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Abstract

Tuberculosis (TB) persists as a significant public health challenge in many regions, including Ghana. Effective treatment
strategies are crucial in controlling the spread of TB, particularly in populations with diverse characteristics. This study
delves into designing an optimal treatment strategy for the TB vaccination model, considering two latent classes based on
Ghanaian data. We estimate and analyze the parameters to study TB dynamics based on the reproduction numbers of the two
latent classes. We look into how sensitive the parameters are to see the transmission dynamics of the slow latent class of TB
infectious with drug-sensitive strains and the rapid latent class of TB infectious with drug-resistant strains. Using optimal
control theory techniques, we devise an optimal control strategy with a cost—benefit analysis to minimize TB incidence and
maximize vaccination coverage within budget constraints. This strategy aims to guide policymakers in allocating resources
efficiently to control the spread of TB. The results of this work give in-depth knowledge about the dominance of the two
strains of TB transmission and provide insights into the design of effective vaccination and treatment programs. By tailoring

interventions to the population's specific needs, we can work towards reducing the burden of TB worldwide.
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Introduction

Over the years, the prevalence of tuberculosis (TB), par-
ticularly in developing nations, presents a significant public
health concern due to its spread. This is attributed to the
endemic nature of the causative agents, poverty, drug-resist-
ant tuberculosis and ineffective diagnostic techniques. Some
of these factors contribute to the difficulty in controlling
tuberculosis in Africa (Adebisi et al. 2019). Tuberculosis
(TB) is one of the top ten leading causes of death worldwide,
which affects about one-third of the world’s population each
year, as recorded by the World Health Organization (WHO)
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health statistics (WHO 2015). Tuberculosis (TB) induced
death in 2015 was about 1.4 million out of 10.4 million
reported worldwide (WHO 2016). Africa is one of the con-
tinents with a comparatively higher disease prevalence than
other continents (Snider et al. 1994; WHO 2013). Ghana
reported 148 cases of tuberculosis per 100,000 people, with
a 36% death rate associated with the disease (WHO 2018).

Chemotherapy has been the mainstay of apparent control
programs for TB due to vaccine inefficacy (WHO 2016).
Compared to infectious sensitive TB patients who have not
yet acquired the disease, the antibiotic treatment for an active
TB patient (with drug-sensitive strain) takes a lot longer
and costs more (Reichman and Hershfield 2000). One of
the most dangerous public health issues currently plaguing
society is antibiotic-resistant tuberculosis (TB), which can
develop from noncompliance with medication treatments
in addition to increasing the risk of relapse (WHO 2018).
According to a World Health Organization report (WHO
2018), if nations do not move swiftly to tighten their control
over tuberculosis, the multidrug-resistant strains that have
cost Russia and New York City more than $1 billion and
hundreds of lives each will continue to surface in other coun-
tries (WHO 2018; Chaulet 1983).
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Over the years, there has been an increased interest in
using mathematical models to study the patterns of infec-
tious diseases. This is because these models help better
understand how diseases spread and conveniently summarise
epidemiological data (Blower et al. 1996). As a result, the
infection spreads and is increasingly anticipated as future
outbreaks occur, and robust decisions regarding managing
the underlying illness are made (Castillo-Chavez and Feng
1997). Models used to investigate the spread of infectious
diseases are known as dynamic epidemiological models.
Since there may be some variations in infection rates among
populations. Disease modellers attempt to account for these
variations when creating mathematical models for epidem-
ics. This approach produces a class of models known as
compartmental models.

Wireko et al. (2024) conducted a study on the analysis of
measles using accurate data, focusing on non-optimal and
optimal fractional control methods. By employing numeri-
cal simulations and sensitivity analysis, they determined the
most effective control mechanisms that balance the effective-
ness of interventions, allocation of resources, and societal
costs. Appiah et al. (2024a; b) introduced a mathematical
model that examines the interaction between two tubercu-
losis strains and COVID-19 immunisation. The study also
includes a cost-effectiveness analysis. Appiah et al. (2024a;
b) surveyed the cost—benefit analysis of the COVID-19 vac-
cination model. They incorporated various levels of infectiv-
ity reduction and used data from Ghana. Addai et al. (2023)
examined a deterministic model exploring Marburg virus
transmission dynamics. The model considers the influence
of public health education and is now being developed and
analysed. Using a fractional-based approach, the Caputo
fractional-order derivative expands upon the conventional
integer model. The model's positive nature and limited scope
are also acquired.

To study the co-dynamics of tuberculosis (TB) and
SARS-CoV-2, Rwezaura et al. (2022) created a mathemati-
cal model that incorporates epidemiological aspects. The
sub-models exhibit local asymptotic stability when the
reproduction numbers for the disease-free and endemic equi-
libria are less than one. After doing a bifurcation analysis on
the TB-only sub-model, it was demonstrated that the sub-
model passes through forward bifurcation. From February
11, 2021, through August 26, 2021, the model is fitted to
Indonesia's total confirmed daily SARS-CoV-2 cases. Con-
sidering environmental pollution and safe burier, Adu et al.
(2024) analyse a non-linear mathematical model of Ebola.
The suggested model is proven to be well-posed, bounded,
and non-negative. We find the Ebola reproduction number,
the Ebola-free equilibrium, and the Ebola-present equilib-
rium. The Ebola reproduction number is subjected to a sen-
sitivity study to determine which factors impact its output.
Addai et al. (2024) developed and evaluated a mathematical
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model for transmitting food-borne diseases using a popu-
lation of flies and humans as a model. Using the Caputo
operator, we investigate how internet meal delivery services
and government regulations affect the spread of food-borne
illnesses. Key features examined by the suggested model
include sensitivity analysis, fundamental reproduction num-
ber, positivity, boundedness, disease-free equilibrium, and
basic parameters. An Ebola epidemic model was developed
by Wang et al. (2023). This model considers several factors,
including the scarcity of medical resources, the decline in
immunity, and the possibility of quarantining and tracking
vulnerable persons. At the same time, it has been demon-
strated that the disease-free equilibrium is stable. Bifurca-
tion and the presence of several endemic equilibria are also
inferred. The PRCC analysis then reveals that the param-
eter (the rate of incineration or burial of corpses) is most
strongly connected to the control reproduction number. An
EVD model for the incubation period was developed by Ren
and Xu (2024) and includes four gearbox modes and a time
delay. By utilising dynamical analysis, they confirm that
eradicating sick animals from their environments is crucial.
Without considering the source of infection, we obtain the
fundamental reproduction number. When the basic reproduc-
tion number is less than one, the model achieves an attrac-
tive disease-free equilibrium on a global scale. However,
the disease becomes endemic when the basic reproduction
number increases beyond one. Asamoah et al. (2023) exam-
ined the dynamics of Gonorrhoea, explicitly focusing on the
positively invariant and limited portions of the model. The
computation of the expression for the secondary infection
of Gonorrhoea in a structured population is performed. The
Pontryagin’s maximum principle is employed to derive the
optimal system for the given mathematical model.

Seidu et al. (2023) developed a non-linear deterministic
model to analyse cholera dynamics while considering two
distinct groups of persons categorised by their hygiene lev-
els. These individuals are classified into low-risk and high-
risk categories based on their level of personal hygiene, with
low-risk referring to those with good personal hygiene and
high-risk referring to those with very low personal hygiene.
The model exhibits two distinct fixed points that are mutu-
ally exclusive: the cholera-free equilibrium and the chol-
era-persistent equilibrium. This suggests the occurrence of
forward bifurcation. He et al. (2023) studied a hierarchical
intervention scheme based on epidemic severity in a commu-
nity network. The paper by Abidemi et al. (2022) explores
creating and examining a non-linear mathematical model
that describes the spread and management of dengue dis-
ease in both human and mosquito populations. A twelve-
dimensional set of ordinary differential equations controls
the model. It represents the group of symptomatic infected
humans with severe dengue symptoms and the popula-
tion of mosquitoes infected with Wolbachia. Moore et al.
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(2022) examined how the timing of diagnosis, whether done
promptly or with a delay, influenced the transmission of
COVID-19 in Ghana during the early stage of the outbreak.
They analysed data reported between March 12 and June 19,
2020. The projected value of the basic reproduction number,
RO, for the suggested model, is 1.04. They proposed that
decreasing the influx of new individuals into the country or
reducing the inflow of individuals between communities will
lower the basic reproduction number and hence decrease the
number of secondary infections (resulting in several peaks
of the infection).

Some previous TB models have included drug treatment
and vaccination and have examined the prevalence of the
disease. These models were predictive and attempted to
calculate the basic reproduction number. Since their dis-
cussions are predicated on the prevalence of the disease at
equilibria, these models did not consider time-dependent
control strategies. For HIV models, time-dependent control
strategies have been researched (Fister et al. 1998; Kirschner
et al. 1997). Both methods of examining control strategies
yield insightful theoretical findings that can be applied to the
recommendation or creation of programs to control epidem-
ics. Different objective criteria may be adopted depending
on the selected goals.

A deterministic model splits a heterogeneous population
into a finite number of homogeneous subpopulations. Next,
ordinary differential equations (ODE) are used to model
the epidemic dynamics deterministically with movement
within and between subpopulations. There is a long history
of using the deterministic approach to model infectious dis-
eases. Numerous infectious diseases, including flu, chicken-
pox, measles, etc., have been extensively studied using these
models in various settings (Zhilan et al. 2000). Theoretical
outcomes from deterministic models include thresholds,
replacement numbers, contact numbers and the basic repro-
duction number. These models aid nations, areas, and socie-
ties in developing appropriate countermeasures to lower the
likelihood of infection by pathogens (Hethcote 2000).

Several classes of compartmental models have been
used in studies to investigate TB infection from a modelling
perspective (Castillo-Chavez and Feng 1998; Rieder et al.
1989; Blower et al. 1998; Blower and Gerberding 1998).
However, modelling the effect of the overall TB infection
dynamics on the exposed individuals differs from that of
the susceptible-infected-recovered (SIR) models, which are
frequently adopted when the latent stage of the infection is
ignored. Most TB studies that used the SEIR model investi-
gated global stability at the incubation, infectious and recov-
ered stages using either non-sequential occurrence rate or
infectious drive (Castillo-Chavez and Song 2004; Li and Jin
2005; Li et al. 1995). However, compared to the SIR model,
only a few works have been conducted in Ghana utilising
basic models in the context of tuberculosis infection because

there is little knowledge about the possible carriers in society
at any given time (Dontwi et al. 2014).

Based on the two-strain model created by Castillo-Chavez
and Feng (1997), we examine optimal strategies related to
case holding and case finding, public education and vac-
cination, and the cost associated with them in this work.
This model assumes that people who have latent TB become
active at a specific rate. Additionally, it assumes that some
treated patients with active tuberculosis will not complete
their course of treatment while some of them develop drug-
resistant tuberculosis. Four control mechanisms for public
education, vaccination, case finding and case-holding efforts
are incorporated into this model.

The subsequent sections of this work are presented as
follows; “Method” presents the detailed framework of the
epidemiological model and the definition of the parameters
and variables. The method also contains the analysis of the
model’s positivity of solutions, computation of the effective
reproduction number and stability of the model. “Numeri-
cal method” presents the model parameters estimation and
sensitivity analysis of the parameters. “Results” presents the
optimal control analysis using the numerical method. “Dis-
cussion” presents the cost—benefit analysis of the control
interventions. Lastly, the “Conclusion” section summarises
the findings and provides suggestions for further research.

Methods

Framework of the tuberculosis (TB) vaccination
model

The TB vaccination model is designed by considering two
strains: the slow latent class with a drug-sensitive (DS)
strain of TB and the fast latent class with a drug-resistant
(DR) strain of TB. The proposed epidemiological model is
designed by dividing the compartments into seven distinct
classes, thus S(¢) : Susceptible class, V(#) : Vaccinated class,
E (?) : Slow latent class exposed to drug-sensitive (DS)
strain TB but not infectious, /,(¢) : Slow infectious class
with drug-sensitive (DS) TB, E,(7) : Fast latent class infected
exposed to drug-resistant (DR) strain of TB but not infec-
tious, /,(r) : Fast infectious class with drug-resistant (DR)
strain TB and T'(¢) : Treated class. The model is illustrated
based on the following; S(z) and V(¢) compartments recruit
individuals by (1 — b)A and bA respectively where b belong-
ing to [0, 1] represents the proportion of newborns vacci-
nated and 1 — b represents newborns not vaccinated. The
individuals in S(#) and V(¢) are infected by the two strains
at the rate of B,SI, B;SI; and 9B, VI, 9B, VI, respectively
where § belonging to [0, 1] denotes the vaccine protection
rate. If 9 = 0 then the vaccination protection is 100% effi-
cient, 9 = 1denotes vaccine efficiency is 0 and the immunity
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waning rate coefficient in the vaccinated host is ¢ which is
given as @ > 1. We consider that a proportion of aand 1 — a
of the individuals in S(¢) enter the slow latent classes /()
and E(¢) respectively and a proportion of @ and 1 — a of the
individuals in V(¢) enter /,(¢) and E (¢) respectively likewise
the fast latent classes /,(r) and E;(7). The respective rate of
death due to TB disease is given as d; where i = 1,2,3,4
for E(2), 1,(1), E4(1) and I;(¢) individuals. The individuals in
E (t)and Ef(t) leave these compartments and become infec-
tious with /((7) and /,(¢) at the rate of 3, and &, respectively.
The individuals in [ (f) compartment progress to different
compartments in the following ways; individuals identified
to be infected are moved to 7'(¢) at the rate of a, for prophy-
laxis, a proportion of g moves to E(¢) at the rate of ga, due
to self-cure, proportion of k moves to E() at the rate of ke
due to self cure, proportion of n moves to /,(7) at the rate
of na; due to unsuccessful prophylaxis and proportion of
1 — (g + k + n) progresses to 7(¢) at (1 — (g + k + n))a, rate
to undergo prophylaxis where g, k, n all belong to [0,1) and
g + k +n < lrepresents the fraction of individuals who did
not complete their prophylaxis when infected with drug-
sensitive (DS) strain TB. Also, a proportion of 2 moves to
E(1) at the rate of hay, due to self cure and proportion of
1 — h progresses to 7(z) at the rate of (1 — h)a, to undergo
prophylaxis where £ all belongs to [0,1]. The individuals in
T(t) compartment progress to different compartments in the
following ways; a proportion of m moves to E () and E(t)

mef Tl mefT],
lj\; s and 2Py

at the rate of respectively upon successful

Fig. 1 Flowchart of the tubercu-
losis vaccination model

(1 + U,)bA—>

(1-Up)adBsVlis

prophylaxis, where as 1 —m moves to I (¢) and If(t) at the

_ 1-m)ep, Tl . :
rate of LA 4nq DT ospectively due to failure of

prophylaxis where 1 — m accounts for the proportion of indi-
viduals who develop the drug-resistant (DR) strain TB. The
meanings of the rest of the parameters associated with the
model are given in the table below. Optimal control efforts
U,(®), U, (1), Uy(t) and U(r) would be applied and explained
in detail in the subsequent sections.

The total population N(¢) is defined based on the flow-
chart diagram Fig. 1 as;

NO =S80+ V) +EW0+ 0+ E@®)+ L)+ T®O. (1)

We formulate the following set of nonlinear ordinary dif-
ferential equations that describe the nature of the model.

‘ji—f =(1—b)A+ @V — AS — uS,
L =bA- A9V -7V,

% - W\/ﬂ +ga,l, — 3,E,,

) % - w +8,E, — 231, @)
S o ST+ kad, + hayl, — 2,E.
%f - w +nal; + 8:E; — z51,

% =aE,+(1—-(@g+k+n)ad + (- h)aflf —(u+eNT,

(=)L +1)
— L = pt e = ptd + 8 +a,

B=pt+tdyta,zy=p+dy+8,25=pu+d,+a.
With initial conditions  §0)> 0,V(0) >0,
E(0) 2 0,7,(0) 2 0,E(0) 2 0,7,(0) 2 0,7(0) =2 0. All the
parameters of system (2) are nonnegative.

where A =

mef,TI,

(1-Up)(1-a)68 Vi,

(u+d)E;

(P- + d?.)ls

(1- Uf)gasl,
y

(1=Up)(1 — (g + k +n))asls

(1-m)eB.TI,
N

(1-Up)aBsSls
N

(1+ Us)aeEs

(1—(1+Up)b)A

(u+d3)Ef e—

(1 = Us)nasls

N (1 = Uf)kasls

:l-m:eﬁ,-ﬂ,-
N

haflf

(1-Uyp)(1-a)3BfViy
N

(1-Up)adfsvig
N
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Positivity of solutions for the tuberculosis (TB)
vaccination model

The model (2) variables and parameters are nonnegative since
it is designed based on population with TB and it follows.

Theorem 1 The model (2) and its solutions
and initial values are nonnegative such that
{S(t) > 0,V(t) > 0,E (1) > 0,1,(t) > 0, Ei(r) > 0,1,(1) > 0,T(t) > 0},
fort > 0, and bounded in the region Rzr.

Proof Let’s consider the following instance that there exists
an initial time ¢;, such that
min{Y(ti)} > 0and min{Y ()} > Oforallr € [0, ti).
Here,

Then, from the above assumption, our initial value is
given as, min{Y(ti)} = S(ti).

Therefore, S(ti) =0 and S >0 for all re [O, ti).
However,

das(t;
;:,) = (1 =BA+gV — G+ wS(t) > 4+ wS(1,).
“)
Then,
/(/1 + wdu > 0,8(z;) > S(0). )
0

This disputes the assumption S(z;) = 0. Therefore,
S(#) > 0 for all # > 0. This shows that all the solutions are
positive for > 0 in all other situations.

Theorem 2 Let’s consider (S() > 0,
V() > 0,E,(t) > 0,1,(1) > 0, Ef(t) >0, If(t) >0,T(t) > 0)
with initial state $(0), V(0), E((0), I(0), E;(0), 1;(0), T(0)
for all the solutions remain bounded in Rzr in the region
W= {(S,V.E.I,E;1;,T) €R] : U<N®}

S B, 1,
Proof Let’s consider the function below:
U=SO)+V@e)+E@0)+ L)+ Ef(t) +1(1) + T(). (6)

Taking the derivative of U with respect to time is given
as follows results.

U'0) =8O+ V') +E0)+ 1+ E + 1+ T'), %

U'(t)y = A= uU@) — (d\E, + dyl + d3Ep + dyl;) < A — pU(0),
®)

N'(t) = A= uN(t) — (d, E, + dyl, + 5 Ey + d,I) < A — uN (D).
)]

Then, integing of Eq. (9), the solution for N(¢) is derived

as follows; N(r) < %(1 — e "+ N(0)e™* for all ¢. Thus,
S@) + V(1) + E(1) + 1,(t) + Ef(1) + I,(¢) + T(2) are bounded
in [0, %] ,for all ¢. Since U(r) < 0, then W is a set of positive

invariant. Conversely, the system (2) is obtained in
0 < L(¢) < N(t) + N(0)e™#" and W(0) is the initial state vari-
able condition of U(¢). Therefore, if t — 00,0 < U(f) < N(t)
shows that U(#) is a set of positive invariant in the region Rzr.
Therefore, the proof is complete.

Disease-free equilibrium D, and effective
reproduction number

The disease-equilibrium point, D, of the model is achieved
by equating the system (2) to zero. At Disease-free equilib-
rium, we set E; =1, = E; = I, =T =0 and the following
results are obtained;

A[(1=b)+ /4] bA
- AR N VA 1
So : Vo : (10)

At disease-free equilibrium (DFE)
A1 =b)+ ¢
py=(MA=0+ el ba 6 000) (11
0 2 7

The corresponding Jacobian matrix of system (2) evalu-
ated at disease-free equilibrium D, = (SO, V,0,0,0,0, 0) to
obtain the disease-free equilibrium Jacobian matrix Jp, is

given as;
_ _(-a)BS, _ d-apS,
pet . " -8V, ’
—a)p, e aad
0 - 0 _TN 0 _N—D 0
0 0 ) (l—a)[i‘AEA80+x9V] +ga, 0 0 0
0
A %:W -z 0 0 0
0 0 0 ka, gy LD g,
" Y
0 0 0 na, 5 Ay
0
0 0 a (-(g+k+n)a, O (1 —h)af —U

12)
where Ny = S, + V|, using the Jacobian at the disease-free
equilibrium D.

According to the explanation in (Shuai and van den
Driessche 2013), the basic reproduction number is the
spectral radius of the next generation operator G = FV~,
For (2), we have the square matrix which has matrix F as
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the new infections and matrix V as the transition elements
of the infected classes.

0 (1-a)B,[So+9V, | 0 0
0
0 a[}s[Sl[::&VO] 0 0
F = 0 —a ¥ ) 13
0 0 o ¢ )ﬁ/}ElSo"'gVo] 13)
0
0 0 0 ap,[Sy+9Vp]
No
z —ga; 0O 0 81 &2 0 0
-8, zz 0 O 821 822
V= s ,G = ,
0 —kay z4 _haf 831 832 833 834 a4
0 —na; =8, zs 841 842 843 844
where
(1= a)BB,[Sy +IV,]
= Ny(zp23 — ga,d) ’
(= @Bz [So + 9V
f12= No(z23 — ga,8))
ap,d[S + IVy|
81 = T
2 Ny(zp23 — 8,8,)
aPz[So + 9V
8 = v - v
2 Ny(zp23 — 8,8,)
_ (- By, [So + 9Vy| (ka8 + naz,)
831 = Ny(22232475 — 8X,2475) ’
_ (1 -a)py [So + Vo] (ke 8y2, + nevzp2,)
£ = NO(Z2Z3Z4ZS - gasz4z5) ’
_ (L= a)B[Sy + 9V, (15
g33 NO(Z4Z5 _ l’lafo)
(L= )z [Sy + Vo
3 ap;d, [SO + SVO] (ka,d; + na,zy)
Sa = No(22232425 — 8®,2425)
aPy [So + 9Vp| (ka,8:2, + naz,z,)
842 =

No(29232425 — 8,2425)
aP8;[Sy + V]

437 No(zazs — hayd,)’
aPd;24[So + IV

54T NoGaazs —haySy)

It is observed that, there is a positive matrix F and V has
W-matrix with K-pattern. Then the effective reproduction
number

R,=P(FV™') = max{R.R;}, (16)

@ Springer

where

(- aBB[So+ Vo] (1= a)d[S, + IV
- ad,) T

No(zp23 — 8 No(z4z5 — hadp)

a7
Substituting N, S, and V;, give the following results.

(1-a)pd,((1-b)+22)
(1213 - ga‘sﬁs) ((1 b+ %)
(1- a)ﬁf5f<(1 b+ STQJ)

(2425 — haydy) <(1 —b+ %) |

R. =

S

bl

(18)

R, =

where R is the reproduction number of the slow latent class
infectious with drug-sensitivity (DS) strain of TB and R is
the reproduction number of the fast latent class infectious
with drug-resistant (DR) strain of TB.

Stability and existence of endemic equilibria

We focus on the existence and uniqueness of the endemic
equilibrium points of model (2) as
D' = (S VLELLLELLLT ). If e =0.R, > Ry then,
model (2) has D* = (S*, V*, E;", I:, E;, ij, T*) as the unique

endemic equilibrium. Setting system (2) to zero, we have
the following results.

(1= D)A+@V* — AT*S* — uS* =0,

Ab— A9V — 2,V =0,
(=a)B, I5[S* +9V* [+mep, T*I}

+ga Iy — 2 E; =0,

N}
aP L2 [S*+IV* | +(1—m)ep, T*I*
N ! + SS.E;k - Z3[:_< =0, (19)
(=a)ByI* [S*+8V* |+mep, T*I* . .
—— Lt kay* + hayl} = 2,E} =0,

apyLz [S*+8V* ] +(1-m)ep, T* I
. -
@, EY + (1 = (g+k+n)ad; +(1 - h)af(;‘ - A;*T* —uT* =0,

+ I +8/Ef — z51¥ =0,

where,
g QOBLAI) o MBI
1 N* >Ny T N*
* __ ES 3k sk * 3k * %
N =8"+V'+E + +E +I+T". (20)

Simplifying Eq. (19) gives the following;
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(z . +azj*)((1 —b)+@b)A

(1=p, [57+9V; +¢T;

* = Ab - ok * * > - *
V= Py abs [Sf+‘wf +‘T_f] =5 3
* 2+ (g+k+n))ag ) a I +(1—=h))apIf *
P <y +gay + ((>z+ gkt }:W HI—m)aply >> N,
2
= M Let’s consider the following,
K [ m)cﬁtaf (v-,y8+nas) (21)
I (mepI — ] —F =T —
E;‘:i me H3 +y4+ka1 +hdf> pa_{(S9V’EY9IY’Ef’If’T)|EX_1 —Ef—]f—o,
o _ Yoryrli+8,(va+gaytys)—z: —-b Ab A 24
Iy === ufm?eﬁtaf = 0<S§¥O<V<—O<T<— @4
T = ()‘2+(g+k+nj)v)(xs)aclj+(l—h))a_/lf* H H 7]
utas*
A(l =b)
. . ey . =3 (S,V,E, I, E;, 1;,T)|E,=1,=0,0< S < ,
To establish the endemic equilibria, we consider the {( el I 25)
properties bel.ow b}./ defining the.mvasmn reproduc.tlon 0<v<lo E < Ao < Agers é},
number. The invasion reproduction number described Iz u u u
(S.V.E,.I EIT)O<SSA(Lb)O<V<A_bO<E<ZO<' 26)
Pe ol B 1o ) si0<@<—0<gs—0<T<— '
u 1z U U

here represents the number of secondary infections that
would be generated when the individuals in the drug-
sensitive (DS) strain move into the drug-resistant (DR)
strain. This is given as

(Sf* + OV + sT;>Rf
(1—b)(1 - N,

R =P(FV") = 22

where N;‘ = S}‘ + V;‘ + E; + I}" + 7}?‘ This represents the
total number of individuals belonging to the fast latent class
infectious with drug-resistant (DR) strain of TB.
Biologically, at drug-resistant (DR) strain dominance
equilibrium, an infectious drug-sensitive (DS) strain will
produce R]{ new infections on the average at any given time.
This estimates the power of drug-sensitive (DS) strain mov-
ing into the drug-resistant (DR) strain. According to the
explanation in (Van den Driessche and Watmough 2002), if
ij. < 1then Djf. which denotes the dominance equilibrium of

drug-resistant (DR) strain is locally asymptotically stable.

Theorem 3 [f D; exists and R]{ < 1 then the disease-free
equilibrium D}”‘ is locally asymptotically stable. This signifies
that, the drug-resistant (DR) strain infectious individuals
approach a limit where the disease becomes endemic if the
power of drug-sensitive (DS) strain to invade the system is
weak.

Proof Let’s consider new infection matrix representing the
drug-resistant (DR) strain equilibrium dominance as follows.

Theorem 4 [fd, = 0,i = 1,2 and € = 0, then the dominance
equilibrium of drug-resistant (DR) strain is globally asymp-
totically stable in p,,.

Proof Suppose the following function D as follows,
D=S8§-5; —Sj*.lnS+V— Vi = ViinV

ﬂf(s* + v*)

@7)
G (1 = 1yt ).

+E - E;lnEf +
The derivative of D along system (2) is given as,
S* V*
=ll1-=|9+|1-= )V
S Vv
AVILICAMITRAY
+|{1-—= E+ — 1-= L,
Ef (,u + (xf)Nf If
(28)
_<1——><(1—b)A+ v—ﬁ—ys>

Vf*
+ v <bA —(u+ qJ)V)

<1 )((1 — @B LIS + V] + mep, Tl
5

N +haply = (u + ‘Sf)Ef>

n(5+%) (1 f;)

(1 + o )N} Iy
B[S+ 9V]+ (1 —m)ep, Tl
<a“ ~ — /+5fEf‘(”+‘¥f)Ef>~
29)
d;=0,i=12ande = O,thenN;‘ =N.
@ Springer
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Dr|f(t) = ys;f<2— S?f - S%) + V*< - va - %)

OS5 SEY B >
N; S " SEI T El
N ﬂfV;‘I;< v wvEL Efl;)
N; W VIEL T EL

(30)

Since the arithmetic mean of any positive numbers is

greater than or equal to their geometric mean, it follows that

D<0.D=0onlyholdsifS=S;,V =V, E =EI, =1

According to the Lyapunov-LaSalle stability theorem analy-

sis, the solution of system (2) has drug-resistant strain equi-
librium dominance.

Theorem 5 Suppose that R; > 1,R, > 1 and Rs > 1, it is
obvious that system (2) is insistently repetitive, then there is
o > 0and;

}Eﬁ},mﬂ ®>o0,j=s.f. 3D
Proof 1If the disease-free equilibrium D;f is globally asymp-
totically stable, then based on Theorem 3 above, p, is ejec-
tive to p, whenever R, > 1and R, > 1. Therefore, the drug-
resistant (DR) equilibrium is globally asymptotically stable
and p, is ejective to p, when Rs > 1. It follows that limit set

p(0p.) = {Dy, Dy} as explamed in (Hale and Waltman
1981). Therefore, there exists an insistent repetitive
system.

Numerical scheme

Estimation of model parameters and partial rank
correlation coefficient (PRCC)

In this section, we evaluate the parameters in model (2),
evaluate the reproduction numbers R, and Rf evaluate the
sensitivity index of the parameters and explore their relation
with the reproduction numbers. We also show the graphi-
cal representation of the results to analyze the transmis-
sion dynamics of TB. The parameters values are tabulated
in Table 1. The figure below illustrates the cumulative TB
cases recorded within 22 years (2000-2022) in Ghana by the
World Health Organization (WHO 2023).

Now, we investigate relationship between the param-
eters and [, I, by considering the behavioral patterns of
the respective parameters associated with slow latent class
and fast latent class on the reproduction numbers R, Rf the
graphical representations are illustrated below. Once the
model fits the actual data (see Fig. 2a), we evaluate the effec-
tive reproduction number R, = P(F V‘l) = max{Rs, Rf} as
follows. The reproduction number of the slow latent class
infectious with drug-sensitivity (DS) strain of TB, R, = 0.27.
The reproduction number of the fast latent class infectious
with drug-resistant (DR) strain of TB, R, = 2.23.1t is obvi-
ous that the drug-resistant (DR) strain of TB is dominant in
the population, therefore the effective reproduction number
R, = 2.23.The effective reproduction number indicates that
one infectious TB patient will generate two secondary infec-
tions at any given time when he/she come into contact with
people living in safe zone. This calls for the extra interven-
tions to control the transmission of the disease.

Figure 2b shows the partial rank correlation coefficients
(PRCC) of the parameters associated with R, which depicts

Table 1 Definition of model

Parameter Definition Value Reference
parameters and values

By Effective contact rate of slow latent class 0.3 Gomes et al. (2004)
Bf Effective contact rate of fast latent 0.5 Dontwi et al. (2014)
B, Effective contact rate of treated individuals 0.2 Trauer et al. (2014)
3 Rate of vaccines protection 0.5 Fitted
7} Waning rate of immunity 0.05 Mettle et al. (2020)
o, Incubation period of the slow latent class 0.14 Dontwi et al. (2014)
5f Incubation period of fast latent class 0.34 Dontwi et al. (2014)
E Movement from 7'(¢) due to treatment failure 0.25 Fitted
A Rate of recruitment 1364 Estimated

Rate of natural death 0.000043 Estimated
a Treatment rate of slow latent class 0.2 Trauer et al. (2014)
a Treatment rate of fast latent class 0.01 Fitted
a, Treatment rate of E,(¢) individuals 0.1 Fitted
d; Death induced by tuberculosis 0.000017 Dontwi et al. (2014)
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Fig.2 a Cumulative Tuberculosis (TB) reported cases from the year 2000 to 2022, b and ¢ show the partial rank correlation (PRCC) of the

parameters in R, andR,

the transmission dynamics of the slow latent class infec-
tious with drug-sensitive (DS) strain of TB. It is observed
that ( b, 5s) have a high positive effect on the reproduction
number R and (a, a,, @,, @, 4, d,) have a negative impact on
the reproduction number R,. Figure 2c¢ shows the partial rank
correlation coefficients (PRCC) of the parameters associ-
ated with R, which depicts the transmission dynamics of
the fast latent class infectious with DR strain of TB. It is
observed that ( By, 0y, 8) have a high positive impact on the
reproduction number Rf and (a, @, u, d;, d,) have a negative
impact on the reproduction number R;. This is determined
by the associated sign, those with the positive sign indi-
cates a perfect relationship and the negative sign indicates
an imperfect relationship. If the value is high then there exist

a strong relationship and the lower the value, the weaker the
relation between the input and the output value. Also, it is
noticed that in all the classes, the vaccination protection rate
d increases the reproduction number therefore there should
be measures to optimally control the spread of tuberculosis.

In order to formulate control strategies to minimize the
spread of TB, we demonstrate the transmission dynamics in
different scenarios in the figures below based on the param-
eters that exhibit strong relationship with the reproduction
numbers as demonstrated in Fig. 3.

Figure 3a and b represent the respective contour plots of
the reproduction numbers R, and R, as a function of effec-
tive contact rates and the incubation periods of the two
latent classes. The two figures imply that to significantly

@ Springer
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Impact ofﬁs and Js on Rs
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

s

(d)

Impact ofﬂ, and a on R'

Fig.3 a, b Show the relationship between the effective contact rate of
DS strain §, DR strain f; and their respective incubation period, c-e
show the relationship between the effective contact rate of DS strain

reduce the basic reproduction number to a minimum
requires measures that are non-pharmaceutical such as
the mask usage and social distancing etc., to reduce the

@ Springer

By, DR strain f; and their respective treatment rate, f~i show the rela-
tionship between the effective contact rate of DS strain g, DR strain
B; and vaccination

effective contact rate to prolong the period of acquiring
the disease which reduces the incubation rates.

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Modeling Earth Systems and Environment

Impact of ﬂs and ¢ on Rs

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

83)

Impact ofﬂs and b on Rs

Fig.3 (continued)

Figure 3c—e show the respective contour plots of the
reproduction numbers R, and R, as a function of effec-
tive contact rates and the treatment rates of the two latent
classes. The three figures imply that to significantly reduce
the basic reproduction number to a minimum requires both
pharmaceutical measures such as effective prophylaxis and
non-pharmaceutical measures such as the mask usage and
social distancing etc., to reduce the effective contact rate and
improve the treatment rates of the two latent classes.

Figure 3f and g show the respective contour plots of the
reproduction numbers R, and R, as a function of effective
contact rates and the vaccines protection rate. Figure 3h
and i show the respective contour plots of the reproduc-
tion numbers R, and R, as a function of effective contact
rates and the vaccination coverage of newborns of the two
latent classes. The figures imply that to significantly reduce
the basic reproduction number to a minimum requires both
pharmaceutical measures such as effective prophylaxis and
non-pharmaceutical measures such as the mask usage and

Impact ofﬂf and ¢ on Rf

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
B,

f
(8
Impact of B, and b on Rs

0.22

0.2

0.18

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

social distancing etc., to reduce the effective contact rate and
intensify vaccination.

All the above illustrations depict the dynamics of the
PRCC plots in Fig. 2b and c. It is realized that all these
parameters have either positive or negative effect on the
transmission of the tuberculosis. In order to reduce spread,
then there must be effective control efforts to reduce the
rate of secondary infections thus R, and R, of the two latent
classes.

Optimal control analysis

We modify model (2) with the optimal control the follow-
ing control variables U,,(7), as the public education on the
prevention of TB such as mask usage, social distancing
where U,,(¢) € [0,1], which reduces the force of infection,
Ay by 1 = U, (0).U,(1); control effort to intensify vaccination
of newborns by 1 + U, (?).U,(t); control effort to enhance
prophylaxis of the individuals in the slow latent class by

@ Springer
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1 + U,(r) hence those identified to be infectious will be go
through prophylaxis in order to halt the infections that may
occur. The control effort U,(#) is control for treatment failure
in the slow latent class in order to minimize the occurrence
of drug-resistant strain of TB by 1 — Uf(t). All these efforts
denote the admissible control measures necessary to mini-
mize the transmission of the disease.

(2 =[1-0+U)b|A+oV—[(1-U,)A- ]S,
v (1+U,)bA=[(1-U,) 49 - (
g » n+ )|V,
(1-U,)a[S+ V] + aT + [1 = Uy(n)] ga I,

ik, _
d_

Through Pontryagin’s maximum principle, system (31)
and the objective functional (32) are transformed into a state
of point wise Hamiltonian H. The following optimal solution
is achieved.

—(p+d +8,+ (1+U,)a,)E,
(1-U,)o,[S + V] + &sT +8.E, — (u+dy + (1 - Uy)a,) L, (€29

bl

(ﬁ_f = (1-U,)o5[S+ VI + wgT + |1 — Uyka I, + hayl; — (u +ds + 8, ) E;,

g_; = (1-U,)oy[S+ VI + ;T + |1 = Ug|na I, + 8:E; — (u +dy + hay) 1,
| 5= (1+ Uy Eg+ [1 = Uf] [(1 = (g + k +m)aL] + (1 = hagly — (4 + )T
w h e r e H =b\E, + byl + byE; + byl + %CpUi(t) + %C‘,Uf(t)
4 = ULt _ U-apl _ abd, _ U-abl 1 1

=N O =5 = 03= 05 +§C‘.Uf(z)+§Cfo2.(t)

_ by _ (1l=m)epyly _ mefd; _ (U=mepyly _ mebrly

SN O T Ty W T Ty 0= T = +a5([1= A+ UB|A+ @V = [(1-U,) 4 - p]S)
With initial conditions S(0) >0

V(0) > 0,E,(0) > 0,1,(0) > 0,E,(0) > 0,1,(0) > 0,7(0) > 0.

Objective functional

We now formulate the optimal trajectories that show the
effect of the control efforts U,(2), U, (1), U,(r) and U(z) sub-
jected to (16). The objective functional B is given as,
B(U,,U,.U,,Uy) = /I [b1E, + byl + byE; + by,

0

+Lic V() +

1 1 |
LU0+ GV + 3CU0 + EC,Uj%(z)]dz.

56U,

(32)

We focus on minimizing the cost function (32), the total
cost of implementing the optimal control is given as;

ki 1 2 1 2 1 2 1 2
M= /0 |3GU20 + 56,020+ 5C.U0 + 3G U0 |at.
(33)

The parameters c;, c,, ¢; and ¢, are the balancing cost fac-
tors for U, (2), U, (1), Uy(1), Uy(1) respectively. All the control
efforts U, (1), U, (1), U(1), Uy(1) are assumed to be bounded
by Lebesgue measurable time-dependent functions on the
interval [0, tf], where I is the final time with the control effort
set defined as;

T = (U,0), U,(0), U(2), Up(1)(2)

for(0 < U,(0), U, (0, Uy(), Us(1) < 1,),0 < 1 < 1), 34

@ Springer

+ A (1+U,)bA - [(1-U,) A8 — (n+ @)] V)

+ 25, (1= U,)@,[S + V1 + 5T + [1 = Uy]gal,
—(p+d; +8,+ (1+U,)a,)E,)

+ 2, (1= U, )a[S + 9V] + 0T + 8,
~(u+dy+ (1= Up)a,)1L,)

+AE[((1 - U,)w3[S + V] + ;T

(35)

+[1 = Uslka,d, + hapl, — (u + dy + 8,) Ef)
+ 4 (1= U, )aylS + V1 + g T

+[1 = Uy|nad, +8,E; — (u+dy + hay )1}
+ (14 Uy E, + [1 - U]

[(1 = (g +k+mad] + (1 —hyal, — (u+eNT).

where Ag, Ay, Ag . 4, /lEf, i,f,ﬂT are the costate variables
with respect to the state variables, S, V, E, [, E. I, T.

Theorem 6 Given U;(t), U:»,U:®, Ujf(t) as the optimal
controls and the corresponding solutions
S0, VO,EE,IS,E?,I;), 70 of system (35) which minimizes
M(Up(t), U,®), UJ1), Uf(t)) over I, then there exist costate
variables Ag, Ay, Ag , 4, /lEf, l,f, Ar that satisfy

d% _ oH

YT (36)

With conditions; ﬂj(tf) =0,where j =S, V,E, I E. I, T.
Then the optimality conditions that minimize the
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Hamiltonian, H of (35) with respect to the controls are given W e s ol ve f or
as; U, (1), U, (1), Uy(r) and U, (1) as U;(t), U (0, U (t) and Uf*(t)

-

U;(t) = min{ U,max, max| 0,

S

(SU+19V0)(01] Ap Ayl +m3,1£f+m4,1,f)-A(,{S,SOHVWO) ) }
9

U0 = min{ U,max, max(0, L2

l

J G o 37)
Uk(n) = min{ U,max, max(O, %) },
d =g )g+( A, —Ap )k ( Ay, —Ap Yntap )a 10
U*(@t) = min{Ufmax, maX(O, <( b8 ( & I) ( s I)n 1>a’ ‘ )}
! G
Proof We take the partial derivative of Eq. (35) with respect  of Eq. (39) and the results are as follows,
to the solutions of the system, optimal control and final time
conditions. The adjoint equation is demonstrated below.
% _[1-v,) [ = ds) oy + (4, = As)an + (4, ,15)% + (- ,15)%] + (As = Ay )@V + pis,
dav —[1- p]&[(aE = ay)or + (A, = Ay)oy + (4, = dy Yoy + (4, = dy o] + (35 = 2 )@ + iy,
dj; by + [1= U, o, [(Ag, = A5)S + (4g = Ay)OV] + (A, = 4, ) (1 = Uy)ga, + (A, — Ar) g T+
(A, = 45, )8+ (Ar = 45 ) (1 + Uy e, + (u + dy ) A
iy,
T = ot (L= Uy [(4, = 45)S+ (A, = dy)OV] + (A = 4 )8,E, + (4, = dr)osT + (,11’ _ 11_‘)(1 —Uj)na
+[1-0)] [(/1 = 2)g+ (g, - /1,s>k]as + (A =4 ) (1= Up)(1 = (g +k+ma, + (n+ds) Ay, 8
S dig
E=-b+[1-Ylo [( AS)S+ (AEf - xv)av] + (AEf - /IT)a)gT+ (/1% - /1,;)(1 - Uy )ka, I+
ha, = 4 Yol + (g, - A,_f)sf + (u+ds) A
d/l,
T=bit[1-Gfe 4[(,1,f - /IS)S+ (/1,] - AV>19V] + (/1,] - AEf)af + (A, = Ar)o, T+
by =iy )(1 — Uy )nad, + (AE/ - A,/)(l — Wy + (u+dy)
C’;T = (A4 = 45 ) (1 + Ug)a B + [1 = U] [(Ar = 4, ) (1 = (g + k + m)a L] + (Ar = 4z ) (1 = hyayl+
(AE‘ - Ar)wg + ()L,v - Ar)os + (}'E_, - AT>w8 + (}”1_, - Ar>w7 + uir.

The control set below illustrates the costate system with
the optimal conditions.

2= CU, + 4255+ A IV) = (S0 + V) (@145, + 0y + 03, + 3 ),

I C U, + (Ay — Ag)bA,

au, aH ( v 5) (39)
U*(t) = = CU + (Ar — 4z ) @ EY,

= Cfo <g,15x + ki +ndy )aslg — (1= (g + k+ m) Ay, I°.
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Fig.4 Optimal solutions of implementing strategy 1
(. (S°+19V°)(a)1/15j+w2/1,$ +w3AEf+w4A(f)—/1(/158°+/1V19V°) Results
() = i :
P
Uy = Gszinlbh Results of optimal control
Y C ’
1 v
U* _ ()‘E.:_’lT)aﬂE? . . .
() == We explore the dynamics of implementing the control
5
U = ((AEs—AT)g+</IEf—AT>k+<A,f—AT>n+AT)aYI? efforts, the optimality system (31) is evaluated forward
rAvan c : in time and adjoint system (38) backward in time with
(40)  the corresponding lower and upper bounds of the con-

Therefore, using the bounds of the controls
U;(t), U:®), U (t) and U;‘(t), the control efforts are in the

compact form given by the optimal condition of the sys-
tem; hence the proof is complete.

@ Springer

trols. The estimated total population of Ghana is 31732129
(Osei et al. 2023), hence N(0) = 31732129. The initial
conditions for the state variables per 100,000 people are
as follows; §(0) = 500, V(0) = 80, E,(0) = 120, 1,(0) = 100,
Ef(O) = 120,If(0) = 100and7'(0) = 50, together with
parameter values illustrated in Table 1. The bal-
ance costs associated with the objective functional
are assumed as C;=10,C,=20,C; =30,C, =60
and weights b, =1,b,=1,b; =1,b,=1. The lower
bound (LB) and upper bound (UB) are assumed as
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Fig.5 Optimal solutions of implementing strategy 2

LB, =0,UB, = 1,LB, =0,UBy = 1,LB; = 0,UB; = 1.

The results are illustrated below.

Strategy 1: implementation of public education (U )

The optimal solutions illustrated in Fig. 4 accounts the obser-
vations when the control effort U, is applied accordingly.
The optimal solutions illustrated above depict the follow-

(©)

(a) Figure 4 represents the effect of the control effort U on

infectious drug sensitive (DS) strain of TB individuals.

It implies that,
to the minimum within 40 days if the control effort is

the number of individuals will decrease

optimally implemented in halting the disease’s trans-

mission.

ing observations when public education only is applied.

(b) Figure 4 represents the effect of the control effort U,
on infectious drug resistant (DR) strain of TB indi-
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Fig.6 Optimal solutions of implementing strategy 3

viduals. It implies that, the number of individuals
will decrease to the minimum within 50 days if the
control effort is optimally implemented in halting the
disease’s transmission. Conversely, it will increase
significantly.

Figure 4 represents the profile of control effort for
public education on tuberculosis. It implies that, the
education on TB should reach about 75% of the popu-
lation within 65 days and can be relaxed to about 25%
throughout the implementation in minimizing tubercu-
losis transmission.

(©)
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Strategy 2: implementation of vaccination (U,)

The optimal solutions illustrated in Fig. 5 accounts the obser-

vations when the control effort U, is applied accordingly.
The optimal solutions illustrated above depict the fol-

lowing observations when vaccination only is applied.

(a) Figure 5 represents the effect of the control effort U, on
infectious drug sensitive (DS) strain of TB individuals.
It implies that, the number of individuals will decrease
to the minimum within 65 days if the control effort is
optimally implemented in halting the disease’s trans-
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mission. However, it should be done with care because
of the ability of drug-resistant strain invasion.

Figure 5 represents the effect of the control effort U, on
infectious drug resistant (DR) strain of TB individuals.
It implies that, the number of individuals will decrease
if the control effort is optimally implemented in halt-
ing the disease’s transmission, but will rise at the latter
part of implementation. Hence, implementing only this
intervention needs extra care.

Figure 5 represents the profile of control effort for
tuberculosis vaccination. It implies that, the TB vac-
cination should be relaxed to about 25% throughout
the implementation because of the occurrence of drug-
resistant strain of TB.

Strategy 3: implementation of case finding (U))

The optimal solutions illustrated in Fig. 6 accounts the obser-

vations when the control effort U, is applied accordingly.
The optimal solutions illustrated above depict the follow-

ing observations when infectivity treatment is only applied.

40

50

60 70 80 20 100

Time (Days)

(c)

()

(b)

(©)

Figure 6 represents the effect of the control effort U on
infectious drug sensitive (DS) strain of TB individuals.
It implies that, the number of individuals will decrease
to the minimum within 60 days if the control effort is
optimally implemented in halting the disease’s trans-
mission.

Figure 6 represents the effect of the control effort U, on
infectious drug resistant (DR) strain of TB individuals.
It implies that, the number of individuals will decrease
if the control effort is optimally implemented in halting
the disease’s transmission.

Figure 6 represents the profile of control effort for
tuberculosis cases finding. It implies that about 25%
of all TB incidences should be found within 85 days
and intensified in the subsequent days throughout the
implementation.

Strategy 4: implementation of case holding (U;)

The optimal solutions illustrated in Fig. 7 accounts the obser-
vations when the control efforts U; is applied accordingly.

@ Springer
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The optimal solutions illustrated above depict the follow-
ing observations when control efforts for public awareness
and vaccination are applied.

(a) Figure 7 represents the effect of the control effort U, on
infectious drug sensitive (DS) strain of TB individuals.
It implies that, the number of individuals will decrease
to the minimum within 80 days if the control effort is
optimally implemented in halting the disease’s trans-
mission.

Figure 7 represents the effect of the control effort U; on
infectious drug resistant (DR) strain of TB individuals.
It implies that, the number of individuals will decrease
if the control effort is optimally implemented in halting
the disease’s transmission.

Figure 7 represents the profile of control effort for
tuberculosis cases holding. It implies that about 50%
of all TB incidences should be held with care espe-
cially, the drug-resistant strain of TB, throughout the
implementation.

(b)

(©)

@ Springer

(c)

Strategy 5: implementation of public education
and vaccination (U, U,)

The optimal solutions illustrated in Fig. 8 accounts the
observations when all the control efforts U,,, U, are applied
accordingly.

The optimal solutions illustrated above depict the fol-
lowing observations when all the control efforts for public
awareness and infectivity treatment are applied.

(a) Figure 8 represents the effect of the control efforts
U,. U, on infectious drug sensitive (DS) strain of TB
individuals. It implies that, the number of individuals
will decrease to the minimum within 20 days if the
control efforts are optimally implemented in halting
the disease’s transmission.

(b) Figure 8 represents the effect of the control efforts
U,, U, on infectious drug resistant (DR) strain of TB
individuals. It implies that, the number of individuals
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()

will decrease if the control effort is optimally imple-
mented in halting the disease’s transmission.

Figure 8 represents the profile of control effort for
tuberculosis cases holding. It implies that both vacci-
nation and education on TB should reach about 25% of
the population in 75 days and intensified to about 80%
in the subsequent days throughout the implementation.

Strategy 6: implementation of case finding and case
holding (U,, Uy)

The optimal solutions illustrated in Fig. 9 accounts the
observations when the control efforts U, U; are applied
accordingly.

The optimal solutions illustrated above depict the follow-
ing observations when control efforts for case finding and
case holding are applied.

(a)

(b)
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Figure 9 represents the effect of the control efforts
U,, U; on infectious drug sensitive (DS) strain of TB
individuals. It implies that, the number of individuals
will decrease to the minimum within 30 days if the
control efforts are optimally implemented in halting
the disease’s transmission.

Figure 9 represents the effect of the control efforts
U, U; on infectious drug resistant (DR) strain of TB
individuals. It implies that, the number of individuals
will decrease if the control effort is optimally imple-
mented in halting the disease’s transmission.

Figure 9 represents the profile of control effort for
tuberculosis cases finding and case holding. It implies
that about 80% of all TB incidences should be found
form the beginning of the program. Also, about 80%
of all the incidences should be held with care within
70 days throughout the implementation.
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Fig. 10 Optimal solutions of implementing strategy 7
Table 2 Strategies’ ACER Strategies Overall infection averted Overall cost involved ACER value
values with their overall
?nfectio(ril averted and cost Strategy 1 1.8069 x 1013 177.6563 0.8321 x 1012
incurre
Strategy 2 3.0201 x 10%* 355.3125 1.1765 x 10711
Strategy 3 45571 x 10° 715.6250 0.0016
Strategy 4 4.6474 x 10" 700.7830 1.5079 x 10!
Strategy 5 3.0406 x 10'* 532.9688 1.7528 x 10711
Strategy 6 3.1416 x 10" 2.5025 x 10° 7.9657 x 107!
Strategy 7 4.8474 x 1013 1.9494 x 10° 40215 x 10711
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Strategy 7: implementation of all controls
(U,, U,, Ug, Uy)

The optimal solutions illustrated in Fig. 10 accounts the
observations when the control efforts Up,UV,Us,Uf are
applied accordingly.

The optimal solutions illustrated above depict the follow-
ing observations when all the control efforts applied.

(a) Figure 10 represents the effect of the control efforts
U,. Uy, Ug, U on infectious drug sensitive (DS) strain
of TB individuals. It implies that, the number of indi-
viduals will decrease to the minimum within 10 days if
the control efforts are optimally implemented in halting
the disease’s transmission.

(b) Figure 10 represents the effect of the control efforts
U,. Uy, Ug, U; on infectious drug resistant (DR) strain
of TB individuals. It implies that, the number of indi-
viduals will decrease if the control effort is optimally
implemented in halting the disease’s transmission.

(c) Figure 10 represents the profile of control efforts for
tuberculosis education, vaccination, cases finding and
case holding. It implies that both vaccination and TB
incidence finding should be about 25% throughout the
implementation. Also, 25% of the population should
be educated on TB within 75 days and intensified up
to 85% in the subsequent days. All TB cases should
be held intensively up to 85% as well throughout the
implementation.

Discussion
Cost-benefit analysis

Once the strategies are given, it’s imperative to know the cost
associated upon implementing such intervention(s). Therefore,
we explore the cost associated with each control strategy to
check their effectiveness. We layout some cost-effectiveness
approaches to further understand the control strategies.

Table 3 Strategies’ ICER values

with their overall infection Strategies Overall infection averted Overall cost incurred ICER value

averted and cost incurred Strategy 3 4.5571 % 10° 715.6250 0.0016
Strategy 1 1.8069 x 10'3 177.6563 -2.9773 x 10711
Strategy 2 3.0201 x 10" 355.3125 1.4644 x 10711
Strategy 5 3.0406 x 103 532.9688 8.6662 x 1071°
Strategy 6 3.1416 x 10"* 2.5025 x 10° 1.9500 x 107~°
Strategy 4 4.6474 x 10" 700.7830 —1.1965 x 1071°
Strategy 7 4.8474 % 10"3 1.9494 x 10° 6.2431 x 10710

Table4 Strategies’ ICER values Strategies Overall infection averted Overall cost incurred ICER value

with their overall infection

averted and cost incurred Strategy 1 1.8069 x 10'3 177.6563 9.8321 x 10712
Strategy 2 3.0201 x 103 355.3125 1.4644 x 10711
Strategy 5 3.0406 x 10" 532.9688 8.6662 x 10710
Strategy 6 3.1416 x 10" 2.5025 x 10° 1.9500 x 107°
Strategy 4 4.6474 x 10" 700.7830 —1.1965 x 1071°
Strategy 7 4.8474 % 10" 1.9494 x 10° 6.2431 x 10710

Table 5 Strategies’ ICER values Strategies Overall infection averted Overall cost incurred ICER value

with their overall infection

averted and cost incurred Strategy 1 1.8069 % 103 177.6563 9.8321 x 1072
Strategy 5 3.0406 x 103 532.9688 2.8801 x 107!
Strategy 6 3.1416 x 10" 2.5025 % 10° 1.9500 x 10~°
Strategy 4 4.6474 % 10'3 700.7830 —1.1965 x 10710
Strategy 7 4.8474 x 10" 1.9494 x 10° 6.2431 x 10710

@ Springer
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Table 6 Strategies’ ICER values

with their overall infection Strategies Overall infection averted Overall cost incurred ICER value

averted and cost incurred Strategy 1 1.8069 x 1013 177.6563 9.8321 x 10712
Strategy 6 3.1416 x 1013 2.5025 x 10° 1.7418 x 10710
Strategy 4 4.6474 % 10" 700.7830 —-1.1965 x 1071°
Strategy 7 4.8474 x 1013 1.9494 x 10° 6.2431 x 10710

TaAbIe 7 .Strategies’ ICER values Strategies Overall infection averted Overall cost incurred ICER value

with their overall infection

averted and cost involved Strategy 1 1.8069 x 10'3 177.6563 9.8321 x 10712
Strategy 4 4.6474 % 10" 700.7830 1.8417 x 10711
Strategy 7 4.8474 x 10" 1.9494 x 10° 6.2431x 107"

Table 8 Strategies’ ICER values Strategies Overall infection averted Overall cost incurred ICER value

with their overall infection

averted and cost incurred Strategy 1 1.8069 x 1013 177.6563 0.8321 x 1072
Strategy 7 4.8474 x 10" 1.9494 x 10° 5.8271 x 107!

We consider two procedures namely; Average cost-effec-

ICER =

The cost difference generated by strategies x and y

Difference in the overall infection averted in strategies x and y

(44)

tiveness ratio (ACER) and Incremental cost-effectiveness ratio
(ICER), which have been as explained in (Osei et al. 2023;
Asamoah et al. 2020; Agusto and Leite 2017; Asamoah et al.
2022) to carry out epidemiological studies.

The average cost-effectiveness ratio (ACER)

We define the average cost-effectiveness ratio (ACER) of
implementing a strategy as;
Overall cost generated by applying the strategy

ACER = - - - .
Overall infection averted by applying the strategy

(41)

The overall cost is M, stated in Eq. (33) would be used to
evaluate the total cost that the intervention would generate.
We then compare the ACER values of each strategy, the
one with least value saves cost. Therefore, the cost-effec-
tive intervention is considered as the strategy with the least
ACER value. This is illustrated below.

From Table 2, control strategy 1, thus the implementa-
tion of public education only has the least value of ACER,
hence saves cost. This is not enough to choose a strategy; we
further explore other approach.

The incremental cost-effectiveness ratio (ICER)

We define the incremental cost-effectiveness ratio (ICER)
of implementing a strategy as;

@ Springer

The total cost function M, stated in Eq. (33) would be
used to estimate the overall cost that the intervention would
generate. It is worth knowing that, the averted total number
of infections is the difference between the initial values of
E., I, without control(s) and with controls. The outcomes
are tabulated below in infection averted increasing order.

The ICER in Table 3 is calculated as:

715.6250 - 0

ICER(3) = ————=———— =0.0016,
45571 % 10° =0
ICER(1) = 177.6563 — 7156250 _ 5 4774 1071,
1.8069 x 10" — 4.5571 x 10°
ICER(2) = 355'31212 — 177.6563 = = 1.4644 x 1071,
3.0201 x 10" = 1.8069 x 10
ICER(5) = 532'968§ — 3553125 = = 8.6662 X 10719,
3.0406 x 10" = 3.0201 x 10
3 —
ICER(6) = 2.5025><1130 532.9688 = 19500 % 1079,
3.1416 x 10" — 3.0406 x 10
3
ICERM) = 700.78301: 2.5025 x 10 11965 107",
4.6474 x 103 = 3.1416 x 10"
3 —
ICER(7) = 19494 x 10° — 7007830 _ ¢ 54a1 s 10-10

4.8474 x 101 — 4.6474 x 103
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Focusing on strategy 3 and strategy 1 in Table 3, it is
noticed from the ICER that, strategy 3 is expensive to deploy
in a resource limited setting, therefore, strategy 3 is removed
from the list of possible controls and the ICER is calculated
again. This is presented in Table 4.

Focusing on strategy 1 and strategy 2 in Table 4, it is
noticed from the ICER that, strategy 2 is expensive to deploy
in a resource limited setting, therefore, strategy 2 is dropped
from the list of possible controls and the ICER is calculated
again. This is presented in Table 5.

Focusing on strategy 1 and strategy 5 in Table 5, it is
noticed from the ICER that, strategy 5 is expensive to deploy
in a resource limited setting, therefore, strategy 5 is dropped
from the list of possible controls and the ICER is calculated
again. This is presented in Table 6.

Focusing on strategy 1 and strategy 6 in Table 6, it is
noticed from the ICER that, strategy 6 is expensive to deploy
in a resource limited setting, therefore, strategy 6 is dropped
from the list of possible controls and the ICER is calculated
again. This is presented in Table 7.

Focusing on strategy 1 and strategy 4 in Table 7, it is
noticed from the ICER that, strategy 4 is expensive to deploy
in a resource limited setting, therefore, strategy 4 is dropped
from the list of possible controls and the ICER is calculated
again. This is presented in Table 8.

Finally, assessing strategy 1 and strategy 7 in Table 8,
it is noticed from the ICER that, strategy 7 is expensive to
deploy in a resource limited setting, therefore, strategy 7 is
removed from the list of possible controls. Therefore, we
conclude that strategy 1 is the most cost-effective strategy
to use among the several strategies under study here. From
the above analysis, it is obvious that strategy 1, thus; public
education is the intervention that saves cost.

Conclusion

We have presented an epidemiological model incorporat-
ing two latent classes using ordinary differential equations
to explore the transmission dynamics of tuberculosis (TB)
using data from Ghana. We estimated the model’s param-
eters and analyzed their effects on the disease’s transmis-
sion through numerical and graphical illustrations. Again,
we elaborated the threshold dynamics of the effective repro-
duction number R, by evaluating the reproduction numbers
of the two latent classes. It was observed that the repro-
duction number of the slow latent class with drug-sensitive
(DS) strain of TB, R, = 0.27 and the reproduction number
of the fast latent class with drug-resistant (DR) strain of TB
Rf = 2.23. This signifies that, about 10.8% of the reported
cases are associated DS strain of TB whiles 89.2% of the
reported cases are associated DR strain of TB. It is obvious

that treatment of TB is not easy due to ineffective vaccine as
explained in (Chaulet 1983; Reichman and Hershfield 2000).

Our goal is to mitigate the transmission of the tubercu-
losis; therefore, we formulated an optimum strategy that
considers control measures with both pharmaceutical and
non-pharmaceutical to control both strains of TB infection.
We implemented the strategies (see Figs. 4, 5,6, 7, 8, 9,
10) and it is observed that, public education on prevention
of TB should be intensified and reach about 100% of the
population, vaccination should be enhanced and vaccinate
about 25% of newborns at any given time, case holding and
case finding as explained in (Nsanzumuhirc et al. 1981)
needs about 75% enforcement because they are helpful in
controlling the spread of TB. This indicates that, although
vaccination is good but it largely depends on the rising of the
drug-resistant (DR) strain infections if failure of treatment
of individuals infectious with drug-sensitive (DS) strain
occur. We further encourage the health service to enhance
the mechanism for TB diagnosis by following the recom-
mendation in (CDC 2014).

It is also worth knowing that public education saves cost
per the cost-effectiveness analysis compared to the other
strategies raised in this work. This intervention can minimize
TB as illustrated in Fig. 4. This intervention should reach
about 75% of the population from the beginning and inten-
sified in the subsequent days in order to realize the results
of strategy 1 (see Fig. 4). However, it’s imperative to check
the effectiveness and cost of all the strategies raised in this
work when choosing a control measure (see Tables 2, 3, 4,
5,6,7,8).

The outcomes of the findings imply that, non-pharma-
ceutical measures such as public education on prevention of
TB is very important in controlling the transmission of TB.
This control measure should be vigorous always to create
public awareness on TB as illustrated in Fig. 3 to reduce the
effective contact rate and rate of acquiring the TB. The phar-
maceutical measures such as vaccination against TB etc. is
important however, it should be implemented with vigilance
because of the existence of drug-resistant (DR) strain. This
control measure should be mild as illustrated in Fig. 5, with
keen observation of public education.

In the nut shell, research conducted without considering
the strains of TB in Ashanti region, Ghana reveals the possi-
bility of TB becoming endemic in some districts (Okoe et al.
2020). We have modelled the transmission of TB in Ghana
incorporating two strains to determine the main source of
transmission and minimized the transmission of the disease
by implementing optimum strategies. The findings of this
research depict the situation of TB transmission in Ghana
and applicable to other countries with similar phenomena.
Therefore, we encourage the Ghana health service to be
keen on observing drug-resistant (DR) strain of TB since
it has higher infection rate compared to drug-sensitive (DS)

@ Springer
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strain of TB. Also, people infected with either strain of TB
are advised to complete their prophylaxis to help halt the
transmission of TB. We hope to extend this study to explore
the transmission of TB by considering heterogeneity such
as age, sex etc., since our modeling approach is limited to
population homogeneity.
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