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Abstract

In this work, we introduce Divergence Regularization Method (DRM) for
regularizing the Cauchy problem of the Helmholtz equation where the boundary
deflection is not equal to zero in Hilbert space H. The DRM incorporates a positive
integer scaler which homogenizes inhomogeneous boundary deflection in Cauchy
problem of the Helmholtz equation to ensure the existence and uniqueness of
solution for the equation. The DRM employs its regualarization term (1 + a?m)e™ to
restore the stability of the regularized Helmholtz equation, and guarantees the
uniqueness of solution of Helmholtz equation when it is imposed by Neumann
boundary conditions in the upper half-plane. The DRM gives better stability
approximation when compared with other methods of regularization for solving
Cauchy problem of the Helmholtz equation where the boundary deflection is zero.

In the process, we introduce Adaptive Wavelet Spectral Finite Difference (AWSFD)
method to obtain the approximated solutions of the regularized Helmholtz equation
with regularized Cauchy boundary conditions, regularized Neumann boundary
conditions in the upper half-plane, and finally with regularized both Dirichlet and
Cauchy boundary conditions where the boundary deflection is equal to zero. The
AWSFD method captures the boundary points to obtain approximated solution of
Helmholtz equation. This method reduces the Helmholtz equation in two dimensions
to one dimension which is then solve spectrally using a suitable wavelet basis. The
solutions by AWSFD method confirms the analytic solutions of regularized Helmholtz
equation by DRM. The norm of relative error between the analytic solution by DRM
and the approximated solution by AWSFD method is minimal. Moreover, we introduce
interpolation scheme in the AWSFD method to obtain the approximated solutions of

the regularized Helmholtz equation with above boundary conditions.
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Chapter 1

1.0 Introduction

In this chapter, we discuss the ill-posed second-order linear partial differential
equations. We restrict ourselves to homogeneous Helmholtz equation, an elliptic
partial differential equation. [ll-posed Helmholtz equation comes about as a result of
imprecise readings of the boundary data, given by physical instruments (Bertero et
al., 1988). This noise causes distortion in signal transmission. Secondly, the number
and type of auxiliary boundary conditions imposed on the equation can lead to ill-
posedness. If the number of auxiliary boundary conditions are too many, then the
solution to the Helmholtz equation may not exist, but if there are too few, the
Helmholtz equation may have more than one solution.

In most practices, experiments with nearly similar boundary conditions do not
yield the same results. The solution to Helmholtz equation with boundary conditions
may be continuously differentiable, but may suffer numerical instability when solved
with finite precision. Numerical simulations of ill-posed Helmholtz equation together
with boundary conditions often lead to large errors, wrecks and catastrophes (Petrov
and Sizikov, 2005). Undoubtedly, the number of imposed boundary conditions
should not only bring about the existence and uniqueness of solution to the
Helmholtz equation, but also restore the stability of the solution to the Helmholtz
equation.

Solution space of the equation is another important factor which cannot be
overemphasized. Inappropriateness of solution space can lead to ill-posed elliptic
Helmholtz equation. Spaces like Hilbert space admit classical solution to the

Helmholtz equation.



1.1 Background

In this section, we discuss the ill-posed Helmholtz equation with Cauchy boundary
conditions where the boundary deflection is not equal to zero, with Neumann
boundary conditions in the upper half-plane and finally with imposed both Dirichlet
and Cauchy boundary conditions where the boundary deflection is homogeneous. In
addition, we identify the cases where if the Helmholtz equation is imposed with one
of the above boundary conditions then the Helmholtz equation has no solution, has
more than one solution and also, the case where a unique solution exists, but the
solution does not depend continuously on the small changes in the boundary
conditions. Moreover, we provide proofs of some of the rigorous results related to
the issues that have been discussed above. Definitions and theorems which are
relevant, necessary and sufficient to establish the claims will be provided in this
work.

An ill-posed Helmholtz equation has no practical application or is physically
meaningless (Hadamard as cited in Petrov and Sizikov, 2005). However, in vibrating
membrane system and laser beam models, ill-posed Helmholtz equation has
applications (Petrov and Sizikov, 2005). Thus, such an equation needs regularization
for certain imposed boundary conditions. Regularizing ill-posed Helmholtz equation
together with the boundary conditions requires additional information in the
construction of stable solutions (Lavrentoev et al., 1997). We prescribe appropriate
constraints in the Helmholtz equation, as well as boundary conditions to make the
equation wellposed. Regularized Helmholtz equation provides better understanding
in the study of stationary processes. Undoubtedly, if the Helmholtz equation is well-
posed, then numerical stability is feasible when solved with finite precision, or with

errors in the data.

Our method is the Divergence Regularization Method (DRM) for the construction

of stable solutions to ill-posed Helmholtz equations with Cauchy boundary



conditions where the boundary deflection is not equal to zero, with Neumann
boundary conditions in the upper half-plane and then Helmholtz equation with both
Dirichlet and Cauchy boundary conditions where the boundary deflection is
homogeneous in Hilbert space. We achieve this result by applying divergence
theorem in two dimensions, Green’s first identity and then introduction of
homogenization of boundary deflection in the Cauchy boundary conditions.

Also, we show that our solutions of the regularized Helmholtz equation with
regularized boundary conditions meet all the three conditions of well-posedness
given by Hadamard. Afterwards, we apply the DRM to solve the equations. In the case
of Neumann problem for the Helmholtz equation, we apply a shift operator on the x-
spatial variable instead of homogenization of the boundary deflection.

In order to confirm our solutions of the regularized Helmholtz equation with
above regularized boundary conditions, we introduce a numerical technique, called
Adaptive Wavelet Spectral Finite Difference AWSFD method. This (wavelet) method
approximates the solutions of the regularized Helmholtz equation in Hilbert space.
In addition, we introduce interpolation scheme in the AWSFD method and compare
the solutions of regularized Helmholtz equation with the same regularized boundary
conditions by DRM and by AWSFD method. We compare the solution of regularized
Helmholtz equation by DRM and solutions by existing methods of regularization for
cases where if both methods are able to regularize the Helmholtz equation.

We state some definitions and theorems that useful in understanding ill-posed

Helmholtz equation with imposed boundary conditions as follows.

Theorem 1.1 (Hadamard Theorem) If the Laplace operator in the Helmholtz equation
A:Q cRZ-R2is C2(Q2) and kAw(xy) k< y < +0o, V w(xy) €E Qand y ER

where

a‘z (‘2)2

A= 4+ 2
On? * dy?,



then the A is a homeomorphism of Q) onto R2.

Proof : See for example (Ortega and Rheinboldt, 1970).

We state the Hadamard theorem in the context of operator equation as follows.

Definition 1.1 (ill-posedness) Let the operator equation

Aw(xy) = f(x) (1.1)

where w(x,y) is the sought solution, fis a known function, Y and F are Hilbert spaces and
A is a Laplace operator occurring in the Helmholtz equation. Thus, A : Y — F is an
operator from a Hilbert space Y into a Hilbert space F. The problem of solving equation
(1.1) presents a well-posed according to Hadamard if 1. for any f € F, there exists an

element w(x,y) € Y such that

Aw(xy) = flx). That is,
the the range of the operator
R(A)=F

is closed. Thus, the solution of equation (1.1) exists.
2.1f the
N(A) =0.

This implies that the null space of A is trivial. Thus, the Helmholtz equation with
boundary conditions has a unique solution.
3.the solution w(x,y) depends continuously on the data function f(x) . That is, the
inverse Laplace operator A-1in the Helmholtz is continuous. Thus, the solution is
stable with respect to small perturbations in the data function. Otherwise equation

(1.1) is ill-posed (Petrov and Sizikov, 2005).



The third condition of well-posedness can be ensured by the bounded inverse
theorem.

We see that the Helmholtz equation has a solution if the smoothness requirement

is satisfied together with other conditions, which we will give them later.

Definition 1.2 (Smoothness Requirement) The conventional homogeneous form of

equation (1.1) is as follows:

2

()% w(x, .

Lw = — E ai(7) . : (@ y)—é—(fur(:f:,y) =0 in
ox?

i=1 g Q (1.2)

where x € Q, c¢(x) € R%, a(x) € R2x2 are the coefficients. The coefficients aiand c satisfy

the following conditions:
ai€C(Q), i=12
ceC(Q),

0€CQ)

and
2

2
Z(),,;(x)e‘fgéZef, Ve=(e, €2) x €
i=1

1=1

(Su’li, 2012).

The Cauchy problem or Neumann problem of the Helmholtz equation will have a

solution if the additional condition; data compatibility condition is satisfied.

Theorem 1.2 (Data Compatibility Condition: Duchateau and Zachmann, (1989)) Let Q
denote a bounded region in R? having smooth boundary 9{). The Neumann problem

Aw(xy) + K2w(xy) = 0inQ,
ow(x,a)
= g(x)on dQa
ay



dw(by)
= fly) on 0Qs

ox
has no solution unless the data functions 0, g(x) and f(y) satisfy the compatibility

condition

0=Z.g(x)dx="7 fy)dy.
9] 0Qs

When the compatibility condition is satisfied, then the solution exists for the
Helmholtz equation. Thus, the range of the Laplace operator R(4) in the Helmholtz
equation is closed. In the case of Dirichlet problem of the Helmholtz equation, no such
condition is useful. We state the definitions of the domain, the range and the null space

of A as follows:
Definition 1.3 Let X and Y be normed linear spaces. The operator A : X — Y is said to be

a linear operator from a Hilbert space X to another Hilbert space Y if,

A(uwi(xy) + nwa(xy)) = pA(wi(xy)) + nA(wa(xy)),
where wi(x,y),w2(xy) € X and u, n € R. The domain of the operator D(A) is defined as
D(A) ={w € X‘A(’u;(m, y)) is defined}

the range of the operator R(A) is
R(A)={ve Y‘v = A(w(z,y)), for somew(z,y) € D(A)}

and the null space is

N(A) = {w(x. XA (T —0
(Atkinson and Han, 2009). (A) = {w(z,y) € (w(z,y)) =0}

The Riesz representation theorem gives the uniqueness of solution to Helmholtz

equation with imposed boundary conditions, on the grounds that the Laplace



operator in the Helmholtz equation is bounded on the domain in the Hilbert space.
We use other conditions of uniqueness to establish the claim where it is necessary
and appropriate.

Theorem 1.3 (Riesz representation theorem) Let A be a bounded linear operator
defined on a subspace () of a Hilbert space H. Then there is a unique solution wu(x,y) €

Q c H such that

A(w(xy)) = hw(xy),wu(xy)i, Y w(xy) € Q.

In addition,

|A |Q*CH* = kWu(X,y)k

(Coleman, 2012).

Proof: Set S = KerA(w(x,y)). If H = S, then
w(xy) =0,

we set

wu(x,y) = 0.

If wesetS=6 H, there exists w(x)y) € S such that

A(w(xy)) = 06.

However, we observe that

w(xy) = wi(xy) + wz(xy),

where wi(xy) € S and wz(x,y) € Stand so A(wz(xy)) = 06 . For w(x,y) € S, we obtain



M.A(’wz(x: y))

T an(e) = Alwley) - ol

A(fw(m,y)_A(wz(x y)/ o
Alw(z,y)) )
A(w(a.y) - Aws(z,y))) "

(z,y) =
A(w(zy)) lies that
so (3 Y) = Fan gy W2(2: Y) Thl I I ; |
(w(z,y)




We then set

A('wQ (33, U))
wy(z,y) = ————22 s (2,1
@9) = e, g2 25 Y)

7

then we obtain

hw(xy),wu(x)y)i =A(w(xy)).

By contradiction, suppose there are two solutions wu1(x,y) and wuz2(x,y) satisfy the first

condition of the Riesz representation theorem, then

Dw(x,y),wui(xy) = wu2(x,))E = 0.

This implies that
wui(xy) = wuz(xy).
Thus, wu(x,y) is unique.
Finally, we show that

kAka.= kwu(x,y)k.
To see this, we set
A=0.

This follows from the previous result. We set wu(x,y). If kw(x,y)k < 1, then
lA@E Il = [(w@p).w@)]

< flwe, y)lllwa (2, gl

< |lwu(z;y)]-
Thus,
kAka. < kwu(x,y)k.
In addition, we see that
Wy (T, Y
R/
([ (2, y) |l

7’

and



A(SEO] = gy )
= lwalz, )l

8
Hence,

|A]o. = kAk.

The homeomorphism of the A from Q into R2, which implies well-posedness of the
Helmholtz equation with imposed boundary conditions.
Definition 1.4 Let X and Y be two normed spaces. An operator A : X — Y is said to be
homeomorphism if A is continuous from X to Y and the inverse operator A-1: Y — X is

continuous (Oden, 1979).

1.2 Helmholtz Equation with Different Boundary

Conditions

In this section, we discuss three different kinds of ill-posedness of Helmholtz equation
with Cauchy boundary conditions where the boundary deflection is inhomogeneous,
with both Cauchy and Dirichlet boundary conditions where the boundary deflection
is homogeneous and finally, when the equation is imposed with Neumann boundary
conditions in the upper half-plane. In summary, the mixed boundary conditions, as
well as Neumann boundary conditions are imposed on Helmholtz equation.

Definition 1.5 (Boundary of the Domain) Let Q be a domain in a Hilbert space H. A

point (x1,y1) € H is called a boundary point of Q if every neighbourhood of (x1,y1)

intersects both Q) and its complement

Qe=H\ Q

10



The set of all boundary points of (1 is called the boundary of Q1 and is denoted by 0X).

(Akcoglu et al., 2009).

1.2.1 Helmholtz Equation with Cauchy Boundary Conditions where
the Boundary Deflection is Inhomogeneous

In this subsection, we show that when Cauchy boundary conditions are imposed on
homogeneous Helmholtz equation where boundary deflection is not equal to zero,
then the equation has no solution. The Cauchy problem of the Helmholtz equation

where the boundary deflection is not equal to zero is as follows.
DPw(x, 1 O*w(x,1
(x.y) (2, y)

T
= <xr < —, <y<?2
22 By + k*w(z,y) = 0, O_T_2 0<y<2r
Ow(x, 1
“"(();U) — Hsin(n:c),_ ngg% (1.3)
w(xz,0) = 0, Oggggg

By the method of separation of variables, we obtain

sin(nz) sinh(/(n? — k?)y)

)
w(z,y) ; k)
For the above function w(x,y) to be called a solution to equation (1.3) together
with Cauchy boundary conditions it must satisfy the smoothness requirement
condition as well as data compatibility condition. In equation (1.3), we can see that

TT
the integral of the boundary deflection Iway(x0) over [0,2] is

n n?

AE L sin(na)dr = i[ 1— cos(%)]
Thus,
= — -
i[l—cos(n;)} =4 &, VYn=206,10,...
0, Vn=4,812,. .

2 ]
/ - sin(nx)dr #0, ¥Yn=oddorn=2,60,...
Jo
Equation (1.3) does not satisfy the data compatibility condition. This implies that the

function

11



o0

1
w(r,y) = Z T sin(na) sinh(vn? — k?y), Vnel"

is not a solution of equation (1.3). Hence, equation (1.3) is ill-posed in the sense of

n=1

Hadamard.

1.2.2 Helmholtz Equation with Neumann Boundary Conditions in
the Upper Half-plane

In this subsection, we show that the Neumann problem on the upper half-plane for
the Helmholtz equation has solution but not unique. We provide the rigorous proof
for our claim. We impose Neumann boundary conditions on homogeneous Helmholtz

equation on the upper half-plane as follows:

2
0x2 dy? == < < sﬂ’)
i ” o 2w(xy) + k2w(x,y) =

0 1 X
0x < ~ g v
ox
ow(x,0) 1,0y 1
15)% § TS
ow(x,1) A W =
- = 0, O _y 1 =] O 1 X 1
(1.4)
— = cos(2mx) 1 x 1
oy — 4

Using the method separation of variables, we obtain the following result from equation
(1.4) as follows:

w(xy) XY () (1.5)

XY (v) X(x)Y () + k2X(x)Y (y) = 0
Yoo) +k2Y () _ -X°(x) _ N
X "

+

(1.6)

12



Y(y)

where A = constant > 0. From equation (1.6), we obtain

v " A E
X(x) = :
- Miasin( Ax)+  AAdzcos( Ax)
X0x) + AX(x)=0
X(x) = Aicos(VAx) + Azsin(VAx) (1.7)

When Xo(-1) = 0, we obtain
X(-1)=  —vVMisin(WA - 1) + VAda cos(VA. - 1) = 0 A1 sin(v/A) + A2 cos(VA) = 0

(1.8)=>
When Xo(1) = 0, we obtain
X0(1) = —VAA1 sin(VA.1) + VAAz cos(VA.1) = 0 A1 sin(VA) + A2 cos(VA) = 0 (1.9)

i -
Summing equation (1.8) and equation (1.9) gives
\/
2A2cos( A)=0
For trivial solution, we let
Veos( A) =
0, A2=06
= d nm?, n=13,5,..
(1.10)
A= 0
2

are eigenvalues. Substituting equation (1.10) into equation (1.7) yields

nmx nmx
X(x) = Aicos(—_)+Azsin(—_)

13



— dw(xy)

2 2 nmx nmx
Xn(x) = cos(—_)+sin(__) n=135,.
2 2
are the eigenfunctions which correspond to eigenvalues)‘ - (%)2
Also, subtracting equation (1.9) from equation (1.8) yields
vV 2A1sin(
A) =
0
\/
=>sin( A) = 0, A416=0
A = (nm)? n=0,123,..
are eigenvalues. Substituting equation (1.12) into equation (1.7) yields

X(x) A1 cos(nmx) + Az sin(nmx)

Xn(X)

cos(nmx) + sin(nmx), n=0,123,.

are the eigenfunctions which correspond to eigenvalues A = (nm)2. Again,

in equation (1.6), we obtain
Y (y) = Bycosh(y/[ A2 — k2] y) + Basinh(y/[ A2 — k?] y)
When Y 0(0) = 0, we obtain

Y(y) = B, cosh(+/ (A — E?)y)

Substituting equations (1.11) and (1.14) into equation (1.5) yields

wi(xy) Z Cn (:osh(\/((?)2 - k:Q)y)((‘:os(T) + :-5111(7)) 4

n=1,3,5
J

nmx

(1.11)

(1.12)

(1.13)

(1.14)

nm nmx

dy

ow(x,1) X — o rnm)2-k2).cn — sinh(r((nm2 — )2-

k2).1)(cos(nmx2 ) + sin(nmx2 ))
((

2 n=135

ay

= cos(2mx)
r((—nm)2 - k2).cn sinh(r((——nm)2 - k2))(cos(—nmnx) + sin(—_nmnx))

2 2 2

14

Z \/((%)2 —k2).c, Sinh(\/((ng)? _ kQ)y)(ms(¥) Ain
1=1,3,5

=) 5

[ee)



X n=1,3,5

= cos(2mx).

Since the eigenfunctions
Xn(z) = (COS(%) . sin(%))

are orthogonal under the inner product, we obtain

r ()2 - k2).cn sinh(r((__)% = k2)) x nm

nm
Z 2 21
nmx nmx nmx nmx
Z [cos(—) +sin(—_)] [ cos(——) +sin(—)] dx
-1 2
r
2 2 21
Z nmx nmx
=cos(2mx)[ cos(— ) +sin(— )] dx
-1 2 2
=(()2 - k2).cnsinh(r(( )2-k2)) x nm nm
2 21 1
nmx nmx nmx nmx

{ [cosz2( ) +sin2(_ )] dx+2Z cos(— )sin(— )dx}
-1 2 2 1 2 21 1
nix nix
=7 cos(2mx)cos( )dx+Z  cos(2mx)sin(___)dx. (1.15)
] 2 Sl 2
We observe that
1 -~ " > -1 ‘
/ cos(%) sin(%)dm =0= ] cos(2mx) sin(%)dw, Yn=1,2,...

1 1

and
Z
("2 - k2).casinh(r((__"")2 - k2))Z 1 1dx = 1 cos(2mx)cos(—nmx)dx.

2 2 -1-1 2

15



2 2\/@222nn2\/ﬂzz 2 Vn= 1,5,...

-2nm n= 3,7,... (116)

(n-16)ﬂ- (C  )-=k)sinh(  (( ~ )-k))

Substituting for c1, we obtain
0 2n. cosh( ((%)2—}02)3;)@05(%)+sin(%)) _ 15
: ) = n=15 (n2-16)72.4 /()2 —k2) sinh(\/((%F)2—k2)) ’ n=59...
w (ZL'? Y= ZOO —2n. cosh(4/((555)2 —k2)y)(cos(25% ) +sin( “55)) n—3.7

n=37 0 (n2-16)n2. /()2 —k?) sinh(y /()% =%2)) T (1.17)
When
n=0 =>A=0
We obtain
Yo(y) = cocos(ky) + co1sin(ky)

Yo0(y) —kco sin(ky) + kco1 cos(ky)

When Y 0(0) = 0, we obtain

= co1=0

Substituting equations (1.12), (1.13) and (1.15) into equation (1.5) yields
wa(z,y) = cocos(ky) + Z ¢, cosh(+/((nm)? — k2)y))(cos(nmx) + sin(nrx))

=l

w(z,1) —kcosin(k.1)

dy
5 i V((nm)? — k?).e, sinh(y/((nm)? — k2).1))(cos(nmx) + sin(nax))

oo

= —kec,sin(k) + Z ((nm)? — k?).c, sinh(y/((nm)? = k?)))(cos(nmx) + sin(nmx))

n=1

= cos(2mx) (1.18)

Since the eigenfunctions

Xn(x) = (cos(nmx) + sin(nmx))
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are orthogonal under the inner product, equation (1.18) becomes

p((1 nm)2 - k2).cansinh(p[ (nm)% - k2] )) x

Z [ cos(nmx) + sin(nmx)] [ cos(nmx) + sin(nmx)] dx

-1
1

=cos(2mx)[ cos(nmx) + sin(nmx)] dx
-1
1 1

P =((nm)?2- k2).casinh(p((nm)? - k2)){Z-1 1dx + 2Z-1 cos(nmx)sin(nmx)dx}

Z

=cos(2mx)cos(nnx)dx + Z cos(2mx)sin(nmx)dx
=ils =il
But we observe that
/‘1 cos(nmx) sin(narx)dr = 0 = /l] cos(2mx) sin(nrx)dr, VYn=1,2,...

1 1
which implies that

1
= (o = s = - : -
2y/((nm)? — k?).sinh(\/((n7)? — £2))) (1.19) Substituting c2 into
wz(x,y), we obtain
=, cosh nm)? — k2)y))(cos(nmx) + sin(nwz
iy o o = ) aas(72) + )
o 2/ ((nm)? — k?).sinh(y/((nm)% — k2)) (1.20)

By equations (1.16) and (1.20), we obtain

( ZOO 21171'.cosh(\/my)(cos(”,:”")—i-sin("g”‘))
n=1,5,9,... (712—16)172.\/{(%)2—1»'2)sinh(\/((%)2—k2))’
00 —2nar. cosh( \/my)(cos(% )Hsin(75E))
n=3,7,11,... (n2_16)ﬂ.2'\/((%)2—k2)sinh(\/((%)j—kz))
ZOO ttosh(\/m?;))(cos(mrm)+sin(nra‘))

[ =1 2/((nm)2—k2).sinh(y/((n7)2—k2))) (1.21)

w(z,y) =
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We can see that all the coefficients of partial derivatives appearing in equation
(1.4) are continuously differentiable and the expression on the right hand side of
equation (1.4) is zero which continuous. Thus, equation (1.4) meets the smoothness

requirement condition. In addition, we observe that all the boundary conditions are

dw(z,1)
Zero except 9y

- cos(27rr)_ We can see that

1
/ cos(2mx)de =0

-1

This implies that the function that appears in equation (1.21) is a solution of equation

(1.4).
1.2.2.1 Uniqueness of Solution to Helmholtz Equation with Neumann Boundary
Conditions in the Upper Half-plane
In this subsection, we show that equation (1.4) has more than one solution in L2([-1,1]x
[0,1]). Let
Proof: By contradiction, Let u(x,y) and v(x,y) be two different solutions of equation (1.4)

such that

w(xy) =u(xy) - v(xy).
Multiplying both sides of equation (1.4) by w(x,y) and integrating over ([-1,1] x [0,1]), we

obtain

"] "] Q! 1
/ / w(x, y)Aw(e, y)dedy + A2/ / lw(z, y)Pdrdy = 0
0 J-1 0 Il

Applying the Green’s first identity to the first term on the left hand side of the above

equation, we obtain

1 1 1 1

Z
Z, w(xy)Aw(xy)dxdy =0~ Z,yZ;, |[Vw(x,y)|2dxdy

01 - - 1 1
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= ZoZ 1wi(xy)Aw(xy)dxdy + k2 ZoZ 1 |w(xy)|2dxdy = k2 Zo Z 1 |w(xy)|2dxdy

1- - -

Z

Z -0Z1|Vw(xy)|?dxdy =0

= k207 1|w(xy)|?dxdy = ZoZ 1 |Vw(xy)|?dxdy = 0

The above equation holds if w(x,y) is zero in the domain ([-1,1] x [0,1]). But, we can see

that

w(xy) 6=0 Vxy € ([-11] x [0,1]).

Thus, the solution w(x,y) in equation (1.21) alternates sign from negative to positive
in the domain ([-1,1] x [0,1]). This implies that the equation(1.4) has more than one

solution. Hence, equation (1.4) is ill-posed in the sense of Hadamard.

1.2.2.2 Stability of Solution to Helmholtz Equation with Neumann Boundary
Conditions in the Upper Half-plane

In this subsection, we show that solutions of the same Helmholtz equation with small

changes in boundary conditions that are close to each other remain close for some

1
values of x. In equation (1.4), we choose Z1 = ¢, where 0 = ¢ < 3, in the initial

deflection as given below.
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82 (. 82’ N, 1
U(T,y) " U(I“.?J)+k2w($)y)=0: -1<z<1, 0<y<1

ox? dy?
dw(=1,y) Ow(1, y)
_ ; —0. 0<y<1
ox ox ‘ ==
ow(x,
w0 _ 1<z <1
dy
ow(e, 1
w‘(E’ ) = cos(2me) —1<2<1
dy

Equations (1.16) and (1.20) become

1/ (( mr — k?).c,, sinh (4 /(( mr — k2)) ld:L + 2/ CO&(%) sin( nre )d:z}
_1 _

nmwr

= ] COb(Q?TE)(OS( 5 )d:r—i—/ cos(2me) sin(—— 5 Jdx
—1 — il
1 1
and +/((nm)? — k2).c, sinh(y/((nm)? —kz)){/ 1d:1:—|—2/ cos(nmx) sin(nmwx)dr}
J- 1

1 1
= / cos(2me) cos(nmx)dx + [ cos(2me) sin(nmwa)de,

1 J =1

respectively. The corresponding solution is

( ZOO 2 cos(2me). cosh(y /[ (BF)2—k?] y)[ cos(2EE)+sin(25E)]

G L5 nm./((%5)2=k?) sinh(/[ (%)2=k?] ) ’

ey —2 cos(27e). cosh(4/] (%)Q—EQ] y)[ cos("gx)—o—sin(%)]

w, (.‘L‘,’g) — n=3,7,11,... 'mr.\/[ (%)2_;‘2] Sinh(\/[ (%)2_;.,2] ) !

0, n—=24 ...

0, e 1,2). ..

\

1
Again, we perturb from®1 = € t0 T = 0, where 0= S 29 0> €. We obtain the following
results:

0x? dy? -< < < 5+7 02w(xy)
LN owtly) o2w(xy) +
kaw(xy) =0,
1 X 1,0 y o1
- = = 0’ 0 <y< 1
o0x ox
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ady
ow(6,1)
owx0)__— =0 1x1ady -<<

= cos(2md) 1 .. -l

and the corresponding solution is given below

© 2cos(2md).cosh(
(C ) -k )y)[ cos(
)+sin( )1,
PPn=1,5,9,...nn.\/((\/M\/2 JnmV22-mm2_ 2k%2nm)2sinh2 22(\/2[ (\/Mzm)uzzz—zkmzz] )2 12 ppx2
2 on=3,7,11,.. —2cos(2rdnt.). cosh((()[ (~k ))sinh—k (] )[[ (cos() —k)+] )sin(
)1,
w2(xy) =
0, n=24,.
0, n=12,.

The change in the boundary deflection 9wgy(x0) s as follows

I}gl;Jduld(; 1 awga(;j, 1)[

= lim |cos(2me) — cos(2md)|
n—00

< lim (|| cos(2me)|| + || cos(2md)||)

But
cos(2me) < 1

cos(2md) < 1
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Owi(e,1)  dws(4,1)

P
2y oy | = AmH
= 2
. Hm ‘C)wl (61 1) o 8‘31)2(6, 1)| < 2

" nsoo oy Ay
This is implies that there is a small change in boundary deflection. The corresponding

change in the solution w(x,y) is
nlglolo lwy (z,y) — wa(z,y)]
- 0s(2me). cosh(y/[ (5)% — k2] y)[ cos(25%) + sin(™52)]

2 cos
= hi
nglioHn:%,__ /()2 — ki)smh«/—[ 3 B

5)
B = 2cos(2me). cosh(/[ (BE)? — k2] y)[ cos(25%) + sin(™52)]
n— ;:1 n./((%5)? — k?) sinh(/] (%’r)2 k2 ) }
B = 2cos(2md). cosh(y/] (%)% — k2] y)[ cos("5*) + sin(*5*)]
{'n ;; na./((55)? — k%) sinh(y/[ (55)% = &] )
B . 2cos(2md). cosh(+/[ (BF)? — k?] y)| cos("5%) + sin("7*)]
N (. o PR o R

[A

lim | i 2 cos(2me). cosh( [(7) — ko) cos(122) +SID(T)} ”
o N—TE s nm. ((%)2*’?2) sinh( [( e <23

. 2cos(2rb). coshi(/[TZ)? ~ R y)[ cos("52) + sin(*5)]
A n_LZH nm./ (%)% = k2?) sinh(/[ (%)% — %] )

o |[2cos(2me)||-[| cosh(/[ (%) — ])IIHICOS("”)IIHI‘M( ol

< lim
’Hmng;—, Inm. /(%)% = k2|l sinh(y/] (557)* — k2] )|
N i 12 cos(2m6) ||.|| cosh(y/ (%5)? — K2 Y)II[ || cos(“3*)|| + || sin(*5*)]]]
e InT A — )l sinh(y/T ()2 — R
oo geV/ T CF)* k4] )y
< lim

TL_mon:lZ{;,... n. ((% k2 (ol 2RE]),

® 8

nlim-e ||wi(,1) =—— w2(,1)| €| =nlim-e X3 00,. n.p((az2 )2 - k2)

n=1

limwi1(,1) w2(,1)0asn . ">



This implies that a small change in the boundary deflection way(x1) from

1 = €to x2 = § results in a small change in solution. Thus, the solution (1.21) to
equation (1.4) is stable. The equation (1.4) violates the second condition of well-
posedness.

Hence, equation (1.4) is ill-posed in the sense of Hadamard.

1.2.3 Helmholtz Equation with both Dirichlet and Cauchy
Boundary Conditions where the Boundary Deflection is
Zero

In this subsection, we show that when Helmholtz equation is imposed with both
Dirichlet and Cauchy boundary condition where the boundary deflection is
homogeneous then the equation has one solution, but this solution does not depend
continuously on the changes in the boundary deflection of the Cauchy boundary
conditions. The Dirichlet and Cauchy problem of the Helmholtz equation where the
boundary deflection is homogeneous is given below:

0’w(xy) 0<sx<2m0s<sy<1

7

v O iy )= (1.22)
axz y J
w(0y) = w(2my)=0, 0<y=<1
w(x0)  1_

- Sin(nx)’ 0<x<2m

n
ow(x,0)
= 0 0 x 2m
dy <<

By the method of separation of variables, we obtain

> _cosh ( (R A:2)y) sin (%)
w(x,y) = Z - .

n=1

We can see that equation (1.22) satisfies smoothness requirement. Also, we observe that

the boundary deflection condition is
Ow(x,0)

: 0
dy
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This implies that the function that appears in equation (1.23) is a solution of equation
(1.22). In order to show that the function in (1.23) is the only solution to equation
(1.22), for example, see [42].

We then show that solutions of the same Helmholtz equation with small changes in

boundary conditions that are close to each other remain close for some values of

x. In equation (1.22), we choose Z1 = € in boundary condition®(¢;0) = . sin(n€), where 0

< €< {3and the corresponding solution is as follows:

e 4Sill(T?€)(‘OSh( ((5)? U)U)"m(m)

n?m

w(r,y) =
n=1,3...
|
Again, we perturb from ¥1 = € to x2 = § in the boundary condition w(6,0) = = sm(nﬁ)’

where 0= 9 < 55 and the corresponding solution is given as follows:

> 4sin(nd) cosh ( ) k2 )J) sin(%F)

Iz, 1 E
) n2mw

n=1,3..

The change in the boundary deflection is as follows:

1
lim |w(e, 0) — w(4,0)] = lim |# sin(ne) — — sin(nd)|
n— o0 n

n—oc T}

< lim l(|| sin(ne)|| + || sin(nd)||)

T n—ooo

2

[

[

2
— =0 as n— o0
n

This is implies that there is a small change in the boundary deflection.

The corresponding change in the solution w(x,y) is
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> 4sin(ne) cosh ( (32— kz)y) sin(2)
lim |wy(z,y) —wa(x,y)] = lim |

n—r00 n—00 7127l—
n=1,3...

4 sin(nd) cosh ( ((2)2 - kZ).y) sin ()

o0
- Z nik |

= || sin(e) = sin(nd)||[| cosh (VA(Z)7 = Ky )l sin()|
lim |wy(z,y) —wa(z,y)| < 4 lim

n—00 n—o00 H'n.2ﬂ'||

' ‘ W (32K
lim |wy (2, y) —we(z,y)| < 8 lim Z —FN—
n—oo

n—00 —] TL27T
o AR
e 5
1 wql(.. — W .. < 111 -
i fonC 1) — o D) < 8 lm ) ==
n—
\/

ny\2_ 1,2
We observe that the numerator 8e ((2) ) grows faster than n2, which in turn, produces

a large growth in

8eV(()2-k)

n?m
Thus,

lim |w1(,1) = wz(,1)| = o asn — oo.

n—)OO

This implies that a small change in the boundary deflection w(x,0) from x1 = 0 to
x2=0results in a large change in solution. Thus, the solution (1.23) to equation (1.22)
is unstable. The equation (1.22) violates the third condition of well-posedness.

Hence, equation (1.22) is ill-posed in the sense of Hadamard.

1.3 Statement of Problem

We showed that Helmholtz equation with Cauchy boundary conditions where
boundary deflection is inhomogeneous has no solution. Thus, all the three

requirements of existence, uniqueness and continuous dependence of small changes
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in the Cauchy boundary conditions do not hold. Hence, the Helmholtz equation is ill-
posed in the sense of Hadamard. In addition, the Neumann problem in the upper half-
plane has no more than one solution. Thus, second condition of well-posedness is
violated. Revealing the literature, we observed that the existing methods of
regularization can be used to restore the well-posedness of the Helmholtz equation
with Cauchy boundary conditions, as well as Neumann problem in the upper half-
plane. These existing methods of regularization are insufficient and inefficient for
solving ill-posed Helmholtz equation with imposed Cauchy boundary condition
where boundary deflection is inhomogeneous as well as Neumann boundary

conditions in the upper half-plane.

1.4 Objectives of Study

In this thesis, we introduce Divergence Regularization Method (DRM) for regularizing
Cauchy problem of Helmholtz equation, where the boundary deflection is
inhomogeneous. The Helmhotz equation occurs in laser beam models, vibrating
membrane problem. To ensure the existence of a solution, the DRM incorporates a
positive integer scaler which homogenizes the inhomogeneous boundary deflection
in the Cauchy problem of the Helmholtz equation. By this method , the uniqueness of
the of solution for the regularized problem is guaranteed. Furthermore, the DRM
employs its regularization term (1 + a?m)e™ to restore the stability of the solution of
the regularized Helmholtz equation. Nevertheless, the DRM guarantees the
uniqueness of solution of Helmholtz equation when it is imposed by Neumann
boundary conditions in the
upper half-plane.

Also, in order to solve Helmholtz equation in irregular domain, we introduce an
Adaptive Wavelet Spectral Finite Difference (AWSFD) method to obtain the
approximated solutions of the regularized Helmholtz equation with Cauchy boundary

conditions, then with regularized Neumann boundary conditions on the upper plane
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and finally with regularized Dirichlet and regularized Cauchy conditions where the

boundary deflection is equal to zero.

1.5  Organization of Thesis

In chapter 1, we discuss the ill-posed homogeneous Helmholtz equation with Cauchy
boundary conditions where the boundary deflection is inhomogeneous, with both
Dirichlet and Cauchy boundary conditions where the boundary deflection is
homogeneous and then finally with Neumann boundary conditions in upper half-
plane. The type of ill-posedness associated with Helmholtz equation together with
each of these boundary conditions is presented by following the conditions of ill-
posedness given by Hadamard. This chapter also deals with introduction, objectives,

relevance and organization the the work.

In chapter 2, we discuss available literature on regularization of ill-posed
Helmholtz equation with Cauchy boundary conditions where the boundary deflection
is inhomogeneous, and with both Dirichlet and Cauchy boundary conditions where
the boundary deflection is homogeneous and then with Neumann boundary
conditions in the upper half-plane. Thus, we present the problems for the Helmholtz
equation which cannot be solved by the existing methods of regularization as well as
the problem for the Helmholtz equation which can be solved by these methods. In
addition, any existing method of regularization which does not give minimal error in
regularizing the problem for Helmholtz equation will be given.

The DRM is introduced for solving ill-posed Helmholtz equation with Cauchy
boundary conditions where the boundary deflection is inhomogeneous, then with
both Dirichlet and Cauchy boundary conditions where the boundary deflection is
homogeneous, and finally with Neumann boundary condtions in the upper half-plane
is discussed in chapter 3. Then we apply the DRM to solve equations (1.3) and (1.22).

In this chapter, we make use of shift operator on the x- spatial variable instead of
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homogenization of boundary deflection in the DRM to solve Neumann problem of the
Helmholtz equation in the upper half-plane. For each regularized Helmholtz equation
with regularized boundary conditions, we show that the solution exists, is unique and
depends continuously on the small changes in the imposed boundary conditions in
Hilbert space.

Chapter four of this thesis contains is the Adaptive Wavelet Spectral Finite
Difference (AWSFD) method for approximation of solution of regularized Helmholtz
equation together with above boundary conditions. In addition, an interpolation
scheme is introduced for the AWSFD method. Comparison of the solutions of the
regularized Helmholtz equation by DRM and by AWSFD method are provided in this
chapter. Comparison of results are done for regularized Helmholtz equation with the
same regularized boundary conditions. Also, we compare the results by DRM with the
results by the existing methods of regularization. Thus, the strength of the DRM is
discussed.

Chapter 5 contains a summary of main the findings, conclusions and suggestions for

future research.
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Chapter 2

Existing Methods of Regularization
of Helmholtz Equation and Their

Demerits

In this chapter, we discuss the methods for regularizing Helmholtz equation with
both Dirichlet and Cauchy boundary conditions where the boundary deflection is
equal to zero, Cauchy boundary conditions where the boundary deflection is not
equal to zero and Neumann boundary conditions in the upper half-plane. The ill-
posedness of Helmholtz equation comes as a result of boundary conditions imposed
on it. The existing methods of regularization such as Tikhonov regularization method
(Tikhonov, 1963), spectral regularization method (Xiong and Fu, 2007), quasi-
reversibility method (Lattes and Lions, 1967), quasi-boundary value method (Clark
and Oppenheimer, 1994) and an iterative regularization method (Cheng et al., 2014),
are well-known for restoration of well-posedness of Helmholtz equation. These
existing regularization methods regularize only Helmholtz equation or the boundary

conditions or the solution.

Existing methods of regularization cannot restore the well-posedness of Helmholtz

equation when Cauchy boundary conditions where boundary deflection not at zero are

imposed on it. We give rigorous proof of how each of these methods works and also show

where each of the methods fails to regularize Neumann problem for the Helmholtz equation

in the upper half-plane.
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2.1 Tikhonov Regularization Method

In this section, we consider the Tikhonov regularization method (TRM) and show
how the TRM can be applied in regularizing the class of boundary conditions, which
when imposed on the Helmholtz equation and also, the class of boundary conditions,
which when imposed on the Helmholtz equation that cannot be solved by TRM
(Tikhonov,
1963).

The following theorem and definitions are useful in applying the TRM to
regularize Helmholtz equation with boundary conditions. The boundedness of
Laplace operator in the Helmholtz equation A ensures the range of 4 is closed and the

null space of 4 is trivial.
Definition 2.1 (Boundedness) Let H be a Hilbert space. A (linear) Laplace operator A

: Q0 € H — H is said to be bounded provided there is a constant M > 0 for which

kA(w(x,y)) ks < Mkw(x,y)kae, v w(xy) € Q.

The infimum of all such M is called the operator norm of A and is denoted by kAk. The
collection of bounded linear Laplace operators from Q to Y is denoted by L(Q,H) (Royden
and Fitzpatrick, 2010).

We then state the bounded inverse theorem (BIT) that ensures that a bounded below
Laplace operator in the Helmholtz equation with boundary conditions has a
continuous inverse operator. The proof of the BIT requires the definition of bounded

below Laplace operator. We state them below.

Definition 2.2 (Bounded below operator) The Laplace operator A: Q) c H -

H is bounded below if and only if there exists a constant C > 0 such that

kAw(x,y)kn = Ckw(x,y)kao, VY w(xy) €Q
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(Oden, 1979).

Definition 2.3 (Compact operator) Let X and Y be two normed spaces. An operator A
: X = Yis said to be compact if it maps bounded sets in X into relatively compact sets in

Y (Chidume, 1989).

Theorem 2.1 (Bounded Inverse Theorem) Let A be a bounded linear below Laplacetype
operator in the Helmholtz equation from a subspace Q1 in a Hilbert space H into a Hilbert
space H. Then A has a continuous inverse operator A-1 from its range R(A) into (L.

Conversely, if there is a continuous inverse operator

A1:R(A) - Q,

then there is a positive constant C such that

kAw(x,y)kn = Ckw(x,y)ka, Y w(xy) € Q

(Oden, 1979).

Proof : Suppose that A is bounded below. If an inverse Laplace-type operator
exists, then A is an injective operator of () onto its range. By definition (2.2), we see

that it is certainly onto R(A). The Laplace-type operator is injective if its range,
R(A4) =0.
This follows from definition (2.2). To see this, let

Awi(xy) = Awz(xy) = v,
then

kAwi(xy) - Awz(x,y)ku

Il
o

\

Ckwi(xy) - w2(xy)ka.
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This implies that
wi(xy) = wz(xy).

Thus, A-1exists on R(A). To show that A-1is continuous from the R(A4) to (), we see that

kA-lv(xy)ke = kw(xy)ka
1
< _kAw(xy)ku
C
1
=v(xy) 4
Ck ky

Hence A4-1is bounded.

Assume that A-1exists and is continuous on R(A). Then there is a constant € > 0 such

that

. 1
1470, y)lle < Fllv@,y)l
Setting
v(xy) = Aw(xy)

shows that A is bounded below. The BIT encompasses both definitions (2.1) and (2.2).
Thus, the BIT is useful is studying the three well-posedness conditions given by
Hadamard. In this section, the BIT is used in studying the stability of unique solution
of the Helmholtz equation. For the sake of brevity, we will use theorem 1.2 in the
studying the existence of the solution to the Helmholtz equation.

The Tikhonov regularization method is also called variational regularization method

[65]. Using the TRM, we assume that there is a linear bounded operator
a? a2

=—+—
£ g

from a Hilbert space X into another Hilbert space Y . We regularize the Laplace
operator, where x,y € D(A), that appears in the Helmholtz equation. Thus, we put

constraints on both the (exact) solution and on the variations of the data function in
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the Helmholtz equation so as to control the blow-up of the data function from its
emanated errors (Tikhonov and Arsenin, 1977).

Let consider the inhomogeneous operator Helmholtz equation as:

Aw(xy) = fx),

where w(x,y) is the unknown solution in X. Based on the principles of TRM, we formulate the
above equation as:

ICutay)ly =Y [ o plu®e. o) Pdady,
J S0

r=0

where C is the constraint (linear) operator from X to Y, c¢r are weights (positive
functions) and w((x,y) denotes the rth partial order derivative of w(x,y). In order to
solve the above equation, we combine two minimal conditions; the Gauss least-
squares method (LSM) and the Moore-Penrose pseudo-inverse matrix method

(PIMM). Using the Lagrange method of undetermined multipliers, we obtain

kAw(xy) - fix)k?v+ akCw(x,y)k?y = min, (2.1)

Xy

where a > 0 is a regularization parameter, is called Euler-Tikhonov equation (Tikhonov,
1963).

We minimize the equation (2.1), which means that the derivative of the discrepancy

kAw(xy) - fix)k?r+ akCw(xy)k?y

with respect to the spatial variable y and equate it to zero, which yields regularized solution

wa(xy) = (A*A + al)1A*f(x),
where

CcC=]

I is a unit operator from a Hilbert X to another Hilbert space Y and wq(xy) is the
regularized solution. As the regularization parameter increases, the discrepancy

increases and the normed solution decreases. Thus, the normed solution becomes
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more and more stable until a moderate «a is obtained. The regularization parameter
is chosen in a posteriori way (Engl et al., 1990).

There are different ways of selecting a in equation (2.1). The regularization
parameter can be selected in a manner that among the whole set of solutions wq(x,y),
the

kAw(xy) - fix)kr< g

where € are errors in setting the boundary conditions on the Helmholtz equation. We find

the solution w(x,y) that minimizes

kCw(x,y)k.

Thus, we search for a unique «a that solves

kAwq(x,y) - f(x)ky= €.

This is called the Morozov’s discrepancy principle (Morozov, 1966). But if, the regularization

parameter is chosen in a way that the minimal solution satisfies

kAwq(xy) - flx)kr< &

and

kCw(x,y)k < E,

where E is the priori bounded solution. Thus, in this case, we choose

— 2
o=z
(Miller, 1970). Moreover, we choose

then equation (2.1) becomes
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kAw(xy) - f{x)k2y = min.

X,y

The TRM coincides with Gauss LSM. In this case, the solution to the Helmholtz
equation becomes unstable. Thus, the TRM fails to regularize the Helmholtz equation
with boundary conditions (Petrov and Sizikov, 2005). Using the TRM, in [29], they
showed that the conditions that guarantee the convergence rate for the regularized
solution of the Helmholtz equation. Moreover, their result confirmed the
compactness of the nonlinear Laplace operator in the Helmholtz equation in order to
ensure the stability of its solution.

A closely related approach of the TRM is one given by [32,35,57,84]. In this
method, A4 is a linear, self-adjoint and compact Laplace-type operator from L?[a,b] —
L%[a,b] for c < y < d. The operator equation is formulated from a known unstable

unique solution w(x,y) of the Helmholtz equation with given boundary conditions as

A)w(xy) = @(x), csysd, (2.2)

where @(x) € Y is the (noisy) boundary condition at x-axis. Then we find the
expression of the inner product of w(x,y) and the eigenfunctions X» of the solution.
The express for the Laplace-type operator is then obtained from above two equations
and use it to form Euler-Tikhonov equation. We solve Euler-Tikhonov equation by
assuming that

A*=A,

see [67], which yields regularized operator equation

alwa(xy)+A*Awa(xy) = A*p(X). (2.3) We then solve the above equation to obtain the
regularized solution below:
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wa(xy) = (al + A1) 1Ap(x) (2.4)

Unlike the approach by Tikhonov (1963), this method works for both homogeneous
and inhomogeneous Helmholtz equation. In [84], they applied the TRM to regularize
the Cauchy problem of the homogeneous linear elliptic partial differential equation
with variable coefficients where the boundary deflection is homogeneous.

Recently, [17] modified TRM by considering the variables in three different spaces.
In their method, we define

S:D(S)-U
denotes the operator from the parameter space to state space, and

B:U—-2Z

is a linear bounded operator from the state to the corresponding data function. We
assume that the operator from the parameter to state is well-posed whiles the from
the state to the data function is ill-posed. In this case, we minimize the quadratic

functional

kAw(xy) - flx)k2z+ akS(y) - Uk2y= min(x,y),

all the variables and parameter have usual meanings except U being the parameter space.
We show the class of boundary conditions, which when imposed on the Helmholtz

equation is regularized by TRM. Using the approach by [57], we write equation (1.22)

as
w(a,y) = 3 cosh (1/((5)? — k)y ) 6(x), Xa) X
n=1 ’
where,
1 nx
1 nx
Xn r =sin( ), VO<sx<2mm
2
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P(x) = sin(" )
n 2

We obtain both the operator Helmholtz equation and the regularized Helmholtz equation

as
1 !
A(y)w(z,y) = — sin(@). 0<y<1
n 2 .
and
adw,(x 'I)+A2'tl' (z,y) = 4><1 s‘in(@)
. ‘ox J ‘ox y I n = 2 g (25)

respectively. We see from equation (1.22), that the inner product of w(x,y) and X»
is
n ,
<’IU(CU, U) X-n) = (Q’ﬁ(.CE)Xn) cosh ( ((5)2 B kZ)y)

From the operator and above equation, we obtain
- {w(z,y), X)X,
Aly)w(e,y) ="

n=1 cosh (\/((g)g—_;‘z) ’y)

and
1

cosh (W’y)

Using assumption by [67], and substituting A(y) and ¢(x) into equation (2.4), we obtain

Aly) =

the regularized solution as:
% cosh ( - kQ)y) sin(%5")
n=1 (1 + v cosh® ( \o 3y k2)y)) (2.6)

Wa (2, y) =

We observe that equation (2.5) satisfies both the smoothness requirement in
definition (1.2) and data compatibility condition in theorem (1.2), respectively.
Therefore, the function (2.6) is a solution to equation (2.5).

We show that the function (2.6) is the only solution to equation (2.5).

Proof: By contradiction, Let u(x,y) and v(x,y) be two different solutions of equation (2.5)

such that
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W(le ) = U(X,y ) - V(le );
Multiplying both sides of equation (2.5) by the solution (2.6) and integrating over

([0,2m] x [0,1]), we obtain

1 2w 1 2m
Z
0 Zo al|wa(xy)|2dxdy + Zo Zo Wa(x,y) A2We(x,y)dxdy 1 2
1 nx

- nZoZo wa(xy)Asin(__ 2 )dxdy =0

Applying the Green’s first identity to the second and third terms on the left hand side of

the above equation, we obtain

1 2m 1 2m
z Z al|lwa(x,y)|?2dxdy +Z  Z Wa(x,y)V3wa(x,y)dxdy
0 0 0 0
1 2m 1 2
Z Z 2dxdy + 227 Zwa(xy).Vcos(nx2 ~ )dxdy
-0 o |Awa(xy)| n o o
2 1 o« nx

- n2ZoZo  Vwa(xy).Vcos(__2 )dxdy =0

Since theV COS(%) vanishes on both the boundary and in the domain ([0,27]x[0,1]).

The fourth and fifth terms of the above equation are zero, we have

1 2m 1 2n
Z

= o0Zo al|lwa(x,y)|?dxdy + ZoZo wa(x,y)V3wa(x,y)dxdy
1 2m

~ ZoZo |Awe(x,y)|%dxdy = 0
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We observe that the solution (2.6) we(x,y) =0V x,y on 9([0,2r] x [0,1]) and x,y

in ([0,27] % [0,1]).

This implies that solution (2.6) is unique to equation (2.5).
We show that the regularized solution (2.6) is stable with respect to changes in the
boundary condition. We observe that if 71 = € il @ (,0) = %sin(ne), where
0 < ¢ <15 and the corresponding solution is
> —4sin(ne)n cosh ( ((5)? — Az)y) sin( %)

~  n (1 + a cosh? ( (25— kg)?)))

. 4. o < 0 K &
But, when x is perturbed from 1 €to x2= 9, where 0 24, the

wy(x,y) =

corresponding solution is obtained as

> —4sin(nd)n cosh (\/Wy) sin %
n=1 n (1 + o cosh? ( ((%)2 o kQJy))

The change in boundary condition is as follows:

Wa (:I’l: y)

1 1
lim [w(z1,0) = w(zs,0)] = lim |; sin(ne) — 591n(n6)|
2
§ -

n
L |w(zy,0) — w(ze,0)] — 0 as n — oo

This implies that there is a small change in the boundary condition. The corresponding

change in the solution is as:
lim [wy(2,y) — wa(z,y)| =
Nn—+00
o —4sin(ne)'n.cosh( v i kz)y) sin( ")
lim |
o Sl n (1 + avcosh? ( ((3)? AZ)J))
< —4sin(n6)ncosh( (%) — Az)y) sin(%)
n—1 n (1 + avcosh® ( (3> kz)y))

n

2
lim |w(z,y) — ws(z,y)] — 0 as n — oo.
n—roQ

Hence, the operator equation (2.3) is well-posed in the sense of Hadamard.
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We now consider the Helmholtz equation with both Neumann and Cauchy boundary

conditions as follows:

e S < <
0x? dy?
ow(Oy) _ dwlmy) o o = g<y<1 2.7)
0x ox ,
w(x0) ~ . sin(nzx), 0<xr<or
dw(x,0)

02w(xy) + 02w(xy) 2w(xy)=0,0x2m, 0y 1 + k

Using a similar approach to the both Cauchy and Dirichlet problems of the Helmholtz except

that we replace

2 nx
r Xn=sin( VO0=Ix<2mm2

with
2 : VO<sx<2m
= \ﬁcos(@)
™ 2

Using the approach by [57], we obtain
= ncosh ( ((3)2 — kQ)y) COS(%)
n=odd Tl (1 + o cosh? ( ((_’_:)2 > ;,;Q)y))

Wa(2,y) =

All the three requirements for well-posedness of equation (2.7) are the same as the one
shown above. Hence, equation (2.7) is well-posed in the sense of Hadamard.
Thirdly, we consider the Cauchy problem of the Helmholtz equation where the boundary

deflection is homogeneous as follows:
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< < 0w(xy) +

0x? ady? = =2 02w(xy) +
ow(x,0) T k2w(xy) =0, 0
x _m0 y 1
ay s 2

1 . T

w(x0) = - sin(nz), 0<az<-— =0,
_(2.8)
n 2

Using the approach by [57], we obtain
n cosh ( (n? — k‘?)y) sin(nx)
n(1 + o cosh? (\/ n? — k2 y) (2.9)

We observe that regularized equation (2.2) satisfies smoothness requirement in definition

w(z,y) =

(1.2). On the data compatibility condition, we observe that

Z =0w(x0) -
dx = 0dx

1
[«)

a constant, which satisfies it. This implies that the solution (2.9) is a solution to equation
(2.8).

The proof that equation (2.8) with the boundary conditions has only one solution, follows
the proof of uniqueness of equation (2.5).

The stability of equation (2.8) to small changes in boundary deflection is similar
to the stability of equation (2.4). Hence, equation (2.5) is well-posed in the sense of
Hadamard.

On the contrary, we show a class of boundary conditions which when imposed on
Helmholtz equation cannot be solved (regularized) by TRM. Firstly, we apply the TRM

to equation (1.3) as follows:
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Apw(xy) =  @(x), 0<y<2m

= alwa(xy) + A*Awa(X,)) = A*p(x). (2.10)

and
(w(z,y), Xn) = (¢ (x), X,) sinh ( (n? — k?)y)

where,

L.
o) = sin(no)

1
Xn = .
nz- k2 vV sin(nx),

and A(y) and I have usual meanings. From the operator and above equation, we obtain

I e

n—1 sinh (\/(HT—TQ)y)

and
Ay) =

1
sinh (My}

Using assumption by [67], and substituting A(y) and ¢(x) into equation (2.4), we
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obtain the regularized solution as:
ZOO: sinh (\/ n? — k2y) sin(nx)
wa(2,y) = :
el n(l + asinh? (\/(n2 - kQ)-y))

J

a has the usual meaning.

Moreover, we can see from boundary deflection condition of equation (2.10) that

31 1 n7
/ —sin(nr)dr = —[1 - COS(H—T)]
Jo e '

n n? 2
Thus,
1nm wnlze, V0 =13, _n2[ 1 - cos(
_2)]=,Yn=26,.
0, Vn=438,.
.% 1 ‘ .
Thus, /0 > sin(nz)dr #0, Vn=oddorn=2,6,...

Equation (2.10) does not satisfy the data compatibility condition, theorem (1.2).
Thus, the TRM does not homogenize the boundary deflection in the Cauchy boundary

conditions imposed on the Helmholtz equation. This implies that the function
i sinh (\/n2 - k:zy) sin(na)
wa(x,y) = :
=y n(l + asinh? ( (n? — k‘z)y))

is not a solution of equation (2.8). Equation (2.10) has no solution. Hence, equation (2.8)

7’

is ill-posed in the sense of Hadamard.
Also, we apply the TRM to regularize equation (1.4). The regularized operator equation
(2.3) becomes

= alwa(xy) + A*Awa(xy) = A* cos(2mx), (2.11)



the varibles and parameter have usual meanings. The inner products of the exact solution

and X, are
; nmT
(wy(z,y), Xn) = (o(x), X,)ey cosh ( ((7)2 - lc?)y)
40 |
where,
N .

X, = 005(?) + SIH(T)

J

and ci1 are provided in equation (1.16), and

(wa(x,y), Xn) = (@(x), X))o cosh (\/((nfr)z — ie;’?)y)

J
where,

Xn= cos(nnx) + sin(nnx),

and cz are provided in equation (1.19). The operators are then obtained as

1
Aly) =
¢y cosh ( W= kz)y)
and
Aly) = -

¢ cosh ( ((nm)2 — /{Z)ZU)_

respectively, and substitute each equation into equation (2.4) which yields the regularized

solution of the Helmholtz equation as:

ZOO 1 cosh( ((%)Qflﬂ)y)((:os(ﬂf)+sin(”—’if"”))
n=odd

we(z,y) = 1+ cosh? (\/((%)2—’*2)1’)
oo c2cosh(+/((nm)2—k2)y)(cos(nmwa)+sin(nwx))
n=1 I+acosh?(4/((nm)2—k2)y) (212)

We observe that the boundary conditions of equation (2.11) satisfy both the

smoothness requirement in definition (1.3) and data compatibility condition in
theorem (1.1), respectively. Therefore, the function (2.12) is a solution to equation
(2.11).

We now show that the equation (2.11) has more than one solution.
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Proof: By contradiction, Let u(x,y) and v(x,y) be two different solutions of equation (2.11)

such that

w(xy) = u(xy) - v(xy).
Multiplying both sides of equation (2.11) by the solution (2.12), using condition by

[67] and integrating over ([-1,1] x [0,1]), we obtain

11 1 1

7 7 al|lwa(x,y)|?2dxdy +Z  Z Wa(x,y)A2wa(x,y)dxdy

1 1

=70 Z-1wa(x,y)Acos(2mx)dxdy = 0

Applying the Green’s first identity to the second and third terms on the left hand side of

the above equation, we obtain

11 1 1 1 1

Z 7 allwe(xy)|?dxdy+Z7Z 7 Wa(X,y)V3Wa(X,y)dXdy 7 Z |Awe(x,y) |2dxdy
0_10 -1 0 -11 1 1 1

11
- 21 ZoZ-1wa(x,y).Vsin(2nx)dxdy + 27 Zo Z-1 Vwa(x,y).Vsin(2nx)dxdy = 0

1 1 1 1

Z
= oZ-aal|lwa(xy)|?dxdy ~ ZoZ-1|Awea(xy)|?>dxdy = 0

The above equation holds if we(x,y) is zero in the domain ([-1,1] x [0,1]). But, we observe

that

wa(x,y) 6= 0 vV xy € ([-1,1] x [0,1]).
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Thus, the regularized solution we(x,y) alternates sign from negative to positive in the
domain ([-1,1] x [0,1]). In the first expression solution (2.12), the sin( “"zi)changes
sign from positive to negative and also, cos(2nm) in the second expression in the same
solution (2.12), which give non-value in the domain ([-1,1] x [0,1]). This implies that
the equation (2.11) has more than one solution. The second condition of well-
posednes is violated. Hence, the Helmholtz equation with Neumann boundary

conditions in an upper half-plane is ill-posed in the sense of Hadamard.

2.2 Spectral Regularization Method

A closely related approach of the TRM is the spectral regularization method (SRM) [81].

In this method, we assume that there is a bounded self-adjoint Laplace-type
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operator

A:X-Y,

with A-1a self-adjoint inverse operator, which solves equation (2.2). In this case, the norm

of A-1and the noise level ¢ is observed as:

(6, A7) = sup{| A"’ (@) —w(a ) | |w(z, ) € M, () € Y, || Adw(a,y) ¢ @) < 6}

J

where M € Xis abounded set, ¢(x) and ¢?(x) are noise-free and noisy boundary conditions
which satisfies

kpd(x) - p(X)k < 6.

To use SRM to regularize Helmholtz equation with boundary conditions, we give
a definition of compact inverse operator, which will be useful in studying the stability

of the unique solution to the Helmholtz equation with boundary conditions.

Definition 2.4 (Compactness) Let a linear self-adjoint Laplace-type operator in the
Helmholtz equation

A:X-Y,

where X and Y are Hilbert spaces. Let M be any bounded set in Y, A-1is bounded if,
kA-lw1(xy)k < kA-1k|wi(x))|, VY wi(xy) €Y.

The set A-1(M) is bounded in Y. Hence, A-1is compact in Y (Attouch et al.,, 2005).

Unlike the TRM, we restore the stability of unique solution to Helmholtz equation by A-1

iscompacton M €Y.

In order to regularize equation (2.2) using the SRM, we restore the boundedness
of A-1. Thus, the exact (unstable) solution has to satisfy the source condition as

follows. Let



M, g = {u.!(.r. y) € X w(r,y) = [@(A*A)]%'Ln

v

<k}

43
be a source set, where the operator function

*Q

p(A*A) = / P(N)dEy

0 ,

the spectral decomposition of

AA = / \E),
Jo ,

the constant

az kA*Ak,

{Ex} denotes a set of the spectral of the A4 and E is a priori bounded solution which
satisfies

kw(,0)kx< E.

Moreover, the following assumptions are made in using SRM in regularizing equation

(2.2). The function
¢:(0,a] - (0,)

is continuous and satisfies

lim ¢(A) = 0, 20

¢(A) is monotonically increasing on (0,a], and
¢(A) =2¢~1(4) : (0,¢(a)] > (0,ap(a)]

is convex. We obtain the regularized form of equation (2.2) as:
A1= pa(A*A)A%, (2.13)

where @q(A) satisfies
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lim ¢, (A) = 1

a—0 A
a is the regularization parameter. We solve equation (2.12) to obtain the regularized

solution

wa(xy) =A1pd(x) (2.14) (Xiong and Fu, 2007).
The SRM can be classified into four types. They are spectral method 1, which is defined

as:
_ 1, Az«
Pa(A) = 14
a , A<a
and the second spectral method is given by
1, A>a
()(I(A) Ta 3
Vax , A<a

In the SRM, the spectral method 3 is also called Tikhonov regularization and singular

value decomposition (TSVD) method, which is given by

| H A>a
Gu()\) o
0. N <a

and the fourth method is called Tikhonov regularization method

balM) = (Gt N),

In [73], they extended the SRM to the Neumann problem of the Laplace equation.
In [31], they used pseudo-differential operator instead of Laplace operator in
regularizing the solution of the Helmholtz equation. In [19,54,55,59], the authors
applied the SRM to regularize the Cauchy problem of the elliptic equations where the
boundary deflection is homogeneous.

Next, we apply the spectral method 1 to regularize Helmholtz equation. The
spectral methods 2 and 3 are similar to the spectral method 1. The spectral method 4
(TRM) has been discussed above. We regularize equation (1.22) by applying SRM,

which gives regularized solution



p
ZOO cosh ( ((%)Q*k%y) sin(*57) n > o
n=1 L 5 T
w(z,y) =< ' ""”h( “%)2'1"2“’)‘2
é ;:c;l nsin( %) 1 n < X
cosh ( ((%)2—1:2)?4) | cosh ( ((%)2_1"‘2)‘?") 2
\
e (2.15) We

observe that function (2.15) satisfies smoothness requirement in definition (1.2) as well
as data compatibility condition in theorem (1.2). This implies that the function (2.15) is
a solution to equation (2.13). The proof of uniqueness of regularized solution (2.15) is
similar to that of equation (2.5).
We prove the stability of solution (2.15) to equation (2.13) as follows. In equation
(1.22), we choose 1 = €, where 0 < € < 31in the boundary condition w(x,0) =

1 i fon, ) _ —
n sm(m:) and the corresponding solution is
'

Z 4 sin(ne) cosh (\ /((%)27.3\’2)1:) sin(%F)
oo n >
n=1,3 n2mr i : —Z 0
'UJL(ZI?, y) = | cosh ( ((%)Lkz)y)\*
27 sin(ne) sin(2E
izzo:l n“m sin(ne) sin(F) 7 ) —
\ cosh ( ((%)2 —Arz)y) | cosh ( ((%)2—.1.:2):!,') 2

We perturb w(xy) from #1 = € {0 22 = d, where 0 < 0 < §5 and < 6. The

corresponding solution is:
(

4 4 sin(nd) cosh (1/((’—5)271»‘2)3') sin(75") ,
Zn:1\3 n2m . — ) 2 Q
wa(z,y) = 3 [cosh | \/((5)2—F ).u)\
21 si sin( %5~
%Z:;l n ﬂ.m(ni) 21[](: ) : : — : ard
\ cosh (\/((5) —k )y) lt'osh( ((F)* =k )y)\
The change in boundary condition is observed as:
: S e L .
lim |w(xy,0) —w(xs,0)] = lim |—sin(ne) — = sin(nd)]
n—oo n—oo N n
Sow(z,0) —w(ws,0)] — 0 as n— o0
is small.
w(x,y) for = <

| cosh ( ((%)Lkz)y) 2

Also, the corresponding change in the solution
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is as follows:
1 e~ n?msin(ne) sin(Z)

lim |w(z,y) —wa(z,y)] = lim |- 2
n—o0 n—oo (Y — COSh ( ((7:’_2?)2 _ kz)y)
l o=~ n’msin(nd)sin(%)

E ; cosh (\W y)

2 |n2xl|| sin(nd)|||| sin( 2z
lim s (2.9) — wa(e.g) < 2 T | 2] [n*7|[| sin(nd) ||| sin( 5 )|
n—oo

noee @ n=1 H cosh ( ((%)2 _ ffZ)y) ||

1 2= n2m
lim |w(..1) —ws(.. 1) < 2 lim — A —
Al 1) (D)< n.—moa;e (32 )
lim |wi(.,1) —ws(.,1)] — 0 as n — .

n—o0

This implies that a small change in the boundary deflection w(x,0) from 1 = €tox2=
6 results in a small change in solution. Hence, using the SRM, equation (1.22) is well-
posed in the sense of Hadamard.

We apply the SRM to regularize equation (2.7) as:
(

o o (VPR ) o)
Zn:odd P 0 —3 -
u'(gjy) =- \cos]l( ((5) —k )y)|

n >

oo n cos( % )

1
o 2n=odd ;
7 i cosh ( ((%)szQ)y) | cosh (\ /((%)Q*Fﬁ)y) [2

n

< .

\

All the three requirements for well-posedness of equation (2.7) are the same as the
one shown above. Hence, by SRM, equation (2.7) is well-posed in the sense of
Hadamard. Thirdly, we apply SRM to regularize equation (2.8) to obtain equation

(2.13). This gives the regularized solution as:

L sin(na) cosh (\/ (n? — k:Q)y), L > o
| cosh (\ / (nsz'z)-y) |2

sin(nx) 1 < a, (216)

w(z,y) =

an cosh (\/mil) - | cosh (\/m?;‘) I

We observe that equation (2.16) satisfies both the smoothness requirement in definition
(1.3). On the data compatibility condition, we observe that
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7 m aW(X,O) 2 dx
=7 0dx
0 dy 0
3 (

which implies that equation (2.16) is the solution to equation (2.8).

The proof that regularized equation (2.13) has only one solution, follows the proof
of uniqueness of equation (2.5). In addition, the stability of equation (2.13) is similar
to the stability of solution (2.16). Hence, equation (2.13) is well-posed by SRM.

We show the kinds of boundary conditions, which when imposed on Helmholtz
equation cannot be regularized by the SRM. By the applying SRM to equation (1.3),
we obtain regularized equation (2.13), where

1
dalz) = N sin(na)

which yields the regularized solution
L sin(nz) sinh ( (n? — k?) ), L ey
| sinh (\ / (T!-Q—kz)y) [

L sinh ( (n2 — k:Q)y), ! <

an
| sinh (1 / (n-27k2)y) |2

w(z,y) =

We observe that

(VB

/ L sin(nx)dx = i[ 1— cos(n%r)]

n n?

which implies that

1 nm nn2l22, V' n = 1,3,5,.. _pn2[ 1 - cos(

~2)]=,¥n=2610,.

00 VvVn=4812,..
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Thus,

[NE]

n
Since equation (2.13) with above boundary condition does not satisfy data

1
/ —sin(nz)dr #0, Vn=oddorn=2,6,...
Jo

compatibility condition. This implies that equation (2.13) with above boundary
condition has no solution. Hence, by SRM, equation (2.13) with above boundary
condition is ill-posed in the sense of Hadamard.
Next, we apply the SRM to equation (1.4), we obtain the regularized equation (2.13)
with
Pa(x) = cos(nx)

and the corresponding regularized solution as:

V. ..

7 7l 2
PPoon=15,. 2(nm.nz-cosh(16)m2. V'V [((mZnnnnzz)z)—zzk—zk)zyz))(sinhcos((m\/2m((z)+M25in)2(—mk2mzz))])’

>
|T1l]z2— &

Ploon=3,7,... —(2nnﬂ.2—cosh(16)n2.\/ ((((Mz))2——kk)2y))(sinhcos((\/ (O+nz2 sin)2-(k2)))), 11122

W(X,y) = PP®n=15... a(n22—16)7122.\/\/([mzz

Y222-NTf33) (Cossinh((m\/\/mzz(()+M225m)22(—"”X""szzzz))))cosh(\/\/[(nnnnzz )22-k22)y), lrdzz < a
o -2nm.(cos( )+sin( ) ” 1 <a
Pn=37,.V a\/(n -216)227 .2 ((\/) ~k2)sinhz2( (( \/) -k))zcosh2( (( ) -k)y)1z IT]
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Ploon=1 cosh(Z\/ ((((mmn)z)——kkz).)sinh(y))(cos\/ (((nmxnm)+)2-sinkz(nx))) ), |T1ll2 = O

Poon=1— A "N = ——2((nm) -k).sinh((cos(((nmxnm)+)
-sink()))nmxcosh)) ( ((nm) -k )y)), Tl < (2 17)
where,

71 = cosh( ((%T)2 — k2)y)

We observe that equation (2.13) together with above boundary condition satisfies
both the smoothness requirement in definition (1.2) and data compatibility condition
in theorem (1.2),respectively. Therefore, the function (2.17) is a solution to equation
(2.13) with above boundary condition.

The proof that equation (2.13) with above boundary conditions has more than one
solution is similar to that of equation (2.11). Hence, by SRM, equation (2.13) with

above boundary condition is ill-posed in the sense Hadamard.
2.3 Quasi-Reversibility Regularization Method

In this section, we discuss the strength and shortcomings of quasi-reversibility

regularization method (Q-RRM). The Q-RRM assumes that a linear operator

A X-Y

where
92 o2
=+t
oxr?  Jy?

is bijective but the inverse operator A-1is not continuous from one Hilbert space H to

A

another Hilbert space H (Lattes and Lions, 1967).
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The Q-RRM regularizes only the Helmholtz equation by the subtraction of a
product of a square of a regularization parameter @ and a mixed fourth-order partial
derivative from the Laplace-type operator appearing in the Helmholtz equation.
Thus,

0 0? W ‘i

%) + WJZ — W
For example, see [62,63,79]. In [13,14,16,41,58] applied Q-RRM to regularize the
solution of Helmholtz equation. In [56], the authors showed that the operator A+ is a
unitary from L2(R) to L2(R) to regularize the Helmholtz equation with Cauchy
boundary conditions.

We demonstrate a class of boundary conditions which when imposed on
Helmholtz equation is regularized by the Q-RRM. Applying Q-RRM to equation (1.22),

we obtain the regularized Helmholtz equation as follows:

0x? dy? ~ 0x%0y? < < < <
w(0y) =w(2my) = 0, 0<sy<1
w(x0) = 1
ow(x,0) n <x<2msin(nx), 0 (2.18)
0?w(xy) + 0?w(xy) + Kwkxy)a?  0d*w(xy) =0,
0 X 2m, 0 y 1
=0 0 x 2m
dy < <

By the method of separation of variables, we obtain

w(xy)= XXy )Y
oo(y) + kK2Y (y) —Xoo(x)

= =), constant.
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(Y (y) = azY 00(y)) X(x)
By separation of variables equation, we obtain

X00(x) +AX(x) = 0.

When
w(0y) = w(2my)=0,
=>X(0) = X(2m)=0,
we obtain
nx

Xo(z) = sin(j)
Also, from separation of variable, we observe that:
2 —4k2 2 —4k2
Y (y) = By cosh ( (ni)y) + By sinh ( (ni)y)

4 4+ on? 4 4+ o?n?
When
Qw(z,9) 54 yio) =0
Ay >
we obtain
N — h,
2 n? — 4k?
Y(y) = Bjcosh ( (—4 3 cx2rL2)y)

Substituting the expressions for X(x) and Y (y) into the product solution, we obtain
2 _ )2
w(z,y) = Z(’” cosh ( (24— o n"’)y) sin(n—;)

At

1
w(x,0) = - sin(na)

’

then

Cn = —

n.

Substituting the expression for cnback into the above expression, we obtain
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. n2—4k? \_\ i ( RE
~ cosh ( (4+02n2 ) y) sin( %)

w(x,y) = Z -

n=1 (219)

We observe that equation (2.18) satisfies both the smoothness requirement in
definition (1.2) and data compatibility condition in theorem (1.2), respectively.
Therefore, the function (2.19) is the solution to equation (2.18).

The proof that equation (2.18) has only one solution, is similar to the proof of uniqueness
of equation (2.5).

We show that the regularized equation (2.18) is stable with respect changes in the
boundary condition. We observe that if x1 = 0, then w(x,0) = 0 and the corresponding
solution is:

wi(xy) =0.

Y iy
Also, when x2 = §, where 0= 0 < 73 and the corresponding solution is

% —4sin(nd) cosh ( (”2’4’“2)11) sin( %)

4412 n?

w(z,y) = =
n=odd ;

The change in boundary condition observed as:

. ] "
nlglole lw(zy,0) —w(zs,0)] = nlglol0 |0 — - sin(nd)|
1
S —
n

oo w(zy, 0) — w(xe,0)] = 0 a8 n— 00
is small and the corresponding change in the solution is:

i —4sin(nd) cosh (@U) sin(%5F)

Tim uy(z.4) — (e, y)| = lim [0 - e |
n=odd
o< (4[] sin(nd) | cosh (/=35 )y Y1 sin ()
lim |wy(z,y) —wa(z,y)| < lim
n—00 n—00 |’n,27T|
n=odd

( n2—4k2 )
o 4€ 4.+a2n.2

Jn (1) —wa( 1) < lm B =

n=odd

We observe that 4 + (nu)% > n?2 - 4k%for a > 1. This implies that
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e <
I 4+n2-p24nk22 o0 n2-4k2

r(4+a2n2)

= nlim-ew [w1(,1) = w2(,1)| = nlim-conX=0dd_ n2g < oo,

The w(x,y) is stable for @ > 1. Hence, by Q-RRM, equation (2.18) is well-posed in the sense
of Hadamard.
We regularize Helmholtz equation with both Neumann and Cauchy boundary conditions

by Q-RRM as follows:

- < < < <
o2 a2 0x20y2 < < < <
owOy) ow(@my) _ O, O<y=<1
o0x " ox :
w(x0) ~ = sin(naz), 0<x<2r (2.20)
ow(x,0)
02w(xy) + 0?w(xy) + KRwkxy)a?___ 0d*w(xy) =0,
0 X 2m, 0 y 1
- =0 0 x 2m
dy < <

and the corresponding solution is

o cosh( (%)y)cos(%)
P Sy

T

n=odd
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All the three requirements for well-posedness of equation (2.20) are the same as the one
shown above. Hence, equation (2.19) is well-posed in the sense of Hadamard.

Thirdly, we apply Q-RRM to regularize the Helmholtz equation with Cauchy
boundary conditions where the boundary deflection is equal to zero. The regularized

Helmholtz equation is obtain as:

02w(xy)

2 4
+ a—W%'M+k2w(x,y)—aza W2X12 -0 OSXS_Z,OSysl
0x? dy ox< ,
ow(x,0) -
= = 0, D<e<—
B TR0 (2.21)
dy .
1 . .
w(x0) = —sin(nz), 0<z<-— ,
with the corresponding solution as:
1. (n? — k?)
w(z,y) = — sin(nz) cosh(y [ ———<y
- Sl (2.22)

We observe that equation (2.21) satisfies both the smoothness requirement in definition

(1.2). On the data compatibility condition, we observe that

Z »0w(x0) = dx
=7  Odx
0 dy 0

which satisfies theorem (1.2). Hence, the function (2.22) is a solution to equation
(2.21).

On the uniqueness of equation (2.21) is similar to the proof of uniqueness of
equation (2.5). The stability of equation (2.21) is similar to that of equation (2.18).
Hence, by Q-RRM, the equation (2.21) is well-posed.
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We provide a class of boundary conditions, which when imposed on Helmholtz
equation, cannot be regularized by the use of Q-RRM. First, we regularize equation

(1.3) by using the Q-RRM, which gives the regularized Helmholtz equation as:

Pw(x,y) Pw(x,y) o o, tw(x, y) T
pr = oy + k*w(z,y) — @ W =0, 0<x< BY 0<y<l1 (2.23)
Jw(x,0) I T
- 7 — — ). 0 < B < -
oy . sin(na), <z < 5
w(r,0) = 0, 0<x< T

-2
By the method of separation of variables, we obtain the function
(1+ a®n?)

(n? — 12)
(n? — k2?)

(1 + a?n?) y) (2.24)

sin(na) sinh(
Moreover, we see from the boundary deflection condition of equation (2.23) that:

2

! 1
/ 2 —sin(na)dr = —[ 1 - COS(%H
0 o

n n
Thus,
n%, V= 1N, -
1 nm ,
S[1—cos()] ={ &, Vn=26,10,...

Vn=42812,...
We observe that

1 1
/ 2 = sin(nz)dr # 0, Vn=oddorn=26,...
S

The function (2.23) does not satisfy the data compatibility condition. Thus, theorem
1.2 is not satisfied by function (2.23). This implies that equation (2.23) has no
solution. Hence, by Q-RRM, equation (2.23) is ill-posed in the sense of Hadamard.

Also, we take into account of a Neumann problem for the Helmholtz equation in
an upper half-plane. By applying Q-RRM to equation (1.4), we obtain the regularized
equation as:

ax2 dy? - 0x20y?
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ow(-1y) ow(Ly) — Owlxy) +

_ J*w(xy)+
ox ) < Skzw(x,y) 64afz
X
0 ow(x,0) wixy)

ay - < <

ow(x1)
= =0 0 y 1

- =0 1 x 1 (2.25)
— = cos(2mx) 1 x 1

dy - < <

and the corresponding regularized solution as:

p
2nr. cosh ( (M) fg) (cos(25%)+sin(25%)

o] 4+a2(nm)?2 )
n=1,5,...
o P nw)2—4k2 . nmw)2—4k2 ’
("LQIU)"TZ‘\/(EHQ)?(nw)?) sinh (\/('(1+L32(7Wr)2)y)
—2nm. cosh (\,‘ (%)y) (cos(BEE )+sin( 252 ))
("‘_ﬂ)ﬂ; g (nm)2—ak2 (226)
4taZ(nm? ) ° ttaZmm? )Y

(M) y) (cos(nmz)+sin(nmz))

1+a2(nm)2

w(x,y) = 3 ZZO:ILT',...

(n2—16)72.

cosh (
> o
= ( }2 k2 ( )2 k2
¢ nmw - . nmw -
\ 2 ( el ) . sinh ( ( 1o ()2 ) T})

We observe that equation (2.25) satisfies both the smoothness requirement in

definition (1.2) and the data compatibility condition in theorem (1.2), respectively.
Hence, the function (2.26) is a solution to equation (2.25).

The proof that equation (2.25) has more than one solution is similar to that of
equation (2.11). Hence, by the Q-RRM, the Helmholtz equation with Neumann

boundary conditions in an upper half-plane is ill-posed in the sense of Hadamard.
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2.4 Quasi-Boundary Value Method

In this section, we discuss the strength and weaknesses of the quasi-boundary value
method (Q-BVM) in regularizing Helmholtz equation with above boundary conditions
(Clark and Oppenheimer, 1994). We state the definition which is useful in the study
of the Q-BVM as below.

Definition 2.5 Let H be a Hilbert space. Let A : D(A) € H — H be a bounded linear Laplace-
type operator. The
A:H->H

by
hAx,yi = hx,A*yi, V x € D(A), y € D(A%).

The operator A+ is called the adjoint of A.
The operator A : H — H is called self-adjoint if,

A=A%
is normal if,
A*A = AA*
and is a unitary if,
AA*=A*A=1]

where [ is an identity operator (Chidume, 1989).

The Laplace-type operator in the Helmholtz equation

A X-Y,

where

62



o2 0*
C0x? Oy?

is a linear self-adjoint and unbounded from a Hilbert space X into another Hilbert
space Y . Thus, in the Q-BVM, the ill-posedness means a unique solution to the
Helmholtz exists, but the solution does not depend continuously on the imposed
boundary conditions of Helmholtz equation (Clark and Oppenheimer, 1994).

Unlike TRM, SRM and Q-RRM, the Q-BVM regularizes the boundary conditions
imposed on the Helmholtz equation by adding a product of a regularization
parameter a, where a € R*, and boundary condition at one of the axes of the spatial

variable

[4].

In [14], the authors regularized the same problem by subtracting awo(0) instead
of adding aw(0), to the initial condition w(T). Using the Q-BVM, [72] and [71]
regularized homogeneous linear and nonlinear heat equation, respectively. In [82],
the authors applied Q-BVM to regularize unbounded Dirichlet boundary of the
Poisson equation in L2(R) space. In [9,30] applied Q-BVM to regularize the solution of

the Helmholtz equation.
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We show the class of boundary conditions, which when imposed on Helmholtz
equation can be regularized by the use of Q-BVM and the boundary conditions, which
when imposed on Helmholtz equation cannot be solved by the Q-BVM. We regularize
the boundary conditions imposed on the Helmholtz equation using the QBVM given
by (Clark and Oppenheimer, 1994). Firstly, we apply the Q-BVM to regularize equation
(1.22) by adding aw(x,1) to the w(x,0), that occurs in equation (1.22). The regularized

Helmholtz equation is obtained as:

0x? dy? = < < <
w(0y) = w(lmy)= 0, O<y<1
w(x0) +aw(x1) = 1
aw(x,0)  p sx<2m sin(nx), 0 2.27)

02w(xy) + d2w(xy) +lkew(xy) = 0, 0 x2m0 y 1

T W =0, 0 x 2m;
dy < <

By the method of separation of variables, we obtain

w(xy) XXy )
Yoo(y) + k2Y (y) —Xoo(x)
: =2, constant. Y (y)

X(x)
At w(0,y) =w(2my) = 0, it implies that:
X,(z) = sm(%)

Also, from the separation of variables equation, we observe that

y) = By cosh —)2 —k?)y ) + Bysinh =)= Ry
Y B, cosl 22 o2 ot 2’2 Ji2

At
ow(x,0)



= Yo0(0)

1
(e}

and obtain

Y (y) = B, cosh ( ((2)? 1 k2)y)

58
Substituting the expressions for X(x) and Y (y) into the product solution yields

w(x,y) = Z ¢y, cosh ( ((%)2 E kz)'y) Sin(%)

n=1

At

1
w(z,0) + aw(z,1) = = sin(nx)

we obtain
1

n (1 + cosh ( e k:z)))
Substituting c» back into w(x,y) yields

o2, cosh V()7 —R)y) sin(%)
nm (1 + a cosh ( ()2 — kz))) (2.28)

We observe that the function (2.28) satisfies both the smoothness requirement and

Cn =

Wo(r,y) =

data compatibility condition in theorem (1.2), respectively. Therefore, the function
(2.28) is a solution to equation (2.27).

We show that the function (2.28) is the only solution to equation (2.27).

Proof: By contradiction, Let u(x,y) and v(x,y) be two different solutions of equation

(2.27) such that

W(le ) =u (le ) = V(le );

Multiplying both sides of equation (2.27) by the solution (2.28) and integrating over
([0,2m] x [0,1]), we obtain

1 2 1 2
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Z 7 wa(xy)Awa(xy)dxdy + k% Z Z |Wa(x,y)|2dxdy = 0
0 0 0 0

Applying the Green'’s first identity to the first term on the left hand side of above

equation, we obtain

1 2T 1 2
| [ watemsuteniady o= [ [ 19u.(e p)pdady,
0 0 0 0

which implies that

1 21 1 2w

-ZoZo |Vw(xy)|2dxdy + k% ZoZo |w(x,y)|2dxdy = 0.

For the above to hold, we restrict both

1 21

0Zo  |w(xy)|?dxdy =0
and
VA |Vwea(x,y)|2dxdy = 0.

0 0

We see that the above equations hold, if

we(xy) = 0
= wa(xy) = 0 in ([0,2m] x [0,1])
and
Vwe(xy) = 0

=>we(xy) = 0 in([0,2r] x[0,1])
This implies that we(x,y) is a function (2.28) in the domain and on the boundary of the

domain. Thus,

uxy) = v(xy)
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This implies that solution (2.28) is the only solution to equation (2.27).

We show that the regularized solution (2.27) depends continuously on the
boundary conditions. We observe that when?1 = ¢, where 0= ¢ < 31in the boundary

condition®(€: 1) + aw(w,1) = 5 sin(m:) and the corresponding solution is:
> 4 sin(ne) cosh ( ((5)? — k'Q)y) sin(%F)
n=odd mr(l + « cosh ( ((%)2 y k2)))

Again, we perturb x fromZ1 = € t0 T2 = 9, where 0 < 0 < T?;and < 6. The

w(z,y) =

corresponding solution is

2
n—odd -mr(l + a cosh ( LB kz)))

The change in boundary condition is observed as:

2
lim |(wy(€,0) + aw(6,1)) — (w2, 0) + awy(z, 1)) < -
n—oo A

lim |(wq(€,0) + aw(6,1)) = (wa(x,0) + aws(x,1))] — 0 as n— o0
n—oo

% 4sin(nd) cosh ( ()% k2)y) sin(%)

w(z,y) =

This implies that the change in the boundary condition is small and the corresponding

change in the solution is as follows:

oo 4sin('n€) cosh ( ((?2&)2 N kz)y) sin(%)

lim |wy(z,y) —wa(z,y)] = lim |
n—o0 n—oo ] Tl-?T(l + O{COSh ( ((%)2 - k2)))
> 4 sin(nd) cosh ( e 7 — k2)y) sin(%)
- |
= mr(l + acosh ( = kz)))
| = leosh (VBE= )
lim |wy(z,y) — we(z,y)] < 8 lim :
n—o00 n— oo = |n7T||| (1 + (ECOSh ( ((3)2 _ kZ))) ||
= s (VG =)
lim |wi(.,1)=wy(,1)] < 8 lim
ne =00 7= |na| (1 + acosh ( (37 - k?))) I

But, we observe that
| cosh (/37 = 1)) |
I (1 + avcosh ( (O k?))) I

<1

This implies that
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n-o [W1(.,1) = w2(,1)] < -
nim lim

lwi(,1) - w2(,1)| = Oasn— co.
Hence, using the Q-BVM, equation (2.27) is well-posed in the sense of Hadamard.

Secondly, we apply Q-BVM to regularize both the Neumann and the Dirichlet
problems of the Helmholtz equation by adding aw(x,1) to the inhomogeneous

boundary condition. We obtain the regularized equation as below:

02w(xy) 02w(xy) 2
< < < <

0x? dy?
ow(Oy) ow(my) _ 0, 0<y<1 (2.29)

x ox ) '

w(x0) +aw(x1) ~ - sin(na), 0<z<2m
dw(x,0)
+ + kwkxy)=0, 0 x 2m, 0 y 1

—— ST 0 x 2m
ay

I\
I\

with the corresponding solution as:

D modd COSh (\/W y) cos(“F)
n (1 + cosh ( ((5)? — A‘Q)))

All the three requirements for well-posedness of equation (2.29) are the same as the

w(x,y) =

one shown above. Hence, equation (2.29) is well-posed.
Thirdly, we regularize, by using the Q-BVM, the Cauchy problem of the Helmholtz
equation where boundary deflection is homogeneous. We obtain the regularized

equation by adding aw(x,1) to w(x,0) in the boundary conditions as follows:

02w(xy) 0’w(xy) 2 T

A

2 dy? < <2 =
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ow(x,0) -
= =0, 0 < -
= CUSTSS 0 @230 ——— *k
dy w(xy) =0,
7 X -, 0
1W(x,O) +aw(x1) = —sin(nz), 0<2<—
n 2
The corresponding solution to equation (2.30) is:
cosh (\/ n? — A:2y) sin(nx)
w(r,y) =
n(1+ acosh(yn? — /32')
n( + acosh(v/n? — k?) (2.31)

We observe that equation (2.30) satisfies the smoothness requirement in definition
(1.2). On the data compatibility condition, we observe that

ow(zx,0)

=) . d

J

b | 3

which satisfies theorem (1.2). The proof of uniqueness of equation (2.30) is similar to
the one above. The function in (2.31) is a unique solution to equation (2.30).
On the stability of the regularized solution (2.31), we observe that if x1 = 0 then

w(0,0) + aw(0,1) = 0, and the corresponding solution is
wi(xy) =0

Also, when x2 = §, where 0 12, the corresponding solution is

cosh (\/n2 - kgy) sin(nd)
n (1 + accosh(v/n? — k?))

w(z,y) =

The change in the boundary deflection is

~|w1(0,0) = w2(0,1)] > 0asn — co.
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This implies that there is a small change in the boundary deflection.

corresponding change in solution is, therefore as follows:

cosh (\/'n2 - ery) sin(nd)

lim |wy(2,y) —we(x,y)| = lim |0—

|
e 'y -n(l + acosh(v/n? — kzz))

lwi(.,1) —ws(., 1) — 0 as n — oo.

Hence, using the Q-BVM, equation (2.31) is well-posed.

The

We present a class of boundary conditions, which when imposed on Helmholtz

equation, cannot be regularized by the use of Q-BVM. Using the Q-BVM, we regularize

equation (1.3) by adding aw(x,1) to the inhomogeneous boundary deflection wy(x,1).

The regularized equation is obtain as:

ox2 dy? < <2 <
odw(x,0) 1 T
kaw(x,y) =0, 0 X -1, 0 y 1
+aw(x1) = _sin(nx), O<xs_ (2.32)

ay n 2
m
w(x0) = 0, O0<sx<_.
2

By the method of separation of variables, we obtain
sinh ( (n? — kz)y) sin(nx)
'n,(\/('rﬂ — k?) + acsinh(v/n? — I.’:Q))

w(z,y) =

IN\

d2w(xy) +

d2w(xy) +

(2.33)

Moreover, we can see from boundary deflection condition of equation (2.32) that

3.1 1 nm
—sin(nx)dx = —[1 — cos(—
[ sintne)ds = 2511 cos()

Thus,
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&, Vn=1305,...

nm ,
—[1 —(:os(7)} =9 &, Vn=2610,...
0, VYn=4812,...

We observe that

2 1
/ - sin(nx)de # 0, VYn=oddorn=26,...
Jo o

Equation (2.32) does not satisfy the data compatibility condition. This implies that the

function

sinh (\ /(n? — k’g)y) sin(na)
n|+/(n* —k?) + asinh(v/n? — k2
(Vr &) (V=)

is not a solution of equation (2.32). Hence, using the Q-BVM, the equation (2.32) is ill-

w(z, y) =

posed in the sense of Hadamard.
Next, we consider a Neumann problem for the Helmholtz equation in an upper
half-plane. Using the Q-BVM, we add aw(x,1) to wy(x,1) in the boundary conditions of

equation (1.4). The regularized Helmholtz equation is obtained as:

Pw(xy) Pwlxy) Kw(xy )=0 )

¥ ay»
0x2
ow(-1, ow(ly)
= =0, O<sys<
ox ox 8 Yol
dw(x,0)
=% 0 -1<x<1 (2.34)
oy
a—MgX’—u + aw(x, 1) = cos(2mx) -1=<x<1
y
with the corresponding solution as:
W e

(3} 2nm.cosh( ([ ) =k W) cos( N+sin( 1)
T Tt T s/

7 = 212 J ™ 2
PPn=15... a(nzz—16)n2\/2.\/\/m((zmzﬂzmzzz)22—2 kzzz)sinh(m\/z\/mz((MZMZ)Zz—mzkmzzz])
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W(X,y) = BIn®°=37,. _a\/Z(nTr.n —cosh(16)2m.2(((() ) k-KkW))(sinhcos(((Q+sin) (-k))))

Poon=1 cosh(Za\/ ((((nnnn))z——kkz)).ysinh())(cos\/ (nmx((nm)+)2sin-k(2nmx))) )) (2.35)

We see that equation (2.34) satisfies both the smoothness requirement in definition
(1.2) and the data compatibility condition. The function (2.35) is a solution to equation
(2.34).

To see the proof that equation (2.34) has more than one solution.

Proof: By contradiction, Let u(x,y) and v(x,y) be two different solutions of equation

(2.34) such that

W(X,_y ) = U(X,y ) = v(x,y )l

Multiplying both sides of equation (2.34) by the solution (2.35) and integrating over
([-1,1] x [0,1]), we obtain

1 1 1 prl
/ / we (2,9 Awa (2, y)drdy + k* / / |wa (2, )| dedy = 0
Jo J- Jo J-

Applying the Green'’s first identity to the first term on the left hand side of above

equation, we obtain

1 1 1 1
/ / Wa (2, y) Aw, (2, y)drdy = O—f / |Vwe (2, y) [*dady,
Jo Joa 0 J-1

which implies that

1 1 1 1
- / [ \Vw(x,y)|*dedy + k* / / lw(z,y)|*dzdy =0
JO J-1 JO J—1 .

For the above to hold, we restrict both
Tl

0Z-1 |wa(x,y)|?dxdy = 0

and
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0Z-1 |Vwa(xy)|2dxdy = 0.

Z
We see that the above equation that

wa(xy)

has two different values; a zero and a non-zero in ([-1,1]x[0,1]). The equation (2.34)
has more than one solution. Thus, the second condition of well-posedness according
to Hadamard is violated. Hence, using the Q-BVM, the Helmholtz equation with
Neumann boundary conditions in an upper half-plane is ill-posed in the sense of

Hadamard.

2.5 An Iterative Regularization Method

In this section, we use the iterative regularization method (IRM) to solve Helmholtz
equation with above boundary conditions. The IRM assume a unique solution to the
Helmholtz equation exists, but the solution does not depend continuously on the
imposed boundary conditions. Thus, we regularize neither the Helmholtz equation
nor its boundary conditions. We regularize only the solution of the Helmholtz
equation. Using the IRM, we restore the stability of the solution by introducing the
iterative scheme into the exact solution. We obtain the stabilized solution as the
number of iterations increases (Cheng et al., 2014; Zhang and Wei (2014)). Thus, using

the IRM, we assume that the Laplace-type operator in the Helmholtz equation

A:H —-H,
02 02where A
= 0x2 + Qy2

is bounded L2(R) space to another L2(R), but the inverse Laplace-type operator A-1is
unbounded.

Using the IRM, we introduce the iterative scheme as:
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Wi (2,7) = (1= N)™02,_(2,y) + Acosh(y/|y|? — k2) sin(%), m=1,2,3, ...

where, m is the number of iterations, into equation (1.22) and simplify to obtain the

regularize solution as below:
cos(y/k? — |y|?) sin(%7)), ly| < k

(1= N)mig(e,y) + (1 = (1= A)™) cosh(y/[y[> — k) sin(*5), |yl >k (2.36)

w(z,y) =

where

A= VIEE oy
where A is the regularization parameter and Uois a priori-bounded solution. The proof
of the existence and uniqueness of the regularized solution (2.36), follows from the
existence and uniqueness of equation (1.22).

On the stability of the regularized solution, we observe that if x1 = 0 then w(0,0)+

aw(0,1) = 0, and the corresponding solution is
wi(xy) =0

Also, we perturb w(xy) from x1 = 0 and x2 = 6, where 0 <0< 13 that the

corresponding solution is

cos(\/k? — [y[?) sin(%2), ly| < k
(1 — N2, y) + (1 = (L = \)™) cosh(y/|y|? — k2) sin(%y), |y| >k

The change in the boundary deflection is

w(z,y) =

~ |lw1(0,0) = w2(0,1)| > 0asn— oo.

This is implies that there is a small change in the initial deflection. The corresponding
change in solution is as follows:

n-ow [Wi(xy) = w2(xy)| = lim

N_s00 myS,(x,y) + (1 - (1 = A)m)cosh(ply|? - k?)sin(né2 )| -
lim|]0-(1-2)
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lwi(,1) - wz(,1)| = 0asn— oo,

The above regularized solution meets all the three conditions of well-posedness.
Hence, using the iterative regularization method, the Helmholtz equation with Cauchy
boundary conditions where boundary deflection is equal to zero is well-posed in the
sense of Hadamard.

We show for a number of boundary conditions, which when imposed on
Helmholtz equation cannot be solved by the iterative regularization method. Firstly,
we impose Cauchy boundary conditions with boundary deflection not equal to zero

on Helmhotz equation. The regularized solution is obtained as

sin(+/ (k% — nﬂy)%: Vin| <k
w(z,y) =19 (1—a)™w,(z,y)+ (1= (1 —a)™)x
Sl % sinh(y/(n2 —k2)y), V|n| >k

where «a is the regularization parameter and m is the number of iterations. Equation
(1.4) has no solution since it faces the same problem as the previous methods
discussed above. Hence, by an iterative regularization method, equation (1.4) is ill-
posed in the sense of Hadamard. The Helmholtz equation with imposed Neumann
boundary conditions in the upper half-plane yields a similar result the one above.

In summary, the Tikhonov regularization method, spectral regularization method,
quasi-reversibility regularization method, quasi-boundary value method and iterative
regularization method regularize Helmholtz equation which imposed both Dirichlet
and Cauchy boundary conditions where the boundary deflection is homogeneous.
These methods of regularization cannot solve Helmholtz equation with Cauchy
boundary conditions where the boundary deflection is inhomogeneous. In addition,
Neumann problem in the upper half-plane for the Helmholtz equation cannot be

regularized by any of the above discussed method of regularization.
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Chapter 3

Regularized Neumann, Cauchy

problems of Helmholtz Equation

In the previous chapter, we showed that Helmholtz equation with Cauchy boundary
conditions where boundary deflection is not equal to zero none of the existing
methods of regularization can be used to restore the well-posedness of the equation.
In addition, these existing methods of regularization cannot be used to solve ill-posed
Helmholtz equation with Neumann boundary conditions in the upper halfplane.
Therefore, the three requirements of existence, uniqueness and continuous
dependence of small changes in the these boundary conditions do not hold. Hence,
these existing methods of regularization are insufficient and inefficient for solving
illposed Helmholtz equation with imposed Cauchy boundary condition where
boundary deflection is inhomogeneous as well as Neumann boundary conditions in
the upper half-plane.

In this chapter, we introduce a Divergence Regularization Method (DRM) to solve
ill-posed Helmholtz equation with Cauchy boundary conditions where the boundary
deflection is not equal to zero. This method enables the solution of Helmholtz equation
with Neumann boundary conditions in the upper half-plane. Thirdly, the DRM solves
Helmholtz equation with both Dirichlet and Cauchy boundary conditions where the
boundary deflection is homogeneous. Lastly, we show that our regularized Helmholtz

equation meets all the three conditions of well-posedness in the sense of Hadamard.
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3.1 Divergence Regularization Method for Regularizing

Cauchy Problem for Helmholtz Equation

In this section, we present some background information regarding the
propoundment of the DRM in Hilbert space, and the basic ideas of divergence theorem.
When the Helmholtz equation is imposed with Cauchy boundary conditions where the
boundary deflection is inhomogeneous then the analytic function in a neighbourhood
of the hyper-surface is not well-posed. To see this, consider Cauchy problem, in which
initial data; w(x,0) and wy(x,0), are specified on the characteristic curve C in the (x,y)-
plane for the Helmholtz equation. Both the Cauchy’s boundary data and the
coefficients that appears in the Helmholtz equation can be expanded as power series
in the neighbourhood of C. We see that the coefficients of second partial derivative and
higher order derivatives of w(x,0) (with respect to y) do not vanish on C, on the
grounds that higher derivatives can be deduced from the Helmholtz equation and
construct their power series solutions (King et al., 2003).

As a consequence, the Cauchy problem of the Helmholtz equation is inconsistent
as the boundary data propagate into the (x,y)-plane on the characteristic curve. In
addition, any function obtained from the Cauchy problem depends on only the
boundary conditions that lie between the two characteristics through (x,y)-plane.
Moreover, the discontinuities in the higher order derivatives of w(x,0) can propagate
on characteristic curves (King et al., 2003).

Thus, all the three conditions of well-posedness according to Hadamard are
violated. Even the Helmholtz equation with C»(Q) boundary data and Cauchy’s
analytic result does not guarantee the existence of the solution as well as uniqueness.
These Cauchy data are provided on the arc of the boundary 91 instead of the entire
boundary of the domain (0.

In order to restore well-posedness of Helmholtz equation with Cauchy boundary
conditions where the boundary deflection is inhomogeneous, we introduce the DRM.

First, we extend the arc of the boundary (hyper-surface) 91 to the whole entire
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boundary of the domain (). Thus, we quadraturize the boundary of the domain of
Cauchy data to piecewise smooth boundary of two disjoint complementary parts. The

following theorems and definitions are useful in proposing the DRM.

Definition 3.1 (Quadrature domain) A bounded domain in Euclidean space R?is called
a quadrature domain if there is a signed (Borel) measure u, with compact support in ),

such that

h(x)dx =Z hdu
Q

for every integrable (harmonic) function h on ( (Gardiner and Sjo"din, 2000).

Thus, a bounded domain Q € RZis a quadrature domain if there exists finitely many

points x1,..,xm and the coefficients ckj € R2 such that

m =1

w(xy)dA = cw(xy)(ax), w(xy)
Q Xk=1 Xj=0 Ve

where dA denotes area measure. The above expression is called a quadrature identity

and

is the order of the quadrature identity. The akare the (partial) derivatives of w(x,y) at

ak (Gardiner and Sj odin, 2000).
Theorem 3.1 Every positive function on a quadrature domain () is integrable on ()

(Gardiner and Sj“odin, 2000).
Corollary 3.1 If Q is a quadrature domain with respect to a signed measure p with

compact support in (), then it is also a quadrature domain with respect to some positive

measure with compact support in Q (Gardiner and Sjo"din, 2000).
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Theorem 3.2 (Divergence theorem) Let () denote a bounded region in R? with a
smooth boundary 02 with

N=N(xy)

denoting the unit outward-normal vector to 0€). Then for a smooth-valued function
2
wley) = 3wy y)e,
=1 ,
we have

div w(x,y)dxdy = Z w(xy) - NdS
Q 0Q

Duchateau and Zachmann (1989).

Proof : See Duchateau and Zachmann (1989).

Theorem 3.3 A necessary condition for the existence of a solution of the Neumann

problem
0*w(xy) *w(x, .
N —ayLzukzw(x,y )=0 in Q
0x?
ow(x)
= g(x) on 0Q
on
is
Z
gx)dx=0
a0 (King
etal., 2003).

Proof : We integrate the above homogeneous Helmholtz equation over the
boundary of the domain Q) and apply the divergence theorem to the Laplace operator

that occurs in the Helmholtz equation to obtain the result. Thus,

Vew(x,y)d?x Z . In.Vw(xy)dx =7 g(x)dx=0.

Q 00 a0
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Definition 3.2 (Scalar) Let w(x,y) € Llioc(R%) and a fixed n € R*, n is called a scalar with
respect to x if
WTIIO(le ) = W(’IX:)’ )

Muthukumar (2013).

DRM entails the introduction of the term

(1 +a?m)em

as a regularization term, where a € (-o0,-1)U(1,00) is the regularization parameter
and m € Z*is a positive integer, and then, combine with w(x,y) as another variable
(unknown function) in the divergence theorem. We show that this term regularizes
the Helmholtz equation as well as Cauchy boundary conditions by restoring the
stability of the equation. We then apply the Green’s first identity to the Laplace
operator of (1 + a?m)emand w(x,y) appearing in the Helmholtz equation. This produces
piecewise smooth boundary of two disjoint complementary parts d{)1 and 92 with

w(x,0) and owyy(x) are prespecified on Q1 and w(ly) and —___9%5,(%) on the rest

of the boundary of the domain.

The DRM ensures that Helmholtz equation with Cauchy boundary conditions
where the boundary deflection is inhomogeneous has a solution. Thus, when the
inhomogeneous boundary deflection becomes zero, we scale the x- co-ordinate by an
even positive integer n. This scalar n ensures that the periodic function at x
inhomogeneous boundary deflection becomes zero. Also, homogenization of
inhomogeneous boundary deflection in Cauchy boundary conditions by a positive
integer scale together with applications of divergence theorem and Green'’s first
identity ensures the uniqueness of solution of the regularized Helmholtz equation.

The result is then written as an equation with regularized Cauchy boundary
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conditions. Hence, the name divergence regularization method. We state the DRM
theorem for Helmholtz equation with imposed Cauchy boundary conditions in Q € H:

Theorem 3.4 (Divergence Regularization Method) Let Cauchy boundary conditions

be imposed on Helmholtz equation where the boundary deflection is inhomogeneous as:

0’w(xy) + 0?w(xy) + kaw(x,y) = 0 in Q

0x2 dy>
dw(x,0)
= h(x) on 0Q)
dy
wkx0) = 0 on 3[0)
where,
h(x)dx = 06,
20

then the regularized Helmholtz equation with regularized Cauchy boundary conditions

is given below:

0x2 ay2 7,0
owno(x1)
= (1 + a?m)-le-mh(nx), on 01
dy
wy(x0) = 0, on 0Q1 (3.1)
Owno(0,y)
= 0 on 082
ox
wno(Ly) = (1+ azm)-1e-mh(y), on 00,
where
d2wn,0(x,)) + _ dewpo(xy) + (1 + azm)-1e-mkaw (xy)=0,
in Q
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Z h(nx)dx =0,

o
h(x)=06,h(y)=06, a € (-0,-1) U (1,00) is the regularization parameter, m € Z*is
a positive integer, k as the wave number, [0,I] is the square domain with I is a radian

number and n is any even positive integer.

Proof : We write the linear homogeneous Helmholtz equation as

V- (wWw(xy)) + k2w(xy) =0
By the dot product and product rule, we obtain

V- (vWw(xy)) + K2w(xy) = Vw(xy) - Vv + vAw(xy) + k2w(xy) =0
Integrating both sides over (), we obtain

ZZV - (VWw(xy))dxdy + ZZ k*w(x,y)dxdy

Q Q

= ZZ.Vw(xy) - Vvdxdy + ZZovAw(x,y)dxdy + ZZa k*w(x,y)dxdy = 0

Q

In order to restore the stability of the equation, we substitute v = (1 + a?m)e™ into the

above equation which yields
0+ZZ (1 + a?memAw(xy)dxdy + ZZ k?w(x,y)dxdy = 0 (3.2)

Q Q

Applying Green’s first identity to the first term of equation (3.2), we obtain
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// (14 o®™)e™ Aw(x, y)dzdy + k* // w(x,y)drdy
JJa JJa

) ow(x,1)
= 1+ a*™)e™ ( —w(z,0 ) dz
./z)szl ( ) dy ( )

' f ow(0,
+ / (14 a*™)e™ (u*(l, Y) — M) dy
Jag, 3;13

We then scale the x- co-ordinate of the unknown function w(xy) of the above
equation by a factor n. This scalar makes the trigonometric function at
inhomogeneous boundary deflection of Helmholtz equation becomes zero, which

when integrated over the boundary of the domain.

// (1+ a*™)e™ Awyo(z, y)drdy + Kk /f Wyol(z,y)dedy
JJa Q
' f Owpo(z, !
_ / (1 + Q{:‘.m)em (% _— ?U'r],U(-TyO)) dax
Joo, Y

f A, o (0,
+ / (1+a*™)e™ [ wyo(l,y) — Oy0(0,9) dy
J O ¢ 8m

We see that the above regularized Helmholtz equation together with the regularized

Cauchy boundary conditions is written as:

0x? dy2 n,002wno(xy) +
owno(x,1) 2m-1-m d2wn0(x,y)
ay 1
wio(x0) = 0, on 0Q1
aW'LO(O;.V)
=0 on 002
ox
WTLOU;)’) = (1 + QZm)—le—mh(y), on 99,

2m)-1e-mk2w  (x,y) =0, inQ+(1+a

= (Il+a ) e h(nx), on 0Q)
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3.1.1 Existence and Uniqueness of Regularized Helmholtz Equation
with regularized Cauchy Boundary Conditions

In this section, we show that the regularized Helmholtz equation with regularized
Cauchy boundary conditions, equation (3.1), has a solution and also demonstrate that
the solution of regularized Helmholtz equation together with regularized boundary
conditions is unique.

To prove that there exists a solution to equation (3.1), we show that the
inhomogeneous boundary deflection satisfies theorem (3.1). In equation (3.1), we can
see that

(1 + a2m)-le-mh(nx)dx,

a0

since 7 is any positive integer which makes periodic function h(nx) to take *1 for
sin(nx) values and zero for cos(nx), depending on the non-zero endpoint of the

boundary, which in effect h(nx) becomes zero, we obtain

(1 +a?m)lemx 0 dx =7 0dx

00 a0

= constant=0

By theorem (3.3), equation (3.1) has a solution.
We prove that the DRM provides a unique solution of regularized Helmholtz

equation together with regularized Cauchy boundary conditions as follows.

Theorem 3.5 (Uniqueness) Suppose that Q) denotes a rectangular domain whose
boundary consists of two disjoint, complementary parts 0Q1 and 0X)2. Let h(nx) and h(y)

denote given data functions, then equation (3.1) has at most one smooth solution.

Proof: Suppose that equation (3.1) has two different smooth solutions denoted by

uno(x,y) and vno(x,y). Also, we let
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Wn,0 (le ) = Uno (le ) = Vno (le )

and be the solution of equation (3.1).

wno(x0) = uno(x0) - vyo(x0)
wno(x0) = 0
owno(x,1) du_,(xl) v ,(xl)
= dy dy
a
owy OJ(IX,I) 2m-1-m = (1+a) e
' (h (nx) h (nx))
oy 1 -2
wno(ly) = uno(Ly) = vno(Ly)
wio(ly) = (1+ a®™) 'e ™ (h,(y) - h,(v))
owno(0y) _ du (Oy) ov . (0y)
0x ox
ox
Multiplying Iwno(0) - both sides of
equation (3.1)  gx by wpo(xy) and

integrating over a domain (2, we obtain

02wn0(xy) d2wno(x,y)
wno(xy) 2 dxdy +
wro(xy)dxdy
YAAY) ox YAAY) dy?
+ 77 (1 + a?2m)-le-mkZ|wy,o(x,y) | 2dxdy = 0. (3.3)

Q
Applying the Green’s first identity to the first two terms on the left hand side of

equation (3.3), we obtain
Z7 wy,0(xy)Awn,0(xy)dxdy

Own,0(0y !d

Owno(x1 ) Z
wio(x, 0) Pl dx + wio(Ly ) I ly

d
Q 001 y 0

Za |Vwno(xy)|2dxdy

85



Z 0x(1+a?m)-le-mh(nx)dx
001

7 (1 +a?m)-lemh(y) x 0dy - ZZa |[Vwno(x,y)|?dxdy

+

002

0 - ZZa |Vwno(xy)|2dxdy

27 wno(xy)Awno(xy)dxdy =ZZa |[Vwno(xy)|?dxdy (3.4)

Q

Substituting equation (3.4) into equation (3.3) yields

02wno(x,Y) d2wno(x,y)
wno(xy) — - 2 dxdy +
whno(x,y)dxdy

AR ox YNAY dy?

+ 77 (1 + a?m)-le-mik2|\wno(xy)|2dxdy = ~ZZ |Vwy,o(xy)|%2dxdy

Q Q

+ 77 (1 + a?m)-le-mk2|wno(xy)|2dxdy

Q

0 = =ZZ |Vwno(xy)|?2dxdy + ZZ (1 + a?™)-le-mk2|wy,o(x,y) | 2dxdy

Q Q

In the above equation, it follows that
(1 + azm)-1e-mk2 ZZ |wn,o(x,y)|2dxdy

Q
=>wnoxy) = 0 inQ
and
ZZa |Vwno(xy)|2dxdy =
0= Vwpo(xy)= 0
=>wpo(xy) = constant=0inQ

Also, we observe that

86



0 on 002

[Vwno(x))]

= wno(xy) = constant=_0 on 92
and
h(nx) = 0ond
[Vwio(xy)| = 0
= wpo(xy) = constant=0on oM

Thus, wno(x,y) is smooth and zero in the domain Q and its boundary 9. This implies
that

lln,O(X,YJ = VT)»O(XIy)'

Hence, equation (3.1) has only one smooth solution.
By applying the Divergence Regularization Method to equation (1.3) by choosing
n = 4 to restore well-posedness of that equation. The regularized form of equation

(1.3) together with regularized Cauchy boundary conditions is given as follows:

0x?

dy2 4,0 < < < 22
wao(x,0) = 0, 0<sx<2m
= 1
Ows,0(x, n2) (1 +a2m)-lem_sin(4nx), 0<x<2mn
dy (3.5)
dws,0(0,y) =
= 0<y<—
=0, »
ox
2my—1_-—m 1 . ™
wao(2my) = ) = (1+a™) e - sinfny) 0<y< =
. 02wao(xy) + . 02wao(xy) + (1 + azm)-1e-mk2w(x,y) =0, 0
X 2m, 0 y _T
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We split equation (3.5) into two independent equations as follows:

02w4,0(x,y) 2 D<ax<2m, 0<y< T
d (xy) 1 —m sr=szm Usys
UL (1 @) e M wyo(xy )=0 ’
aXZ y 7
wao(x0) = 0, 0<x<2m
owao(x, n2) -0, 0<x<2m
dy (3.6)
ow4,0(0,y) s
= 0, O<sy=<_
ox 2
2m)-1g-m 1 sin(ny), 0 <y < T wao(2my) = (1
+a
n 2
and
02w
0x? ay2 7,0 < < < <2
wao(x,0) = 0, 0<x<2m
- = 1
Ow4o(x, z2) (1 + a?m)-le-m_sin(4nx), 0<x<2mn
ay (3.7)
ow4,0(0,y) s
=0 O<y=s_ 2
o0x
wao(2my) . =
o ao(xy) ¥ _ dawpo(xy) + (1 + azm)-1e-mkaw(x,y) =

0,0 X 2m, 0 y T



We obtain the classical solution to equation (3.6) by the method of separation of variables

as:
Y (y) = sin(ny), n=1,3,.

and

X(z) = DBjcosh (\/[’n? —(1+ (12"‘)“'16*’“]{?2]3:)
+ Bysinh (\/[nQ N a2m)—le—mk2}x)

When Xo(0) = 0, we obtain

X(z) = By cosh (\/[n? -1+ a2m)‘1e"f”k‘2]x)

81
Thus,

wao(x,y) Z ¢, cosh ( = ¥ an)*le*mkz]m) sin(ny)

n=1,3,.
When< (27) = (1 + (.12”1)71‘3 o sm(n;}) we obtain

Wio(Z,Yy) = Z ¢ cosh (271’\/[?@2 (1+ azm)‘lc*mk?]) sin(ny)

Foc

1
=N (et (12"‘)*167’“5 sin(ny)

= Z ¢, cosh (27r\/[n? — (14 oﬂm)‘le—mk?]) sin(ny)

n=1,3,...

: 1
L + azm)’le’ma sin(ny).

Using the orthogonality of eigenfunctions, we obtain

1
Cn =
n(1l + a?m)e™ cosh (271'\/ (I+ a2m)- le*’"k&])
Substituting the expression for cn»into the above equation yields:
> cosh (\/[n2 =(lak aQ’”)‘le—mk?]x) sin(ny)
wyplx,y) =
n=13... M1 + a*™)e™ cosh (27\/ (14 a?m)- 1e—mk2])

In a similar manner, we obtain solution to equation (3.7) with

wao(xy) =0



as equation (3.6) since

sin(4nz) (?05(%)
is orthogonal over [0,27]. By the principle of superposition, we obtain solution to equation
(3.5) as:
o cosh (\/[n? -1+ 012'”')*1(?*’”k72}x) sin(ny)
’Uf4.(1(513~ U) = Z
n—13... «”.(1 1 (_}‘Zm)em (30511 (27{- \/[?72 _ (1 < &2711)—16_-;71.]{32})

82
We show that equation (3.5) satisfies the three requirements of well-posedness.

First, we show that our regularized boundary deflection of equation (3.5) satisfies

lemma (3.1). We can see from boundary deflection condition of equation (3.5) that
2
7 [ cos(4nx)]o
1 Zm)em .sin(4nx)dx = 4n?(1
i

+ aZm) em— 2w

o n(l+a

= 4n2(1 + azm)em[ -1 + 1]

=0

Thus, lemma (3.1) is satisfied. We conclude that equation (3.5) has at least a solution.
The proof of uniqueness of regularized equation (3.5), is similar to the proof of
theorem (3.3) above.

Finally, we demonstrate that regularized equation (3.5) is stable to small changes

in the boundary condition. In equation (3.5), we choose ¥ = € in the boundary

™

conditionW10(27,y) = (14 a®")"te ™ sin('rly)' where 0= € ¥ 35. We obtain the
regularized Helmholtz equation (3.5) together with new boundary condition as given

below:

. 1
wyo(2m,€) = (1 + cxzm)flffm.ﬁ sin(ne) 0

IA
IA
no| =

and the corresponding solution is as below:



> 4sin(ne) cosh (\/[nz —(1+ aQT”)*le*mk?]m) sin(ny)

n=1a,.. (1 + a*™)e™ cosh (27r\/[-n2 -1+ az"’L)*le*’lez])

wi (z,y) =

We perturb from

. 1
11)4’0(27]" E) — (1 i aZm)-lefm_Lsill(TLE) 0 S y g g
T J
to
2my—1 —:rrL1 . m
wyo(2m.0) = (1+a”™) e " —sin(nd) 0<y< 5
n ,

where 0 < 9 < 355 0 > € yith the corresponding solution as:
% 4sin(nd) cosh (\/[n2 —(1+ a2’”*)—‘e"'”k2]3;) sin(ny)
NEEES

n=13,.. (1 + a?™)e™ cosh (27r\/[n2 — (1+ ch"”')—'e‘mkf?])
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We observe the following inequalities:
||sin(ne)|| <1, [|sin(nd)|| <1 and || cosh(y)|| <e¥

The change in the boundary condition is:

1
lim  |wyo(27, €) — wyo(2m,8)] = lim |(14 o®™) ‘e ™. = sin(ne)
N—00

m m,n—o0 7

. 1
— (1+ Ozzm)*le’mﬁ sin(nd)|

1
< lim (1+ a2’”)_1€_’”.§(|| sin(ne)|| + | sin(nd)||)
m,n—00 )
- 1
lim |U)4,(](27T, E) — 1U4!()(2ﬂ', ())‘ S 2 lim (1 aF Cl{2m)7l(fim.*
m,n—oo m,n—o0 T

lim  |wyo(27, €) — wyo(2m,0)] — 0 as m,n — oo.
N—00

m,

This implies that there is a small change in the boundary condition. Moreover, we

observe the corresponding change in the solution w(x,y) as:

lim |wy(z,y) — wa(2,y)]

m,n—o0

> 4sin(ne) cosh (\/[n2 —fL aQT")*le*mk‘?]:c) sin(ny)

= lim
m,n—oo T 71'71(1 3 O{2:11)6«»7-1. cosh (271-\/[“2 4 (1 e Q2m)—16—mk2})

. n—lzi (1l + a*™)e™ cosh (EJrr\/[n2 - (1+ a2m)—le—mk2]) ‘

‘ 1 o~  cosh (\/[ng —(1+ (I2m)_1€_mk‘2}l')
lim m”
m,n—oo Ti'(]_ + )6 N1 cosh (27-[-\/[,”2 = (1 e a?m)—le—mk?])

4 sin(nd) cosh (\/[n2 —(1+ az”“)‘le‘m‘k‘?]x) sin(ny)

VAN

x| (1sin(me)llsin(ry) | + || sin(na)| sin(ry)ll)

8 8\/(?12—(1-{-(127”)71277”}{‘2).32

i p —aws(x, < i i
mlrllI_}noo |u)1(3?y) U/Q(TJ y)‘ = m‘l,rlzr_l;loo 7t_(1 + an)em 8217\/(7127(l+(12m)_12_mk2)

We observe that

sup |zi| < 2m,
0<ae<L21

which yields
8
I ) —wol(x,y)| < lim ——————
oim (2, y) — welz,y)| < lim (1 +a?m)em
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We can see that
(1 + azm)-1e-m —-0asm- o
= lim lwi(xy) =wz(xy)| 2 0as mn — 0. mn-o

This implies that a small change in the boundary condition was,0(2m,y) from T1 = €to

x2= 6 results in a small change in solution

s cosh ( Vin2 - (1+ (IQ”’)_16_”"]’1?2]1') sin(ny)

n=13,... n(1 + a*")e™ cosh (27? V2 — (1 +a2m™)-1le—m kf'ﬂ)

Thus, the regularized equation (3.5) is stable. Hence, the regularized Cauchy problem

for the regularized Helmholtz equation is well-posed.

3.2 Regularized Helmholtz Equation with Neumann
Boundary Conditions

In this section, we regularize equation (1.4) together with its boundary conditions.
We shift the x spatial variable to the right hand side by one.

Let w(xy) € Lloc(R?) and for fixed numbers 1,0 € R?, we introduce the shift

operator:

tLow(xy) = w((x + 1)),

substitute v = (1+a?m)e™into equation (3.2) and applying Green’s first identity, we

obtain
(1 + azm)em Z drrow(0y)dy +Z (1 +azm)em— Odti,ow(2,y)dy
1) ox oQ ox
+Z(1+azm)em —— Ot,ow(x,0)dx+Z(1 + azm)em— Ot,0w(x1)dx
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20 dy 20 ay

= 0+ZZ (1 + a?m)emAti,ow(xy)dxdy + k? ZZ t1,0w(x,y)dxdy

Q Q
We write the above equation in a form:
0%t1,0w(xy) 2
O TLow(xy ) +(1+ a®™) e "krrow(xy )=0 in Q
dy? )
0x?2
wON) G
= Ox =0 on 001
0x ’
dw(x,0)
= (1+azm)-1e-m, on 002
dy
ow(x1)
= (1 + azm)-1e-mh(x), on 002
Oy

By divergence regularization method with shifting of x- spatial variable, the
regularized form of equation (1.5) is as follows:

2 2
OFTLow(xy) : %@’M +(1+ a®) e "KPmow(xy )=0 , 0sx<2 0<sys<1
0x?
dt1,ow(0y) dtLow(2y ) o
= 0x , O<sy=<1
ox
dt1,0w(x,0)
=" (1 gtttk O0<xs<2 (3.8)
dy
dtiow(x,1) = (1 + a?m)-le-mcos(2mx) O0<sx<2
ady
where

cos(2m(x + 1)) = cos(2mx).

We split equation (3.7) into two independent equations as follows:
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s ay? 1,0 < < < <
dt,ow(0y) = dr, w(2y) -0
S x 0Osys1
ox
dt1,0w(x,0)
oy < <02m,0w(xYy) +
9 1 1 d02t1,0w(x,y)
TLow(x, 2m)-1e-mk2t  w(xy) =
0, 0 X 2,0 y
1+(1+a
=0 0 x 2 (3.9
= (Il+a ) e cos(2mx) O0<x<2
dy
and
ax2 dy2 10 < < < <
dt1,0w(0y) dt,ow(2y)
0x ox - T -
dt1,0w(x,0) 2m Slgm d2t1,0w(xy)+
02t1,0w(xy)
+ (1 + azm)-1e-mkat w(xy)=0,0 X 2,0 y 1
: =0, 0 y 1
= (l+a ) e 0<x<2 (3.10)
dy
ot
1L,ow(x,1) = 0. 0 X 2
ady = <

We obtain classical solution to equation (3.9) by the method of separation of

variables as:
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Xn(z) = A, cos(ngx

), n=0,1,2,...,

and

Y(y) = B, cosh (\/[(%)2 —(1+ azm)—le—mkﬁ?]y) + B, sinh (\/[(Fn’—;)2 — (14 an)—le—mkz]y)

When Y o(0) = 0, we obtain
Y (y) = B, cosh (\/[(%)2 -+ (yzm)—]e—"”k2]y)

When
n=0 >1=0
and
Y,(y) = ¢, cos (\/((1 + azm)_le‘mkz)y)
Thus,

For consistent system, we observe that

1
(e]

Co

and

o0 F

2 \/((%ﬁ)? — (1 +a2m)~le-mk2)c, sinh (\/((n_;)z —(1+ azm)_le_mkg)) cos(%)
= (1+ Ozzm)’l cos(2mx)

We obtain cnin the above equation in a similar manner. Thus,

w(z,y) = cqcos (\/((1 + Ozzm)*le*ka)y)
+4 icn cosh (\/((n—;)? -1+ a?m)—le—mkz)y) COS(”_;T%')
= —/((L+a?)=le=mk2).c,sin(y/((1 4 a2m)-le=mk?))

31— ey e s (1 (- (14 0o teomie] )

n=1

ow(x
N w(x, 1)
Ay

nnx ‘
X (3(’)8(%) = (1 +a®™) e ™ cos(2mz)
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i cosh(7yy) cos(*5*)

n=1

where

n= IR+ @ty

In a similar manner, we obtain solution to equation (3.9) as follows:
=~ 2sin(nm) cosh(r (1'=9)) cos(*5*)
U?(.I’, y) - Z ; 2m\ pm gi
nm(1l+ a®™)e™sinh(m)

n=

By the principle of superposition,

w(xy)= Xnw (1 +cosh(a t1y)cos(umz )+ Xeo
2sin(nm)cosh(2zm1)(1lem-sinh(y))cost1)(nmx2 )

Zm)emT
=1 tsinh(r1) n=1 nr(l+a

(1 + a?™)e™r sinh(m) (3.11)

w(x,y)= Xnoo=1 (1 +cosh(azmt1)ye)mcost1 sinh((nm2 )T1) (3.12)

We show that equation (3.12) satisfies the three requirements of well-posedness.
We first discuss the existence of solution to equation (3.8). We see from equation (3.8)

that its coefficients are continuously differentiable. On the data compatibility

condition, we observe that all the boundary conditions are zero except o

ot ,0w(z,1)

(1+a2m)-le-mand 6w — (LT a?m)=le=™ cos(2ma

). We can see that
2

/ (1 + O(Izm)flefmdm — (1 +a2m)flefm[ ),,] [z)

J0

2
(1 + a?m)em

But we observe that

2
_Jr ULZm) ST

/ (1 +a2m _mdilf =0

— 0asm — 0.
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Also,

zm)-1 cos(2mx)dx = (1 + a?2m)"11 [ — sin(2nx)] 2o
(1+a
0 2T

Since the boundary conditions of equation (3.8) satisfy lemma (3.1), we conclude that
the regularized equation (3.8) has at least a solution.

We now show that the regularized equation (3.8) has only one solution. To see
this, we suppose that equation (3.8) has two different smooth solutions denoted by

T1,0u(xy) and 11,0v(xy). Also, we let
wno(xy) = TL0u(xy) - T1,0v(X))

and be the solution of equation (3.8).

ow(0y) = ou(0y) 0dv(Oy)

ox
ox ox -
ow(0,) 0x 0 0
1 ow(Zy) = du(Z2y) dv(2y) ’
ox
< < Ox ox
0x ow(2y)
ow(x0) = Ju(x 0) Jv(x 0) . . =
ay ay a———— & ) y
ay < K
ow(x,0) dy
7 0 x 26W(x,1) du(x, 1) 0dv(x 1)
= ay dy
dy
0w(x, 1) 2m-1-m
= (1 + a ) e
(cos(2mx1) - cos(2mx2)),0 <x < 2.
dy
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Shifting the x- co-ordinate of equation (3.8) by 1, multiplying by t1,0w(x,y) and

integrating it over a domain [0,1] x [0,2], we obtain 1 2
rLow(xy) 1 2 02t1,0w(x,y)
0
T1,0W(Xy) 2 dxdy + T,0w(xy)dxdy

o Zoox ZoZo 0y2
1 2

+7 Z (1 + a?m)-le-mk2|t1,0w(xy)|?dxdy = 0

0 o0
Applying the Green'’s first identity to the first two terms on the left hand side of

above equation, we have 121

ow(0y)
AR/ Z
TLow(xy)AtLow(xy)dxdy =
ed]em™—___dy
Z
000  0X1
ow(2y) + (1 + a?rlieh J gy

2 0x 2
dw(x,0)

Z +(1 + a?m)em

o dy2
Z ow(x1)
+(1 + a?m)em
0 dy
1 2
' |VT1,0w(xy)|%dxdy
0
1 2
= 0 Z Z |Vri,ow(xy)|?dxdy
0 0
1 21 2
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Z

Z tiow(xy)Atiow(xy)dxdy = “Z 7 |Vtiow(xy)|2dxdy
000 0
Thus,
Z 12 02t1,0w(xy)1 2 Z 0211,0W(X,y)
Z Z nowky —— 0x2 dxdy + 0Zo t1,0w(Xx))
dy2 dxdy

Z 4,
121 2
Z

+7Z (1 + a?m)-le-mk2|t1,0w(xy)|2dxdy = " Z Z
|VT1,0w(xy)|%2dxdy

0 00 0
12
+Z (1 + azm)-1e-mkz|T1,0Ww(X,y)|2dxdy
L
21 2
0 = "Z |VT1,0w(xy)|2dxdy + Z Z (1 + a?m)-le-mk2|71,0w(x,y)|2dxdy
0 0 0 0

In the above equation, it follows that
1 2

Il
o

(1 + azm)-1e-mk2Z Z |TLow(x,y)|2dxdy

= t1,0w(xY) 0 in[0,2] x[0,1]

and

= Vrow(xy) =0
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= 1,0w(xy) = constant=0in[0,2]x[0,1] Z Z

Also, we observe that

|[VTyow(xy)| 0 on 0Q2

= TL,0W(XY) 0 on 9[0,2]
|Vti,ow(xy)|2dxdy = 0
0 0

Thus, t1,0w(x,y) is smooth and zero in the domain ) and its boundary 9{). This implies

that
T0u(xy) = TL0v(xY)

Hence, equation (3.8) has only one smooth solution. We conclude that equation (3.12)
is the only solution to the regularized equation (3.8)

Lastly, we show that equation (3.8) is stable to small changes in the boundary
8T1,[|'LL'(Q‘,1)

T =€, in :
2 dy  ,where0

deflection ___ 9m05,wx1) [n equation (3.8), we choose
<ekK

1
1s» €is any value in the interval [0,2]. We obtain regularized equation (3.8) together
with new initial deflection

o ow(e, 1
L(F) =(1+ agg'm)flefm cos(2me
a ) O0<x<?2

and the corresponding solution is

(z,y) =) —2sin(nr) cosh (7 (1 — y)) cos(55%)
wyla, =
\ nm(l 4 o®™)7 sinh(r)

n=1

We perturb the boundary deflection from

aﬁ D'UJ(G 1) Iy —1
3 / = - 1 m > m : 2
7S — (14 a"™) e cos(2me)

to
Ot ow(0. 1 . .
—1'051( D _ (1+a®™)~te™™ cos(2m6)
Y

’

1 _
0 <0 < 55, 0 > € and the corresponding solution is
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o 7171'.1

Z —2sin(nm) cosh(r (1 — y)) cos("5*
Wall,
2(@:Y) nm(1l+ a?™)emr sinh(7)

n=

The change in the boundary deflection is:
Oowy (e, 1) Owy(d,1)

_n}i_rgclm o o | = n{i—l)lclm |(T4 o®™) " te™™ cos(2me) = (T4 a®™) " te™™ cos(2m6)|
own (e, 1 Ows (0, 1

lim | l,( ) — 02(9, )| < lim —————.

m—yoo dy ay m—o0 (], - a-)m)em

But

1

mﬁo as m— 0

J

which in turn, implies that

Ow;(e,1)  Qws(6,1
lim | u{(ﬁ' ) gl )| —0 as m = ©
m—ro0 oy Ay ]

Hence, there is a small change in boundary deflection.

We discuss corresponding change in the solution w(x, y) as
‘ Z 2sin(n) cosh(ry (1 — y)) cos(“3%)
nr(1 + a2™)emry sinh(7)

lim |w(z,y) = ws(x,y)| = lim

m,n—roo m,n— o0

i 2sin(nm) cosh(m (1 — y)) cos(“5

nm(1+ a?™)e™n sinh(n)

)1
n=1
= 11111 Jwi(z,y) —wa(z,y)| = 0 as m,n = oco.

m,n—r

Thus, the regularized equation (3.8) is stable to the small changes in the initial
deflection. Hence, the regularized Neumann problem for the Helmholtz equation is

well-posed in the sense of Hadamard.

3.3 Regularized Helmholtz Equation with Cauchy and
Dirichlet Boundary Conditions where the

Boundary Deflection is equal to zero

In this section, we regularize equation (1.22), as well as its boundary conditions. We
obtain boundary conditions in a different form. Applying Green’s first identity to

equation (3.2), we obtain the following boundary conditions:
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w(0y)= w(2my)=0, O0<y<1

1
w(x0) = n(1+ azm)emsin(nx),0 < x < 2m
ow(x,0)
= 0, 0 x 2m
dy < <

We obtain classical solution to equation (3.5) together with the above boundary

conditions by the method of separation of variables as:

> cosh (\/[ (3)2 — (]_ + &271’1)—16—171.]{2} y) Sin(%)
Y 0 (3.13)

w(z,y) =

n=1
We show the existence of solution to regularize equation (3.5) with the above
boundary conditions. We see that equation (3.5) satisfies definition (1.3) On the data

compatibility condition, we observe that
Ow(x,0)

=0
Ay

Thus, lemma (3.1) is satisfied. Therefore there exists a solution to regularize equation
(3.5) together with the above boundary conditions.

The proof that equation (3.5) together with above boundary conditions has only
one solution, follows the proof of theorem (3.3). We conclude equation (3.13) is the
only solution to the regularized equation (3.5) with the above boundary conditions.

Lastly, we show that the regularized equation (3.5) is stable to small changes in
boundary condition w(x,0). In equation (3.5), we choose =z = ¢, in w(x,0), where

1
0 < € < 557 We obtain a new boundary condition

wy(x,0) = sin(ne)

n(l + O[‘z.rn )em

with the corresponding solution
> _ 4sin(ne) cosh (\/((3)2 — (14 (,):‘27”)—18—’"]«2)3;) sin( %)

712 (1 + a,.‘zm)(i:'n?l-

w(r,y) =

n=1,3
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We perturb from

wi(x,0) = sin(ne)

n(l+ a?m)em
to

wy(x,0) = sin(nd)

T?(l +a2m)€m
1
where 0 = 9 < 357> 0 > €and the corresponding solution is

~  4sin(nd) cosh (\/((3)2 —(1+ (12"”)_16_”"]{2)@;) sin(%F)

2

'w(iﬁ', y) - 2 2m\ pm
n=1,3 n (1 +a )(J' T
We observe the change in the boundary condition as

1 1
hm wy(x, 0) — w: xT, 0 = hm ————gin(n —_—
Mmoo | l( ) ) b)( ) )l - |n(1 + azm)e.m ( 6) n(l + agm)em,

2
n(l 4 a®m)em

sin(nd)|

<

1

———— — 0 as m,n — oo
n(l 4+ o*™m)

Thus, there is a small change in boundary condition.
The corresponding change in the solution w(x,y) is given below.

lim w2, y) = wa(a, )]

(L

~_4sin(ne) cosh (\/((%)2 —(1+ a2m)—1e-mkz)y) sin(22)
= lim

M, N—+00 712(1 + azm)e’"n‘
n=1

> 4sin(nd) cosh (\/((%)2 — Gl a?fn)—le—mk.2)y> sin(1z)
n=1 7?2(1 + QQm)emﬂ- ‘

V(3 —(1+a2m)~Te=mk2)y)

nZ(l + a2m)cm7-[-
We observe that

(1 +azm)-1e-m— 0 as m — oo,

so that the numerator

V(G (TFa?)TTe=mh2)y) By oo

Also, we observe that
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sup [yi| <1
0<y<1

’

the expression

n2(1 + azm)emm
decays faster than the growth of e2Y
1

lim — .2V = 0 as m,n — oo
m,n—oco 1 (]_ + « m)emﬂ.

This implies that a small change in the boundary condition w1(x,0) to wz(x,0) brings a
small change in the solution. Thus, equation (3.5), together with the above boundary
conditions is stable. The equation (3.5) together with the above boundary conditions
satisfies all the three conditions of well-posedness. Hence, equation (3.5) together
with above the boundary conditions is well-posed in the sense of Hadamard.

In summary, the divergence regularization method DRM regularizes Cauchy
problem of Helmholtz equation by introducing a regularization term (1 + a2m)em,
which restores the stability of the equation, and then, applies Green’s first identity to
Laplace operator of (1 + a?m)e™ and w(x,y) appearing in the Helmholtz equation. This
produces piecewise smooth boundary of two disjoint complementary parts d(11 and
002 where, w(x,0) and ____ 5D are prespecified on dQ1 and w(ly) and

Aw (0,1 ¢
%{“) on €

Finally, this method incorporates an even positive integer scale 7 in x-coordinate
of the unknown function w(xy) which makes the inhomogeneous boundary
deflection in Cauchy boundary conditions zero. This n depends on the kind of periodic
function imposed on inhomogeneous boundary deflection in Cauchy boundary

conditions, as well as, non-zero endpoint of the boundary of the domain.

1 ;
We observe that whenn COS(”‘T) is imposed at boundary deflection in the Cauchy

problem of Helmholtz equation, we obtain
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Pw(x,y) FPw(x,y) . - -
W) ‘ Fuwlz.y) =0 0<y<—, 0<y<=
Ox? + e +kw(z,y) 0=sysg, Osysg
w(z,0) 0, 0<a2< g
ow(x,0 1 -
# = —cos(nx), 0<z<—
oy n 9

then the regularized Helmholtz equation is obtained by a similar procedure, except
that, we choose scaling factor n = 2. We see from the above that, non-zero endpoint of
boundary of the domain is /2, so we choose n = 2. That is, the denominator of the
non-zero endpoint of the boundary of the domain. The regularized equation is given
below:

o2w2o(xy) + ——————— 02wz0(2xy) 2m)-1e-mkaw20(xy) =
0,+(1+a
0x? %
T[
O<sx=sm0Osy=<_
2
w20(x,0) = 0O, O<x<m
- 1
Ow2,0(x, 12) (1+a2m)-lem cos(2nx), O0<x<mn
dy
ow2,0(0,y) -
= 0<y<-—
=0 S <=
ox
: il m
wao(my) = ) = (1+ ozzm)’le””; cos(2ny) 0<y< 5

J

But if,i sin(n:r), is imposed at boundary deflection in the Cauchy problem of Helmholtz
equation, then we choose 1 = 4 instead of 2.

In conclusion, we observe that when & SIN(17) is imposed at boundary deflection
in Cauchy problem of Helmholtz equation, then we choose 1 = 2m, whereas when
m cos(n2y is imposed then we choose 7 = m, where m is denominator of the non-zero
endpoint of the boundary of the domain in the Cauchy boundary conditions. The DRM

regularizes ill-posed Helmholtz equation with periodic function such as sin(nx) and

cos(nx) imposed at boundary deflection in the Cauchy problem.
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In regularizing Neumann problem of Helmholtz equation we make use of a shifting
operator 71,0 of X coordinate of unknown function w(xy), regularization term (1 +

a’m)emand then apply Green’s first identity. That is, the DRM solves

Aw(xy) = f

where the null space

N(A) ={w:Aw(xy) = 0}

is not trivial.

Unlike other methods of regularization discussed in the previous chapter, the new
DRM regularizes Cauchy problem of the Helmholtz equation where the boundary
deflection is inhomogeneous, as well as Neumann problem for Helmholtz equation in
the upper half-plane. Moreover, the DRM regularizes both Dirichlet and Cauchy

problems of the Helmholtz equation where boundary deflection is homogeneous.
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Chapter 4

Adaptive Wavelet Spectral Finite
Difference Method for Regularized
Helmholtz Equation

In the previous chapter, we introduced a DRM for solving ill-posed Helmholtz
equation with Cauchy boundary where the boundary deflection is not equal to zero,
Neumann boundary conditions in the upper half-plane and both Dirichlet and Cauchy
boundary conditions, where boundary deflection is equal to zero. The analytic
solutions provided for problems in the previous chapter are not easy to compute and
require a lot of computational time owing to the complexity of the functions. Also, the
Fourier transform or series method analyzes the global regularity of the solutions to
the regularized Helmholtz equation with regularized boundary conditions only in the
frequency domain. The solution functions are made of infinite number of terms.

We seek solutions to the regularized Helmholtz equation that are fast and require
less computational effort to execute as compared to other methods. The well-known
quantitative methods such as finite-difference method, finite element method, finite
volume method, Euler method, do not give time-domain information on the
regularized equation but rather fail to include boundary information when the
domain is irregularized by partition. Irregular partitioning of the domain enables us
to assess the regularity of the solutions of the equation being sought.

In this chapter, we introduce Adaptive Wavelet Spectral Finite Difference (AWSFD)
method to obtain the approximate solutions to equations (3.5), (3.8) and (3.5) with

both Dirichlet and Cauchy boundary conditions where the boundary deflection is equal
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to zero. In addition, we give the interpolation scheme in the AWSFD method which
approximates the solution of the regularized Helmholtz equation.

This chapter is divided into three main sections; section 4.1 gives the brief account
on the wavelets and their properties, section 4.2 contains the Adaptive Wavelet Finite
Difference Method for solving the regularized Neumann, Cauchy and both Cauchy and
Dirichlet problems of Helmholtz equation. In section 4.3, we provide the analysis of
solutions of regularized Helmholtz equation by DRM and by AWSFD method. We also

compare the results by DRM with other regularization methods.

4.1 Overview of wavelets

The wavelet method for solving the type of equation considered earlier is efficient,
fast and above all provides time-frequency information on the regularized Helmholtz
equation. This method analyzes the pointwise regularity of the solutions being sought
for the regularized Helmholtz equation with Cauchy or Neumann boundary
conditions. Moreover, in the wavelet method, the partial sums of the series converge,
irrespective of the order of terms that are taken for approximation. These series are
unconditional bases for Q < H subspace. Moreover, wavelet methods of
approximation includes the boundary of the domain in approximating the solution of

the regularized Helmholtz equation.

Definition 4.1 (Wavelet) A family of functions constructed from the translation and

dilation of a single function Y (x), is called the mother wavelet
1 x—k
p(——), L kER, j#0
gl

J

where j is the dilation/scaling parameter which measures the degree of compression or

V(7)) =

scale, and k is the translation parameter which determines the time location of the

wavelet

(Debnath and Shah, 2015).
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The compressed versions and high frequencies of the mother wavelet are
observed when the modulus of the scaling parameter is less than one. As the scale
decreases, the resolution in the time domain decreases (finer), whereas that in the
frequency domain increases (coarser). On the other hand, if the modulus of the scaling
parameter is equal or greater than one, then the mother wavelet is stretched and low
frequecies are observed. The function or the signal becomes coarser in the time
domain and finer in the frequency domain as the scaling parameter increases. These
variations in the two domains are determined by the Heisenberg uncertainty
principle. These wavelet functions are called first generation wavelets. The
construction of any of these wavelet functions satisfies the so-called multiresolution

analysis MRA.

Definition 4.2 (Multiresolution Analysis) Let {@ok} be an orthonormal system in

L%(R). The sequence of spaces {Vj, j € Z}, generated by ¢(x) is called a multiresolution

analysis MRA of Q1 C H if it satisfies the following properties:

1. VjC Vj+1, jEZ

be

[ Vi=L%(R)
jez
3. NjezVj= {0}
4. flx)eVis f(2x) € Vin

5. fI)EViefx-KEVVKEZ

6. there exists a function @(x) (called scaling function or
father wavelet) such that

Qik(x)=2"2p(2x-k), ke Z
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constitute an orthonormal basis for corresponding subspace V;j
(Urban, 2009).

The following theorem is key to our results which will follow.

First generation wavelet methods have been applied successfully over the last two
decades to obtain closed form solutions to partial differential equations. See for
example, [1,2,50,61,83]. Irregular sampled data points on the regularized Helmholtz
equation cannot be approximated by any of the first generation wavelet methods.
Recently, the second generation wavelets have been introduced by (Sweldens, 1996).
These wavelets are a generalization of biorthogonal wavelets, which are desirable for
applications to regularized Helmholtz equation whose solutions are sought on a
general domain than R™. Thus, they are suitable for irregular grids or intervals. All the
properties of the first generation wavelets are maintained in the second generation
wavelets with the exception of the translation and dilation properties. These wavelets
can generally be constructed by the use of lifting scheme which facilitates the
calculation of wavelet filters; high pass and low pass, in turn, gives wavelet algebraic
equation. Unlike the first generation wavelets, second generation wavelets are

endowed with dual multiresolution analysis

M ={V;cL|je]}.

The spaces Ij, are spanned by dual scaling functions ¢7k, which are biorthogonal to

the primal scaling functions. The scaling functions @ik are expressed as

@jk = X hjkjpji+1,
IEKj+1
where, Wikjare the filter coefficients [59]. Studies such as [75,76,77,80] have made use

of second generation wavelets to obtain approximate solutions of variants of partial
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differential equations. Apart from the MRA, the wavelet functions must meet the

following conditions.

A wavelet is be said to admissible if,

e f‘A,, 2
Ot.,\=/ de<oc

Jooo | ] ,

where “w is the Fourier transform of w(x). If (x) € L2(R), then y;k(x) € L%(R) for all j, k

€ Z. The corresponding norm of the wavelet is

o= e R ) P k(K

b (P

—00

= kyk

and its Fourier transform is given by

Yk (w) jl-1/2Z o |e-ioxth (x—jk}|2dx

—00

lj|1/2e-ikot)"(jw)

(Stark, 2005).

Secondly, the wavelet must satisfy the vanishing moment.

Definition 4.3 The kth vanishing moment of a wavelet is defined as

[ a ) (x)dr = 0
JR

J

where k = 0. For example, see (Beylkin, 1992).
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The vanishing moments indicate the flatness at both ends of the wavelet function
on the defined domain. The greater the number of vanishing moments, the fewer the
wavelet coefficients needed for the approximation of the regularized Helmholtz
equation, and faster the convergence of the approximated solution (wavelet series)
in Q c H. The regularity of the wavelet function, as well as, localization property
cannot be overemphasized. The admissibility condition of the wavelet function
together with smoothness and localization properties gives rise to another desirable
property called bandpass filters. These bandpass filters also determine the rapid

decay of the frequency response as w approaches infinity.

4.2 Adaptive Wavelet Spectral Finite Difference Method
for solving the Regularized Neumann, Cauchy and
both Cauchy and Dirichlet Problems of Helmholtz

Equation

A number of wavelet functions have been introduced for obtaining approximate
solutions of equations. Traditional wavelet functions such as morlet, mallat, maxican
hat, etc are not supported compactly. Another undesirable property of these wavelet
functions is the complexity of the calculation of wavelet coefficients needed for the
construction of approximate solution to a regularized Helmholtz equation. The
wavelet functions with compact support are simple and easier in usage for the

construction of orthonormal solutions in Q) € H.

The compactly supported wavelet functions like B-splines
T+%
Bo(2) = Byo1 * Bo(x) = / B, _1(t)dt, neN
where

)

forn € Z+
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(n+1)
2 )

are C"-1(Q) functions. This implies that B-spline wavelets have n - 1 degrees of

Bn, — B‘n, (-T -

regularity which are proportional to the number of their vanishing moments. The
Franklin wavelet and the Battle-Lemari’e wavelet are second and nt order of Bspline
wavelets, respectively. Haar wavelet function is not continuously differentiable on
[0,1) [7,11,18,36,40,49]. Constructions of approximated solution with compact
support involve construction of connection coefficients.

In order to obtain approximated solutions for the regularized Helmholtz equation,
together with the above regularized boundary conditions, we make use of wavelet
function with high degree of regularity defined on compact support and many
vanishing moments. The desirable property of vanishing moments depend on the
smoothness and support of the wavelet function. The smoother the wavelet function,
the greater the number of vanishing moments, the lesser the number of wavelet
coefficients needed for the construction of orthonormal solutions, and the faster the

convergence of approximated solutions in ) C H.

A Daubechies wavelet function of order N has the largest number of vanishing
moments which are compactly supported on [0,2N - 1]. Moreover, the high number
of vanishing moments lead to high compressibility of orthonormal solution in Q c H.
With the use of Daubechies wavelet function, we can include the boundary
information of the domain in obtaining the approximate solution of the regularized
Helmholtz equation.

Owing to the properties of the Daubechies wavelet function, we use it in the
Adaptive Wavelet Spectral Finite Difference (AWSFD) method to obtain approximate
solutions of regularized Helmholtz equation. In addition, we give the interpolation

scheme for the AWSFD method, which approximates Daubechies scaling function.
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The unknown function w(x,y) of regularized Helmholtz equation is approximated
as a linear combination of integer shifts of the Daubechies scaling functions. Thus,
w(xy) is approximated as piecewise polynomials of degree (N — 1) in Q < H. The
function w(x,y) is represented as a limit of successive approximations, each of which
is a finer version of the previous approximations. Each successive approximation

corresponds to a different level of resolution (scale).

Definition 4.4 (Daubechies wavelets) For N € N, a Daubechies wavelet of class

D2N is a function i = Yn € L%(R) defined by

2N-—-1
Y(z) = V2 Z (—1)*hon—1_rd(2x — k)
k=0

7

where h,,...,han-1 are constant filter coefficients satisfying the condition
N-1 N-1
1
E hor = —= = E a1
k=0 V2 k=0

aswell as, for1=0,1,..,N - 1,

2N —-1421 1\ Zf l 4 0
Z hyphg_or = 4
k=2l O.- Zfl ?é 0

and where @ =n @ : R = R is the (Daubechies) scaling functions, given by
2N

$(z) = V2 Y hup(2x — k)

and satisfying
p(x)=0, forx € R\[0,2N - 1]
as well as
Zrp(2x - k) (2x - )dx = 6k,
where

1, k=I
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Okl =
0, ke=1I

(Andreas de Vries, 2006).
Thus, Daubechies wavelets are defined in terms of their scaling functions. These
(scaling) functions determine the nature of the wavelet function. The area under the

scaling functions is normalized to be one. That is,

fﬂd)(:z?)d:c = 1'

The scaling function ¢(x) and its translates are orthonormal and the wavelet function
Y(x) has N vanishing moments.

From the definition of Daubechies wavelet, we need additional formulae for the
calculation of constant filter coefficients for the implementation of the AWSFD
method to obtain the approximated solution of regularized equation with above
regularized boundary conditions. We state the following definitions, theorems and
lemmas which would be incorporated in the AWSFD method to obtain closed form
solutions to regularized Helmholtz equation with above regularized boundary

conditions.

Theorem 4.1 For any scaling function @(x) € L%(R) the following conditions are

equivalent:
(i) The system

{pon=@(x-n),n€Z}

is orthonormal.
(ii)

Z |b(w + 2km) > = 1
k=—o00 , (41)
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almost everywhere a. e.(Debnath and Shah, 2015). Proof: By

Fourier transform, we have

Po,n(x) p(x-n)

e—inw(p(a))

Applying Parseval relation for the Fourier of the inner product of two different scaling

functions, we have

h@onpomi = heoo,@om-ni

1
_ 27Th(,0’\0,0, QDAO,m—ni

1 ©

= 7 e-im-nw * |(pA((l))|2d(l)

2T -
1 > 2m(k+1)
= __XZ e-i(m-nw * |(pA(a))|2da)
21T 27k k=-
1 2r o
= e-iim-njw ¢ (w + 2mk) 2dw
21 Zo " 1X=-oo | |

Thus, it follows from the completeness of

{e—inw, ne Z}

in L2(0,2m) that

h(pO,n,(pO,mi = 6n,m,

if and only if
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> Jow+27k)* =1

k=—c0

Theorem 4.2 (Biorthogonality) For any two functions ¢(x), P(x) € L%(R), the set of
functions
{pon=@(x-n),n €z}

and

{Yon=1Y(x-n), n€z}

are biorthogonal, that is,

hponpomi=0, VnmeZ

if and only if

Y Glw+ 2ak) (@ + 2mk) =0
o=} ,a.e

Proof: See Daubechies (1992).

Lemma 1 Suppose that equation (4.1) holds then the Fourier transform of the scaling

function @(x) satisfies the following condition:

where

TP :
mw) = —= Z cpe ke
V25 (4.2)

is a 2m-periodic function and satisfies the orthogonality condition

Im"(w)|2+ |m"(w + m)|%2=1, ae (4.3)
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(Burrus et al.,, 1998).

Proof: Let ¢(x) € viand define
dri(r) = V20(22 — k)

is an orthonormal basis for vi. The scaling function ¢(x) can be written as

olz) = V2 i crO(2x — k)

k=—o0 ;

where

ck=he(x),@1i

and

oo
Z x| < 00

k=—o0 .

Applying the Fourier transform of the above equation yields

P (W) = ¥ o ckew @ (_w)
2 kX=-o 2
P'(w) = m(®)"(*)
4 v.

We have obtained result for the first part of our claim. To prove for result in equation

(4.3), we substitute the above equation into equation (4.3) which yields
= wH2mk cow + 21k
3 i )9 A

— 2 2
W= + Tk)d(= + k)P =1
k;@;m%m )o(5 + k)]

Since the functions "m(w) and ¢"(w) are 2m-periodic functions, the results also hold

for multiples of w. Substituting w by 2w into the above equation, we obtain

Z i(w + Th)p(w + k) [* = 1

k=—0c0
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Separating the above infinity sum into even and odd integers and applying

2m—periodic property of the function "m(w), we obtain

Z | (w + 27k | |(5ou+27'k| + Z [i(w + @k + Do) Pldw + (2k + 1)7)|* = 1

k=—o0 k=—c0
= Z ‘m w+27‘k| +Z|mw+’r||(pw+7r+27rk)}
k=—o00 k=—o00

= W)+ |mw+7)F =1
(4.4)

Theorem 4.3 If ¢(x) € C™, support ¢(x) c [O,N - 1], and

N-1
- Z enp(2x — k
k=0

then(N-1)z2m+ 1

Proof: See Daubechies (1992). We
can see from equation (4.2) that
m’(m) =0,
implies that "m(w) has a factor at w = w and
m"(0) = 1.

Also, we can see that the infimum of the inequality in theorem (4.3) implies that (x)
€ CN(Q). It follows from definition (4.3) that Daubechies wavelet of order N has N

vanishing moments. We can write equation (4.2) as a generating function
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M (¢ — 14e—v IAJ
"o () ( 2 ) (w)’ (4.5) where, L"(w) is 2m-periodic function in CY(£). We then
derive a polynomial equation of order N - 1 to generate Daubechies scaling functions.
Using equation (4.3), we obtain

1 = |h(w)]* + | (w + 7))

1 = 1he(w)ie(—w +m,,(wr+7‘)mo( (w+m))
_ ( 1+s*“~ )N ( 1+;*‘ ) (w)|* + ( %(“*“) )N( w )N|ﬁ(w—|—7r)|2

1 = (((Jb (g)) R(cosw) + ((05 (w—i_w))NR(—cosw)

where, |L"(w)|?is a polynomial of the form
|L*(w)]?= R(cosw)

and

L (@ + 7)|2 = R(-cosw).

We can see from above equation that

| = (1—sin?(g))NR(l—28'1112(§))+ (sinz(g))NR(—l+251n2(%))
1= (-9 R(1—2) 4y R(1—2(1 1))
1= @—y"Pvaly) +y"Pyvall—y ) (4.6)
where
——

and
0< sing(%) <1

Hence,

P(y) = 0.
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The polynomial Pn-1(y) of order N - 1 is insufficient on the grounds that there is

no formula to generate its values. In order to evaluate the values of polynomial

Pn-1(y), we derive a algebraic polynomial of degree N_q Thus,

N—-1 T
2N —1 .
1 = (1 . y)k'yz_"\-—l—k
k=0 k
N-1 r IN—1 r
IN — 1 IN — 1 o
1 = (1 o y).l;yzi\-—l—k i Z (1 . _y)kyzj\—l—k
k=0 k k=N k

Substituting n = 2N - 1 - k as an index in the second term of the right hand side, we
obtain

Xeeon@ 21 -k (1 — Y)ky2N-1-k + Xn=0 -Nk1 (1 = Y)2N-1-nyn

- 2N

YN Xiv=0 1808 "l BE(L “ny)wiyni-1-k+ (1 = y)v Xn-o- B8 2N "1 B (1 - y)v-1-nyn

1 =
1 = yP-1-)+(1-»)P-),

N-1 2N 1 N-1 2N 1
where
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N—-1 ;
2N —1 e
P.Nfl(y) = Z (1 _ ,U)A,UA 1—k

k=0 k (4 7)

Pn-1(y) is a polynomial of degree N - 1 (Walnut, 2002).

The equations (4.6) and (4.7) generate Daubechies scaling coefficient in manner

that

(=1)kh2n-1-k = 26k

We provide the main procedure of AWSFD method for obtaining the
approximated solutions to equations (3.5), (3.8) and (3.5) with both Dirichlet and
Cauchy boundary conditions where the boundary deflection is zero. The AWSFD
method, is a composite method comprising finite difference, Daubechies wavelet
function and spectral analysis. We begin with equation (3.5) as follows:

The AWSFD method involves two different ways of discretization; the
discretization of one of the independent variables in the Helmholtz equation followed
by the discretization of the other independent spatial variable using suitable wavelet
basis. Algebraic equations (4.12) and (4.14), are obtained after the Helmholtz
equation has been discretized twice. Both equations are used to obtain the
approximated solution of the Helmholtz equation. The coarser equation (4.12) is
obtained when i =6 k, which acts as an initial approximation for the equation (4.14)
at a finer scale j + 1. The equation (4.14) is performed recursively to obtain the
approximated solution of the Helmholtz equation.

Thus, the current approximated solution wjk(x,y) is a scaled version of the

previous approximations. By MRA,

m

Vm+1=VoM(MWnm)

m=0
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At each level of scale j, we calculate the Daubechies scaling filter coefficients to a
desirable order N using equations (4.6) - (4.7) and then substitute these values into
equation (4.10) to obtain approximated solution at that scale.

Moreover, unlike other adaptive wavelet approximations, we introduce
interpolation scheme in the AWSFD method to mimic the approximation errors. We
introduce AWSFD method to obtain the numerical solution of equation (3.5). By this

method, we obtain

wa,0(X,y)

(1 )28 k2

w(xy)
and f3

in equation (3.5) which yields:

Pw(zx,y)  FPw(x,y)
-~ — fw(x,y) =0
oy = B + pw(z,y)

We discretized w(x,y) at n points of y— spatial window [0,%] into M + 1 equally
spaced samples with

T
0 = Yo<Yyi<..<ym=_
2
T
Ay = yr-yi= .
2M
using difference quotient, we obtain
witl(x) - 2whiy(2x) + wi-1(x) + d2dxw(2x) j(x) =0
+ fw
witl(x) + (n 2wx)+wlx)+__ =0, (4.8)
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dx? n d*wi(x)
where,
J = BAyZ

Let

£=01,.,n-1
be the sampling points, then
x = Ax¢,

where Ax is the spatial interval between two sampling points. We then project wi/(x)

in a Vo space as

w () = w(€) = ) wi)p€ —k), kEZ
k , (4.9)

where wi/(§) are approximation coefficients. Substituting w/(§) and x = Ax¢ into

equation (4.8), we obtain

> wltOGE —k) + (B =2) > wi(E)d(E — k) + Z wi ()€ — k)
k=—oo k==o0 k=—o0

+ A’i“’ (€ —=k) =0,
k=—0o0

where,

Ay?

rormede

Multiplying the above equation by ¢(¢ - i), where i = 0,1,..,n — 1 and taking the

’}/:

inner product with ¢(& - k), we obtain

0 j+1 2m/Ax

X owi(§Zo (€ - K)p(& - D)dE k-

3 j 2m/Ax
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+ (V-2)X= wi(§Zo P& - K& -DdS

w0 i1 2m/Ax
X ¥ e w920 @&~ k(& - )dE
) j 2m/Ax
oYX wi(§)Z0 Poo(& - K)p(& - ))d€ = 0.

By definition (4.4), we can see from the above equation that

i+N-2
v E Q2 wl=0fork#i
k=i—N+2
or
i+N-—-2
w! T (W =2w! +wl T 4 E QF ywi =0, for k=i, i=0,1,2...,n—1
k=i—N+2

2 . ol 4
where, Qi-k are second-order connection coefficients defined as

: 271/ Az
02, = [ & (6 — K)p(6 = i)dé
J0

and its n x n second-order derivative circulant connection coefficients matrix is:

QZO -QZl— cee eld Sog 921
Q2 n+2 - -
020 N Qan-2
2i kAR . Qapezl e 0 - Q22
Q =
- (4.10)
0-210-22 - 0.+  Qon-3 - Qo2RREEA
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from the above equation. For the evaluation of second-order connection coefficients

see appendix 3.

J o od
For the sake of consistency, we change the subscript of Wk 'O Wi_; to match Qi-x.
Thus,

i+N-2 ‘
v Z QF w! =0 for k#i
k=i—N+2 (4.11)
or
w4+ (9 — 2wl +w! T 49 Z QF yw! . =0, for k=i,
k=i—N42
We see from equation (4.11) that
y=06
= i#XN-2 2 wijk=0
Qi-k
k=i-N+2
Thus, we have
-N+2
det( X yQ2-- Al) = 0 (4.12)
r=N-2

andwd =6 0,

where r = i-k which is an initial approximation for equation (4.14). where A are the
eigenvalues of a matrix containing elements (12-and w/ are associated eigenvectors. [

is an n x n identity matrix.

Several methods like circular convolution method, penalty function method have

been proposed for treating the boundary conditions. For example, see [25,34,38].
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In this work, the ghost point w/-1is approximated from the y-spatial boundary
condition as

j+1 -1 3
wy' = wy e sin(4nr)
24y = e
: A
Swy1 o= wi - %Z sin(4nx)
S wh+1 = wil, V sin(4nx) = 0.

Substituting w#-1into the above equation yields

~N+2 —N+2 —N+2
2 E w4+ (0 -2) E w! 4+ E Q2w =0, for k=1,
r=N-2 r=N-2 r=N-—-2
—N+2 —-N+2 —N+2
Z l{’;i+1 - _ 9 — 2 E wJ + E sz“' for k=i, and j=0
r=N-2 r=N-2 r=N-2 .

Forj =1, we obtain

~N+42 ~N+2 ~N+2
Z = 2J+1 [(¥-2) Z w4y Z Qwl] for k=i
r=N-2 r=N =2 r=N-2 (4‘13)

For second and subsequent approximations, we use the expression on the right

hand side of equation (4.13) without the negative sign which gives

—N+2 ~N+2 —N+2
> w —ﬁ @-2) Y wi+y Y Qi for j>1 (414)
r=N-2 r=N-—2 r=N-2

where,

0<y < 1
-N+2 Wrj
> 0r=XN—2

We use equation (4.14) to approximate the solution of the regularized Helmholtz
equation with Cauchy boundary conditions where the boundary deflection is
inhomogeneous. The approximated solution of the regularized Helmholtz equation is

obtained by increasing the level of resolution j.
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Also, we implement an interpolation scheme into AWSFD method as follows. We
write equation (3.5) as a polynomial of degree p - 1 for w/(§) in the neighbourhood of

&= 0. Thus, we rewrite equation for w/(§) as
p-1

wi(€) = Xc& (4.15)
j=0

Applying inner product of the expressions on both left and right hand sides of
equation

(4.15) with (& - i), we obtain

2m/Ax p-1 2m/Ax
0 wi(§)@/(§-1Dd§  =Xj=0¢Zo (& - 0)dE
Z
p-1
wi(§) = Xj=oui($), i=-1,-2,.,~N+2 (4.16)
where,

_ or/Ax
WO - [ gie=ias

are the moments of the scaling function. Since there is no explicit formula for

calculating Daubechies scaling functions, we use an interpolation scheme obtained

from equation (4.16). The values of the interpolant at location ¢/(¢ - i) would be

constructed as a polynomial P2n-1(7) of order (2N - 1) on the values of the function at

J .
location®#+1 and evaluate them as w(&K+1). Thus,

N
/J;'(tf) - Z Bf:,,'w(fiy)
T4 , (4.17)
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where Bi/ is the Daubechies scaling coefficients and N is the order of Daubechies

scaling function.

In order to obtain adaptive wavelet solution of equation (3.5), we solve equation

(4.16) recursively. First, we approximate the left hand side equation (4.16) by the

boundary conditions of equation (3.5) with respect to & and the right hand side by

the substitution the values of wi(£), given by the equation (4.17), into equation (4.16),

which gives the constant coefficients cojs. Thus,

w-jj10 Hoo1  pitt

Upp--111 coll- -

PIRIGIRICIRIw 2 DICIGICIPIRIRIRICIGIZIRIRIE] o Np+22 1 NU+22
pCl... ARRIE AR

Wj N+2 u u e - c-1

We can solve the above matrix as

c = A-lwii(d),

where A-1is an n x n inverse matrix of
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0 1
M= =
0 1
H_o Mo
A=
0 1
| KNz o M- N2

We then compute wi(§) as

p—1
wi! (&) = chuffn({f), i=n-1)—p+1,(n—=1)—p+2,...,n—1
=0

as a second iteration. The associated matrix is of the formula

o)
Win-1)-p+1

P
w(n —1)—p+2

J
rw(n—l)

I L

0 1
K pt1 ru—p+l

0 1

M=y =1

nu'fx\':I»Q |

p—1 1
[
p—1

)u’—;p+1

p—1
H g

(4.18)

Cp—]

The left hand side of the above matrix is obtained using the finite difference

scheme of wi*1(z). The C%are then substituted into equation (4.15) for

to derive the matrix for

j g j
ur(nfl)prrl’ u'(vzfl)prrZ’ oW
as
oy 0 1 p—1
1b(72) Ho Ho Ho
W 0 1 p—l
Winity—pt2 | My 251 M1
w 0 4L p—1
(n—1)4+N-2 | BenNi2  HaNg2 Py 4o

i=nn+1,..,.n+N-2

Co

Cp—1

The approximation coefficients are substituted into equation (4.12) to obtain the

connection coefficients.
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In equations (3.8) and (3.5) with Cauchy boundary conditions, where the
boundary deflection is equal to zero, we discretize x spatial variable by difference
quotient instead of y spatial variable, project the result orthogonally in Vo space and
then find the inner product with ¢(é-k) to obtain two algebraic equations for k =6 i
and k = i. The equations are solved spectrally.

In a nutshell, the AWSFD method approximates regularized Helmholtz equation
together with either Cauchy boundary conditions or Neumann boundary conditions
in the upper half-plane or both Cauchy and Dirichlet boundary conditions (where
boundary deflection is zero) with minimum error. Unlike other wavelet methods, this
method approximates the regularized equation by first discretizing the one of the
spatial variables which obtains of ODEs and then project the discretized equation
orthogonally in appropriate space Vjusing Daubechies scaling function. This provides
two sets of system of algebraic equations. We solve the first equation spectrally and

the result is substituted into the second equation.

4.3 Numerical Results

In this section, we provide the numerical solution of equation (3.5), (3.8) and (3.5)
together with both regularized Cauchy and Dirichlet boundary conditions where the
boundary deflection is homogeneous. We compare the analytic solutions of the
regularized Helmholtz equation by DRM with wavelet solutions by the AWSFD
method.
All plots of the solutions by DRM, as well as solutions by AWSFD method are obtained
using matlab.

In figure 4.1, we display the solution of the regularized Helmholtz equation with
regularized Cauchy boundary conditions where the boundary deflection is
inhomogeneous in two dimensions co-ordinates. The regularized solution w(x,y) of

the regularized Helmholtz equation increases slowly as n increases with other
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parameters held constant. In figure 4.2, we display a similar graph of solution of the
regularized Helmholtz equation by increasing n = 5, and finally perturbing «a from 2

to 50 in figure 4.3.

Figure 4.1: Regularized Helmholtz equation with regularized Cauchy boundary

conditions forn =3, a =m =k = 2 in two dimensions co-ordinates
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w(x.y)

Figure 4.2: regularized Helmholtz equation with regularized Cauchy boundary

conditions forn =5, a = m = k= 2 in two dimensions co-ordinates
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Figure 4.3: regularized Helmholtz equation with regularized Cauchy boundary

conditions forn = 3, « = 50, m = k = 2 in two dimensions co-ordinates

We perform similar analysis of equation (3.5) in one dimension co-ordinate, we
plot w(.,y) against y with spatial variable x at equilibrium as shown in figure 4.4. We
observe that the solution of regularized Helmholtz equation w(.y) grows slowly as
the spatial variable y increases with other parameters held constant. These solutions

become asymptotically to x as m becomes large.
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regularized solution by DRM for n=3
regularized solution by DRM for n=5

Figure 4.4: The solution of regularized Helmholtz equation with regularized Cauchy

boundary conditions for n =3 a = m = k = 2 in one dimension co-ordinate

We perform the quantitative analysis of equation (3.8). In figures (4.5) and (4.6),
we analysis the regularized Helmholtz equation in two dimensions co-ordinates and
one dimension co-ordinate, respectively. We see from figure 4.5 that changes in both
spatial variables x and y result in small changes in solution w(x,y). Similar trends are
shown in figure 4.6, which confirms the stability of the regularized solution. Also, we
observed that varying the values of m, of the regularization parameter «, leads to the
stability of the regularized solution of the regularized Helmholtz equation, see figure

4.7.
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0.3+

Figure 4.5: Solution of regularized Helmholtz equation with regularized Neumann

boundary conditions for n = 3 in two dimensions co-ordinates

The solutions of equation (3.5) with both Dirichlet and Cauchy boundary
conditions where the boundary deflection is homogeneous in two dimensions co-
ordinates are shown in figure 4.8. We display similar solution in one dimension co-
ordinate by plotting w(.,y) against y with x held at equilibrium, see figure 4.9. The
regularized solution w(,y) starts at approximately zero increases slowly to
approximately 0.03.

The growth of the regularized solution becomes very slow as n increases.
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x 10

1.4

Figure 4.6: Solution of regularized Helmholtz equation with regularized Neumann

boundary conditions in one dimension co-ordinate for n = 3

In order to confirm the analytic solutions by DRM, we give the quantitative
solutions of equations (3.5), (3.8) and equation (3.5) together with both Dirichlet and
Cauchy boundary where boundary deflection is homogeneous by ADSFD method.
Firstly, we display solutions by AWSFD method of equation (3.5). In figure 4.10, we
display the initial approximated solutions by equation (4.12) and equation (4.14),
respectively. We observe that solution given by equation (4.12) starts at
approximately 2.5 and ends 4.4, whereas solution given by equation (4.14) starts
increases steady from 0.2 and grows steadily to about 1.2. In figure 4.11, we compare
the solutions by AWSFD method at different resolution levels (j = 10,11,12) with
regularized solution by DRM fork=m=a=2andn =3.

By AWSFD method, the approximated solution gets better as the resolution level
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Figure 4.7: Comparison of solutions of regularized Helmholtz equation with

regularized Neumann boundary conditions for different values of m

increases. Thus, solution at j = 11 is better than solution at j = 10 and so on. At each j
+ 1 resolution level, equation (4.14) is updated by the current resolution j.
Comparatively, we observe that end points of solutions by AWSFD method do not
grow sharply as that of the solution given by DRM. This is due to additive of the
regularization term (1 + a)-2me-™ in the equation (4.14) of the AWSFD method.
Notwithstanding, the y reduces the growth in the determination of eigenvalues in
equation (4.12).

Also, we perform similar analysis on equation (3.8) as follows. In figure 4.12, we
display solution given by equation (4.12), which is the initial approximated solution
for equation (4.14) in the space Vo. We can see that the solution by equation (4.12) is
slightly deviated from the solution given by equation (4.14) on the grounds that

equation (4.12) does not involve the regularization term (1 + a)-2me-m, Secondly,
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Figure 4.8: Solution of equation (3.5) together with both regularized Dirichlet and

Cauchy boundary conditions for n = 4 in two dimensions co-ordinates

equation (4.12) provides only approximated solution of the regularized Helmholtz at
resolution level j = 0. For the sake of comparison, the solution by DRM and the
solutions by AWSFD method, we display solutions by AWSFD method for resolution j
= 10,11,12 and by DRM for m = n = k = a = 2, see figure 4.13. We observe that
approximated solution by AWSFD method is better for a low level of resolution.

Last but not least, we display the solutions of equation (3.5) together with both
Dirichlet and Cauchy boundary conditions where the boundary deflection is
homogeneous by AWSFD method. In figure 4.14, we display quantitative solutions of
equation (4.12) and of equation (4.14) by AWSFD method and then compared with
solution by DRM. We can see that an initial approximated solution given by equation
(4.12) is farther away from the other two solutions. The first approximated solution

by equation (4.14) of AWSFD method at resolution j = 1 (magenta) is close to so-
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Figure 4.9: Solution of equation (3.5) together with both regularized Dirichlet and

Cauchy boundary conditions for n =4 in one dimension co-ordinate

lution by DRM (red). The approximation by AWSFD is sharp. We then increase the
resolution level of the AWSFD method from j = 1 to 2 and so, see figure 4.15.
Comparatively, the solutions by AWSFD method draw close to solution by DRM as the

resolution level increases from zero to one, two, three and four.
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Figure 4.11: Comparison of the regularized solution by DRM and solutions using

AWSFD method forj=10,11,12
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Figure 4.12: Comparison of regularized solution by DRM, initial approximated

solution by equation (4.12) and solution by equation (4.14) of AWSFD method at; =

1
x10°
3 T
~—regularized solution by DRM
— solution by AWSFD method for j=10
2.5 i
=11
j=12

r

wi(1)




Figure 4.13: Comparison of solution by DRM and solutions by AWSFD method for
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Figure 4.14: Comparison of the regularized solution by DRM, initial approximated
solution given by equation (4.12) and solution given by equation (4.14) of AWSFD

method atj=1
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solution given by equation (4.12) and solution given by equation (4.14)

Chapter 5

Summary, Concluding Remarks and

Suggestions for future work

In this chapter, we summary the main findings of the thesis. We discuss the strengths
of the DRM for solving ill-posed Helmholtz equations with Cauchy boundary
conditions where the boundary deflection is inhomogeneous, then with Neumann
boundary conditions in the upper half-plane and finally with both Dirichlet and
Cauchy boundary conditions where the boundary deflection is homogeneous, and the
AWSFD method for the above equations. We give a brief summary of the previous

chapter whilst the most siginificant conclusions of each chapter are highlighted.
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5.1 Outline of the Previous Chapters

In this section, we summarize each of the four previous chapters. In chapter one, we
showed the three kinds of boundary conditions, which when imposed on Helmholtz
equation lead to ill-posedness. Thus, we proved that the Helmholtz equation with
Cauchy boundary conditions has no solution. None of the three conditions of
wellposedness according to Hadamard is satisfied. Secondly, we showed that
Neumann problem of the Helmholtz equation has no unique solution. We then proved
that when Helmholtz equation is imposed with both Cauchy and Dirichlet boundary
conditions, a unique solution exists, but the solution does not depend continuously
on the small changes in the boundary conditions.

In the chapter two, we showed that the TRM, SRM, Q-RRM, Q-BVM and IRM cannot
regularize the Cauchy problem of the Helmholtz equation where the boundary
deflection is inhomogeneous, as well as Helmholtz equation with Neumann boundary
conditions in the upper half-plane. We observed that neither the regularized
Helmholtz equation nor the regularized solution by the use of these existing methods
of regularization satisfy the Riesz representation theorem. In the case of both Cauchy
and Dirichlet problems of the Helmholtz equation all the existing methods of
regularization ensured that the inverse operator is continuous. Thus, these methods
of regularization do not satisfy bounded inverse theorem.

To circumvent the regularization of Cauchy problem of the Helmholtz equation
where the boundary deflection is inhomogeneous, as well as Neumann problem, we
showed in chapter three of the thesis that the (introduced) DRM regularizes both the
Helmholtz equation and the imposed boundary conditions. We gave the DRM in
theorem 3.3. The alternative characterization of the DRM theorem, theorem 3.3, in

terms of the Laplace operator in the Hilbert space is as follows:

Theorem 5.1 Let A : QO € H = H be a (linear) Laplace operator in the Helmholtz
equation from the subspace of a Hilbert space () into a Hilbert space H, where

Aw(xy) = 0, in Q
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dw(x,0)

with = h(x) on 0Q)
Oy
wix0) = 0 on 00,
and
h(x)dx = 06,

00

then the regularized Helmholtz equation with reqularized Cauchy boundary conditions
Is:

Awno(xy) = 0, in Q
Own,o(x,1) 2™
dy ' (1+a)
wy(x0) = 0, on 01 h(nx), on 60
Own,o(0y)
=0, on 01)2
ox
wno(ly) = (1+azm)-1e-mh(y), on 00,
where
Z
h(nx)dx =0,
001

h(x) =06, h(y) =06, a € (-90,-1) U (1,0) is the regularization parameter, m € Z*is a
positive integer, k as the wave number, [0,I] is the square domain with I is a radian

number and 7 is any even positive integer.

Thus, using the DRM, we showed that the range of the operator R(A) is closed, the null

space of the operator N(A4) is trivial and the inverse operator

A-1:R2- ()

is continuous. In other words, the operator A4 is a homeomorphism of {0 € R2 onto R2
in the case of Cauchy problem of the Helmholtz equation. In the case of the Neumann

problem of the Helmholtz equation, we established that
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N(A) =0

and A-1: R2 - Q is continuous. Finally, we showed that when Helmholtz equation is
imposed with both Cauchy and Dirichlet boundary conditions, A4-1: R2 - Q is
continuous with use of DRM. This satisfies closed graph theorem.

The AWSFD method is shown chapter four to confirm the analytic solutions given
by DRM. The solutions obtained using the AWSFD method were compared with the
regularized solutions by DRM. At lower wavelet resolution, the solution by AWSFD
method not close to the regularized solution, but as the wavelet resolution increases

the solution becomes close to the regularized solution by DRM.

5.2 Concluding Remarks

We observed that the DRM solves the Cauchy problem of the Helmholtz equation
where the boundary deflection is not equal to zero. The DRM employs a positive
integer scaler n in x spatial variable of the unknown function w(xy), which
homogenizes the inhomogeneous boundary deflection in the Cauchy boundary
conditions. The integer scaler 1 ensures the existence of solution to Helmholtz
equation. The value of n depends on the periodic function such as sin(nx), cos(nx), as
well as scalar multiplier of spatial variable (angle) imposed at inhomogeneous
boundary deflection in Cauchy problem of the Helmholtz equation. The regularization
term (1+a)-2me-"restores the stability of the Cauchy problem of Helmholtz equation.
Homogenization of inhomogeneous boundary deflection in Cauchy boundary
conditions by a positive integer scale together with applications of divergence
theorem and Green’s first identity ensures the uniqueness of the solution of the
regularized Helmholtz equation.

In order to establish uniqueness of solution to the Neumann problem for the
Helmholtz equation in the upper half-plane, the DRM employs shifting operator

instead of a positive integer scale to shift the x spatial variable to a suitable fixed
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number. On the other hand, the methods of regularization: TRM, SRM, Q-RRM, Q-BVM
and IRM cannot solve Cauchy problem (where the boundary deflection is
inhomogeneous) of Helmholtz equation, as well as Neumann problem in the upper
half-plane of the Helmholtz equation.

In the case of both Dirichlet and Cauchy boundary conditions (where the
boundary deflection is equal to zero) of Helmholtz equation, all the above methods of
regularization solve the problem. We observed that DRM provides the best
approximated solution as compared with these existing methods of regularization.
This is observed when a positive integer m of the regularization term (1 + a)-2me-m
increases. The solution becomes consistent and stable.

We observed that the coarser scale equation (4.12) of the AWSFD method does
not give good approximated solution of equation (3.5). This coarser scale equation
does not contain the regularization term (1+a)-2me-m. It leads to approximated
solution only in resolution level j = 0. Equation (4.12) acts as an initial approximation
for finer scaler equation (4.14), which results in the approximated solution of
equation (3.5) by performing a series of iterations. Thus, equation (4.14) gives
approximation at a finer scale j + 1.

Using the AWSFD method, we solved the equations (3.5), (3.8) and equation (3.5)
together with regularized Cauchy boundary conditions where the boundary
deflection is equal to zero for Daubechies wavelet of order six (6) numerically. We
observed that the solution by AWSFD method approximates the solution by DRM
when the resolution level is increased, as well as, the regularization term (1 +
a)-2me-m_At resolution j = 0, the solution by AWSFD method has a greater estimated
error compared to the DRM.

Our results show that the AWSFD method provides best approximation at a low
wavelet resolution level for solving the Helmholtz equation with both Dirichlet and
Cauchy boundary conditions where the boundary deflection is homogeneous and the

Neumann boundary conditions in the upper half-plane and then by Cauchy boundary
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conditions where the boundary deflection is inhomogeneous. This is due to the fact
that in the case of both Dirichlet and Cauchy problems, where the boundary deflection
is zero for the Helmholtz equation, we restored only the stability of the solution as
compared with other discussed problems for the Helmholtz equation.

Similarly, AWSFD method provides best approximation at a lower wavelet
resolution level of Neumann problem for the Helmholtz equation in the upper
halfplane than Cauchy problem where the boundary deflection is inhomogeneous for
the Helmholtz equation on the grounds that we restored uniqueness and stability in
the Neumann problem for the Helmholtz equation as compared with the non-

regularized Cauchy problem for the Helmholtz equation.

5.3 Suggestions for future work

Most of the stationary problems in acoustic are nonlinear in nature. These nonlinear
problems have linear part which plays the central role in optimizing their solutions.
We are of the view that the extension this work will help in the full understanding of
the Helmholtz equation as a stationary process.

Firstly, We intend to investigate the Cauchy problem of the Helmholtz equation
where the boundary deflection is imposed with either transcendental function In(x)

or inverse trigonometric functions like sec(nx),cosec(nx), 0 < x < m.

The well-posedness of the Cauchy problem of Poisson-Boltzmann equation in
unbounded domain could be investigated by modifying the DRM.
We intend to investigate the regularization of p(x)-Laplace equation with Cauchy

boundary conditions where the boundary deflection is inhomogeneous.
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Appendix 1

matlab code solving Helmholtz equation.
script file a =input(’a’); k=input(’k’);
n=input(’'n’); r=linspace(a,b,20) t =
linspace(c,d,20) [x,y] = meshgrid(r,t) p =
(1/(1+ az=m))*exp(-m); p1= sqrt(n-
p*k); f=(1+ at?<m)*exp(m); d =
(1/d).*cosh(p1*x)*sin(n*y); surf(x,y,z)
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Appendix 2

matlab code for calculating connection coefficients The

function of [cc2] = concoeff(L,0,y,e)

M=L/2; a=zeros(1,L-1);

D = (factorial(2 * M - 1) /(factorial(M - 1) * (4M - 1))))?; for
i=1:2:L-1 m=(i+1)/2;

a(i) = ((-1)m - 1)) * D/(factorial(M - m) * factorial(M + m - 1) = i); end
b2=zeros(L-1,L-1); for I=0:L-2 if

2*j=L-2

i=2xLb2(l1+1,i+1)=2mend

for k=1:L/2 i1=2*]-2*k+1;

ifil<=L-2andil>=0i=i];

b2(1+1,i+1)=b2(I+1i+ 1)+ (2(n-1)) xa(2 * k- 1); elseif
il>=-L+2andil<0i=-i];

b2(1+1,i+1)=b2(1+Li+ 1)+ ((-1)) * 2n-1)) xa(2 * k- 1) b2(l
+1Li+1)=b2(l+ Li+ 1)+ (2n - 1)) * a(2 x k - 1); elseif il > = -L+2
and il <0

i=-il;

b2(l+ 1Li+1)=b2(1+Li+ 1)+ ((-1)n) * (2(n-1)) *a(2 x k- 1); end
i2=(2*1+2*k-1);

ifi2<=L-2andi2>=0
i=1i2;

b2(1+1,i+1)=b2(I+ 1Li+ 1)+ (2 - 1)) * a(2 * k - 1); else

ifi2>=-L+2andi2<0i=-i2;
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b2(1+1,i+1)=b2(l+1Li+ 1)+ ((-1)) * (2n-1)) *xa(2 * k- 1); end
end end for g=1:L-1 b2(g,g)=b2(g,g)-1; end r=null(b2);

NM = sqrt2; for i=2:L-1 [a,b] = eig(yb2);

m=length(b) ; for j=lim g()=g(j) d

=abs(sum(a(:e))) ; y= al*exp(g(j)*x) k = k

+ (G- 1)) * (@) cc2 = ((-1)) * r =

factorial(n)/(2 * NM); end end

Appendix 3

Connection coefficients of order two

Let the 2nd order connection coefficients be

A2 = / &y — b))y

By the definition of 2nd order derivative of the scaling function

N-=1

¢*(z) = 4 Z ard*(2x — k)
k=0 a

Substituting the second-order derivative of the scaling function into equation for

second order connection coefficients, we obtain

N-1N-1 2
Bt =4y > aa, [ oy =2k =)oy — )y
i=0 j=0 0

Integrating by substituting u = 2y, we obtain
A2k = 2 aiajZ (pz(u -2k _j + I)(p(u)du Xi=0 Xj=0 0 N-1N-1 2x-i

N-1N-1

A2k = 9 aiajA22k+j-i(2x = 1)
Xi=0 Xj=0
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