay = 0, (29)

where

Ay =2A1 B’ e + i prt e + BIAL ndue,



J.KK. Asamoah, E. Okyere, E. Yankson et al.

Chaos, Solitons and Fractals 156 (2022) 111821

0.14 T 0.015
Stable EE
0.12
< 04 .
g S 0.01
= Unstable EE = Stable EE
§ 0.08 §
£ £
S 0.06 stable DFE Unstable DFE 5 ,
o © 0.005
S o0.04 S Stable DFE Unstable DFE
Critical point
0.02
o o
o R;0.5 1 1.5 2 o 0.5 1 1.5 2
Reproduction number Rg Reproduction number Rg
(a) Backward bifurcation. (b) Forward bifurcation, ¢ = 0.8.
0.12 T T 0.12
A, =300,A  =200,A; =100, A;=0
0.1 0.1
L s
5 008 § o.08
8 8
£ o0.06 = o.06
S S
@ @
e 0.04 e 0.04
S S
w w
0.02 0.02
S S Critical points )
o e o
o 0.5 1 1.5 2 o 0.5 1 1.5 2

Reproduction number R Reproduction number R

(¢) Change in tick recruitment rate (d) Change in natural decay of Coziella burnetii from the environment.

Fig. 4. Bifurcation diagrams as pB; € {0.001,2.000}. Parameter values used are p; =0.02,A; =9, o =0.0029, B, =0.00003, 83 = 0.0000001, 84 = 0.000001, B5 =
0.0001, pur = 0.01.

Ao = Bs Aot e (4 — [2RY + Ror]) + udude (2 — [RY + RPRP]) + B A2udude(1 - [RY + RPREP])
Ay = e (1= 2[R + RERY) + oAt ute (1~ RY) + 2uustd et s + B spufude (1 - [RY + RPRE))
.A4 — EI’LL6MT4(1 _ [Rgl 4 73827283])7

2
with R = % RY? = ALBifatbse) o3 _ APy o PaALBPL 1 can be observed that Aq > 0, due to the fact that all the model

Rrige 0 Y0 T ey Y01 uie
parameters are nonnegative. Furthermore, A4 > 0 whenever Ry < 1, iff RJ! + RI?R33 < 1. Therefore, the possible number of positive real
roots for the cubic polynomial (29) is dependent on the sign of A, and A3. Which can be analyzed using the Descartes’ rule of signs on
the cubic p(x*) = A1x*3 + Ax*? + Asx* + A4 (with x* = A%). Therefore, the following are established.

Theorem 3.2. The model (4)

(a) has a unique endemic equilibrium if Rg > 1 iff R} + RI*RI® > 1 and either the following holds
(l) Az > 0, .A3 > 0;
(ii) Ay <0, A3 < 0;
(lll) ./42 > 0, .A3 < 0;
(b) could have more than one endemic equilibrium if Ro > 1 iff R + RY*RI > 1 and this holds
(i) Ay <0, A3 > 0,
c) could have 2 endemic equilibrium if Ry < 1 iff RO + R2ZR3 < 1 and all of A,, and Az are negative.
(c) could have 2 endemic equilibrium if Ry < 1 iff RS + R2RI < 1 and all of Ay, and A i

Item (c) of Theorem 3.2 indicates the existence of multiple endemic equilibrium when R < 1 (this normally suggests the phenomenon
of backward bifurcation, see Fig. 4(a)). When the associated reproduction number of the model is less than unity, the phenomenon of
backward bifurcation, which is characterized by the coexistence of a stable disease-free equilibrium (DFE) and a stable endemic equilib-
rium, has been observed in many disease transmission models (see for example [54-61]). Now focusing on three case scenarios of Eq. (29),
we draw the following insights.

Case 1:

When B = B, = 0, we have a unique endemic equilibrium, thus

euZkou2 (RO — 1)

A= , 30

U BsAL(uL + ap) + prkoiy (30)

where RO* = W which support the fact that, when f; = 8, =0, the usual threshold for the basic reproduction number
TROML

holds, thus the disease can be eradicated when the basic reproduction number, R% is less than unity (no backward bifurcation), see
Fig. 5(b).
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Fig. 5. Numerical simulation of the non-fractional model.

Case 2:
When B4 =0, Eq. (29) becomes

AN+ A5 4+ 505 4+ A =0, (31)
where
Ay =2A B3’ pur® &+’ et e + B3 AT e,
As = Byhund e (4~ [2R8'+ Ror) + bt (2~ [RY 4 RERE) + B3 Achude (1 - [R8) + R RY)
A5 = e (1 - 2[RE + RERE]) + aupitide (1 - R) + 2uup it e + o it (1 - [RE) + REPRE))
3= e lurt(1-[RY + RE*RY]).

. A2 . L s
with RY! = % RO2x = MPse o3 _ Arhy p o % Thus, using the same assertion in Theorem 3.2, case 2 indicates the
L L

0 7 purpe’ "0 YO
existence of multiple endemic equilibrium when Rq < 1, iff RQ! + RIZ*RI < 1, see Fig. 5(b).
Case 3:
When B3 = 85 = 0, Eq. (29) becomes
APNT + APA + AFN + AT =0, (32)
where

v=wlurte, Ay = piufe(2-RQY,
Ayt = pinie(3 - 2RY')
epur(1-RE),

with RO = A2l 1:;221\ L.
L

*ok
Ay

Thus, using the same assertion in Theorem 3.2, case 3 also indicates the existence of multiple endemic equilibrium when Ry <
1, iff Rgl < 1, see Fig. 5(b). In what follows, we prove the existence of backward bifurcation using the center manifold theory [62].

Theorem 3.3. The Q fever model (4) undergoes a backward bifurcation at Ry = 1.
Proof. From model (4) we can define the following variables y; = S;,y5 = A}, y3 =11,y = B,yt = Sr, and y§ = Ir. Therefore, Ny (t) =y +

y5 +5.B(t) = y;.Nr(t) =yt +y§. Now, using the vector notation y* = (yj,y;y;,yj,y;yg)”, then model (4) can be written as dst* =F=

9
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(f1, f2, f3, fa. f5. f6)T" as iterated as follows:

Y fi) = Ar— (Brvy + BsYe)Vi — i,
ddit; =) = (B + BsYg)y; — koys.

T = H0n) = s -y,
Wi = fa(y*) = B0y +¥3) + By — £V5,
L= f57) = Ar — Bays (03 +¥5) — v
= For) = Bays 05 +3) — 1y,

as defined before, kg = (4, + ¢¢;). The Jacobian of system (33), at the disease-free equilibrium, is given as

w0 0o -b&ho B

0 —ko 0 ke 0 b
0 o - 0 0 0
@=o h s o0 p
0 b B 0 —ur 0

. 0 0  —ur

Now, consider the case when R =1, we can choose 85 as the bifurcation parameter and solving for 85 from the expression for Rg =1,
we have

B3 =B5= (34)

Himie [2 _ (ﬂ%ﬁ%AL L AL(BiBs +,358)2>]
ALAT(B1Ba+ Bse) g2ut uauze? '

It can be proven that the converted system (33), having 83 = 3, does have a nonhyperbolic equilibrium point with a simple eigenvalue
with zero real part and all other eigenvalues with negative real parts in the linearized system [54]. As a result, the dynamics of the model
(33) near B3 = B; can be studied using center manifold theory [62].

Eigenvectors of (&)l p,- B

The right eigenvector in relation to the zero eigenvalue evaluated at ](50)|ﬁ3=ﬁ3* is denoted by

£ K K * ok * K
W* = [wi, wy, wi, wi, wi, wg],

where
wi = _BiAL(wy + WE),
I
wh =wj >0,
o AL
W3 = —=W;.
L 2 . (35)
. (et a)(Bopt + BaBs) |
Wy = 2 W2,
MTHL
Wi = —WE,
. BiAr(ui o)
wi=2—————wj.
MTHL

In addition, the left eigenvector in relation to the zero eigenvalue evaluated at ](50)|ﬂ3=ﬁ3* satisfying the property W*.V* =1, is denoted
by

£3 * k * k * *
Ve = [vi, v5, 15, vy, VE, V§],

where
v =0,
vy =v5>0,
. BB Acud + ArALBi(Br+ Bse)
V3 = 2 V3,
MUELLE
v BiAL_, (36)
47 e
Vi =0,
. AL(BaBi+ Bse)
Vi= —————"15,
MLUTE

Computations of bifurcation coefficients a and b

10
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Utilizing Castillo-Chavez and Song’s notation, we have

0 fi

a= Z VAW W) Vi3, (&), (37)
ki, j=1
b v I (). (38)
k 1 8y 3'3*
k,i=1
Thus, from Egs. (37) and (38), we have the following:
02 f> 02 f, 02 fe . 0%fe .
Ayry; =br ay; v =Ps, dy5dy: =5 Ay50y: =B
Pfs _Ar  *fe _ Ar
dys0B;  ur’ 0y30B8;  ur
Hence, it follows that
a = vswiws By + swiwg Bs + vgwiws B3 + vgwiws B3 > 0, (39)
At
b= 7UE(W2 +W3) > 0. (40)
MUt

Therefore, from Theorem 4.1 of Castillo-Chavez and Song [62], it indicates that the proposed model exhibits backward bifurcation at
Ro=1. O

Figure 4 (a) and (c) show the existence of backward bifurcation when the recruitment rate of susceptible ticks is varied or kept constant.
This indicates that an increase in ticks in an environment where there is coxiella burnetii make the control of Q fever virtually impossible.
Thus, the achievement of the usual threshold of Ry less than 1 is no longer feasible in the eradication of the disease. Figure 4(b) and
(d) show that an increase in the natural death rate of the bacterial in the environment reduces the existence of backward bifurcation.
Therefore to have effective control of the disease in an ecosystem, it is advised that the use of other methods in the decay rate of the
coxiella burnetii in the environment can be employed to safeguard the livestock population and reproduction. Figure 5(b) show that making
B3 (transmission rate from (A, +1I;) to ticks), B4 (shedding rate from infected ticks) and Bs (transmission rate from Iy to S;) zero do not
remove the existence of backward bifurcation from the dynamics of Q fever between livestock and ticks. Nevertheless, when one focus on
B1 (environmental transmission) and S, (shedding rate from infected livestock) reduces the existence of backward bifurcation leading to
a possible control of the disease in a tick induced farm. The partial rank correction coefficients (PRCC) values of the ten parameters are
given in Fig. 5(a) to determine the dependency of parameters in RQG or Ry using a sampling size of 2000. The longer the bar in Fig. 5(a)
indicates that those parameters have a substantial statistical effect on changes in Rgc or Rg. Figure 5(c) shows the 3D bifurcation for
the proposed model; it can easily be seen that a lower number of infected livestock and bacterial load in the environment produces less
infection in the infected ticks population. Figure 5(d) shows that an increase in S5 (transmission rate from It to S;) and a reduction in &
(natural decay of Coxiella burnetii from the environment) result in an increase in Rg’c or Rg. To take care of the memory aspect of ticks on
their host, we introduce a Caputo, Caputo-Fabrizio, Atangana-Baleanu fractional differential operator for the proposed model in the next
Section.

4. Basic definitions and preliminaries

In this section, we focus on some important definitions from factional derivatives in relation to the three fractional operators to be
used for the Q fever model.

Definition 4.1. [38] Given a function g: R™ — R, then the fractional integral of order ¢ in Caputo sense is given as
1 t
Cre -1
FE0) = o5 | €97 et (41)
0%t F((p) 0 f f f
where I' denote the Gamma function and ¢ denote the fractional order.

Definition 4.2. [38] Given a function g € C", then the Caputo derivative with order ¢ is given as

t
§Df (8(6)) = I"*D"g(0) = (nl_ ah G f{;)(i)_m df, (42)

which is defined for the continuous functions in absolute terms and n — 1 < ¢ < n € N. Clearly, ng (g(t)) approaches g'(t) as ¢ approaches
1

Definition 4.3. [36] Let h € H!(a, b), b > a be a function. Then the Caputo-Fabrizio derivative of order ¢ < (0, 1) of a function h is defined
as

t —
EDEINO] = T [ W Goenp] — o=

where P(¢) is a normalization function with P(0) = P(1) = 1.

’; ]dx, (43)

1
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Definition 4.4. [63] The Caputo-Fabrizio fractional integral of order ¢ € (0, 1) of a function h is defined as

I¢Ih(t)] = 200-9) by, /h(¢)d1ﬁt>0 (44)

2(1-¢)P(p) 2- <p)P(<p)
Definition 4.5. [37] Let g < H!(a, b),a < b be a function and ¢ € (0, 1). The Atangana-Baleanu derivative in Caputo sense of order ¢ of g
is given as

#DEle0] = 40 [ g 0ok -0 G0 Jax (45)

where G(¢) is a normalization function with G(0) = G(1) =1 and E, is the Mittag-Leffler function.

Definition 4.6. [37] Let ge H!(a,b),a < b be a function and ¢ € (0, 1). The Atangana-Baleanu derivative in Riemann-Liouville sense of
order ¢ of g is given as

DEle0)] = 12 L i [ er] v 0 Jax (46)

Definition 4.7. [37] The Atangana-Baleanu fractional integral is defined by:

1-¢ %) t _
ABCI#[g(t)] = t) + / t— )¢ ldy. 47
PO = 5 80+ g . SV idy (47)
Theorem 4.1. [37] For a continuous function g on [a, b]. The inequality given below holds on [a, b] :

G
Jerop1en]| < £

where [|g(t) || = max,<p [g(0)].
Theorem 4.2. [37] The Atangana-Baleanu derivative in Caputo and RL type satisfy Lipschitz condition:
|4%D¢ [g(6)] — 4% D¢ [h(0)]| < Hlg(t)

|[48RD¢ [g(£)] — 4ERDY [h(6)]]| < Hlg(t) — h(D)]].
5. Fractional models for Q fever in livestock together with the dynamism of ticks

Now, we introduce the fractional nature of our proposed model (4) in conformity of the fractional definitions above. For each of the
fractional model we provide the existence and uniqueness of solutions.

5.1. Q fever model in Caputo operator

Based on standard literature on fractional order differential equation modeling, the Q fever model in (4) can be expressed in Caputo
sense as

SDYSy = Ay — (B1B(t) + Bslr (£))SL(t) — S (0).
SDfAL = (B1B(t) + Bskr (£))SL(t) — (1 + )AL (b)),
SDYIL = ay AL (t) — il (8),

CD?B = By (AL(t) + I, (t)) + Palr (t) — eB(0),

SDESr = At — BsSr(O) (AL () + I.(£)) — urSr(0),
SD¢Ir = BsSr (D) (AL(t) +1.(6)) — prlr (0),

with initial conditions

5.(0) =Sy, > 0,AL(0) = A, = 0, [,(0) =1, > 0,

(49)

B(0) =Bg = 0,57(0) =Sp, = 0, Iy (0) = I, = 0.

0

5.2. Existence and uniqueness analysis for Caputo fractional Q fever model

We shall prove the existence and uniqueness of our proposed model in Caputo operator using fixed-point theory. Assuming a Banach
space B(C) for an interval-defined continuous real-valued function C = [0, m] with the sub norm and £ = B(C) x B(C) x B(C) x B(C) x
B(C) x B(C) with the norm

| St AL I B. St Ip) lI=I Sl + N AL+ I+ Bl + I Sell+ 1l Il

I Sull= supeec ISLL I Ar ll= supgee |ALl [T = supgee | | B |= supeec B, || St lI= suptec ISt |l Ir [|= supee |Ir]. Now, applying the Caputo
fractional integral operator as defined in (41) on (49) and the fundamental theorem of calculus we have

Si(t) = S1(0) = SIP[ AL — (B1B(t) + Bslr (£))SL(t) — puiSi(0)],
AL(t) —AL(0) = SIZ[(B1B(t) + Bslr (£))SL(t) — koAL(D)],

12
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I.(t) = 1L.(0) = GIf [ AL (t) — i ()], (50)
B(t) — B(0) = GIf [B2(AL(t) + 1.(t)) + Balr (t) — eB(D)],
Sr(t) = Sr(0) = §If [Ar — BsSr(t) (AL(t) + I.(£)) — jurSr(D)].
Ir (t) — It (0) = GIf [ B3Sr(6) (AL(t) + I.(t)) — prlr ()],
Supposing that
M = Ap = (B1B(6) + Bslr (£))Si.(t) — prSi(0),
M; = (B1B(t) + Bslr (£))SL(£) — koAL(t),
M; = oA (t) — i (t),
My = Bo(AL(t) +1.()) + Balr (t) — €B(t), (51)
Ms = At — B3Sr(£) (AL(t) + 1L.(t)) — prSr (0,

Mg = BsSr(t) (AL (t) +1L.(t)) — prlr (t).
Now (50) can further be written in Caputo integral fashion as

SO =50 = F(w) | M
A0 =AO = F(<p) ™ Mz((p S
hO - 10) = /[M““’ LD aj, (52
PO -BO= F(go)/ N
05 0) W) [ Mot
hO -0 = s [ MG(‘” D,

We note that M;(S,§), M2 (AL, §), M3(IL, f), Mg(B, f), M5 (ST, f), Mg (I, f)  satisfies the Lipschitz condition if and only if
Sp(t), Ap(6), I (t), B(t), Sp(t), and Ir(t), are bounded above. Now, let S; (t) and S be two functions, so that we have

[l My (@, £, 5.()) = My (@, £, Sp(0)) ll= [|(B1B(t) + Bslr () + per) (SL(t) = S{(E))]]. (53)

Now, let assume that ||B(t)| < 6, and ||I; (t)|| < 6;.
Therefore, we let d; := 8105 + Bs65 + u; then we have

| My (@, t,S.(t)) =My (@, t,S{()) |l< ai||(SL(t) —S;))Il, (54)
in similar manner, we obtain

| Ma(@.t. AL(t)) — Mz (. t. A[ () || < G2| [(AL(E) = A[(E))]],

[ M3(@.t.1.(t)) — Ms(p. t.I;(t)) || < as|| (1L (t) = ()],

| My (e.t.B(t)) — My(p. t,B*(1)) ||< da||(B(t) — B*(1))]]. (55)
[ Ms (. t.5r(t)) = Ms (@, t.S7(t)) [|< @s|[(Sr () = Sp(E))]].

| Mg (e, t,Ir(t)) — Ms (e, t, I7(t)) < 6| (U7 (£) — IF(0))]],

where d, = u; + oy, 3 = u, 44 = €, 45 = ut, g = Ut, hence, it indicates that the Lipschitz condition is fulfilled for M;,i =1,2,3.4.5,6.
Recursively Eq. (52) can be written as

5.0 = F(w) / M, (<p fs SLl ;(f)) d,
A () = r(@ /f Mz(fp fgi" ;}(f))dﬁ
o (6) = F(q))/ M3(<p ff;L]n ‘(,,(f))df, (56)
B.(t) = r(<p)f M4(<p,_f»l;’q:;(f))df’
S (f) = F((p)/ Ms(‘P f if (p(f))df,

13
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_ 1 Mg 0 ()
WO et

linked with the following initial conditions
51, (6) = 51(0), Ay (t) = AL(0), I, (t) = 1.(0), Bo (t) = B(0), S, (t) = 5r(0).

Subtracting regular succession terms, we obtain

Noun(®) =81,(©) =5, (0 = s [ e RS SR D) g
Nan©) = A0 Ay (O = s [ FE R A DR () g
Nia ) = (0 1 (©) = s [ FR D) S0 s g
Npn(t) = Bu(t) — By1(t) = r(lw) /Ot M (9.} Bn—l((?)_;)l]\/};(% P Bra () 4o
Ns.a(0) =5, 0) =51, (0 = o [ O DI S0 30 D
Ry, n(0) = Iy, (6) — Iy, () = r(l(p) /0 ‘Ms(p.f. b, <(ft))_;)ll\/{isp(¢,f, (@) 4o

In the view of the above calculations, it is clear that

Sta(6) = 3" R, (6, Aun(6) = 3R, (0),

j=0 Jj=0

I (t) =Y Ry (), Ba(t) =) Ry, (t),

j=0 =0
n n

Sra(t) =Y Rs, (0), Ira(t) =Y Ry, (0).

j=0 Jj=0
Additionally, utilizing Eqs. (54) and (55) with the notion that
R, no1(8) =51, (¢) = S1,,(8), Ra, n1 () = A, () — A, , (0,
Ry a1 (@) =1, , () — I, , (£), Rpn_q(t) = Bp_1(t) — Bp_2 (1),
Rs, n-1(t) = St,_, (6) = St,_, (O), Ry n1 () = I, , (¢) = I, (O,
we can arrive at

T [ s (I

el = iy [ ROl
San(©l = 5o [ IRt Ollgg
Ol = s [ et Ollag
a1l = o [ 122Dl
n(©ll = gt [ e Ollag
Ol = s [ B Ol

T(p) °Jo (t—DT?

Chaos, Solitons and Fractals 156 (2022) 111821

(57)

Next, we state and prove Theorem 5.1, so to complete the existence and uniqueness of the Q fever model in Caputo sense.

Theorem 5.1. The Caputo fractional Q fever model (49) has a unique solution under the condition that

Vo4 1, i=1.2.3.4.56
—d <1, i=1,2,3,4,56.
T(p)

when t € [0, v].

14
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Proof. As it has been established above that, S; (t), A (t), I (t), B(t), S (t), Iy (t) are bounded and M;,i = 1,2, 3, 4,5, 6 satisfy the Lipschitz
condition. Thus, through the recursive principle and Eq. (59), we get

8511 = 15i0(©) (7551 )

(p . n
a1 = 10Ol (552

n
IS0l = o ©1 (775 8) (61)
144 "
N ()1l = B0 11 5 -
V¥ n
s, 1] = 1510011 (5
(p n
N 1] = o 117556 -
As n tends to oo taking the limit on both sides, we have
85,0 (O = 0, [[Rg, n (O] = 0, [IRy n(O)[| - 0,
Also, using the triangle inequality together with Eq. (61) for any g, we finally attain
n+q n+1 n+q+1
o w
1SL,4q(8) =S, (O] < Y ] = ﬁ
j=n+1 1
n+q n+1 n+q+1
N )
AL, +q(t) — AL, (D)]] = Z w) = %
j=n+1 2
n+q n+1 n+q+1
)
g@®) =1L, Ol < ) 0f = 22— (62)
j=n+1 -
n+q n+1 n+q+1
P o)
||Bn+q(t) —Ba(0)|| < Z Cl)‘]l = %,
j=n+1 4
n+q n+1 n+q+1
N )
||ST,.+q(t) —STn(t)H = Z wé = %,
j=n+1 >
n+q n+1 n+q+1
oo —ow
lheq® -1 Ol = 3 0= o= —
j=n+1

where w; = r(¢)01 <1, i=1,2,3,4,5,6. Consequently, S;,, Ay, I1n. Bn, St and Iy, are Cauchy sequences in the Banach space B(C). There-

fore, the state variables converges uniformly. Hence via the limit theorem, we say the limit of the sequence (56) is the unique solution of
the Caputo model. The end of the proof. O

5.3. Q fever model in Caputo-Fabrizio (CF) operator

The Q fever model in (4) is expressed in Caputo-Fabrizio sense as
6" DY (SL(t)) = Zi(t, St),

DY (AL(t)) = Zy(t. Ay).
o D¢ (IL(t)) = Z5(t. 1), (63)
§FDY (B(1)) = Z4(t. B).
6DY (Sr(t)) = Zs(t. Sr),
6Df (Ir (1)) = Zs(t. Ir).
where

Zy(t,S1) = AL — (B1B(t) + Bslr (£)SL(6) — iSL(t), Za(t, Ar) = (B1B(t) + Bslr (6))SL(t) — (o + a)AL(D),

15
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Z3(t. 1) = cAL(t) — juli(8), Za(t, B) = Ba(AL(t) +1L(6)) + Balr (t) — eB(8),

Zs(t,S1) = At — BsSr () (AL(t) +1.(t)) — purSr(t), Zs(t, Ir) = B3Sr(t)(AL(t) + I.(t)) — purkr (b),

5.4. Existence and uniqueness analysis for Caputo-Fabrizio fractional Q fever model

Applying CF fractional integral to both sides of Eq. (63) we obtain

SL(t) = S,(0) = %Zﬂ, LHW/ Z; (v, Sy)dv,

A(t) — A (0) = %zz(, LHW/ Z,(v. A)dv,

1(t) — ,(0) = %z&r,m + W[ Z3(v. I)dv, (64)
B(t) — B(0) = %a(r,s) 4 % Z4(v, B)dv,

S1(t) — Sr(0) = %zs(t,m + mf Zs(v, Sp)dv,

() -1 (0) = %zg(t,h) 4 m/ Zs(v. Ip)dv.

Theorem 5.2. If the following inequality holds
O<ni<1, i=1, 2, 3,4,5, 6,
then the kernels Z1,Z,, 73,24, Zs, Zg satisfies the Lipschitz condition and are contractions.

Proof. Let assume that S;, A;, I;, B, S; and Iy are bounded functions such that
ISLON = k1. ALO = koo IO < k3, IBO| < ka, [ISTO| < ks and ||Ir(©) ]| < ke.
Let further assume that S; and S;; are two functions, then we have

1Z1(t, Sp) — Zy (. Sp) || = | AL — (B1B(t) + Bslr (£))S(t) — S (t) — (Ap — (B1B(t) + Bslr (£))St1 (t) — prSp1 (0)) |,
= [|[=(B1B(t) + Bslr () (SL.(t) — St1(t)) — per (Sp(t) — Spr ()| (65)

Using triangle inequality on (65), we obtain
1Z1 (¢, S1) = Zo (8, Seo) || < ([ (B1B(&) + Bslr (£)) (S.(t) — Sea (©)) [| + [| e (S(E) — Sia (0))]],
< (BrlIBO || + Bslr (O] + o) ISL(®) = St ) [l
< mlISL(®) = Su @),
where 1y = B1kq + Bsks + w1, thus
121 (€. S1) — Zo (€. Sp) || < mlSe(t) = S (©)]. (66)

Therefore, the Lipschitz condition is satisfied for Z; and if 0 < B1k4 + Bske + 1 < 1 then it is a contraction. Following similar analysis, it
can be shown that the rest of the kernels satisfies Lipschitz conditions and also are contractions:

1Z2(t. AL) = Z(t. An) || < m2l|AL(t) = A (D]
1Z3(t, 1) — Z3 (¢, L) || < m3l1.(8) = L ()],
1Z4(t. B) — Z4(t, B1)|| < nal|B(t) —B1(t) .
125 (t, St) = Z5(t, St < 15 [ISr(t) = Sr1 (O],
1Z6(t, Ir) — Ze(t. Ir1) || < n|Ir (t) — Ir1 (D],
where 1y = iy + 0, 13 = U, N4 =&, N5 = Uy and ng = pr. O

Recursively (64) can be we written as

_ 2(1-¢)
Sia(t) =5.(0) + Wzl (t, Spn-1)) + W/ Z1(v, Sy (n_1y)dv,
_ 2(1-9)
A (t) =A(0) + mzz(f,/ﬂ(nq)) + m/ Zy(v, Ap(n_1))dv,
_ 2(1-¢)
I, (£) =1.(0) + WZB € In-1y) + Wf Z3(v, I (n_1))dv, (67)
2(1-9)

Ba(t) = B(0) + Za(t.By1) + / Z4(v, By_y)dv,

(2 - @)P(p) 2- ¢)P(¢)
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2(1-9)
(2 - @)P(p)

B 2(1-¢) 2¢ ‘
Irp(t) =11 (0) + WZG(L Ir(n-1y) + W/O Z (v, It (q_1))dv,

2¢

Srp(t) =57 (0) + Q2-9)P(p) Jo

t
Zs(t, Stn-1)) + Z5(v, St (n_1y)dv,

The difference between the successive terms of the above recursive expressions yields

2(1 -
D1a(6) = Sun(0) = S 1) (0) = 3o IS4 (E S0 1)~ 206 Sur)]
2¢ t
+ m A [Zl(V, Stn-1y) —Z1(v, SL(nfz))]dV,
1(6) = Aun ) = Arir1)(0) = O[22 A1) = 2ol A )]
2 t
+ Wﬁp((ﬂ) A [ZZ(V?AL(n—l)) _ZZ(V7AL(n—2))]dV;
10(6) = In(©) = o 1) = 30 O[3 n 1)~ 2o Dr2)]

t

2
¢ [23(1), Iy (n-1)) — Z3(v, IL(n—Z))]dV,

Te-or@ b

2(1-9)
Dy, (£) = B (t) —Bp1(t) = W[Zzl(t, Bn_1) — Z4(t, Bn—z)]
2¢ t
G o)P@) Jy (240 Baot) = Za(v.Baa) [dv,
D50(6) = Srat) =Sty () = 30 256,51 1-1) 2t Svr-2)]

t

[ZS(V, St(n—1)) —Z5 (v, ST(n—Z))]d‘),

2(1-¢)
2 - @)P(p)

2 t
+ W(/))P(@/o [ZG(V’ It (n-1y) —Zs (v, IT(n—z))]dV~

In the view of above calculations, it is clear that

Sta(t) =D ®yi(t), A (t) =) Pai(t),

i=1 i=1

2¢
2P b

Dg (t) =Irp(t) —Irn1)(t) = [ZG(ta It (n-1y) — Z6 (L, IT(n—Z))]

Iin(t) =) ®3i(t), Balt) =) Put),

i=1 i=1

Sra(t) =Y ®si(t), Irn(t) =) eit).

i=1 i=1
Implementing the norm to both sides of the equation and then triangular identity, we get
1 (O)] = || Sta(®) = Stin-1y (O

2 -¢)
< 2= 0)P(@) 11Z1(¢, Sen-1)) = Z1(t, Stgnoa) |
2¢ t
+7(2—¢)P(g0) /0 [Z1 (¢t Sin-1)) = Z1(t, Sty JdV |

Because the kernel Z; fulfills the Lipschitz condition proved in (70), we find
[ @1 (O] = || Sta(t) = Stin-1y O ||

2(1- @) 2 ‘
=< W)P(p((p)m IScin=1) (©) = Stnay || + Wﬁp((p)m /o [SLn=1)(6) = Stz | dv.
and we have
21-9¢) 2¢ ‘
@1 (O] < TPy | P11y O] + W’ﬁ/ﬂ | @101 ()| dv.
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(68)

(69)

(71)

(72)
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Analogously, for the rest of the equations of the model, we get the followings:

21— 20 :

| P2n ()| < WUZ H @ 1)(0“ + Wﬁz/ﬂ ” ‘132(,1,1)(1))”(11),
2(1 2 ‘

[P ()| < Wﬂs | @31, ©)] + Wg;,(w)%/o | @31y (V) || v,

19O = | a1 O + gt [ [@an 00 (73)

4n = )P((p)m 4(n-1) (2—<p)P((p)n4 A 4(n-1) ,
201 — 2 t

[|Psa (O] < Wﬂs | @51 (O + W(/)JP(W”S/O | @51y (V) | dv,
2(1 - 2¢ ‘

|Pen(®) ]| < m% | ®Pem-1) (O + W%/o | ®6n-1)(v) || dv.

Theorem 5.3. The fractional model (63) has a solution, if we can find ty satisfying the inequality
20-9) 2
2-pPe) " 2= 9)P()

Proof. We know that S;(t),A.(t), I (t),B(t),Sr(t),Ir(t) are bounded functions and carry out Lipschitz condition. Having regard the
Egs. (72) and (73), we get the succeeding relations:

tni <1 for i=1,2,3,4,5,6. (74)

1021 = W O 5o s + gt |
1301 = MO o st + st . 75)
1an 1 = 1B O] e tsa + gt

2(1-¢) 2¢ n
2P +(2—¢)P(<p)m5]’

2(1 2
1961 = N O 5o s + gy s

Thus, the existence and continuity of the aforementioned solutions are proved. Now, our goal is to show that the above functions are
solutions of (63), suppose that

5.(t) = S1(0) = Spp(t) = pan(t),
AL(t) —AL(0) = AL (£) — pan (D),
L(t) =1.(0) = I, (t) — p3n (D),
B(t) — B(0) = Ba(t) — pan(t),
Sr(t) = Sr(0) = Srp(t) — psn(t),

Iy = Ir(0) = Ity (t) — pen(t).

Next, we have

o =1l

@501 < IS @)I]

2(1-9)
2-@)P(p)

% [Z1(v.S1) = Z1 (v, Sy ) v .

2(1 -
m [[z1(e.50) =z (&, S ]|

[Zl (t,51) — 71 (¢, SL(nfl))]

% / ” [Z1 v, 51) = Z1 (v, SL("*”)] Hdv,

2(1-9¢) " 2¢
T (2-9)P(p) (2 -9)P(p)
By continuing this method recursively, it yields at tg

2(1 —(P) Z(P n n
o1 = (o vt T )" nia. (77)

ISt = Sty || + tn1)|S. = Sean-ny |- (76)
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As n tends to oo taking the limit on both sides, we have || p1,(t)|| — 0. In an analogous way, it can be shown |05, (t)|| — 0, ||p3,(t)|| — O,
loan (O = 0, [[psn ()] — 0. O

Theorem 5.4. The fractional order Caputo-Fabrizo mathematical model (63) has a unique provided the inequality below holds

20-¢) 2¢
2-oP@) " T 2= )P(p)

Proof. Suppose that S;;(t), A1 (t), I;1(t), B1(t), Sr1(t) and I (t) are also solutions of our constructed model problem (63) such that

tni<1, fori=1,2,3,4,5,6. (78)

_ 2(-9) 2¢
Sp(t) =S (t) = W[Zl (t,51) - Zi (¢, sLl)] + W
x /0 200, S) = Z1 (v, Si1) ] v, (79)
_ 2(1-9¢) 2¢
A(t) —Ap(t) = W[ZZ(LAL) _ZZ(thLl)] + W
t
< /0 [0, A1) = Z> (v, Ap) ]dv, (80)
_ 20 -9) 2¢
L) —In(t) = m[&(t, I) = Z3(t. 1) | + T- 0P
X ‘/0 [Zg(l), IL) 723(\), IL] )]dv, (8])
20 -9¢) 2¢
B ~Bi(O) = 5= 5p o) [246.B) = Zu(t.BD] + 5= V5055 2P @)
x /0 [24(v, B) = Zs(v, B1) ]dv. (82)
_ 2(0-9) 2¢
Sr(t) —=Sri(t) = W[ZS(L St) —Zs(t, ST])] + W
t
x /0 [25(v.51) — Z5 (v, Sr1)]dv, (83)
_ 20 -9) 2¢
Ir(t) — I (t) = m[ze(f, Ir) = Zs(t.Ir) ] + T- 0P
X A [25(1), IT) 726(1), It )]d\) (84)
Knowing that the kernel satisfies the Lipschitz condition and taking the norm on both sides of Eq. (79) we obtain
20-9¢) 29
IS (8) = St (O] < W’h (IS (&) = St (O] + th ISL(¢) = St (O]l (85)
The inequality above can further be simplify to give
2(1-¢) 2¢ 3
150 = SaI[1= (G = ipoy " + B arpey ™)) = (86)
Since
2(1-¢) 2¢ 3
[1- (e * @=grer™)] =0

it then follows that ||S;(t) — S;1(t)|| = 0. This further implies that S;(t) = S;; (t). Following similar steps for Eqs. (80)-(84), we can deduce
that

AL(t) =Ap (), IL(t) = I (t), B(t) = B (t), Sr(t) = Sp1(6), I (t) = Ir1 (F).
This completes the proof. O

5.5. Model description

Let us modify this model by replacing the integer order time derivative by the fractional time derivative:
6%Df (S1(®)) = AL — (B1B+ Pslr)S — puSt.
05°DY (AL()) = (B1B+ Bslr)SL — (par + )AL,
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0" Df (D) = cwAr — puuly,

Ascpp (B(t)) Bo (AL + 1) + Palr — €B, (87)
5D (Sr(t)) = At — BsSr(AL+11) — urSr,

aBCpy (IT(t)) = BsSr(AL + 1) — urlr.

5.6. Existence and uniqueness analysis

Let A=C(N) x C(N) x C(N) x C(N) x C(N) and C(N) be a Banach space of continuous R — R valued functions on the interval N with
the norm

1 Se. A, I, B, Sr. Ir) | = [IScll + AL + [Hell + IIBIF + IS [l + [l

where ||S|| = sup{|S(t)| : t € N}, [|AL|| = sup{|AL(t)] : t € N}, ||| = sup{l[L(t)| : t € N}, ||B|| = sup{[B(t)| : t € N}, ||Sr|l = sup{|Sr(t)| : t € N},
x|l = sup{|Ir(t)| : t € N}. Now, we redecorate the model (87), thus we have:

DY (SL(t)) = Z4 (1. S1).
2D (AL(t)) = Zy(t. AL).
2D (IL(t)) = Zs(t. 1), (88)
25Df (B(t)) = Za(t. B),
ABDY (Sr(t)) = Zs(t. Sr).
a5Df (I (1)) = Zs (¢ Ir).
Applying Atangana-Baleanu fractional integral to both sides of Eq. (88) we obtain
_ t
S0 - 5u(0) = G ST (S + o -z s,
_ t
MO = M0) = T B2 M) + gt [ -z adv.
1(t) = 1,(0) = %zga, L)+ W /0 (€ =¥ Zs (P, 1A, (89)
_ ¢ ‘ _ -1
B(t) — B(0) = G@)zm B+ s o) | =z Bay,
1(6) ~ 5r(0) = 16@) Z5(6.50) + Gty | €~ 0P 200 Sdv.
I~ 1;(0) = (N p— [ta—t/f)*”*]z (. Ipdy
o G()6 G@IT (@) Jy I

Theorem 5.5. If the following inequality holds
O<yi<1, i=1, 2, 3, 4,5, 6.
then the kernel Z; satisfies the Lipschitz condition and contraction.

Proof. Let assume that S;, A;, I, B, Sy and Iy are bounded functions such that
ISLON < ke, AL < ko, L@ < k3, [|BI(t) < ka, [IST(O)]| <ks and [[Ir(O)]| < ke.
Let further assume that S; and S;; are two functions, then we have

121 (€. Su) = Z (¢, SeO) || = 1AL — (B1B(©) + Bslr (£))SL(t) — i Se(t) — (AL — (B1B(t) + Bslr (€))S1a (¢) — wiSea (O) |,
= [|[=(B1B(t) + Bslr (£)) (S.(t) — Sp1 (t)) — e (Se(t) = Spa () |- (90)
Using triangle inequality on (90), we obtain
121 (€, Su) = Zo (¢, Sp) || < 1(BiB () + Bslr (6)) (St(t) — S (O || + (140 (SL(E) — S ()],
< (B1lBOI + Bs I (O + mo) [ISL(E) = S ()],
< yillSe(®) =S © 1,
where y; = B1ks + Bske + pp, thus
121 (€. 1) = Z (8, Sp) || < yalIS(®) = S O] (91)
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Therefore, the Lipschitz condition is satisfied for Z; and if 0 < B1k4 + Bske + 1 < 1 then it is a contraction. Following similar analysis, it
can be shown that the rest of the kernels satisfies Lipschitz conditions and also are contractions:

1Z2(t. AL) — Zo(t. A || < y2llAL(t) — A (D],
1Z3(t, 1) — Z3 (¢, L) || < 3|1 (6) = I (O],
1Z4(t, B) — Z4(t, B1)|| < yallB(t) — B1(t)],
125 (t, St) = Zs(t. St < 5 [ISr () = St (O],
126 (t. Ir) = Zs(t. IrD) || < yellIr (£) — I (D],
where y, = up +op, y3 =@, Ya=¢, ¥s=pr and yg = Ur.

Recursively (89) can be we written as

Sta(t) =5.(0) + Z1 €. Stn-1) + ==~ V1 Zi (W, Senry) AV,

(0 t
@) AN [

t
Aun®) = A 0) + G I M) + gt [ =07 2 Ay,

t
() = 1(0) + & G( G2 o)+ gy | =B v, (92)
-9 @ ‘ o1
Ba(t) = BO) + ¢ G( Gyt B + gt [y 1z Bay.

Sta(t) =57 (0) + Zs (. Srn-1) + ==~ =) Zs (Y, Srn1y)d Y,

(p t
c( ) G (@) fe

(p ‘ _ -1
Irn (£) —IT(O)+ Clo )Z6(t Ir-) + =—=— G (@) /0 =) Zs (W, Iy (nory)dY.
The difference between the successive terms of the above recursive expressions yields

Pin(t) = Spn(t) — Spnony (t) = Zy(t, Sy (n—1)) — Z1(t. Sy n— z))]

G( )[
PN - /t(f - 1/f)§071[21(1// Stn_1)) —Z1 (¥, Sy 72))](11/’
G()T (9) T T ’

Pa(t) = App () — Aprony (t) = [Zz(f Arn-1y) — Zo(t, Ap(n- 2))]

G( )
+ L/t(t— VT Z(W . Alnty) — Zo (W ALnoay) |dY
G@)T () ey e

Bin(t) = I () = o1y (t) = G( )[23(t In-1)) = Z3(t, I 2))]

+ S | =0 [ ) =20 b2 Jav, (93)

Uan(t) = Bn(t) — Bp_1 () = Zy(t, By 1) = Za(t, B 2) ]

G()[

@ t B
+ W / (t—y)? 1[24(1//, Bn 1) —Z4(Yr, Bn—Z)]dllf,

Usp(t) = Srp(t) — Srn_ny (t) = Zs(t, St(n-1)) — Zs(t, St (n— 2))]

c< ol
% ! o1
S @) /0 € =) (25 Srnr) = Zs(W, Srn-2)) ]V,

Pen(t) = Irp(t) — Ir o1y (t) = [Ze(f Ir(n1y) — Zs(t, Iy z))]

G( )
TR - /t(t — ) Ze(W Irneny) = Z6 (W Irnoay) |dr.
G@)T () Jo o o

In the view of above calculations, it is clear that

Sta(t) =Y Di(t), A(t) =) Dai(0),

i=1 i=1
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n n

I (0) = Y050, Ba(0) = Da0), (94)
i=1 i=1

Sra(t) =) si(t), Ira(t) =) U6i(0).
i=1 i=1

Implementing the norm to both sides of the equation and then triangular identity, we get

910 ()] = [|Sta(®) = Sein-1) ©) |,

1_—
< Wj (21t Sun1) = Z1 (€. Sen o).

= / (t—v)¥- ][Zl(t Stn-1y) —Z1(t, Sp(n- 2) d‘/f H (95)

Because the kernel Z; fulfills the Lipschitz condition proved in (91), we find

910 ()] = [|Sa(®) = Sen-1) O,

1-
< T{;;)/l IScn-1)@®) = Stnay | + G((p)F(go)yl/ (t =) ||Sen-1) (®) = Stinay | dr, (96)
and we have
1— t
101 (O] = TJ;% [P 101y O + m)ﬁfo (=) |91y (W) | dipr. (97)

Analogously, we get the followings:
1— t
1920 (O] < 7G(g0§§ 12 Hﬂzmq)(f)” + 7G(¢)¢;’((p) szo (t—y)¥! ”192(;171)(1/””‘11/&
1— t
103 (O = Tﬂg% |31y )] + W)@fo (=) O30-1) (W) || AV,
1- @ 4 ‘ @-1
1Pan(Ol = G va[Pan O + gty e [ €= 97 [Paany )y (98)

)95ty (W) ||dr

1— t
195(0)]] < ijys |95 ©] + W)@ /0 (t -

1-¢ @ ‘ .
ﬂtgiﬂ_t—i—i/t—‘/’ﬁ_ diy.
1F6a (Ol C@) Ve | 9stn-1)(©) | Gl @)V 0( V)| o1y (W) ||dyr
O
Theorem 5.6. The fractional model (87) has a solution, if we can find ty satisfying the inequality
1- ty
o) " St <

Proof. We know that S;(t),A(t), I (t),B(t),Sr(t), I, (t) are bounded functions and carry out Lipschitz condition. Having regard the
Egs. (97) and (98), we get the succeeding relations:

for i=1,2,3,4,5,6. (99)

¢
19Ol = 15 O G 57 + 205757 )"

192001 = 1A O] £ 72+ gy )"

192001 = O] G5 7 + g5 )" (100)
124001 < 1B O] 78+ ey )"

1931 = 1S O G 15+ e "

t¥
1931 = WO G ¥5+ e )"
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Thus, the existence and continuity of the aforementioned solutions are proved. Now, our goal is to show that the above functions are
solutions of (87), suppose that
5.(t) = S1(0) = Spa(t) — En(t),
AL(t) —AL(0) = AL (8) — E2n (D),
L(t) =1.(0) = Iy () — &30 (1),
B(t) — B(0) = Bn(t) — &an(t).
Sr(t) = Sr(0) = Srp(t) — &sn(t),
Ir =11 (0) = Irn (t) — E6n (t).

Next, we have

1€ ()] = ||G( )[Zl(t St) —Zi(t, Spn- 1))]

" W/o M AT R AT 1A

T-¢
= Co) [zt S0) = Zy (€. St |
@ ‘ 1
+ ot e W) 2w i) fav.
1- te
= G((p(ﬁ 12! HSL - SL(n—]) || + WV] ||SL - sL(n—]) || (101)

By continuing this method recursively, it yields at ¢ty
90 t(p ) n+l *
Em@®)| < ( . 102

As n tends to oo taking the limit both sides, we have ||£1,(t)|| — 0. In an analogous way, it can be shown ||&,,(t)|| — O, ||€3,(t)|| — O,
lEan (]| = O, [|Esn(D)]] — 0. O

Theorem 5.7. The fractional order Atangana-Baleanu mahematical model (87) has a unique provided the inequality below holds
1-¢ o

P + i< 1
Glo) " G
Proof. Suppose that S;q(t), A1 (t), I;1(t), B1(t), St1(t) and Iy (t) are also solutions our constructed model problem (87) such that

for i=1,2,3,4,5,6. (103)

S.(6) = Sur (6) = + o G [es) —zwsm]+ W
x /0 (E— V) (b8 - 2, S ]y, (104)
%
AL(t) ALl (t) = m[zz(t AL) Zz(t AL])] W
x /0 (E— ) B A - (Y. A |dy, (105)
%
L(t) =1 (t) = m[zﬂf 1) = Zs(t, 1) ] + EBIN)
x /0 (t =) B L) - (Y. L) ]dy, (106)
B(t) — By (1) = 2 [Z4(t.B) ~ Za(t.B)] + =4 —
G( Glp) G(e)I' ()
xfo (t— )9 [Ze(W. B) ~ Zs (. B)]dy, (107)
-9 e
Sr(t) — Srl(f)— (o )[Zs(f Sr) = Zs(t,Sr1) | + GO T (@)
x /0 (6 =) [Z5(¥, S) — Zs (¥, S1) |, (108)
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1-¢ ¢
Ir(t) — I (t) = ——<|Zs(t, It) — Zs(t, I + =
T(t) — I () G((p)[e( 1) = Zs(t, Ir1) | EIN)
t
< [y [z ) - 2o I v (109)
Knowing that the kernel satisfies the Lipschitz condition and taking the norm on both sides of Eq. (104) we obtain
1-¢ te
Si@®) =Sp@®) || £ ==»1ISt®) =St1 O || + =—=—=n1lIS.(t) = St1 (®)||- 110
ISL(t) = St ()| ) YillSe(®) = Spi (6)|] G((p)F((p)J/]” L(t) =S @)l (110)
The inequality above can further be simplify to give
IS.(6) =S (r)||[1—<1_‘p + )] <0 (111)
s RARNErIN LAV Ehe

Since

[1 N (1 _w(f ne G(wng(qo)yl)] =0,

it then follows that ||S;(t) — Sy (t)|| = 0. This further implies that S; (t) = S;1 (t). Following similar steps for Eqgs. (105)-(109), we can deduce
that

AL(t) = A (). I.(t) = Ip1 (t), B(t) = By (t), Sp(t) = Sr1(t). Iy (t) = Ir1 ().
This completes the proof. O

6. Numerical schemes

Here, we provide the numerical schemes for our three proposed fractional operator model for the Q fever dynamics in livestock and
ticks. Firstly, we start with the Caputo scheme [64], then followed by the Caputo-Fabrizio scheme [65] and lastly the Atangana-Baleanu
scheme [40] using the two step Lagrange interpolation.

6.1. Numerical scheme for the Caputo fractional Q fever disease model

The Cauchy problem of the Caputo derivative can be written as

6D g(t) =Z* (¢, &(1)). (112)
2(0) = go.
Using the Caputo integral, the Cauchy problem (112) can be converted into
1 t
g(t)—g0) = 7/ Z5(Y,g(M)(t —1)*~'dY. (113)
(@) Jo
At the point t,«,1 = (v* + 1)h and t,» = v*h, v* =0, 1, 2, 3,4, ... with h being the time step, Eq. (113) can be formulated as:
1 by
8(ty11) — 8(0) =7[ Z (Y, g(0)) (b1 — V)?71dY, (114)
(@) Jo
Which can be written as
1 v 41
&(ty11) =8(0) + @) > /t Z (Y, g(0)) (tyy1 — V)¢ 1dY. (115)
m+=0Q " ‘m*

Thus, simplifying the integral on the right hand in Eq. (115) and using the Lagrange polynomial, Eq. (115) can now be written as

g g+ 1 "Z Z*(tm;l,gm»«) jtf;n“ (T =ty (tyeyq — 0)?71dY (116)
1= 80t =5 . . .
v+ (@) = _M /ti,:ﬂ (Y =t ) (tpey1 — Y)¥-1dY
Where Eq. (116) can be written as
1 v* 7% (tm"gm*) Em 41 o1
gr41 = 8o+ ) m*Z:O h - (T —tye—1) (tr 1 = V)?70dY
1 vz (tme—1, 8me—1) [T+ _
- Y =ty (b1 — )Y, 117
F((p) EO h - ( m )(v+l ) ( )
Solving the integral in (117) we arrive at the following:
b1 he-1 W —m+ 1) —m*+2+ @)
Y —tpe1) by = V) MY = ——— , 118
/rm* ( m-1) (b1 = 1) (o(g0+1)[—(u*—m*)‘ﬂ(v*—m*+2+2<p) (118)
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m* 4 _ . " 1
/[ I(T — bt ) (tyer — V)P 1Y = he” |: (W —m* +1)¥*
-

P+ |- —m)?W —m*+1+¢)

Replacing Egs. (118) and (119) into Eq. (117), the numerical scheme for the Caputo derivative is given as

e WV —m* + D (" —m* +2+¢)
im gt - N g
Ev+1 8o+ F(¢+2) m*X::O (m g’”)|:_(y*_m*)‘/’(v*—m*+2+2(p)

h%

v* ¢ * 1
(U —-m +1)<p+
—75 Z* (tme—1, 8mr—
F( 2)*0 (mlgm 1)|:(*

—m)Y W —mr+1+9) |
Thus, in terms of our Caputo model we get:
he v W —m+ 1D —m* +2+¢@)]

St = S1,+ =——= Z*(tm+, Sp._.
b =2l T Ty 12) mgo (tm St )[—(w — M)V —m* +2 +2¢) |

he v (U* —m*+ 1)<p+1
S 2, | Y ,
Llp+2) = —(W =m)*(V —m* +1+9)

h¢ v W —-m+ 1DV —m +2+9)
A, =A, +—=——-—— Z* (tm+, AL,
b = Bl T Ty +2) mgo (b Ay )[—(u* —m*)? (Vv —m* 42+ 29)

he v (U* _m*+l)¢+l
e DAy S | I :
Fle+2) = —( =m) (v —m*+1+¢)

(v —m*+1)?(v* — m* +2+<p)}

I S he 3 Z*(tme, I )
i = + =< (e, I,
b T b r<<p+2>m§0 T - M) (- m* 24 290)

he v (U* —m*+ ])(/H—l
T T(o L2 Z Z*(tm*fl’ILm**l) ok * * * ’
Fp+2) &= —(W—mHP (v —m 414 ¢)

he v W —m*+ D —m* 42+ )
Byy1 = By + ——— Z* (tm+, By
v +1 0 F(‘PJFZ)WX::O (m m)|:

- —m*)? (W —m*+2+2¢)

he v (v*_m*+1)<p+1
_ Z* (tme—1, B s
F((p+2) mgo (m 1 m 1)[_(v*_m*)(p(v*_m*+‘l+(p)

he v W —m+ 1) —m*+2+ @)
Sr. =S S Z* (tm=, St
T = 2l T Ry mgo (31 )[(v*m*)“’(V*m*+2+2¢)

he v (v*—m*-i-l)‘/’“
Y Z(tw_1. 51, :
F((p+2) mgo (m 15 9T )|:—(v*—m*)‘/’(l/*—m*+1+(,0)

I I h? 3 Z*(tme, Ir )
=t 55 “(tme. I,
frn = T r<¢+2>m§0 T~ - m)e v - me 4 2+ 20)

he v (v*_m*+1)<p+l
D AT (N " .
1“(<p+2)mg0 (et Tm)[—(v*—m*)w(v*_m*+1+<p)

(v*m*+1)¢(v*m*+2+<p)]

6.2. Numerical scheme for the Caputo-Fabrizio (FC) fractional Q fever disease model

The Cauchy problem of the Caputo-Fabrizio derivative can be written as
SFDYw(t) = Z(t, w(t)).

Using the Caputo-Fabrizio integral, the Cauchy problem of FC can be restated as

w(t) - w(0) = L= 7 wie)) + -2 /OtZ(T,W(T))dT.

P(p) P(p)
Writing (123) at the point t,,1 = (v+ 1)h and t, = vh, results in
(1-9¢) % /t
w(t —-w(0) = Z(ty, w(ty)) + —— Z(T,w(Y))dT,
(tre1) = W(O0) =" 220 i) + e | Z(0w(T)

25

Chaos, Solitons and Fractals 156 (2022) 111821

(119)

(120)

(121)

(122)

(123)

(124)



J.KK. Asamoah, E. Okyere, E. Yankson et al.

wit) w0 =Dz, wity ) + P

/ Z(0, w(r))dY.

P(p) P(<p)
Taking (124)-(125) results in
w(ty1) —w(ty) = a 7¢)(Z(tu w(ty)) = Z(ty-1, W(ty-1))) + 57—~ / Z(T,w(Y))dY.
i P(p) . " P(p)
Equation (126) in two-step Lagrange polynomial gives
Wsr = wy =G @0 w(t) - 2061, w(E-1))
¢ [ (2t wt)) Z(ty1, w(ty-1))
+ ) . (h(T —ty 1) — #(T ty)>dT.
The above Eq. (127) leads to
Wt = wy =G @00 w(e) ~ 20601, w(E-1))
¢ [(Z(ty,w(ty)) [ Z(ty 1, w(ty1)) [
Y -ty_1)d¥ - —————-~ T —t,)dY |.
+P(<p)< h (e R ), (e )

Solving the integrals in Eq. (128) yields

Lty 3
/ (T — t,_1)dT =212,
s 2

tu+1
/ (Y — £,)dT =+ 12,
t 2

Substituting Eq. (129) into Eq. (128), the numerical scheme of FC is given as:

Wyp1 =Wy + :(}3(_(/;;)) + %:Z(tu,wu) - [(}3(:/)) ZP(@]Z(%LWM).
Thus, in terms of our Caputo-Fabrizio model we get:

Si,., =S, + :(}’(_w(f) L ;'Ifzz):Z(tv,sLy) _ [(})(—q)) 2P((p)i|2(tv )
A=Ay, + :(})(_(p‘f) + ;Ifzz):zav,mv) - [(})(q)) 2P o [
foe = [(}3(:;)0) * 3p(g [0 - [(}x_@ 2P(¢)]Z““ ol
B = Sut [(}’(_<p(§) 2?’122 2t Bo) = [(}’(_w) 2P(<p)]z(t” v ).
S = [(})(_go?) W)}Z““ ) [(;(_w?) * 21’:2;)}2(‘” ST
[y [(}(w‘f) + 2P((p)}Z( o h) - [(}((p‘f’ ¥ zﬁgp)}z(@_l,hﬂ).

6.3. Numerical scheme for the ABC fractional Q fever disease model

The Cauchy problem of the ABC derivative can also be written as

BBCDYw(t) = Z(t, w(t)).

Chaos, Solitons and Fractals 156 (2022) 111821

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

The ABC integral, the Cauchy problem of ABC can be restated using the fundamental theory of calculus

_ (-9 v__ [
wie) ~w(O) = Sz wOO) + s |

Writing (133) at the point t,,1 = (n+ 1)h and t, = nh, results in

(1-9)
G(p)

— 1) 1Z(T, w(Y))dY.

tni

W(tni1) —w(0) = Z(tn, W(tn)) + =~y (tns1 = 1)?71Z(C, w(T))dY,

G(w)F(q)) /

26
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(1-9) 10 n b1
-1
= o Lt W(t) + e f (tn1 = 1) 7IZ(Y, w())dY. (134)
(@) @ (@) = Jn
The two-step Lagrange polynomial in the interval [t, t, 1] can be written as
T —tp_q T -t
V(1) = = —Z(te W(ti) = 7——Z(l1. W(ti1))
k= tk-1 k — k-1
Z(ty,, w(ty)) Z(te1, W(te1))
=S B oy gy q) = SR D)y gy, (135)
h h
Z(te, W) Z(t-1,  Wi1)
= (T =t - ——p—— (Y = 1) (136)
1000 700
» - - =100 SR 1 I g N A N
“\\\~ _—4p=0,95 ,,, —
900-\\\ R @ = 0.85 1 600 1,,' UL et
“\\\\ "‘~§~ - - =0.75 1, ‘,"
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w " ~ o << i ’ _-
600 ' > =5 1 300/ fo” - grer = S
~ . n P 4 » -
W N - &, 4 - Ly =
b ! T~~« e P =T - —p =100
so0f ' g : 200( 0, .7 _--" - - =095
1Y S ’u’ - @ = 0.85
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Fig. 6. Numerical simulation of Caputo operator on the model with different fractional order, ¢.
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Now, the above approximation (136) into Eq. (134) gives:

~ (1-9) 4
—w(0) + @) Z(tn,w(tn))+m

Z Z(tk, Wk)/ (T—tk 1)(tn+1 —t)ﬁo 1dT
=0

 Z(te-1, Wi-1)
h

Wni1

T = ) ey - £)P71dY

2%

The integrals of Eq. (137) can be denoted as:

tk+1
Upir = / (T — te 1) (bpa — )P 1Y,
k

[k+1
Uz = / (T — ) (tusr — )P
k

Solving Eqs. (138) and (139) using integration by substitution, it then follows that

po+ (n+1—k)‘”(n—k+2+g0)—(n—k)"’(n—k+2+2<p)

U
= oo +1)

1000

900

80— t— - ---d----dic--ct====
700
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300

200

100

0 L s L L L
o 100 200 300 400 500 600 700
Time
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45
; |-
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3 . Ar = 84
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@ x
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/
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1
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Time
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(e) The effects of varying the natural death rate of ticks on infected

livestock.
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(137)

(138)

(139)

(140)
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(f) Varying the transmission rate from (A + Ir) to ticks

Fig. 7. Numerical simulation under Caputo operator with fractional order, ¢ = 0.95
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U(p,k,2 =

Thus, replacing the solution of U, ; and Uy  , into (137), gives the following numerical scheme:

n
(1-9) @
Wpi = W(0) + ———=Z(t, w(ty)) + ——
nit = W(0) + 2 (6 Wit)) + s RZ;,
heZ(t,, wy)
x | =22 ((n+1-k(n-k+24+9)—(n-k?n—k+2+2¢))
(F(¢+2)( ) ¢) - (n=k)( ¢)
1000 T T T T T -
— ¢ = 1.00
— =0.95
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700 1
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w
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Time
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Fig. 8. Numerical simulation under Caputo-Fabrizio differential operator with different fractional order, ¢.
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% h? Z(tk 1, Wi_ 1) v e ~
GW)Z( Ttz (F1-H (n—k)?(n k+1+<p))),

Therefore, in terms of the Q fever ABC model we get:

(1-9)
co) Z(tn,SL(tn))+G((p)Z

o h?Z(ty, Stk
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SLn+1 =5.(0) +

e (2t )
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Fig. 9. Numerical simulation under Caputo-Fabrizio operator with fractional order, ¢ = 0.95.
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Fig. 10. Numerical simulation under Atangana-Baleanu differential operator with different fractional order, ¢.
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Bris = B0+ G200 B + 5 Z
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Fig. 11. Numerical simulation under Atangana-Baleanu differential operator with fractional order, ¢ = 0.95.
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Fig. 12. Numerical simulation under Caputo, Caputo-Fabrizio and Atangana-Baleanu operator with integer order and different fractional order, ¢ = 1,0.95, 0.75, 0.65.
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Fig. 13. Numerical simulation under Caputo, Caputo-Fabrizio and Atangana-Baleanu operator with fractional order, ¢ = 0.85.
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Fig. 14. Numerical simulation under Caputo, Caputo-Fabrizio and Atangana-Baleanu operator with fractional order, ¢ = 0.55.
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Table 1

Chaos, Solitons and Fractals 156 (2022) 111821

Interpretation of model parameters with values used in numerical simulations, which are subject to time in days.

Parameter Interpretation Range Source Values used
Ap Incremental rate of S; < N Assumed 22

B Environmental transmission 0.001-0.0943 [66] 0.001
B2 Shedding rate from infected livestock 0.00003-0.0400 [66,67] 0.00003
B Transmission rate from (A; +1I;) to ticks 0.00001 Assumed 0.00001
Ba Shedding rate from infected ticks 0.0001 Assumed 0.0001
Bs Transmission rate from Iy to S; 0.0001 Assumed 0.0001
At Incremental rate of Sy ur x Nr Assumed 21

AL Natural death rate of livestock 0.0002-0.02 [7] 0.02

T Natural death rate of ticks 0.01 Variable 0.01

5 Natural decay of Coxiella burnetii from the environment 0.0083 - 0.2000 [7] 0.2000
o Progression rate from A; to I} 0.0029 [7] 0.0029

7. Numerical simulations

Here, we apply the above numerical schemes to obtain nu-
merical solutions for the three fractional derivatives, using the
fractional order ¢ € (0,1]. For illustration purposes we used
the following initial conditions: S;(0) = 1000, A;(0) =60, [;(0) =
10, B=0, Sr(t) = 2000, I;(0) = 100. Together with the parame-
ter values in Table 1. We employ the Adams-Bashforth method
for our numerical simulations. The following fractional values
[0.95,0.85,0.75,0.65,0.55] were used to study the effect of the
fractional-order on our model. In Figs. 6, 8 and 10, we repre-
sent the numerical solutions of the Q fever model using Ca-
puto, Caputo-Fabrizio and Atangana-Baleanu fractional models, re-
spectively. We noticed in Fig. 6(a) and (c) that the trajectory of
the fractional-order 0.95 converges to the endemic equilibrium
point as same as the integer-order, whiles the trajectories of the
fractional-orders 0.85, 0.75, 0.65 and 0.55 takes different paths re-
spectively. In Fig. 6(b) and (d), we noticed that the trajectory of
the fractional-order 0.95 and 0.85 converges to the endemic equi-
librium point as same as the integer-order, whiles the trajecto-
ries of the fractional-orders 0.75, 0.65 and 0.55 takes different
paths respectively. In Fig. 6(e) we noticed that the trajectories of
the fractional-orders take different directions and do not converge
to the endemic equilibrium point when the fractional-order is 1.
In Fig. 6(f) we noticed that trajectory of the fractional-order 0.95
links to the endemic equilibrium point as same as the integer-
order, but the fractional-order 0.85 has a higher endemic equilib-
rium point than the integer-order. Also, in Fig. 6(f) we see that
the fractional-order 0.75, 0.65 and 0.55 take different paths with
different converging points. The Caputo-Fabrizio numerical simu-
lations in Fig. 9 indicate that, in all the subplots Fig. 9(a)-(f), the
fractional-orders converge to the same actual endemic equilibrium
point at the end of the simulation time.

The Atangana-Baleanu numerical simulations in Fig. 10, we
notice that in Fig. 10(a), (c) and (f) that the trajectories of
the fractional-order 0.95 converges to the endemic equilibrium
point as same as the integer-order, whiles the trajectories of the
fractional-orders 0.85, 0.75, 0.65 and 0.55 converge respectively to
different points at the end of the simulation time. In Fig. 10(b)
and (d), we notice that the trajectory of the fractional-order 0.95
and 0.85 converges to the endemic equilibrium point as same as
the integer-order, whiles the trajectories of the fractional-orders
0.75, 0.65 and 0.55 takes different paths respectively. In Fig. 10(e)
we notice that the trajectories of the fractional-orders take differ-
ent paths and do not converge to the same endemic equilibrium
point when the fractional-order is 1. Figures 7, 9 and 11 shows
the trajectory effects of varying A7, ur and B3 on the infected
classes Ap, I, Iy and the bacterial load in the environment, B. It
is obvious to see in Fig. 7 that each trajectory has a special rate
of convergence as the parameters Ar, ur and B; are varied with
a fractional-order of 0.95. We also notice that the bacterial get
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extinct from the environment and the infected livestock popula-
tion at the end simulation time, when ur = 0.16 and pur = 0.21 in
the Caputo sense, but not in Atangana-Baleanu sense as shown in
Fig. 11. In Fig. 12, we compared the three different operators when
the fractional-orders are ¢ =1,0.95,0.75,0.65; it is evident that
the Caputo and Atangana-Baleanu operators converge to the inte-
ger endemic equilibrium point at the end of the simulation time
when ¢ = 0.95. At the same time, the trajectories for the Caputo-
Fabrizio converge to the same endemic equilibrium point when the
fractional-order is perturbed.

In Fig. 12 we further notice that the Atangana-Baleanu operator
captures more susceptibilities than the other operators when the
fractional-order is 0.75 and 0.65, respectively. In Figs. 13 and 14 we
show the comparison of the three operators when the fractional-
order is 0.85 and 0.55 respectively. It is obvious to see that the
three operators converge at the end of the simulation time when
¢ = 0.85 for Fig. 13(a), (b), and (d), and distinct path for Fig. 13(c),
(e) and (f). In Fig. 14 it is easy to see that all the three operators
have distinct paths when the fractional-order is 0.55.

8. Conclusion

In this study, we have developed nonlinear dynamical models
for Q fever to represent the disease dynamics in livestock and ticks
together with the effect of the bacterial in the environment using
integer and non-integer order models. Authors in previous mathe-
matical studies on Q fever did not consider the impact of ticks (see
[7,45]). Hence, our study is a novel contribution to the dynamical
analysis of Q fever. From the study, we obtain the positivity and
boundedness of our model equations. We obtained the disease-free
equilibrium and further used it to get the expression of the basic
reproduction number. We noticed a multiplicity of endemic equi-
librium when the basic reproduction number is less than unity,
thus resulting in the existence of backward bifurcation. We showed
instances where the backward bifurcation can be removed both
theoretically and numerically. We proposed three fractional order
differential models to capture the memory aspect of disease spread
using three fractional derivative operators namely Caputo, Caputo-
Fabrizio, and Atangana-Baleanu in Caputo sense. The existence and
uniqueness of these three newly developed epidemiological mod-
els are demonstrated using the Banach fixed point theorem. The
numerical solutions showed that each fractional operator captures
the disease spread in nature differently but sometimes converge to
the integer-order, ¢ = 1.
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