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ABSTRACT
The reactive two-dimensional steady laminar boundary layer flow over a wedge is examined in this work, with an emphasis on the mass and
heat transfer of nanofluids. This study investigates the effects of three different chemical reactions—Arrhenius, bimolecular, and sensitized
reactions—using Buongiorno’s model. Through similarity transformations, the system of partial differential equations (PDEs) is converted
into ordinary differential equations, which are then solved by combining the shooting method with the Runge–Kutta–Fehlberg numerical
technique. The findings show that the skin friction coefficient is greatly increased by raising the pressure gradient and stretching/contracting
wedge parameters. On the other hand, as the thermophoresis parameter, Brownian motion parameter, activation energy, and Lewis number
increase, the Nusselt number decreases, signifying a decrease in the efficiency of heat transfer. A higher Sherwood number, on the other
hand, indicates increased mass transfer and is brought about by increases in the Lewis number, thermophoresis parameter, activation energy,
and Falkner–Skan power-law parameter. These findings provide important information for maximizing heat and mass transfer in nanofluid
systems. Key values for the skin friction coefficient, local Nusselt number, and the Sherwood number are given in tabular form, and the results
are graphically represented.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0237487

NOMENCLATURE

C0 Initial concentration of reactant species
DB Brownian motion coefficient
DT Thermophoresis coefficient
h Planck’s number
J Rate constant
k Boltzmann’s constant
k The material parameter
n Exponent
Q Heat of reaction
R Universal gas constant
α Thermal diffusivity (m2 s−1)

η Dimensionless similarity variable
μ Dynamic viscosity of the fluid (kg m−1 s−1)
ρ Density of nanofluid (kg m−3) [ML−3]
(ρ) f Density of the base fluid (kg m−3) [ML−3]
(ρc) f Heat capacity of the base fluid (J kg K) [L TΘ]
(ρcp)p Specific heat of the nanoparticle (J kg K) [L TΘ]
ũ, ṽ Velocity (m/sec) components in x and y-directions
σ Electric conductivity (ohm− 1m− 1

) [M−2L−3T3A2]

τ Parameter defined by (ρc)p
(ρc) f

υ Kinematic viscosity (m2 s−1) [L2T−1]
υ1 Vibration frequency
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I. INTRODUCTION
Falkner and Skan1 studied a steady laminar stream past a fixed

wedge in order to illustrate Prandtl’s boundary layer theory. They
reduced the boundary layer equations to an ordinary differential
equation—the Falkner–Skan equation—by implementing a similar-
ity transformation. The boundary layer equations are parabolic in
nature and are usually regarded as a suitable representation of the
flows described by the Falkner–Skan solutions. As mentioned by
Banks et al.,2 the solutions are believed to be valid in an asymp-
totic sense, but this method typically does not account for initial
conditions. Riley and Weidman3 and Ishak et al.4 in their papers
investigated the Falkner–Skan equation for different geometries and
fluid models, where the boundary velocity and the external velocity
both follow the identical power rule with respect to the downstream
distance. The thermal processing of materials that resemble sheets
is one of the many engineering applications where an understand-
ing of boundary layer behavior over a stirring incessant compact
apparatus is essential. Plastic film drawing, fine-fiber mats, etc., are
among the products that depend on this process. Improving heat
transfer is essential to increasing electronic device performance and
compactness. Because of their comparatively low thermal conduc-
tivity, traditional cooling agents are not as effective at transferring
heat. These fluids are combined with tiny particles to produce what
are referred to as nanofluids, which have improved thermal prop-
erties. The concentration and form of the particles determine the
physical and chemical characteristics of these nanoparticle suspen-
sions. It has been discovered that a base fluid’s thermal conductivity
can be greatly increased by adding a small amount of nanoparticles
to it. The thermal dispersion effect, which is produced by the ran-
dom measure of nanoparticles and interactions among the elements
and the fluid, speeds up the fluid’s rate of energy exchange. The
efficiency of heat transfer can be increased overall by using nanopar-
ticles to regulate different fluid parameter attributes. A pioneer in the
field of nanoparticle research, Choi5 talked about how these particles
impact a fluid’s thermal conductivity. Buongiorno6 expanded on the
model for nanofluids, emphasizing the functions of thermophore-
sis and Brownian motion in defining their physical characteristics.
Xuan and Roetzel7 studied the analysis of heat transfer in different
models for nanofluids. Assiri8 discussed the convectional force of a
porous wedge. The numerical investigation of hyperbolic and hybrid
nanofluids is performed in Refs. 9 and 10. The effects of incor-
porating nanoparticles into lubricating oils and refrigerants were
investigated by Saidur et al.11 They examined the effects of these
suspensions of nanoparticles on the effectiveness and functionality
of the systems. The nanoparticles have the potential to improve sys-
tem performance by augmenting the thermal conductivity and heat
transfer properties. The study emphasized how employing nanoflu-
ids in refrigeration could improve energy efficiency. The develop-
ment of more sustainable and effective refrigeration technologies
depends on this research. According to Mahian et al.12 and Behar
et al.,13 recent thorough reviews of the most recent developments
in nanofluid research for heat transfer applications have been com-
pleted. Reactive flows are chemically driven and have a wide range
of uses, such as in combustion processes and natural phenomena
found in Earth’s atmosphere and oceans. Heat explosion theory’s
basic ideas were first presented by Semenov and Frank-Kamenetskii.
Frank-Kamenetskii14 developed a stability criterion for perfect wall

reactors and investigated heat transfer in chemical kinetics. Reac-
tive flows in parallel plates and horizontal cylinders were studied by
Haroon and Siddiqui et al.,15,16 who looked at three chemical reac-
tions in the framework of a power-law fluid model. Some studies17–26

provide more details on reactive flows, while some studies27–33 show
how interested researchers are in the study of reactive nanofluid
particles and fluid flow with some effects through intelligent com-
puting. The review of the literature reveals that no studies have been
done on reactive nanofluid boundary layer streams past a wedge. It
is noteworthy that the unique physical and chemical properties of
materials at the nanoscale have led to the widespread application
of nanotechnology in conjunction with chemical reactions in indus-
try. This study uses similarity transformation to convert the system
of partial differential equations into a system of ordinary differ-
ential equations (ODEs) using Buongiorno’s nanofluid model. The
RK–Fehlberg method is then applied to solve the resulting ODEs.
Using graphs and tables, the effects of different physical parameters
are investigated and displayed.

II. PROBLEM STATEMENT
The problem is to study the boundary layer flow over an imper-

meable wedge in a reactive nanofluid that stretches at a velocity of
uw(x). Here, uw(x) > 0 stands for a wedge surface that is stretching,
and uw(x) < 0 stands for a wedge surface that is contracting. In addi-
tion, Ue(x) is the free stream velocity along the x-axis of the wedge as
displayed in Fig. 1. Using Buongiorno’s model, this study examines
three chemical reactions that occur within the reactive nanofluid. It
is assumed that the concentration of nanoparticles C̃ and the tem-
perature T̃ have constant values of Cw and Tw, respectively, at the
stretching surface. As y gets closer to infinity, the surrounding tem-
perature and concentration are represented by the letters T∞ and
C∞, respectively. Using all these presumptions allow us to formulate
the basic governing equations for reactive nanofluids as follows:12,25

∂ũ
∂x
+
∂ṽ
∂y
= 0, (1)

ũ
∂ũ
∂x
+ ṽ

∂ũ
∂y
= Ue

dUe

dx
+ ν

∂2ũ
∂y2 , (2)

FIG. 1. Geometry of the problem.
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ũ
∂T̃
∂x
+ ṽ

∂T̃
∂y
= α

∂2T̃
∂y2 + τ

⎡
⎢
⎢
⎢
⎢
⎣

DB
∂T̃
∂y

∂C̃
∂y
+

DT

T∞
(
∂T̃
∂y
)

2⎤
⎥
⎥
⎥
⎥
⎦

, (3)

ũ
∂C̃
∂x
+ ṽ

∂C̃
∂y
= DB

∂2C̃
∂y2 +

DT

T∞
∂2T̃
∂y2 +QC0K0(T̃), (4)

with the boundary conditions being

ũ = uw(x) = −λUe(x), ṽ = 0, T̃ = Tw, C̃ = Cw at y = 0,

ũ = Ue(x), T̃ = T∞, C̃ = C∞ as y →∞,
(5)

where QC0K0(T̃) is the chemical reaction term and defined in Refs.
13 and 14.

Here, K0(T̃) = J( kT
ν1h)

n
e(
−E
RT̃ ).

We introduce the dimensionless similarity transformations as
follows:

uw(x) = axm, Ue(x) = cxm,

η =

√
(1 +m)Ue

2xν
y, ψ =

√
2Uexν
1 +m

F(η),

θ =
T − T∞

Tw − T∞
, ϕ =

C − C∞
Cw − C∞

.

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎭

(6)

Here, ψ is the stream function, ũ = ∂ψ
∂y and ṽ = −∂ψ

∂x . Using Eq. (6)
in Eqs. (1)–(5), we have a system of equations along with boundary
conditions,

F′′′ + FF′′ +Ω(1 − F′2) = 0, (7)

θ′′ + Pr(Fθ′ +Nbϕ′θ′ +Ntθ′2) = 0, (8)

ϕ′′ + LeFϕ′ +
Nt
Nb

θ′′ − δ f (θ;β, n) = 0, (9)

F(η) = 0, F′(η) = −λ, θ(η) = 1, ϕ(η) = 1 at η = 0,

F′(η) = 1, θ(η) = 0, ϕ(η) = 0 as η→∞,

⎫⎪⎪
⎬
⎪⎪⎭

(10)

where the parameters are defined as

Ω =
2m

1 +m
, Pr =

ν
α

, Le =
ν

DB
, δ =

QEC∞knTn−2
∞

νnhnRK
e
−E
RT ,

f (θ;β, n) = (1 + βθ)ne(
θ

1+βθ ), Nt =
τDT(Tw − T∞)

T∞ν
,

Nb =
τDB(Cw − C∞)

T∞ν
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(11)

The Falkner–Skan power-law parameter is denoted as m, and the
Hartree pressure gradient is represented byΩ. A boundary layer sep-
aration is indicated when m < 0, while a favorable pressure gradient
is indicated when m > 0. The moving wedge parameter is defined
by λ = a

c , given two constants a and c. Within the framework of a
wedge, a stretching wedge is denoted by λ < 0, a contracting wedge
is denoted by λ > 0, and a fixed wedge is denoted by λ = 0.

The physical quantities of engineering interest are the skin fric-
tion coefficient C f , local Nusselt number Nux, and local Sherwood
number Shx and are defined as

C f =
2μ f

ρU2
e(x)
(
∂u
∂y
)

y=0
, Nux =

−xk f

k(Tw − T∞)
(
∂T
∂y
)

y=0
,

Shx =
−x

(Cw − C∞)
(
∂C
∂y
)

y=0
.

(12)

The non-dimensional form of Eq. (12) is given by

(Rex)
1/2C f = 2(

m + 1
2
)

1/2
F′′(0),

(Rex)
−1/2Nux = −(

m + 1
2
)

1
2
θ′(0),

(Rex)
−1/2Shx = −(

m + 1
2
)

1
2
ϕ′(0).

(13)

III. NUMERICAL SOLUTION
Equations (7)–(9) and the corresponding boundary conditions

in Eq. (10) were solved numerically by combining the shooting
technique with the Runge–Kutta–Fehlberg method. In order to
guarantee that the solution converged across all pertinent variables
in the system of equations, a suitable parameter η

∞
was selected.

In order to achieve accuracy to the fifth decimal place, this para-
meter was chosen to aid with convergence. This method guaranteed
the numerical solution’s accuracy and stability. We used a com-
bination of the shooting technique and the RK–Fehlberg method,
where convergence is dependent on a number of factors, such as the
particular problem being addressed, the numerical parameters that
are selected, and the initial conditions. The RK–Fehlberg method is
highly regarded for its strong convergence properties, which make
it particularly useful when dealing with ODEs. It uses adaptive step
sizes to ensure convergence and maintain accuracy even when deal-
ing with stiff ODEs. Nonetheless, the reactive nanofluid problem’s
ODE behavior and chosen tolerances may still have an impact on
convergence. The accuracy of the initial estimates of the boundary
conditions and the behavior of the ODEs at the boundaries deter-
mine how well the shooting technique converges and flow chat of
the scheme is shown in (Fig. 2).

IV. RESULTS AND DISCUSSIONS
The graphs in this section illustrate how different factors affect

the temperature θ(η), concentration ϕ(η), and velocity F′(η) pro-
files. The Prandtl number, Pr = 6.2, is maintained constant in these
computations. The range for different parameters is as follows:
pressure gradient parameter 1 ≤ Ω ≤ 4, shrinking/stretching wedge
parameter −1 ≤ λ ≤ 1, 0 ≤ m ≤ 1, thermophoresis parameter 0.0
≤ Nt ≤ 0.9, Brownian motion parameter 0.0 ≤ Nb ≤ 0.9, Lewis num-
ber 0.0 ≤ Le ≤ 2.0, activation energy parameter 1.0 ≤ β ≤ 4, and
Frank-Kamenetskii number 0 ≤ δ ≤ 2, and for three different chem-
ical reactions, we have n = 0, n = 0.5, n = −2. Figures 3–13 show the
significance of variations in various parameters on the profiles of
temperature, concentration, and velocity. As the pressure gradient
parameter increases, so does the wedge’s velocity, as seen in Fig. 3.
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FIG. 2. Flow chart of numerical methods.

FIG. 3. Velocity outlines for different values of Ω, with 0 ≤ m ≤ 1.

FIG. 4. Velocity outlines for numerous λ, contracting wedge λ > 0.

FIG. 5. Velocity outlines for numerous λ, stretching wedge λ < 0.

FIG. 6. Temperature curves for different values of Nb.

FIG. 7. Temperature curves for different values of Nt.

FIG. 8. Concentration profiles for various Nt.
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FIG. 9. Concentration profiles for various Nb.

FIG. 10. Concentration profiles for various β.

FIG. 11. Concentration profiles for numerous δ.

FIG. 12. Concentration profiles for numerous Le.

FIG. 13. Concentration profiles for n = 0, n = 0.5, n = −2.

The reason for this is that the boundary layer tends to be thinner and
less likely to be split, which increases the wedge’s velocity. Figures 4
and 5 illustrate the impact of the shrinking/stretching wedge para-
meter λ. As the shrinking wedge parameter λ > 0 increases, velocity
decreases. An unfavorable pressure gradient that is perpendicular to
the direction of flow may arise as the wedge contracts. This happens
as a result of the fluid having to overcome the contracting surface’s
added resistance. Stretching, λ < 0, can create unfavorable pressure
gradients in the boundary layer, where the pressure rises along the
flow direction, further slowing down the flow as the fluid must over-
come this resistance. This can cause a decrease in velocity within the
boundary layer in a flow over a stretching wedge. These effects pro-
duce a thicker boundary layer and may lead to separation or flow
instabilities, which will have a major effect on the velocity profile.
The effect of variation of Nb on the temperature distribution is dis-
played in Fig. 6. Because of the enhanced thermal conductivity and
energy transport made possible by the random motion of nanopar-
ticles, the temperature profile within the boundary layer rises as the
Nb rises. As a result, the boundary layer’s temperature distribution
rises and heat transfer becomes more effective.

Figure 7 shows how the thermophoresis parameter Nt affects
the temperature distribution. The primary cause of the tempera-
ture profile rise with the rise in the thermophoresis parameter is the
improved migration of particles from hotter to cooler regions, which
leads to increased thermal energy transport and more effective heat
redistribution. Higher temperature profiles and better heat transfer
properties result from this. The outcome of Nt on the concentration
profile is plotted in Fig. 8. The movement and accumulation of par-
ticles caused by temperature gradients is principally responsible for
the increase in the concentration profile within the boundary layer
that occurs with an increase in the thermophoresis parameter. A
higher concentration profile results from this migration’s enhance-
ment of the mass transfer and concentration gradient processes. The
impact of Nb on the concentration profile is displayed in Fig. 9. A rise
in Nb denotes a greater intensity of particle movement and increased
diffusion. It can also result in an increase in the concentration pro-
file. More even particle distribution throughout the boundary layer
is made possible by this improved diffusion.

The impact of the activation energy parameter on the con-
centration profiles is shown in Fig. 10, where the concentration
profiles decrease as the activation energy parameter increases. It
serves as an energy barrier that must be crossed by reactants in order
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to change into products. Reaction rate falls with increasing acti-
vation energy parameter. This results in a higher concentration of
unreacted species within the boundary layer because fewer reactant
molecules are transformed into products. The effects of the Frank-
Kamenetskii number δ on the concentration profile are displayed
in Fig. 11. A dimensionless metric used in combustion and chem-
ical reaction analysis is the Frank-Kamenetskii number. It shows
the relationship between the heat produced by a chemical reaction
and the heat lost through conduction. The concentration profile
increases with an increase in the Frank-Kamenestskii parameter.
The concentration gradient within the boundary layer is raised by
the increased reaction rate, which facilitates a greater mass trans-
fer and raises the concentration profile even more. The impact
of the Lewis number Le on concentration profiles is depicted in
Fig. 12. Because heat diffuses more quickly at higher temperatures,
any temperature-dependent reactions or processes can be impacted,
resulting in a faster thermal equilibrium than concentration equi-
librium as the concentration profile rises. Three distinct chemical
reactions and their effects on the concentration profiles are shown
in Fig. 13. When n = 0, the reaction is described by an Arrhenius or
zero-order kinetic model, in which the rate of reaction is unaffected
by the reactant concentration. When n = 0.5, two reactant molecules
are present in sufficient concentration and the rate of the reaction is
bimolecular. Finally, if n = −2, the reaction is sensitized, meaning
that a sensitizing agent has an impact on the rate and has changed
the standard concentration dependency.

A comparison between our current results for the skin friction
coefficient and the Nusselt number and those from earlier research
for different values of m is shown in Tables I and II. The strong
agreement between the obtained results and the extant literature
suggests that our computations were accurate and consistent.

Table III shows that as the stretching/contracting wedge para-
meter and the pressure gradient parameter increase, so does the
skin friction coefficient. This suggests that increased frictional forces
at the boundary layer are caused by higher pressure gradients and
greater stretching or contraction of the wedge surface. The Nusselt
number Nux is examined for a number of parameters in Table IV.

TABLE I. Comparison of f′′(0) with the previous literature when β = λ = δ = 0.

m Yacob et al.17 White18 Khan and Pop19 Present results

0 0.469 72 0.469 72 0.469 72 0.469 72
0.090 0.655 00 0.655 10 0.655 10 0.655 10
0.20 0.802 23 0.802 23 0.802 24 0.802 24
0.33 0.927 64 0.927 71 0.927 71 0.927 71
0.5 ⋅ ⋅ ⋅ 1.038 94 1.038 94 1.038 94
1 1.232 63 1.232 64 1.232 64 1.232 64

TABLE II. Comparison of −θ′(0) with the previous literature when λ = δ = Nt = β
= Nb = 0.

m Khan and Pop19 Kuo20 Blasius21 Present results

0 0.8769 0.8668 0.8670 0.8770
1 1.1279 1.1147 1.1152 1.1279

TABLE III. Variation of skin friction coefficient with numerous parameters.

m λ (Rex)
1/2C f

0.2 0.5 1.715 94
0.4 2.059 12
0.6 2.366 94
0.8 2.643 81
0.5 0.2 1.892 11

0.4 2.004 70
0.6 2.148 64
0.8 2.317 59

0.5 −0.8 1.814 75
−0.6 1.843 52
−0.4 1.905 59
−0.2 1.992 39

TABLE IV. Variation of Nusselt and Sherwood numbers with different parameters.

m Nt Nb Le β n (Rex)
−1/2Nux (Rex)

−1/2Sh

0.2 0.5 0.5 0.5 1.0 0.5 0.049 180 −0.135 72
0.4 0.068 390 −0.124 58
0.6 0.088 673 −0.116 50
0.8 0.108 448 −0.110 66
0.3 0.3 0.5 0.5 1.0 0.5 0.058 533 −0.129 72

0.5 0.024 725 0.081 176
0.7 0.009 814 3 0.297 60
0.9 0.003 705 0.512 50

0.5 0.4 0.1 0.5 0.5 0.5 0.073 794 0.001 338
0.3 0.044 758 −0.200 87
0.5 0.023 246 −0.279 52
0.7 0.010 437 −0.322 34

0.3 0.3 0.3 0.5 1.0 0.5 0.058 533 −0.129 72
2.0 0.056 313 −0.039 974
3.0 0.052 196 0.116 68
4.0 0.046 722 0.336 62

0.5 0.5 0.5 0.3 1.0 0.5 0.059 519 −0.131 35
0.5 0.058 533 −0.129 72
0.7 0.057 633 −0.128 78
0.9 0.056 809 −0.128 45

0.5 0.5 0.5 0.5 1.0 0.0 0.049 968 0.127 38
0.5 0.058 533 −0.129 72
−2.0 0.039 241 0.456 68

The Nusselt number increases with an increase in the parameter m.
On the other hand, a decrease in the Nusselt number indicates a
decrease in heat transfer efficiency and is brought on by increases
in the thermophoresis parameter Nt, Brownian motion parameter
Nb, activation energy parameter β, and Lewis number Le. The table
also looks at how various parameters affect the mass transfer metric
known as the Sherwood number. Higher values of the Lewis number,
thermophoresis parameter, activation energy parameter, and m all
result in an increase in the Sherwood number, which denotes a bet-
ter mass transfer. Nevertheless, as the Brownian motion parameter
increases, it decreases.
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V. CONCLUSION
The reactive two-dimensional steady laminar boundary layer

flow over a wedge is investigated in this work, with particu-
lar attention to the mass and heat transfer of nanofluids using
Buongiorno’s model. A numerical solution is obtained by com-
bining the RK–Fehlberg method with the shooting method. The
impact of physical factors on momentum, energy and concentra-
tion profiles is discussed. The effects of various factors on the
skin friction coefficient, Nusselt number, and Sherwood num-
ber were discussed through tables, and we have the following
conclusions:

Velocity profile: The velocity profile increases as the pressure
gradient parameter increases, while when the shrinking/stretching
wedge parameter increases, velocity decreases.

Temperature profile: The temperature profile increases as the
thermophoresis and Brownian motion parameters increase.

Concentration profile: The concentration profiles rise with the
rise in the thermophoresis parameter, Brownian motion parameter,
and Frank-Kamenetskii number, while the concentration profiles
decline with the rise in the activation energy parameter and Lewis
number.

Skin friction: As the stretching/contracting wedge parameter
and the pressure gradient parameter increase, the skin friction
coefficient also rises.

Nusselt number: The Nusselt number upsurges with an
upsurge in the factor m, while a decrease in the Nusselt num-
ber indicates a decrease in heat transfer efficiency and is brought
on by increases in the thermophoretic parameter Nt, Brownian
motion parameter Nb, activation energy parameter β, and Lewis
number Le.

Sherwood number: Higher values of the Lewis number, ther-
mophoresis parameter, activation energy parameter, and m all result
in an increase in the Sherwood number, which denotes a better mass
transfer. Nevertheless, as the Brownian motion parameter increases,
it decreases.

Future research in this field could go in a number of ways,
such as investigating various combinations of nanoparticles in base
fluids to improve mass and heat transfer. It could also expand the
analysis to three-dimensional flows and non-Newtonian fluids to
more closely resemble real-world scenarios. A deeper understanding
might be gained by looking into temperature-dependent characteris-
tics, magnetohydrodynamic (MHD) effects, and optimization strate-
gies to maximize heat transfer efficiency. Furthermore, the inte-
gration of intricate chemical reactions, phase transition phenom-
ena, and turbulent flow analysis, in conjunction with experimental
verification, would enhance the comprehension of the nanofluid
behavior and its pragmatic uses in sectors such as manufacturing,
environmental engineering, and energy.
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