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Abstract
As there are no targeted medicines or vaccines for newly emerging infectious diseases,
isolation among communities (villages, cities, or countries) is one of themost effective
intervention measures. As such, the number of intercommunity edges (NIE) becomes
one of the most important factor in isolating a place since it is closely related to normal
life. Unfortunately, how NIE affects epidemic spread is still poorly understood. In this
paper, we quantitatively analyzed the impact of NIE on infectious disease transmis-
sion by establishing a four-dimensional SIR edge-based compartmental model with
two communities. The basic reproduction number R0(〈l〉) is explicitly obtained sub-
ject to NIE 〈l〉. Furthermore, according to R0(0) with zero NIE, epidemics spread
could be classified into two cases. When R0(0) > 1 for the case 2, epidemics occur
with at least one of the reproduction numbers within communities greater than one,
and otherwise when R0(0) < 1 for case 1, both reproduction numbers within commu-
nities are less than one. Remarkably, in case 1, whether epidemics break out strongly
depends on intercommunity edges. Then, the outbreak threshold in regard to NIE
is also explicitly obtained, below which epidemics vanish, and otherwise break out.
The above two cases form a severity-based hierarchical intervention scheme for epi-
demics. It is then applied to the SARS outbreak in Singapore, verifying the validity
of our scheme. In addition, the final size of the system is gained by demonstrating the
existence of positive equilibrium in a four-dimensional coupled system. Theoretical
results are also validated through numerical simulation in networks with the Pois-
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son and Power law distributions, respectively. Our results provide a new insight into
controlling epidemics.

Keywords Community · Threshold of intercommunity edges · Networks · Basic
reproduction number · The final size

Mathematics Subject Classification 05C28 · 92D25

1 Introduction

From ancient times, epidemics have been threatening the stability of human societies
(Hammarlund et al. 2003; Halloran et al. 2002; Keeling and Gilligan 2000; Haynes
et al. 1996; Lu et al. 2008; Horby 2013; Guo et al. 2015). In particular, recently,
the newly emerging infectious diseases, such as Zika (Kostyuchenko et al. 2016;
Larocca et al. 2016), Ebola (Pandey et al. 2014; Butler 2014), COVID-19 (Bavel
et al. 2020; Cao 2020; Ma et al. 2022) have been aggravating human health. Since
there is no targeted medicine and vaccine against these diseases at the beginning,
isolation among communities (villages, cities, or countries) is one of themost effective
intervention measures (Luo and Jin 2020; Zuzek et al. 2015; Mt et al. 2020). However,
isolation would affect normal life. When a community is completely isolated, all
relationships between this community and the outside world are cut off. Such isolation
will lead to huge impact on the locals. In contrast, incomplete isolation only cuts off
some relationships for this community, and partial relationships with outside keep. It
may reduce the impact but epidemics may still break out there (Luo and Jin 2020).
Therefore, it is desirable to determine howmany connections should be cut off making
epidemics vanish and impact minimum when an epidemic comes. To the best of our
knowledge, this problem is poorly understood so far.

Network epidemic modelling with the consideration of control measures is one of
the powerful tools in studying the effects of control intervention on epidemic spread
(Luo and Jin 2020; Mt et al. 2020; Bajiya et al. 2021; Peng et al. 2020; Lloyd-Smith
et al. 2009; Feng et al. 2022; Chowdhury et al. 2020; Boily et al. 2002; Fraser et al.
2004; Momoh and Fügenschuh 2018; Singh et al. 2018; Arino et al. 2021; Yuan et al.
2022; Nowzari et al. 2016). Currently, such modelling is mainly based on network
topology control (Luo and Jin 2020; Feng et al. 2022; Kang et al. 2017; de Jesus
Esquivel-Gómez and Barajas-Ramírez 2019; Strona and Castellano 2018), immu-
nization control (Pastor-Satorras and Vespignani 2002; Madar et al. 2004; Fu et al.
2008) and optimal control (Forster and Gilligan 2007; Yan and Zou 2008; Iacoviello
and Stasio 2013; Buonomo et al. 2014; Kandhway and Kuri 2014a, b; Chen and Sun
2014a, b). The first class of control is unique for network epidemicmodels and the later
two classes of control are also general in epidemic models without network. At the
aspect of network topology control, isolation could change the topological structure to
affect the spread of infectious diseases. Research on network topological parameters
will bring great benefits to analyze the spread law of infectious diseases (Luo and Jin
2020; Feng et al. 2022; Jin et al. 2011). Isolating nodes with high degrees at different
time not only inhibits the epidemics spread but also may prevent larger outbreak (Luo
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and Jin 2020). The clustering coefficient is increased by isolation and quarantine to
reduce the final size of COVID-19 (Feng et al. 2022). Population with targeted degrees
has been isolated to effectively contain the infectious diseases with the minimum costs
(Jin et al. 2011). Such research is superior to network epidemic modelling only isolat-
ing infected people (Kang et al. 2017) or protecting the susceptible (self-production
of susceptible) (de Jesus Esquivel-Gómez and Barajas-Ramírez 2019) not consid-
ering variation of network structure. Impacts of community structure on epidemics
spread are also not neglected (Jin et al. 2001; Liu and Hu 2005; Rowthorn et al. 2009;
Salathé and Jones 2010; Huang and Li 2007; Xu et al. 2019; Clara et al. 2016), which
would be introduced in detailed in the next paragraph. For immunization control and
optimal control, in the past two decades, various immunization measures have been
introduced into network epidemic models to study their effects on the outbreak of
infectious diseases, such as targeted immunization (Pastor-Satorras and Vespignani
2002), acquaintance immunization (Madar et al. 2004) and local immunization (Fu
et al. 2008). For the limitedmedical resources, an optimal strategy is to utilize bounded
time-varying control to balance the control cost and control goal. The optimal control
in network epidemic models were mainly focused on homogeneous contact networks
of low-dimension systems (Forster and Gilligan 2007; Yan and Zou 2008; Iacoviello
and Stasio 2013; Buonomo et al. 2014; Kandhway andKuri 2014a, b; Koch et al. 2013;
Li et al. 2018) and heterogeneous networks (Chen and Sun 2014a, b).

Achievements in research of impacts of community structure on epidemics spread
have already had a lot (Jin et al. 2001; Liu and Hu 2005; Rowthorn et al. 2009; Salathé
and Jones 2010). Huang and Li (2007) and Xu et al. (2019) studied the influence of
network structure on infectious diseases in scale-free networks with community struc-
ture. The former found that the network with strong community structure contributes
to reduce the risk of infectious diseases in the network. The latter indicated that the
individual behaviour of different communities may tend to cluster synchronization
and obtained the epidemic threshold of the model. Clara et al. (2016) indicated that
community structure can not only promote the diffusion process but also inhibit the
diffusion process. Koch et al. (2013) and Li et al. (2018) directly showed that random
removal of edges and reduction of the ratio of external edges within and between
communities can reduce the basic reproduction number and the final size. Concern-
ing the dependence of the basic reproduction number on the average degree between
communities, Arino et al. (2019) obtained the threshold number of source patches for
population persistence by considering the metapopulation model.

It has been indicated that the structure of community network has great influence
on the spread of infectious diseases. As described in the first paragraph, for a newly
emerging infectious diseases, it is of great importance for decision makers to know the
number of connections that could be cut off among communities making epidemics
vanish and impactminimumwhen an epidemic comes. The basic reproduction number
is a key index of judging whether epidemics break out or not. It enlightens us to apply
the network epidemic modelling to quantitatively study the influence of the number
of intercommunity edges (NIE) on the basic reproduction number.

Motivated by the three aspects above, we established a four-dimensional SIR edge-
based compartmental model with two communities, and explicitly obtained the basic
reproduction number R0(〈l〉) with the average intercommunity degree 〈l〉. According
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to R0(0) with zero intercommunity edges, a severity-based hierarchical intervention
scheme of epidemics is formed. The scheme is divided into two cases. In the case 2
with R0(0) > 1, epidemics break out when at least one of the reproduction number
within each community is larger than one. Then, intervention measures on the inner
community must be carried out to make their reproduction numbers below one. The
severity in the case 2 is eased into that in the case 1. In the case 1 with R0(0) < 1,
epidemics may break out depending on the average intercommunity degree 〈l〉. We
obtained the critical average intercommunity degree 〈l0〉. Below it, epidemics die out,
or otherwise break out. We then applied the scheme successfully into SARS control
from March 25th, 2003 to April 27th, 2003 in Singapore. The final size is acquired
by proving existence of positive equilibrium of the model. Moreover, we carried out
numerical simulation to verify out theoretical results in networks with degree distri-
bution obeying Poisson distribution and Power law distribution, respectively.

The arrangement of this paper is as follows: In Sect. 2, we introduced the network
with two communities and derived ourmodel. In Sect. 3, we calculated the basic repro-
duction number, analyzed the relationship between the basic reproduction number and
the intercommunity edges number to propose the severity-based hierarchical interven-
tion scheme of epidemics. We then proved the existence of the final size. The results
was verified by numerical simulation in Sect. 4. Finally, we draw a detailed discussion
and conclusion in Sect. 5.

2 The edge-based compartmental model with communities

When an epidemic firstly comes, intercommunity edges are directly related to whether
epidemic could be successfully contained with the minimal impacts on the locals
normal life. Therefore, in the paper, we built an SIR edge-based compartmental model
with communities to analyze the influence of intercommunity edges on the spread of
epidemics. Next, we first introduce the network with two communities.

2.1 The network with two communities

As shown in Fig. 1, we consider a network of size N including two communities with
sizes N1 and N2, N = N1 + N2. Each node in the community i , has two types of
edges: innercommunity edges (black lines) and intercommunity edges (orange lines).
The size of nodes in community i with k innercommunity edges and l intercommunity
edges, is denoted by Ni (k, l), i ∈ {1, 2}, k = 0, . . . , kmax (kmax is the maximum
number of innercommunity edges), l = 0, . . . , lmax (lmax is the maximum number of
intercommunity edges). Then, the joint degree distribution of the nodes in community
i , i ∈ {1, 2}, is defined as

Pi (k, l) = Ni (k, l)

Ni
, k = 0, 1, . . . , kmax, l = 0, 1, . . . , lmax. (1)

It represents the probability that any randomly chosen node in community i has k
innercommunity edges and l intercommunity edges. According to Eq. (1), we could
give the following marginal degree distributions of the nodes in community i ,

123

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



A hierarchical intervention scheme based on epidemic severity… Page 5 of 32    29 

Fig. 1 The network with two communities consists of N nodes, where nodes represent individuals. Com-
munity 1 consists of N1 nodes, community 2 consists of N2 nodes. The black and orange lines represent
innercommunity, intercommunity edges, respectively (color figure online)

Pii (k, l) =
∑

l Ni (k, l)

Ni
=

∑

l

Pi (k, l), i ∈ {1, 2}, (2a)

Pi j (k, l) =
∑

k Ni (k, l)

Ni
=

∑

k

Pi (k, l), i, j ∈ {1, 2}, i �= j, (2b)

where k = 0, 1, . . . , kmax and l = 0, 1, . . . , lmax . In Eq. (2), Pii (k) represents the
probability that one randomly chosen node in community i has k inner edges in
community i and Pi j (l) represents the probability that one randomly chosen node in
community i has l intercommunity edges.

In what follows, based on network edges, we define another type probability that
one node with fixed innercommunity and intercommunity edges is reached along
one randomly chosen innercommunity (or intercommunity) edge. It is also referred
as the excess degree distributions of the nodes (Starnini and Pastor-Satorras 2014).
Specifically, as the joint excess degree distributions will not be used in the paper, only
the marginal excess degree distributions are defined as:

qii (k, l) = kNi (k, l)
∑

k kNi (k, l)
= kPi (k, l)

∑
k kPi (k, l)

, i ∈ {1, 2}, (3a)

qi j (k, l) = lNi (k, l)
∑

l l Ni (k, l)
= l Pi (k, l)

∑
l l Pi (k, l)

, i, j ∈ {1, 2}, i �= j . (3b)

where k = 0, 1, . . . , kmax and l = 0, 1, . . . , lmax. In Eq. (3), qii (k, l) represents
the probability that one node in community i with k innercommunity edges and l
intercommunity edges is reached along one any randomly chosen innercommunity
edge in community i . The qi j (l) represents the probability that one node in community
i with k innercommunity edges and l intercommunity edges is reached along any
randomly chosen intercommunity edge connected to community j .
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Note that, in uncorrelated networks (Catanzaro et al. 2005), it has the following
relations between the joint distributions in Eq. (1) and marginal distributions in Eq.
(2)

Pi (k, l) = Pii (k, l)Pi j (k, l), i, j ∈ {1, 2}, i �= j,

where k = 0, 1, . . . , kmax and l = 0, 1, . . . , lmax. We carried out our research in the
uncorrelated networks. Our network could be generated based on the configuration
model (CM) (Bender and Canfield 1978; Newman et al. 2001).

Finally, the generating functions of the above joint and marginal probabilities are
respectively given as

Ψi (x, y) =
∑

k,l

Pi (k, l)x
k yl =

∑

k,l

Pii (k, l)Pi j (k, l)x
k yl , i, j ∈ {1, 2}, i �= j,

(4a)

Ψi i (x) =
∑

k

Pii (k, l)x
k, Ψi j (y) =

∑

l

Pi j (k, l)y
l , i, j ∈ {1, 2}, i �= j, (4b)

Gii (x) =
∑

k

qii (k, l)x
k−1 =

∑
k kPii (k, l)x

k−1

〈kii 〉 , i ∈ {1, 2}, k �= 1, (4c)

G̃ii (x) =
∑

k

qii (k, l)x
k =

∑
k kPii (k, l)x

k

〈kii 〉 , i ∈ {1, 2}, (4d)

Gi j (y) =
∑

l

qi j (k, l)y
l−1 =

∑
l l Pi j (k, l)y

l−1

〈li j 〉 , i, j ∈ {1, 2}, i �= j, l �= 1,

(4e)

G̃i j (y) =
∑

l

qi j (k, l)y
l =

∑
l l Pi j (k, l)y

l

〈li j 〉 , i, j ∈ {1, 2}, i �= j, (4f)

where k = 0, 1, . . . , kmax and l = 0, 1, . . . , lmax. In Eq. (4), 〈kii 〉 = Ψ ′
i i (1) (or

〈li j 〉 = Ψ ′
i j (1)) stands for the average innercommunity (or intercommunity) degrees

of nodes in community i . The Gii (x) and Gi j (y) represent the corresponding gener-
ating functions including the randomly chosen edge. The G̃ii (x) and G̃i j (y) represent
corresponding generating functions excluding the randomly chosen edge. There also
exists the identity relation between intercommunity edges,

N1〈l12〉 = N2〈l21〉. (5)

2.2 The edge-based compartmental model in a single community

In this subsection, we first briefly recall the edge-based compartmental model in a
single community (Miller et al. 2012; Miller 2011), and then extend it to the edge-
based compartmental model with multiple communities in next subsection. We take
community 1 in the Fig. 1 as an example to start our introduction.
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Fig. 2 Flowchart of edge-based compartmental model (Miller et al. 2012)

In edge-based compartmental model, dynamics of nodes are characterized by
dynamics of edges. For the modelling of edges, the key variable is θ(t), representing
the probability that a randomly chosen edge from all edges in random graph has not
transmitted infection by time t . It indicates that by time t , one end of this randomly
chosen edge must be susceptible, and the other end may be one of three states: sus-
ceptible, infected and recovered. For example, the susceptible node u in community 1
has neighbours of three states: susceptible v1, infected v2 and recovered v3. In other
words, it has three type edges of S − S, S − I and S − R. Further, three edge-based
variables ΦS(t), ΦI (t) and ΦR(t) are defined, representing the probabilities that the
other end of a randomly chosen edge having not transmitted infection by time t is,
susceptible, infected and recovered, respectively (see Fig. 2). It follows that

θ(t) = ΦS(t) + ΦI (t) + ΦR(t). (6)

It could be seen in Eq. (6) that change of θ(t) only depends on the change ofΦI (t),
that is, θ(t) changes only when infection occurs in S − I edges. Therefore, it has

θ̇ (t) = −βΦI (t), (7)

where β is the infection rate.
For ΦS(t), in order to ensure that the other end of a randomly chosen edge is also

susceptible, the remaining edges of this end must not transmit infection to it. For
example, a randomly chosen S − S edge u − v1, where u is the susceptible node,
also denoted as the test node, node v1 has degree k, for ensuring v1 is susceptible, the
remaining k − 1 edges do not transmit infection. Therefore, the probability of node
v1 being susceptible is θk−1(t). As diseases spread along the edges, the excess degree
distribution is applied. In other words, the probability of node v1 being reached along a
randomly chosen edge is kp11(k)

〈k11〉 . Therefore, when v1 is any node with various degrees
in community 1, according to Eq. (4c), it leads to

ΦS(t) =
∑

k kP11(k)θ
k−1(t)

〈k11〉 =
∑

k

q11(k)θ
k−1(t) = G11(θ(t)). (8)

For ΦI and ΦR , when infected node recovers with rate γ , it has

Φ̇R(t) = γΦI (t). (9)
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From Eqs. (6)–(9) with θ(0) = 1 and ΦR = 0, it has

ΦI (t) = θ(t) − γ

β
(1 − θ(t)) − G11(θ(t)). (10)

Then, substituting (10) into (7) leads to an edge-based one-dimension system,

θ̇ (t) = −βθ(t) + γ (1 − θ(t)) + βG11(θ(t)). (11)

For the dynamics system of nodes, given a susceptible node with degree k, the
probability that it is still susceptible by time t is θk(t), and the probability that it
is chosen randomly from all nodes is P11(k). It follows that the probability of any
randomly chosen node being susceptible in community 1 by time t is

S(t) =
∑

k

P11(k)θ
k(t) = Ψ11(θ(t)).

The edge-based compartmental model in a single community could be written as:

The edge-based equation

θ̇ (t) = −βθ(t) + γ (1 − θ(t)) + βG11(θ(t)),

The node-based equations

Ṙ(t) = γ I (t),

S(t) =
∑

k

p(k)θk(t) = Ψ11(θ(t)),

I (t) = 1 − S(t) − R(t),

(12)

where I (t) or R(t) represent the probability of any randomly chosen node is infected
or recovered in community 1 by time t respectively.

2.3 The edge-based compartmental model with two communities

In this subsection, we extend the system (12) in single community to system in network
with two communities (see Fig. 1).

As Fig. 1 show, the network has four type edges: two type innercommunity edges
and two type intercommunity edges. Therefore, we define four probabilities: θi i (t) and
θi j (t), i, j ∈ {1, 2}. The θi i (t) represents the probability that a randomly chosen edge
from all innercommunity edges in community i has not transmitted infection by time
t . θi j (t) represents the probability that a randomly chosen edge of all intercommunity
edges from community j to community i edges has not transmitted infection by time t .
In the following, we only derive θ11(t), θ12(t), so is that of θ21(t) and θ22(t) according
to symmetry (Table 1).

Let us first derive θ11(t) in community 1. Its form is similar to θ in Eq. (6) of EBCM,
expressed as

θ11(t) = ΦS:11(t) + ΦI :11(t) + ΦR:11(t). (13)
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Table 1 Variables and parameters in the model formulation

Term Meaning

θi j (t) The probability that a randomly chosen edge from all intercommunity

edges from community j to community i edges has not transmitted

infection by time t , i, j ∈ {1, 2}, i �= j

βi j The infection rate from infected node j to susceptible node i , i ∈ {1, 2}
γi The recovery rate of infected node i , i ∈ {1, 2}
ΦS:i j (t) The probability that the other end of a randomly chosen edge from all

intercommunity edges in community j is susceptible having not

transmitted infection to community i by time t , i, j ∈ {1, 2}, i �= j

ΦI :i j (t) The probability that the other end of a randomly chosen edge from all

intercommunity edges in community j is infected having not

transmitted infection to community i by time t , i, j ∈ {1, 2}, i �= j

ΦR:i j (t) The probability that the other end of a randomly chosen edge from all

intercommunity edges in community j is recovered having not

transmitted infection to community i by time t , i, j ∈ {1, 2}, i �= j

Si (t) The probability of any randomly chosen node being susceptible

in community i by time t , i ∈ {1, 2}
Ii (t) The probability of any randomly chosen node is infected

in community i by time t , i ∈ {1, 2}
Ri (t) The probability of any randomly chosen node is recovered

in community i by time t , i ∈ {1, 2}

In (13), ΦS:11(t), ΦI :11(t) and ΦR:11(t) similarly represent the probabilities that the
other end of a randomly chosen edge from all innercommunity edges in community 1
is susceptible, infected and recovered having not transmitted infection by time t .

The same form as EBCM also exists for the following equations,

θ̇11(t) = −β11ΦI :11(t), (14)

Φ̇R:11(t) = γ1ΦI :11(t). (15)

Note that ΦS:11(t) is different from that in EBCM, because here a susceptible node
have two types of edges: innercommunity and intercommunity edges. If one node
keeps susceptible, its all type edges must not transmit infection to it. For example,
when the other end node of an S − S innercommunity edge in community 1 has
innercommunity degree k and intercommunity degree l, such as v1 of the S − S
innercommunity edge u − v1 in Fig. 1, the probability of keeping it susceptible by
time t is θk−1

11 (t)θ l12(t). In uncorrelated network, two events that one node is reached
along one innercommunity edge or along one intercommunity edge are independent
of each other. Therefore, the probability of node v1 being reached along one randomly

chosen edge of innercommunity edges or intercommunity edge is kP11(k)〈k11〉
l P12(l)〈l12〉 . It

follows that
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ΦS:11(t) =
∑

k

∑

l

k P11(k)

〈k11〉
l P12(l)

〈l12〉 θk−1
11 (t)θ l12(t)

=
(

∑

k

kP11(k)

〈k11〉 θk−1
11 (t)

)(
∑

l

l P12(l)

〈l12〉 θ l12(t)

)

= G11(θ11(t))G̃12(θ12(t)),

(16)

where G11 and G̃12 are given in (4). Then, applying the same calculation as Eq. (11)
in EBCM, and according to Eqs. (13)–(16) we could obtain:

θ̇11(t) = −β11θ11(t) + γ1(1 − θ11(t)) + β11G11(θ11(t))G̃12(θ12(t)). (17)

Next, let us derive θ12(t). Just as θ11(t), it could be expressed as,

θ12(t) = ΦS:12(t) + ΦI :12(t) + ΦR:12(t).

Similarly, ΦS:12(t), ΦI :12(t) and ΦR:12(t) here represent the probabilities that the
other end in community 2 of a randomly chosen edge from all intercommunity edges
from community 2 to community 1 is susceptible, infected and recovered. Note that it
should be stressed that one end of this randomly chosen edge is in community 1 and
keeps susceptible. We could also easily obtain

θ̇12(t) = −β12ΦI :12(t),
Φ̇R:12(t) = γ1ΦI :12(t).

For ΦS:12(t), different from ΦS:11(t), the other end node of an S − S intercom-
munity edge is in community 2. For example, node v of the S − S intercommunity
edge u − v in Fig. 1. has innercommunity degree k and intercommunity degree l.
Then the probability of keeping it susceptible by time t is θ l−1

21 (t)θk22(t). Similarly, in
uncorrelated network, the probability of node v being reached along one randomly

chosen edge of innercommunity edges or intercommunity edge is l P21(l)〈l21〉
kP22(k)〈k22〉 . Thus,

we have,

ΦS:12(t) =
∑

k

∑

l

l P21(l)

〈l21〉
kP22(k)

〈k22〉 θ l−1
21 (t)θk22(t),

=
∑

l

l P21(l)

〈l21〉 θ l−1
21 (t)

∑

k

kP22(k)

〈k22〉 θk22(t),

= G21(θ21(t))G̃22(θ22(t)),

where G21 and G̃22 are given in (4). θ12 could also be obtained as

θ̇12(t) = −β12θ12(t) + γ2(1 − θ12(t)) + β12G21(θ21(t))G̃22(θ22(t)). (18)
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Based on the same derivation in (17) and (18), equations of θ21(t) and θ22(t) could
be obtained. In conclusion, we obtained the edge-based four-dimension closed system:

θ̇11(t) = −β11θ11(t) + γ1(1 − θ11(t)) + β11G11(θ11(t))G̃12(θ12(t)), (19a)

θ̇12(t) = −β12θ12(t) + γ2(1 − θ12(t)) + β12G21(θ21(t))G̃22(θ22(t)), (19b)

θ̇21(t) = −β21θ21(t) + γ1(1 − θ21(t)) + β21G12(θ12(t))G̃11(θ11(t)), (19c)

θ̇22(t) = −β22θ22(t) + γ2(1 − θ22(t)) + β22G22(θ22(t))G̃21(θ21(t)). (19d)

As for the node-based equations, if a susceptible node in community i has innercom-
munity degree k and intercommunity degree l, the probability that it is still susceptible
by time t is θkii (t)θ

l
i j (t). The probability that it is chosen randomly from all nodes is

Pii (k)Pi j (l). Therefore, the probability of any randomly chosen node being suscepti-
ble in community i by time t is

Si (t) =
∑

k,l

Pii (k)Pi j (l)θ
k
ii (t)θ

l
i j (t) =

∑

k,l

Pi (k, l)θ
k
ii (t)θ

l
i j (t)

= Ψi (θi i (t), θi j (t)), i, j ∈ {1, 2}, i �= j,

where k = 0, 1, . . . , kmax and l = 0, 1, . . . , lmax. Then the probability Ii (t) or Ri (t)
of any randomly chosen node being infected or recovered in community i at time t ,
could obviously obtained as

Ṙi (t) = γi Ii (t), i ∈ {1, 2},
Ii (t) = 1 − Si (t) − Ri (t) i ∈ {1, 2}.

To sum up, the edge-based compartmental model with communities couple the
edge-based equations (19) with the following the node-based equations,

The node-based equations

S1(t) =
∑

k,l

P11(k)P12(l)θ
k
11(t)θ

l
12(t) = Ψ1(θ1(t)),

Ṙ1(t) = γ1 I1(t),

I1(t) = 1 − S1(t) − R1(t),

S2(t) =
∑

k,l

P22(k)P21(l)θ
k
22(t)θ

l
21(t) = Ψ2(θ2(t)),

Ṙ2(t) = γ2 I2(t),

I2(t) = 1 − S2(t) − R2(t).
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3 Dynamic analysis

The basic reproduction number and the final size are crucial for characterizing the
severity of epidemics’ spread. In this section, we firstly discuss the positivity and
boundedness of solutions for system (19), and then calculate the basic reproduction
number, the final size and analyze their biological implications.

3.1 The positivity and boundedness of solutions for system (19)

Theorem 1 For any initial data φ = (θ11(0), θ12(0), θ21(0), θ22(0)) ∈ R
+, the solu-

tions of system (19) preserve positivity and bounded i.e, for all t ∈ R,

0 < θ11 ≤ 1, 0 < θ12 ≤ 1, 0 < θ21 ≤ 1, 0 < θ22 ≤ 1.

Proof Firstly, let us prove that the right-hand side of this inequality is true, i.e, θ11 ≤
1, θ12 ≤ 1, θ21 ≤ 1, θ22 ≤ 1. The conclusion is obvious from the definition of
θ11, θ12, θ21, θ22.

Secondly, we prove that the left-hand side of this inequality is true, i.e, θ11 >

0, θ12 > 0, θ21 > 0, θ22 > 0. Here, reduction to absurdity is applied. For θ11, if
θ11(t1) < 0, there exists t2 < t1 such that θ11(t2) = 0. From θ11(0) > 0, we have

θ̇11(t2) < 0. (20)

In fact, it satisfies from (19a)
θ̇11(t2) = γ1 > 0,

which contradicts (20). Thus, we conclude θ11(t1) > 0. Similarly, θ22(t) > 0 could
be proved.

For θ12, if θ12(t3) < 0, there exists t4 < t3 such that

θ12(t4) = 0. (21)

From θ12(0) > 0, we get θ̇12(t4) < 0. According to (19b), it has

θ̇12(t4) = γ2 + β12G21(θ21(t4))G̃22(θ22(t4)).

To make sure θ̇12(t4) < 0, θ21(t4) < 0 should be satisfied. Since θ21(0) > 0, there
exists t5 < t4 making θ21(t5) = 0 and

θ̇21(t5) < 0. (22)

In fact, according to (19c), we have

θ̇21(t5) = γ1 + β21G12(θ12(t5))G̃11(θ11(t5)).
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According (21), we have θ12(t5) > 0, and furthermore obtain

θ̇21(t5) > 0,

which contradicts (22). Thus we conclude θ12(t3) > 0. Similarly, we also can prove
θ21(t) > 0. �	

According to Theorem 1, we can define the feasible region

Ω ={
(θ11, θ12, θ21, θ22)∈R

+ : 0 < θ11 ≤ 1, 0 < θ12≤1, 0 < θ21 ≤ 1, 0 < θ22 ≤ 1
}
.

3.2 The basic reproduction number

The basic reproduction number is the number of secondary cases one infectious
case caused in a completely susceptible population. In this subsection, based on the
embedded multitype branching processes (Ball and Neal 2008), we construct the next
generation matrix (NGM) (Rattana et al. 2014) to calculate the basic reproduction
number R0. The principal eigenvalue of the NGM is the basic reproduction num-
ber. The infecting process in the early stage of an epidemic could be approximated
by a branching process (Ball and Neal 2008). Here, the infecting process caused by
infectious nodes in community i (type-i individuals) or infectious nodes community j
(type- j individuals), i, j ∈ {1, 2}, i �= j , is approximated by a two-type process. The
elements of NGM are the mean number of type-i individuals produced by a type-i or
type- j individual in the branching process, i, j ∈ {1, 2}, i �= j .

In details, the mean number of type-i individuals produced by a type-i individual,
defined as the reproduction number Rii in community i , satisfies

Rii = βi i

βi i + γi
G

′
i i (1), i ∈ {1, 2}, (23)

where G ′
i i (1) describes the average remaining neighbors (excess degree) except one

neighbor infecting this node in community i (see Eq. (4c)). Note that the reproduction
number in Eq. (23) is same as that of system (12) in single community.

Since the existence of cross infections between community i and community j , the
mean number of type-i individuals produced by a type- j individual, defined as the
reproduction number Ri j , satisfies

Ri j = βi j

βi j + γ j
G

′
j i (1) + βi i

βi i + γi

G̃
′
i i (1) + G̃

′
i j (1) − 1

G
′
i j (1)

βi j

βi j + γ j
G

′
j i (1),

i, j ∈ {1, 2}, i �= j, (24)

whereG
′
j i (1) (orG

′
i j (1)) describes the average remaining neighbors (excess degree) in

community j (or community i) except one neighbor infecting this node in community
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i (or community j). The G̃
′
i i (1)+ G̃

′
i j (1)−1 is the average whole neighbors of nodes

in community i except for neighbor in community i infecting this node, i, j ∈ {1, 2}
and i �= j . From the biological aspects, in Eq. (24), the first term represents the
infection contribution of one infected node in community j on community i . The
second term represents the cross contribution of two communities on community i as

shown in bipartite network (Newman 2002). Specifically, βi i
βi i+γi

G̃
′
i i (1)+G̃

′
i j (1)−1

G
′
i j (1)

could

be rewritten as βi i
βi i+γi

(
G̃

′
i i (1)+G̃

′
i j (1)−1

)

G
′
i j (1)

, which describes the average contribution of

inner infection of one infected node community i on community j . It follows that the
next generation matrix (NGM) could be given as

NGM =
(
R11 R12
R21 R22

)

.

Then, the basic reproduction number R0, the principal eigenvalue of NGM, is

R0 = β11

β11 + γ1

β12

β12 + γ2

β21

β21 + γ1

β22

β22 + γ2

(
G∗′

11(1) + G∗′
12(1) − 1

)

×
(
G̃

′
21(1) + G̃

′
22(1) − 1

)
+ β11

β11 + γ1

β12

β12 + γ2

β21

β21 + γ1
G

′
21(1)

×
(
G̃

′
11(1) + G̃

′
12(1) − 1

)
+ β12

β12 + γ2

β21

β21 + γ1

β22

β22 + γ2
G

′
12(1)

×
(
G̃

′
21(1) + G̃

′
22(1) − 1

)
+ β12

β12 + γ2
G

′
21(1)

β21

β21 + γ1
G

′
12(1)

+ β11

β11 + γ1
G

′
11(1) + β22

β22 + γ2
G

′
22(1) − β11

β11 + γ1
G

′
11(1)

β22

β22 + γ2
G

′
22(1).

(25)

It also could be indirectly verified by the linearized system at the disease-free equilib-
rium of system (19) in the Appendix 8.

3.3 The final size

This subsection proves the existence of the final size of the epidemic by demonstrating
the existence of positive equilibrium E∗ = (θ∗

11, θ
∗
12, θ

∗
21, θ

∗
22)of system (19) in domain

(0, 1)4 based on the multitype branching process in Allen (2010).
The final size of could be expressed as the sum of the relative final size R∗

1 of
community 1 and the relative final size R∗

2 of community 2, which is

F = gR∗
1 + (1 − g)R∗

2 ,
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where

R∗
1 = 1 − Ψ11(θ

∗
11)Ψ12(θ

∗
12),

R∗
2 = 1 − Ψ22(θ

∗
22)Ψ21(θ

∗
21),

with g = N1/N and according to Eq. (19), θ∗
11, θ

∗
11, θ

∗
11, and θ∗

11 satisfy,

−β11θ
∗
11 + γ1(1 − θ∗

11) + β11G11(θ
∗
11)G̃

′
12(θ

∗
12) = 0,

−β12θ
∗
12 + γ2(1 − θ∗

12) + β12G21(θ
∗
21)G̃

′
22(θ

∗
22) = 0,

−β21θ
∗
21 + γ1(1 − θ∗

21) + β21G12(θ
∗
12)G̃

′
11(θ

∗
11) = 0,

−β22θ
∗
22 + γ2(1 − θ∗

22) + β22G22(θ
∗
22)G̃

′
21(θ

∗
21) = 0. (26)

Considering the coupled complexity of the model (26), an explicit expression of its
fixed point is hard to obtain. Therefore, we prove its existence according to Theorem 1
in the multitype branching process (Allen 2010). We give out the following theorem.

Theorem 2 When the condition G̃
′
21(1)G̃

′
22(1) > G ′

21(1)G
′
22(1) holds, Eq. (19) or

(26) admits a positive equilibrium E∗ = (θ∗
11, θ

∗
12, θ

∗
21, θ

∗
22) in domain (0, 1)4.

Proof Firstly, let the right sides of Eq. (19) to be zero, Eq. (26) is transformed into

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f1 (θ11(t), θ12(t), θ21(t), θ22(t)) := γ1 + β11G11(θ11(t))G̃12(θ12(t))

β11 + γ1
,

f2 (θ11(t), θ12(t), θ21(t), θ22(t)) := γ2 + β12G21(θ21(t))G̃22(θ22(t))

β12 + γ2
,

f3 (θ11(t), θ12(t), θ21(t), θ22(t)) := γ1 + β21G12(θ12(t))G̃11(θ11(t))

β21 + γ1
,

f4 (θ11(t), θ12(t), θ21(t), θ22(t)) := γ2 + β22G22(θ22(t))G̃21(θ21(t))

β22 + γ2
.

(27)

According to Theorem 4.5 in Chapter 4 of Allen (2010), we also set

F ≡ F
(
θ(t)

)
=

(
f1

(
θ(t)

)
, . . . , f4

(
θ(t)

) )
. (28)

where θ(t) = (θ11(t), θ12(t), θ21(t), θ22(t)) and Eq. (27) is equivalent to

F =
(
θ(t)

)
.

Obviously, Eq. (3.3) has an equilibrium E0 = (1, 1, 1, 1) which corresponds to
disease-free equilibrium of (26). The final size depends on another equilibrium of
F in domain (0, 1)4.
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According to section4.7 inChapter 4 ofAllen (2010),wedefine the 4×4 expectation
matrix,

M = (
mi j

)
4×4 ,

where m11 = f1
(
θ(t)

)

θ11(t)
, m12 = f1

(
θ(t)

)

θ12(t)
, . . . m43 = f4

(
θ(t)

)

θ21(t)
, and m44 = f4

(
θ(t)

)

θ22(t)
. The

linear matrix M of matrix M at the equilibrium E0 = (1, 1, 1, 1) is

M =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

β11G ′
11(1)

β11+γ1

β11G̃
′
12(1)

β11+γ1
0 0

0 0
β12G ′

21(1)
β12+γ2

β12G̃
′
22(1)

β12+γ2

β21G̃
′
11(1)

β21+γ1

β21G ′
12(1)

β21+γ1
0 0

0 0
β22G̃

′
21(1)

β22+γ2

β22G ′
22(1)

β22+γ2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Obviously, matrix M is regular since |M | �= 0. It follows that Eq. (3.3) has a fixed
point in domain (0, 1)4 only when the principle eigenvalue λ of M satisfy λ > 1.
Next, we give the condition of λ > 1.

According to Jury criterion (Zheng et al. 2010), for the characteristic equation of
a matrix, when its constant term is less than the coefficient of highest order term, the
principal eigenvalue is larger than 1. The constant term of the characteristic equation
of matrix M is

c =
[
β11β12β21β22(G̃

′
11(1)G

′
21(1)G

′
22(1) + G ′

11(1)G̃
′
21(1)G̃

′
22(1) − G ′

11(1)G
′
21(1)

G ′
22(1) − G̃

′
11(1)G̃

′
21(1)G̃

′
22(1))

]
/
[
(β11 + γ1) (β12 + γ2) (β21+γ1) (β22+γ2)

]
.

Therefore, when c > 1, i.e., G̃
′
21(1)G̃

′
22(1) > G ′

21(1)G
′
22(1), Eq. (3.3) has a

fixed point E∗ = (θ∗
11, θ

∗
12, θ

∗
21, θ

∗
22) in domain (0, 1)4. That is, when the con-

dition G̃
′
21(1)G̃

′
22(1) > G ′

21(1)G
′
22(1) holds, (26) admits a positive equilibrium

E∗ = (θ∗
11, θ

∗
12, θ

∗
21, θ

∗
22) in domain (0, 1)4. The existence of the final size is proved.

�	

4 The effect of the intercommunity edge on R0

As described in Sect. 2.1, intercommunity edges play a vital role in curbing epidemics.
In this section, we analyze the impact of the number of intercommunity edges on the
basic reproduction number in a network with two communities. The basic reproduc-
tion number, R0, is an important index for determining epidemic outbreaks. In (25),
the explicit relationship between the number of intercommunity edges and R0 has
been presented. However, it is hard to execute theoretical analysis since R0 contains
four topological parameters about inter-community edges, Ψ ′

12(1), Ψ ′
21(1), Ψ ′′

12(1)
and Ψ ′′

21(1). When the degree distribution obeys the Poisson distribution, the four
parameters can be uniformly expressed by the mean of the distribution. Therefore, we
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perform the analysis in the case where inter-community edges follow a Poisson dis-
tribution. We assume the node size of two communities satisfies N1 = N2. According
to (4b) and (5), we have the average intercommunity degree 〈l12〉 = 〈l21〉 � 〈l〉 and
〈l212〉 − 〈l12〉 = Ψ ′′

12(1) = 〈l221〉 − 〈l21〉 = Ψ ′′
21(1).

Then, the basic reproduction number R0 could be simplified to the function of
average intercommunity degree 〈l〉, that is

R0(〈l〉) = A〈l〉2 + B〈l〉 + C, (29)

where

A = β12

β12 + γ2

β21

β21 + γ1

(

1 + β11

β11 + γ1
+ β22

β22 + γ2
+ β11

β11 + γ1

β22

β22 + γ2

)

,

B = β12

β12 + γ2

β21

β21 + γ1

[(

1 + β22

β22 + γ2

)

R11 +
(

1 + β11

β11 + γ1

)

R22

+ β11

β11 + γ1
+ β22

β22 + γ2
+ 2

β11

β11 + γ1

β22

β22 + γ2

]

,

C = β12

β12 + γ2

β21

β21 + γ1

(

1 + β11

β11 + γ1
+ β22

β22 + γ2
+ β11

β11 + γ1

β22

β22 + γ2

)

+ β12

β12 + γ2

β21

β21 + γ1

[(

1 + β22

β22 + γ2

)

(R11 − 1) + (R22 − 1)

×
(

1 + β11

β11 + γ1

)]

+
(

β12

β12 + γ2

β21

β21 + γ1
− 1

)

(R11 − 1) (R22 − 1) + 1.

In Eq. (29), R0 is monotonically increasing with average intercommunity degree
〈l〉 > 0 because of A > 0, B > 0. The result is accordant with that in Koch et al.
(2013).

When 〈l〉 = 0, R0(0) = C . In other words, when R0(0) > 1, R0 > 1, epidemics
break out. When R0(0) < 1, it is uncertain whether R0 < 1 or R0 > 1, which depends
on the average intercommunity degree 〈l〉. In the following, we present the results in
two cases (see Table 2).
Case 1 R0(0) < 1. In the case, if 〈l〉 = 0, R0(0) < 1. It indicates that epidemics do not
break out when two communities are completely isolated. It also means that diseases
do not break out in each community under zero average intercommunity degree. That
is, we consider R11 < 1 and R22 < 1. In the case, whether epidemics break out or not
strongly depend on the average intercommunity degree 〈l〉.
(1) R11 < 1, R22 < 1, when 0 < 〈l〉 < 〈l〉0, R0 < 1, epidemics die out.
(2) R11 < 1, R22 < 1, when 〈l〉 > 〈l〉0, R0 > 1, epidemics break out.

Here 〈l〉 > 〈l〉0 is obviously the critical threshold of average intercommunity
degree. 〈l〉0 is the number of intercommunity edges corresponding to R0 = 1.
Case 2 R0(0) ≥ 1. In the case, if 〈l〉 = 0, R0(0) > 1. It means that epidemics break
out at least in one community regardless of 〈l〉.
(1) R11 > 1 and R22 < 1, or R11 < 1 and R22 > 1, R0 > 1, epidemics break out.
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Table 2 Relationships between R11,R22 and R0 about R0(0)

Case 1 (1) Case 1 (2) Case 2 (1) Case 2 (2)
R0(0) < 1 R0(0) < 1 R0(0) ≥ 1 R0(0) ≥ 1

R11 < 1 < 1 > 1 > 1

R22 < 1 < 1 < 1 > 1

R0 < 1 with 0 < 〈l〉 < 〈l〉0 > 1 with 〈l〉 > 〈l〉0 > 1 > 1

(2) R11 > 1 and R22 > 1, R0 > 1, epidemics break out.

Remark Cases 1 and 2 provide a severity-based hierarchical intervention scheme for
epidemics. In case 2, when epidemics break out at least in one community, interven-
tions within communities must be carried out to make the basic reproduction number
in each community below 1, i.e., R11 < 1 and R22 < 1. If so, the epidemic’s severity is
reduced to that in case 1 from case 2. Then, epidemics could be prohibited by cutting
inter-community edges, according to case 1. The intercommunity degree threshold
〈l〉0 corresponds to the optimal intercommunity edge-cutting number that causes the
least impact on the local normal life. A detailed application of SARS is presented in
Sect. 5.3.

5 Simulations and application to the spread of SARS

In this section, we conduct simulations to verify our theoretical results and apply them
to SARS control based on the reported new cases from March 25, 2003, to April 27,
2003, in Singapore (CDC 2003).

5.1 Degree distribution with poisson distribution

We consider two types of networks with two communities of node size N1 = N2 =
1000 and node size N1 = 500, N2 = 1000 in Fig. 1, respectively. Four-type edges
follow the Poisson distribution, and their average degrees under case 1 and case 2
will be given in the following. The infection rate and recovery rate are set as β11 =
0.15, β12 = 0.14, β21 = 0.17, β22 = 0.12, γ1 = 0.58, and γ2 = 0.46, respectively.
The initial conditions are set as, Si (0) = 0.9, Ii (0) = 0.1, Ri (0) = 0, i ∈ {1, 2} and
θ11(0) = θ12(0) = S1(0), θ21(0) = θ22(0) = S2(0), respectively.

5.1.1 The situation of node size N1 = N2 = 1000

Figure3a, c present the fraction of infectious and recovered nodes under case 1 of
our hierarchical intervention scheme. The average inner community degree in each
community is set as 2, i.e., 〈k11〉 = 〈k22〉 = 2. Then, the basic reproduction number in
each community has R11 = R22 = 0.42. The average intercommunity degree are set
as 1, 3, 5, and the corresponding basic reproduction number R0 is 0.82 (black), 2.25
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Fig. 3 The fraction of infectious and recovered nodes under case 1 ((a) and (c)) and case 2 ((b) and (d)) for
the hierarchical intervention scheme in Sect. 4

(blue) and 2.98 (red). The red and blue lines correspond to case 1 (2), and the black
line corresponds to case 1 (1). It could be seen that R0 decreases with the decrease of
the average intercommunity degree 〈l〉. The result in case 1 suggests that epidemics
could be prevented by cutting the intercommunity edges, is verified. We also see from
Fig. 3c that the final size decreases with the decrease of the average intercommunity
degree 〈l〉.

Figure3b, d present the fraction of infectious and recovered nodes under case 2
of our hierarchical intervention scheme. The red and blue lines correspond to case 2
(2), with each community’s average inner community degree equaling 5. The basic
reproduction number in each community has R11 = R22 = 1.02. When the average
intercommunity degree 〈l〉 declines from 5 to 4, the basic reproduction number R0
decreases from 3.82 to 3.01. The infection peak and the final size also decrease. When
the average inner community degree is reduced from 5 to 4 based on the blue line,
but the intercommunity degree stays unchanged, the outbreak severity reduces from
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Fig. 4 The fraction of infectious and recovered nodes under case 1 (green and black) and case 2 (blue and
red) for the hierarchical intervention scheme in Sect. 4 (color figure online)

case 2 (2) to case 2 (1) (black line). The result in case 2 is that reducing the basic
reproduction number within a community below one could mitigate the severity of
epidemics, such as by decreasing the infection peak, and the final size. That is verified.

5.1.2 The situation of node size N1 = 500,N2 = 1000

Figure4a, b present the fraction of infectious and recovered in the hierarchical inter-
vention scheme with node size N1 = 500, N2 = 1000. The average inner community
degree in each community is set as 1, i.e., 〈k11〉 = 〈k22〉 = 1. Then, the basic repro-
duction number in each community has R11 = 0.24, R22 = 0.26. Note that according
to Eq. (5), we here use the number of intercommunity edges (N I E) instead of the
average intercommunity degree because the difference in node size of two commu-
nities leads to 〈l12〉 �= 〈l21〉. The NIE is set at 1000, 4000, and the corresponding
basic reproduction number R0 is 0.89 (green) and 5.26 (black). The green line corre-
sponds to case 1 (1), and the black line corresponds to case 1 (2). It could be seen that
R0 decreases with the decrease of N I E . The result in case 1 that cutting the inter-
community edges could curb epidemics is also verified. The blue lines correspond to
case 2(1), with each community’s average inner community degree equaling 4 and
1, respectively. The reproduction number in each community under case 2 (1) has
R11 = 1.11, R22 = 0.26. The red lines correspond to case 2(2), with each commu-
nity’s average inner community degree equaling 4. The reproduction number in each
community under case 2 (1) has R11 = 1.11, R22 = 1.32. When average degree
in community 2 is reduced from 〈k22〉 = 4 to 〈k22〉 = 1, the basic reproduction
number R0 decreases from 9.60 to 8.93. The result in case 2 that reducing the inner
basic reproduction number below one could mitigate the severity of epidemics is also
verified.
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Fig. 5 The fraction of infectious (a) and recovered (b) nodes under case 1 and case 2 for the hierarchical
intervention scheme in Sect. 4

5.2 The degree distribution with the power law distribution

The theoretical results of our scheme are limited to the Poisson distribution of average
intercommunity degrees. Here, we show the results in power law distribution. We
still consider two types of network with two communities of node size N1 = N2 =
1000 and N1 = 500, N2 = 1000 in Fig. 1, respectively. The inner community edges
follow the Poisson distribution and the intercommunity edges follow the Power law
distribution.

5.2.1 The situation of node size N1 = N2 = 1000

The infection rate and recovery rate are set as β11 = 0.06, β12 = 0.07, β21 =
0.05, β22 = 0.06, γ1 = 0.12, and γ2 = 0.12, respectively. The initial conditions
are the same as in the simulation of the Poisson distribution.

Figure5a, b present the fraction of infectious and recovered in the hierarchical
intervention scheme. The average inner community degree in each community is set
as 2, i.e., 〈k11〉 = 〈k22〉 = 2. Then, the basic reproduction number in each com-
munity has R11 = R22 = 0.62. The average intercommunity degree is set at 1.57,
3.60, and the corresponding basic reproduction number R0 is 0.97 (green) and 52.97
(black). The green line corresponds to case 1 (1), and the black line corresponds to
case 1 (2). It could also be seen that R0 decreases with the decrease of the aver-
age intercommunity degree 〈l〉. The result in case 1 that cutting the intercommunity
edges could curb epidemics is also verified. The red and blue lines correspond to case
2, with each community’s average inner community degree equaling 2.70 and 3.03,
respectively. The reproduction number in each community under case 2 (1) and case
2 (2) has R11 = 0.94, R22 = 1.02, and R11 = R22 = 1.02, respectively. When the
average intercommunity degree 〈l〉 declines from 9.70 to 3.60, the basic reproduction
number R0 decreases from 115.23 to 54.40. The result in case 2 that reducing the
inner reproduction number below one could mitigate the severity of epidemics is also
verified.
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Fig. 6 The fraction of infectious and recovered nodes under case 1 (green and black) and case 2 (blue and
red) for the hierarchical intervention scheme in Sect. 4 (color figure online)

5.2.2 The situation of node size N1 = 500,N2 = 1000

The infection rate and recovery rate are set as β11 = 0.05, β12 = 0.04, β21 =
0.08, β22 = 0.06, γ1 = 0.12, and γ2 = 0.12, respectively. The initial conditions
are the same as in the simulation of the Poisson distribution.

Figure6a, b present the fraction of infectious and recovered in the hierarchical
intervention scheme. The average inner community degree in each community is set as
1, i.e., 〈k11〉 = 〈k22〉 = 1. Then, the basic reproduction number in each community has
R11 = 0.66, R22 = 0.80. The N I E is set at 1000, 2000, and the corresponding basic
reproduction number R0 is 0.95 (green) and 33.15 (black). The green line corresponds
to case 1 (1), and the black line corresponds to case 1 (2). It could also be seen
that R0 decreases with the decrease of N I E . The result in case 1 that cutting the
intercommunity edges could curb epidemics is also verified. The blue lines correspond
to case 2(1), with each community’s average inner community degree equaling 4 and
1, respectively. The reproduction number in each community under case 2 (1) has
R11 = 1.13, R22 = 0.80. The red lines correspond to case 2(2),with each community’s
average inner community degree equaling 4 and 4, respectively. The reproduction
number in each community under case 2 (1) has R11 = 1.13, R22 = 1.21. When
average degree in community 2 is reduced from 〈k22〉 = 2 to 〈k22〉 = 1, the basic
reproduction number R0 decreases from 123.96 to 98.26. The result in case 2 that
reducing the inner reproduction number below one could mitigate the severity of
epidemics is also verified.

Although the theoretical result of the severity-based hierarchical intervention
scheme for epidemics in Sect. 4 is obtained based on the equal node size of two
communities and the Poisson distribution of average intercommunity degrees, it also
holds when node size of two communities is different (see Fig. 4) or average inter-
community degree obeys Power law distribution (see Fig. 4). It further shows that our
results have good robustness.
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Fig. 7 a Fitting model (2.1) to new cases fromMarch 25, 2003 to April 27, 2003 in Singapore. The blue and
red solid lines describe the fitted results of new cases inside and outside the hospital. The black solutions
and vertical line represent the total number of new cases and the boundary between March and April. The
blue and red circles represent the real data of new cases inside and outside the hospital, respectively. b
Implementation of our hierarchical intervention scheme for SARS. The black solution line is the same as
that in (a). The other solid-triangle and solid-rhombus lines correspond to the intervention solutions lines
from case 2(1) to case 1(2), then to case 1(1) in our scheme (color figure online)

5.3 Applications in the transmission dynamics of SARS in Singapore

In this section, we apply the hierarchical intervention scheme in Sect. 4 to SARS
based on the reported new cases fromMarch 25, 2003, to April 27, 2003, in Singapore
(CDC 2003; Magal et al. 2016). According to CDC (2003) and Magal et al. (2016),
data is divided into data outside and inside the hospital (see Fig. 7a). The population
size outside hospital in community 1 and inside hospital in community 2 satisfies
N1 = 2003 and N2 = 302, respectively. As the real degree distributions are hard to
obtain, we assume four types edges in network in Fig. 1 follow Poisson distributions
with average degrees 〈k11〉 = 5, 〈l12〉 = 2, 〈l21〉 = 13 and 〈k22〉 = 3. Here, according
toMeyers et al. (2005), considering that the average contact number inChina for SARS
is about eight and the basic reproduction number in China is higher than in Singapore
(Meyers et al. 2005; Chowell et al. 2003), we set the average contact number outside
the hospital in Singapore as 〈k11〉 = 5. As the protection measures in the hospital are
stronger than outside the hospital (Meyers et al. 2005; Chowell et al. 2003), the average
contact number inside the hospital is set as 〈k22〉 = 3. In CDC (2003), a superspreader
could transmit ten to twenty individuals, so we set 〈l21〉 = 13, and naturally have
〈l12〉 = 2 according to Eq. (5). The initial conditions are same in CDC (2003) and
Magal et al. (2016), i.e., S1(0) = 2000/2003, S2(0) = 300, I1(0) = 3/2003, I2(0) =
2/302, R1(0) = 0, R2(0) = 0, θ11 = 2000/2003, θ12 = 2000/2003, θ21 = 300/302
and θ22 = 300/302, respectively. Based on those, Fig. 7a present the fitted results
based on the least-square method. In Fig. 7a, the vertical axis represents the number of
new cases, which equals the proportion of new cases multiplied by the corresponding
community node size.
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In details, based on SIR epidemic transmission mechanism, we apply backward
difference implicit method to obtain the number of new cases in i community at time
t as

δ Ii (t) = (1 + γi )Ii (t + 1) − Ii (t), i ∈ {1, 2}

where i = 1, 2 represent the outside and inside of hospital. Consequently, the total
number of new cases can be expressed as δ I1 (t) + δ I2 (t). Correspondingly, in Fig. 7a,
the red and blue solid lines describe the fitted results of new cases outside and inside
the hospital. The black solution and vertical lines represent the total number of new
cases and the boundary between March and April. Our fitted results are accordant
with results in CDC (2003) and Magal et al. (2016). The parameters are estimated as
β11 = 0.00398, β12 = 0.00399, β21 = 0.0004, andβ22 = 0.15, γ1 = 0.04,γ2 = 0.06,
respectively.

Based on the above parameters, we could obtain R11 = 0.05, R22 = 2.11 and
R0 = 2.09. It indicates that the scenario of the SARS outbreak in Singapore we chose
corresponds to case 2 (1) of our hierarchical intervention scheme in Sect. 4. Figure7b
presents implementation effects of the hierarchical intervention scheme. The black
solution line is the same as that in (a). According to our scheme, if curbing SARS,
we first decrease R22 below 1. We reduce it from 2.11 to 0.95 by decreasing the
average degree 〈k22〉 from 3 to 1.453. In this case, the outbreak trend is presented by
a solid-triangle line in Fig. 7b, which corresponds to case 1 (2) in our scheme. Note
that we here use the number of intercommunity edges (NIE) instead of the average
intercommunity degree because the difference in node size of two communities leads
to 〈l12〉 �= 〈l21〉. Further, according to our scheme, when decreasing NIE from 4000 to
1600, SARSdies out quickly, almostwithout infection peak (see the solid-rhombus line
in Fig. 7b). It could be seen that SARS could be gradually contained by our hierarchical
intervention scheme in Sect. 4, although the network parameters are assumed. Once
the real parameters could be obtained, the results would be more accurate.

To find the important factors that affect the basic reproduction number R0 and the
final size, we carry out sensitivity analysis by PRCCs for all input parameters against
R0 (Fig. 8a) and the final size (Fig. 8b). We choose a normal distribution with 1000
samples for all parameters with β11 = 0.00398, β12 = 0.00399, β21 = 0.0004,
β22 = 0.15, γ1 = 0.04, and γ2 = 0.06, respectively, and the respective standard
deviations are 2× 10−7 for β11, 9× 10−6 for β12, 6× 10−7 for β21, 6× 10−5 for β22,
1 × 10−16 for γ1, and 1 × 10−16 for γ2. Figure8a shows that, the transmission rate
β12 from infected person inside the hospital to susceptible person outside the hospital,
and the transmission rate β22 from infected person to susceptible person inside the
hospital are the most sensitive parameters in R0. It means that infected person inside
the hospital have a greater impact on R0. Hospitals should attach more importance to
the isolation and treatment of patients inside the hospital. Figure8b shows that, the
final size is more sensitive to transmission rate β12 and β21 between inside hospital
and outside the hospital. Thus, the government should take appropriate measures to
reduce the circulating number of people inside and outside the hospital. Figure8a, b
also indicate that recovery rate γ2 is larger than γ1 in R0 and final size. Therefore, the
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Fig. 8 PRCCs illustrating the dependence of R0 on each parameter (a). PRCCs illustrating the dependence
of Final size on each parameter (b)

increase in the proportion of medical resources inside the hospital help decrease the
infected risk and minimize the number of infected persons.

6 Discussion and conclusion

The frequent emergence of epidemics has caused amassive threat to human life, such as
COVID-19 (Luo and Jin 2020;Asamoah et al. 2022).With economic globalization, the
rapid spread of epidemics between communities (villages, cities, or countries) poses a
significant challenge for the government to control diseases quickly. When there is no
target medicine or vaccine, isolation among communities is one of the most effective
intervention measures. In this case, the number of inter-community edges becomes
the crucial metric measuring the degree of isolation closely related to local everyday
life. Inspired by this point, we established a four-dimensional edge-based model with
communities and explicitly calculated the basic reproduction number R0(〈l〉) as the
function of the intercommunity edges 〈l〉. We proposed a severity-based hierarchical
intervention scheme for epidemics, according to R0(0) with zero inter-community
edges. The scheme is divided into two cases. In case 2, R0(0) > 1, epidemics break
out when at least one of the inner reproduction numbers in each community is more
significant than one. When the inner reproduction number is reduced to one by inner
community intervention measures, the severity of case 2 is eased into that of case
1. In the case of R0(0) < 1, epidemics may break out, which strongly depends on
the average intercommunity degree 〈l〉. We could also obtain the critical average
intercommunity degree 〈l0〉. In Sect. 5, we applied the scheme successfully to SARS
control from March 25th, 2003, to April 27th, 2003, in Singapore. The existence
of the final size is also demonstrated. Finally, to verify our theoretical results, we
conducted numerical simulations in networks with degree distributions obeying the
Poisson distribution and the Power law distribution.
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The basic reproduction number is hard to obtain for many high-dimension edge-
based models explicitly (Koch et al. 2013; Li et al. 2018; Miller and Volz 2013). We
used the embeddedmultitype branchingprocessmethod to solve the basic reproduction
number from its practical significance and then verified it by disease-free stability in
Sect. 8. Similarly, the final size was generally analyzed by numerical simulation for
these models with more than two dimensions (Luo and Jin 2020; Koch et al. 2013;
Li et al. 2018; Miller and Volz 2013). Here, we proved the existence of the final size
of a four-dimensional model by using the multitype branching process and the Jury
criterion. Unfortunately, the relationships between existing conditions of final size
with the basic reproduction number are not found. Even so, the advances in these two
aspects in the paper enhance the theoretical support for applying edge-based dynamic
models to control epidemics.

The severity-based hierarchical intervention scheme of epidemics may provide a
probable reference for the government to control emerging epidemics. In fact, for
COVID-19, the Chinese government has made similar interventions,1 which greatly
prohibited the spread of COVID-19 in China. When one infection is confirmed in one
community, the zone this community belongs to is promptly defined as the Lockdown
Zone, which was put on complete lockdown. Once the intervention measures are
not implemented within the zone, COVID-19 must break out. The scenario in this
zone could be seen as case 2 (1) in our scheme. A control zone is defined when
no new infections emerge within seven days, which could be seen as case 1 (2). If
the communication between these zones is accessible, COVID-19 still breakouts. In
contrast, if the communication is limited to some extent and no new infections emerge
within fourteen days in the zone. This zone would be called the Precaution Zone,
where COVID-19 is believed to be dying out in this zone, which could correspond to
Case 1 (1).

As described above, our results mainly have the following two novelties. From
the aspect of mathematics, theoretical analysis is rare for most of work on the edge-
based compartmental modelling (Miller et al. 2012; Miller 2011; Rattana et al. 2014;
Miller and Volz 2013; Volz 2008). In the paper, a kind of method demonstrating
the positivity and boundedness of solution is provided on those models. Besides, for
the high-dimension edge-based models (Rattana et al. 2014; Miller and Volz 2013),
the basic reproduction number and the final size are hard to calculate and prove.
We applied the embedded multitype branching process and Jury criterion to obtain
the explicit basic reproduction number and demonstrate the existence of the final
size of a four-dimensional model. The result provides a new insight for theoretical
analysis on those edge-based compartmental models. From the aspect of application,
we used a four-dimension edge-based model with community structure to explicitly
give an expression of the basic reproduction number subject to NIE. By quantitatively
analyzing their relationships, a hierarchical intervention scheme based on epidemic
severity is given in Sect. 4. The critical NIE which could be cut off make epidemics
vanish and costs minimum when an epidemic comes. Although the analyzing result
is limited to the equal node size of two communities and the Poisson distribution of
average intercommunity degrees, it also holds when node size of two communities is

1 http://wjw.shanxi.gov.cn/ztzl/xxgzbdfyyqfk/jkkp/202203/t20220309_5271397.shtml.
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different or average intercommunity degree obeys Power law distribution (see Fig. 4).
Compared with the qualitative work about community structure (Koch et al. 2013; Li
et al. 2018; Salathé and Jones 2010; Huang and Li 2007; Orman et al. 2012), our result
are easier to be put into application of epidemics control, such as SARS in Singapore
in Sect. 5.3.

In conclusion, we proposed a severity-based hierarchical intervention scheme for
epidemics based on inter-community edges. The scheme may be used to effectively
prevent the spread of epidemics, especially one newly emerging infectious disease.
Unfortunately, theoretical results are limited in average intercommunity degree fol-
lowing Poisson distribution due to the complexity of the basic reproduction number.
Modelling is limited in the uncorrelated networks because of the model complexity.
In addition, we only consider cases in two communities. Epidemics break out in more
communities. These could be considered in future work.
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8 Appendix

8.1 Appendix A

In this subsection, we apply the linear system at disease-free equilibrium of Eq. (19)
to verify the basic reproduction number in (25). The Jacobian matrix at disease-free
equilibrium E0 = (1, 1, 1, 1) of model Eq. (19) is

J =

⎛

⎜
⎜
⎝

J11 β11G̃
′
12(1) 0 0

0 −(β12 + γ2) β12G
′
21(1) β12G̃

′
22(1)

β21G̃
′
11(1) β21G

′
12(1) −(β21 + γ1) 0

0 0 β22G̃
′
21(1) J44

⎞

⎟
⎟
⎠ ,

where J11 = −(β11 + γ1) + β11G
′
11(1), J44 = −(β22 + γ2) + β22G

′
22(1).

Its characteristic equation is

λ4 + a1λ
3 + a2λ

2 + a3λ + a4 = 0, (30)

where

a1 = (β11 + γ1) + (β12 + γ2) + (β21 + γ1) + (β22 + γ2) − β11G
′
11(1)

− β22G
′
22(1),
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a2 = (β11 + γ1)(β12 + γ2) + (β11 + γ1)(β21 + γ1) + (β11 + γ1)(β22 + γ2)

+ (β12 + γ2)(β21 + γ1) + (β12 + γ2)(β22 + γ2) + (β21 + γ1)(β22 + γ2)

− (β12 + γ2)β11G
′
11(1) − (β21 + γ1)β11G

′
11(1 − (β22 + γ2)β11G

′
11(1)

− (β11 + γ1)β22G
′
22(1) − (β12 + γ2)β22G

′
22(1) − (β21 + γ1)β22G

′
22(1)

+ β11G
′
11(1)β22G

′
22(1) − β12G

′
21(1)β21G

′
12(1),

a3 = (β11 + γ1)(β12 + γ2)(β21 + γ1) + (β11 + γ1)(β12 + γ2)(β22 + γ2)

+ (β11 + γ1)(β21 + γ1)(β22 + γ2) + (β12 + γ2)(β21 + γ1)(β22 + γ2)

− (β12 + γ2)(β21 + γ1)β11G
′
11(1) − (β21 + γ1)(β22 + γ2)β11G

′
11(1)

− (β12 + γ2)G
′
22(1)β11G

′
11(1) − (β11 + γ1)(β21 + γ1)β22G

′
22(1)

− (β11 + γ1)(β12 + γ2)β22G
′
22(1) − (β12 + γ2)(β21 + γ1)β22G

′
22(1)

− (β11 + γ1)β12G
′
21(1)β21G

′
12(1) − (β22 + γ2)β12G

′
21(1)β21G

′
12(1)

+ (β12 + γ2)β11G
′
11(1)β22G

′
22(1) + (β21 + γ1)β11G

′
11(1)β22G

′
22(1)

+ β11G
′
11(1)β12G

′
21(1)β21G

′
12(1) + β12G

′
21(1)β21G

′
12(1)β22G

′
22(1)

− β11G̃
′
11(1)β21G̃

′
12(1)β12G

′
21(1) − β12G̃

′
21(1)β22G̃

′
22(1)β21G

′
12(1),

a4 = (β11 + γ1)(β12 + γ2)(β21 + γ1)(β22 + γ2) − (β12 + γ2)(β21 + γ1)

× (β22 + γ2)β11G
′
11(1) − (β11 + γ1)(β12 + γ2)(β21 + γ1)β22G

′
22(1)

+ (β22 + γ2)β11G
′
11(1)β12G

′
21(1)β21G

′
12(1) + (β11 + γ1)β22G

′
22(1)

× β12G
′
21(1)β21G

′
12(1) − (β11 + γ1)(β22 + γ2)β12G

′
21(1)β21G

′
12(1)

+ (β12 + γ2)(β21 + γ1)β11G
′
11(1)β22G

′
22(1) − (β22 + γ2)β11G̃

′
11(1)

× β21G̃
′
12(1)β12G

′
21(1) − (β11 + γ1)β12G̃

′
21(1)β22G̃

′
22(1)β21G

′
12(1)

+ β11G̃
′
11(1)β21G̃

′
12(1)β12G

′
21(1)β22G

′
22(1) + β12G̃

′
21(1)β22G̃

′
22(1)

× β11G
′
11(1)β21G

′
12(1) − β11G

′
11(1)β12G

′
21(1)β21G

′
12(1)β22G

′
22(1)

− β11G
∗′
11(1)β12G̃

′
21(1)β21G̃

′
12(1)β22G̃

′
22(1).

As the complexity of the fourth order Eq. (30), the stability of disease-free equilibrium
is hard to verify by Routh–Hurwitz criterion. However, for the type of edge-based
equations, reference Rattana et al. (2014) has indicated that the case of a4 = 0 in
fourth order equation (30) is equivalent to R0 = 1. Therefore, when a4 = 0 in (30),
we obtain

R0 = β11

β11 + γ1

β12

β12 + γ2

β21

β21 + γ1

β22

β22 + γ2

(
G̃

′
11(1) + G̃

′
12(1) − 1

)

×
(
G̃

′
21(1) + G̃

′
22(1) − 1

)
+ β11

β11 + γ1

β12

β12 + γ2

β21

β21 + γ1
G

′
21(1)

×
(
G̃

′
11(1) + G̃

′
12(1) − 1

)
+ β12

β12 + γ2

β21

β21 + γ1

β22

β22 + γ2
G

′
12(1)
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×
(
G̃

′
21(1) + G̃

′
22(1) − 1

)
+ β12

β12 + γ2
G

′
21(1)

β21

β21 + γ1
G

′
12(1)

+ β11

β11 + γ1
G

′
11(1) + β22

β22 + γ2
G

′
22(1) − β11

β11 + γ1
G

′
11(1)

β22

β22 + γ2
G

′
22(1).

It indirectly verifies the validity of R0 in (25), although the analysis lacks strict proof.
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