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a b s t r a c t 

The purpose of analysing the transmission dynamism of Q fever (Coxiellosis) in livestock and incorpo- 

rating ticks is to outline some management practices to minimise the spread of the disease in livestock. 

Ticks pass coxiellosis from an infected to a susceptible animal through a bite. The faecal matter can 

also contain coxiellosis, thus contaminating the environment and spreading the disease. First, a nonlinear 

integer order mathematical model is developed to represent the spread of this infectious disease in live- 

stock. The proposed integer model investigates the positivity and boundedness, disease equilibria, basic 

reproduction number, bifurcation, and sensitivity analysis. Through mathematical analysis and numerical 

simulations, it shows that if the environmental transmission and the effective shedding rate of coxiella 

burnetii into the environment by both asymptomatic and symptomatic livestock are zero, then the usual 

threshold hold and it produces forward bifurcation. It is noticed that an increase in the recruitment rate 

of ticks produces backward bifurcation. And also, it is seen that an increase in the natural decay rate 

of the bacterial in the environment reduces the backward bifurcation point. Furthermore, to take care 

of the memory aspect of ticks on their host, we modified the initially proposed integer order model 

by introducing Caputo, Caputo-Fabrizio, Atangana-Baleanu fractional differential operators. The existence 

and uniqueness of these three newly developed fractional-order differential models are shown using the 

Banach fixed point theorem. Numerical trajectories are obtained for each of the fractional-order math- 

ematical models. The trajectory of some fractional orders converges to the same endemic equilibrium 

point as the integer order. Finally, it is seen that the Atangana-Baleanu fractional differential operator 

captures more susceptibilities and fewer infections than the other operators. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

Query (Q) fever is a zoonotic illness that affects both humans 

nd animals and is caused by Coxiella burnetii, a Gram-negative 

bligate intracellular bacterium that has evolved to survive within 

he phagocyte’s phagolysosome; the disease is also known as 

oxiellosis in animals [1] . In 1935, during an epidemic of a febrile 

ever among slaughterhouse employees in Brisbane, Australia, Ed- 
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ard Derrick identified this infection, which he named Q (query) 

ever [2,3] . Coxiella burnetii, the aetiological agent, is found in 

early all animal kingdoms, including arthropods, although it is 

ostly transferred to humans by infected agricultural animals 

uch as goats, cattle, sheep, and pets [4] . The primary reservoirs of 

oxiella burnetii are domestic ruminants. However, cats, dogs, rab- 

its, birds, and other animals have been linked to human sickness 

nd infection [1,4,5] . Coxiella burnetii is extremely hardy, meaning 

t may live in the environment for months [1] . Chronic Q fever 

an cause endocarditis (inflammation of the heart valves) and en- 

ovascular infections. If a woman is infected while pregnant, she 

s more likely to have a bad pregnancy result unless she is treated. 

remature birth, growth restriction, spontaneous abortion, or fetal 

eath can all result from Coxiella burnetii infection in pregnant 

omen. The acute infection in most cases of Q fever resolves 
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Fig. 1. Transmission cycle of Q fever and reported incidence of Q fever in humans in Australia. 

Fig. 2. A pictorial representation of Q fever in humans in USA and the Netherlands, data obtained from the World Animal Health Interface Database as at 23-04-2019 [9] . 
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pontaneously or with proper antibiotic therapy, but the chronic 

nfection requires long-term antibiotic therapy (at least 2 years) 

nd serological surveillance [1,6] . Coxiella burnetii is a bacteria that 

auses difficulties in cattle reproductive. The illness can result in 

ccasional miscarriages or epidemics, as well as dead or weak kids, 

ll of which can be recovered without complications, although the 

nfection is more often asymptomatic. With the exception of New 

ealand, Iceland, French Polynesia, and Norway, Q fever (or Coxiel- 

osis) is prevalent worldwide [7,5] . Ticks also carry the organism 

nd are suspected to transmit it to animals, particularly rodents 

such as tiny mice) and rabbits, as well as birds [8] . Coxiella 

urnetii can also be transmitted to livestock animals through ticks’ 

ite [5,9] . Figures 1 and 2 gives a pictorial nature of the transmis-

ion routes, and incidence cases in some selected countries. 

Mathematical modeling of infectious diseases and their con- 

tructive analytical study together with numerical simulations have 

reatly contributed to understanding diseases dynamics and their 

ossible control measures [10–18] . Integer-order nonlinear differ- 

ntial equations have shown to be very useful in the construction 

f realistic epidemiological models, and they continue to gain pop- 

larity. 

Fractional calculus which includes the calculus of derivatives 

nd integrals of arbitrary order has been utilized to analyze the 

ynamics of real-world problems in numerous disciplines of sci- 

nce and engineering over the last few years [19–23] . Baleanu and 

garwal [24] have explored a variety of intriguing opinions and 
2 
erspectives on fractional calculus and its application to real-world 

roblems in science and engineering. In recent times, the applica- 

ion of fractional calculus in epidemiological modeling has broad- 

ned the mathematical analysis and numerical simulations per- 

pectives of infectious disease models. It has been demonstrated in 

he literature that non-integer order differential equation models 

hat are characterized by fractional-order derivative operators are 

ery powerful and useful in formulating realistic models. One of 

he most widely used fractional derivative in fractional order mod- 

ls is the Caputo operator (see for example, [25–35] ). 

The authors in [36] and [37] have respectively developed 

aputo–Fabrizio and Atangana–Baleanu fractional derivative op- 

rators with non-singular kernels. In [38] , Khan and Atangana 

sed three differential operators in fractional calculus namely 

tangana–Baleanu, Caputo, and Caputo–Fabrizio to develop and ex- 

mined epidemic models for Ebola virus disease (EVD). They per- 

ormed numerical simulations for the three model problems and 

oncluded that the EVD model with Atangana–Baleanu fractional 

erivative gives better results. 

In [39] , the author studied and analyzed an EVD compartmental 

odel using Atangana-Baleanu fractional derivative operators. The 

uthor carried out the existence and uniqueness of solutions for 

he formulated EVD model and performed numerical experiments 

ia the newly constructed and efficient iterative scheme developed 

y Toufik and Atangana [40] . Yavuz and Bonyah [41] in their study 

ormulated and analyzed nonlinear mathematical models for schis- 
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osomiasis disease using Caputo–Fabrizio and Atangana–Baleanu 

ractional derivative operators. They obtained numerical solutions 

or the model problems using an iterative method through Laplace 

ransform and Sumudu–Picard integration approach. The dynami- 

al behavior of a two-strain Influenza virus infection is described 

sing a fractional-order differential equation model based on the 

ittag-Leffler kernel operator [42] . The transmission dynamics of 

iarrhea infection are investigated using real statistical data and 

eterministic differential equation models based on Mittag-Leffer 

ernel, exponential law kernel, and power law kernel operators 

43] . A data-driven compartmental model for chickenpox has been 

eveloped and thoroughly studied using Mittag-Leffer kernel, ex- 

onential law kernel, and power law kernel operators in fractional 

alculus [44] . 

The literature on fractional calculus modelling techniques in the 

onstruction of realistic mathematical models connected to real- 

orld situations, particularly compartmental modelling of infec- 

ious diseases, provided the motivation for this study. Furthermore, 

n the study of the transmission dynamics of Q fever in animals us- 

ng deterministic models the following works can be cited [7,45] , 

ut none has consider the use of fractional calculus and the trans- 

ission dynamics of the disease between livestock and ticks. Even 

hough numerous pioneering studies have been done on the rel- 

vance of ticks in Q fever epidemiology, the presence of Coxiella 

urnetii in ticks remains disputed [4,46,47] . Over 40 tick species 

ontain Coxiella burnetii, according to early microscopic morpho- 

ogical observations [46] . Ticks with unusually high levels of Cox- 

ella burnetii infection have been reported on occasion, raising the 

uestion of whether ticks play a critical role in Q fever transmis- 

ion in livestock [4,4 8,4 9] . Thus, through non-fractional and frac- 

ional mathematical analysis and simulation, we seek to address 

his problem at the ecosystem (population) level using Caputo, 

aputo-Fabrizio and Atangana-Baleanu derivatives and integrals. 

The rest of the study comprises of eight sections, thus, 

ection 2 contain the model formulation and description of the 

tate variables. Section 3 presents the model analysis in non- 

ractional form. In Section 4 , we focus on some important defini- 

ions from factional derivatives in relation to the three fractional 

perators. In Section 5 the formulation of the three fractional op- 

rator models are given together with the prove of existence and 

niqueness through fixed point theory. In Section 6 , we provide 

he numerical schemes for our three proposed fractional opera- 

or models in livestock and ticks. Firstly, we start with the Ca- 

uto scheme, followed by the Caputo–Fabrizio scheme and lastly 

he Atangana–Baleanu scheme using the two step Lagrange in- 

erpolation. In Section 7 , we apply the above numerical schemes 

o obtain numerical solutions for the three fractional derivatives. 

ection 8 contains the conclusion of the study. 

. Model formulation 

We considered the dynamics of Q fever in livestock (cattle, 

heep and goats) in a locality where the onset of a new infection 

s through environment, and contact with infected ticks. We as- 

ume a community where there are no vaccination and treatment 

ose for livestock. Let S L (t) , A L (t) and I L (t) respectively denote the

umber of susceptible livestock, asymptomatic livestock and clini- 

ally ill livestock at time t. The susceptible tick population size and 

he number of the infected ticks at time t are respectively denoted 

y S T (t) , and I T (t) . Therefore, the total livestock population at time

is given as 

 L (t) = S L (t) + A L (t) + I L (t) , (1) 

nd the total tick population is given as 

 T (t) = S T (t) + I T (t) . (2) 
3 
he total bacteria load at any time, t , in the environment is de- 

oted by B (t) , �L and �T respectively denote the incremental 

ate of susceptible livestock and ticks. We assume that, the rate 

f transovarial transmission in ticks and livestock is zero, hence, 

ll newborns are susceptible, μL and μT denote natural death rate 

n both compartments, ε is natural decay rate of Coxiella burnetii 

rom the environment. The incidence of acquiring an infection in 

he livestock population is assumed to be 

L = ( β1 B + β5 I T ) S L , (3) 

his is due to the homogeneous mixing of livestock and a possi- 

le invasion of ticks on farms, the environmental transmission is 

enoted as β1 , β5 is the per capita transmission rate of coxiella 

urnetii from infected ticks to a susceptible livestock, β2 is the ef- 

ective shedding rate of coxiella burnetii into the environment by 

oth asymptomatic and symptomatic livestock, β3 is the effective 

ate of transmission of coxiella burnetii to ticks after biting an in- 

ected livestock, thus (A L + I L ) , and β4 is the effective shedding rate 

f coxiella burnetii into the environment by infected ticks. The pro- 

ression rate from A L to I L is denoted as αL . The model flow dia-

ram is shown in Fig. 3 . 

.1. Model 

From the above description we have the following system of 

quations for the proposed study. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dS L 
dt 

= �L − ( β1 B + β5 I T ) S L − μL S L , 

dA L 
dt 

= ( β1 B + β5 I T ) S L − (μL + αL ) A L , 

dI L 
dt 

= αL A L − μL I L , 

dB 
dt 

= β2 (A L + I L ) + β4 I T − εB, 

dS T 
dt 

= �T − β3 S T (A L + I L ) − μT S T , 

dI T 
dt 

= β3 S T (A L + I L ) − μT I T , 

(4) 

ith initial conditions 

 L (0) = S L 0 > 0 , A L (0) = A L 0 ≥ 0 , I L (0) = I L 0 ≥ 0 , 

 (0) = B 0 ≥ 0 , S T (0) = S T 0 ≥ 0 , I T (0) = I T 0 ≥ 0 . 

. Model analysis 

This section focus on the feasible regions of the transmission 

odel (4) , thus, we need to show that the proposed model is epi- 

emiologically well stated, and that, it leads to nonnegative state 

alues as time, t , increases ( thus , t > 0) . If this is satisfied, then it

s sufficient to obtain the disease equilibria, reproduction numbers, 

nd further test the stability of the equilibria. The model (4) is ba- 

ically divided into three invariant regions; thus, � = �L + �B + 

T , therefore with reference from Agusto et al. [ 50 ], we now pro-

eed to analysis the positivity and boundedness of solutions; in- 

ariant regions. 

.1. Positivity and boundedness 

heorem 3.1. Let the initial state values be S L (0) > 0 , A L (0) >

 , I L (0) > 0 , S T (0) > 0 , I T (0) > 0 , B (0) > 0 . Then, the solution set

= { S L (t) , A L (t) , I L (t ) , S T (t ) , I T (t ) , B (t ) } ∈ R 

6 + of the Q fever model 

4) are nonnegative for all t > 0 . 
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Fig. 3. Flow diagram for Q fever in a tick induced environment. 

P  L + I L ) , M 

∗
2 

= β3 S T (A L + I L ) where T ∗ represent transposition. Hence, 
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(5) 

S  of change of variables, we have 

τ

]}
. 

T

S
y ∗

 

M 

∗
0 (τ ) dτ

]}
dy ∗. 

H

S

y ∗

M 

∗
0 (τ ) dτ

]}
dy ∗ > 0 . 

T  0 , S T (t) > 0 and I T (t) > 0 for all t > 0 . This guarantees that the com- 

p  of the study. In addition, model (5) can be written as dZ ∗
dt 

= D 

∗Z ∗ + Y ∗, 
w

D

0 

0 

0 

β4 

0 

−μT 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, Y ∗ = 
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⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 
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∗
1 
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. 
roof. Let Z ∗ = (S L , A L , I L , B, S T , I T ) 
T ∗ , M 

∗
0 

= (β1 B + β5 I T ) , M 

∗
1 

= β2 (A

odel (4) can be written as 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dS L 
dt 

= �L − M 

∗
0 S L − μL S L , 

dA L 
dt 

= M 

∗
0 S L − (μL + αL ) A L , 

dI L 
dt 

= αL A L − μL I L , 

dB 
dt 

= M 

∗
1 + β4 I T − εB, 

dS T 
dt 

= �T − M 

∗
2 S T − μT S T , 

dI T 
dt 

= M 

∗
2 S T − μT I T , 

olving 
dS L 
dt 

by applying the integration factor rule and the method

d 

dt 

{
S L (t) exp 

[
μL t + 

∫ t 

0 

M 

∗
0 (τ ) dτ

]}
= �L 

{
exp 

[
μL t + 

∫ t 

0 

M 

∗
0 (τ ) d

hus, 

 L (t 1 ) exp 

[
μL t 1 + 

∫ t 1 

0 

M 

∗
0 (τ ) dτ

]
− S L (0) = 

∫ t 1 

0 

�L 

{
exp 

[
μL y 

∗ + 

∫ 
0

ence, 

 L (t 1 ) = S L (0) exp 

[
−μL t 1 −

∫ t 1 

0 

M 

∗
0 (τ ) dτ

]

+ exp 

[
−μL t 1 −

∫ t 1 

0 

M 

∗
0 (τ ) dτ

]
×
∫ t 1 

0 

�L 

{
exp 

[
μL y 

∗ + 

∫ 
0 

he same idea can be used to show that A L (t) > 0 , I L (t) > 0 , B (t) >

artments remain nonnegative and feasible during the entire scope

here 

 

∗ = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

−(M 

∗
0 + μL ) 0 0 0 0 

M 

∗
0 −(μL + αL ) 0 0 0 

0 αL −μL 0 0 

0 0 0 −ε 0 

0 0 0 0 −(M 

∗
2 + μT ) 

0 0 0 0 M 

∗
2 
�

4 
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ve for positive parameter values. This proves the property of Metzler 

m  (4) remains positive through out the scope of the study. 

3

, we want to verify that a transformation on the Q fever model (4) will 

r

�

w

�
 

+ β4 �T μL 

L μT 

}
. 

F

(6) 

(7) 

(8) 

N wing Eqs. (6) , (7) , and (8) , here, it should be noted that, if 0 < A L (t) + 

I

N N L (t) ≤ N L (0) e −μL t + 

�L 
μL 

(
1 − e −μL t 

)
, B (t) ≤ β2 N L (t)+ β4 N T (t) 

ε + B (0) e −εt −
 particular, N L ( t) ≤ �L 

μL 
, B ( t) ≤ β2 �L 

εμL 
+ 

β4 �T 
εμT 

and N T (t) ≤ �T 
μT 

as t → ∞ . 

T d model is considered to be epidemiological meaningful (mathemati- 

c  Q fever model, with initial conditions remains in the feasible region 

�

3

by setting the right-hand sides of the equations in model (4) to zero, 

a nd bacteria load in the environment to zero, thus A L = I L = I T = B = 0 . 

H

D

U  Here, R 0 is defined as the number of secondary infection(s) that an 

i pulation during its entire period of infectiousness, and/or the number 

o from the environment by a susceptible livestock, R 0 also contains the 

s  symptomatic livestock. If R 0 < 1 then the disease will eventually die 

o pulation and R 0 = 1 is a baseline which requires further investigation. 

T xt generation operator method G = F V −1 , thus we define two matrices 

F fection terms, while that of matrix V constitutes the new transfer of 

i , considering the Coxiella burnetii induced state variables in model (4) , 

w

(9) 

(10) 
It is obvious that Y ∗ ≥ 0 and the off-diagonal of D 

∗ are positi

atrix. Hence, this further support that all the equations in model

.1.1. Boundedness 

Using the epidemiologically feasible region, �, as defined below

emain in a certain realistic limit for t > 0 . 

= �L + �B + �T ⊂ R 

3 
+ × R + × R 

2 
+ , 

here 

= 

{
(S L , A L , I L , S T , I T , B ) ∈ R 

6 
+ : N L ≤ �L 

μL 

, N T ≤ �T 

μT 

, B ≤ β2 �L μT

εμ

rom model (4) the total population is given as 

dN L (t) 

dt 
= �L − μL (S L (t) + A L (t) + I L (t)) , 

dN T (t) 

dt 
= �T − μT (S T (t) + I T (t)) , 

dB (t) 

dt 
= β2 (A L (t) + I L (t)) + β4 I T (t) − εB (t) . 

ow to establish that R 

6 + is positively invariant, we recall the follo

 L (t) ≤ N L (t) , 0 < I T (t) ≤ N T (t) , then it follows that 

dN L (t) 

dt 
≤ �L − μL N L (t) , 

dB (t) 

dt 
≤ β2 N L (t) + β4 N T (t) − εB, 

dN T (t) 

dt 
≤ �T − μT N L (t) . 

ow, solving the above inequalities, the following is established 

β2 N L (0)+ β4 N T (0) 
ε e −εt and N T (t) ≤ N T (0) e −(μT ) t + 

�T 
μT 

(
1 − e −(μT ) t 

)
. In

herefore, the region � is positively-invariant. Hence, the propose

ally well posed) and it is sufficient to say that all solution of the

. 

.2. Disease-free equilibrium(DFE) and basic reproduction number 

The disease-free equilibrium of our Q fever model is obtained 

nd further equating the coxiella burnetii induced livestock, ticks a

ence, the unique disease-free equilibrium is given by 

EF ≡ E 0 := (S L 0 , A L 0 , I L 0 , B 0 , S T 0 , I T 0 ) = 

(
�L 

μL 

, 0 , 0 , 0 , 
�T 

μT 

, 0 

)
. 

sing the DFE, we can obtain the basic reproduction number R 0 .

nfected tick can generate in a completely susceptible livestock po

f secondary infection(s) produced when the bacteria is taken in 

econdary infection(s) of ticks produced by both asymptomatic and

ut, whereas R 0 > 1 means that the disease will persist in the po

he above account can be obtained mathematically, by using the ne

 and V , where the element(s) in matrix F constitutes the new in

nfection terms from one compartment to the another [51,52] . Now

e have the following equations 

dA L 

dt 
= ( β1 B + β5 I T ) S L − (μL + αL ) A L , 

dI L 
dt 

= αL A L − μL I L , 
5 
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(11) 

(12) 

L  is not a new infection, then elements in B goes into matrix V (see [53] , 

S  J, given as, d � M 

dt 
:= J � M = (F − V ) � M , where �

 M = [ A L (t) , I L (t ) , B (t ) , I T (t ) ] 
T ∗

d

F

0 0 

0 0 

ε −β4 

0 μT 

⎞ 

⎟ ⎟ ⎠ 

, (13) 

w

G (14) 

H minant eigenvalue) of Eq. (14) . Therefore, R 0 = ρ(F V −1 ) , is the positive 

r

Q (15) 

w

R
w

R

H ndary infections generated per each stage of the disease transmission 

p

R (16) 

R (17) 

R (18) 

T

A tion. 

cts: R 

01 
0 

indicates that the rate of shedding of the bacteria by both 

a hich may multiply the rate of intake of the bacteria by a susceptible 

a that in such situation, any method aimed at increasing bacteria decay 

r ew infection in a completely susceptible live animal population. The 

t  the environment maintains the circle of new infection in a completely 

s s the mean time in (A L + I L ) and B respectively, hence any approach 

a ia load shed by an infected livestock. The term 

β5 �L 
μT 

in R 

02 
0 

is the new 

i ssful bite of susceptible livestock during its period of infectiousness. The 

e ptomatic and symptomatic livestock in the susceptible tick population. 

I

dB 

dt 
= β2 (A L + I L ) + β4 I T − εB, 

dI T 
dt 

= β3 S T (A L + I L ) − μT I T . 

inearising Eqs. (9) –(12) about the DFE and assuming that shedding

ections 6 and 7 , for similar approach), we obtain a Jacobian matrix

enotes vector of infectious variables. 

Therefore, 

 = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 0 β1 
�L 

μL 
β5 

�L 

μL 

0 0 0 0 

0 0 0 0 

β3 
�T 

μT 
β3 

�T 

μT 
0 0 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, V = 

⎛ 

⎜ ⎜ ⎝ 

(μL + αL ) 0 

−αL μL 

−β2 −β2 

0 0 

hich leads to, 

 := F V 

−1 = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

�L β1 β2 

ε μL 
2 

�L β1 β2 

ε μL 
2 

�L β1 

ε μL 

�L ( β1 β4 + β5 ε ) 
ε μL μT 

0 0 0 0 

0 0 0 0 

�T β3 

μL μT 

�T β3 

μL μT 
0 0 

⎞ 

⎟ ⎟ ⎟ ⎠ 

. 

ence, the basic reproduction number R 0 is the spectral radius (do

oot of the quadratic equation. 

(λ) = λ2 − R 

01 
0 λ − R 

02 
0 R 

03 
0 = 0 , 

here R 

01 
0 

= 

β1 β2 �L 

εμ2 
L 

, R 

02 
0 

= 

�L (β1 β4 + β5 ε) 
μT μL ε 

, R 

03 
0 

= 

�T β3 
μT μL 

. 

Hence, 

 0 = R 

NG 
0 , 

here 

 

NG 
0 = 

1 

2 

(
R 

01 
0 + 

√ 

(R 

01 
0 

) 2 + 4 R 

02 
0 
R 

03 
0 

)
. 

ere, the reproduction number, R 0 , consist of the number of seco

rocesses. It can be seen that 

 0 < 1 iff R 

01 
0 + R 

02 
0 R 

03 
0 < 1 , 

 

0 = 1 iff R 

01 
0 + R 

02 
0 R 

03 
0 = 1 , 

 

0 > 1 iff R 

01 
0 + R 

02 
0 R 

03 
0 > 1 . 

he above assertion can be verified by direct calculation, 

R 

NG 
0 < 1 , 

1 

2 

(
R 

01 
0 + 

√ 

(R 

01 
0 

) 2 + 4 R 

02 
0 
R 

03 
0 

)
< 1 , √ 

(R 

01 
0 

) 2 + 4 R 

02 
0 
R 

03 
0 

< 2 − R 

01 
0 , 

4 R 

02 
0 R 

03 
0 < 4 − 4 R 

01 
0 , 

R 

01 
0 + R 

02 
0 R 

03 
0 < 1 . 

nalogously, (17) - (18) hold, which completes the proof of our asser

Also, the expressions in R 

NG 
0 

support some epidemiological fa

symptomatic and symptomatic livestock into the environment, w

nimal, this may lead to an outbreak, but the term 

1 

εμ2 
L 

, indicates 

ate from the environment will eventually minimize the rate of n

erm 

β1 β4 �L 
εμL 

in R 

02 
0 

indicates that shedding of Coxiella burnetii into

usceptible livestock population, where 1 
μL 

, μL > 0 and 

1 
ε , ε > 0 i

imed at increasing μL and/or ε, will lead to a reduction of bacter

nfections that can be generated by an infected tick through a succe

xpressions R 

03 
0 

is the secondary infections produced by both asym

n a tick free livestock farm, we will have R 0 = R 

01 . 

0 

6 
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3

ation. ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(19) 

w

λ (20) 

λ (21) 

λ (22) 

λ (23) 

a

E

T rms of λ∗
1 
, λ∗

2 
, λ∗

3 
, λ∗

4 
is given as 

A

(24) 

B

S

s s 

λ (25) 

λ (26) 

λ (27) 

λ (28) 

T

A (29) 

w

A

.3. Endemic equilibrium and existence of backward bifurcation 

The endemic equilibrium is obtain by solving the following equ
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

�L − ( β1 B + β5 I T ) S L − μL S L = 0 , 

( β1 B + β5 I T ) S L − k 0 A L = 0 , 

αL A L − μL I L = 0 , 

β2 (A L + I L ) + β4 I T − εB = 0 , 

�T − β3 S T (A L + I L ) − μT S T = 0 , 

β3 S T (A L + I L ) − μT I T = 0 , 

here k 0 = (μL + αL ) . Now, let the force of infection be 

∗
1 = (β1 B + β5 I T ) , 

∗
2 = β2 (A L + I L ) , 

∗
3 = β3 (A L + I L ) , 

∗
4 = β4 I T , 

nd let the impulsive endemic equilibrium point be denoted by 

 

∗ = ( S ∗L , A 

∗
L , I 

∗
L , B 

∗, S ∗T , I 
∗
T ) . 

herefore, the endemic equilibrium point from (19) expressed in te

S ∗L = 

�L 

(λ∗
1 

+ μL ) 
, 

 

∗
L = 

λ∗
1 �L 

(λ∗
1 

+ μL ) k 0 
, 

I ∗L = 

αL λ
∗
1 �L 

(λ∗
1 

+ μL ) k 0 μL 

, 

 

∗ = 

λ∗
2 + λ∗

4 

ε 
, 

 

∗
T = 

�T 

(λ∗
4 

+ μT ) 
, 

I ∗T = 

λ∗
3 �T 

(λ∗
3 

+ μT ) μT 

, 

ubstituting (24) into (20) –(23) , the force of infection now become

∗
1 = 

β1 μT (λ
∗
3 + μT )(λ

∗
2 + λ∗

4 ) + β5 λ
∗
3 ε�T 

εμT (λ∗
3 

+ μT ) 
, 

∗
2 = 

β2 �L λ
∗
1 

μL (λ∗
1 

+ μL ) 
, 

∗
3 = 

β3 �L λ
∗
1 

μL (λ∗
1 

+ μL ) 
, 

∗
4 = 

β4 �T β3 �L λ
∗
1 

β3 �L λ∗
1 
μT + μL μ2 

T 
(λ∗

1 
+ μL ) 

. 

hus, substituting (26) –(28) into (25) , gives 

 1 λ
∗
1 

3 + A 2 λ
∗
1 

2 + A 3 λ
∗
1 + A 4 = 0 , 

here 

 1 = 2�L β3 μL 
2 μT 

3 ε + μL 
3 μT 

4 ε + β2 
3 �

2 
L μ

2 
T μL ε, 
7 
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Fig. 4. Bifurcation diagrams as β1 ∈ { 0 . 0 01 , 2 . 0 0 0 } . Parameter values used are μL = 0 . 02 , �L = 9 , αL = 0 . 0 029 , β2 = 0 . 0 0 0 03 , β3 = 0 . 0 0 0 0 0 01 , β4 = 0 . 0 0 0 0 01 , β5 = 

0 . 0 0 01 , μT = 0 . 01 . 

A  

03 
0 

])
+ β2 

3 �
2 
L μ

2 
T μ

2 
L ε 
(
1 −

[
R 

01 
0 + R 

02 
0 R 

03 
0 

])
A μL μ

2 
T μL 

4 μT 
2 ε + β3 �L μ

4 
L μ

3 
T ε 
(
1 −

[
R 

01 
0 + R 

02 
0 R 

03 
0 

])
A

w
β3 β1 
 

 

ε 
. It can be observed that A 1 > 0 , due to the fact that all the model 

p  , iff R 

01 
0 

+ R 

02 
0 
R 

03 
0 

< 1 . Therefore, the possible number of positive real 

r
 

, and A 3 . Which can be analyzed using the Descartes’ rule of signs on 

t ore, the following are established. 

T

(  and either the following holds 

(  R 

02 
0 
R 

03 
0 

> 1 and this holds 

(  and all of A 2 , and A 3 are negative. 

mic equilibrium when R 0 < 1 (this normally suggests the phenomenon 

o duction number of the model is less than unity, the phenomenon of 

b  a stable disease-free equilibrium (DFE) and a stable endemic equilib- 

r for example [54–61] ). Now focusing on three case scenarios of Eq. (29) , 

w

s 

λ (30) 

w  β1 = β2 = 0 , the usual threshold for the basic reproduction number 

h uction number, R 

0 ∗ is less than unity (no backward bifurcation), see 

F

 2 = β3 �L μ
3 
T μL 

3 ε 
(
4 −

[
2 R 

01 
0 + R 01 

])
+ μ4 

T μ
4 
L ε 
(
2 −

[
R 

01 
0 + R 

02 
0 R

 3 = μ4 
T μ

5 
L ε 
(
1 − 2 

[
R 

01 
0 + R 

02 
0 R 

03 
0 

])
+ β3 �L μ

4 
L μ

3 
L ε 
(
1 − R 

01 
0 

)
+ 2 

 4 = ε μL 
6 μT 

4 
(
1 −

[
R 

01 
0 + R 

02 
0 R 

03 
0 

])
, 

ith R 

01 
0 

= 

β1 β2 �L 

εμ2 
L 

, R 

02 
0 

= 

�L (β1 β4 + β5 ε) 
μT μL ε 

, R 

03 
0 

= 

�T β3 
μT μL 

, R 01 = 

β2 �
2 
L 

μ3
L

arameters are nonnegative. Furthermore, A 4 > 0 whenever R 0 < 1

oots for the cubic polynomial (29) is dependent on the sign of A 2

he cubic p(x ∗) = A 1 x 
∗3 + A 2 x 

∗2 + A 3 x 
∗ + A 4 (with x ∗ = λ∗

1 ). Theref

heorem 3.2. The model (4) 

a) has a unique endemic equilibrium if R 0 > 1 iff R 

01 
0 

+ R 

02 
0 
R 

03 
0 

> 1

(i) A 2 > 0 , A 3 > 0 ;
(ii) A 2 < 0 , A 3 < 0 ;

(iii) A 2 > 0 , A 3 < 0 ;
b) could have more than one endemic equilibrium if R 0 > 1 iff R 

01 
0 

+
(i) A 2 < 0 , A 3 > 0 , 

c) could have 2 endemic equilibrium if R 0 < 1 iff R 

01 
0 

+ R 

02 
0 
R 

03 
0 

< 1

Item (c) of Theorem 3.2 indicates the existence of multiple ende

f backward bifurcation, see Fig. 4 (a)). When the associated repro

ackward bifurcation, which is characterized by the coexistence of

ium, has been observed in many disease transmission models (see 

e draw the following insights. 

Case 1: 

When β1 = β2 = 0 , we have a unique endemic equilibrium, thu

∗
1 = 

εμ2 
T k 0 μ

2 
L (R 

0 ∗ − 1) 

β3 �L (μL + αL ) + μT k 0 μL 

, 

here R 

0 ∗ = 

β3 β5 �T �L (μL + αL ) 

εμ2 
T 

k 0 μ
0 
L 

, which support the fact that, when

olds, thus the disease can be eradicated when the basic reprod

ig. 5 (b). 
8 
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Fig. 5. Numerical simulation of the non-fractional model. 

A (31) 

w

A

A R 

03 
0 

])
+ β2 

3 �
2 
L μ

2 
T μ

2 
L ε 
(
1 −

[
R 

01 
0 + R 

02 ∗
0 R 

03 
0 

])
A  μL μ

2 
T μL 

4 μT 
2 ε + β3 �L μ

4 
L μ

3 
T ε 
(
1 −

[
R 

01 
0 + R 

02 ∗
0 R 

03 
0 

])
A

w Thus, using the same assertion in Theorem 3.2 , case 2 indicates the 

e R 

02 ∗
0 

R 

03 
0 

< 1 , see Fig. 5 (b). 

A (32) 

w

A

A

A

w

indicates the existence of multiple endemic equilibrium when R 0 < 

1  of backward bifurcation using the center manifold theory [62] . 

T n at R 0 = 1 . 

P  S L , y 
∗
2 

= A L , y 
∗
3 

= I L , y 
∗
4 

= B, y ∗
5 

= S T , and y ∗
6 

= I T . Therefore, N L (t) = y ∗
1 

+ 

y = (y ∗
1 
, y ∗

2 
, y ∗

3 
, y ∗

4 
, y ∗

5 
, y ∗

6 
) T 

∗
, then model (4) can be written as dy ∗

dt 
:= F = 
Case 2: 

When β4 = 0 , Eq. (29) becomes 

 

∗
1 λ

∗
1 

3 + A 

∗
2 λ

∗
1 

2 + A 

∗
3 λ

∗
1 + A 

∗
4 = 0 , 

here 

 

∗
1 = 2�L β3 μL 

2 μT 
3 ε + μL 

3 μT 
4 ε + β2 

3 �
2 
L μ

2 
T μL ε, 

 

∗
2 = β3 �L μ

3 
T μL 

3 ε 
(
4 −

[
2 R 

01 
0 + R 01 

])
+ μ4 

T μ
4 
L ε 
(
2 −

[
R 

01 
0 + R 

02 ∗
0 

 

∗
3 = μ4 

T μ
5 
L ε 
(
1 − 2 

[
R 

01 
0 + R 

02 ∗
0 R 

03 
0 

])
+ β3 �L μ

4 
L μ

3 
L ε 
(
1 − R 

01 
0 

)
+ 2

 

∗
4 = ε μL 

6 μT 
4 
(
1 −

[
R 

01 
0 + R 

02 ∗
0 R 

03 
0 

])
, 

ith R 

01 
0 

= 

β1 β2 �L 

εμ2 
L 

, R 

02 ∗
0 

= 

�L β5 ε 
μT μL ε 

, R 

03 
0 

= 

�T β3 
μT μL 

, R 01 = 

β2 �
2 
L 
β3 β1 

μ3 
L 
ε 

. 

xistence of multiple endemic equilibrium when R 0 < 1 , iff R 

01 
0 

+ 

Case 3: 

When β3 = β5 = 0 , Eq. (29) becomes 

 

∗∗
1 λ

∗
1 

3 + A 

∗∗
2 λ

∗
1 

2 + A 

∗∗
3 λ

∗
1 + A 

∗∗
4 = 0 , 

here 

 

∗∗
1 = μL 

3 μT 
4 ε , A 

∗∗
2 = μ4 

T μ
4 
L ε 
(
2 − R 

01 
0 

)
, 

 

∗∗
3 = μ4 

T μ
5 
L ε 
(
3 − 2 R 

01 
0 

)
 

∗∗
4 = ε μL 

6 μT 
4 
(
1 − R 

01 
0 

)
, 

ith R 

01 
0 

= 

β1 β2 �L 

εμ2 
L 

. 

Thus, using the same assertion in Theorem 3.2 , case 3 also 

 , iff R 

01 
0 

< 1 , see Fig. 5 (b). In what follows, we prove the existence

heorem 3.3. The Q fever model (4) undergoes a backward bifurcatio

roof. From model (4) we can define the following variables y ∗
1 

=
 

∗
2 

+ y ∗
3 
, B (t) = y ∗

4 
,N T (t) = y ∗

5 
+ y ∗

6 
. Now, using the vector notation y ∗
9 



J.K.K. Asamoah, E. Okyere, E. Yankson et al. Chaos, Solitons and Fractals 156 (2022) 111821 

(⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(33) 

a he disease-free equilibrium, is given as 

J

N urcation parameter and solving for β3 from the expression for R 0 = 1 , 

w

β
 

2 )] 
. (34) 

I does have a nonhyperbolic equilibrium point with a simple eigenvalue 

w ts in the linearized system [54] . As a result, the dynamics of the model 

( ] . 

d at J(E 0 ) | β3 = β∗
3 

is denoted by 

W

w⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(35) 

I evaluated at J(E 0 ) | β3 = β∗
3 

satisfying the property W 

∗. V 

∗ = 1 , is denoted 

b

V

w⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(36) 

C

f 1 , f 2 , f 3 , f 4 , f 5 , f 6 ) 
T ∗ as iterated as follows: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

dy ∗1 
dt 

:= f 1 (y ∗) = �L −
(
β1 y 

∗
4 + β5 y 

∗
6 

)
y ∗1 − μL y 

∗
1 , 

dy ∗2 
dt 

:= f 2 (y ∗) = 

(
β1 y 

∗
4 + β5 y 

∗
6 

)
y ∗1 − k 0 y 

∗
2 , 

dy ∗3 
dt 

:= f 3 (y ∗) = αL y 
∗
2 − μL y 

∗
3 , 

dy ∗4 
dt 

:= f 4 (y ∗) = β2 (y ∗2 + y ∗3 ) + β4 y 
∗
6 − εy ∗4 , 

dy ∗5 
dt 

:= f 5 (y ∗) = �T − β3 y 
∗
5 (y ∗2 + y ∗3 ) − μT y 

∗
5 , 

dy ∗6 
dt 

:= f 6 (y ∗) = β3 y 
∗
5 (y ∗2 + y ∗3 ) − μT y 

∗
6 , 

s defined before, k 0 = (μL + αL ) . The Jacobian of system (33) , at t

(E 0 ) = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

−μL 0 0 −β1 �L 

μL 
0 −β5 �L 

μL 

0 −k 0 0 

β1 �L 

μL 
0 

β5 �L 

μL 

0 αL −μL 0 0 0 

0 β2 β2 −ε 0 β4 

0 −β3 �T 

μT 
−β3 �T 

μT 
0 −μT 0 

0 

β3 �T 

μT 

β3 �T 

μT 
0 0 −μT 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

ow, consider the case when R 0 = 1 , we can choose β∗
3 as the bif

e have 

3 = β∗
3 = 

μ2 
T μ

2 
L ε 

�L �T (β1 β4 + β5 ε) 

[ 
2 −

(β2 
1 β

2 
2 �L 

ε 2 μ4 
L 

+ 

�2 
L (β1 β4 + β5 ε)

μ2 
T 
μ2 

L 
ε 2 

t can be proven that the converted system (33) , having β3 = β∗
3 

, 

ith zero real part and all other eigenvalues with negative real par

33) near β3 = β∗
3 can be studied using center manifold theory [62

Eigenvectors of J(E 0 ) | β3 = β∗
3 

The right eigenvector in relation to the zero eigenvalue evaluate

 

∗ = [ w 

∗
1 , w 

∗
2 , w 

∗
3 , w 

∗
4 , w 

∗
5 , w 

∗
6 ] , 

here 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

w 

∗
1 = −β1 �L (w 

∗
4 + w 

∗
6 ) 

μ2 
L 

, 

w 

∗
2 = w 

∗
2 > 0 , 

w 

∗
3 = 

αL 

μL 

w 

∗
2 , 

w 

∗
4 = 

(μL + αL )(β2 μ2 
T + β4 β∗

3 ) 

μ2 
T 
μL 

w 

∗
2 , 

w 

∗
5 = −w 

∗
6 , 

w 

∗
6 = 

β∗
3 �T (μL + αL ) 

μ2 
T 
μL 

w 

∗
2 . 

n addition, the left eigenvector in relation to the zero eigenvalue 

y 

 

∗ = [ v ∗1 , v 
∗
2 , v 

∗
3 , v 

∗
4 , v 

∗
5 , v 

∗
6 ] , 

here 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

v ∗1 = 0 , 

v ∗2 = v ∗2 > 0 , 

v ∗3 = 

β2 β1 �L μ
2 
T + �T �L β

∗
3 (β1 + β5 ε) 

μ2 
T 
μL ε 

v ∗2 , 

v ∗4 = 

β1 �L 

μL ε 
v ∗2 , 

v ∗5 = 0 , 

v ∗6 = 

�L (β4 β1 + β5 ε) 

μL μT ε 
v ∗2 . 

omputations of bifurcation coefficients a and b 
10 
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a (37) 

b (38) 

T

H

a (39) 

b (40) 

T  indicates that the proposed model exhibits backward bifurcation at 

R

hen the recruitment rate of susceptible ticks is varied or kept constant. 

T ere is coxiella burnetii make the control of Q fever virtually impossible. 

T s no longer feasible in the eradication of the disease. Figure 4 (b) and 

( ial in the environment reduces the existence of backward bifurcation. 

T , it is advised that the use of other methods in the decay rate of the 

c he livestock population and reproduction. Figure 5 (b) show that making 

β m infected ticks) and β5 (transmission rate from I T to S L ) zero do not 

r f Q fever between livestock and ticks. Nevertheless, when one focus on 

β ted livestock) reduces the existence of backward bifurcation leading to 

a al rank correction coefficients (PRCC) values of the ten parameters are 

g  

NG 
0 

or R 0 using a sampling size of 20 0 0. The longer the bar in Fig. 5 (a) 

i t on changes in R 

NG 
0 

or R 0 . Figure 5 (c) shows the 3D bifurcation for 

t  infected livestock and bacterial load in the environment produces less 

i n increase in β5 (transmission rate from I T to S L ) and a reduction in ε
( n increase in R 

NG 
0 

or R 0 . To take care of the memory aspect of ticks on 

t nu fractional differential operator for the proposed model in the next 

S

4

factional derivatives in relation to the three fractional operators to be 

u

D l integral of order ϕ in Caputo sense is given as 

C
0 (41) 

w rder. 

D ative with order ϕ is given as 

C
0 (42) 

w  n − 1 < ϕ < n ∈ N. Clearly, C 
0 
D 

ϕ 
t (g(t)) approaches g ′ (t) as ϕ approaches 

1

D Caputo-Fabrizio derivative of order ϕ ∈ (0 , 1) of a function h is defined 

a

C
a (43) 

w

Utilizing Castillo-Chavez and Song’s notation, we have 

 = 

6 ∑ 

k,i, j=1 

v ∗k w 

∗
i w 

∗
j 

∂ 2 f k 
∂y ∗

i 
∂y ∗

j 

(E 0 ) , 

 = 

6 ∑ 

k,i =1 

v ∗k w 

∗
i 

∂ 2 f k 
∂y ∗

i 
∂β∗

3 

(E 0 ) . 

hus, from Eqs. (37) and (38) , we have the following: 

∂ 2 f 2 
∂ y ∗

1 
∂ y ∗

4 

= β1 , 
∂ 2 f 2 

∂y ∗
1 
∂y ∗

6 

= β5 , 
∂ 2 f 6 

∂ y ∗
2 
∂ y ∗

5 

= β∗
3 , 

∂ 2 f 6 
∂ y ∗

3 
∂ y ∗

5 

= β∗
3 , 

∂ 2 f 6 
∂ y ∗

2 
∂ β∗

3 

= 

�T 

μT 

, 
∂ 2 f 6 

∂ y ∗
3 
∂ β∗

3 

= 

�T 

μT 

. 

ence, it follows that 

 = v ∗2 w 

∗
1 w 

∗
5 β1 + v ∗2 w 

∗
1 w 

∗
6 β5 + v ∗6 w 

∗
2 w 

∗
5 β

∗
3 + v ∗6 w 

∗
3 w 

∗
5 β

∗
3 > 0 , 

 = 

�T 

μT 

v ∗6 (w 2 + w 3 ) > 0 . 

herefore, from Theorem 4.1 of Castillo-Chavez and Song [62] , it

 0 = 1 . �

Figure 4 (a) and (c) show the existence of backward bifurcation w

his indicates that an increase in ticks in an environment where th

hus, the achievement of the usual threshold of R 0 less than 1 i

d) show that an increase in the natural death rate of the bacter

herefore to have effective control of the disease in an ecosystem

oxiella burnetii in the environment can be employed to safeguard t

3 (transmission rate from (A L + I L ) to ticks), β4 (shedding rate fro

emove the existence of backward bifurcation from the dynamics o

1 (environmental transmission) and β2 (shedding rate from infec

 possible control of the disease in a tick induced farm. The parti

iven in Fig. 5 (a) to determine the dependency of parameters in R
ndicates that those parameters have a substantial statistical effec

he proposed model; it can easily be seen that a lower number of

nfection in the infected ticks population. Figure 5 (d) shows that a

natural decay of Coxiella burnetii from the environment) result in a

heir host, we introduce a Caputo, Caputo-Fabrizio, Atangana-Balea

ection. 

. Basic definitions and preliminaries 

In this section, we focus on some important definitions from 

sed for the Q fever model. 

efinition 4.1. [38] Given a function g : R 

+ → R , then the fractiona

 

 

I 
ϕ 
t (g(t)) = 

1 

�(ϕ) 

∫ t 

0 

(t − �) ϕ−1 g(�) d�, 

here � denote the Gamma function and ϕ denote the fractional o

efinition 4.2. [38] Given a function g ∈ C n , then the Caputo deriv

 

 

D 

ϕ 
t (g(t)) = I n −ϕ D 

n g(t) = 

1 

�(n − ϕ) 

∫ t 

0 

g n (�) 

(t − �) ϕ−n +1 
d�, 

hich is defined for the continuous functions in absolute terms and

. 

efinition 4.3. [36] Let h ∈ H 

1 (a, b) , b > a be a function. Then the 

s 

F 
 

D 

ϕ 
t [ h (t)] = 

P (ϕ) 

1 − ϕ 

∫ t 

a 

h 

′ ( x ) exp 

[ 
− ϕ 

t − x 

1 − ϕ 

] 
dx, 

here P (ϕ) is a normalization function with P (0) = P (1) = 1 . 
11 
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D  ϕ ∈ (0 , 1) of a function h is defined as 

I (44) 

D 0 , 1) . The Atangana-Baleanu derivative in Caputo sense of order ϕ of g

i

A
a (45) 

w E ϕ is the Mittag-Leffler function. 

D (0 , 1) . The Atangana-Baleanu derivative in Riemann-Liouville sense of 

o

A
a (46) 

D ned by: 

A
a (47) 

T ty given below holds on [ a, b] : ∥∥ (48) 

w

T L type satisfy Lipschitz condition: ∥∥∥∥
5 ynamism of ticks 

l (4) in conformity of the fractional definitions above. For each of the 

f ons. 

5

ation modeling, the Q fever model in (4) can be expressed in Caputo 

s⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(49) 

w

S

B

5 odel 

odel in Caputo operator using fixed-point theory. Assuming a Banach 

s n C = [0 , m ] with the sub norm and L = B(C) × B(C) × B(C) × B(C) ×
B

‖  ‖ I T ‖ , 

‖  t∈C | B | , ‖ S T ‖ = sup t∈C | S T | ‖ I T ‖ = sup t∈C | I T | . Now, applying the Caputo 

f amental theorem of calculus we have 

A

efinition 4.4. [63] The Caputo-Fabrizio fractional integral of order

 

ϕ 
t [ h (t)] = 

2(1 − ϕ) 

2( 1 − ϕ ) P (ϕ ) 
h ( t) + 

2 ϕ 

( 2 − ϕ) P ( ϕ) 

∫ t 

0 

h ( ψ ) dψ , t ≥ 0 . 

efinition 4.5. [37] Let g ∈ H 

1 (a, b) , a < b be a function and ϕ ∈ (

s given as 

BC 
 

D 

ϕ 
t [ g(t)] = 

G (ϕ) 

1 − ϕ 

∫ t 

a 

g ′ ( x ) E ϕ 
[ 

− ϕ 

( t − x ) ϕ 

1 − ϕ 

] 
dx, 

here G (ϕ) is a normalization function with G (0) = G (1) = 1 and 

efinition 4.6. [37] Let g ∈ H 

1 (a, b) , a < b be a function and ϕ ∈ 

rder ϕ of g is given as 

BR 
 

D 

ϕ 
t [ g(t)] = 

G (ϕ) 

1 − ϕ 

d 

dt 

∫ t 

a 

g( x ) E ϕ 

[ 
− ϕ 

( t − x ) ϕ 

1 − ϕ 

] 
dx. 

efinition 4.7. [37] The Atangana-Baleanu fractional integral is defi

BC 
 

I 
ϕ 
t [ g(t)] = 

1 − ϕ 

G ( ϕ) 
g( t) + 

ϕ 

G ( ϕ)�( ϕ) 

∫ t 

a 

g( ψ)( t − ψ) ϕ−1 dψ. 

heorem 4.1. [37] For a continuous function g on [ a, b] . The inequali

ABR 
0 D 

ϕ 
t [ g(t)] 

∥∥ < 

G (ϕ) 

1 − ϕ 

‖ 

g(t) ‖ 

, 

here ‖ g(t) ‖ = max a ≤t≤b | g(t) | . 
heorem 4.2. [37] The Atangana–Baleanu derivative in Caputo and R

ABC 
0 D 

ϕ 
t [ g(t)] − ABC 

0 D 

ϕ 
t [ h (t)] 

∥∥ ≤ H ‖ 

g(t) − h (t) ‖ 

, and 

ABR 
0 D 

ϕ 
t [ g(t)] − ABR 

0 D 

ϕ 
t [ h (t)] 

∥∥ ≤ H ‖ 

g(t) − h (t) ‖ 

. 

. Fractional models for Q fever in livestock together with the d

Now, we introduce the fractional nature of our proposed mode

ractional model we provide the existence and uniqueness of soluti

.1. Q fever model in Caputo operator 

Based on standard literature on fractional order differential equ

ense as 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C 
0 D 

ϕ 
t S L = �L − ( β1 B (t) + β5 I T (t) ) S L (t) − μL S L (t) , 

C 
0 D 

ϕ 
t A L = ( β1 B (t) + β5 I T (t) ) S L (t) − (μL + αL ) A L (t) , 

C 
0 D 

ϕ 
t I L = αL A L (t) − μL I L (t) , 

C 
0 D 

ϕ 
t B = β2 (A L (t) + I L (t)) + β4 I T (t) − εB (t) , 

C 
0 D 

ϕ 
t S T = �T − β3 S T (t)(A L (t) + I L (t)) − μT S T (t) , 

C 
0 D 

ϕ 
t I T = β3 S T (t)(A L (t) + I L (t)) − μT I T (t) , 

ith initial conditions 

 L (0) = S L 0 > 0 , A L (0) = A L 0 ≥ 0 , I L (0) = I L 0 ≥ 0 , 

 (0) = B 0 ≥ 0 , S T (0) = S T 0 ≥ 0 , I T (0) = I T 0 ≥ 0 . 

.2. Existence and uniqueness analysis for Caputo fractional Q fever m

We shall prove the existence and uniqueness of our proposed m

pace B(C) for an interval-defined continuous real-valued functio

(C) × B(C) with the norm 

 (S L , A L , I L , B, S T , I T ) ‖ = ‖ S L ‖ + ‖ A L ‖ + ‖ I L ‖ + ‖ B ‖ + ‖ S T ‖ +
 S L ‖ = sup t∈C | S L | , ‖ A L ‖ = sup t∈C | A L | , ‖ I L ‖ = sup t∈C | I L | , ‖ B ‖ = sup

ractional integral operator as defined in (41) on (49) and the fund

S L (t) − S L (0) = 

C 
0 I 

ϕ 
t [ �L − ( β1 B (t) + β5 I T (t) ) S L (t) − μL S L (t) ] , 

 L (t) − A L (0) = 

C 
0 I 

ϕ 
t [ ( β1 B (t) + β5 I T (t) ) S L (t) − k 0 A L (t) ] , 
12 
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(50) 

S

S

M

M

M

M (51) 

M

M

N

A

(52) 

S

W  , M 6 (I T , �) satisfies the Lipschitz condition if and only if 

S t S L (t) and S ∗
L 

be two functions, so that we have 

‖  L (t) − S ∗L (t)) | | . (53) 

N

‖ (54) 

i

‖

(55) 

w icates that the Lipschitz condition is fulfilled for M i , i = 1 , 2 , 3 . 4 . 5 , 6 . 

A

(56) 
I L (t) − I L (0) = 

C 
0 I 

ϕ 
t [ αL A L (t) − μL I L (t) ] , 

B (t) − B (0) = 

C 
0 I 

ϕ 
t [ β2 (A L (t) + I L (t)) + β4 I T (t) − εB (t) ] , 

 T (t) − S T (0) = 

C 
0 I 

ϕ 
t [ �T − β3 S T (t)(A L (t) + I L (t)) − μT S T (t) ] , 

I T (t) − I T (0) = 

C 
0 I 

ϕ 
t [ β3 S T (t)(A L (t) + I L (t)) − μT I T (t) ] . 

upposing that 

 1 = �L − ( β1 B (t) + β5 I T (t) ) S L (t) − μL S L (t) , 

 2 = ( β1 B (t) + β5 I T (t) ) S L (t) − k 0 A L (t) , 

 3 = αL A L (t) − μL I L (t) , 

 4 = β2 (A L (t) + I L (t)) + β4 I T (t) − εB (t) , 

 5 = �T − β3 S T (t)(A L (t) + I L (t)) − μT S T (t) , 

 6 = β3 S T (t)(A L (t) + I L (t)) − μT I T (t) . 

ow (50) can further be written in Caputo integral fashion as 

S L (t) − S L (0) = 

1 

�(ϕ) 

∫ t 

0 

M 1 (ϕ, �, S L (�)) 

(t − �) 1 −ϕ 
d�, 

 L (t) − A L (0) = 

1 

�(ϕ) 

∫ t 

0 

M 2 (ϕ, �, A L (�)) 

(t − �) 1 −ϕ 
d�, 

I L (t) − I L (0) = 

1 

�(ϕ) 

∫ t 

0 

M 3 (ϕ, �, I L (�)) 

(t − �) 1 −ϕ 
d�, 

B (t) − B (0) = 

1 

�(ϕ) 

∫ t 

0 

M 4 (ϕ, �, B (�)) 

(t − �) 1 −ϕ 
d�, 

 T (t) − S T (0) = 

1 

�(ϕ) 

∫ t 

0 

M 5 (ϕ, �, S T (�)) 

(t − �) 1 −ϕ 
d�, 

I T (t) − I T (t) = 

1 

�(ϕ) 

∫ t 

0 

M 6 (ϕ, �, I T (�)) 

(t − �) 1 −ϕ 
d�, 

e note that M 1 (S L , �) , M 2 (A L , �) , M 3 (I L , �) , M 4 (B, �) , M 5 (S T , �)

 L (t) , A L (t) , I L (t ) , B (t ) , S T (t ) , and I T (t) , are bounded above. Now, le

 M 1 (ϕ, t, S L (t)) − M 1 (ϕ, t, S ∗L (t)) ‖ = | | ( β1 B (t) + β5 I T (t) + μL ) (S

ow, let assume that ‖ B (t) ‖ ≤ θ ∗
1 , and ‖ I T (t) ‖ ≤ θ ∗

2 . 

Therefore, we let ˆ a 1 := β1 θ
∗
1 

+ β5 θ
∗
2 

+ μL then we have 

 M 1 (ϕ, t, S L (t)) − M 1 (ϕ, t, S ∗L (t)) ‖≤ ˆ a 1 | | (S L (t) − S ∗L (t)) | | , 
n similar manner, we obtain 

 M 2 (ϕ, t, A L (t)) − M 2 (ϕ, t, A 

∗
L (t)) ‖≤ ˆ a 2 | | (A L (t) − A 

∗
L (t)) | | , 

‖ M 3 (ϕ, t, I L (t)) − M 3 (ϕ, t, I ∗L (t)) ‖≤ ˆ a 3 | | (I L (t) − I ∗L (t)) | | , 
‖ M 4 (ϕ, t, B (t)) − M 4 (ϕ, t, B 

∗(t)) ‖≤ ˆ a 4 | | (B (t) − B 

∗(t)) | | , 
‖ M 5 (ϕ, t, S T (t)) − M 5 (ϕ, t, S ∗T (t)) ‖≤ ˆ a 5 | | (S T (t) − S ∗T (t)) | | , 

‖ M 6 (ϕ, t, I T (t)) − M 6 (ϕ, t, I ∗T (t)) ‖≤ ˆ a 6 | | (I T (t) − I ∗T (t)) | | , 
here ˆ a 2 = μL + αL , ̂  a 3 = μL , ̂  a 4 = ε, ̂  a 5 = μT , ̂  a 6 = μT , hence, it ind

Recursively, Eq. (52) can be written as 

S L n (t) = 

1 

�(ϕ) 

∫ t 

0 

M 1 (ϕ, �, S L n −1 
(�)) 

(t − �) 1 −ϕ 
d�, 

 L n (t) = 

1 

�(ϕ) 

∫ t 

0 

M 2 (ϕ, �, A L n −1 
(�)) 

(t − �) 1 −ϕ 
d�, 

I L n (t) = 

1 

�(ϕ) 

∫ t 

0 

M 3 (ϕ, �, I L n −1 
(�)) 

(t − �) 1 −ϕ 
d�, 

B n (t) = 

1 

�(ϕ) 

∫ t 

0 

M 4 (ϕ, �, B n −1 (�)) 

(t − �) 1 −ϕ 
d�, 

S T n (t) = 

1 

�(ϕ) 

∫ t M 5 (ϕ, �, S T n −1 
(�)) 

(t − �) 1 −ϕ 
d�, 
0 

13 
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l

S  S T (0) . 

S

�, S L n −2 
(�)) 

d�, 

ℵ  �, A L n −2 
(�)) 

d�, 

, I L n −2 
(�)) 

d�, (57) 

 �, B n −2 (�)) 
d�, 

�, S T n −2 
(�)) 

d�, 

, I T n −2 
(�)) 

d�. 

I

(58) 

S

A

ℵ
ℵ
ℵ
w

|

(59) 

|

N e and uniqueness of the Q fever model in Caputo sense. 

T  solution under the condition that 

(60) 

w

I T n (t) = 

1 

�(ϕ) 

∫ t 

0 

M 6 (ϕ, �, I T n −1 
(�)) 

(t − �) 1 −ϕ 
d�, 

inked with the following initial conditions 

 L 0 (t) = S L (0) , A L 0 (t) = A L (0) , I L 0 (t) = I L (0) , B 0 (t) = B (0) , S T 0 (t) =
ubtracting regular succession terms, we obtain 

ℵ S L ,n (t) = S L n (t) − S L n −1 
(t) = 

1 

�(ϕ) 

∫ t 

0 

M 1 (ϕ, �, S L n −1 
(�)) − M 1 (ϕ, 

(t − �) 1 −ϕ 

 A L ,n (t) = A L n (t) − A L n −1 
(t) = 

1 

�(ϕ) 

∫ t 

0 

M 2 (ϕ, �, A L n −1 
(�)) − M 2 (ϕ,

(t − �) 1 −ϕ 

ℵ I L ,n (t) = I L n (t) − I L n −1 
(t) = 

1 

�(ϕ) 

∫ t 

0 

M 3 (ϕ, �, I L n −1 
(�)) − M 3 (ϕ, �

(t − �) 1 −ϕ 

ℵ B,n (t) = B n (t) − B n −1 (t) = 

1 

�(ϕ) 

∫ t 

0 

M 4 (ϕ, �, B n −1 (�)) − M 4 (ϕ,

(t − �) 1 −ϕ 

ℵ S T ,n (t) = S T n (t) − S T n −1 
(t) = 

1 

�(ϕ) 

∫ t 

0 

M 5 (ϕ, �, S T n −1 
(�)) − M 5 (ϕ, 

(t − �) 1 −ϕ 

ℵ I T ,n (t) = I T n (t) − I T n −1 
(t) = 

1 

�(ϕ) 

∫ t 

0 

M 6 (ϕ, �, I T n −1 
(�)) − M 6 (ϕ, �

(t − �) 1 −ϕ 

n the view of the above calculations, it is clear that 

S L n (t) = 

n ∑ 

j=0 

ℵ S L,n (t) , A L n (t) = 

n ∑ 

j=0 

ℵ A L,n (t) , 

I L n (t) = 

n ∑ 

j=0 

ℵ I L,n (t) , B n (t) = 

n ∑ 

j=0 

ℵ B,n (t) , 

 T n (t) = 

n ∑ 

j=0 

ℵ S T,n 
(t) , I T n (t) = 

n ∑ 

j=0 

ℵ I T,n 
(t) . 

dditionally, utilizing Eqs. (54) and (55) with the notion that 

 S L ,n −1 (t) = S L n −1 
(t) − S L n −2 

(t ) , ℵ A L ,n −1 (t ) = A L n −1 
(t) − A L n −2 

(t) , 

 I L ,n −1 (t) = I L n −1 
(t) − I L n −2 

(t ) , ℵ B , n −1 (t ) = B n −1 (t) − B n −2 (t) , 

 S T ,n −1 (t) = S T n −1 
(t) − S T n −2 

(t ) , ℵ I T ,n −1 (t ) = I T n −1 
(t) − I T n −2 

(t) , 

e can arrive at 

||ℵ S L ,n (t) || = 

1 

�(ϕ) 
ˆ a 1 

∫ t 

0 

||ℵ S L ,n −1 (�) || 
(t − �) 1 −ϕ 

d�, 

|ℵ A L ,n (t) || = 

1 

�(ϕ) 
ˆ a 2 

∫ t 

0 

||ℵ A L ,n −1 (�) || 
(t − �) 1 −ϕ 

d�, 

||ℵ I L ,n (t) || = 

1 

�(ϕ) 
ˆ a 3 

∫ t 

0 

||ℵ I L ,n −1 (�) || 
(t − �) 1 −ϕ 

d�, 

||ℵ B,n (t) || = 

1 

�(ϕ) 
ˆ a 4 

∫ t 

0 

||ℵ B,n −1 (�) || 
(t − �) 1 −ϕ 

d�, 

|ℵ S T ,n (t) || = 

1 

�(ϕ) 
ˆ a 5 

∫ t 

0 

||ℵ S T ,n −1 (�) || 
(t − �) 1 −ϕ 

d�, 

||ℵ I T ,n (t) || = 

1 

�(ϕ) 
ˆ a 6 

∫ t 

0 

||ℵ I T ,n −1 (�) || 
(t − �) 1 −ϕ 

d�. 

ext, we state and prove Theorem 5.1 , so to complete the existenc

heorem 5.1. The Caputo fractional Q fever model (49) has a unique

v ϕ 

�(ϕ) 
ˆ a i < 1 , i = 1 , 2 , 3 , 4 , 5 , 6 . 

hen t ∈ [0 , v ] . 
14 
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P  , S T (t ) , I T (t ) are bounded and M i , i = 1 , 2 , 3 , 4 , 5 , 6 satisfy the Lipschitz 

c t 

|

(61) 

|

A

|
|
A  we finally attain 

|

(62) 

w
 

, B n , S T n and I T n are Cauchy sequences in the Banach space B (C) . There- 

f eorem, we say the limit of the sequence (56) is the unique solution of 

t

5

as 

C
0

(63) 

C
0

w

Z 1 B (t ) + β5 I T (t) ) S L (t ) − (μL + αL ) A L (t) , 
roof. As it has been established above that, S L (t) , A L (t) , I L (t ) , B (t )

ondition. Thus, through the recursive principle and Eq. (59) , we ge

||ℵ S L ,n (t) || ≤ || S L 0 (t) || 
( v ϕ 

�(ϕ) 
ˆ a 1 

)n 

, 

|ℵ A L ,n (t) || ≤ || A L 0 (t) || 
( v ϕ 

�(ϕ) 
ˆ a 2 

)n 

, 

||ℵ I L ,n (t) || ≤ || I L 0 (t) || 
( v ϕ 

�(ϕ) 
ˆ a 3 

)n 

, 

||ℵ B,n (t) || ≤ || B 0 (t) || 
( v ϕ 

�(ϕ) 
ˆ a 4 

)n 

, 

|ℵ S T ,n (t) || ≤ || S T 0 (t) || 
( v ϕ 

�(ϕ) 
ˆ a 5 

)n 

, 

||ℵ I T ,n (t) || ≤ || I T 0 (t) || 
( v ϕ 

�(ϕ) 
ˆ a 6 

)n 

. 

s n tends to ∞ taking the limit on both sides, we have 

|ℵ S L ,n (t) || → 0 , ||ℵ A L ,n (t) || → 0 , ||ℵ I L ,n (t) || → 0 , 

|ℵ B,n (t) || → 0 , ||ℵ S T ,n (t) || → 0 , ||ℵ I T ,n (t) || → 0 . 

lso, using the triangle inequality together with Eq. (61) for any q ,

|| S L n + q (t) − S L n (t) || ≤
n + q ∑ 

j= n +1 

ω 

j 
1 

= 

ω 

n +1 
1 

− ω 

n + q +1 
1 

1 − ω 1 

, 

| A L n + q (t) − A L n (t) || ≤
n + q ∑ 

j= n +1 

ω 

j 
2 

= 

ω 

n +1 
2 

− ω 

n + q +1 
2 

1 − ω 2 

, 

|| I L n + q (t) − I L n (t) || ≤
n + q ∑ 

j= n +1 

ω 

j 
3 

= 

ω 

n +1 
3 

− ω 

n + q +1 
3 

1 − ω 3 

, 

|| B n + q (t) − B n (t) || ≤
n + q ∑ 

j= n +1 

ω 

j 
4 

= 

ω 

n +1 
4 

− ω 

n + q +1 
4 

1 − ω 4 

, 

|| S T n + q (t) − S T n (t) || ≤
n + q ∑ 

j= n +1 

ω 

j 
5 

= 

ω 

n +1 
5 

− ω 

n + q +1 
5 

1 − ω 5 

, 

|| I T n + q (t) − I L n (t) || ≤
n + q ∑ 

j= n +1 

ω 

j 
6 

= 

ω 

n +1 
6 

− ω 

n + q +1 
6 

1 − ω 6 

. 

here ω i = 

v ϕ 
�(ϕ) ̂

 a i < 1 , i = 1 , 2 , 3 , 4 , 5 , 6 . Consequently, S Ln , A Ln , I Ln

ore, the state variables converges uniformly. Hence via the limit th

he Caputo model. The end of the proof. �

.3. Q fever model in Caputo-Fabrizio (CF) operator 

The Q fever model in (4) is expressed in Caputo-Fabrizio sense 

CF 
0 D 

ϕ 
t 

(
S L (t) 

)
= Z 1 

(
t, S L 

)
, 

F 
 

D 

ϕ 
t 

(
A L (t) 

)
= Z 2 

(
t, A L 

)
, 

CF 
0 D 

ϕ 
t 

(
I L (t) 

)
= Z 3 

(
t, I L 
)
, 

CF 
0 D 

ϕ 
t 

(
B (t) 

)
= Z 4 

(
t, B 

)
, 

F 
 

D 

ϕ 
t 

(
S T (t) 

)
= Z 5 

(
t, S T 

)
, 

CF 
0 D 

ϕ 
t 

(
I T (t) 

)
= Z 6 

(
t, I T 

)
, 

here 

 1 

(
t , S L 

)
= �L − ( β1 B (t ) + β5 I T (t) ) S L (t ) − μL S L (t ) , Z 2 

(
t , A L 

)
= ( β
15 
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Z t) − εB (t) , 

Z  T (t )(A L (t ) + I L (t)) − μT I T (t) , 

5  fever model 

in 

 dν, 

A  dν, 

ν, (64) 

ν, 

S  dν, 

ν. 

T

0

t d are contractions. 

P ons such that 

k 5 and ‖ I T (t) ‖ ≤ k 6 . 

ave 

‖  − (�L − (β1 B (t) + β5 I T (t )) S L 1 (t ) − μL S L 1 (t)) ‖ 

, 

L (S L (t) − S L 1 (t)) ‖ 

. (65) 

‖  

μL (S L (t) − S L 1 (t)) ‖ 

, 

 

(t)) ‖ 

, 

w

‖ (66) 

T  4 + β5 k 6 + μL < 1 then it is a contraction. Following similar analysis, it 

c ons and also are contractions: 

‖

‖

w

ν, S L (n −1) ) dν, 

A ν, A L (n −1) ) dν, 

, I L (n −1) ) dν, (67) 

 n −1 ) dν, 
 3 

(
t, I L 
)

= αL A L (t) − μL I L (t) , Z 4 
(
t, B 

)
= β2 (A L (t) + I L (t)) + β4 I T (

 5 

(
t , S L 

)
= �T − β3 S T (t )(A L (t ) + I L (t)) − μT S T (t ) , Z 5 

(
t , I T 

)
= β3 S

.4. Existence and uniqueness analysis for Caputo-Fabrizio fractional Q

Applying CF fractional integral to both sides of Eq. (63) we obta

S L (t) − S L (0) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
Z 1 (t, S L ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 1 (ν, S L )

 L (t) − A L (0) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
Z 2 (t, A L ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 2 (ν, A L )

I L (t) − I L (0) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
Z 3 (t, I L ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 3 (ν, I L ) d

B (t) − B (0) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
Z 4 (t, B ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 4 (ν, B ) d

 T (t) − S T (0) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
Z 5 (t, S T ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 5 (ν, S T )

I T (t) − I T (0) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
Z 6 (t, I T ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 6 (ν, I T ) d

heorem 5.2. If the following inequality holds 

 ≤ ηi < 1 , i = 1 , 2 , 3 , 4 , 5 , 6 , 

hen the kernels Z 1 , Z 2 , Z 3 , Z 4 , Z 5 , Z 6 satisfies the Lipschitz condition an

roof. Let assume that S L , A L , I L , B, S T and I T are bounded functi

‖ S L (t) ‖ ≤ k 1 , ‖ A L (t) ‖ ≤ k 2 , ‖ I L (t) ‖ ≤ k 3 , ‖ B (t) ‖ ≤ k 4 , ‖ S T (t) ‖ ≤
Let further assume that S L and S L 1 are two functions, then we h

 

Z 1 (t, S L ) − Z 1 (t, S L 1 ) ‖ 

= ‖ 

�L − (β1 B (t) + β5 I T (t)) S L (t) − μL S L (t)

= ‖ 

−(β1 B (t) + β5 I T (t))(S L (t) − S L 1 (t)) − μ

Using triangle inequality on (65) , we obtain 

 

Z 1 (t, S L ) − Z 1 (t, S L 1 ) ‖ 

≤ ‖ 

(β1 B (t) + β5 I T (t))(S L (t) − S L 1 (t)) ‖ 

+ ‖
≤ (β1 ‖ 

B (t) ‖ 

+ β5 ‖ 

I T (t) ‖ 

+ μL ) ‖ 

S L (t) − S L 1

≤ η1 ‖ 

S L (t) − S L 1 (t) ‖ 

, 

here η1 = β1 k 4 + β5 k 6 + μL , thus 

 

Z 1 (t, S L ) − Z 1 (t, S L 1 ) ‖ 

≤ η1 ‖ 

S L (t) − S L 1 (t) ‖ 

. 

herefore, the Lipschitz condition is satisfied for Z 1 and if 0 ≤ β1 k

an be shown that the rest of the kernels satisfies Lipschitz conditi

 

Z 2 (t, A L ) − Z 2 (t, A L 1 ) ‖ 

≤ η2 ‖ 

A L (t) − A L 1 (t) ‖ 

, 

‖ 

Z 3 (t, I L ) − Z 3 (t, I L 1 ) ‖ 

≤ η3 ‖ 

I L (t) − I L 1 (t) ‖ 

, 

‖ 

Z 4 (t, B ) − Z 4 (t, B 1 ) ‖ 

≤ η4 ‖ 

B (t) − B 1 (t) ‖ 

, 

 

Z 5 (t, S T ) − Z 5 (t, S T 1 ) ‖ 

≤ η5 ‖ 

S T (t) − S T 1 (t) ‖ 

, 

‖ 

Z 6 (t, I T ) − Z 6 (t, I T 1 ) ‖ 

≤ η6 ‖ 

I T (t) − I T 1 (t) ‖ 

, 

here η2 = μL + αL , η3 = μL , η4 = ε, η5 = μT and η6 = μT . �

Recursively (64) can be we written as 

S L n (t) = S L (0) + 

2(1 − ϕ) 

(2 − ϕ) P (ϕ) 
Z 1 (t, S L (n −1) ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 1 (

 L n (t) = A L (0) + 

2(1 − ϕ) 

(2 − ϕ) P (ϕ) 
Z 2 (t, A L (n −1) ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 2 (

I L n (t) = I L (0) + 

2(1 − ϕ) 

(2 − ϕ) P (ϕ) 
Z 3 (t, I L (n −1) ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 3 (ν

B n (t) = B (0) + 

2(1 − ϕ) 

(2 − ϕ) P (ϕ) 
Z 4 (t, B n −1 ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

Z 4 (ν, B

0 

16 
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S ν, S T (n −1) ) dν, 

, I T (n −1) ) dν, 

T  expressions yields 

� S L (n −2) ) 
]

�  A L (n −2) ) 
]

�
 (n −2) ) 

]
(68) 

�  

]

�  S T (n −2) ) 
]

�  T (n −2) ) 
]

I

(69) 

S

triangular identity, we get 

‖

(70) 

B  , we find 

‖

1 

∫ t 

0 

∥∥S L (n −1) (t) − S L (n −2) 

∥∥dν, (71) 

a

‖ 1(n −1) (ν) 
∥∥dν. (72) 
 T n (t) = S T (0) + 

2(1 − ϕ) 

(2 − ϕ) P (ϕ) 
Z 5 (t, S T (n −1) ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 5 (

I T n (t) = I T (0) + 

2(1 − ϕ) 

(2 − ϕ) P (ϕ) 
Z 6 (t, I T (n −1) ) + 

2 ϕ 

(2 − ϕ) P (ϕ) 

∫ t 

0 

Z 6 (ν

he difference between the successive terms of the above recursive

1 n (t) = S L n (t) − S L (n −1) (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 1 (t, S L (n −1) ) − Z 1 (t, 

+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∫ t 

0 

[
Z 1 (ν, S L (n −1) ) − Z 1 (ν, S L (n −2) ) 

]
dν, 

1 n (t) = A L n (t) − A L (n −1) (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 2 (t, A L (n −1) ) − Z 2 (t,

+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∫ t 

0 

[
Z 2 (ν, A L (n −1) ) − Z 2 (ν, A L (n −2) ) 

]
dν, 

1 n (t) = I L n (t) − I L (n −1) (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 3 (t, I L (n −1) ) − Z 3 (t, I L

+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∫ t 

0 

[
Z 3 (ν, I L (n −1) ) − Z 3 (ν, I L (n −2) ) 

]
dν, 

4 n (t) = B n (t) − B n −1 (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 4 (t, B n −1 ) − Z 4 (t, B n −2 )

+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∫ t 

0 

[
Z 4 (ν, B n −1 ) − Z 4 (ν, B n −2 ) 

]
dν, 

5 n (t) = S T n (t) − S T (n −1) (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 5 (t, S T (n −1) ) − Z 5 (t,

+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∫ t 

0 

[
Z 5 (ν, S T (n −1) ) − Z 5 (ν, S T (n −2) ) 

]
dν, 

6 n (t) = I T n (t) − I T (n −1) (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 6 (t, I T (n −1) ) − Z 6 (t, I

+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∫ t 

0 

[
Z 6 (ν, I T (n −1) ) − Z 6 (ν, I T (n −2) ) 

]
dν. 

n the view of above calculations, it is clear that 

S L n (t) = 

n ∑ 

i =1 

�1 i (t) , A L n (t) = 

n ∑ 

i =1 

�2 i (t) , 

I L n (t) = 

n ∑ 

i =1 

�3 i (t) , B n (t) = 

n ∑ 

i =1 

�4 k (t) , 

 T n (t) = 

n ∑ 

i =1 

�5 i (t) , I T n (t) = 

n ∑ 

i =1 

�6 i (t) . 

Implementing the norm to both sides of the equation and then 

 

�1 n (t) ‖ 

= 

∥∥S L n (t) − S L (n −1) (t) 
∥∥, 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

∥∥[ Z 1 (t, S L (n −1) ) − Z 1 (t, S L (n −2) ] 
∥∥

+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∥∥∥∥
∫ t 

0 

[
Z 1 (t, S L (n −1) ) − Z 1 (t, S L (n −2) 

]
dν

∥∥∥∥. 
ecause the kernel Z 1 fulfills the Lipschitz condition proved in (70)

 

�1 n (t) ‖ 

= 

∥∥S L n (t) − S L (n −1) (t) 
∥∥

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η1 

∥∥S L (n −1) (t) − S L (n −2) 

∥∥+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
η

nd we have 

 

�1 n (t) ‖ 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η1 

∥∥�1(n −1) (t) 
∥∥+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
η1 

∫ t ∥∥�

0 

17 
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A  followings: 

‖ 2(n −1) (ν) 
∥∥dν, 

‖ 3(n −1) (ν) 
∥∥dν, 

‖ 4(n −1) (ν) 
∥∥dν, (73) 

‖ 5(n −1) (ν) 
∥∥dν, 

‖ 6(n −1) (ν) 
∥∥dν. 

T  t 0 satisfying the inequality 

 , 4 , 5 , 6 . (74) 

P ded functions and carry out Lipschitz condition. Having regard the 

E

‖

‖

‖ (75) 

‖

‖

‖
T s are proved. Now, our goal is to show that the above functions are 

s

A

S

N

‖

S L (n −1) 

∥∥. (76) 

B

‖ (77) 
nalogously, for the rest of the equations of the model, we get the

 

�2 n (t) ‖ 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η2 

∥∥�2(n −1) (t) 
∥∥+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
η2 

∫ t 

0 

∥∥�
 

�3 n (t) ‖ 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η3 

∥∥�3(n −1) (t) 
∥∥+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
η3 

∫ t 

0 

∥∥�
 

�4 n (t) ‖ 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η4 

∥∥�4(n −1) (t) 
∥∥+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
η4 

∫ t 

0 

∥∥�
 

�5 n (t) ‖ 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η5 

∥∥�5(n −1) (t) 
∥∥+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
η5 

∫ t 

0 

∥∥�
 

�6 n (t) ‖ 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η6 

∥∥�6(n −1) (t) 
∥∥+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
η6 

∫ t 

0 

∥∥�
heorem 5.3. The fractional model (63) has a solution, if we can find

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
ηi + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tηi < 1 f or i = 1 , 2 , 3

roof. We know that S L (t) , A L (t) , I L (t ) , B (t ) , S T (t ) , I T (t ) are boun

qs. (72) and (73) , we get the succeeding relations: 

 

�1 n (t) ‖ 

≤ ‖ 

S L n (0) ‖ 

[ 
2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η1 + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tη1 

] 
n , 

 

�2 n (t) ‖ 

≤ ‖ 

A L n (0) ‖ 

[ 
2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η2 + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tη2 

] 
n , 

 

�3 n (t) ‖ 

≤ ‖ 

I L n (0) ‖ 

[ 
2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η3 + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tη3 

] 
n , 

 

�4 n (t) ‖ 

≤ ‖ 

B n (0) ‖ 

[ 
2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η4 + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tη4 

] 
n , 

 

�5 n (t) ‖ 

≤ ‖ 

S T n (0) ‖ 

[ 
2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η5 + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tη5 

] 
n , 

 

�6 n (t) ‖ 

≤ ‖ 

I T n (0) ‖ 

[ 
2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η5 + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tη6 

] 
n . 

hus, the existence and continuity of the aforementioned solution

olutions of (63) , suppose that 

S L (t) − S L (0) = S L n (t) − ρ1 n (t) , 

 L (t) − A L (0) = A L n (t) − ρ2 n (t) , 

I L (t) − I L (0) = I L n (t) − ρ3 n (t) , 

B (t) − B (0) = B n (t) − ρ4 n (t) , 

 T (t) − S T (0) = S T n (t) − ρ5 n (t) , 

I T − I T (0) = I T n (t) − ρ6 n (t) . 

ext, we have 

 

ρ1 n (t) ‖ 

= || 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 1 (t, S L ) − Z 1 (t, S L (n −1) ) 

]
+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∫ t 

0 

[
Z 1 (ν, S L ) − Z 1 (ν, S L (n −1) ) 

]
dν|| , 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

∥∥[Z 1 (t, S L ) − Z 1 (t, S L (n −1) ) 
]∥∥

+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

∫ t 

0 

∥∥[Z 1 (ν, S L ) − Z 1 (ν, S L (n −1) ) 
]∥∥dν, 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η1 

∥∥S L − S L (n −1) 

∥∥+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tη1 

∥∥S L −

y continuing this method recursively, it yields at t 0 

 

ρ1 n (t) ‖ 

≤
(

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
t 

)
n +1 ηn +1 

1 a. 
18 
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A  0 . In an analogous way, it can be shown ‖ ρ2 n (t) ‖ → 0 , ‖ ρ3 n (t) ‖ → 0 , 

‖
T el (63) has a unique provided the inequality below holds 

(78) 

P  also solutions of our constructed model problem (63) such that 

S
 ) 

(79) 

A
ϕ ) 

(80) 

I

(81) 

B

(82) 

S
 ) 

(83) 

I
 

(84) 

K  the norm on both sides of Eq. (79) we obtain 

‖
 

t η1 ‖ 

S L (t ) − S L 1 (t) ‖ 

. (85) 

T

‖ (86) 

S[
i  L (t) = S L 1 (t) . Following similar steps for Eqs. (80) –(84) , we can deduce 

t

A  T 1 (t) . 

T

5

rivative by the fractional time derivative: 

A
0

s n tends to ∞ taking the limit on both sides, we have ‖ ρ1 n (t) ‖ →
 

ρ4 n (t) ‖ → 0 , ‖ ρ5 n (t) ‖ → 0 . �

heorem 5.4. The fractional order Caputo-Fabrizo mathematical mod

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
ηi + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tηi < 1 , f or i = 1 , 2 , 3 , 4 , 5 , 6 . 

roof. Suppose that S L 1 (t) , A L 1 (t) , I L 1 (t ) , B 1 (t ) , S T 1 (t ) and I T 1 (t) are

 L (t) − S L 1 (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 1 (t, S L ) − Z 1 (t, S L 1 ) 

]
+ 

2 ϕ 

(2 − ϕ ) P (ϕ

×
∫ t 

0 

[
Z 1 (ν, S L ) − Z 1 (ν, S L 1 ) 

]
dν, 

 L (t) − A L 1 (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 2 (t, A L ) − Z 2 (t, A L 1 ) 

]
+ 

2 ϕ 

(2 − ϕ ) P (

×
∫ t 

0 

[
Z 2 (ν, A L ) − Z 2 (ν, A L 1 ) 

]
dν, 

 L (t) − I L 1 (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 3 (t, I L ) − Z 3 (t, I L 1 ) 

]
+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

×
∫ t 

0 

[
Z 3 (ν, I L ) − Z 3 (ν, I L 1 ) 

]
dν, 

 (t) − B 1 (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 4 (t, B ) − Z 4 (t, B 1 ) 

]
+ 

2 ϕ 

(2 − ϕ ) P (ϕ ) 

×
∫ t 

0 

[
Z 4 (ν, B ) − Z 4 (ν, B 1 ) 

]
dν, 

 T (t) − S T 1 (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 5 (t, S T ) − Z 5 (t, S T 1 ) 

]
+ 

2 ϕ 

(2 − ϕ ) P (ϕ

×
∫ t 

0 

[
Z 5 (ν, S T ) − Z 5 (ν, S T 1 ) 

]
dν, 

 T (t) − I T 1 (t) = 

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 

[
Z 6 (t, I T ) − Z 6 (t, I T 1 ) 

]
+ 

2 ϕ 

(2 − ϕ ) P (ϕ )

×
∫ t 

0 

[
Z 6 (ν, I T ) − Z 6 (ν, I T 1 ) 

]
dν. 

nowing that the kernel satisfies the Lipschitz condition and taking

 

S L (t) − S L 1 (t) ‖ 

≤ 2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
η1 ‖ 

S L (t) − S L 1 (t) ‖ 

+ 

2 ϕ 

(2 − ϕ ) P (ϕ )

he inequality above can further be simplify to give 

 

S L (t) − S L 1 (t) ‖ 

[ 
1 −

(
2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
γ1 + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tγ1 

)] 
≤ 0 . 

ince 
 

1 −
(

2(1 − ϕ) 

(2 − ϕ ) P (ϕ ) 
γ1 + 

2 ϕ 

(2 − ϕ ) P (ϕ ) 
tγ1 

)] 
≤ 0 , 

t then follows that ‖ S L (t) − S L 1 (t) ‖ = 0 . This further implies that S

hat 

 L (t) = A L 1 (t ) , I L (t ) = I L 1 (t ) , B (t ) = B 1 (t ) , S T (t ) = S T 1 (t ) , I T (t ) = I

his completes the proof. �

.5. Model description 

Let us modify this model by replacing the integer order time de

ABC 
0 D 

ϕ 
t 

(
S L (t) 

)
= �L − ( β1 B + β5 I T ) S L − μL S L , 

BC 
 

D 

ϕ 
t 

(
A L (t) 

)
= ( β1 B + β5 I T ) S L − (μL + αL ) A L , 
19 
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(87) 

A
0

5

h space of continuous R → R valued functions on the interval N with 

t

‖
w up {| I L (t) | : t ∈ N} , ‖ B ‖ = sup {| B (t) | : t ∈ N} , ‖ S T ‖ = sup {| S T (t) | : t ∈ N} , 
‖ s we have: 

A
a

(88) 

A
a

q. (88) we obtain 

 L ) dψ, 

A A L ) dψ, 

 

) dψ, (89) 

 ) dψ, 

S S T ) dψ, 

 T ) dψ, 

T

0

t

P ons such that 

k 5 and ‖ I T (t) ‖ ≤ k 6 . 

ave 

‖  − (�L − (β1 B (t) + β5 I T (t )) S L 1 (t ) − μL S L 1 (t)) ‖ 

, 

L (S L (t) − S L 1 (t)) ‖ 

. (90) 

‖  

μL (S L (t) − S L 1 (t)) ‖ 

, 

 

(t)) ‖ 

, 

w

‖ (91) 
ABC 
0 D 

ϕ 
t 

(
I L (t) 

)
= αL A L − μL I L , 

ABC 
0 D 

ϕ 
t 

(
B (t) 

)
= β2 (A L + I L ) + β4 I T − εB, 

BC 
 

D 

ϕ 
t 

(
S T (t) 

)
= �T − β3 S T (A L + I L ) − μT S T , 

ABC 
0 D 

ϕ 
t 

(
I T (t) 

)
= β3 S T (A L + I L ) − μT I T . 

.6. Existence and uniqueness analysis 

Let A = C(N) × C(N) × C(N) × C(N) × C(N) and C(N) be a Banac

he norm 

 

(S L , A L , I L , B, S T , I T ) ‖ 

= ‖ 

S L ‖ 

+ ‖ 

A L ‖ 

+ ‖ 

I L ‖ 

+ ‖ 

B ‖ 

+ ‖ 

S T ‖ 

+ ‖ 

I T ‖ 

. 

here ‖ S ‖ = sup {| S(t) | : t ∈ N} , ‖ A L ‖ = sup {| A L (t) | : t ∈ N} , ‖ I L ‖ = s

 

I T ‖ = sup {| I T (t) | : t ∈ N} . Now, we redecorate the model (87) , thu

ABC 
a D 

ϕ 
t 

(
S L (t) 

)
= Z 1 

(
t, S L 

)
, 

BC 
 

D 

ϕ 
t 

(
A L (t) 

)
= Z 2 

(
t, A L 

)
, 

ABC 
a D 

ϕ 
t 

(
I L (t) 

)
= Z 3 

(
t, I L 
)
, 

ABC 
a D 

ϕ 
t 

(
B (t) 

)
= Z 4 

(
t, B 

)
, 

BC 
 

D 

ϕ 
t 

(
S T (t) 

)
= Z 5 

(
t, S T 

)
, 

ABC 
a D 

ϕ 
t 

(
I T (t) 

)
= Z 5 

(
t, I T 

)
. 

Applying Atangana-Baleanu fractional integral to both sides of E

S L (t) − S L (0) = 

1 − ϕ 

G (ϕ) 
Z 1 (t, S L ) + 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 Z 1 (ψ, S

 L (t) − A L (0) = 

1 − ϕ 

G (ϕ) 
Z 2 (t, A L ) + 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 Z 2 (ψ, 

I L (t) − I L (0) = 

1 − ϕ 

G (ϕ) 
Z 3 (t, I L ) + 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 Z 3 (ψ, I L

B (t) − B (0) = 

1 − ϕ 

G (ϕ) 
Z 4 (t, B ) + 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 Z 4 (ψ, B

 T (t) − S T (0) = 

1 − ϕ 

G (ϕ) 
Z 5 (t, S T ) + 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 Z 5 (ψ, 

I T − I T (0) = 

1 − ϕ 

G (ϕ) 
Z 6 (t, I T ) + 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 Z 6 (ψ, I

heorem 5.5. If the following inequality holds 

 ≤ γi < 1 , i = 1 , 2 , 3 , 4 , 5 , 6 . 

hen the kernel Z i satisfies the Lipschitz condition and contraction. 

roof. Let assume that S L , A L , I L , B, S T and I T are bounded functi

‖ S L (t) ‖ ≤ k 1 , ‖ A L (t) ‖ ≤ k 2 , ‖ I L (t) ‖ ≤ k 3 , ‖ B ‖ (t) ≤ k 4 , ‖ S T (t) ‖ ≤
Let further assume that S L and S L 1 are two functions, then we h

 

Z 1 (t, S L ) − Z 1 (t, S L 1 ) ‖ 

= ‖ 

�L − (β1 B (t) + β5 I T (t)) S L (t) − μL S L (t)

= ‖ 

−(β1 B (t) + β5 I T (t))(S L (t) − S L 1 (t)) − μ

Using triangle inequality on (90) , we obtain 

 

Z 1 (t, S L ) − Z 1 (t, S L 1 ) ‖ 

≤ ‖ 

(β1 B (t) + β5 I T (t))(S L (t) − S L 1 (t)) ‖ 

+ ‖
≤ (β1 ‖ 

B (t) ‖ 

+ β5 ‖ 

I T (t) ‖ 

+ μL ) ‖ 

S L (t) − S L 1

≤ γ1 ‖ 

S L (t) − S L 1 (t) ‖ 

, 

here γ1 = β1 k 4 + β5 k 6 + μL , thus 

 

Z 1 (t, S L ) − Z 1 (t, S L 1 ) ‖ 

≤ γ1 ‖ 

S L (t) − S L 1 (t) ‖ 

. 
20 
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T  4 + β5 k 6 + μL < 1 then it is a contraction. Following similar analysis, it 

c ons and also are contractions: 

‖

‖

w

 

(ψ , S L (n −1) ) dψ , 

A  2 (ψ , A L (n −1) ) dψ , 

(ψ , I L (n −1) ) dψ , (92) 

 , B n −1 ) dψ , 

S  5 (ψ , S T (n −1) ) dψ , 

 

(ψ , I T (n −1) ) dψ . 

T  expressions yields 

ϑ  

]
2) ) 
]
dψ, 

ϑ
 

) 
]

2) ) 
]
dψ, 

ϑ

) ) 
]
dψ, (93) 

ϑ

ψ, 

ϑ
 

) 
]

2) ) 
]
dψ, 

ϑ

) ) 
]
dψ. 
herefore, the Lipschitz condition is satisfied for Z 1 and if 0 ≤ β1 k

an be shown that the rest of the kernels satisfies Lipschitz conditi

 

Z 2 (t, A L ) − Z 2 (t, A L 1 ) ‖ 

≤ γ2 ‖ 

A L (t) − A L 1 (t) ‖ 

, 

‖ 

Z 3 (t, I L ) − Z 3 (t, I L 1 ) ‖ 

≤ γ3 ‖ 

I L (t) − I L 1 (t) ‖ 

, 

‖ 

Z 4 (t, B ) − Z 4 (t, B 1 ) ‖ 

≤ γ4 ‖ 

B (t) − B 1 (t) ‖ 

, 

 

Z 5 (t, S T ) − Z 5 (t, S T 1 ) ‖ 

≤ γ5 ‖ 

S T (t) − S T 1 (t) ‖ 

, 

‖ 

Z 6 (t, I T ) − Z 6 (t, I T 1 ) ‖ 

≤ γ6 ‖ 

I T (t) − I T 1 (t) ‖ 

, 

here γ2 = μL + αL , γ3 = μL , γ4 = ε, γ5 = μT and γ6 = μT . 

Recursively (89) can be we written as 

S L n (t) = S L (0) + 

1 − ϕ 

G (ϕ) 
Z 1 (t, S L (n −1) ) + 

ϕ 

G (ϕ )�(ϕ ) 

∫ t 

0 

(t − ψ ) ϕ−1 Z 1

 L n (t) = A L (0) + 

1 − ϕ 

G (ϕ) 
Z 2 (t, A L (n −1) ) + 

ϕ 

G (ϕ )�(ϕ ) 

∫ t 

0 

(t − ψ ) ϕ−1 Z

I L n (t) = I L (0) + 

1 − ϕ 

G (ϕ) 
Z 3 (t, I L (n −1) ) + 

ϕ 

G (ϕ )�(ϕ ) 

∫ t 

0 

(t − ψ ) ϕ−1 Z 3 

B n (t) = B (0) + 

1 − ϕ 

G (ϕ) 
Z 4 (t, B n −1 ) + 

ϕ 

G (ϕ )�(ϕ ) 

∫ t 

0 

(t − ψ ) ϕ−1 Z 4 (ψ

 T n (t) = S T (0) + 

1 − ϕ 

G (ϕ) 
Z 5 (t, S T (n −1) ) + 

ϕ 

G (ϕ )�(ϕ ) 

∫ t 

0 

(t − ψ ) ϕ−1 Z

I T n (t) = I T (0) + 

1 − ϕ 

G (ϕ) 
Z 6 (t, I T (n −1) ) + 

ϕ 

G (ϕ )�(ϕ ) 

∫ t 

0 

(t − ψ ) ϕ−1 Z 6

he difference between the successive terms of the above recursive

 1 n (t) = S L n (t) − S L (n −1) (t) = 

1 − ϕ 

G (ϕ) 

[
Z 1 (t, S L (n −1) ) − Z 1 (t, S L (n −2) )

+ 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 
[
Z 1 (ψ, S L (n −1) ) − Z 1 (ψ, S L (n −

 1 n (t) = A L n (t) − A L (n −1) (t) = 

1 − ϕ 

G (ϕ) 

[
Z 2 (t, A L (n −1) ) − Z 2 (t, A L (n −2)

+ 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 
[
Z 2 (ψ, A L (n −1) ) − Z 2 (ψ, A L (n −

 1 n (t) = I L n (t) − I L (n −1) (t) = 

1 − ϕ 

G (ϕ) 

[
Z 3 (t, I L (n −1) ) − Z 3 (t, I L (n −2) ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 
[
Z 3 (ψ, I L (n −1) ) − Z 3 (ψ, I L (n −2

 4 n (t) = B n (t) − B n −1 (t) = 

1 − ϕ 

G (ϕ) 

[
Z 4 (t, B n −1 ) − Z 4 (t, B n −2 ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 
[
Z 4 (ψ, B n −1 ) − Z 4 (ψ, B n −2 ) 

]
d

 5 n (t) = S T n (t) − S T (n −1) (t) = 

1 − ϕ 

G (ϕ) 

[
Z 5 (t, S T (n −1) ) − Z 5 (t, S T (n −2)

+ 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 
[
Z 5 (ψ, S T (n −1) ) − Z 5 (ψ, S T (n −

 6 n (t) = I T n (t) − I T (n −1) (t) = 

1 − ϕ 

G (ϕ) 

[
Z 6 (t, I T (n −1) ) − Z 6 (t, I T (n −2) ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 
[
Z 6 (ψ, I T (n −1) ) − Z 6 (ψ, I T (n −2

In the view of above calculations, it is clear that 

S L n (t) = 

n ∑ 

i =1 

ϑ 1 i (t) , A L n (t) = 

n ∑ 

i =1 

ϑ 2 i (t) , 
21 
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(94) 

S

triangular identity, we get 

‖

 (95) 

B  , we find 

‖

ψ) ϕ−1 
∥∥S L (n −1) (t) − S L (n −2) 

∥∥dψ, (96) 

a

‖  1(n −1) (ψ) 
∥∥dψ. (97) 

A

‖  2(n −1) (ψ) 
∥∥dψ, 

‖  3(n −1) (ψ) 
∥∥dψ, 

‖  4(n −1) (ψ) 
∥∥dψ, (98) 

‖  5(n −1) (ψ) 
∥∥dψ, 

‖  6(n −1) (ψ) 
∥∥dψ. 

T  t 0 satisfying the inequality 

(99) 

P ded functions and carry out Lipschitz condition. Having regard the 

E

‖

‖

‖ (100) 

‖

‖

‖

I L n (t) = 

n ∑ 

i =1 

ϑ 3 i (t) , B n (t) = 

n ∑ 

i =1 

ϑ 4 k (t) , 

 T n (t) = 

n ∑ 

i =1 

ϑ 5 i (t) , I T n (t) = 

n ∑ 

i =1 

ϑ 6 i (t) . 

Implementing the norm to both sides of the equation and then 

 

ϑ 1 n (t) ‖ 

= 

∥∥S L n (t) − S L (n −1) (t) 
∥∥, 

≤ 1 − ϕ 

G (ϕ) 

∥∥[ Z 1 (t, S L (n −1) ) − Z 1 (t, S L (n −2) ] 
∥∥, 

+ 

ϕ 

G (ϕ)�(ϕ) 

∥∥∥∥
∫ t 

0 

(t − ψ) ϕ−1 
[
Z 1 (t, S L (n −1) ) − Z 1 (t, S L (n −2) 

]
dψ 

∥∥∥∥.
ecause the kernel Z 1 fulfills the Lipschitz condition proved in (91)

 

ϑ 1 n (t) ‖ 

= 

∥∥S L n (t) − S L (n −1) (t) 
∥∥, 

≤ 1 − ϕ 

G (ϕ) 
γ1 

∥∥S L (n −1) (t) − S L (n −2) 

∥∥+ 

ϕ 

G (ϕ)�(ϕ) 
γ1 

∫ t 

0 

(t −

nd we have 

 

ϑ 1 n (t) ‖ 

≤ 1 − ϕ 

G (ϕ) 
γ1 

∥∥ϑ 1(n −1) (t) 
∥∥+ 

ϕ 

G (ϕ)�(ϕ) 
γ1 

∫ t 

0 

(t − ψ) ϕ−1 
∥∥ϑ

nalogously, we get the followings: 

 

ϑ 2 n (t) ‖ 

≤ 1 − ϕ 

G (ϕ) 
γ2 

∥∥ϑ 2(n −1) (t) 
∥∥+ 

ϕ 

G (ϕ)�(ϕ) 
γ2 

∫ t 

0 

(t − ψ) ϕ−1 
∥∥ϑ

 

ϑ 3 n (t) ‖ 

≤ 1 − ϕ 

G (ϕ) 
γ3 

∥∥ϑ 3(n −1) (t) 
∥∥+ 

ϕ 

G (ϕ)�(ϕ) 
γ3 

∫ t 

0 

(t − ψ) ϕ−1 
∥∥ϑ

 

ϑ 4 n (t) ‖ 

≤ 1 − ϕ 

G (ϕ) 
γ4 

∥∥ϑ 4(n −1) (t) 
∥∥+ 

ϕ 

G (ϕ)�(ϕ) 
γ4 

∫ t 

0 

(t − ψ) ϕ−1 
∥∥ϑ

 

ϑ 5 n (t) ‖ 

≤ 1 − ϕ 

G (ϕ) 
γ5 

∥∥ϑ 5(n −1) (t) 
∥∥+ 

ϕ 

G (ϕ)�(ϕ) 
γ5 

∫ t 

0 

(t − ψ) ϕ−1 
∥∥ϑ

 

ϑ 6 n (t) ‖ 

≤ 1 − ϕ 

G (ϕ) 
γ6 

∥∥ϑ 5(n −1) (t) 
∥∥+ 

ϕ 

G (ϕ)�(ϕ) 
γ6 

∫ t 

0 

(t − ψ) ϕ−1 
∥∥ϑ

�

heorem 5.6. The fractional model (87) has a solution, if we can find

1 − ϕ 

G (ϕ) 
γi + 

t 
ϕ 
0 

G (ϕ)�(ϕ) 
γi < 1 f or i = 1 , 2 , 3 , 4 , 5 , 6 . 

roof. We know that S L (t) , A L (t) , I L (t ) , B (t ) , S T (t ) , I L (t ) are boun

qs. (97) and (98) , we get the succeeding relations: 

 

ϑ 1 n (t) ‖ 

≤ ‖ 

S L n (0) ‖ 

[ 
1 − ϕ 

G (ϕ) 
γ1 + 

t ϕ 

G (ϕ)�(ϕ) 
γ1 

] 
n , 

 

ϑ 2 n (t) ‖ 

≤ ‖ 

A L n (0) ‖ 

[ 
1 − ϕ 

G (ϕ) 
γ2 + 

t ϕ 

G (ϕ)�(ϕ) 
γ2 

] 
n , 

 

ϑ 3 n (t) ‖ 

≤ ‖ 

I L n (0) ‖ 

[ 
1 − ϕ 

G (ϕ) 
γ3 + 

t ϕ 

G (ϕ)�(ϕ) 
γ3 

] 
n , 

 

ϑ 4 n (t) ‖ 

≤ ‖ 

B n (0) ‖ 

[ 
1 − ϕ 

G (ϕ) 
γ4 + 

t ϕ 

G (ϕ)�(ϕ) 
γ4 

] 
n , 

 

ϑ 5 n (t) ‖ 

≤ ‖ 

S T n (0) ‖ 

[ 
1 − ϕ 

G (ϕ) 
γ5 + 

t ϕ 

G (ϕ)�(ϕ) 
γ5 

] 
n , 

 

ϑ 6 n (t) ‖ 

≤ ‖ 

I T n (0) ‖ 

[ 
1 − ϕ 

G (ϕ) 
γ5 + 

t ϕ 

G (ϕ)�(ϕ) 
γ6 

] 
n . 
22 



J.K.K. Asamoah, E. Okyere, E. Yankson et al. Chaos, Solitons and Fractals 156 (2022) 111821 

ons are proved. Now, our goal is to show that the above functions are 

s

A

S

N

‖

 

]
dψ || , 

) ) 
]∥∥dψ, 

(101) 

B

‖ (102) 

A 0 . In an analogous way, it can be shown ‖ ̄ε 2 n (t) ‖ → 0 , ‖ ̄ε 3 n (t) ‖ → 0 , 

‖
T odel (87) has a unique provided the inequality below holds 

(103) 

P  also solutions our constructed model problem (87) such that 

S

(104) 

A

(105) 

I

(106) 

B

(107) 

S

(108) 
Thus, the existence and continuity of the aforementioned soluti

olutions of (87) , suppose that 

S L (t) − S L (0) = S L n (t) − ε̄ 1 n (t) , 

 L (t) − A L (0) = A L n (t) − ε̄ 2 n (t) , 

I L (t) − I L (0) = I L n (t) − ε̄ 3 n (t) , 

B (t) − B (0) = B n (t) − ε̄ 4 n (t) , 

 T (t) − S T (0) = S T n (t) − ε̄ 5 n (t) , 

I T − I T (0) = I T n (t) − ε̄ 6 n (t) . 

ext, we have 

 ̄

ε 1 n (t) ‖ 

= || 1 − ϕ 

G (ϕ) 

[
Z 1 (t, S L ) − Z 1 (t, S L (n −1) ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 
[
Z 1 (ψ, S L ) − Z 1 (ψ, S L (n −1) )

≤ 1 − ϕ 

G (ϕ) 

∥∥[Z 1 (t, S L ) − Z 1 (t, S L (n −1) ) 
]∥∥

+ 

ϕ 

G (ϕ)�(ϕ) 

∫ t 

0 

(t − ψ) ϕ−1 
∥∥[Z 1 (ψ, S L ) − Z 1 (ψ, S L (n −1

≤ 1 − ϕ 

G (ϕ) 
γ1 

∥∥S L − S L (n −1) 

∥∥+ 

t ϕ 

G (ϕ)�(ϕ) 
γ1 

∥∥S L − S L (n −1) 

∥∥. 

y continuing this method recursively, it yields at t 0 

 ̄

ε 1 n (t) ‖ 

≤
(

1 − ϕ 

G (ϕ) 
+ 

t 
ϕ 
0 

G (ϕ)�(ϕ) 

)
n +1 γ n +1 

1 a ∗. 

s n tends to ∞ taking the limit both sides, we have ‖ ̄ε 1 n (t) ‖ → 

 ̄

ε 4 n (t) ‖ → 0 , ‖ ̄ε 5 n (t) ‖ → 0 . �

heorem 5.7. The fractional order Atangana-Baleanu mahematical m

1 − ϕ 

G (ϕ) 
γi + 

t 
ϕ 
0 

G (ϕ)�(ϕ) 
γi < 1 f or i = 1 , 2 , 3 , 4 , 5 , 6 . 

roof. Suppose that S L 1 (t) , A L 1 (t) , I L 1 (t ) , B 1 (t ) , S T 1 (t ) and I T 1 (t) are

 L (t) − S L 1 (t) = 

1 − ϕ 

G (ϕ) 

[
Z 1 (t, S L ) − Z 1 (t, S L 1 ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

×
∫ t 

0 

(t − ψ) ϕ−1 
[
Z 1 (ψ, S L ) − Z 1 (ψ, S L 1 ) 

]
dψ, 

 L (t) − A L 1 (t) = 

1 − ϕ 

G (ϕ) 

[
Z 2 (t, A L ) − Z 2 (t, A L 1 ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

×
∫ t 

0 

(t − ψ) ϕ−1 
[
Z 2 (ψ, A L ) − Z 2 (ψ, A L 1 ) 

]
dψ, 

 L (t) − I L 1 (t) = 

1 − ϕ 

G (ϕ) 

[
Z 3 (t, I L ) − Z 3 (t, I L 1 ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

×
∫ t 

0 

(t − ψ) ϕ−1 
[
Z 3 (ψ, I L ) − Z 3 (ψ, I L 1 ) 

]
dψ, 

 (t) − B 1 (t) = 

1 − ϕ 

G (ϕ) 

[
Z 4 (t, B ) − Z 4 (t, B 1 ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

×
∫ t 

0 

(t − ψ) ϕ−1 
[
Z 4 (ψ, B ) − Z 4 (ψ, B 1 ) 

]
dψ, 

 T (t) − S T 1 (t) = 

1 − ϕ 

G (ϕ) 

[
Z 5 (t, S T ) − Z 5 (t, S T 1 ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

×
∫ t 

(t − ψ) ϕ−1 
[
Z 5 (ψ, S T ) − Z 5 (ψ, S T 1 ) 

]
dψ, 
0 
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I

(109) 

K  the norm on both sides of Eq. (104) we obtain 

‖  − S L 1 (t) ‖ 

. (110) 

T

‖ (111) 

S[
i

 

(t) = S L 1 (t) . Following similar steps for Eqs. (105) –(109) , we can deduce 

t

A  T 1 (t) . 

T

6

d fractional operator model for the Q fever dynamics in livestock and 

t  by the Caputo–Fabrizio scheme [65] and lastly the Atangana–Baleanu 

s

6  

C
0 (112) 

U ted into 

g (113) 

A h h being the time step, Eq. (113) can be formulated as: 

g (114) 

W

g  (115) 

T ing the Lagrange polynomial, Eq. (115) can now be written as 

g
−1 dϒ

 

ϕ−1 dϒ

} 

. (116) 

W

g  

ϕ−1 dϒ

) ϕ−1 dϒ. (117) 

S∫
(v ∗ − m 

∗ + 2 + ϕ) 

 

∗ − m 

∗ + 2 + 2 ϕ) 

]
, (118) 
 T (t) − I T 1 (t) = 

1 − ϕ 

G (ϕ) 

[
Z 6 (t, I T ) − Z 6 (t, I T 1 ) 

]
+ 

ϕ 

G (ϕ)�(ϕ) 

×
∫ t 

0 

(t − ψ) ϕ−1 
[
Z 6 (ψ, I T ) − Z 6 (ψ, I T 1 ) 

]
dψ. 

nowing that the kernel satisfies the Lipschitz condition and taking

 

S L (t) − S L 1 (t) ‖ 

≤ 1 − ϕ 

G (ϕ) 
γ1 ‖ 

S L (t) − S L 1 (t) ‖ 

+ 

t ϕ 

G (ϕ)�(ϕ) 
γ1 ‖ 

S L (t)

he inequality above can further be simplify to give 

 

S L (t) − S L 1 (t) ‖ 

[ 
1 −

(
1 − ϕ 

G (ϕ) 
γ1 + 

t ϕ 

G (ϕ)�(ϕ) 
γ1 

)] 
≤ 0 . 

ince 
 

1 −
(

1 − ϕ 

G (ϕ) 
γ1 + 

t ϕ 

G (ϕ)�(ϕ) 
γ1 

)] 
≤ 0 , 

t then follows that ‖ S L (t) − S L 1 (t) ‖ = 0 . This further implies that S L
hat 

 L (t) = A L 1 (t ) , I L (t ) = I L 1 (t ) , B (t ) = B 1 (t ) , S T (t ) = S T 1 (t ) , I T (t ) = I

his completes the proof. �

. Numerical schemes 

Here, we provide the numerical schemes for our three propose

icks. Firstly, we start with the Caputo scheme [64] , then followed

cheme [40] using the two step Lagrange interpolation. 

.1. Numerical scheme for the Caputo fractional Q fever disease model

The Cauchy problem of the Caputo derivative can be written as 

 

 

D 

ϕ 

t g(t) = Z ∗(t, g(t)) , 

g(0) = g 0 . 

sing the Caputo integral, the Cauchy problem (112) can be conver

 ( t ) − g ( 0 ) = 

1 

�(ϕ) 

∫ t 

0 

Z ∗(ϒ, g(ϒ))(t − ϒ) ϕ−1 dϒ. 

t the point t v ∗+1 = (v ∗ + 1) h and t v ∗ = v ∗h , v ∗ = 0 , 1 , 2 , 3 , 4 , . . . wit

 ( t v ∗+1 ) − g ( 0 ) = 

1 

�(ϕ) 

∫ t v ∗+1 

0 

Z ∗(ϒ, g(ϒ))(t v ∗+1 − ϒ) ϕ−1 dϒ. 

hich can be written as 

 ( t v ∗+1 ) = g ( 0 ) + 

1 

�(ϕ) 

v ∗∑ 

m 

∗=0 

∫ t m ∗+1 

t m ∗
Z ∗(ϒ, g(ϒ))(t v ∗+1 − ϒ) ϕ−1 dϒ.

hus, simplifying the integral on the right hand in Eq. (115) and us

 v ∗+1 = g 0 + 

1 

�(ϕ) 

v ∗∑ 

m 

∗=0 

{ 

Z ∗(t m ∗ ,g m ∗ ) 
h 

∫ t m ∗+1 

t m ∗
(ϒ − t m 

∗−1 )(t v ∗+1 − ϒ) ϕ

− Z ∗(t m ∗−1 ,g m ∗−1 ) 
h 

∫ t m ∗+1 

t m ∗
(ϒ − t m 

∗ )(t v ∗+1 − ϒ)

here Eq. (116) can be written as 

 v ∗+1 = g 0 + 

1 

�(ϕ) 

v ∗∑ 

m 

∗=0 

Z ∗(t m 

∗ , g m 

∗ ) 

h 

∫ t m ∗+1 

t m ∗
(ϒ − t m 

∗−1 )(t v ∗+1 − ϒ)

− 1 

�(ϕ) 

v ∗∑ 

m 

∗=0 

Z ∗(t m 

∗−1 , g m 

∗−1 ) 

h 

∫ t m ∗+1 

t m ∗
(ϒ − t m 

∗ )(t v ∗+1 − ϒ

olving the integral in (117) we arrive at the following: 

 t m ∗+1 

t m ∗
(ϒ − t m 

∗−1 )(t v ∗+1 − ϒ) ϕ−1 dϒ = 

h 

ϕ−1 

ϕ(ϕ + 1) 

[
(v ∗ − m 

∗ + 1) ϕ 

−(v ∗ − m 

∗) ϕ (v
24 
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∫
 1) ϕ+1 

m 

∗ + 1 + ϕ) 

]
. (119) 

R  for the Caputo derivative is given as 

g
 2 + ϕ) 

 + 2 ϕ) 

]

 

ϕ+1 

+ 1 + ϕ) 

]
. (120) 

T

+ 2 + ϕ) 

2 + 2 ϕ) 

]

) ϕ+1 

 

∗ + 1 + ϕ) 

]
, 

A
∗ + 2 + ϕ) 

2 + 2 ϕ) 

]

) ϕ+1 

 

∗ + 1 + ϕ) 

]
, 

+ 2 + ϕ) 

2 + 2 ϕ) 

]

 

ϕ+1 

 

∗ + 1 + ϕ) 

]
, (121) 

+ 2 + ϕ) 

 2 + 2 ϕ) 

]

) ϕ+1 

 

∗ + 1 + ϕ) 

]
, 

+ 2 + ϕ) 

2 + 2 ϕ) 

]

) ϕ+1 

 

∗ + 1 + ϕ) 

]
, 

+ 2 + ϕ) 

2 + 2 ϕ) 

]

 

ϕ+1 

 

∗ + 1 + ϕ) 

]
. 

6 disease model 

ritten as 

C
0 (122) 

U e restated as 

w (123) 

W

w ϒ, (124) 
 t m ∗+1 

t m ∗
(ϒ − t m 

∗ )(t v ∗+1 − ϒ) ϕ−1 dϒ = 

h 

ϕ−1 

ϕ(ϕ + 1) 

[
(v ∗ − m 

∗ +
−(v ∗ − m 

∗) ϕ (v ∗ −
eplacing Eqs. (118) and (119) into Eq. (117) , the numerical scheme

 v ∗+1 = g 0 + 

h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗=0 

Z ∗(t m 

∗ , g m 

∗ ) 

[
(v ∗ − m 

∗ + 1) ϕ (v ∗ − m 

∗ +
−( v ∗ − m 

∗) ϕ ( v ∗ − m 

∗ + 2

− h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗=0 

Z ∗(t m 

∗−1 , g m 

∗−1 ) 

[
(v ∗ − m 

∗ + 1)

−( v ∗ − m 

∗) ϕ ( v ∗ − m 

∗

hus, in terms of our Caputo model we get: 

S L v ∗+1 
= S L 0 + 

h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗ , S L m ∗ ) 

[
(v ∗ − m 

∗ + 1) ϕ (v ∗ − m 

∗

−(v ∗ − m 

∗) ϕ (v ∗ − m 

∗ +

− h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗−1 , S L m ∗−1 
) 

[
(v ∗ − m 

∗ + 1

−(v ∗ − m 

∗) ϕ (v ∗ − m

 L v ∗+1 
= A L 0 + 

h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗ , A L m ∗ ) 

[
(v ∗ − m 

∗ + 1) ϕ (v ∗ − m 

−(v ∗ − m 

∗) ϕ (v ∗ − m 

∗ +

− h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗−1 , A L m ∗−1 
) 

[
(v ∗ − m 

∗ + 1

−(v ∗ − m 

∗) ϕ (v ∗ − m

I L v ∗+1 
= S L 0 + 

h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗ , I L m ∗ ) 

[
(v ∗ − m 

∗ + 1) ϕ (v ∗ − m 

∗

−(v ∗ − m 

∗) ϕ (v ∗ − m 

∗ +

− h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗−1 , I L m ∗−1 
) 

[
(v ∗ − m 

∗ + 1)

−(v ∗ − m 

∗) ϕ (v ∗ − m

B v ∗+1 = B 0 + 

h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗ , B m 

∗ ) 

[
(v ∗ − m 

∗ + 1) ϕ (v ∗ − m 

∗

−( v ∗ − m 

∗) ϕ ( v ∗ − m 

∗ +

− h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗−1 , B m 

∗−1 ) 

[
(v ∗ − m 

∗ + 1

−( v ∗ − m 

∗) ϕ ( v ∗ − m

S T v ∗+1 
= S L 0 + 

h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗ , S T m ∗ ) 

[
(v ∗ − m 

∗ + 1) ϕ (v ∗ − m 

∗

−(v ∗ − m 

∗) ϕ (v ∗ − m 

∗ +

− h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗−1 , S T m ∗−1 
) 

[
(v ∗ − m 

∗ + 1

−(v ∗ − m 

∗) ϕ (v ∗ − m

I T v ∗+1 
= I T 0 + 

h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗ , I T m ∗ ) 

[
(v ∗ − m 

∗ + 1) ϕ (v ∗ − m 

∗

−(v ∗ − m 

∗) ϕ (v ∗ − m 

∗ +

− h 

ϕ 

�(ϕ + 2) 

v ∗∑ 

m 

∗= 0 

Z ∗(t m 

∗−1 , I T m ∗−1 
) 

[
(v ∗ − m 

∗ + 1)

−(v ∗ − m 

∗) ϕ (v ∗ − m

.2. Numerical scheme for the Caputo–Fabrizio (FC) fractional Q fever 

The Cauchy problem of the Caputo–Fabrizio derivative can be w

F 
 

D 

ϕ 

t w (t) = Z(t , w (t )) . 

sing the Caputo–Fabrizio integral, the Cauchy problem of FC can b

 ( t ) − w ( 0 ) = 

( 1 − ϕ ) 

P (ϕ) 
Z(t, w (t)) + 

ϕ 

P (ϕ) 

∫ t 

0 

Z(ϒ, w (ϒ)) dϒ. 

riting (123) at the point t v +1 = (v + 1) h and t v = v h , results in 

 ( t v +1 ) − w ( 0 ) = 

( 1 − ϕ ) 

P (ϕ) 
Z(t v , w (t v )) + 

ϕ 

M(ϕ) 

∫ t v +1 

Z(ϒ, w (ϒ)) d

0 

25 
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w ϒ. (125) 

T

w
) 

∫ t v +1 

t v 

Z(ϒ, w (ϒ)) dϒ. (126) 

E

w

 −1 )) 
(ϒ − t v ) 

)
dϒ. (127) 

T

w

 (t v −1 )) 

 

∫ t v +1 

t v 

(ϒ − t v ) dϒ

)
. (128) 

S∫
(129) 

S  given as: 

w Z(t v −1 , w v −1 ) . (130) 

T

Z(t v −1 , S L v −1 
) , 

A Z(t v −1 , A L v −1 
) , 

(t v −1 , I L v −1 
) , (131) 

B (t v −1 , B v −1 ) , 

(t v −1 , S T v −1 
) , 

(t v −1 , I T v −1 
) . 

6

s 

A
0 (132) 

T  the fundamental theory of calculus 

w ϒ, w (ϒ)) dϒ. (133) 

W

w ϒ) ϕ−1 Z(ϒ, w (ϒ)) dϒ, 
 ( t v ) − w ( 0 ) = 

( 1 − ϕ ) 

P (ϕ) 
Z(t v −1 , w (t v −1 )) + 

ϕ 

P (ϕ) 

∫ t v 

0 

Z(ϒ, w (ϒ)) d

aking (124) - (125) results in 

 ( t v +1 ) − w ( t v ) = 

( 1 − ϕ ) 

P (ϕ) 
( Z(t v , w (t v )) − Z(t v −1 , w (t v −1 )) ) + 

ϕ 

P (ϕ

quation (126) in two-step Lagrange polynomial gives 

 v +1 − w v = 

( 1 − ϕ ) 

P (ϕ) 
( Z(t v , w (t v )) − Z(t v −1 , w (t v −1 )) ) 

+ 

ϕ 

P (ϕ) 

∫ t v +1 

t v 

(
Z(t v , w (t v )) 

h 

(ϒ − t v −1 ) − Z(t v −1 , w (t v
h 

he above Eq. (127) leads to 

 v +1 − w v = 

( 1 − ϕ ) 

P (ϕ) 
( Z(t v , w (t v )) − Z(t v −1 , w (t v −1 )) ) 

+ 

ϕ 

P (ϕ) 

(
Z(t v , w (t v )) 

h 

∫ t v +1 

t v 

(ϒ − t v −1 ) dϒ − Z(t v −1 , w

h

olving the integrals in Eq. (128) yields 

 t v +1 

t v 

(ϒ − t v −1 ) dϒ = 

3 

2 

h 

2 , 

∫ t v +1 

t v 

(ϒ − t v ) dϒ = 

1 

2 

h 

2 . 

ubstituting Eq. (129) into Eq. (128) , the numerical scheme of FC is

 v +1 = w v + 

[
( 1 − ϕ ) 

P (ϕ) 
+ 

3 hϕ 

2 P (ϕ) 

]
Z(t v , w v ) −

[
( 1 − ϕ ) 

P (ϕ) 
+ 

hϕ 

2 P (ϕ) 

]
hus, in terms of our Caputo–Fabrizio model we get: 

S L v +1 
= S L v + 

[
( 1 − ϕ ) 

P (ϕ) 
+ 

3 hϕ 

2 P (ϕ) 

]
Z(t v , S L v ) −

[
( 1 − ϕ ) 

P (ϕ) 
+ 

hϕ 

2 P (ϕ) 

]

 L v +1 
= A L v + 

[
( 1 − ϕ ) 

P (ϕ) 
+ 

3 hϕ 

2 P (ϕ) 

]
Z(t v , A L v ) −

[
( 1 − ϕ ) 

P (ϕ) 
+ 

hϕ 

2 P (ϕ) 

]

I L v +1 
= I L v + 

[
( 1 − ϕ ) 

P (ϕ) 
+ 

3 hϕ 

2 P (ϕ) 

]
Z(t v , I L v ) −

[
( 1 − ϕ ) 

P (ϕ) 
+ 

hϕ 

2 P (ϕ) 

]
Z

 v +1 = B v + 

[
( 1 − ϕ ) 

P (ϕ) 
+ 

3 hϕ 

2 P (ϕ) 

]
Z(t v , B v ) −

[
( 1 − ϕ ) 

P (ϕ) 
+ 

hϕ 

2 P (ϕ) 

]
Z

S T v +1 
= S T v + 

[
( 1 − ϕ ) 

P (ϕ) 
+ 

3 hϕ 

2 P (ϕ) 

]
Z(t v , S T v ) −

[
( 1 − ϕ ) 

P (ϕ) 
+ 

hϕ 

2 P (ϕ) 

]
Z

I T v +1 
= I T v + 

[
( 1 − ϕ ) 

P (ϕ) 
+ 

3 hϕ 

2 P (ϕ) 

]
Z(t v , I T v ) −

[
( 1 − ϕ ) 

P (ϕ) 
+ 

hϕ 

2 P (ϕ) 

]
Z

.3. Numerical scheme for the ABC fractional Q fever disease model 

The Cauchy problem of the ABC derivative can also be written a

BC 
 

D 

ϕ 

t w (t) = Z(t , w (t )) . 

he ABC integral, the Cauchy problem of ABC can be restated using

 ( t ) − w ( 0 ) = 

( 1 − ϕ ) 

G (ϕ) 
Z(t, w (ϒ)) + 

ϕ 

�(ϕ) G (ϕ) 

∫ t 

0 

(t − ϒ) ϕ−1 Z(

riting (133) at the point t n +1 = (n + 1) h and t n = nh , results in 

 ( t n +1 ) − w ( 0 ) = 

( 1 − ϕ ) 

G (ϕ) 
Z(t n , w (t n )) + 

ϕ 

G (ϕ)�(ϕ) 

∫ t n +1 

(t n +1 −

0 

26 
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1 − ϒ) ϕ−1 Z(ϒ, w (ϒ)) dϒ. (134) 

T ritten as 

γ

(135) 

∼= (136) 
= 

( 1 − ϕ ) 

G (ϕ) 
Z(t n , w (t n )) + 

ϕ 

G (ϕ)�(ϕ) 

n ∑ 

k =0 

∫ t k +1 

t k 

(t n +

he two-step Lagrange polynomial in the interval [ t n , t n +1 ] can be w

k ( ϒ) = 

ϒ − t k −1 

t k − t k −1 

Z ( t k , w ( t k ) ) −
ϒ − t k 

t k − t k −1 

Z ( t k −1 , w ( t k −1 ) ) , 

= 

Z ( t k , w ( t k ) ) 

h 

( ϒ − t k −1 ) −
Z ( t k −1 , w ( t k −1 ) ) 

h 

( ϒ − t k ) , 

 

Z ( t k , w k ) 
( ϒ − t k −1 ) −

Z ( t k −1 , w k −1 ) 
( ϒ − t k ) . 
h h 

Fig. 6. Numerical simulation of Caputo operator on the model with different fractional order, ϕ. 
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N

w

(137) 

T

U (138) 

U (139) 

S en follows that 

U
 ϕ ) 

, (140) 
ow, the above approximation (136) into Eq. (134) gives: 

 n +1 = w ( 0 ) + 

( 1 − ϕ ) 

G ( ϕ ) 
Z ( t n , w ( t n ) ) + 

ϕ 

G ( ϕ ) × �( ϕ ) 

×
n ∑ 

k =0 

(
Z ( t k , w k ) 

h 

∫ t k +1 

t k 

( ϒ − t k −1 )(t n +1 − t) ϕ−1 dϒ

−Z ( t k −1 , w k −1 ) 

h 

∫ t k +1 

t k 

( ϒ − t k ) (t n +1 − t) ϕ−1 dϒ

)
. 

he integrals of Eq. (137) can be denoted as: 

 ϕ,k, 1 = 

∫ t k +1 

t k 

( ϒ − t k −1 )(t n +1 − t) ϕ−1 dϒ, 

 ϕ,k, 2 = 

∫ t k +1 

t k 

( ϒ − t k )(t n +1 − t) ϕ−1 dϒ. 

olving Eqs. (138) and (139) using integration by substitution, it th

 ϕ,k, 1 = h 

ϕ+1 ( n + 1 − k ) 
ϕ 
( n − k + 2 + ϕ ) − ( n − k ) 

ϕ 
( n − k + 2 + 2

ϕ ( ϕ + 1 ) 
Fig. 7. Numerical simulation under Caputo operator with fractional order, ϕ = 0 . 95 . 
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U (141) 

T e following numerical scheme: 

w

 

ϕ 
( n − k + 2 + 2 ϕ ) ) 

)

 ϕ,k, 2 = h 

ϕ+1 ( n + 1 − k ) 
ϕ+1 − ( n − k ) 

ϕ 
( n − k + 1 + ϕ ) 

ϕ ( ϕ + 1 ) 
. 

hus, replacing the solution of U ϕ,k, 1 and U ϕ,k, 2 into (137) , gives th

 n +1 = w ( 0 ) + 

( 1 − ϕ ) 

G ( ϕ ) 
Z ( t n , w ( t n ) ) + 

ϕ 

G ( ϕ ) 

n ∑ 

k =0 

×
(

h 

ϕ Z ( t k , w k ) 

�( ϕ + 2 ) 
( ( n + 1 − k ) 

ϕ 
( n − k + 2 + ϕ ) − ( n − k )
Fig. 8. Numerical simulation under Caputo-Fabrizio differential operator with different fractional order, ϕ. 
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 − k + 1 + ϕ ) ) 

)
. 

T

S

 

ϕ 
( n − k + 2 + 2 ϕ ) ) 

)

 

( n − k + 1 + ϕ ) ) 

) 

, 

 

( n − k + 2 + 2 ϕ ) ) 

)

− ϕ 

G ( ϕ ) 

n ∑ 

k =0 

(
h 

ϕ Z ( t k −1 , w k −1 ) 

�( ϕ + 2 ) 
( ( n + 1 − k ) 

ϕ+1 − ( n − k ) 
ϕ 
( n

herefore, in terms of the Q fever ABC model we get: 

 L n +1 = S L ( 0 ) + 

( 1 − ϕ ) 

G ( ϕ ) 
Z ( t n , S L ( t n ) ) + 

ϕ 

G ( ϕ ) 

n ∑ 

k =0 

×
(

h 

ϕ Z ( t k , S L k ) 

�( ϕ + 2 ) 
( ( n + 1 − k ) 

ϕ 
( n − k + 2 + ϕ ) − ( n − k )

− ϕ 

G ( ϕ ) 

n ∑ 

k =0 

( 

h 

ϕ Z 
(
t k −1 , S L k −1 

)
�( ϕ + 2 ) 

( ( n + 1 − k ) 
ϕ+1 − ( n − k ) 

ϕ

A L n +1 
= A L ( 0 ) + 

( 1 − ϕ ) 

G ( ϕ ) 
Z ( t n , A L (t n ) ) + 

ϕ 

G ( ϕ ) 

n ∑ 

k =0 

×
(

h 

ϕ Z ( t k , A L k ) 

�( ϕ + 2 ) 
( ( n + 1 − k ) 

ϕ 
( n − k + 2 + ϕ ) − ( n − k ) 

ϕ

Fig. 9. Numerical simulation under Caputo-Fabrizio operator with fractional order, ϕ = 0 . 95 . 
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( n − k + 1 + ϕ ) ) 

) 

, 

 

ϕ 
( n − k + 2 + 2 ϕ ) ) 

)

( n − k + 1 + ϕ ) ) 

) 

, 
− ϕ 

G ( ϕ ) 

n ∑ 

k =0 

( 

h 

ϕ Z 
(
t k −1 , A L k −1 

)
�( ϕ + 2 ) 

( ( n + 1 − k ) 
ϕ+1 − ( n − k ) 

ϕ

I L n +1 
= I L ( 0 ) + 

( 1 − ϕ ) 

G ( ϕ ) 
Z ( t n , I L ( t n ) ) + 

ϕ 

G ( ϕ ) 

n ∑ 

k =0 

×
(

h 

ϕ Z ( t k , I L k ) 

�( ϕ + 2 ) 
( ( n + 1 − k ) 

ϕ 
( n − k + 2 + ϕ ) − ( n − k )

− ϕ 

G ( ϕ ) 

n ∑ 

k =0 

( 

h 

ϕ Z 
(
t k −1 , I L k −1 

)
�( ϕ + 2 ) 

( ( n + 1 − k ) 
ϕ+1 − ( n − k ) 

ϕ 
Fig. 10. Numerical simulation under Atangana-Baleanu differential operator with different fractional order, ϕ. 
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( n − k + 2 + 2 ϕ ) ) 

)

 

( n − k + 1 + ϕ ) ) 

)
, 

 

( n − k + 2 + 2 ϕ ) ) 

)

 

( n − k + 1 + ϕ ) ) 

) 

, 
B n +1 = B ( 0 ) + 

( 1 − ϕ ) 

G ( ϕ ) 
Z ( t n , B (t n ) ) + 

ϕ 

G ( ϕ ) 

n ∑ 

k =0 

×
(

h 

ϕ Z ( t k , B k ) 

�( ϕ + 2 ) 
( ( n + 1 − k ) 

ϕ 
( n − k + 2 + ϕ ) − ( n − k ) 

ϕ

− ϕ 

G ( ϕ ) 

n ∑ 

k =0 

(
h 

ϕ Z ( t k −1 , B k −1 ) 
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G ( ϕ ) 
Z ( t n , S T (t n ) ) + 
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G ( ϕ ) 
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×
(
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ϕ Z ( t k , S T k ) 
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( ( n + 1 − k ) 

ϕ 
( n − k + 2 + ϕ ) − ( n − k ) 

ϕ

− ϕ 

G ( ϕ ) 
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k =0 
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ϕ Z 
(
t k −1 , S T k −1 

)
�( ϕ + 2 ) 

( ( n + 1 − k ) 
ϕ+1 − ( n − k ) 

ϕ

Fig. 11. Numerical simulation under Atangana-Baleanu differential operator with fractional order, ϕ = 0 . 95 . 
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( n − k + 1 + ϕ ) ) 

) 
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I T n +1 
= I T ( 0 ) + 

( 1 − ϕ ) 

G ( ϕ ) 
Z ( t n , I T ( t n ) ) + 
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G ( ϕ ) 

n ∑ 

k =0 

×
(

h 

ϕ Z ( t k , I T k ) 

�( ϕ + 2 ) 
( ( n + 1 − k ) 

ϕ 
( n − k + 2 + ϕ ) − ( n − k ) 

ϕ

− ϕ 

G ( ϕ ) 

n ∑ 

k =0 

( 

h 

ϕ Z 
(
t k −1 , I T k −1 

)
�( ϕ + 2 ) 

( ( n + 1 − k ) 
ϕ+1 − ( n − k ) 

ϕ 
Fig. 12. Numerical simulation under Caputo, Caputo-Fabrizio and Atangana-Baleanu operator with integer order and different fractional order, ϕ = 1 , 0 . 95 , 0 . 75 , 0 . 65 . 

33 



J.K.K. Asamoah, E. Okyere, E. Yankson et al. Chaos, Solitons and Fractals 156 (2022) 111821 

Fig. 13. Numerical simulation under Caputo, Caputo-Fabrizio and Atangana-Baleanu operator with fractional order, ϕ = 0 . 85 . 

34 



J.K.K. Asamoah, E. Okyere, E. Yankson et al. Chaos, Solitons and Fractals 156 (2022) 111821 

Fig. 14. Numerical simulation under Caputo, Caputo-Fabrizio and Atangana-Baleanu operator with fractional order, ϕ = 0 . 55 . 
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Table 1 

Interpretation of model parameters with values used in numerical simulations, which are subject to time in days. 

Parameter Interpretation Range Source Values used 

�L Incremental rate of S L μL × N L Assumed 22 

β1 Environmental transmission 0.001–0.0943 [66] 0.001 

β2 Shedding rate from infected livestock 0.00003–0.0400 [66,67] 0.00003 

β3 Transmission rate from (A L + I L ) to ticks 0.00001 Assumed 0.00001 

β4 Shedding rate from infected ticks 0.0001 Assumed 0.0001 

β5 Transmission rate from I T to S L 0.0001 Assumed 0.0001 

�T Incremental rate of S T μT × N T Assumed 21 

μL Natural death rate of livestock 0.0002-0.02 [7] 0.02 

μT Natural death rate of ticks 0 . 01 Variable 0.01 

ε Natural decay of Coxiella burnetii from the environment 0 . 0083 − 0 . 2000 [7] 0.2000 

αL Progression rate from A L to I L 0.0029 [7] 0.0029 
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. Numerical simulations 

Here, we apply the above numerical schemes to obtain nu- 

erical solutions for the three fractional derivatives, using the 

ractional order ϕ ∈ (0 , 1] . For illustration purposes we used 

he following initial conditions: S L (0) = 10 0 0 , A L (0) = 60 , I L (0) =
0 , B = 0 , S T (t) = 20 0 0 , I T (0) = 100 . Together with the parame-

er values in Table 1 . We employ the Adams–Bashforth method 

or our numerical simulations. The following fractional values 

0.95,0.85,0.75,0.65,0.55] were used to study the effect of the 

ractional-order on our model. In Figs. 6 , 8 and 10 , we repre-

ent the numerical solutions of the Q fever model using Ca- 

uto, Caputo-Fabrizio and Atangana-Baleanu fractional models, re- 

pectively. We noticed in Fig. 6 (a) and (c) that the trajectory of 

he fractional-order 0.95 converges to the endemic equilibrium 

oint as same as the integer-order, whiles the trajectories of the 

ractional-orders 0.85, 0.75, 0.65 and 0.55 takes different paths re- 

pectively. In Fig. 6 (b) and (d), we noticed that the trajectory of 

he fractional-order 0.95 and 0.85 converges to the endemic equi- 

ibrium point as same as the integer-order, whiles the trajecto- 

ies of the fractional-orders 0.75, 0.65 and 0.55 takes different 

aths respectively. In Fig. 6 (e) we noticed that the trajectories of 

he fractional-orders take different directions and do not converge 

o the endemic equilibrium point when the fractional-order is 1. 

n Fig. 6 (f) we noticed that trajectory of the fractional-order 0.95 

inks to the endemic equilibrium point as same as the integer- 

rder, but the fractional-order 0.85 has a higher endemic equilib- 

ium point than the integer-order. Also, in Fig. 6 (f) we see that 

he fractional-order 0.75, 0.65 and 0.55 take different paths with 

ifferent converging points. The Caputo-Fabrizio numerical simu- 

ations in Fig. 9 indicate that, in all the subplots Fig. 9 (a)–(f), the

ractional-orders converge to the same actual endemic equilibrium 

oint at the end of the simulation time. 

The Atangana–Baleanu numerical simulations in Fig. 10 , we 

otice that in Fig. 10 (a), (c) and (f) that the trajectories of 

he fractional-order 0.95 converges to the endemic equilibrium 

oint as same as the integer-order, whiles the trajectories of the 

ractional-orders 0.85, 0.75, 0.65 and 0.55 converge respectively to 

ifferent points at the end of the simulation time. In Fig. 10 (b)

nd (d), we notice that the trajectory of the fractional-order 0.95 

nd 0.85 converges to the endemic equilibrium point as same as 

he integer-order, whiles the trajectories of the fractional-orders 

.75, 0.65 and 0.55 takes different paths respectively. In Fig. 10 (e) 

e notice that the trajectories of the fractional-orders take differ- 

nt paths and do not converge to the same endemic equilibrium 

oint when the fractional-order is 1. Figures 7 , 9 and 11 shows 

he trajectory effects of varying �T , μT and β3 on the infected 

lasses A L , I L , I T and the bacterial load in the environment, B . It

s obvious to see in Fig. 7 that each trajectory has a special rate

f convergence as the parameters �T , μT and β3 are varied with 

 fractional-order of 0.95. We also notice that the bacterial get 

i

36 
xtinct from the environment and the infected livestock popula- 

ion at the end simulation time, when μT = 0 . 16 and μT = 0 . 21 in

he Caputo sense, but not in Atangana–Baleanu sense as shown in 

ig. 11 . In Fig. 12 , we compared the three different operators when

he fractional-orders are ϕ = 1 , 0 . 95 , 0 . 75 , 0 . 65 ; it is evident that

he Caputo and Atangana-Baleanu operators converge to the inte- 

er endemic equilibrium point at the end of the simulation time 

hen ϕ = 0 . 95 . At the same time, the trajectories for the Caputo-

abrizio converge to the same endemic equilibrium point when the 

ractional-order is perturbed. 

In Fig. 12 we further notice that the Atangana-Baleanu operator 

aptures more susceptibilities than the other operators when the 

ractional-order is 0.75 and 0.65, respectively. In Figs. 13 and 14 we 

how the comparison of the three operators when the fractional- 

rder is 0.85 and 0.55 respectively. It is obvious to see that the 

hree operators converge at the end of the simulation time when 

 = 0 . 85 for Fig. 13 (a), (b), and (d), and distinct path for Fig. 13 (c),

e) and (f). In Fig. 14 it is easy to see that all the three operators

ave distinct paths when the fractional-order is 0.55. 

. Conclusion 

In this study, we have developed nonlinear dynamical models 

or Q fever to represent the disease dynamics in livestock and ticks 

ogether with the effect of the bacterial in the environment using 

nteger and non-integer order models. Authors in previous mathe- 

atical studies on Q fever did not consider the impact of ticks (see 

7,45] ). Hence, our study is a novel contribution to the dynamical 

nalysis of Q fever. From the study, we obtain the positivity and 

oundedness of our model equations. We obtained the disease-free 

quilibrium and further used it to get the expression of the basic 

eproduction number. We noticed a multiplicity of endemic equi- 

ibrium when the basic reproduction number is less than unity, 

hus resulting in the existence of backward bifurcation. We showed 

nstances where the backward bifurcation can be removed both 

heoretically and numerically. We proposed three fractional order 

ifferential models to capture the memory aspect of disease spread 

sing three fractional derivative operators namely Caputo, Caputo- 

abrizio, and Atangana-Baleanu in Caputo sense. The existence and 

niqueness of these three newly developed epidemiological mod- 

ls are demonstrated using the Banach fixed point theorem. The 

umerical solutions showed that each fractional operator captures 

he disease spread in nature differently but sometimes converge to 

he integer-order, ϕ = 1 . 
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