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Abstract In this paper, we formulate a new Zika virus model in light of both mosquito and human transmission along with the
human awareness in the host population. Initially, we assumed that the virus is transmitted to humans through a mosquito bite and
then transmits to his or her sexual partner. Further, we investigated the mathematical results and stability analysis and proved that the
model is asymptotically stable both locally and globally. We applied the Castillo-Chavez approach for establishing global stability.
Similarly, we presented the existence of endemic equilibrium and demonstrate that the model is locally and globally asymptotically
stable using a suitable Lyapunov function at endemic state, upon backward bifurcation analysis we proposed that no bifurcation
exists for our model. The sensitivity analysis is carried out and verified that the probability per biting of the susceptible mosquito
with the infected human is the most sensitive parameter. Furthermore, we developed a Zika control model and incorporated three
controls. These controls are prevention through bed nets and mosquito repellents, treatment of Zika patients, and the spray of
insecticides on mosquitoes. The graphical results of the model with control and without control are obtained through a numerical
scheme. The infection caused by the Zika virus would be more efficiently eliminated using the new idea of human awareness and
bilinear incidence presented in this paper.

1 Introduction

Zika Virus is a Flaviviridae virus that enters the body usually through the bite of female mosquitoes Aedes aegypti during the day.
Sexual interaction, blood transfusion, and fetuses from their mothers are the other secondary transmission mechanisms. Conjunc-
tivitis, rash, headache, fever, muscle, and joint discomfort are some of the symptoms of the Zika virus, which can last anywhere
from 2 to 7 days. In some cases, the infected person may not show any symptoms at all. The Zika virus was initially discovered in
rhesus monkeys in Uganda in 1947, and then in people in Uganda and Tanzania in 1952 [1]. The first major Zika virus outbreak
occurred in Yap Island in 2007, and the second occurred in French Polynesia in 2013. Similarly, in 2015 and 2016, the world saw
an outbreak of Zika virus in major European countries such as France, Italy, and Spain, among others. Colombia and Latin America
have been severely affected by the Zika virus in the last ten years, with numbers of cases ranging from 31555 in Colombia to 150000
in Brazil, 11400 in Honduras, 4500 in Venezuela, and 6310 in El Salvador. In February 2016, about 735 new cases due to travel
were reported from Florida state, according to [2]. In the last few years, Zika cases are reported from central and south American
and the Caribbean. Many countries still face an alarming situation regarding the infection of Zika virus [3]. The complications
associated with the Zika virus and its possible control are an important subject to public health authorities recognized by WHO
[4]. The infection caused by the Zika virus is possibly the same as that of chikungunya, yellow, and dengue fever. The Aedes
mosquitoes take the blood of an infected person through the bite and then passes the infection to a healthy individual, currently, no
medicine, vaccine, proper treatment, or clinical test are available for Zika infection yet plenty of rest, protection measures against
mosquitoes, and some WHO proposed medicine might be helpful to keep yourself safe from Zika virus. Besides this mosquitoes
can be eliminated by larval devastation and insecticide spray. Mathematical modeling of infectious diseases is a significant tool in
understanding the dynamics of disease and provides a base for the process of taking the necessary decisions to stop the disease
transmission. To address the complications and key factors associated with Zika infection the mathematical models with control can
be more efficient to predict and eradicate a future outbreak of the Zika virus. There are possibly three control interventions regarding
Zika virus to reduce its spread in the host population, these strategies are prevention through wearing light-colored clothes, use of
bed nets, window screens, and mosquito repellents, increasing autoimmunity by WHO proposed medicine, increasing death rate of
mosquitoes through a spray of insecticide. The dynamics of Zika infection are modeled by many authors and each one explored
a different perspective, for example, Zika infection studied by some mathematical models are discussed in [5-9]. The authors in
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[5] analyzed the actual data of two regions of the Island of Yap in 2007 and French Polynesia in 2013-2014. The coinfection of
Zika virus with Chikungunya modeled in [6]. Zika virus with suggested control is considered in [9]. The spread of the Zika virus
by sexual intercourse has been studied in [7]. Zika cases in Colombia are mathematically modeled in [8]. Zika infection with an
optimal control is studied in [10]. The mathematical model that studies the Zika infection in the human compartment with logistic
growth is considered in [11]. A recent temperature-dependent Zika model is investigated in [12]. An SEIR type model of Zika virus
dynamics is studied in [13]. The issues faced by Zika patient in hospitals and the possible provision of resources is studied through a
mathematical model [14]. In mathematical models of epidemiology, researchers have experimented with several forms of nonlinear
incidence functions. In an SEIS model, Hethcote et al. [15] employed the nonlinear incidence function. Incident rates of the form
K (1S)? with p > 1 may lead to periodic solutions, according to Cunningham [16]. The mathematical model for the dynamics
of Zika virus with nonlinear incidence rate for both integer and non-integer order is discussed in [8,17] based on the Colombia
data. This paper presents a Zika virus model with awareness including optimal control theory, the optimal control interventions
are protection against mosquitoes, increasing autoimmunity, and increasing death rate of mosquitoes. In the proposed model, we
consider the disease incidence function, which estimates the rate of new infection, is regarded as a critical parameter in the math-
ematical analysis of epidemiological problems. This rate is expected to be bilinear in both the infected and susceptible fractions.
This hypothesis is based on the idea that people move around in a community, and infection spreads when a susceptible and an
infective come into touch. Further, we considered the only human model and investigate the analysis. Similarly, we studied the full
Zika carrier model with fundamental properties. Finally, we made the backward bifurcation analysis about bifurcation parameters
at disease-free equilibrium and concluded that no bifurcation exists for our proposed model. In addition, sensitivity analysis is made
to observe the effect of influential parameters on the basic reproduction number. The paper is organized as: Sects. 2 and 3 present
formulation and dynamical properties of the proposed model. Section 4 includes the analysis of only the human model and Section
5 is composed of a mathematical analysis of the full Zika carrier model. Further Sect. 6 comprises optimal control and its numerical
simulations while concluding remarks in Sect. 7.

2 Model description
2.1 Formulation of vector host population model
The total human population Ny is classified into susceptible Sg, exposed E g, infected Iy, and recovered Ry . Ny represents the

overall mosquito population, which is further separated into Sjs-susceptible mosquitoes, Ejs-exposed mosquitoes, and /js-infected
insects. As a result, we have the Zika model as follows:

B = Ay — BiSuln — B2Sulu — (ki + w1)Sp.

Ly — B Syly + BoSulv — (ki +01)En,

%" =01Eg — (v + ki) ln,
Ri = yIy — ki Ry + w1 Sn, (1
dSy

=t = Ay — nSylyg — (k2+w2)SM»

Ly — Sy Iy — (ko + 02+ w2)En.

Uit = o) Ey — (ko + 2) I,

subjected to initial conditions
Su(0) =SHo =0, En(0) = Efo =0, In(0) =19 =0, R (0) = Ruo = 0,
Sm(0) = Smo =0, Ey(0) = Epo =0, In(0) = Ipo = 0. (2
For simplicity, we choose
h=(+o), b=k +o1), Bh=y+k), la=(h+w), Is=(ka+02+w).

The parameter A g in the model (1) represents human growth rate, while A s represents Zika mosquito birth rate. The factors
B1 and B, determine the rate of transmission between susceptible humans and infected humans, as well as between susceptible
humans and infected mosquitoes. Humans and mosquitoes die naturally at the rate k| and k3, respectively. The parameter y shows
the rate at which the infected become recovered. The parameter w; shows the awareness rate of the host population, while w, is
the constant and effective control rate of mosquitoes. The exposed mosquitoes become infected at rate o» and p represents the
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Fig. 1 Transition diagram of Zika A
virus model (1) :
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probability of susceptible mosquito biting-infected humans. The transmission pattern of the proposed model is depicted in Fig. 1.
Since the parameters of the model are nonnegative, it is essential to show the positivity of all the state variables.

3 Model basic properties

3.1 Solution positivity

Lemma 3.1 The solution G(t) = (S, Ex, In, Ry, Sy, Eym, Iym) with the initial condition G(0) > 0 of the model (1) is nonneg-
ative fort > 0, also lim;_, o, sup Ny(t) = 1}—1” and lim;_, o sup Ny (t) = AITM hold.

Proof The first equation of the model (1) is

ds
—t = A= BiSuln — BaSulu — (ki +on)Sy. @)
Integrating (3) in the range [0, 7'], we obtain
d T
= [s1@ exp] / (Bi1n () + Bl () + Gk + o))T ||
dt 0

= A exp[Bulu(n) + BaluGdn + (ki + 00T [dT,

or we can write it as,
T
Sp(T) = Sp(0) exp[ - /0 (Bl () + Bl ()dn + (ki + 601)T]
T
+€XP[ - /o (Bilu(m) + Bl ())dn + (ki + wl)T]

T y
X /(; An exp{/o (Bulu () + By () dn + (ki +w1)y]dy > 0.
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Similarly it can be shown that Eg (1), Ig (), Ry (t), Sm(t), Ep(t), and I (¢) are all positive for T > 0. Thus G > 0 for all
t > 0, for the next part of lemma, we consider the human compartments in model (1) is,

dNy
—— = Ay — kI Ny. 4
P H—kiNg (4)
Similarly, the mosquitoes compartments in model (1), we have
dNy
—— = Ay —koNpy. 5
T M —kaNy Q)

By integrating and taking limit for + — oo [18], both (4) and (5) follows that,

Ay

A
< lim inf Ny(t) < lim sup Ny(t) < =2,
kq t—00 t—00 kq
. Ap
lim sup Ny(t) = —,
t—00 kq
and

Ayp
ka

Ay

2

IA

< lim inf Npy(t) lim sup Ny (t) <
=00 =00

Aym

lim sup Ny (t) =
t—00 kq

Hence, the biologically feasible region is

A A
Q= {(Su.En.,In. Ry, Sm, Ey. Ey) € R} : Ny < Aoy < =X }

ki )
O
3.2 Invariant region
Proposition 3.1 For nonnegative initial conditions, the closed set Q2 is bounded and positively invariant in ]RZ_.
Proof The rates of change of whole human and mosquito populations are
A
Ni () < Ny @ 110 + 22 (1 — ),
1
—ki (1) AH —kot
Ny (1) < Ny(O)e + k—(l —e ).
1
Since e %1 — (0 and e %' — 0 as r — oo, the solutions are
Ag
Np(t)=——,
H(t) I
Aym
Ny(t)=——.
m (1) =
Thus the closed set 2 is bounded and positively invariant. O

4 Dynamics of only human model

In this section we investigate the mathematical results of only human model that comprises of first four equations of model (1)
followed as,

B = Ay — BiSuln — B2Sulu — (ki + w1)Sp.

dfff = B1Suly + B2Suly — (ki +01)ER),

(6)
Ui = o\ Ey — (y + k) 1y,

% =yly —kiRy + w1SH.
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Disease-free equilibrium
The infection-free equilibrium of only human model is given as

A A
Sé’z(SO,EO,I%,R%):(Tf’,o,o,“’ “).

il )

Reproduction number
The basic reproduction number is an important parameter in mathematical epidemiology, it determines the existing situation and
future outlook of an infectious disease. We follow the approach [19], for the computation of basic reproduction number (R{)’ ) of the

only human model.
BiAn
F=( 0 %), v=( 2 9).
0 0 —o1 13

o181 A
RY = ppv) = DPRH @®)
L3
Endemic equilibria
The endemic equilibria of only human model (6) are denoted by £}, = (S},, E};, I}, R})).
§* — Aplyls(ulf+1y)
H ™ 15 (Bilals(ul g +Ha)+Proa A p)+hlals (nlf+la)
E =20, ©)
R* — Lals(ulf +l) (Y I (Bl +h) o Ag+y I Paoan A )
H ki (Lals (I +a) (B I g+l +betazoa Ay Ty)
4.1 Asymptotic stability of disease-free equilibrium
Theorem 4.1 The only human model (6) is locally asymptotically stable (LAS) at 561 if RS{ < 1.
Proof The Jacobian of only human model at 8({1 is,
noo =i g
—BiAn
7 55’) | 0L — 0
0 or —I3 0
w1 0 Y —k1
The two eigenvalues are A1 » = —I[, —k, having negative real parts while the other eigenvalues can be obtained from characteristic
equation followed as,
A4 dia+dy=0. (10)
The coefficients of (10) are,
dy =1 +13,

dr = bi3(1 —RE).

Clearly, d; is positive and d> is positive only when R(’)"I < 1. So it is concluded that only the human model at 8(1;’ yields four
eigenvalues having negative real parts. So, the only human model (6) at Sg’ is locally asymptotically stable whenever Rgl <l1l. O

4.2 Asymptotic stability of endemic equilibria

Theorem 4.2 The only human model is LAS at £, if Ré{ > 1.
Proof The Jacobian of model (6) at £7; is followed as,

—Ni—=1; 0 =N, O
N -l Ny O
0 o —Il3 0 ’ an
w1 0 Y —k1

J(E) =
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where N\ = B11}; + B21};, No = B1S},. We get the negative eigenvalue —k;, while the remaining eigenvalues can be obtained
from the characteristic equation that yields,

)»3—{-61)»2-}-62)»-1—03 =0, (12)
where the coefficients are of the form,

co=h+b+5+ Ny,
c2 = (N1 + 1)l +13) + (l2l3 — Naoy),

c3 = bhizNy + 11 (lbl3 — Nyoy).

Clearly ¢ is positive and ¢», ¢3, becomes positive if (I/3 — N>op) > 0. Thus the Routh—-Hurwitz conditions [20], ¢; > 0, ¢ >
0, ¢3 > 0 and c1c2 > c3 can be easily verified. If ¢; > 0 for i = 1, 2, 3 then the characteristic polynomial (12) has negative real
parts and the model (6) at £}, is asymptotically stable. O

4.3 Global stability of £}, using geometric approach

In this section, we use the geometric technique [21] to examine the global stability of only a human model at £7;.
Theorem 4.3 The only human model is globally asymptotically stable (GAS) at £}, if Rgl > 1.

Proof The model (6) evaluated at £7; is given as

—Bilg — Bl =11 0 —B1Sy
J(Ey) = Bilu + Pl —b P1Su
0 o -3

Also the second additive compound matrix is

My B1Su  BiSH
2= o M 0 , (13)
0 Mz —Ih—1I

where
My = —p1Sg — Bl — i — o,
My = —=Bilg — Boly — i — 13,
M3 = Bily + Balu.
Consider a matrix,
1 0 0 1 0 0
P=|0 22 0|, then P'=[0 # 0
0 2n 0 0 4
The matrix Py shows the derivative of P in the direction of vector field f.
0 0 0 0 0 0
pr=|° % R R e I
0 0 7’”EHI%’HE” 0 0 72—
Moreover, we obtained the matrix,
0 0 0
PP~ = | Myor MMyt 0 , (14)
0 M4M3% —My(lr + 13),%'1
where M4 = %

5)

A=PPt 4 PPl = (Gll G12>7

Gy Gn
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where

G =0, Gpp=(0,0), Gy =(Mso1,0),

E’ I,
Gzz_<55—1:+MzM4,é: 0 )
_— E/ I/ .
MMy 4 P — = Ml + ) 44

Let the vector (i, v, w) € R3 and its norm defined by ||l
G, v, wyll = max{lul, |v], [wl},
Consider v(L) gives the Lozinski measure with norm already defined,
V(L) = sup(¢1, ¢2),
where
$1 =v(G1) +1G2l, ¢2 =1Gai| +v(G2).

|G21] and |G 12| shows the vector norm related to the vector / and v, denote the Lozinski measure with respect to / norm. Then,
we have

v(G11) =0, |Gz =sup{0,0} =0.
Therefore, ¢1 = v(G11) + |G12] = 0. Also for ¢;, we have
IgE, — I, Eg

G = 1121 o1,
Iy Ej, I Iy Iy Ej, I,
vGy = su HMM— — — = 4+ MyMy—, —Ms—(1 l ———},
2 p 42EH+EH IH—I- 43EH 4EH(2+3)+EH Ty
E, I Iy In
H H
= = — = — Ms—( 13), —Mys— (Il l].
By IH—i—max[ 4EH(1+3) 4EH(2+3)

¢2 = |Ga1| +vGa2,

E’ 1, Ey E’ 1. 1 1

H H H H H H

THe  H MG L CH_CH — Myl 1), My 1 };
T o1 112{ 1 En I max{ 4EH(1 3) 4EH(2 3)

IA

furthermore, the third equation of the model (6) gives,

Iy En Ey _ Su(Bilu + B2In)

= —_— —l ) - k 0
Tn o B B, En (k1 +o1)
Then, we can get
E, I,Ey E, I Iy In
< Hy _"H a—l——H——H—i—max{—M—l—i—l,—M—l—i—l },
¢ =< Ty °! 2 ey I 4EH(1 3) 4EH(2 3)
E), [ Iy In
< —min| M+ B), Me 4 1)
Ey Ey Ey

As aresult, for Ré" > 1, the method discussed in [21] concluded that the model (6) is globally asymptotically stable at £;;. O

5 Analysis of the full model

We analyzed the dynamics of the full Zika virus model (1). The disease-free equilibrium DFE of full model is &) and is given as,

A A A
€0 = (S ESy. 15y, Ry S8y By 15 = (52,0,0, 222, M 0,0). (16)
I kiliy Iy
The next generation technique [19] is used to obtain the reproduction number, such as

0 BiSYy 0 BSY L 0 0 0
10 0 0 0 o B 0 0
F_ousglo 0 ’V_00150
0 0 0 0 0 0 —oo Ig
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The p(FV~!) gives,

Ro = 0 4 RM. 17
0 2111213 + 0 ( )

o1B1Al olBiAy | poromPrhpAy R
PTETETE b2l 2

where

M oiBiAy | morfaAuAy  _y o1k
0 42212 hhiizis 70 T hihb

5.1 Local stability of & (DFE)

The Jacobian of the model (1) at & is

0 Bt o o -BAx
0 —h f‘llA]H 0 o0 o fhu
1 1
0 ol —I3 0 0 0 0
J(&) =] wi 0 y —ki 0 0 0
0 0 M 0 -y 0 0
0 0 M0 0 -I5 0
0 0 0 0 0 o —ly
The eigenvalues are A = —kj, —I1, —l4, which are clearly negative, and the remaining can be obtained from the following
characteristic equation
A4+mlk3+m212+mgk+m4=0. (18)
The coefficients are
my =L +13+1+1s,
my = lals + (lh + 3) (s + Is) + LI3(1 = R),
m3 = lyls(ly + 13) + blz(s + 15)(1 = RED,
nmy = 12131415(1 — ’R;),
where
o181 A g1 oAy A
Ry = 1B1AE | po102Bo Ay — RU(1 = Ro) +R2. (19)

111213 11121314%15

The characteristic equation (18) yields four negative values if Ry < 1, while from Routh—-Hurwitz criteria [20] m; > 0, for
i=1,2,3,4and mymoms > m%m4 + m% satisfy. Obviously the coefficients are positive if Rg < 1. Hence, the system (1) at & is
locally asymptotically stable.

5.2 Global stability of &

The global stability of DFE is calculated by the Castillo-Chavez approach [22], the model is rewritten as,
dXx

= =FIX,Z

7 (X, 2),

dz

- = G(X,Z), G(X,0) =0, (20)

we choose X = (Sy, Sy) € RZ and Z = (Ey, Iy, Em, In) € RY, the DFE is & = (X°, 0), where X° = (%H, %’)
The existence of global asymptotic stability of DFE depends on two conditions described by Castillo-Chavez, needs to be satisfied.

(). For dd—)f = F(X, Z), X" is global asymptotic stable.
(ii). G(X,Z)=MZ — G(X, Z), where G(X, Z) > 0, for (X, Z) € Q.

where M = D,G (X, Z) is an G-matrix and € is a feasible region.
Lemma 5.1 The fixed point £y of the model (1) is GAS if Ro < 1 and above conditions are satisfied.

Theorem 5.1 The DFE of the presented model is globally asymptotic stable if Ry < 1 and both above conditions are satisfied.

@ Springer
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Proof

dxX Ag — B1Sulg — BoSuiy — (ki + w1)SH

Ay — puSuly — (ko + w2) Sy
after evaluating ‘% at &, so §0 = (S9, S,?,,) and ‘% = F(X,0), we obtain

dX AH—ZISO
— =F(X,0) = g,
dt %0 (AM—Z4S§3,,

Ast—>ooandX—>XOsz:XO:(SO,SOM).So,

L Sy 0 BSy Ey

. |- -5 0 0 Iy
MZ-6X.2)=| ", wsd 15 0 By
0 0 oo —ly Iy
Bilu(Sy — Su) + Balu (S} — Su)
0
wlp (SY — Su) '
0
where
-, BSYy 0 BSY Ey
I e B & 0 0 | 1u
M=1 o nsy —is 0 |’ 2= ey |
0 0 [op) —l4 IM

Bilu(SY — Su) + Balu (SY — Si)
A 0
G(X.Z) =
2 pl(Shy — Sm)
0
Clearly, S* = (89, 89,) = (42, Su

T ) is a bound for the entire population. While G (X, Z) fulfills the condition thatis G(X, Z) =
0and G(X, Z) = MZ — G(X, Z) > 0, the & is GAS.

O
5.3 Endemic equilibrium of full model
The endemic equilibrium £* of full model (1) is denoted by,
E = (Sy. Ey. Iy Ry, Eyy. Iy, 2D
and its expressions are,
g — Apglals(ulf;+ly)
H ™ Ij(Bilals (ulfy+la)+Broo u A )+ lals (ud fr+la)
IIF
Ep =755
R* — Lyls (Ul +l) (v 1 (Bl HD o1 Ay +y 1 Broa A y) (22)
H ky (lals (ulfy+Ha) (B +0)+Baor Ay Ty) ’
x _ _mAuly
Ev = Gt
I* = o uhmly
M T Iyds(ulf+He)
Using (22) in the second equation of model (1), we have
@I+l +q3 =0, (23)
where

q1 = upihlzlyls,
q2 = bl3lgls(Bily + uly) + w(Baoa Ayl — Bro1 Aplals),

@ Springer
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g3 = LibhIls(1 — RY),

In (23), g1 is positive and g3 become positive, when Ro < 1 and negative when Ro > 1. Therefore, g3 = 0 if R§ = 1 and

thus we acquire a unique nonzero solution I}, = — Z—f for g» < 0. The above discussion concludes that our equilibria continuously
depend on Ry.
—q— /a5 —4 —@+.\/q; —4
- 2 q143 o q2 q) q193
e 291 TR 2q1 '

No positive solution exists for (23) if g3 > 0 and either g > 0 or q% < 44143 and hence there exists no endemic equilibria. The
following is an analysis of the preceding discussion:

Theorem 5.2 The Zika model has:

(i) if gz < 0iff Ro > 1, then there exists a unique EE.

(ii) ifgap <OA g3 =0V q22 —4q193 = 0, a unique EE exist.
(iii) if gz > 0, g2 < O A Disc > 0, then two equilibria exists.
(iv) No EE exists otherwise.

Case (iii) of above theorem incorporates the possibility of backward bifurcation for the model (1) when R§ < 1. The backward
bifurcation is acquired by putting q22 —4q1q3 = 0. Then the critical value R of Ry is,

L9
4\ blls

c

Thus R. < Ry is equivalent to q22—4q1Q3 > 0, therefore, backward bifurcation might happen for R§ provided that R < R§ < 1.
The set of considered values of Zika model (1) parameters are k1 = 0.19204, k> = 0.020531, o1 = 0.35809, o, = 0.020706, y =
0.07098, w; = 0.35809, w, = 0.00071429, B; = 0.01599, B, = 0.00014874, Ap = 0.014957, Ay = 119.96, and
w = 0.0008134 and the bifurcation plot is shown in Figure 2.

5.4 Existence of bifurcation

We applied the center manifold theorem [23,24] to prove the phenomenon of backward bifurcation. Let 81 and S, be the bifurcation
parameter, such that R = 1 iff,

B =By = kb, (24)

By = pi = bl32ls .
27 oA (Bilfs+uoaAy)

(25)

The state variables in model (1) are replaced by Sy = x1, Eg = x2, Iy = x3, Ry = x4, Sy = x5, Eyp = x6¢ and Iy = x7
and the vector notation is [x1, x2, X3, X4, X5, X6, x7]T. Then the Zika carrier model can be expressed as d—;‘ = F(x) with F =
Lf1, f2. 3. fas f5. fe, f7]" and written as,

W= f1 = Ay — x1(Brxs + Pax7) — lix1,

%2 = fo = x1(B1x3 + Pax7) — l2x2),

s _ o _

7 = 3 =01x2 — l3x3,

% = fa = yx3 — kx4 + w1x1, (26)

dx
T = f5 = Am — mux3xs — laxs,

d
e = fo = mx3xs — Isxe,

dx
TE = f1 = o02x6 — lsx7.
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After evaluating the system (26) at & with 81 = B} and B> = B5. We obtain,

_ bly __ bblls
b0 ol 0 0 0 a«ﬂﬂf@juap«M)
_ bly _ Dbblls
0 b o1 0 0 0 o1 (B131s+1o2 Apr)
I —I3 0O 0 o0
T =1, o y ki 0 0 0
0 0 &M 0 -l 0 0
0 0 L0 0 - 0
0 0 0 0 0 o —ly

First, we calculate the left and right eigenvalues denoted by W = [wy, w2, w3, ws, ws, we, w7]and V =

[v1, v2, 3, V4, V5, V6, V7],
respectively.

Lwy o w2 (yoi1li — wi1hl3)ws
wy=—"—"—, wy=wy >0, w3= , wa= ,
ll 13 k11113
ws = _ pApmoIw we = _ pApmorw wy = UApo102w2
LI Blals Lizls
and
lzvz
v =y =v5=0, wvy=vy>0, wv3=-—"=,
o1
_ hlslyonv) Dhl3l4l507

- 9 v7 - .
o1 (Bil3ls + poaAy) o1 (Bil3ls + poaAy)
The bifurcation coefficients a and b are calculated as,

2

2
Z ukwwjaaaf 0.0), b= X::vkw,(a a/81( 0+ 77 (0,0)),

ki, j=1 0x; B2
so we have,
_ lzvzmwz(nmz + leAMlll4ls)
L1s131s(B113ls + poar A ) ’
b (315 + noaAp)or A gvyws -
11151315 ’
where

w1 = (Bil3ls + BaporAu), 72 = (BilFls + oA y).

As the bifurcation coefficient, b, is positive, the existence of backward bifurcation for a proposed model can be predicted from
the sign of a [24], if a > 0, b > 0 then the system will undergo backward bifurcation. Here in this case a < 0 and no backward
bifurcation exists for model (1). In backward bifurcation, the endemic equilibrium coexists with stable disease-free equilibrium
between which one is stable and the other is unstable if Ryp < 1. The biological importance of the phenomenon of backward

bifurcation for Zika model (1), the condition Ry < 1 is necessary but not sufficient for the eradication of Zika virus from society
and depends on the initial size of the population.

5.5 Local stability of EE

Theorem 5.3 The Zika model (1) is LAS at endemic equilibrium (EE) if Ro > 1.

Proof The model (1) has Jacobian matrix at endemic equilibrium in the form,

—Ni1 — 14 0 —N» 0 0 0 —Nj3
Ny -l N 0 0 0 N3
0 o1 —I3 0 0 0 0
J(EH) = w1 0 y —ki 0 0 0
0 0 —Ny 0 —Ns—1s O 0
0 0 Ny 0 Ns —Is 0
0 0 0 0 0 (o)) —l4
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Fig. 2 Backward bifurcation plot 10
for the Zika model ol
sl
Stable EE
= 7T 7
=
—_
= 6f 1
@
£
2 57 1
2
g 4r 1
2
£ ;| B
Stable DFE Unstable DFE
s 1
1L 1
o
o 0.5 1 1.5 2

Reproduction number Ro

where
Ni = Bilf + Balyy, No= BiSu*, N3 = poSy, Ni=nuSy, Ns=plj.
The eigenvalue —k; is negative while the characteristic equation gives,
28+ a1A5 + azk4 + a3k3 + a4A2 +ask +ag = 0. 27
The constants are,
ay =1y + b +13 42l +1s + Ny + Ns,
ar = (b + 13+ 15+ N5 + 2]y — Naoy + (22 + 13 +Is + N1) + Ns + 14) 14
+I>(I3 +1Is + Ny + N5) + 13(Is + N1 + Ns) + Is(N1 + N5) + N1 Ns,
a3 = —NyNeoy + (215 + Ns)ls + IsNs)li + 13(NsNio + 1sN7 + IsNg) + (No + 13)I3
+I(NsNyo + l4N7 + IsNg + I3(ls + Ng) + lf) + l4l5(2N1 + N5) + N1Ns5(ls + I5),
as = =01 (N2(Ns(l1 +La) +I5(y + 21 + N5) + L@l + 1) + N3Naoo) )
+1 (13 (a1 + N1) + Ns) + IsNg + IsNio + 13) + N10N1114) 4 LalsN1oN11
+0ls((N7 + 14)l4 + NsNio) + I3 <N10N1114 +Is((N7 + 1)y + N5N10)>,
as = —oj (N3N402(11 +14) + L14Na Ny + IsNo (Ns(ly + 14) + 14 (s +215)))
+lz<l3 (Is(2N1o + Ns) + NsNiol3) + N10N1114) +l4lsN1oN11 + NioN11l3ls),
a6 = l4(lal3lsN1oN1y — 1101 (N3N4os + IsN2Nip)),
where

Ne = (1 +2l4+ 15+ Ns5), N7 = (2(Ni +11) + Ns), Ng= (I +2l4 + Ni + Ns),
N9 = (I; +Is+ Ny), Nio= (1 +Ny), Nip=(Us+Ns).

Now the Hurwitz matrices are,

a 1 a ! 0 ay a 1 0

1 3 @

Hi=a;, Hy= <a3 a2>, Hy=1|a3s ay a1 |, Hy= as ay a3 a |
as a4 as

0 0 a5 a4

a1 0 0 ag 1 0 0 0 O

a3 a» a; 1 0 0

a o a 1 0 as a4 a4z a a 1
Hs=|as as a3 a ay |, He= | B 424

0 as as a3 a

(==l
o
o
o
)

[
I
=

0 0 0 0 ae
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The polynomial given by (27) gives six eigenvalues having negative real parts if a; > 0 fori = 1, 2, ...6, and the corresponding

Routh—-Hurwitz criteria satisfied. So that, the model (1) is LAS at £* if Ry > 1. O
5.6 Global stability of EEP
In this section, we prove that the Zika model is globally asymptotically stable (GAS) at the endemic equilibrium point.
An = Bl + Balyp) Sy + 1Sy,
LE* = (Bl + B2l ) Sy + 115y,
o Ef =11},
Lhpy = Bty + Bali)Sy,
Ay = uSy I + 148y,
,LLSX,[I;; = lsEX/I,
o By =11y,
Lyl
uSy I = ;‘7—2511’;
(28)
Theorem 5.4 If Ry > 1 and
6_Sm | (1 B Sj@) Bilutboly) Euly Sy Im  Emly SuEylu]_,
S5 Sy Ex/ (Bl +Bliy) Ejln Su Iy ElIu SyliEw]™
Then &£ is GAS.
Proof The Lyapunov function is of the form,
SH S* Ey E* Iy I*
V:/ (1——H)dx+/ (l——H)dx—i—/ (1“2 )ax
S% X E} X I X
Sm S* Em E* Iy I
+/ (1 - —M)dx/ (1 - —M)dx—i—/ (1 - —M)dx. (29)
St X E}, X Iy X
So multiplying with some specific term and taking the derivative of the above equation we have,
S% E% I}, + B13)S% I
V= Ms;;ll;;[(l — sy + (1= L) By + (Prlyy + Polip)Siy (1- i)l;,(r)]
SH H UlEh Iy
k k * S;} ! E:;l /
+8BuLsy + Bl | (1= 22 )Shy + (1= 22 ) Eq o)
Sm E,
“Sulh ( Yy
- 7)1 0. 30
g, L7y, ) (30)
Initially we compute the following results, by using the solution (28),
ST ST
(1= 32)s = (1= 32) [ An = 1Su = SuBiln + B2l |
SH SH
S*
= (1= 52) + [t + LSty = Su(Bilu + Balan) + 1S5 — 1) |
S% S\ Bl + Bolm)
=SB + ol )(1 - H 4 (1-F) AT
R St i/ (Bl + B2l
Su Sy
2- 22 - 2By, 31
+( 5~ 5p )i (31)
E* E%
(1 - fH)E;'l = (1 - 7”) [SH(,BI Iy + Baly) — leH],
H En
E*
= Su(Bilu + Polw) = SuBilu + falu) - —bEn +bE,
H
Ey Ey\Su (Bilu + B2lm)
=S; (ﬁ11*+ﬂ21*)<1—7+<1—i)77 . (32)
R E}; En/ Sy (Bily + Bl
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Bilf; + B213y) ST, I} (Bilf; + B213) ST, I}
O]Eh <1 )IH N G]Eh (1 1 >[UIEH _Z3IH]

IH H

Iy  Eglf Ey
= (B1I} + Bl S*( Ty —)
it + polipSin (1= i~ g+

(33)

(1= 2t = (1= 2 [wae = Sy — a5

S*
(1- S—M) [,uS}f,,I,*, — uSuly + 14T, — 14SM],

:(2————M)I4SM+MSMIH( SXHI” Sl (34)

Sm S* I”<

*

(1 - EL)EjW - (1 — %)[MSMIH —stM]

*

Ey
= uSuly — nuSuly
Em

+uSiyly —

EM SMIHEL SMIH)

- s*1<——— 35
Hom i Ei, ~ SLILEy @ SiI% (33)

,LLS,T/,IZI( Iy )I . wSy 15 (1 Iy
=

02y Epy — lal ]
0'2E;|k/1 IM)[2M 4

Iv  Euml} EM>

- “S’*V’I;;(l I, Ejly  E} (30

Therefore (30) follows the results from (31)—(36),

V' = uSy Iy SyBily + P21y
(6—7 (I_SHE}EI)(;‘}]IH ~+ Balym) _ EH];_'} S;;[ SMIHEX/] Iy EM[]T/I)

S5 SyEx) B +Baly)  Ejln Su SyljEm Ly Eylu

* pk ok SH S*
M*'HYH x M©PH H M - .
ol SE IS (2 = 5 )+14s SH B + Bal, )( ) (37)

In (37), it is obvious that,

and

o S (1 SuFiyBiluc+pol)  Eulip Sy SwlnEy w Ewliy]
S* S}E[EH (,311;_} +ﬁ21;</1) E;k_I[H Sm SX/II:IEM [;C[ EZ}IM -
Thus V' < 0, the £* is GAS by LaSalle’s invariance principle when R > 1. O

5.7 Sensitivity analysis

The sensitivity analysis is performed to investigate the most sensitive parameter and shows its impact on the transmission and
persistence of the disease. The obtained information enables the public health authorities to take necessary action to eliminate
the disease and control its spread. The direct differentiation approach is applied that examined the sensitivity of Ro about model
parameters.

_ P » 0Ro
IRol ~ 0P
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Fig. 3 Global sensitivity for the
parameters in R through PRCC
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A reasonable variation was observed by introducing a slight change in the most sensitive parameter. The parameters involved in
the sensitivity of Ry are B1, B2, Ay, Ay, L, 01, 02, 1, w2, ¥, k1, and ky. The sensitivity of these parameters suggests possible
prevention measures such as decreasing the biting rate of mosquitoes and covering a body. The sensitivity of Ry concerning these

parameter yields,
Sy
Sg
Say

Sy

Ro oka

P1oRo _
Ry 9B
B2 9Ro
Ro 8Bm

T2

AH aRo _

Ro 0A gy

Ay o _

Ro 0Am
u 9Ro
Ro
o1 0Ro
Ro do1
oy Ry
Ry dop
w1 R
Ro dwp
wy R
Ry dwy
Y 0Ro
Ro dy
k1 0Ro
Ro 3/(1
kr 0Ro

I Ru

Rm ’
1 R
,(1_7H>>0,
2 2R um

L) o

2 ZRM

1

7<1 )>O,

2 2Rm

Ru

(1= >0,
2( 2RM>>
1 o] Ry
—(1- 14+ — 0,
2( k1+01)( +2RM)>
1— R

”2(1——H)>0,

2 2Rm
e Ry

4(k1 + w1) 2Rm

w? ko + wy Ry
——1 1-— 0,
2( +k2+02+a)2)( ZRM)<
YRy

2(k1 +y) 2Rm '

k 1 2k R

1< n 1+ w4+ o )<1+ H)<0,

ki +w1 (ki +o)ky +y) 2Rm

ko ko + wn Ru
——(1 1-— 0,
2( +k2+02+a)2)( 2RM)<

where Sg,, Sg,, Say» Says Sus Sois Sozs Swi> Swss Sky» Sk, and S, denote the normalizer of sensitivity index with respect to
B, B2, Au, Am, 1, o1, 02, w1, wa, ki, ky and y, respectively. As a result increase in positive parameters may cause increase
in Rp and increase in negative one causes decrease in Rg. The global sensitivity graph is shown in Fig. 3.

6 Optimal control problem

This section presents an optimal control problem for the model (1). The aim of the optimal is to minimize Zika virus infection by
providing three control strategies. The suggested controls for our model include:

e 11 (t) control minimizing contact between mosquitoes and humans by wearing light colored clothes, using bed nets and window

screens.
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Table 1 Model parameters values with description.

Parameter Description Value/week Refrence
Ay Birth rate of Human 0.014957 Assumed
Ay Recruitment rate of mosquitoes 119.96 Assumed
B Contact rate b/w Sy and Iy 0.01599 Fitted
B Transmission rate b/w Sy and Iy 0.00014874 Fitted
w1 Awareness rate in the host population 0.35809 Fitted
w) Constant rate of effective mosquito control 0.00071429 Fitted
o] Progress rate from Ey to Iy 0.35809 Fitted
[} Rate at which E»; will become 1, 0.020706 Fitted
k1 Mortality rate of Human 0.00019204 Fitted
ko Natural death rate of mosquitoes 0.020531 Fitted
y Humans recovery rate 0.07098 Fitted
Probability of transmission per biting of Sy, with Iy 0.08134 Fitted
800 180 T T T T T
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Fig. 4 Prevention through treatment and insecticides spray
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Fig. 5 The implementation of strategy up = u3 # 0 on mosquitoes compartment and control profile

e 1 (1) increasing auto immunity through enough rest and taking WHO proposed medicine.
e 13(t) measures the increase of death rate of mosquitoes by spraying of insecticide.

Applying these three controls, we can rewrite the Zika virus model (1) in the form,

B — Ay — (1 —u)Su(Biln + BoIn) — (ki + @) Sh,
i = (1 —u))Su(Bilu + Balu) — (ki + 01 En.
%” =o1Eg — (k1 +u2y) i,

R = yyy Iy — ki Ry + w1 S, (38)

B = Ay — (1= u)uSylu — uz(ka + w2) S,

‘%M =0 —u)pSmln —u3tks + w2) Em — 02Ey,

%” =o02Ey — us(ky + w2)lu,
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Fig. 6 Prevention through bed nets and insecticide spray

having initial conditions. The three control parameters are u(t) = u; € U for control problem (38) associated with the state
variables that is bounded above and measure with,

U(t) = (uy,uz, u3) : u; is Lebesgue measurable in [0, 1],

O=<ui()=1,1t€l0,T], i=123, (39)

where the objective functional is,
T
1
J(uy, uz, uz) = / [AEH + Bly +CEy + DIy + E(Eu% + Fus + Gu%)] . (40)
0

While A, B, C, and D are scalarizing or balancing constants associated with suggested variables of the objective function, the
associated cost factor is represented by E, F, and G, which shows, respectively, the use of full clothes and bed nets to protect
yourself from mosquitoes, treatment of infected individuals with best available treatment including rest and WHO recommended
medicine, spraying insecticide on mosquitoes and their larva to stop their further reproduction. We find an optimal control u] (¢),
fori =1, 2, 3 such that,

Ty, uz, u3) = minJ(uy, uz, u3). (41)

The existence of control system (38) can be proved by writing it as,

Z'=G*'Z+F(2), (42)
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Fig. 7 Implementation of strategy 1 = u3 # 0 on mosquitoes and control profile
where
SH -1 0 0 0 0 0 0
Ey 0 —Ih 0 0 0 0 0
IH 0 (o3 —kl —uyy 0 0 0 0
Z = RH B G* = w1 0 uy —k1 0 0 0 .
Sm 0 0 0 0 —usly 0 0
Ey 0 0 0 0 0 —usly — o 0
IM 0 0 0 0 0 (o)) —u314
and

Ag — A —u)Sy(Bilg + B2lm)
(I =u)Sa(Bilu + B2lym)
0
F(Z) = 0
—(I —up)uSyln
A —u)puSuly
0
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Fig. 8 Prevention through bed nets and treatment
We set
sk
H(Z)=G"Z+ F (Z) (43)

In above equation the term F'(Z) satisfies,

|F(Z1) — F(Z2)| < QulS1a @) — Sou O] + Q2| Evu (1) — E2n ()| + Q31 hia (@) — L (1)]
+04|R1u (1) — Rog (O] + Os1S1m () — Sam (D) + Q6| Erm (1) — Eam (2]
+071him (@) — Ly (1)l,
< Q{ISm(t) = SmO|+E1a () — E2u O]+ [Lig (@) — L (1)]

HRia (@) — Rog ()| + |S1m (1) — Som (D] + [E1m (1) — Eam (1)]
i @) = a1},

where Q = max(Q;) fori = 1,2, ...7 is a positive constant and is free of the state variables. Further we have

|F(Z1) — F(Z2)| < 01Z1 — Z5|,

where Q = Q1+ 02+ O3+ Q4+ Os + Qs + Q7 + || K| < o0, the above results show that Lipschitz function is uniformly
continuous. Next Pontryagin’s maximum principle [25] is applied to obtain conditions necessary for optimal control problem (38).
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Fig. 9 The impact of coupled strategy u| = upy # 0

6.1 Existence of solution

The existence and boundedness of control system (38) are shown by using the results [26], if the following conditions satisfy:

i
ii.
iii.

iv.

The state and control variables are nonempty.

The set of control variables given by (39) is closed and convex.

The equations on the control problem right side are continuous, bounded, and represented as a linear function of u, with
coefficients that depend on state variables and time.

There exist positive constants 1, 6> and p > 1 that makes the integrand in (40) convex and satisfy.

P
L(y,u,t) > 01 (lur]* + [uz|* + luz|*) 2 — 6.

Using the results [27], the above conditions (i-iv) are easily satisfied. The condition (iii) holds due to bilinear property of control
system in control variables and condition (iv) satisfies by writing,

1 r
AEp + Bly + CEy + DIy + 5(Eu% + Fu3 + Gu3) = 0 (ju1|* + lua* + |uz|?)? — 0,

where A, B,C, D, E, F,G > 0 and p > 1, so we come across the following results.
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Fig. 11 The infected mosquito and control profile for strategy u; = uy = uz # 0
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Fig. 13 Single control impact on mosquitoes compartments

Theorem 6.1 An optimal control u* = (u7, u3, u3) exists for the objective function and control set given in (40) and (39), respec-
tively, such that J(uy, u3, u3) = mUin Juy, up, uz).

Proof To solve the optimal control problem presented in (38), we set the Lagrangian and Hamiltonian. The Lagrangian, indicated
by L, is given by
1
L(Ey, Iy, Eyt, Iy uy, uz, us) = AEy + Bly + CEp + DIy + E(Eu% + Fu3 + Gu3).
(44)
The Hamiltonian A is defined as the minimum of the Lagrangian L, whereas
Y=, En, 10, Ru. Su, Em In), U = (u1,uz,u3), A= (A1, A2, 23, A4, A5, A6, A7).
So Hamiltonian becomes,
HY,U,%) = L(Eq, 10, Em, I, ut, uz, u3)
+ri[Ag — (L= u)Su(Biln + B2Iu) — (ki + 1) Sk ]|
+r2[(L = u)Su(Biln + Balm) — (ki + o)) En | + A3[o1En — (ki + u2y) x|
+ra[uzy Iy —kiRy + o1Sg | + As[Ay — (1 — u)uSyu Iy — uz(ka + 02)Su ]
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+re[(L —u)uSyla — ustka + @) Eyg — 02 Ep | + Ar[02En — us(ka + @2) Iy ]
A, fori =1, 2,...7 denotes adjoint variables. O

6.2 Solution of control problem

To solve the optimal control problem, we use the [28] optimal approach. Let u be the optimal control system solution (38) for
i =1, 2,3, and there are adjoint variables A, for j = 1, 2...7, which satisfies the conditions given as,

dr WMD) G203, j=1,2.7,

dar — EES ’
OZW, i=1,23, j=12.7, (45)
%=w i=1,2,3, j=12.7,

To obtain the necessary findings for the optimal control problem (38), we use equations derived in (45) and establish the following
results.

Theorem 6.2 For the solution (Sy, Eg, Iy, Ry, Smu, Em, Iy) and optimal controls given by u;k fori = 1,2, 3 associated with
control system (38), we have adjoint variables ) j for j = 1,2, ...7 that satisfies,
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D1 = (1 —uD)Bily + Palu) + Akt + 1) — 2a(1 —uD)(Bily + Paly) — Mwr,
D2 = — A+ Ma(ki +01) — A301,
D3 — —B+ 1 (1 —u)BiSy — (1 —u) 1Sy + A3k + uzy) — hauzy

+rs(l —u)puSm + re(1 —u)uSu,

(46)
B = daky,
Bs = as(1 —upply + rsuz(ka + w2) — re(1 — u)ply,
dig

7> = —C + Aeusz(ka + @2) + Aeo2 — X702,
% =-=D+ 1A —up)BoSy — Al —u1)BaSu — AsAy (1 — u3) + Aquz(kz + w2),

with transverse conditions
Ai(Tp) =0 for, j=1,2,.17. 47)

While writing the optimal control variables in the range 0 < (uT, uj, uf{) < 1, we obtain

Wt = max {min {1, Ca=h1)Su (Brl+Bolu)+Gs=r)uSu ln } 70} !

u} = max {min{l,%}ﬂ}, (48)

it = max {min {17 <kz+wz><xssMgA6EM+x71M>} ’ 0} )
Proof Differentiating the Hamiltonian with respect to state variables yields the results (46) and (47). We also derive (48) by
differentiating Hamiltonian H with respect to control variables. O

6.3 Numerical simulation of optimal control problem

In this section, we present the numerical simulation of the optimal control problem (38) and without control problem (1) by using
the backward Runge—Kutta scheme and different preventive strategies. Table 1 shows the parameter setting for simulation with
corresponding contribution for each strategy to minimize the infection with weights A =1, B=1C =1, D=1, E=05, F =
0.5, G = 0.5. The suggested strategies found upon the set of controls are:

6.3.1 Scenario 1: Coupled control

Strategy 1: Treatment and insecticide spray

(ur =0,uz #0,u3 # 0)

In this strategy, we keep the treatment (1) and insecticide spray (u3) active and calculate our proposed results in Figs. 4 and 5.
The human population is shown in Fig. 4, while Fig. 5 unfolds the results for mosquitoes and control profile as well. The variables of
the control problem with control and without control are represented by the dashed and solid lines, respectively. Although there is no
specific treatment for Zika infection, drinking plenty of fluids to avoid dehydration, getting plenty of rest, and taking acetaminophen
may be useful in eradicating the virus from the population.

Strategy 2: Prevention through bed nets and insecticide spray

(1 #0,u2 =0,u3 #0)

Here the strategy of using bed nets (1) and insecticide spray (#3) is suggested to stop the transmission of the Zika virus. In Fig.
6, the population of infected and exposed humans has decreased significantly, while the population of susceptible and recovered
humans has increased. In addition, Fig. 7 depicts a reasonable decrease in the mosquito population.

Strategy 3: Prevention through bed nets and treatment

(1 #0,up #0,u3 =0)

This strategy considers prevention through bed nets (#1) and treatment (1) controls and ignores the third control (#3). The
graphical results after simulation is given in Fig. 8 and 9. So this strategy is much effective on human population.

6.3.2 Scenario 2: Threefold control

Strategy 4: Prevention through bed nets, treatment, and insecticide spray

(ur #0,uz #0,u3 #0)
It is determined that each strategy is important in its own right and that a strategy may be effective in either human or mosquito
compartments. We used this strategy to implement all three controls at the same time, and the simulation results are shown in Figs.
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10 and 11. The susceptible and recovered humans increase, while the exposed and infected humans decrease, as shown in Fig.
10(a—f). Similarly, the population of infected mosquitoes reduces dramatically in Fig. 11. For the possible elimination of the Zika
virus from the population, using all three controls u1, u;, u3 at the same time is favored over other strategies.

6.3.3 Scenario 3: Single control

Strategy 5: Bed nets only

(ur #0,u2 =0,u3 =0)

In this strategy, we assume prevention from Zika virus infected mosquitoes through bed nets (#1) only and ignore the strategies
of treatment and insecticide spray. Figures. 12 and 13 show that this strategy effectively reduces the number of infected individuals
by keeping them away from mosquitoes and increases the susceptible in the community.

Strategy 6: Treatment only

(u1 =0,u2 #0,u3 =0)

The strategy of only treatment (u>) of infected individuals is applied, while prevention through bed nets and insecticide spray is
neglected. Figures 14 and 15 show that the treatment through WHO recommended medicine minimizes the course of infection only
in humans and makes the individuals join the susceptible class.

Strategy 7: Insecticide spray only

(u1 =0,ur =0,u3 #0)

This strategy makes the use of insecticide spray (13) on Zika- infected mosquitoes and does not consider the prevention through
bed nets and treatment. Figures 16 and 17 illustrate the number of infected mosquitoes that transmit the infection to humans is
decreasing, increasing the number of existing susceptible individuals and the population remaining safe from mosquito bites.

7 Conclusion

In this paper, we analyzed a new Zika virus model that includes bilinear incidence rate and human awareness; we presented its
dynamical results and optimal control analysis. Initially, we considered the human sub-model only and determined R g . The risk-
free equilibrium state is locally and globally asymptotically stable if Ry < 1. Furthermore, if Ry > 1, the model is locally
asymptotically stable at endemic equilibrium. Moreover, we calculated that the model is globally asymptotically stable at endemic
equilibrium using a geometric technique. Similarly, we presented the entire Zika model’s fundamental features and stability study.
The basic reproduction number is calculated using the next-generation matrices approach; the whole model is locally asymptotically
stable at disease-free equilibrium if Ro < 1, and the model is globally asymptotically stable at DFE using the Castillo-Chavez
theory. The model for the existence of endemic equilibrium was discussed. If Ry > 1, we established that the model is locally
asymptotically stable at endemic equilibrium. We concluded that the complete model is globally asymptotically stable at endemic
equilibrium after introducing a suitable Lyapunov function. We did a sensitivity analysis of each relevant parameter concerning
the basic reproduction number R and specified the most sensitive parameters using a direct differentiation approach. The whole
model has no bifurcation at Rg = 1, according to the backward bifurcation analysis. Finally, we formulated the optimal control
problem with three control variables: prevention through bed nets and mosquito repellents, treatment of Zika-infected patients, and
insecticide spray. The results of the numerical simulation are obtained by the RK4 numerical scheme, and different combinations of
controls are discussed; each combination has its usefulness, but it is suggested that combining all the three controls at a time gives
more insight into the disease dynamics and reduces of the number of infection than other control combinations.

Funding This research has no external funding.

Conflict of Interest The authors have declared no conflict of interest.

References

—_

D.LH. Simpson et al., Zika virus infection in man. Trans. Royal Soc. Tropic. Med. Hygiene 58(4), 335-8 (1964)

2. L. Dinh, G. Chowell, K. Mizumoto, H. Nishiura, Estimating the subcritical transmissibility of the zika outbreak in the state of Florida, USA, 2016.
Theor. Biol. Med. Model. 13(1), 1-7 (2016)

3. I. I. Bogoch, O. J. Brady, M. U. G. Kraemer, M. German, M. I. Creatore, M. A. Kulkarni, J. S. Brownstein, S. R. Mekaru, S. I. Hay, E. Groot, et al.
Anticipating the international spread of zika virus from brazil. The Lancet, 387(10016), 335-336, 2016

4. M. K. Kindhauser, T. Allen, V. Frank, R. S. Santhana, C. Dye, Zika: the origin and spread of a mosquito-borne virus. Bull. World Health Organiz.,
94(9):675, 2016

5. A.J. Kucharski, S. Funk, R. M. Eggo, H. -P. Mallet, W. J. Edmunds, E. J. Nilles, Transmission dynamics of zika virus in island populations: a modelling
analysis of the 2013-14 French Polynesia outbreak. PLoS Neglect. Tropic. Dis., 10(5):e0004726, 2016

6. C. A. Manore, R. S. Ostfeld, F. B. Agusto, H. Gaff, S. L. LaDeau, Defining the risk of zika and chikungunya virus transmission in human population
centers of the eastern united states. PLoS Neglect. Trop. Dis., 11(1):¢0005255, 2017

7. EB. Agusto, S. Bewick, W.F. Fagan, Mathematical model for zika virus dynamics with sexual transmission route. Ecol. Compl. 29, 61-81 (2017)

@ Springer



146  Page 30 of 30 Eur. Phys. J. Plus (2022) 137:146

8.

16.
17.

18.
19.

20.
21.

22.
23.
24.
25.
26.

. Dahlard L Lukes and LUKES DL. Differential equations: classical to controlled. 1982
28.

G. Gonzdlez-Parra, T. Benincasa et al., Mathematical modeling and numerical simulations of zika in Colombia considering mutation. Math. Comput.
Simul. 163, 1-18 (2019)

. M. Z. Mustafa Khan. Impact of temperature on the linewidth enhancement factor of chirped inas/inp broadband quantum-dash lasers around 1610 nm.

J. Nanophoton., 13(2):026001, 2019

. Daozhou Gao, Yijun Lou, Daihai He, Travis C Porco, Yang Kuang, Gerardo Chowell, and Shigui Ruan. Prevention and control of zika as a mosquito-borne

and sexually transmitted disease: a mathematical modeling analysis. Scientific reports, 6(1):1-10, 2016

. Eva K Lee, Yifan Liu, and Ferdinand H Pietz. A compartmental model for zika virus with dynamic human and vector populations. In AMIA Annual

Symposium Proceedings, volume 2016, page 743. American Medical Informatics Association, 2016

. Blanka Tesla, Leah R Demakovsky, Erin A Mordecai, Sadie J Ryan, Matthew H Bonds, Calistus N Ngonghala, Melinda A Brindley, and Courtney

C Murdock. Temperature drives zika virus transmission: evidence from empirical and mathematical models. Proceedings of the Royal Society B,
285(1884):20180795, 2018

. Jinhong Zhang, Jianwen Jia, and Xinyu Song. Analysis of an seir epidemic model with saturated incidence and saturated treatment function. The

Scientific World Journal, 2014, 2014

. Hui Wan and Jing-an Cui. Rich dynamics of an epidemic model with saturation recovery. Journal of Applied Mathematics, 2013, 2013
. Herbert W Hethcote, Harlan W Stech, and Pauline van den Driessche. Periodicity and stability in epidemic models: a survey. In Differential equations

and applications in ecology, epidemics, and population problems, pages 65-82. Elsevier, 1981

John Cunningham, A deterministic model for measles. Zeitschrift fiir Naturforschung C 34(7-8), 647-648 (1979)

Aatif Ali, Saeed Islam, M Riaz Khan, Saim Rasheed, FM Allehiany, Jamel Baili, Muhammad Altaf Khan, and Hijaz Ahmad. Dynamics of a fractional
order zika virus model with mutant. Alexandria Engineering Journal, 2021

G Birkhoff and GC Rota. Ordinary differential equation, ginn and co, 1982

Pauline Van den Driessche, James Watmough, Reproduction numbers and sub-threshold endemic equilibria for compartmental models of disease
transmission. Mathematical biosciences 180(1-2), 29-48 (2002)

Robert N Clark. The routh-hurwitz stability criterion, revisited. I[EEE Control Systems Magazine, 12(3):119-120, 1992

Michael Y Li and James S Muldowney. A geometric approach to global-stability problems. SIAM Journal on Mathematical Analysis, 27(4):1070-1083,
1996

C Castillo Chavez, Z Feng, and W Huang. On the computation of r0 and its role on global stability. Mathematical Approaches for Emerging and
Re-emerging Infection Diseases: An Introduction, 125:31-65, 2002

KO Okosun and Oluwole Daniel Makinde. A co-infection model of malaria and cholera diseases with optimal control. Mathematical biosciences,
258:19-32, 2014

Carlos Castillo-Chavez, Baojun Song, Dynamical models of tuberculosis and their applications. Mathematical Biosciences & Engineering 1(2), 361
(2004)

Liev Semiénovich Pontryagin, VG Boltyanskii, RV Gamkrelidze, EF Mishchenko, KN Trirogoff, and LW Neustadt. LS Pontryagin Selected Works:
The Mathematical Theory of Optimal Processes. Routledge, 2018

Wendell H Fleming and Raymond W Rishel. Deterministic and stochastic optimal control, volume 1. Springer Science & Business Media, 2012

Suzanne Lenhart and John T Workman. Optimal control applied to biological models. Chapman and Hall/CRC, 2007

@ Springer



	Mathematical modeling for the transmission potential of Zika virus with optimal control strategies
	Abstract
	1 Introduction
	2 Model description
	2.1 Formulation of vector host population model

	3 Model basic properties
	3.1 Solution positivity
	3.2 Invariant region

	4 Dynamics of only human model
	4.1 Asymptotic stability of disease-free equilibrium
	4.2 Asymptotic stability of endemic equilibria
	4.3 Global stability of mathcalEH* using geometric approach

	5 Analysis of the full model
	5.1 Local stability of mathcalE0 (DFE)
	5.2 Global stability of mathcalE0
	5.3 Endemic equilibrium of full model
	5.4 Existence of bifurcation
	5.5 Local stability of EE
	5.6 Global stability of EEP
	5.7 Sensitivity analysis

	6 Optimal control problem
	6.1 Existence of solution
	6.2 Solution of control problem
	6.3 Numerical simulation of optimal control problem
	6.3.1 Scenario 1: Coupled control
	6.3.2 Scenario 2: Threefold control
	6.3.3 Scenario 3: Single control


	7 Conclusion
	References




