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ABSTRACT

The secondary consequences of predator species on prey species have substantial implications for population
dynamics. A deeper comprehension of the dynamics between prey and predator can be achieved through the
examination of indirect consequences. This work examines the dynamic behavior of a modified Holling-Tanner
model. The interactions between the species are characterized by a functional response of the Beddington—
DeAngelis type. Factors such as prey refuge, fear factor, disturbance intensity, and cross diffusion have been
taken into account. The boundedness, feasibility of equilibrium points, their stability and restrictions for Hopf
bifurcation of non-spatial model system are derived. The study explores the combined effects of prey refuge
presence and fear factors on population dynamics. Furthermore, the investigation focuses on the stability of
spatial self-diffusion and cross-diffusion model systems, as well as the specific conditions that lead to Turing
instability. Ultimately, it has been shown that in the context of self-diffusion, a moderate level of fear promotes
the survival of prey, whereas an excessive level of dread hinders the survival of prey. Concurrently, the mean
density of prey exhibited a gradual decline as the refuge parameters increased. The spatial patterns of the
population have also been investigated. As the mutual interference between prey populations intensifies, the
spatial distribution of the prey population transitions from a clustered pattern to a combination of striped and
clustered patterns, ultimately settling into a striped pattern. With the gradual growth of the half saturation
constant, the prey population reached a state of uniform distribution. In the scenario of cross diffusion, when
the prey is heavily impacted by the pursuit of predators, the fear effect, when appropriately used, did not have
a significant impact on the survival of the prey. This work adds to the existing body of knowledge by revealing
novel insights into the influence of indirect factors on the behavior of predator and prey populations.

Introduction

dolphin [2]. Moreover, other species, like the Amur leopard, gorillas, and
sea turtles, are currently facing the extinction challenges [3]. Preserving

Gaining a comprehensive understanding of the dynamical behavior
of prey and predators in mathematical biology is of utmost significance,
particularly in ecosystems. This understanding is crucial for accurately
anticipating the interactions between prey and predators and the levels
of predation activity, which are essential for maintaining equilibrium
and bio diversity [1]. Owing to rapid environmental change worldwide,
habitat fragmentation, and the pressures of poaching, numerous species
are on the brink of extinction [2]. Several extinct species include the
passenger pigeon, the West African black rhinoceros, and the Baiji white
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these species is essential for upholding ecological equilibrium and bio
diversity. Relying solely on statistical data to forecast the impact of
various characteristics on the intricate behavior of food webs may not
always be sufficient. Thus, it is necessary to formulate these significant
ecological concerns mathematically for better understanding.

The focus of numerous studies in recent decades have been solely on
the direct consequences of predation for prey populations. Specifically,
researchers have concentrated on predators’ direct predation of prey
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species. However, multiple data sources indicate that predator species’
indirect influence on prey species significantly impacts species dynam-
ics [4-7]. Nevertheless, the environment can only detect instances of
direct killing. However, all prey within any given ecosystem respond
to the risk of predation by exhibiting a range of anti-predator behav-
iors, including alterations in foraging patterns, the selection of new
habitats, increased vigilance, and various psychological adaptations
[8-14]. Typically, alarmed prey animals do not spend much time for
searching food. However, when they are frightened by predators, they
are compelled to adopt strategies like fasting, resulting in a reduction
of the birth rate within that prey species and the lifespan of adult
individuals [4,5]. As an illustration, birds respond to the auditory cues
of a predator, and as a result of their fear response, they abandon their
nesting site. The prey species, filled with fear, employs various tactics
to minimize the chances of being hunted, including seeking out safe
areas or times, gathering in groups, or reducing their movement to
evade detection by predators. They identify alternative locations where
they have a sense of safety. These anti-predator activities may benefit
the survival of adult individuals. Still, the decision to move to a new
place can occasionally have a detrimental impact on their reproductive
success [4].

In 2011, Zanette et al. [15] conducted an experiment which demon-
strated a 40% decrease in the reproductive success of song sparrows
(Melospiza melodia) due to the threat posed by the presence of predator
species. The decline in birth rate can be attributed to the anti-predator
behavior, which negatively impacts both the birth rate and the survival
of progeny. Hence, theoretical ecologists have observed that studying
alone the immediate effects of species is inadequate; a comprehensive
comprehension of species interactions necessitates the examination
of indirect consequences as well. Indirect killing is a more powerful
kind of predation compared to direct killing, as demonstrated in the
studies [8,13,16,17].

Fear can have significant physiological effects on juvenile prey,
perhaps leading to long-term harm in their adult life [15,18,19]. When
prey animals perceive being hunted in a specific habitat, they may
move to a different place with less danger of being attacked. Such
changes could potentially lead to reduced overall fitness in the long
run [4]. Predatory pressure-induced fear in prey population can lead
to physiological stress, potentially manifesting in delayed sexual mat-
uration, lengthened menstrual cycles with extended follicular phases,
impeded ovulation, pregnancy loss (spontaneous abortion), and a pro-
longed postpartum period [4,18,20-24]. Wang et al. [25] integrated
the fear effect into a prey-predator system. Several researchers [26-38]
have recently examined the phenomenon of fear of predation in prey
and demonstrated its significant impact on prey-predator dynamics.
Furthermore, the researchers incorporated the fear response and the
tendency of prey to seek sanctuary into their model [32,34].

Prey typically seek refuge in a secure area when they expect the
possibility of being hunted. The refuge-seeking behavior displayed
by prey impacts the coexistence dynamics between the prey and its
predator [39]. Prey that conceals itself cannot be hunted, leading
predators to seek alternative food sources and consume the prey that is
accessible [40]. This might potentially lead to predators experiencing
competition within their species [41-43]. The present work models
both refuge-seeking behavior and anti-predatory conduct in prey. As-
suming that the predator possesses a large radius of prey preferences,
a prey-predator system is established by employing a modified ver-
sion of the Holling-Tanner model [44-47]. The Beddington-DeAngelis
functional response, as described in the Refs. [48,49], is utilized to
depict the mutual interference between predators. The searching ca-
pability of the predator is adversely impacted by the intensity of prey
refuge [39,45,50-57]. This validates the inclusion of prey refuge in
terms of functional response. Recently, several researchers [58-65]
have integrated refuge behavior into their prey-predator models.

The study [66] acknowledges the substantial impact that spatial and
temporal elements have on ecological models. In a spatially extended
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system involving interacting species, the interaction between the preda-
tor and the prey is a crucial aspect, whereas the diffusion process
becomes relevant when the predator tracks and avoids the prey species.
Predator species possess the fundamental ability to capture prey, while
prey species possess the inherent ability to escape predators. Typically,
the speed at which the prey needs to flee is directly related to the
speed at which the predator species moves around. Conversely, the
attraction of predators to prey species leads them to approach each
other. Thus the speed at which predators pursue their prey could
directly be related to the speed at which the prey moves randomly.
This phenomenon is commonly referred to as cross-diffusion. Notably,
Kerner proposed the concept of cross-diffusion, as documented in his
works from 1975 and 1959. Subsequently, Shigesada and colleagues
included this concept into the competitive population system, as de-
scribed in their publication from 1979. Diffusion is commonly regarded
as a spatial transmission mechanism that moves from higher-density
to lower-density areas. From a biological perspective, cross-diffusion
theory elucidates how prey species employ a security mechanism to
protect themselves from predator attacks.

The cross-diffusion coefficient could be negative, zero, or positive,
whereas the self-diffusion coefficient is always positive. The positive
cross-diffusion coefficient signifies that the population fluctuates in a
manner where one species has a lower density, whereas the negative
cross-diffusion coefficient indicates that a species moves diffusively
when its density is higher. Comprehending the influence of geograph-
ical diffusion on the dynamics between prey and predators has posed
a difficult challenge for bio-mathematicians and ecologists [67]. Cli-
mate variations, water currents, wind patterns, turbulence, and food
supply changes, cause spatial displacement in both land and aquatic
organisms. Hence, in a prey-predator scenario, the dynamics that occur
in space and time hold great importance. Recently, numerous authors
have examined the spatio-temporal dynamics of models in different
fields [68-78]. The phenomenon of spatial diffusion in mathematical
models incorporating refuge-seeking behavior [58,60,61,64] and anti-
predatory behavior in prey [79-82] has extensively been investigated
to date. This study incorporates the fear factor and prey refuge, which
represent indirect predation, into a spatial prey-predator model. The
main objectives of the present work are:

(i) to develop and analyze modified Holling Tanner spatial and non-
spatial model systems in the presence of prey refuge, fear effects and
mutual interference.

(ii) investigating the role of prey refuge in alterations of the interactions
between prey and predator.

(iii) to examine the influence of fear effects on the stability and quali-
tative behaviors of spatial and non-spatial prey-predator interactions.
(iv) to provide ecological insights that how these factors (refuge, fear
effects and mutual interference) affect the overall dynamics and long
term outcomes of ecological systems.

The present investigation is organized as follows: The model has
been described in Section “Mathematical model”. Refer to Section
“Analysis of non-Spatial model” for the mathematical analysis of a
spatially-independent model including bifurcation analysis and impact
of fear and refuge. Section “Stability of Spatial Model” covers the
stability study of the spatial model system. Section “Turing instability
of spatial system with cross diffusion” explores the Turing instability
in spatial systems with cross-diffusion. Numerical simulations of non-
spatial and spatial model systems are detailed in Section “Numerical
results”. The conclusion of this study has been discussed in Section
“Conclusion”.

Mathematical model
Assuming that the prey follow a logistic growth pattern in the

absence of predation and fear effects. Their population dynamics can
be divided into three components: the birth rate, the natural death
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rate, and the density dependent death rate resulting from intra-specific
competition. This leads to the following differential equation:

% = au —du — bi?, ¢}

where, u depicts the prey population, « is the birth rate of prey, d is
the natural mortality rate of prey and b stands for the death rate due to
intra-specific competition. Let v serves as the population of predator.
Field experiments demonstrate that the fear effect reduces production.
Consequently, we adjust Eq. (1) by multiplying the production term
by a factor f,(/,v) which reflects the cost of anti predator defenses
resulting from fear. Thus

% =af,(l,v)u — du — bu?. 2)
Here, the non-negative parameter / explains the level of fear which
derives anti predator behaviors of the prey. Considering the ecological

sense of /, v and f,(/,v), it is reasonable to assume that

. . ofi(l,v)
f1(070)=1,f1(1,0)=l»lllmf1(l7v)=0, lim f1(/,0) =0, 3l
of L,
0, 20¢0)
ov

While some arguments beliefs [83] suggest that fear could result in
diminished adult survival rates due to physiological effects during
youth, there is a lack of direct experimental evidence supporting this
notion. Consequently, we do not include this factor as variable in our
modeling efforts treating » and d as constant for the purpose of this
study.

Further, we introduce a predation term g(u, v) to Eq. (2) resulting

in the following differential equation related to rate of growth of prey
species:
% :af](l,u)u—du—buz—g(u,u). 3
There are some famous functional responses in the predator—prey
interaction system, namely, Holling, Beddington-DeAngelis, Monod—
Haldane, Michaelis-Menten, ratio-dependent, Leslie-Gower and
Crowley-Martin type. Here the Beddington-DeAngelis type interaction
between the predator and prey species has been assumed. If m symbol-
izes the sanctuary safeguarding prey, then (1 — m)u denotes the prey
exclusively accessible to predators. Thus the predation term takes the
following form:

p(1 — m)yuv

g.v) = co+b(1—mu+a;’

where, the parameter p signifies the predation rate, whereas m (where
0 < m < 1) denotes the amount of refuge accessible to the prey. The
parameter ¢ measures the extent of interference among predators. The
parameters b; and a; indicate the mutual interference between prey
and the half-saturation constant, respectively.

Now, we incorporate a particular type of expression for f;(/,v) that
satisfy the above mentioned property. Therefore, the Eq. (3) has the
following form

p(1 — m)uv
co+b(l—mu+a,

du _ au . 5
g T e

The predator-prey system of the Leslie type was first introduced by
Leslie [84]. The Leslie-Gower term has the following form for predator

species in the presence of prey refuge

C))

dv pv*

— =00 ——————,
dt (1 =mu+b,
where, the symbol § signifies the growth rate of predator species, while
p is the conversion coefficient of prey-provided food into predator birth.

The positive constant b, denotes the half saturation constant.

Han et al. [80] examined the consequences of cross-diffusion in
a predator-prey model incorporating the fear effect, considering the
prey’s group defense and the predator’s random movement towards

)
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areas with lower prey density. So it becomes crucial to investigate the
proportion of prey involved during the interactions of prey-predator
and the percentage of prey seeking refuge for safety. The dynam-
ics of the model could significantly be influenced by the presence
of prey. Thus, this study examines a two-species reaction-diffusion
model including the impact of fear and prey refuge incorporating the
Beddington-DeAngelis type functional response. Since spatial prey—
predator models are essential for capturing the complexity of ecological
interactions in real-world landscapes, leading to better understanding,
prediction, and management of ecological systems. Therefore, the dy-
namics of interacted prey and predator species is described by the
following set of partial differential equations:

1-
ou _ _au — du— b — p(1 — myuv +D1V2u, 6)
ot 1+1v cv+b(1 —mu+a;

ov po* 2

— = 60— ——  + D, V-, 7
o T U—mu+b, T2 )

along with initial restrictions
u(x,y,0>0, v(x,y 0)>0, for (x,y) €, (8)
and boundary restrictions

M _9Y _ 0 (x, y) €0 forall 1. ©)
on  on

The Laplacian operator V2 is frequently utilized for space of two-
dimension. The diffusion coefficients D, and D, indicate the rates at
which the prey and predator diffuse, respectively. The vector n denotes
the outward normal direction of the border 0.

The biological meaning of all the non-negative parameters in the
model system (6)—(7) with their precise units have been summarized
in the Table 1.

Analysis of non-spatial model

Initially, we concentrate on examining the well-posedness of the
non-spatial model. We also analyze the stability of all possible equi-
libria that occur in the non-spatial model. The model system without
diffusion (associated with the spatial system (6)-(7)) is given by the
following system of ordinary differential equations:

du au 2 p(1 — muv

L —du—bid - — PNy p ), 10
g e T T et a, Y (10)
dv pv?

— =fv-— = ,0). 11
ar =T U murs, - WY (1)

The initial conditions are given by: u(0) > 0, v(0) > 0.
Well-posedness

In the following lemma, we have demonstrated that any solution of
the model (10)-(11) is both bounded and eventually contained within
the set A.

Lemma 1. The set

A= {(u(,), o) 0 <u( < 2, 0 <o) < Stall = m) + bby) }

bp
forms a positively invariant set and attracts all solutions that begin within
the positive quadrant’s interior.

Proof. From Eq. (10) with initial restriction, we have

_ T a p(1 —m)v
ll(t) = u(O)exp(/O |:]+_[1_) —d—bu— m]dT) > 0. (12)

From Eq. (11) with initial condition, we get

_ s pv
u(t) = u(O)exp(/0 [5 Tt deT) > 0. (13)
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Table 1
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Biological explanations of the parameters associated with the model (6)-(7).

Parameters Biological meaning Unit

a Prey species’ growth rate [time] !

1 Fear factor [density]~!

d Mortality rate of prey species due to natural causes [time] ™!

b Mortality rate of prey species caused by competition within the same species [density]~![time] ™!
P Predation rate [time]™!

m Prey refuge (0 <m<1) -

c Mutual interference between predators -

b, Mutual interference between prey species -

a, Half saturation constant [density]

F} Growth rate of the predator species [time]~!

B The amount of food provided by prey is turned into predator offspring. -

b, Half saturation constant for predator [density]

D, Rate coefficient for the diffusion of prey species itself [length]?[time] ™!
D, Rate coefficient of self-diffusion for predators [length]?[time] !

Thus, based on Egs. (12) and (13), every solutions of the model (10)-
(11) are included within R2 = {(u,v) : u > 0,0 > 0} for the specified
initial circumstances. From the first equation of the non-spatial model
(10)-(11), we derive

% < u(a — bu).

Using the comparison principle, we have

lim sup u(t) < 2 a4
t—00 b

Also, using the second equation of model (10)—(11) and inequality (14),
we get

dv bpv
Weple-—22 ).

dz‘”( (1—m)a+bb2>
In the same way, we have

. 6{a(l —m) + bb,}
Ilin; supv(t) < T (15)
Thus, from inequality (14) and (15) along with positivity of solutions,
we summarize that every solutions of non-spatial system are bounded
inR2. O

Stability analysis

Regarding the equilibrium points, we equate 2 = 0, % = 0. Model
(10)—(11) has four types of ecologically feasible equilibrium points:
(i) Ey(0,0) is a species free equilibrium point;

(i) E,(@@,0); where & = @=d) is feasible if and only if a > d,
i.e., predator free state occurs only when the growth rate of prey
species is greater than its natural death rate;

(iii) the equilibrium point free from prey is E,(0, &), where & = %;

(iv) the coexisting equilibrium points are E; <u*, w ) , where
u* are the positive solutions of following cubic equation, 4,4 +
B\u? + Cyu+ L, =0, where,

Ay = 8bl(1 — m)*(by f + ¢6) > 0,

By = (1 —m)(I6(1 —m)(bydp + (cd + p(1 —m))6) + b(by f(f + by15)
+6(cp+ a|lp +2bycls))) > 0,

C, = (ayb+ by (a— d)(m — 1)p* + (bb,(c + a;1) + ac(m — 1)
— (m=1)d(c + ay] + b by]) + p(1 — m)))ps
+ byl(bbyc — 2(m — 1)(cd + p(1 — m)))62,

L, = —ap(a,f + bycd) + (B + byl8)(a,dP + by(cd + p(1 — m))é).

Obviously, the number of coexisting equilibria directly depend
on the sign of C; and L,. Thus, it could be summarized as
follows:

(@) If C; > 0 and L, > 0 then no coexisting equilibrium point
comes in picture;

(b) if L; < 0 then there is feasibility of one coexisting equilibrium
point;

(¢)if C; < 0 and L; > 0 then two coexisting equilibria are
admissible.

Thus, the model system (10)-(11) has at most two coexisting

equilibria.

Theorem 2. For species free equilibrium point E(0,0), we have
(D) if a > d, then E, exist in unstable mode;
(i) if a < d, then E, is a saddle point along with stable manifold in

u-direction and unstable manifold in v-direction.

Proof. The eigenvalues of Jacobian matrix at E, are v; = (a — d) and
v, = 8. Thus, if a > d then v; > 0 and v, > 0, hence E(0,0) is unstable.

If a < d then v <0 and v, > 0, therefore E, is a saddle point. []

For predator free equilibrium point E, (%,0), the eigenvalues
associated with Jacobian matrix are vj = (d — @) and v, = §. By

the feasibility condition of E,, it is obvious that v; < 0 and v, > 0.

Therefore, the theorem presented below is

Theorem 3. The equilibrium point free from predator E, is a saddle point

with stable manifold in u-direction and unstable manifold in v-direction.

For prey free equilibrium point E, (0, %), the eigenvalues corre-

ap__ _ g _ pA=mbys
B+lby chyotar p

sponding to Jacobian matrix are v, =
thus we have

and v, = -6,

Theorem 4.

(i) The equilibrium point free from prey E, is locally asymptotically

. af p(1=m)by 6
stable if Pt d chyo+a f’

i.e., the birth and death rate of prey

species play a vital role to maintain the stability of E,,

aey aff p(1=m)by &
@i 'f P+Iby6 > d+ chys+a B’

manifold in u-direction and stable manifold in v-direction.

then E, is saddle point with unstable
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The Jacobian matrix evaluated at E;(u*, v*) (i=3, 4) is given by

w b+ by p(1—m)*v* w [ ——e p(1=m)(b; (1—m)u*+a,)
J = (CU*+b1(l—m)M*+a1)2 (1+ley? (Cv*+b|(l—m)u*+a|)2
B(1=m)v* B
((A=mwe+b,)’ (I—mu*+b,
Y by p(1—m)>v* Y p(1=m)(b; (1—m)u*+a,)
— (L'U”+b,(l—m)u*+a1)2 (I+10*) (cv*+b,(l—m)u*-%—a|)Z
(1-m)s? _5
B

_ (jll j12>
Ja1 Jn
Now, we can determine the eigenvalues of the aforementioned matrix
by solving the following characteristic equation

V2 —tr(J)v + det(J) = 0, (16)

_ pbi(1=m)*utv* _
where, 1r(J) = —(a1+b1(11—m)u*+cu*)2 (bu* + ),
— * £l * *\2

det(J) = @ T (o s it 25 5{2alb(b1(l —mu* +cv*)(1+1v*) p+
b(by (1 — myu* + cv*)*(1 +10*)? B + a; (1 — m)(2alb; (1 — myu* + 2alcv* + (1 —
m)p(1 +10*)2)5 + @ (b(1 + 10*)? B + al(1 = m)8) + (1 — m)(@lb*(1 — my?u*?5 +
alc®v*2§ — by (1 — m)(—2alcu*v*s + p(1 + 1v*)2(v*f — (1 — m)u*5)))} > 0.

Theorem 5. The equilibrium point E; (i=3, 4) is locally asymptotically
stable if b;p(1 — m)>u*v* < (bu* + 8)(a; + by (1 — mu* + cv*)%

Proof. Due to the well-established nature of the underlying concepts,
a formal proof is not provided. []

Theorem 6. Suppose the following inequality hold in A
pby(1 — m)>v*

b> Ao o) 17)
( al pbi (1 - m)2u* — a;p(1 —m) 3 a vt )2
A, (v) As(u,v) Ay(u) a1s)
pby (1 — m)?v* \ 7 a;(1 — m)Pu* + a, b,
< 4("_ A3, ) )( A, @) )

then the equilibrium point E;(u*, v*) exhibits global asymptotic stability for
all solutions originating within the interior of the positive quadrant A, where
A;(i = 2,3,4) is mentioned in the proof part.

Proof. For equilibrium points of the model system (10)-(11), we have

- * *
d=—2  —pu - p = mo d&:ﬂ;.
1+ Iv* cv* + b (1 — mu* + a; (1 —myu* + b,

So from above Eqns. of equilibrium points, model (10)-(11) reduces
in the following form:

ﬂ—u a_ __a _ p(1 —m)v
dt L+lv  1+1v* cv+b(1 —mu+a,
p(1 — mo*
cv* + by (1 —mu* + a;

—b(u — u*) >,
dv _ < —pv po* )
— =v + .
dt =-mu+b, (1-mu*+b,

Now, we define P(u,v) : R?> - R in such a way that

P(u,v) = Pi(u,v) + Py(u,v),
where P/(u,v) = u — u* — u*ln(%) and Py(u,v) = al<u - v* =

v*ln(%)). Here, «; is a positive constant and defined as below.
o
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Clearly, this function P(u,v) is well defined and continuous on Int(R?)
. 0P (u,v)
except E;(u*,v*) and vanishes at E;(u*, v*). Further, ———— > 0 when

0P (u,v) 0P, (u,v) g
Jv

u > u, < 0 when u < u* and > 0 when v > v
u

0P, (u,v ) .
and L < 0 when u < u*. Thus, P(u, v) attains minimum value at

w*, v*). NUow

ﬂ_(u—u*)ﬂ_(u_u*) a
dt ~  u dt 1+

a " p(1 —m)v
- -bu-v)-| ——————
1+ Iv* cv+b(1 —mu+a,

p(1 —mv*
cv* +by(1 —mw* +a, ) |

d P —v* — *
—2=al(v U)@=a1(v—v*) po + pu .
dt v dt A-mu+b, (1—-mu*+b,

Thus, after some simplification the derivative of P(u,v) is given by

_ 2 %
dt As (1, 0)

B al + pbi(1 — m)%u* 3 a;p(1 —m) _ av*
Ay (V) Az(u,v) Az(u,v) Ay
(11(1 - m)ﬂu* + albzﬂ )(U _ U*)z

Ayu)

where, A,(v) = (1 + lv)(1 + [v*), A3(u,v) = (cv+ by(1 — m)u + a;)(cv* +
by(1 — myu* + ay) and Ayw) = ((1 — myu + by) (1 — mu* + by).
The Eq. (19) could be reduced in the following form

19

X —u")(v—0")— (

% =—my(u-— u*)? + mypp(u —u*) (v — ") = myy (v — v, (20)
pb;(1 — m)?v* al pby(1 — m)?u*
where, m;; = <b— —), = _< -
As(u, ) A, () As(u, v)
ap(l—-m) av* ay(1 —m)pu* + a;b,p
_ ) and my, =
Az (u,v) Ay(u) Ay(u)
For — to be negative definite, the following inequalities must be
satisfied:
my; > 0,my, >0 and m%z <4dm my,.
Hence the theorem follows. [
Transcritical bifurcation
Firstly, let us define, f(u,v) = M b - _ pdomuw
I+1v cv+b (1 —mu+a
2
and g(u, v) = Sv— L The Jacobian matrix evaluated at trivial
(1 —mu+b,

equilibrium point E(0,0) is

(a—d) O
e 0]

JE, possess zero eigenvalue if a = d. Now let us consider that X and Y
be the .eigenvectors of Jp, .and JET0 corresponding to zero eigenvalue,
respectively. Thus we obtain

=()=0) = 0)-6)
Xy 0 s 0
Further, we compute the expression 4,4, and 4; for ensuring the

transcritical bifurcation as discussed in Sotomayor’s Theorem [85]. So
we have

0
4, =YT[F,0,00=[1 0 [o] =0,

1
4, =YT[DF,0,00]=[1 0] H =1#0,
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43 = YT[D?FI(0,0), al(X, X)] = y; (f1u X2 + 2 X1 %2 + [1X3) + ¥2( X3 +
28,,X1 Xy + gm:x%) = -2b # 0. Hence by Sotomayor’s theorem, E,
experiences a transcritical bifurcation if a = d.

Theorem 7. The model (10)-(11) undergoes a transcritical bifurcation
around the trivial equilibrium point E,(0,0) with respect to bifurcation
parameter a, if a = a"C = d, where a" is the critical value of bifurcation
parameter.

Hopf bifurcation

Let us assume that g is equal to the product of ¢ and §, where
¢ is greater than zero. The Jacobian matrix for the positive interior
equilibrium E;(u*, v*) is:

J(Ey) =
u* | =b+ pby(1=m)2v* o (= pa=m(Bi—mutta))
(ct,'*+b1(l—m)u*+al)2 (1+v*)? (CU*+171(1—"1)'4*"'“1)2
(I—fm)& -5

The matrix’s trace and determinant are given by
2 s
pby (1 =m)*v > s
(cv* +b, (1 —myu* +a,)’

pby (1-m)*v*
(cv*+by (1=myu*+a; )

p(A—m)(by(1-m)u*+a;)
(cl;*+b](l—m)u*+a1)2 ’

tr(J(E3) = u* <—b +

det(J(E3)) = —6u* <—b +

1-m)é al
+( 3 : w <(l+lu’:‘)2

pby (1-m)*v*
(cu*+b|(1—m)u*+a|)2 ’
As det(J(E3)) > 0, thus the stability of E; is established by tr(J(E3)).
When 6§ > §,,, the equilibrium point E; is locally asymptotically stable.
When 6 < §,,, the equilibrium point E; exist in unstable mode. When
& = &g, tr(J(E3)) = 0. Since det(J(E;3)) > 0, therefore the Jacobian
matrix J(E;) has only a pair of simple purely imaginary eigenvalue.
The characteristic equation corresponding to matrix J(E3) is

Suppose det(J(E;))>0 and determine 6, =u* | —b +

V2 — tr(J(E3)v + det(J (E3)) = 0. (21)

Substituting v = # + i¢ in Eq. (21) near é = §,,, and analyzing real and
imaginary part we get

n? = ¢* — ntr(J (E3)) + det(J (E3)) = 0, 22)
2n¢ — Pptr(J (E3)) = 0. (23)

From Eq. (23), we have

n= S (E), @4)
Eq. (24) rewritten as

Re(v(6)) = %tr(J(E3)). (25)
Taking derivative of Eq. (25) with respect to 5, we obtain

dRe(v(8)) _ 1

s -3 #0. (26)

Therefore the transversality condition holds. Following theorem sum-
marizes the above discussion.

Theorem 8. Let det(J(Ej3)) > 0 and the critical value of § is given as

b, (1 — 2 %
5cr=u*<—b+ phy (- m) o 2>,
(cv* +by (1 —m)u* +ay)

then model (10)-(11) experiences Hopf bifurcation around E; at 6 = é,,.
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Stability of limit cycle

We compute the Lyapunov coefficient ¢ at the equilibrium point E;
of the system in order to assess the stability of the limit cycle. For the
same, we shift the function E;(u*,v*) of the system (10)—(11) to the
origin using the transformation u = & — »* and v = 0 — v*. The system
(10)—(11) near the origin can be expressed as

da _ . - ~2 PN -2 -3 2 o P

a = oo + ag U+ axout™ + o U0+ app0” + azglt” + ap U0 + Ul
+ a0 + Fi(@,0),

do . . 2 an 2 3 JOIN %)

E:ﬂ10u+ﬂmu+ﬂ20u + P1100 + P07 + Pagli” + o170 + P10

+ o3 0° + Fy(2, D),

1 oHF

Where, F(Ll, U) = ufz(u, U), G(M, U) = Uf3(u, U), a,-j = mml(u*,v*),

Bij = ﬁ%l(,ﬁ,v*) and F;(@,0) (i = 1,2) are power series in powers
of #' i/ satisfying i + j > 4.

Referring to the Lyapunov coefficient (¢) in a general planar system
(10)—(11) (as mentioned in [85]) is given by: ¢ = —2 3’;% {[ozlo/}]()(ozlz1 +

%01

@11 Boz + @aBi1) + aiogr (B, + aagBiy + 11 Bon) + By g + 2002 0) —
2“10ﬁ10(ﬂg —0‘02“20)—2“100‘01(ago—ﬁzoﬂoz)—agl(2a20ﬁ20+ﬁ11ﬂ20)+(‘101ﬁ10—
23 (P11 By = 11 @20)] = (@ + o1 B10)[3(B10Bos — o1 @30) +2at19(etzy +Bro) +
(Broa1z — a1 1)1}, where, 4 = ayofy; — g Bo-

The Lyapunov coefficient (o) results from the algebraic combina-
tion of «; and f;;. The sign of o cannot be predicted due to com-
plex algebraic expression. Hence, we present the following numerical

example:

Numerical example

Consider a = 0.6, d =0.3, p=0.15, b=0.1, by =6, a; =0.01, ¢ = 0.5,
B =0.016, b, = 0.015, m = 0.01, I = 4. For these parametric values, the
Hopf bifurcation occurs at threshold value 6 = 6., = 0.03. The value of
o for these parametric values is —1606.69 which is less than 0. Thus, the
Hopf bifurcation is of supercritical type. Hence, a stable limit cycle is
created around E;(u*,v*) = (0.0786,0.1741). A limit cycle is evident in
Fig. 4(d).

Consequences of fear factor (I) and prey refuge (m) on species density

Impact of fear factor (I) on prey and predator density

Since the prey density for the coexisting equilibria is evaluated
through positive solution of the equation A,u? + B,;u®> + Cju+ L, = 0.
We aim to analyze the impact of varying fear factors on prey popula-
tion levels. Thus, we differentiate the above mentioned equation with
respect to /

dA, dB, dC, dL,
du B (u37+u27+u7+7)
(BAu? +2Bu+C)) u=u*

5

Al e

dA, 5 dB,
where, —L = b3(1 = mP(bif + ¢8) > 0, —= = (1 = m)(b3(a,p +
bybyf + 2byc8) + (1 — m)d(b, pd + (cd + p — mp)s)) > 0, % = (arbb, +
d(a; + byb))(1 — m)P6 + by(bbyc +2(1 — m)(cd + p — mp))s> > 0, LL =
by6(aydp + by(cd + p — mp)s) > 0. A, B, C; and L, have same
meaning as mentioned in Section “Stability analysis”. If the coexisting
equilibria exist and / > 5 hold, i.e., the fear factor (/) is greater
than a threshold value then the prey density starts to decrease, where,
Py = p(a(l —m)(b, B+ c8) — a,bf — bbycs — (1 — m)(b,d f + (cd + p(1 — m))5)),
Q5 = 8(ay (bby+d(1—m))B+by(bbycs+(1—m)(by d f+2(cd+p(1—m))5))). This
indicates that the fear factor leaves negative impact on prey density
when fear factor crosses a level.

The predator density for coexisting equilibria is calculated as fol-

(1 = m)du + bys
lows: v = ——M—=—

1—m)é . o T
% = ( ﬁm) % This derivative shows that the variation in predator

. The derivative of v with regard to / is
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population density is influenced by the changes in prey population
density. If the prey population decreases, the predator population also
decreases. Therefore, fear decreases the individual of prey directly and
the predators indirectly.

Impact of prey refuge (m) on prey and predator density
Similarly, as mentioned before, the influence of prey refuge (m) on
species density can be analyzed. The dependency of prey population on
the refuge parameter is presented below.
JdA, dB, dC, dL,
du __(u W+u2d_m+ud_m )
dm | (3A1u2+231u+C1) u=i*

>

dA, dB,
where, — = —2bI6(1 — m)(b;f + ¢6) < 0, — = —I6(1 — m)(2b,;dp +
dm dm

(2cd +3p = 3mp)d) — b(b1 f(P + by16) + 6(cf + alf + 2b,ycld)) < O, % =
by(a—d)B? +(ac —d(c+(a + by by)) = 2(1 = m)p)BS — 2by1(cd +2(1 — m)p)62,
% = —b,p6(B+b,15) < 0. Here A;, B, C; and L, have same meaning
as mentioned in Section “Stability analysis”. If the coexisting equilibria
exist with the condition C > 0 and the prey refuge parameter (m)
satisfies 0 < m < B, where, R = bydp(f + by16) + 6((cd + aydl +
2p)B + 2byl(cd + 2p)8) — ap(b,p + ¢8), S = 2p5(B + 2b,15), then prey
density increases as prey refuge increases. Thus, if the prey refuge value
increases and lies in a particular range then it leaves positive impact on
the prey population for their survival.

Furthermore, we calculate the variation in the predator population
relative to prey refuge as j— = (( —m)d—m —u) From this expression,
it is obvious that if prey ;opu{}atlon decreases with respect to prey
refuge, i.e., j— < 0 then y < 0, i.e., predator population decreases.

d

Moreover, if prey population increases, i.e., d_u > 0 then the nature
m

of ﬂ, i.e., change in the predator population with respect to prey
refuge, will depend on the strength of prey species (u). Thus, if prey
refuge increases and lie in a particular range (0 < m < —) then predator
population may increase or decrease according as the strength of prey
population.

Stability of spatial model

Our investigation focuses on the spatial behavior of the model
(6)-(7) by using a linearized approach around E;(u*, v*) :
%= jyya+ 20+ DV,
27)
= = ot + jpp 0+ Dy V0,
where we add little disturbances & = u —u* and & = v — v*. Suppose the
solution of the model (27) has the form:

i /
<u> = ( 1> exp(41) cos(k,x) cos(kyy),
0 Iy

where /; and /, are tiny constants, k, and k, specify the wave number
components in the x and y directions, and 4, is the wavelength. The
variational matrix of the linearized model (27) is provided as follows:

Fe i =Dy Ji2
J21 J2 — D22

The wave number, denoted as k, is defined by the equation k* = k7 +k.
The characteristic equation of J is
A2 —tr(N Ay +det(J) =0, (28)

where, tr(J) = jj +ja — (D} + Dy)k?, det(J) =
JaaDK? + D D,k*.

Urd22 = Ji2d2) =G D2+
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Theorem 9. The equilibrium point E;(u*, v*) is locally asymptotically
stable in the presence of diffusion if the conditions of Theorem 5 hold.

Proof. The proof, based on the Routh-Hurwitz criterion, is omitted for
brevity. [J

Let us now shift our focus to the full picture and consider the
complete model (6)—(7).

Theorem 10. If the equilibrium point E;(u*, v*) of model system (10)—(11)
is globally asymptotically stable, the corresponding uniform steady state of
model system (6)—(7) is also globally asymptotically stable.

Proof. To investigate the stability characteristics of this comprehensive
system by following [86], we introduce the following function W/(7),
satisfying the property of positive definiteness:

W) = / / P(u,v) dA, 29
Q

where P(u,v) is given in the proof of Theorem 6. Taking derivative
of Eq. (29) with respect to time ¢ throughout the solutions of model
(6)-(7), we obtain

— =1+ 1, 30
P 1t 1o (30)

//—dA and 12_// p, 2P V2u+D(())PV v)dA.

Using Green’s first identity in the plane

) oF,
F\V’F,dA= | F,—ds— (VF|.VF,) dA,
Q o ~ On Q

JoF.
where, a—z is the directional derivative in the direction of the unit
n

outward normal to 0£2 and s is the arc length. Then with F, = (;—P and
u
F, = u, we obtain,
O
ou on
2
//”P +<‘3“> dA <0.
o ou? dy
2P
Since Fri =0 and o > 0, we obtain
2
+ <%> ] dA<L0.
dy

[ fiwean= [ [ 520

Similarly if we take F| = 3—P and F, = v, we obtain,
// 9P o2, / 9P ov
v on
2
//‘)P +<a”> dA <0,
o 0v? dy

»?
alsoasg——Oa dd—P>0 we have

[ fgewvan==] 55|+ () |aaso

This indicates that I, is less than or equal to zero. From above, we
note that if I, <0, then d—P < 0. This implies that if in the absence of
diffusion, E; is globally asymptotlcally stable, then in the presence of
diffusion, E; will remain globally asymptotically stable. []

Turing instability

We know that there are two conditions for the emergence of Turing
patterns. Firstly, the equilibrium point remains stable under spatial uni-
form disturbance (i.e. without considering spatial diffusion); secondly,
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— m=0.05 — m=0.15 — m=0.25 — m=0.35

m=0.45

Fig. 1. Dispersion diagram of model (1)-(2) with specific values assigned to the parameter m. The values of relevant parameters are, a = 0.6, d = 0.01, b=0.1, / = 0.8, p=0.2,

c¢c=05, b =1, a, =0.025, § =02, p =0.016, b, = 0.025. The diffusion coefficients are D, = 0.1 and D, = 50, respectively.
. . . . A . o _ . . - -
under the spatial non-uniform disturbance (i.e. considering spatial o = Jufitind+ Dy, V2i + Dy, V25, (36)

diffusion), the equilibrium point exists in unstable mode, that is, there
is an eigenvalue whose real part is positive. Here, we study the con-
ditions under which Turing patterns can be generated at the positive
equilibrium point E;u*,v*): () ji; + jop < 0; (i) jy1jop = Jizjo1 > 0;
(i) 022 H2D0 o) 1Dy 4 jyyD))? > 4D, Dydet(J). Due to

2D\D,
the difficulty in calculating the specific expression of E;(u*,v*) and
the algebraic complexity of its eigenvalues, we cannot further obtain
more specific conditions. Therefore, to gain further insights, we employ
computer-aided numerical simulation for a comprehensive analysis
and obtain the dispersion diagram of system (1)-(2) (Fig. 1). We can
find that the real part of the eigenvalue gradually increases with the
decrease of parameter m in the suitable range of parameters. Turing
patterns emerge when the real part is positive.

Turing instability of spatial system with cross diffusion

Next, the influence of cross diffusion on model system (10)—(11) is
considered, and the model adopted is as follows:

ou au 5 p(1 — muv 2 2

— = —— —du-bv*— ————— 4+ D,;V?u+ D,V (31
o = Tal T s T Ao e TPV et DV B
ov po* 2 2

— =6v— ———  + D, Vu+ Dy, V°u, 32
o T A—muth, AT ERYY 32)
with initial restrictions

u(x, y,0)>0, o(x,y, 0)>0, for (x,y) € £, (33)

and boundary conditions

du_dv_ 0, (x, y) € 022 forall t, (34)
on  on

where D,; and D,, are self diffusion rate coefficient of prey and
predator, respectively. D;, and D,, are cross diffusion rate coefficient,
respectively. D, represents the tendency of the prey to evade predators
and D,, quantifies the predator’s predatory behavior towards the prey.
The value of D, and D,, may be positive or negative. If the diffusion
coefficient is positive it means the population spreads from areas of
high concentration to areas of low concentration, conversely, a negative
diffusion coefficient signifies net movement against the concentration
gradient, from low to high density regions. The remaining parameters
are defined in the same way as for model system (6)—(7). Next, we
linearize the model and analyze (31)-(32) at E;(u*, v*) in the following
way:

% = jfi+ j120+ Dy V2 + D, V25, (35)

where, we introduce slight disturbances to the system & = u — u* and
b = v — v*. The model (31)-(32) has a solution of the following form

i(r, 1) = aet*ikr, (37)

ﬁ(r, l‘) — ﬁeMJrikr’ (38)

where k is the wave number, a and § are sufficiently small constants
and A is wave length. The Jacobian matrix of model (31)-(32) is

j_<jn = Dyk*  jip = Dppk? )

-\ 2 2 )

Ja1 = Dyyk®  jop = Dok

The characteristic equation of J is written as

22 —tr(J)A + det(J) =0, (39)

where, tr(J) = ji; + jo — (D1 + Dy)k?, det(J) = (ji1jon = jiojo1) —
U11Daa+i2o D1y =j12 Doy —jo1 Din)k* +(Dyy Dyy — Dy, Dy k. Therefore, the
necessary conditions for Turing patterns to be generated at equilibrium
point E;(u*, v*) are (i) ji; + jyp < 0; (i) ji1jm — Jiojar > 0; (iii)
JnDx +jnDiy = j12Day = ja1 D) > 0; (iV) (11 Do + i D1y — j1o Doy =
Jj21D12)? > 4(Dy; Doy — Dy, Dy)det(J). Because of the intricate algebraic
nature of equilibrium points and eigenvalues, the critical values for the
emergence of Hopf bifurcations and Turing branches cannot be visually
presented here. Numerical approaches are used to analyze the Turing
region as depicted in Fig. 11. Region I exhibits an unstable solution,
leading to Turing instability. All solutions in area II are stable. Hopf
instability is present in area III, while Turing-Hopf instability is present
in region IV (see Fig. 2).

Numerical results

Building upon the theoretical analysis of the predator—prey model,
this section presents numerical simulations of both the non-spatial and
spatial models. Fig. 3(a) shows that when we have moderate level of
fear and refuge then two coexisting equilibria exist. Also, if prey refuge
values crosses a level then coexisting states reduce from two to one (see
Fig. 3(b)). Further, if the fear level becomes high then the coexistence
of species is not possible (see Fig. 3(c)).

Non-spatial model
In Fig. 4(a), 6 = 0.01, the solution curves approach a stable coexis-

tence (0.2856,0.1861). In Fig. 4(b), as intrinsic growth rate of predator &
increases from 0.01 to 0.03 then these solution curves oscillates around
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Fig. 2. Diagram depicting bifurcation of model (31)—(32) in D,, — I/ parameter plane.
The values of ecosystem parameters are, a = 0.6, d = 0.01, b =0.1, p = 0.2, ¢ = 0.5,
b, =1, a, =0.025, 5 =02, f =0.016, b, = 0.025. The diffusion coefficients are D,, = 0.8,
D, =-04 and D,, = 1.

the equilibrium point (0.0786,0.1741). Additionally, as intrinsic growth
rate 5 become 5 = 0.06 then the system exhibits a tendency towards
the absence of prey, converging on the state where prey population is
zero (0,0.0563), as shown in Fig. 4(c). Fig. 4(d) is the phase portrait
corresponding to Fig. 4(b). Thus, the intrinsic growth rates play a very
vital role to make the system stable, oscillatory and prey free.

Spatial model

With the aim of understanding how the system behaves over time
and space, we present the spatial distribution patterns of prey and
predator species in this section, generated using computer numerical
simulations. This simulations utilize the approach of backward finite
difference, the study area is a 200 x 200 grid, and its boundary satisfies
Neumann boundary conditions. The space step size is Ah = 2, and
the time step size is Az = 0.1. The choice of initial restrictions is
a recognized determinant of the system’s dynamic behavior. For the
purpose of obtaining the spatiotemporal dynamics of the nontrivial
equilibrium, we begin by initializing the system with a small, random
perturbation near the non-trivial equilibrium point. In the numerical
simulation, our analysis reveals that the spatial distribution patterns of
both prey and predator populations exhibit the same characteristics.
For the sake of clarity and conciseness, only the spatial distribution of
the prey population is depicted here. Moreover, from system (6), we
recognize parameter / representing the fear effect, while parameter m
embodies the concept of refuge for the prey. In light of these established
relationships, this study delved into exploring the impact of parameters
[ and m on the spatial distribution of the prey species.

Effect of the fear factor |

The investigation of the fear factor’s influence on the prey’s spatial
distribution involved systematically changing only parameter /, while
holding all remaining model parameters fixed. Therefore, we chose
six different parameter values to simulate the spatial distribution of
prey (Fig. 7). Fig. 7 shows the spatial distribution of prey species
under different fear factors. The investigation demonstrates that as the
fear factor (/) increases, the overall spatial distribution pattern of the
prey population remains largely unchanged, retaining its characteristic
spot pattern structure. However, results indicate a gradual rise in
the maximum value and a gradual decline in the minimum value of
the prey population’s density function. That is, the density difference
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between the prey populations is increasing (see Fig. 8). In addition, we
also examined the behavior of the prey population by analyzing the
changes in its average density. (see Fig. 9a). Our analysis reveals that
the average density of the prey population exhibits a tendency towards
stability over time. However, an increase in the fear factor (parameter
1) is accompanied by a gradual rise in the average density. However,
results indicate that beyond a certain level, further amplification of the
fear factor (/) leads to a gradual decrease in the average prey density
(see Fig. 9b). This suggests that appropriate fear is beneficial for prey
survival, while too much fear factor will inhibit prey survival.

Effect of the refuge m

In Fig. 10, we show the corresponding changes of the spatial
pattern of the prey population at different level of refuges, m =
0.05,0.15,0.2,0.25. The simulation results show that with the change of
parameter m, although there is no significant difference in the pattern
structure, there is a notable disparity in the average density of the
prey population. The time series diagram (Fig. 11) shows that the
average density of the prey population eventually stabilizes over time.
Additionally, a positive correlation is observed between the average
prey density and the refuge value (parameter m).

Beddington—DeAngelis functional response

Here, we explore how variations in certain parameters of the
Beddington-DeAngelis functional response impact the spatial distribu-
tion of the prey species. Fig. 12 shows the effect of mutual interference
parameter (b,) between prey species on the pattern structure of the prey
population. We also obtain that when the disturbance between predator
species is small, the spatial distribution of the prey population is a spot
pattern. A slight increase in the intensity of intra-predator disturbance
results in a transformation of the prey population’s spatial distribution
from a purely spot-patterned form to a mixed pattern exhibiting both
spots and stripes. Further analysis reveals that with a continuous rise in
the intensity of intra-predator interactions, the prey population’s spatial
distribution transition through various stages, eventually converging
towards a stable stripe pattern.

In Fig. 13, we simulate the effect of the change of parameter a, (half
saturation constant) on the spatial distribution of the prey population.
The analysis uncovers the fact that in case of the gradual increase
in the parameter a;, the prey population always maintains a spot
pattern structure. When parameter a; continues to increase, the prey
population finally presents a uniform distribution. That is when half
saturation constant crosses a threshold value and continue to increase
then the distribution of prey density is constant.

Effect of cross diffusion on the spatial pattern of the population

Our investigation focused on elucidating the effects of cross diffu-
sion on the spatial distribution of the prey population. We achieved
this by systematically modifying the values of parameters D, and D,,,
while keeping all other parameters constant. Therefore, three different
parametric values were selected to simulate the spatial distribution of
prey species (see Figs. 14 and 15). Our investigation revealed minimal
alterations in the spatial distribution patterns of the prey species despite
increasing the rate at which they avoid predators (refer Fig. 14).
However, results indicate a gradual rise in the maximum value and a
gradual decline in the minimum value of the prey population’s density.
However, as depicted in Fig. 15, the highest prey population density
steadily decreased, while the lowest density gradually increased with
the increase in the predator’s pursuit rate. Also the pattern structure
of prey population did not change significantly. Although appropriate
fear is beneficial to the survival of prey, the prey density will decrease
when the predator chases the prey at a high rate, as shown in Fig. 15 a
and b. In other words, our findings suggest that the effectiveness of the
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fear response in enhancing prey survival diminishes as the predator’s
chasing tendency becomes more pronounced.

Conclusion

The prey-predator relationship is formulated when prey are exposed
to predators, leading to a decrease in the prey population due to this
interaction. If prey biomass is exceedingly low, the predator population
is likely to starve. Therefore, a reduction in the predator biomass is ac-
companied by a decrease in prey consumption. The population of prey
grows in this scenario. In addition to direct interaction, the indirect
killing factor influences the growth of the prey. Our analysis reveals
that both the fear factor and the availability of refuge significantly
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influence the dynamical behavior of the prey population, leading to
substantial effects on the system’s behavior.

This paper presents an investigation of a spatial prey-predator sys-
tem incorporating self-diffusion, which also include the indirect pre-
dation feature. The main focus of this work is to examine how the
presence of refuges for prey and the fear they experience due to
predation affect the population dynamics within the predator—prey
model. The model incorporates the Beddington-DeAngelis functional
response to represent the predator’s consumption of the prey biomass.
We have examined the model (6)—(7) without self-diffusion, in a non-
spatial context. We have also examined the system with self-diffusion
in a spatial context. We have demonstrated that the suggested model
system for non-spatial systems (10)—(11) is biologically meaningful by
showing that its solutions are positive and bounded. Four types of
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color in this figure legend, the reader is referred to the web version of this article.)

equilibria were identified when investigating the dynamics of system
(10)—(11). Prey-free equilibria exist when the intrinsic growth rate of
the predator biomass is positive, while predator-free equilibria exist
when the growth rate of the prey biomass exceeds the natural death
rate. There can be a maximum of two coexisting equilibria based on
the parametric limitations outlined in Section “Stability analysis”. The
number of coexisting states is closely linked to the fear factor and
prey refuge parameters. By adjusting these control settings, one can
achieve the coexistence of states ranging from zero to two, as shown in
Fig. 3.
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Furthermore, our investigation focused on the stability of the iden-
tified equilibria. Theorems 4 and 5 elucidate the influence of fear
factor and prey refuge on the stability of prey free and coexisting
equilibria, respectively. We examined the global stability properties
of the coexisting equilibria within the model, taking into account the
boundaries of the parameter space. An optimal combination of prey
refuge and fear factor values can ensure global stability of the system
governed by Egs. (3) and (4) as stated in Theorem 6. We conducted
a Hopf-bifurcation analysis based on the intrinsic growth rate of the
predator species (). A key outcome of this study is the development
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Fig. 7. Spatial pattern depicting prey species under different fear factor /. (a) / =0.4; (b) / =0.5; (c) I =0.6; (d) / =0.8; (e) / =0.9; (f) | = 1.2. The remaining parameter values
are, a =0.6, d =0.01, b=0.1, m=0.15, p=0.2, ¢ =05, b, =1, a; =0.025, 6 =0.2, § =0.016, b, = 0.025.
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of a formula that allows for the computation of the critical value of (5)
triggering a Hopf bifurcation and the associated alteration in the sys-
tem’s stability characteristics. Further the transcritical bifurcation for
non-spatial system has been analyzed. In the context of our model, the
ecological aspect for transcritical bifurcation is that the prey refuge and
fear effects modify the effective growth rate of the prey populations. If
prey refuge becomes more effective, it can simulate a lower growth rate
for the prey from the predators perspective, potentially preventing the
prey population from reaching a critical growth threshold. Moreover,
fear effects can reduce the effective prey growth rate by impacting their
foraging and reproductive behaviors, also influence when and how a
transcritical bifurcation might occur. So identifying and understanding
the critical growth rate thresholds that lead to significant changes in the
stability and dynamics of prey-predator interactions. The influence of
prey refuge and fear factor has been investigated for the non-spatial sys-
tem. The fear response of prey species has a direct detrimental influence
on prey population under some conditions and indirectly decreases the
predator biomass. If the prey refuge is within the range of 0 < m <
R/S(where R and S have the same meaning as in Section “Impact of
prey refuge (m) on prey and predator density”), it positively affects the
prey population. Changes in the strength of the prey population exert
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Fig. 11. The average density of prey species for different values of m. The values of
relevant parameters are shown in Fig. 10.

a significant influence on the predator population, leading to potential
increases/decreases in predator abundance.
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Through numerical simulations, we investigated the long-term dy-
namics of the system. We observed that a small adjustment to the
predator’s intrinsic growth rate can be a tipping point, causing the
system to switch from a stable state to a cyclical pattern (Fig. 4).
Fig. 5 displays the system’s shift from a stable state to an oscillatory
state based on variations in m and /. Fig. 6 indicates the relationship
between the fear factor level and prey refuge range that can stabilize
the system described by Egs. (10)-(11) through the suitable selection
of parameters m and /. The dynamics of predator-prey interactions
are significantly influenced by the availability of refuges for prey,
encompassing both physical shelters (spatial refuges) and temporary
safety measures (temporal refuges). Additionally, prey behavior plays
a crucial role, with strategies such as forming aggregations or reducing
their activity levels (refuge) contributing to a decrease in predation
risk [80,87].

In Fig. 1, the dispersion diagram of eigenvalue with respect to prey
refuge (m) shows that when the value of m decreases, the real part
of eigenvalue increases. Fig. 3 shows the impact of prey refuge (m)
and fear effect (/). By changing the values of both the parameters, one
can have different number of steady states. Our findings emphasizes
the significant influence of refuge on the dynamic characteristics of
predator—prey interactions.

Further, the investigation centers on the dynamics of the model
under conditions that include diffusion. We have discussed the stability
of spatial model system (6)-(7). Turing stability has been performed
numerically. From numerical simulation, we have observed that fear
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Fig. 12. The spatial distribution corresponding to prey species with the change of parameter b,. (a) b, =1; (b) b, =2; (c) b, =3; (d) b, =4; (e) b, =5; (f) b, = 6. Here m =0.15,

[ =0.8. All other parameters retain the values used in the previous analysis.

(b)

Fig. 13. The spatial distribution corresponding to prey species along with the change of parameter q,.

retain their previously assigned values for this simulation.

(b)

The remaining parameters

Fig. 14. The spatial distribution corresponding to prey species with the change of parameter D,,. (a) D, = —0.3; (b) D,, = —-0.5; (¢) D,, = —0.7. Here m = 0.15, = 0.8, b, = 1,
a, =0.025. No changes were made to the other parameters compared to the earlier investigation.

(a)

Fig. 15. The spatial distribution corresponding to prey species with respect to the parameter D,,. (a) D, = 0.1; (b) D, = 0.8; (c) D, = 1.5. Here m = 0.15, | = 0.8, b, = 1,
a; = 0.025. No changes were made to the other parameters compared to the earlier investigation.

effect, prey refuge have great impact on the spatial dynamics of model.
The analysis indicates that the level of fear plays a crucial role in
prey population dynamics, with a balanced fear response promoting
survival and an extreme response hindering it. Further, from time series
diagram (Fig. 11), we have concluded that the average density of the
prey finally moves to a stable state with respect to time. As the refuge
value m increases, the average prey density exhibits a corresponding
increase. Also, we have obtained that density distribution of species is
in form of spot and stripe like patterns. Further, we have found that
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mutual interference between prey is also play an important role for
pattern formation. With the gradual increase of the parameter b,, the
spatial distribution of the prey varies from spot pattern to spot and
stripe mixed pattern to strip pattern, and the pattern structure gradually
changes. Moreover, when the half saturation constant parameter con-
tinues to increase, the prey population eventually depicts an uniform
distribution (Fig. 13).

Future Directions: There may be quantitative and qualitative changes
in the spatio-temporal patterns as a result of parameter variation. In
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Table 2
A comparative analysis of the proposed model (6)—(7) with existing model.
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Existing models Model description

Conclusion

Han et al. [80]
Leslie-Gower predator-prey model with fear effect

Cross-diffusion driven pattern formation and selection in a modified

A high cross-diffusion rate of predators can lead to stripe patterns,
while a low rate can induce spot patterns. Intermediate rates can
result in a mixture of spot and stripe patterns. The fear factor
significantly influences the spatially heterogeneous distribution of
the two species.

Guin et al. [82]
both refuge and harvesting

Pattern dynamics of a reaction—diffusion predator—prey system with

Linear prey harvesting deviations also exhibit stripe patterns and a
mixture of stripes and labyrinthine patterns within a certain range
of prey refuge. This complex dynamic phenomenon includes Turing
pattern behaviors.

Souna et al. [88]
behavior and cross-diffusion and fear effect

Spatiotemporal behavior in a predator-prey model with herd

Spot, strip-spot and strip patterns are obtained w.r.t. cross-diffusion
rates for the predators. The cross-diffusion rate and the prey herd
play vital role in the existence of Turing bifurcation.

Our proposed study
and fear effect

A modified Holling Tanner model system : the role of prey refuge

In the absence of self-diffusion, the system undergoes Hopf
bifurcation and transcritical bifurcation. With the presence of
self-diffusion, an optimal level of fear promotes prey survival, while
excessive fear hinders prey survival. Increasing mutual interference
among prey shifts the spatial density distribution from a spot-like
pattern to a mixture of stripes and spots, eventually transition to a
stripe-like pattern. The distribution of prey populations remains
constant with increasing semi saturation. In the presence of
cross-diffusion, when prey is significantly impacted by predator
pursuit, the beneficial effect of fear on prey survival is limited. The
prey refuge affects the spatial distribution and stability of the
system.

many instances, it would not be basically dismissed and it is worth
explaining and developing. Additionally, there are lot of scope for
further exploration regarding this issue. Further exploration of this in-
teracting model incorporating other relevant biological effects, such as
the influence of external periodic forces and spatial noise, is warranted.
These issues will systematically be addressed in future studies (see
Table 2).
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