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Abstract

We propose and analyze a deterministic mathematical model for the transmission of food-borne diseases in a population
consisting of humans and flies. We employ the Caputo operator to examine the impact of governmental actions and online
food delivery services on the transmission of food-borne diseases. The proposed model investigates important aspects such
as positivity, boundedness, disease-free equilibrium, basic reproduction number and sensitivity analysis. The existence and
uniqueness of a solution for the initial value problem is established using Banach and Schauder type fixed point theorems.
Functional techniques are employed to demonstrate the stability of the proposed model under the Hyers—Ulam condition. For
an approximate solution, the iterative fractional order Predictor—Corrector scheme is utilized. The simulation of this scheme
is conducted using Matlab as the numeric computing environment, with various fractional order values ranging from 0.75
to 1. Over time, all compartments demonstrate convergence and stability. The numerical simulations highlight the necessity
for the government to implement the most effective food safety control interventions. These measures could involve food
safety awareness and training campaigns targeting restaurant managers, staff members involved in online food delivery, as
well as food delivery personnel.

Keywords Mathematical modelling - Food-borne diseases transmission - Online food delivery - Caputo fractional
derivatives - Numerical simulations
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Introduction secure, and sustainable cities by 2030, the United Nations
has asked all of its member states to take action on 17 Sus-
Urbanisation, non-communicable diseases, unhealthy  tainable Development Goals (SDGs) spanning economic,
diets, and climate change are all acknowledged as major  social, and environmental dimensions (UNTW 2022).
threats to world health (Giles-Corti et al. 2016). In order to Online food delivery services (OFDS) have the potential

promote healthy lives and well-being and create inclusive,  to impede our progress towards the SDGs by affecting
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our eating, working, and environmental practises. OFDS
provide delivery of a wide range of takeaway foods and
beverages from kitchens to doorsteps and are described
as platform-to-consumer delivery operations of ready-to-
consume meals (Statista 2021). These include of dishes
such as pizza, burgers, sandwiches, wraps, spaghetti,
and pides. Currently, the Online Food Delivery Service
(OFDS) industry is largely controlled by major interna-
tional corporations with a global footprint. The practice
of ordering ready-to-eat meals online introduces new
and additional risks to food safety, compounded by the
growing reach and prevalence of OFDS. These risks stem
from the involvement of delivery personnel in the supply
chain, acting as intermediaries between food producers
and the end consumers. For example, when the consumer
is not present at the point of sale, such as a restaurant, it
opens opportunities for fraudulent activities like swapping
or mislabeling products, aiming to profit by substituting
high-quality items with substandard alternatives (Strategy
2021).

Over the past few decades, concerted efforts by food
suppliers, industries, and regulatory bodies have been
instrumental in elevating food production standards to
meet rigorous health requirements. This has been pivotal
in curbing the public health risks and financial repercus-
sions associated with foodborne illnesses. Numerous
initiatives and programs have been put in place globally
by both governmental entities and the private sector to
realize this objective. Despite these advances, foodborne
illnesses-triggered by various agents like bacteria (E. coli,
Salmonella, Campylobacter, Listeria, Clostridium perfrin-
gens), viruses (Norovirus), natural toxins, and chemical
contaminants-continue to pose significant health threats
internationally. This is due to the continuous emergence
of new hazards while existing ones are being managed.

Recently, the study of infectious disease dynamics has
expanded significantly, developing into a complex, inter-
disciplinary domain that includes epidemiology, public
health, and beyond (Yousefi 2021; Noor et al. 2023). This
area brings together a wide range of academic disciplines
such as sociology, machine learning, artificial neural net-
works, mathematics, and biology to understand and predict
the spread of diseases and various social behavioral issues
(Shaik et al. 2023; DiCicco et al. 2020; Yousefi et al.
2023). Mathematical models are pivotal in epidemiology,
which focuses on how diseases spread. These models apply
mathematical principles to depict the dissemination of dis-
eases and their effects on populations. They are essential
tools for research, enabling scientists to formulate and test
hypotheses, assess quantitative theories, address specific
questions, evaluate the effects of parameter changes, and
calculate vital parameters using mathematical modeling
and computer simulations (Djordjevic et al. 2018; Ndairou

@ Springer

et al. 2018; Rachah and Torres 2016). For many years,
mathematical models have helped researchers and pub-
lic health practitioners to predict the potential impact of
disease outbreaks, identify the key drivers of outbreaks,
and evaluate the effectiveness of different control strat-
egies. Although much research based on mathematical
modelling has been done contributing to fight food-borne
diseases, the most worrying aspect about it is that we are
yet far-reaching from the accurate and high degree of pre-
diction (Ndairou et al. 2020; Diethelm 2013; Gonzalez-
Parra et al. 2014). As a result, it is critical to improve our
understanding of the dynamics of food-borne transmission
by incorporating novel methods into the current models.
Insights into the spread and management of numerous
viral infectious diseases around the world have long been
obtained using mathematical modelling (Aldila et al. 2013;
Anastassopoulou et al. 2020; Anderson and May 1991).
The study conducted by Mugabi et al. (2024) employed
a mathematical model to investigate how the behaviours
of honeybees can decrease the likelihood of outbreaks
of deformed wing virus in colonies afflicted with Varroa
destructor. The paper by Abidemi (2023) investigated the
optimal and cost-effective regulation of drug addiction
among students using mathematical modelling. The paper
by Alade et al. (2023) introduced a mathematical model
that describes the dynamics of Chikungunya virus within
a host, taking into account the adaptive immune response.
The SDIQR mathematical model of COVID-19 is utilised
by LADT to examine numerical data regarding infected
migrants in Odisha. The COVID-19 model in the work
of Sahu and Jena (2023) utilises analytical power series
and LADT to estimate the solution profiles of dynamical
variables. The research undertaken by Peter et al. (2022a)
centres on the creation and examination of a deterministic
mathematical model for the monkeypox virus. The criteria
for achieving both local and global stability of disease-
free and endemic equilibria are established. The evidence
suggests that the model undergoes a backward bifurcation,
where the disease-free equilibrium, which is stable in the
local context, coexists with an endemic equilibrium. The
research undertaken by Alla Hamou et al. (2024) presented
a mathematical model that combines the memory effect to
mimic the transmission of HIV in a heterosexual popula-
tion. The population is divided into two age cohorts: the
youth cohort, comprising those aged 15-24, and the adult
cohort, comprising individuals aged 25 and above. The
purpose of classifying the population by age is to iden-
tify the most vulnerable group to the virus based on their
sexual behaviour and produce accurate predictions on HIV
transmission. A study conducted by Ahmad et al. (2024)
devised an optimal control system that integrated three
strategies (public awareness campaign, post-exposure
vaccination, and isolation) to determine the most efficient
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combination for substantially lowering or eradicating dis-
ease transmission. We have proven the existence of opti-
mum control and identified the necessary conditions for
optimality through the application of Pontryagin’s notion.
Mathematical models based on traditional integer-order
dynamics have been extensively applied in epidemiology
due to their success in describing disease spread, see Barro
et al. (2018) and the references therein. Nevertheless, it is
becoming increasingly recognized that these models may
not sufficiently account for complex phenomena such as
hereditary characteristics, long-distance interactions, and
memory effects, which are prevalent across various sci-
entific and engineering disciplines, see Ball et al. (2008),
Becker (1979), Brauer et al. (2012), Casella (2020), Cas-
tilho (2006) and the references therein.

In contrast, models employing fractional-order differ-
ential operators are gaining favor for their enhanced abil-
ity to depict the intricate behaviors of dynamic systems.
Fractional models are particularly adept at incorporating
memory and hereditary attributes, offering a more nuanced
understanding of disease dynamics. This attribute makes
them exceptionally relevant for a more accurate simula-
tion of biological processes and other fields where these
complex dynamics are significant (Caputo and Fabrizio
2015). Fractional order differential problems are now one
of the most effective and practical methods for modelling
nonlinear processes that appear in innumerable applica-
tions in real-world settings. Recently, the discipline of
mathematical biology has begun to apply several types of
fractional order derivatives. These operators have recently
appear in numerous works, for instance, in mathematical
models for HIV/AIDS (Aslam et al. 2021), Ebola-malaria
co-infection models (Zhang et al. 2022), smoke age-spe-
cific models (Addai et al. 2023), monkeypox transmission
dynamics (Peter et al. 2022b). The study conducted in
Ebenezer et al. (2017) examined the multi-step homotopy
analysis method (MHAM) applied to a fractional version
of the Siabouh—Adetunde epidemiological SEIR measles
model. The study successfully derived an approximation
solution. The Caputo concept of the fractional derivative
is employed. The comparative analysis of the MHAM,
ODE45, and the classic Runge—Kutta fourth order meth-
odology demonstrates the reliability and efficiency of
this method. Middle East Lungs Coronavirus dynamism
transmission models (Ain et al. 2022), COVID-19 models
(Kumar et al. 2024), and Hepeatitis E disease models (Khan
et al. 2019). For more applications of fractional differential
equations see, e.g., Mustapha et al. (2020), Ahmed et al.
(2020) and references therein. Furthermore, in the context
of food-borne diseases transmission dynamics, the authors
in Sharma et al. (2023) used fractional g-Homotopy anal-
ysis transformations to study food-borne disease model
and suggested control policies that help the general public

comprehension of the importance of control parameters
in the extinction of the diseases. In fact, this study has
accurately predicted the food-borne diseases transmission
dynamics and the impact of government intervention and
online food delivery services on the outbreak, allowing
for a more accurate representation of the underlying dis-
ease dynamics. However, none of them, to the best of our
knowledge, have studied the effects of government inter-
vention and online food delivery services on the dynamics
of food-borne diseases transmission using fractional-order
derivatives.

The primary goal of this study is to develop and analyze
a fractional-order epidemic model using the Caputo defini-
tion, to assess the impact of governmental measures and
online food delivery services on controlling the spread of
food-borne diseases. The Caputo fractional-order derivative
is chosen for its ability to incorporate conventional initial
conditions into the model’s solution, making parameter esti-
mation more precise due to its inherent memory capability.

The structure of the paper is methodically laid out to
facilitate understanding and exploration of the model. Defi-
nitions and necessary preliminary information form the basis
of “Preliminaries”, setting the stage for the subsequent anal-
ysis. “Method” is dedicated to the method of the study, the
detailed construction of the model pertaining to the trans-
mission of food-borne diseases. Further, explores the equi-
librium states and the basic reproduction number-key con-
cepts in understanding the potential spread of an infection.
The mathematical rigor continues, which verifies the unique
solutions to the proposed model. We discuss the stability of
these solutions, an essential aspect of predicting the long-
term behavior of the disease transmission. The paper then
moves into more applied aspects in “Numerical scheme”,
thus, the numerical techniques used in the study are out-
lined. In “Results” we presented the results of the study by
simulations that demonstrate the practical implications of
the model. In “Discussion” we presented the discussion of
the study. Finally, the paper wraps up with conclusions in
“Conclusion”, which summarize the findings and their rel-
evance to public health policy and disease control measures.

Preliminaries

We recall the necessary definitions of fractional derivative
and fractional integral and a lemma that is important in our
proofs.

Definition 2.1 (See Podlubny 1998) Let M : Rt - R

and @ € (n — 1,n), n € N. Then, one can define the Caputo
derivative with order « for the function M by
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(4 1 ! n—o— n

Definition 2.2 (See Podlubny 1998) The related fractional
integral is given by
1

SIFM() = —

! a—1
Fa /. (t— )" M(s)ds. )

Lemma 2.1 (See Thabet et al. 2020; Sher et al. 2020) Con-
sider a function M € C[0, 1]. The solution of the fractional
differential equation

ng‘./\/l(t) =d@r), te]0,4l, 3)
M(0) = M,,

is given by

M) = M(0) + ——

@ /) D(s, M(s))(t — 5)* " ds. )

Method
Model formulation

In this section, we present the formulation of our model.
For this, we consider both human and flies populations in a
closed homogeneous environment. For a human population
at a time ¢, we consider five compartments: Susceptible
humans S(#); Asymptomatic infected humans A(f); Symp-
tomatic infected humans /(7); Online food delivery personals
D(?). For the human population, we define the quantity N,
(total human population) by

N,(t) = S@) + A@) + 1(t) + D(2). S

Now we describe the three compartments of flies: pupae of
flies P;(7), adult flies population G(7), and parasitic wasps
population W,(¢). The flies population, as a whole, is given
by

N0 = Py(0) + G0+ W, (0 ©®

We assume that individuals have no permanent recovery.
Asymptomatic individuals who develop temporal resistance
to the disease become susceptible again at the rate . The
value & = 0 indicates no temporal resistance to the disease,
while £ = 1indicates 100% resistance to the disease, which
means that no infection occurs (/(¢) = 0). We model local
government interventions by a control u(#), which depends
on time ¢ and take values between zero and one. We assume
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that there is no local government intervention when u(¢) = 0,
while u(r) = 1 represents perfect or maximum intervention.
Considering the interrelationship, we formulate the follow-
ing deterministic system of nonlinear differential equations:

-

%:nwA—(l—ms—ﬂhs,
E0 = (1 - wAS = (u, + 1+ O)A,
L= nA = (u, + )L,

1 S0 —y@+D - (1 —uw+0+7y)D, (7

ari _

e oGy = (p+ upPp — 7P W,
0 _

oo = = kG

—— = K'TPpr — upr,

L

subject to given initial conditions

S0)=S,>0, A®Q)=A, >0, I10)=1,>0,
D(0) = Dy 2 0, ©)
PO)=P, 20, G0)=G, >0, o

W,(0) = W, >0,

where A = W;\}ﬂ + 9G;and ¢ > 0. The flow diagram of the

h
model is presented in Fig. 1, while the description of the

parameters is presented in Table 1. Table 1 also contains
values that is for the numerical simulations.

According to the explanations of the time-dependent ker-
nel defined by the power law correlation function, presented
in Tilahun et al. (2021), one can take into consideration the
Caputo fractional order derivative on our proposed model:

SD*S(1) = 1+ EA — (1 — u)AS — S,

SDYA(1) = (1 — u)AS — (py, + 1 + OA,

o DM(1) = nA = (uy, + S,

3 5D*D(@W) =wA+1)— (1 —u)+60+y)D, (10)
TR
%Df”V{;(z‘)_—ﬁ:{ng v{/lf - w

0t TpN\ T e = HeWps

L

where r € [0,7], 7 € R, and ng‘ denotes the Caputo frac-

tional derivative of order 0 < a < 1. Note that when a = 1
the fractional-order model (10) reduces to (7).

Fundamental qualitative properties of the model
In this section, we prove positivity and boundedness of the

solution to the proposed model and we obtain the corre-
sponding basic reproduction number.
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Fig. 1 Transfer diagram for

the dynamic transmission of
food-borne diseases given by
model (7)

(1 +6)

,,,,,,,,,, > N
Contribution N

Table 1 Interpretation of the parameters of model (7)

C&:
(1-w

Parameter Value Interpretation Value

II 1000 Recruitment rate of human Assumed

¢ 0.0021 (day™!) Temporal resistance rate Assumed

p 0.0014 (day™") Effective contact rate Assumed

0 0.50 (day™") The rate of environmental hygiene Sharma et al. (2023)
4 0.001 (day™") The rate of A(7) fail to deliver food ordered Sharma et al. (2023)
r 0.0016667 (day™!) Progression rate from A(¢) to I(z) Assumed

My Hy 1/87.7, 0.000233 (day™") Natural death rate for human and flies Sharma et al. (2023)
n 0.000375 (day™") The rate at which the asymptomatic become infected Assumed

o 0.01 (day™) Disease induced death rate Assumed

74 0.47 (day™) The rate of disease inflow by both A(¢) and 1(z) Assumed

o 0.019 (day™") The rate of adult fly lay egg in the environment Sharma et al. (2023)
P 0.003 (day™") The rate at which P;(r) move to G,(¢) Sharma et al. (2023)
T 0.0021 (day™) Reduction coefficient of Pf(t) and Wp(t) due to the interaction Assumed

K 0.01 (day™") Proportionality constant Sharma et al. (2023)

Positivity and boundedness

Here, we demonstrate the epidemiological significance of
the model under consideration. We prove that the system
classes for model (7) are non-negative for all #, which means
that our suggested model has, for all # > 0, non-negative
solutions for non-negative initial values.

Lemma 3.1 Let

M(@) = {(S(0), A, 1), D(1), Ps(1), G(1),

W) R}, 120, an

and T € R. If the initial data is positive, that is, M(0) > 0,
then the solution classes of model (7) are non-negative in
[0, 7]. Also,

. 11
< —

lim N, (1) < w’ (12)

and
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. o
lim N,(t) < —,

t—co 1y 13)
with N, and Ny given by (5) and (6), respectively.

Proof Taket, = sup{r >0 : M(z) > 0Vr € [0,7]}and letus

consider the first dynamical equation of model (7):

%=H+§A—(1—M)AS—WS‘ (1

For simplicity, let

Y=[(-wi-p (15)
Thus,

% + VS(@) =11+ &A. (16)
This leads to

d%(S(t) exp </0 l y(s)ds>>

= (I + &) exp ( / | y(s)ds>,
0

and

S(t) = exp <—/ ] y(s)ds>
0
X [/ l T+ EA)exp </ l y(s)ds>].
0 0

Hence, we proved that S(0) > O for all # > 0. Similarly, from
the other classes of model (7), we can get M(0) > O for all
t > 0. Note that after the summation of the state variables in
model (7), we have

an

(18)

dN, (1)
dh = I — p, N, (1),

' 19
dN(1) (19)
Hence, lim,_, N, (1) < Mﬂandlimt_,oo Ny(1) < /;i’ which com-

h i
pletes the proof. O

For feasibility of model
X=Q,+Q; c Rl xR2, where

(7), we let

@ Springer

X= {(S,A,I,D,Pf, G W,) €R] : Ny < #E N1 < Mi }
h

A
(20)
In solving the inequalities above we have
—m o 1 ()
N, (t) < N;,(0)e™ " 4 —(1 —e )
Hp,
o (21)
Ny(t) £ Np(0)e D + =(1 = e HD).
Hy
Therefore,
limsup N, (1) < E
e M 22)
limsup N,(1) < —.
>0 ’ Mf

Hence, our proposed model (7) is considered to be math-
ematically well posed.

For positivity of model (10), we add all the state variables
in model (10) to get

SDIN,(1) =TT — N, (1), 23)
SDIN,(1) = 6 — upNy(1),

from which we conclude that (22) also holds for (10), show-
ing that model (10) remains in the feasible region &.

Food-borne diseases reproduction number
and the disease-free equilibrium

For the parameters of our model (7), let k; = y;, +n + &,
ky=p,+6,ky=1—-u+6+y,and k, = p+ p,. Equating
the right-hand side of the proposed model (7) to zero, that is,

M+EA—-(1—-wAiAS—pu,S=0,

(I =wAS = (uy +n+ A =0,

nA — (uy + 8 = 0,

svA+D—-((A-uw+6+y)D=0, (24)
PPy — psGy =0,
KTPeW), — usW, =0,

\

we obtain that the disease-free equilibrium of model (7) is
given by
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I Hr p O'P_(P'f'#f)llf
0 __ el - < ___J I
El = <Mh,0,0,0, P - > (25)
f
or
E = <%,o,o,o,0,0,o>, (26)

while the endemic disease equilibrium point is
(S*,A*J*,D*,P;,Gf*,W;),Where

. _ Tk, . M1 —wsS
T Mk = —w)+ ko, Tk ’
nlA v (k, i nh)A 1 N
I* = -, D>‘< =,
kz k2k3
. Hr w_ P
pr=-—"L G=L
f KT ! KT
plo — puy) — (28)
W=
’ THy

LetH=(S,E,I,D, Pf, Gf, WI,)T. Then one observes that

d
M_rv, 29)
where
0 0000 O O]
(=wdp o o o d=w
KT Hy
0 0000 0 0
F= 0 0000 0O OfFf (30)
0 0000 O O
0 0000 O O
| 0 0000 0 O]
[ (1—;;),9,; +u, —E 0O 0 (1—:)81‘1 0‘
0 k0 0 0 0 0
0 -n k, O 0 0 0
V= 0~y -y Kk 0 0 0|
0 0 0 k -0 <0
0 0 0 —-p » 0 0
0 0 0 0 —xeZZEE 0 0
L THy |
31

The food-borne diseases reproduction number is given by
Ry = p(FV) (32)

with p(-) representing the spectral radius, from which we
obtain

_ £pd( —u)
k p9(1 — u) + xk Ty,

0 (33)

Existence and uniqueness

We reformulate the right-hand side of model (10) as
follows:

Mt S, A1, D, Py, Gp, W) = T+ EA — (1 — u)AS — S,
Moy(t,S,4,1,D, P, Gy, W,) = (1 = w)AS = (s, + 1+ DA,
Ms(t, S, A1, D, Py, Gp, W,) = nA — (uy + S,

{ My(t.8, A, 1D, Py, G W,) = w(A +1) = (1 — ) + 6+ 7)D,
Ms(t,8,A,1,D, P, Gy, W,) = 6G; — (p + up)P; — tP, W),
Me(t.8,A,1.D, Py, G, W) = pPy — ;G

My (t,S,A,1,D, Py, Gp, W) = kTP W, — W,

(34)

From (34), our proposed model (10) can be expressed as

EDIM(t) = O, M(1)), 1€[0,7], 0<a<l,

where
S(), S(0),
A, A(0),
1), 1(0),

M(t) =4 D(1), M, =3 D), (36)
W, ), W, (0),

and

M, (t,8,A,1,D,P;,G;, W,),
M,y(t,8,A,1,D,P;, G, W),
M;(t,S,A, LD, Py, G, W),
O(1, M(1)) = § My(,S,A,1,D, Py, Gp, W), (37)
Ms(t,8,A,1,D,P;, G, W),
Mq(t,S,A,1,D,P;, G, W),
M,(t,8,A,1,D,P;, G, W,).

\

Using the ideas in Lemma 2.1, system (35) yields

M(t)=/\/l0(t)+$ /0 O(s, M(s))(t — )" 'ds.  (38)
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Further, we let 0 <¢t<7 with the Banach space
B = C(0,7] x IRL R,) under the norm

IMllg = I(S,A,1,D, Pr, Gy, W)l 5 = sup{|D@)| : t € T},
(39

such that

|D| := S| + |Al + |I| + |D| + |P;| + |G| + [W,]. (40)

For obtaining existence and uniqueness, we assume some
growth conditions on function vector

m:[0,7IxR, — R, (41)
as: (r)3Q,,, C,, such that

o, M) L0, IM|+C,. (42)
(F»)3AL,, > 0 such that if M, M € B, then

| (1, M(1)) = (1, M(1))| < L,,[IM = M]]. (43)

Theorem 3.1 Under the continuity of m together with (f ),
system (35) has at least one solution.

Proof We shall arrive at the required conclusion using the
Schauder fixed point theorem. Let us take a closed subset Z
of BasTg = {M e B : ||M] <R,R > 0}, where Ty is the
operator defined as T, : Z — Z such that

1
To(M) =M —_—
oM) o(f)+r( )

t 44)
X / D(s, M(s))(t — 5)* " ds,
0
which means that
| To(M)(@)]
< Mg I+m/ |D(s, M(s)|(t — 5)*'ds,
<M |+—/(t—5)“‘1[Q |IM| + C,\ds “43)
T"
From (45), it follows that

[ ToM)| < Myl + —=—— F(a+1) [0, IM|| + C,,]and also T, € Z

such that T (Z) C Z. Also it reveals that the operator T, is
bounded. For completely continuity we proceed as follows.
Lett, < t; € [0, 7] such that
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I To(M)(5)]| = [To(M)(#)]

1 [" _
< m D(s, M(s)(t, — ) ds
- % O (s, M)ty — ) ds|

< ﬁ[ ; 1y = 97" = (1 — )" D(s, M(s))ds
z(tz — )" D(s, M(5))ds],

gt

<Q’”R+C’"[(t“ )+ 2, — 1)%]
T D+l 2! 2T

(46)
Basically, we can see from (46) that

| To(M)(5)]| — [To(M)(#)| — Oast, — t,.Hence, T is an
equicontinuous operator. With the help of the Arzela—Ascoli
theorem, we know that function T, is a completely continu-
ous function and uniformly bounded. Again, by Schauder’s
fixed point theorem, we conclude that our proposed system
has at least one solution. O

Theorem 3.2 Suppose that (r,) holds. Then the considered
system (35) has a unique solution if

T

Proof If M, M € B, then
I To(M) = To(M)]|

L ' _ el
SIESE.(I)%JF(@/ O(s, M(s))(t — 5)* 'ds

L d>( M)t - 9)°d @
F( ) s, s s s|

T

<——L - M.

Hence, || To(M) — To(M)]| < e +1)Lm”M M ||, which
completes the proof: from the contraction principle, the
operator has a unique fixed point and, consequently, our pro-
posed model has a unique solution. O

Hyers-Ulam stability (HU)

The stability of numerical results of our proposed system
will be examined in this section.

Lemma 3.2 The solution M(t) of
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SDIM(1) = @, M(1)) + Y (), “)
M(0) = M,,
satisfies the relation
1 ' a—1
M@ — <M0(t) + m A D(s, M(s5))(t —5) ds>
i
=A
Ta+D" °F
(50)

Proof The proof is standard and we omit it here. O

Theorem 3.3 Suppose that assumption (r,) together with
(46) hold. Then the solution of the integral (37) is Hyers—
Ulam (HU) stable and, consequently, the numerical results
of the considered model are HU stable if

T

=mLm< L. 51

Proof Let M € B be any solution and M € B be the unique
solution of (37). Then,

1
|IM®©® - M©@)| = ‘M(t)— < o+ =— @)

(g

I(a)
1 a—1
+ %/ D(s, M($))(t — 5)*'ds — —

<I>(s, M)t - s)“_lds>

<I>(s, M) - s)“_lds>

Thus,
- A
— < .
IM - M| < - @e
Hence, we conclude that system (37) is HU stable. O

Numerical scheme

The fractional predictor—corrector approach, which was estab-
lished and examined for its convergence and error bounds in
(Diethelm et al. 2004), is a numerical explicit technique used
to test the performance of the suggested fractional-order model
(7) under the Caputo differential operator. Let us consider

Cna —
{ EDIM(1) = O(t, M(1)), 53

M(0) = M,

Choose the step length & = 1%1’ where M is a positive integer
and T is the upper limit of the closed interval of integration
[0, T]. Using the integral equation equivalent to system (10),
M, (1), j=0,1,....n, can be calculated by

(52)

CD(s, M) — 5)* ds

1”( )
< Ae + O|M — M.
ha n The predictor formula is derived as follows:
M (t41) = @t lz dj 1 (15 M (1)) Z
ME(t,10) = o —j+ D = (n— )]
D1,y 1, MP(t,41)] + Mo, * F( +1) 4
where (1), /Vla(tj)) + M.
Thus the corrector formula for system (10) is
n** — (n - a)(n+ 1)%, j=0,
i1 = M=j+ 2 + (=)™ =2 —j+ 1), 1<j<n,
1, j=n+1.
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h(l
SDS(t, ) = =———
0D = v
X | D i1 @1t Mo(6)) + @1 Gy ME) |+ Sos
j=0
ha
Cna
DAt ) = ——
o DAl = £
X | X i1 ot M (1)) + @ty ML) | + A,
| j=0 i
ha
Cna —
()Dzl(tj'*'l) - C(a +2)
X | D i1 @30t Mo(6)) + @3ty M) | + o,
j=0 i
hll
Cna
D'D(t,, ) = ————
o PP = e

X Zdj,n+1q)4(lj, M (1)) + @y(t,41, ML) | + Dy,

=0 .
o Dy Py(t41) = F(ah_:z)
X i d; 1 Ps(t, M (1)) + @5 (1,41, MO, )) | + Py,
= /
LACIUMES r(ah—:z)
X i dj i1 P (85 M (1)) + P (8,11, MEE D) | + Gy
=0 .
DIV = s

Po*

X | D dy i @5t My(1) + @ity MO D) | + W,
| /=0 i

The results of this iterative scheme are given in ‘“Results”.
Results

For the purpose of validating our created iterative scheme, we
now present some numerical simulations. For this, we start
by assuming initial values for each compartment of our pro-
posed model (7), thus: § = 500,000; A = 300,000; I = 3500;
D = 2000; P, = 250,000;G, = 200,000; W, = 2000.Figure 3
shows the Latin hypercube sampling of the parameters in the
control reproduction number. It is noticed that the following
parameters (temporal resistance rate, the rate at which pupae
of flies move to adult flies, and infectivity rate of adult flies)
contribute positively to the spread of food-borne diseases and
increase in these parameters (local government interventions,
the rate at which the asymptomatic become infected, propor-
tionality constant, reduction coefficient of pupae of flies and
parasitic wasps due to the interaction, and natural death rate

@ Springer

for human ) reduces the spread of food-borne diseases. We
have employed the Predictor—Corrector scheme of “Numeri-
cal scheme” to obtain a numerical solution to the system. We
compare the effects of various fractional order values with
of a step size 0.2 throughout the time range [0, 300] against
the suitable parameter values listed in Table 1. We deduced
from all of the graphical simulations that the Caputo fractional
derivative efficiently describes the intricate dynamics of the
presented model of food-borne diseases.

Sensitivity analysis

Now, we utilise sensitivity analysis to determine the rela-
tive significance of each model parameter in the repro-
duction number of food-borne diseases, denoted as R,
by referring to the data provided in Table 1. The current
objective is to ascertain the influence of alterations in the
model parameters on the reproduction number of food-
borne diseases. Similar instances may be found in the work
of Asamoah et al. (2021a, 2021b) and Asamoah and Sun
(2023). We generate a three-dimensional graph represent-
ing the natural mortality rate for humans and flies, the
constant of proportionality, the rate of temporal resistance,
the reduction coefficient of P;(r) and W,,(¢) resulting from

their interaction, the rate at which P() transitions to G,(2),
and the intervention by local government, presented in
Fig. 2. In addition, the Latin Hypercube Sampling (LHS)
technique was utilised to generate 2000 samples from a
uniform distribution. These samples were used to deter-
mine the global sensitivity of the different generic factors
in the food illnesses reproduction number. The resulting
sensitivity analysis is depicted in Fig. 3.

Discussion

The fractional differential model provides the best fits to
study such epidemic scenarios because they give us more
options to replicate the structure, both theoretically and
practically. Figures 2 and 5 represent the numerical simula-
tion results for the human and flies populations. It is clear
that the outcomes and the changes of the fractional-order
a fit well, which indicate that the method is effective, thus
when the operator varies by changing «, the dynamism of
each state variable have the same trend. From Fig. 2a, b, we
see that when the fractional order « is reduced to 1, all the
human compartments increase significantly. The biological
or real-life meaning of this dynamics is that urbanization,
busy schedules, and a lack of time to prepare meals, as well
as the convenience of the process, time-saving benefits, and
accessibility to information on all food types, menus, and
prices, all contribute to the rising popularity of online food
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ordering and delivery in numerous nations. The profit or
benefit of food delivery comes however with a high risk of
food safety challenge to the already existing food safety chal-
lenges of the ready-to-eat food, which leads to high suscep-
tibility and infectivity of food-borne diseases. In Fig. 5a, b,
we see that the dynamics of flies development goes through
four stages in the aquatic environment, including egg, lar-
vae, pupae, and adult fly population. Any control interven-
tion, at any stage, results in the management of adult flies in
the area under consideration. The flies mature in this filthy
habitat and become free to wander around the neighbour-
ing housing communities, where they spread the bacteria
that cause various food-borne diseases. In Fig. 2a, 3, 4, 5
and 6b, we show the numerical sensitivity of food-borne dis-
eases transmission for humans under the Caputo fractional
operator with order @ = 0.95, when the rate of government
intervention coverage is varied. We observe that as the rate
of government intervention coverage increases, there is a
decline in the number of asymptomatic and symptomatic
infected humans, and a little increase in the number of sus-
ceptible humans and online food delivery. This result gives

(d) Ro against 7

PRCC for Ry

IlPRCC

—+ 0.5, Significant(*p < 0.05)

Sensitivity indexes

Fig.3 Sensitivity plot

)
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@ Springer



Modeling Earth Systems and Environment

5 210 ; . . ;
a=1
4.5 a=0.95]
a = 0.90
4l a=085| |
w a=0.75
Tg 3.5
£ 35¢ 4
2
R 7
=
Z25f -
=]
2,
5%
% 2f .
3
53]
=15} e
53
1k 4
0.5
0 1 1 1 1 Il
0 50 100 150 200 250 300
Time (Days)
(a)
3500 T T T T

3000

%]
S
=
S

¥}
=3
S
S

1500

I(t), Symptomatic individuals
E
(=]

500

0 50 100 150 200 250 300
Time (Days)

(c)

w
o

N
N o w

A(t), Asymptomatic individuals
I3

0.5 L L L L L

0 50 100 150 200 250 300
Time (Days)
(b)
x10*

15 T T T

—
o

D, Online Food Delivery
ot

0 L L 1 1 1
0 50 100 150 200 250 300

Time (Days)

(d)
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chance to the government to implement any food safety con-
trol intervention to the maximum since it will not affect the
order-delivery food but reduce infection. In Fig. 7, we show
the numerical sensitivity of y and 6 on online food delivery
under the Caputo fractional operator with order a = 0.95.
We note that as the rate of y and @ increase, there is a high
decrease in the online food delivery compartment of the
model. From a biological point of view, these observations
suggest that the memories of environmental hygiene and
disease inflow may reduce food-borne diseases transmission.

@ Springer

Conclusion

We have proposed and comprehensively analyzed a novel
deterministic mathematical model for the transmission of
food-borne diseases in a population consisting of humans
and flies, considering the Caputo fractional order derivative
and employing a Predictor—Corrector scheme. The quali-
tative aspects of the model, including positivity, bounded-
ness, equilibrium points, and the basic reproductive number,
have been thoroughly investigated. The analysis of system
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Fig. 5 Numerical trajectory of food-borne diseases transmission under the Caputo fractional operator

existence and uniqueness has been carried out using the
Banach and Schauder fixed point theorems. Additionally,
the stability of the fractional controlling system of equations
has been examined using Hyers—Ulam-type stability crite-
ria. To assess the efficacy of the proposed fractional-order
model, numerical trajectories have been generated. We have
also examined the impact of critical parameters. Based on
these trajectories, we have hypothesized that the memory
index or fractional order could be utilized by public health

policymakers to comprehend and predict the dynamics of
food-borne disease transmission. Furthermore, we have
observed that maximum implementation of food safety con-
trol interventions by the government may not have an effect
on food delivery services. Additionally, we have found that
improvements in environmental hygiene and the reduction
of disease inflow can potentially decrease the incidence of
food-borne diseases.
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