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with mass action and standard incidence functions. The method is named as Jacobian-Determinant method.
In our method, a direct algebraic procedure that also relies only on determinant of the Jacobian matrix of the
infected subsystem is developed to determine a threshold quantity, Ri) akin to the basic reproduction number,
R, of such class of models. The developed technique is applied on a wide variety of models to construct
Lyapunov functions to study the global stability of the infection-free critical points. Further, implementation
of our method reveals that the threshold quantity is the same as (or the square) of the basic reproduction
numbers as obtained using the next-generation matrix method. It is further observed that even for models that
do not use the standard or mass action incidence, the threshold quantity is still related to the basic reproduction
numbers as obtained with the next-generation matrix method.

1. Introduction

Mathematical models have been very helpful in enhancing our
understanding of the dynamics of infectious diseases. The volume of lit-
erature on mathematical models following the advent of the COVID-19
pandemic further illustrates this assertion [1-4]. As more information
about diseases is discovered, the complexity of the models that seek
to describe these diseases increases. The increase in complexity and
application of mathematical models often necessitates the application
of mathematical concepts that hitherto were not used in the field of
model.

Despite the tremendous increase in the application of mathemat-
ics to understand natural phenomena, the application of differential
equations continue to gain attention since the theory of differential
equations is quite advanced and the models developed continue to show
increased potency in describing the phenomena being studied. Since
the eradication or persistence of infectious diseases depends largely on
the basic reproduction number, there is hardly any study employing
mathematical ordinary differential equation model (ODE) modeling
that does not seek to determine the threshold quantity for the disease.

Several techniques have been developed to calculate the basic re-
production number, R,,. These methods include the use of the survival
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function, the eigenvalues technique, the condition for existence of the
endemic equilibrium, the constant term of the characteristic polynomial
technique, and the next-generation technique. The eigenvalues tech-
nique uses the Routh-Hurwitz criterion to establish conditions under
which the characteristic polynomial of the Jacobian matrix of the
infected sub-system will be stable and links same to the basic repro-
duction number [5]. For most ordinary differential equation epidemic
models, the conditions under which the endemic equilibrium fails to
exist can often be used to determine the basic reproduction number.
The techniques that have gained most use in literature are the next
generation matrix method [6,7]. These techniques have been largely
used because of their mathematical tractability. The basic reproduction
numbers obtained using the various method sometimes are not unique
even though they all are threshold quantities. These threshold quan-
tities play a major role in the local and often global stability of the
equilibrium points of the models. An interesting discussion on global
stability for models with a wide variety of incidence functions can be
see in [8].

As noted in [9], the threshold quantities (often called the basic
reproduction numbers) obtained using the above mentioned techniques
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may often be different even for the same method depending on the
choice of what constitutes transition from one infectious state to an-
other. We note however that despite this obvious difference and the fact
that the threshold quantities may not actually represent average num-
ber of infections that result from a single infected individual throughout
their period of infectiousness, the quantities are often called the basic
reproduction number and also play the major role of determining
the stability of the infection-free critical points just like R. Also,
it is worth noting that the methods discussed in [5-7] all involve
finding spectral radii of next-generation matrices or solving character-
istic polynomial equations. These formalism may lend themselves to
mathematical intractability, especially for large models. Therefore, the
need to develop simpler techniques to obtain threshold quantities for
stability of critical points of ODE models cannot be overemphasized.
In epidemiological modeling, when the infection-free critical point is
globally(asymptotically) stable, then it may be possible to construct a
Lyapunov function £ such that whenever a threshold quantity R} <1,

then £ < 0. There are few straightforward techniques for constructlng
Lyapunov functions. The Matrix-theoretic and Graph-theoretic methods
were proposed to help in the construction of Lyapunov functions for
general epidemic models [10]. Even though the matrix-theoretic tech-
nique of [10] provides an algebraic routine for constructing Lyapunov
functions and seems straightforward, its reliance on the eigenvector of
the next-generation matrix V! 7 may make its application challenging
especially for large systems. In this paper, this idea (relationship be-
tween R; < 1 when % < 0 and Global Asymptotic Stability (GAS) of
the infection-free equilibrium point) is explored to develop a routine for
constructing Lyapunov functions for a class of epidemic ODE models
that involve the mass action and standard incidence functions. The
technique also presents a routine for calculating the threshold quantity
Rf) for such class of epidemic models. The technique developed here is
very simple and cheap to use as it relies only on the determinant of the
Jacobian matrix of the infected sub-system of the models.

The rest of the paper is organized as follows: In Section 2, the
method of interest is developed. Several illustrative examples are pre-
sented in Section 3 to demonstrate how the developed method can
be used to calculate the threshold quantity of some selected ODE
models. The method is further demonstrated in Section 4 to construct
Lyapunov functions of some selected models in literature. The method
is finally employed in Section 5 to determine the threshold quantities
for some models that do not follow the standard/mass action inci-
dence functions; showing the extended applicability of the technique
in determining the basic reproduction numbers of epidemic models.

2. Development of the method

The general ODE epidemic models of interest here are of the form
dX

—_f(X Y),
(@)
dY
=g(X,Y
@ =gX.Y),
where X = (X, X,, s X, and ¥ = (YI,YZ,...,YMZ) represent

non-infected and infected compartment populations respectively.

For these type of models, it is often possible to construct a Lyapunov
function to determine the global stability of the disease-free equilibrium
point &, using

L= Z K.Y, K; > 0. 2
This is the most often used Lyapunov function candidate and is similar
to the one argued for and used in [11].

The time-derivative of the Lyapunov function candidate is then
given by

my
Z ,;—Zkg,(x ). @)

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 170 (2023) 113403

Generally, the infected compartments in epidemic ODE models have
the form

ar
dt

where G, (X, Y) is a nonlinear form that captures the transmission

=G,(X, )+ G (),

terms involving the movement of uninfected individuals into the in-
fected compartments following effective contact with the infectious
individuals. The part G, (Y) is a linear form that captures the transi-
tion among infected compartments including the movement from one
compartment to another due to change in state of infectiousness, and
also movement out of compartments due to removal through events
like recovery and death. We shall present our technique for the mass
action incidence case first and then make a note later for the case of
standard incidence. For epidemic ODE models that use mass action, the
equations for infected compartments are generally of the form

my my

a ZZﬂ,,ﬂ,,C,kYXk+ZKU Jo “

j=1 k=1

where f;;n;;(;.Y; X, describe the transmission terms and ;;Y; describe
the transition terms, where

>0ifi #j,
Bij 20, n; 20, kazoand’(i/:{<0ifi=j.

Substituting Eq. (4) into Eq. (3) gives

my my m
Z [Z ZﬂLJnA/CIkYXk-'-Z ] ’

i=1 Jj=1k=1

which can be written as

my
dcL 3
i [ZK (Zﬁu"u‘kaXk +K )] ¥;. ®)
j=1 k=1
For ODE models, the total population is often bounded above by some
constant (that is N(f) < N and consequently X, < W) and when
mass action and standard incidence functions are used, the inequality
N(t) < N can often be used to reduce Eq. (5) into an inequality of the
form

my [ mp my
de < 2 [z K; <Z BijhiiCuN + Kij>] Y;. ©®
=1 L=t k=1

Now, if the infection-free equilibrium point is globally asymptot-
ically stable when R6 < 1 and £ is a Lyapunov function, then the

right-hand-side of Eq. (6) can be written in the following form

% [mZ K; (Z BinijCuN + K,,>] ,

j=1 Li=1

M.§

=§(R—l) TY;, 7,20, £>0. %)

J
1

~.
Il

By comparing coefficients of Y; in Eq. (7), the following system of linear
equations is established.

nmy my
YK (2 ﬂ,.,nl.jg,.kNH,.j) =¢(Ry-1)T;. Vji=12....m. (8)
i=1 k=1

Let M,; 2;’”1 Bijni iGN +x;
as

my
Y KM =¢(R
i=1

In the case of standard incidence functions, it can be shown that M;; =

mj
e BigiiCise + x5

;;» then the above equations can be written

)T, =12, m. 9
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The solution of the system of equations in Eq. (9) is given by

E(Ry—1) M|
T T

where, | M| is the determinant of M and | M| is the determinant of M’
which is obtained by replacing the ith column of M with the vector
T=[T,0=T,j=12...m.

The natural question that arises now is, how the 7;s should be
chosen. Here, we define 7; as the infectivity factor of the jth infected
compartment. For mass action and standard incidence functions, these
coefficients are often of the form f,;;;, where f;; and »;; are associated
with infectivity of the infected compartments. The infectivity factors
are often the constant coefficients of the infected states in the force of
infection. We note here that, if Y; does not contribute to infection (as
in the case of non-infectious exposed persons), then f;;1;; = 0.

)

Now, since M| is a common factor then following normalized
versions of the soiutions in (10) will also do for Lyapunov coefficients.

Li=1,2, ...my, (10)

K,=|M'|,i=1,2, ... m, 11)

Therefore, R is not needed in our method to defined the Lyapunov
coefficients. Our method only requires the Jacobian of the infected
sub-system and the infectivity vector 7, which is derived from the
force of infection function to determine the Lyapunov coefficients. The
following result is thus in order.

Lemma 2.1. A simpler choice of the Lyapunov coefficients is K; = || M'||,
that is, the absolute values of the determinant of M'.

g(r-1
Also, since ( 0 ) is a common factor in the Lyapunov coefficients

M|
(See Eq. (10)), tllen we can normalize the Lyapunov coefficients by
!

f(7;-1)
|—A04| = &)). The

setting the common factor to a constant (that is
following result is thus established.

Lemma 2.2. The threshold quantity of the epidemic model (1) can be
determined by M as follows

_a
¢
The factor & = &£/&; can be chosen such that |[M| = &, (g - 1),

in that case, R’O = %, where B is the part that contains the transmis-
sion factors such as probability of infection, contact rate or infectiv-
ity/susceptibility factors, and D is the part containing only transmission
and other non-transmission terms.

Since the determinant of the Jacobian matrix of the infected sub-
system vanishes when threshold quantity is unity (ie R} = 1), we name
R, as the vanishing-determinant ratio of the given model.

From Eq. (9), the following result is obtained.

R M|+ 1.

Lemma 2.3. The matrix, M is characterized as follows:

(D) The quantities, M;; are the (j, i)th components of the Jacobian of the
infected subsystem.
(ii) The matrix M is therefore, the transpose of the Jacobian of the
infected subsystem evaluated at &,.
@iii) Since |[M| = |MT|, then R(’) can be obtained from the Jacobian of
the infected subsystem evaluated at &,.

Conjecture 2.1. If |[M| = B—D, then |M'| > 0 and if |M| = D— B, then
M| <0, so that K, is always nonnegative.

Since M is the transpose of the Jacobian of the infected subsystem
and M' is obtained by replacing the ith column of M with 7, then the
following result is established.
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Lemma 2.4. Let J be the Jacobian of the infected subsystem of the
epidemic model (1) evaluated at the infection-free equilibrium and let T be
as defined above. Then the Lyapunov coefficients are given by K, = ||J"||,
where J' is obtained by replacing the ith column of J with T.

In Section 3, we present some motivating examples to illustrate
how the developed algorithm can be used to determine the threshold
quantity of some models in literature. Also, in Section 4, we also
illustrate by way of example how the technique can be used to construct
Lyapunov functions for some models in literature.

3. Illustrative examples on determining R(')

In this section, we present a number of examples from literature to
illustrate the applicability of our proposed method in determining the
threshold quantity of some models in literature.

3.1. Example 1: An SEI model with two latent states

This example is the taken from the motivating examples of [7] and
is given by

ds pS1I

= = uN — — - uS,

dar H H

dE, ppSI
rTay R
dE, (1 -p)pSI
ETay i C R DR | 12
dI
§=v1El+v2E2—(y+/4)l,
dR

— =yl -u,R

ar 4 H

The Jacobian of the infected subsystem evaluated at the disease-free
equilibrium & = (1, 0, 0, 0, 0) is given by

—(v; + ) 0 vy
J (‘90) = 0 —(vy +p) vy s
PP (I=-pp -+

whose determinant is given by

‘J (50)| = [vi (v +u) P+ v, (1=p) (v +4)]
—(v+u)(vi+u) 0+,

which can be written as

‘J («‘:"o)| =(va+u)(vi+u)d+mw

[ﬂ(vl (va+H) p+ vy (1= p) (v + 1))
(o) (vi+0) r+ 1)

Here we have & = (v, + u) (v; + 1) (v + p) and the threshold quantity is
obtained as

B(vi (ot u)p+va(l=p) (v +u))
(atu) (vi+u)@+p

which is the same as the basic reproduction number obtained in [7].

r_
Ro_

3.2. Example 2: A treatment model of TB

This example is also taken from [6] and is given by

SI
Q_[,_ﬂ]__ds,
dr

SI BT
d—E=ﬂ1—+ﬂ2—j+pr21—(d+v+r1)E,
de NN . (13)
E:vE—(d+r2)I,

TI

%:qr21+r1E—ﬂ2 —dT,
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with the infection-free critical point given by &) = (1, 0, 0, 0).

The infected sub-system is given by

dE _ BST | T

& - N +T+pr21—(d+v+rl)E
ds
a:vE—(d+r2)I.

The Jacobian of the infected subsystem evaluated at the infection-free
critical point is given by

—(d+v+ry) pr+pf

&) = R
T (%0) v —(d +71y)
so that
T (&) = (d+v+r) (d+ry) —vpry = Byv,

and the threshold quantity is obtained as

’ piv
(d+v+rl) (d+r2) —przv,

R, =

which is the same as the basic reproduction number found in [6].

3.3. Example 3: An SEI model with two host categories

The SEI model of [7] is considered here. The infected subsystem
presented is given by

%=%1212_(V1+#)E1,
%:%ﬁll—(v2+ﬂ)Ez,
- (14
dditl =viE = (r+#u) I,
S By (o u) I

The Jacobian of the subsystem evaluated at the DFE is given by

—vi+m 0 0 B
7 (6’0) _ 0 —(vp + 1) I 0 7
vi 0 —(ri +u) 0
0 V2 0 —(ra+u)

whose determinant is given by
‘«7 (50)| = (ra+u) (1 + ) (2 + ) (v + 1) = vivabi s,
so that we have

‘J (5o)| == (o) (n+nu) (vo+nu)

vivaBi b,
X (aa) ((72"'#) (r+u) (va+1) (1 + ) _1)

Therefore, the threshold quantity is given by

viva B Br .
(ra+ ) (i + ) (va+ ) (v +0)

Rl =

We note that, the threshold quantity obtained here is the square of
the basic reproduction number of the model obtained using the next-
generation matrix method.
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3.4. Example 4: A Malaria model with chemo-therapy

The model of Makinde and Okuson [12] is given by

ds,

- = (1= (p1 +p2) ur) ua Ny,
+(1—p)(ru2+r)1h—%—yh5h+KRh,

dE, Biel, S

. =piu up Ny + IEN,, 4 —(ﬂh+a|)Eh,

dr,

=5 = pyu Ny + a B — (tuy +w +r+ ) I,

dR (15)
—h :p('ru2+r) 1, - (I(+Mh) Ry,

dt

T2 = N, - B (vt ) 5,
d:;,, _ %thv = (vuz + ay + p,) E,,
% =mE, - (vu3 + Mu) 1,.

The infected compartments are E,, I,, E,, and I, and hence the Jaco-
bian of the infected subsystem evaluated at the disease-free equilibrium
point is given by

prepsO

—(py + ) 0 0 %
h
a; —(tuy +y +r+ py) 0 0

J (&)= 52 ges? ,
0 % —(vuy + ay + ) 0
h
0 0 5} —(vuz +p,)

whose determinant is given by
‘J (€O)| = (l‘h + ‘11) (Tuz +w+r+ /4,,) (vu3 +a; + ,uu) (vu3 + ,uv)
0 f 7’ )P S
2
(N3)

The threshold quantity is therefore given by

a fr e pray 5258
(Mh + al) (‘ru2 +y+r+ ﬂh) (vu3 +ap + Mu) (vu3 + Mu) (N,?)z

r_
RO—

In [12], the basic reproduction number was obtained for the uncon-
trolled (u; = u, = u3 = 0) normalized (S, = Nj, S,/N;, = m) problem.
If we use those simplifications, we obtain

;L B1 Pr’ P ayaym

B (ﬂh+a'1)(l[/+l‘+/4h) (a2+;4u);4ul

We note again that, the threshold quantity obtained here is the square
of the basic reproduction number was obtained in [12].
We make the following conjecture.

Conjecture 3.1. The threshold quantity R presented in this paper is the
basic reproduction number as determined using the next-generation method.

From the last two examples in Sections 3.3 and 3.4, we note that
the threshold quantities obtained with our novel method here are not
exactly as those in the cited literature. In fact the values obtained
here are the squares of those obtained in the cited literature. It is
however easy to observe that the threshold quantities of the examples
in Sections 3.3 and 3.4 have a special character different from those of
the other models; the existence of product of transmission probabilities
or powers of contact rates. The following remark is thus in order.

Remark 3.1. Whenever R, contains a product of transmission proba-

bilities or powers of contact rates, then R, = /R
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4. Illustrative examples on constructing Lyapunov function candi-
dates

In this section, the developed technique is used to construct some
Lyapunov functions of some selected models. These examples are
specifically chosen in order to compare the result of the developed
technique and the Lyapunov functions that had been constructed in
the literature.

4.1. An SEIR model with lapse

This model is the SEIR model with relapse taken from [13] by [10]
and is given by

ds

— =A-pSI-dS,

dr b

9E _psI—(d+eE,

51; > (16)
E:eE+r/R—(d+y+a)I,

dR

—=yIl-d R.

a7 d+mn

The infected subsystem include E, I and R and hence the jacobian
of the infected subsystem evaluated at the disease-free equilibrium
(3, 0, 0, 0) is given by

—d+e) & 0
J= € -d+y+a) 7n |,
0 i 0

and the infectivity vector is given by 7 = (0, , 0).
The Lyapunov coefficients are thus given by

0 p 0
K1=(91|= e —d-y-a 1 =ef(d+n),
0 y —d—n
—d—¢ % 0
K=[2= o 5 0 |=@+opd+n.
0 y —d—n
—d—-¢ u 0
K3=‘J3|= € -d-y—a 15 ||=UW+e)np.
0 i 0

After scaling the coefficients, we get

d
K1=1,K2=w,K3=( +emn
€ e(d+n)

which are the same as found in [10].

4.2. The smoking model of [14]

The model is given by
apP _ uN pPS

= - = P,
dr N M

ds _BPS

Friai +aQ,—(u+y)S,

17)
d
i) =y(l-0)S—(a+p)0,,

dt
0 _ o
a TP THE
The infected subsystem is given by
ds _BPS
Frinie +aQ—(u+nS,
do,

o =y(l-0)S—(a+p)0,,
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so that the Jacobian evaluated at &, = (1,0,0,0) is given by

=[ B—+p a ],zde:(ﬂOfA

yl=0) —(@+mp
Therefore
k== " H=ﬂ<a+m,
y(l=0) —(@+mw
B-G+w «a
K, =|7%]| = = fa,
2= 17| ‘ PR Y

which can be scaled to K| = a+u, K, = « which are the same as found
in [14] .

4.3. Application of technique to models with backward bifurcation

4.3.1. A TB model with exogenous re-infection [15]

ds _ _ﬂ(WTr]T+T)S_ s

dr N s

dL _ fB(neWr+T)S neh (e Wy +T) L
E—T"'pWT_T_(a*’”)L’

dr (l—f)ﬂ('?TWT"'T)S ”Rﬁ(”TWT+T)L

—_— = L- T
o N + 5 +a (T+u+d6)T,
aw;

=T W

The infected subsystem include E, %, and Y2 and its Jacobian

evaluated at the disease-free equilibrium of the model is given by

—(a+u) fp fBnr +p
J = a A=-HN-G@+pu+s6) A-f)pnr
0 T —(p+w

The determinant of 7 is then obtained as

M1 = |7 (&)| =B = P+ (e + i+ p)
—uG@+pu+o)(u+p+a)+ap(6+ul

P y _ BA= pta)(Tnp+ut+p)
so that the threshold quantity is given by Rj = ) (Mﬁa)mi’(“m

which is the same as the basic reproduction number of the mode
Now, for this model the interactivity vector 7 is given by 7 =
(O, B, ﬂnT), so that the Lyapunov coefficients are obtained as follows:

0 p Bnr
KI:‘Mllz a (A=fp-t—u—-6 (1-fpur
0 T —p— M

=ap(tnp+u+p),

—a—pu [P fPnr+p

Kz=‘M2|= 0 B Py =(@+mwp(enr+u+p),
0 T —-p— U
—a—p /B fBnr +p
K=|M|=| « a-pp-t-u-5 A=-Ppnr
0 p Bnr

= ((@+p) (x+ p+8)nr + pa) p.
Now, the time derivative of the Lyapunov function candidate £ =
KL + K,T + K;W7 is simplified to obtain
ac
dr

_<«M0—f)+®S+nmm) R,

N X«l—nu+m_4>ﬁw&W+T%
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so that R, < 1 is not sufficient for GAS which suggests the pres-
ence of backward bifurcation as shown in [16]. Now, if ng = 0
then the time-derivative of the Lyapunov function becomes @€ -

dr
SR/
1B (Wrnp +T), which is negative whenever R;, < 1 indicat-

ing GAS of the disease-free equilibrium in the absence of exogenous
re-infection.

4.3.2. The risk-structured model of [15]

This model was used in [15] to illustrate that, stratification of the
Susceptible class may cause backward bifurcation. The model is given
by

ds, pIS,
F:(1_f)”+WhSh_T_WlSI_ﬂSl’
s 0,81S
—th=f7f+lI//S/— Pt Sy = 1S

%
dE B (Sp0u+5,)1
G _ T\ TRl E,
o ~ (c+m)
dr
S GE-G+u+dl,
Tk y+u+9d)

where S; and S, are low-risk and high-risk Susceptibles respectively
with different levels of Susceptibilities. The Jacobian of the infected
subsystem at the disease-free equilibrium point is given by

ﬁ(SZGthS;’)
g=| “etw —xf—
o —(y+pu+o)

o(Sp0,+5))p
N

whose determinant is given by — + (o + u)(y + u +6) so that

the threshold quantity can be given by
Rt = Bo (6,S; +S7)
O N*(c+mw(y+u+d)

Now, the vector 7 for this model is given by 7 = (0, 1) so that the
Lyapunov coefficients are obtained as follows:

0 1
K, =(M1)= =0,
c —(y+u+d)
_ B(Sh04+S1)
K2=‘M2)= @+ n) N =o+u.
0 1

The time derivative of the Lyapunov function candidate £ = K; E+ K, I
can be simplified into
!/
Rl — 1> I.

e _ < (Sp0) +S;) N*
dr (S;0,+S7)N
We observe that R; < 1 does not guarantee GAS of the disease-
free equilibrium, suggesting the presence of backward bifurcation. We
also observe that if there is no risk difference among Susceptibles (ie.
0, = 1) then the time-derivative of the Lyapunov function reduces to

dc
G S (RE-1).

IA I

5. Application of the developed technique on other model types

In this section, the developed technique is applied to other models
that do not use the standard and mass action incidence functions in
order to check the generalizability of the technique to such type of
models.

5.1. Example 5: A model of Cholera model [17]

This model is chosen because it applies the saturated incidence
function which is of a different form from the standard/mass action
incidence.
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The Cholera model [17] is given by

s §SB
Y _g-pa- oV — s,
o U -PA- gt (¢ +m)
VB
Vo pasrps-2 —(0+u)V,
dr K+B 18)
dr _ PSB oBVB a1
it K+B K+B s
dB
@ -
a n Ha

The infected subsystem is given by

dI pSB GpVB
= = — (d 1,
o -K+B T kB Wretm)
dB

@ r-uB,

a n Ho

with the Jacobian given by
—d+a+p E4bY
J (&) = £or
n —Ha
Now,
fn (SO +o VO)
K

‘..7(80)|=/42(d+a+y1)— ,
so that the threshold quantity is given by
- pn (SO+0'V0)
O Kpy (d+a+py)

which is the same as the basic reproduction number found in [17],
using the next-generation matrix technique of [6].

5.2. Example 6: A Maize Streak Virus Disease model [18]

This example is the Maize Streak Virus Disease model of [18] given
by

ds N S, 1 S, N
=S, (1 =2 +(1—g)pEm——ﬂ’"””’”——a”’ L,
dr K N, 1+ AS,,
dEm ﬂthth aEmNh
—m o Thmtmth b (4o, E,,
ddr N, 1+ AE,, (04 ) Eny
dr, al, N,
2= - — (a+ i) I
a =P 1A, (@ ) I (19
as, _, IwSh(Enth)
dr N, Hn>n:
aly _PuSh(Ent 1)
a N, Hnlh»
The infected subsystem is given by
dE,  BpnSnln aE, N,
o dmmh o h (o4 ) Ep
dr N, 1+ AE,, (0 ) Eny
m aImNh
—" —epE, — —(a+p,) 1,
a = 1A, (@t ) I

IS (Eatly)

a N, Hnlh»
whose Jacobian matrix evaluated at the DFE & = (S9, 0, 0, S, 0) is
given by

By
—(aSY + p+ iy) 0 b P
h
J (80) = £p —(aSg +a+u,) 0
BunSy Bun Sy
s s “Hn
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The determinant of J (&,) is given by

|7 (&0)| = (aSy + e+ a+ t) BB
=y (aSy +a+p,) (aS, +p+uy)

= U, (aS;l’ +a+ um) (aS2 +p+;4m)
(aS,? +epratiiy, )ﬁmh Bhm

X 0 0
Hp (aSh+a+;4m ) (aSh +p+;lm)

-1].

Therefore, the basic reproduction number is given by (using

(aSQ-+epaitn ) BunBum

, which is the same as
yh(aSU+n{+y )(aSO+p+)4 )
h m h m

Remark 3.1) R(’) =
obtained in [18].
5.3. Example 7: An HIV-Malaria co-infection model [19]

A mathematical model proposed to study the dynamics of HIV-

Malaria co-infection in a workforce was proposed [19]. The infected
subsystem of the model is given by

d(;;’“ =ridy+r3lyg — (A + 8 + W),

d% =28y = (A + 7 + 65+ W1y,

dg';m = 4, Sy — (g + 1o+ Wy + L,

d(lir;d = AU pg + L) + ALy — (3 + 83 + Wiy + )1y,
‘ij_ft‘ = 811y + Sy g + 831, — (W + WA,

d(ﬁ” = 1,8, — (6, +v+u)E,,

ddIl” =6,E, — (v+u)l,.

The Jacobian of the infected system evaluated at the infection free
equilibrium point &, = (%,0, 0,0,0,0, Vf—;‘, 0,0) of the model is given
by ’

-k, r 0 rs 0 0 0
B.  Ba—ky 0 B, 0 0 0
0 —ky 0 0 0 b
TJ (50) = 0 0 0 —ky 0 0 0 ,
8, 6, 0 63 —ks 0 0
BueduQ, BueduQ, _
0 0 05 (vup)  On(vny) 0 ks 0
L O 0 0 0 0 6, —k; |

where
ki=061+u, ko=ri+6,+pu, ks=ry+w, +u, ky=ry+63+y,, +u,
k5=l[/+,u, k6=5m+v+:uw k7=V+”v‘

The determinant of J (&) is given by

@ )(r3+33+w,
)J(go)‘ = W [<B, (u+8,+r))

+ (u+8)) (u+r +8,)]x ,
(8,260,818, = On (v + 1) (B + v+ 1) (w472 + )]
which can be written a
P (p+6,+r
“7 (€O)| = A(l - (,4+5(]) (;4-1|-r1 ;)52))
y < Bu€* 1O BB ~ 1)
0y (v ) (Gutvam) (uvrtw,) /)

where A = (u+8)) (u+r+8) (rs+85+w, +u) (v+u,)
(6mw+v+mu,) (M+ry+w,) w+p). We observe that, the quantities
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Balptd1-+r1) By ¢ HQy Prn
(u+8y)(utr1+6) 0 (1) (v ) (o +wr, )
Roy and Rg ,, Which define the basic reproduction numbers of the HIV
and Malaria sub-models in [19].

respectively represent

5.4. Example 8: The HIV-TB co-infection model [16]

The infected subsystem of the model is given by

dH, ' "
7 = AHS+}'HTS+1MS_ ArwH|
— Ay pwiHy = ALy H — K Hy,
dH,
7 = O'H] + H,O'WH - A’TWZHZ
— AypwaHy = A%y Hy — Ky Hy,
% = 1apS + 1328 + 13T S + Wy
—AgL— A L= AL —AgL — gL —K;,
dT 2 T
G =(=DArS + (1 =DAq, S+ (1= DALS
+AgL+aL — AT + $pip L
H 1
— AT 3L T -K,T,
1
iy, s T
i Apyi Hy + Ay v Hy + Ay v Hy
FAg L+ A L+ 13 Wy + Ap Wy + A5 Wip)
H 1 H 1 1
A AL+ AL W+ AW o) - KT
dr!
HL _ 1 H 2
— = AT + Ay T+ AT + (= DG Wy
F AWy + A W) + Ao}y, + 01l )y, 20)
+(1 = @) Ag L - KeI},
2
irt = ApwoHy + 22w Hy + ATy H.
TS 2t AWty + Ay wo )
—Aredy, + (= Oyyr iy, +6,0W1
tour Wi +orWh — K 1%,
dr?
HT
i = Arlpy 0aly, + vy,
+1110'III_1T + O’HW:T - Kgllzn.,
AWy
— - =nHi +nH - Wy — Wy — A Wy — KgWy,
AWy . "
o =0T~ Ay Wr = dgWr = Ay Wr = KyoWr,
awtl
HL
yraliakd I +oly, — AWy, - K Wi
dWhIl{T 1 2 H H H
— = Tl + 0l + O aW )+ A Wi — KW,
awl
HT _ 1 2 T
70 = oW + ) = KsWyps
Wir _ WH + oWl —Kwh
2 - BWar T Wy — KWy,

where, (see Box I)

Ki=pu+o+ry, Ky=p+6y+1, Ky=p+a,

K, =p+6p +13, Ks=pu+60a+yyr, Kg=pu+1 +713+n0,

Ki=p+ba+1+6yr, Ky=p+n+13+w0byr, Ky=pu+0,0,

Kioy=u+op, Kjy=u+6a+6,0, Kp=u+oy+r;,

Ky =pu+or+1,, Kyy=u+ogr.



B. Seidu et al.

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 170 (2023) 113403

_ Bu(Hym+Wyny+H,) _ br(WrnrT)
Ay = - N Ar = -~

) H M
2= ﬂ1‘(1HT+1HT) A = ﬂH(WHTT'"'?H(WHLH+WHT+WHT))
HT — -

N ’ M N >
1 2 H
2. = PrmT 2= ﬂrnr<lHT+1HT+WHT)
R—= "N R™ N ’

Bu (UD’LTHHL]+02'72('luli,T+1HL2))

~ ,
ﬁ (W +'71(WH1‘1‘+W,.%—))
— N ,
2 1
ﬂrm( W 12 T+ )

N

Box I.

The Jacobian of the infected subsystem evaluated at the infection-free
equilibrium point

80:(S:E,HI:O,HZ:O,L:O,T:O,
07l —072 —072 - -
=01}, =012, =013, =0,Wy =0,W; =0,
- - - M _
L_O’WHT_O’WHT_O’WHT_O)’
is given by
IJn Jn
3(50)=[
I In

where J,,, Ji2, J»; and J,, are defined in Appendix.
The Determinant of J is then obtained as
)J (50)‘ =r
— 01,0, + Ky Ko) By + 6K 120, — K K, Ko| %
[(nr73 + Kyo) (1 =D K3 +al) pr + apry — K3K,K ]
which can be written as

_ (e +Kp 7y Y1y +(710,+K9)onp + Ky Kg—07260,)
)J ‘ re [ﬁ KKy K90 K720, !
[ﬂr('?TﬁJrK]o)((l HKs+al) 1]
K3K4Kypapts ’

[((0'12 + K211) ny + (110, + Kg) oy

where @ = (K;K;Kyapr;) (K K,KooK 1,0,). The quantities
ﬁ ((JTZ+K21'|);1H+(T|9+K9)m12+K2K9 6129,) and ﬂT(r]Trg+K10)((1 l)K;+al)

K K> Koo K750, 102973
clearly the basic reprociuctlon numbers R and RT 4btamed in [16].

Following the results in the examples and the cited literature in
Sections 5.3 and 5.4, the following result is established.

are

Conjecture 5.1.  For epidemic ODE models involving co-infection of
n number of diseases, the determinant of the Jacobian of the infected
subsystem is of the form

7 &) =TT (5-1)-

and the basic reproduction number is given by

By
Rog=maxq —, Vk=1,2, ...,n ;.
Dy

where R = % is the basic reproduction number of the kth diseases.
k

Putting all the discussions above together, we summarize algorithm
of the developed method in the next section.

6. The algorithms

With all the above, we summarize the algorithms for determination
of basic reproduction numbers and Lyapunov functions for epidemic
ODE models are as follows:

Algorithm 1: Determination of Lyapunov coefficients:

Stepl Identify the infected compartments of the model.

Step2 Find the Jacobian .J of the infected subsystem of the model.

Step3 Evaluate the Jacobian of the infected subsystem at the infection-
free critical point, & (i.e. M =J (6'0)).

Step4 Replace the jth row of M with 7 to get M/, j=1,2,....m,
Step5 Find K; = [IM|],j=1,2,....m,

Algorithm 2: Determination of R6

Stepl Identify the infected compartments of the model.

Step2 Find the Jacobian J of the infected subsystem of the model.

Step3 Evaluate the Jacobian of the infected subsystem at the infection-
free critical point, & (i.e. J (&)).

Step4 Find the determinant, |J (&) |.

Step5 Express the determinant as |J (&) | =& (g - 1), EeR.

Step6 Find R{ using R/ = g
Step7 Apply Remark 3.1 and/or Conjecture 5.1 as appropriate.

7. Conclusion

In this paper, a new method which we name the
Jacobian-Determinant method is presented. The method exploits the
use of determinants of Jacobian matrices to find a threshold quantity,
R(’) akin to (and conjectured to be the same as) the basic reproduction
numbers and Lyapunov functions of ODE models with standard/mass
action incidence functions. Unlike other techniques which are heuristic
or rely on the eigenvectors of next-generation matrices, our method
only requires calculation of determinants of the Jacobian matrix of
the infected subsystem, making our method very simple to use. Our
method is shown to yield the same threshold quantity as the next-
generation matrix method of [6]. Since the new method only requires
the determinant of the Jacobian of the infected subsystem, it is less
computationally expensive and hence cheaper than the next-generation
matrix method of [6]. The method also provides a routine for easy
construction of Lyapunov functions of the models of interest. The
procedure used to develop the technique here considered the global
stability of the infection-free equilibrium point. In another study that
is being undertaken by the authors, the procedure used here is exploited
to see the possibility of constructing Lyapunov functions to study the
GAS of endemic equilibria of epidemic ODE models.
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Appendix
[ By K\ Bum
4 -K,
0 0
T = 0 0
0 0
0 0
0 0
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0
1y

0
0

JZI =

I =

)

73

d=0pr

S O O o O

[Brcamnp  Punu

6,0

0

0
0
0
0

S o o o o o <

0 0
0 0
-K; 1By
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a (A=Dpr—K,

0 0
0 0
0 0
0 Punu
0 0
Ly +p 0
A=Dprnr 0
0 0
0 0
0 0,0
0 &yur mo
0 0
T3 0
0 7]
0
0 73
0 0
0 0
0 0
-Kj 0
0 -Ky,
0 0,
0 0
0 0

By Brnp
0 0
0 1Py
0 A=Dpr
-Ks 0
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1By prnr
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0 oy
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