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A B S T R A C T

This paper presents a novel algebraic method for the construction of Lyapunov functions to study global
stability of the disease-free equilibrium points of deterministic epidemic ordinary differential equation models
with mass action and standard incidence functions. The method is named as Jacobian-Determinant method.
In our method, a direct algebraic procedure that also relies only on determinant of the Jacobian matrix of the
infected subsystem is developed to determine a threshold quantity, ′

0 akin to the basic reproduction number,
0 of such class of models. The developed technique is applied on a wide variety of models to construct
Lyapunov functions to study the global stability of the infection-free critical points. Further, implementation
of our method reveals that the threshold quantity is the same as (or the square) of the basic reproduction
numbers as obtained using the next-generation matrix method. It is further observed that even for models that
do not use the standard or mass action incidence, the threshold quantity is still related to the basic reproduction
numbers as obtained with the next-generation matrix method.
1. Introduction

Mathematical models have been very helpful in enhancing our
understanding of the dynamics of infectious diseases. The volume of lit-
erature on mathematical models following the advent of the COVID-19
pandemic further illustrates this assertion [1–4]. As more information
about diseases is discovered, the complexity of the models that seek
to describe these diseases increases. The increase in complexity and
application of mathematical models often necessitates the application
of mathematical concepts that hitherto were not used in the field of
model.

Despite the tremendous increase in the application of mathemat-
ics to understand natural phenomena, the application of differential
equations continue to gain attention since the theory of differential
equations is quite advanced and the models developed continue to show
increased potency in describing the phenomena being studied. Since
the eradication or persistence of infectious diseases depends largely on
the basic reproduction number, there is hardly any study employing
mathematical ordinary differential equation model (ODE) modeling
that does not seek to determine the threshold quantity for the disease.

Several techniques have been developed to calculate the basic re-
production number, 0. These methods include the use of the survival
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function, the eigenvalues technique, the condition for existence of the
endemic equilibrium, the constant term of the characteristic polynomial
technique, and the next-generation technique. The eigenvalues tech-
nique uses the Routh–Hurwitz criterion to establish conditions under
which the characteristic polynomial of the Jacobian matrix of the
infected sub-system will be stable and links same to the basic repro-
duction number [5]. For most ordinary differential equation epidemic
models, the conditions under which the endemic equilibrium fails to
exist can often be used to determine the basic reproduction number.
The techniques that have gained most use in literature are the next
generation matrix method [6,7]. These techniques have been largely
used because of their mathematical tractability. The basic reproduction
numbers obtained using the various method sometimes are not unique
even though they all are threshold quantities. These threshold quan-
tities play a major role in the local and often global stability of the
equilibrium points of the models. An interesting discussion on global
stability for models with a wide variety of incidence functions can be
see in [8].

As noted in [9], the threshold quantities (often called the basic
reproduction numbers) obtained using the above mentioned techniques
960-0779/© 2023 Elsevier Ltd. All rights reserved.
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may often be different even for the same method depending on the
choice of what constitutes transition from one infectious state to an-
other. We note however that despite this obvious difference and the fact
that the threshold quantities may not actually represent average num-
ber of infections that result from a single infected individual throughout
their period of infectiousness, the quantities are often called the basic
reproduction number and also play the major role of determining
the stability of the infection-free critical points just like 0. Also,
it is worth noting that the methods discussed in [5–7] all involve
finding spectral radii of next-generation matrices or solving character-
istic polynomial equations. These formalism may lend themselves to
mathematical intractability, especially for large models. Therefore, the
need to develop simpler techniques to obtain threshold quantities for
stability of critical points of ODE models cannot be overemphasized.
In epidemiological modeling, when the infection-free critical point is
globally(asymptotically) stable, then it may be possible to construct a
Lyapunov function  such that whenever a threshold quantity ′

0 ≤ 1,
hen d

d𝑡 ≤ 0. There are few straightforward techniques for constructing
yapunov functions. The Matrix-theoretic and Graph-theoretic methods
ere proposed to help in the construction of Lyapunov functions for
eneral epidemic models [10]. Even though the matrix-theoretic tech-
ique of [10] provides an algebraic routine for constructing Lyapunov
unctions and seems straightforward, its reliance on the eigenvector of
he next-generation matrix −1 may make its application challenging
specially for large systems. In this paper, this idea (relationship be-
ween ′

0 ≤ 1 when d
d𝑡 ≤ 0 and Global Asymptotic Stability (GAS) of

the infection-free equilibrium point) is explored to develop a routine for
constructing Lyapunov functions for a class of epidemic ODE models
that involve the mass action and standard incidence functions. The
technique also presents a routine for calculating the threshold quantity
′

0 for such class of epidemic models. The technique developed here is
very simple and cheap to use as it relies only on the determinant of the
Jacobian matrix of the infected sub-system of the models.

The rest of the paper is organized as follows: In Section 2, the
method of interest is developed. Several illustrative examples are pre-
sented in Section 3 to demonstrate how the developed method can
be used to calculate the threshold quantity of some selected ODE
models. The method is further demonstrated in Section 4 to construct
Lyapunov functions of some selected models in literature. The method
is finally employed in Section 5 to determine the threshold quantities
for some models that do not follow the standard/mass action inci-
dence functions; showing the extended applicability of the technique
in determining the basic reproduction numbers of epidemic models.

2. Development of the method

The general ODE epidemic models of interest here are of the form
𝑑𝑋
𝑑𝑡

= 𝑓 (𝑋, 𝑌 ) ,

𝑑𝑌
𝑑𝑡

= 𝑔 (𝑋, 𝑌 ) ,
(1)

here 𝑋 =
(

𝑋1, 𝑋2, … , 𝑋𝑚1

)

and 𝑌 =
(

𝑌1, 𝑌2,… , 𝑌𝑚2

)

represent
on-infected and infected compartment populations respectively.

For these type of models, it is often possible to construct a Lyapunov
unction to determine the global stability of the disease-free equilibrium
oint 0 using

=
𝑚2
∑

𝑖=1
𝐾𝑖𝑌𝑖, 𝐾𝑖 ≥ 0. (2)

his is the most often used Lyapunov function candidate and is similar
o the one argued for and used in [11].

The time-derivative of the Lyapunov function candidate is then
iven by

d =
𝑚2
∑

𝐾𝑖
d𝑌𝑖 =

𝑚2
∑

𝐾𝑖𝑔𝑖(𝑋, 𝑌 ). (3)
2

d𝑡 𝑖=1 d𝑡 𝑖=1
Generally, the infected compartments in epidemic ODE models have
the form

d𝑌
d𝑡

= 𝑛 (𝑋, 𝑌 ) + 𝑙 (𝑌 ) ,

here 𝑛 (𝑋, 𝑌 ) is a nonlinear form that captures the transmission
erms involving the movement of uninfected individuals into the in-
ected compartments following effective contact with the infectious
ndividuals. The part 𝑙 (𝑌 ) is a linear form that captures the transi-
ion among infected compartments including the movement from one
ompartment to another due to change in state of infectiousness, and
lso movement out of compartments due to removal through events
ike recovery and death. We shall present our technique for the mass
ction incidence case first and then make a note later for the case of
tandard incidence. For epidemic ODE models that use mass action, the
quations for infected compartments are generally of the form

d𝑌𝑖
d𝑡

=
𝑚2
∑

𝑗=1

𝑚1
∑

𝑘=1
𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘𝑌𝑗𝑋𝑘 +

𝑚2
∑

𝑗=1
𝜅𝑖𝑗𝑌𝑗 , (4)

here 𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘𝑌𝑗𝑋𝑘 describe the transmission terms and 𝜅𝑖𝑗𝑌𝑗 describe
he transition terms, where

𝑖𝑗 ≥ 0, 𝜂𝑖𝑗 ≥ 0, 𝜁𝑖𝑘 ≥ 0 and 𝜅𝑖𝑗 =
{

≥ 0 if 𝑖 ≠ 𝑗,
< 0 if 𝑖 = 𝑗.

ubstituting Eq. (4) into Eq. (3) gives

d
d𝑡

=
𝑚2
∑

𝑖=1
𝐾𝑖

[ 𝑚2
∑

𝑗=1

𝑚1
∑

𝑘=1
𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘𝑌𝑗𝑋𝑘 +

𝑚2
∑

𝑗=1
𝜅𝑖𝑗𝑌𝑗

]

,

hich can be written as

d
d𝑡

=
𝑚2
∑

𝑗=1

[ 𝑚2
∑

𝑖=1
𝐾𝑖

( 𝑚1
∑

𝑘=1
𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘𝑋𝑘 + 𝜅𝑖𝑗

)]

𝑌𝑗 . (5)

or ODE models, the total population is often bounded above by some
onstant (that is 𝑁(𝑡) ≤  and consequently 𝑋𝑘 ≤  ) and when
ass action and standard incidence functions are used, the inequality
(𝑡) ≤  can often be used to reduce Eq. (5) into an inequality of the

orm

d
d𝑡

≤
𝑚2
∑

𝑗=1

[ 𝑚2
∑

𝑖=1
𝐾𝑖

( 𝑚1
∑

𝑘=1
𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘 + 𝜅𝑖𝑗

)]

𝑌𝑗 . (6)

Now, if the infection-free equilibrium point is globally asymptot-
cally stable when ′

0 ≤ 1 and  is a Lyapunov function, then the
ight-hand-side of Eq. (6) can be written in the following form
𝑚2
∑

𝑗=1

[ 𝑚2
∑

𝑖=1
𝐾𝑖

( 𝑚1
∑

𝑘=1
𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘 + 𝜅𝑖𝑗

)]

𝑌𝑗

= 𝜉
(

′
0 − 1

)

𝑚2
∑

𝑗=1
𝑗𝑌𝑗 , 𝑗 ≥ 0, 𝜉 > 0. (7)

y comparing coefficients of 𝑌𝑗 in Eq. (7), the following system of linear
quations is established.
𝑚2

𝑖=1
𝐾𝑖

( 𝑚1
∑

𝑘=1
𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘 + 𝜅𝑖𝑗

)

= 𝜉
(

′
0 − 1

)

𝑗 , ∀ 𝑗 = 1, 2,… , 𝑚2. (8)

et 𝑀𝑖𝑗 =
∑𝑚1
𝑘=1 𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘+𝜅𝑖𝑗 , then the above equations can be written

s
𝑚2

𝑖=1
𝐾𝑖𝑀𝑖𝑗 = 𝜉

(

′
0 − 1

)

𝑗 , 𝑗 = 1, 2… , 𝑚2. (9)

n the case of standard incidence functions, it can be shown that 𝑀𝑖𝑗 =
𝑚1

𝑘=1 𝛽𝑖𝑗𝜂𝑖𝑗𝜁𝑖𝑘 + 𝜅𝑖𝑗 .
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The solution of the system of equations in Eq. (9) is given by

𝐾𝑖 =
𝜉
(

′
0 − 1

)

|𝑀 𝑖
|

|𝑀|

, 𝑖 = 1, 2, … 𝑚2, (10)

where, |𝑀| is the determinant of 𝑀 and |𝑀 𝑖
| is the determinant of 𝑀 𝑖

hich is obtained by replacing the 𝑖th column of 𝑀 with the vector
= [𝑗,1] = 𝑗 , 𝑗 = 1, 2… , 𝑚2.
The natural question that arises now is, how the 𝑗s should be

chosen. Here, we define 𝑗 as the infectivity factor of the 𝑗th infected
compartment. For mass action and standard incidence functions, these
coefficients are often of the form 𝛽𝑖𝑗𝜂𝑖𝑗 , where 𝛽𝑖𝑗 and 𝜂𝑖𝑗 are associated
with infectivity of the infected compartments. The infectivity factors
are often the constant coefficients of the infected states in the force of
infection. We note here that, if 𝑌𝑗 does not contribute to infection (as
in the case of non-infectious exposed persons), then 𝛽𝑖𝑗𝜂𝑖𝑗 = 0.

Now, since
𝜉
(

′
0−1

)

|𝑀|

is a common factor then following normalized
ersions of the solutions in (10) will also do for Lyapunov coefficients.

𝑖 = |𝑀 𝑖
|, 𝑖 = 1, 2, … 𝑚2, (11)

herefore, 0 is not needed in our method to defined the Lyapunov
oefficients. Our method only requires the Jacobian of the infected
ub-system and the infectivity vector  , which is derived from the
orce of infection function to determine the Lyapunov coefficients. The
ollowing result is thus in order.

emma 2.1. A simpler choice of the Lyapunov coefficients is 𝐾𝑖 = |

|

|𝑀 𝑖
|

|

|

,
hat is, the absolute values of the determinant of 𝑀 𝑖.

Also, since
𝜉
(

′
0−1

)

|𝑀|

is a common factor in the Lyapunov coefficients
See Eq. (10)), then we can normalize the Lyapunov coefficients by

etting the common factor to a constant (that is
𝜉
(

′
0−1

)

|𝑀|

= 𝜉1). The
ollowing result is thus established.

emma 2.2. The threshold quantity of the epidemic model (1) can be
etermined by 𝑀 as follows

′
0 =

𝜉1
𝜉
|𝑀| + 1.

The factor 𝜉2 = 𝜉∕𝜉1 can be chosen such that |𝑀| = 𝜉2
(


 − 1

)

,
in that case, ′

0 = 
 , where  is the part that contains the transmis-

ion factors such as probability of infection, contact rate or infectiv-
ty/susceptibility factors, and  is the part containing only transmission

and other non-transmission terms.
Since the determinant of the Jacobian matrix of the infected sub-

system vanishes when threshold quantity is unity (ie ′
0 = 1), we name

′
0 as the vanishing-determinant ratio of the given model.

From Eq. (9), the following result is obtained.

Lemma 2.3. The matrix, 𝑀 is characterized as follows:

(i) The quantities,𝑀𝑖𝑗 are the (𝑗, 𝑖)th components of the Jacobian of the
infected subsystem.

(ii) The matrix 𝑀 is therefore, the transpose of the Jacobian of the
infected subsystem evaluated at 0.

(iii) Since |𝑀| = |𝑀𝑇
|, then ′

0 can be obtained from the Jacobian of
the infected subsystem evaluated at 0.

Conjecture 2.1. If |𝑀| = −, then |𝑀 𝑖
| ≥ 0 and if |𝑀| = −, then

|𝑀 𝑖
| ≤ 0, so that 𝐾𝑖 is always nonnegative.

Since 𝑀 is the transpose of the Jacobian of the infected subsystem
and 𝑀 𝑖 is obtained by replacing the 𝑖th column of 𝑀 with  , then the
following result is established.
3

Lemma 2.4. Let  be the Jacobian of the infected subsystem of the
epidemic model (1) evaluated at the infection-free equilibrium and let  be
as defined above. Then the Lyapunov coefficients are given by 𝐾𝑖 = |

|

| 𝑖
|

|

|

,
where  𝑖 is obtained by replacing the 𝑖th column of  with  .

In Section 3, we present some motivating examples to illustrate
how the developed algorithm can be used to determine the threshold
quantity of some models in literature. Also, in Section 4, we also
illustrate by way of example how the technique can be used to construct
Lyapunov functions for some models in literature.

3. Illustrative examples on determining ′
𝟎

In this section, we present a number of examples from literature to
illustrate the applicability of our proposed method in determining the
threshold quantity of some models in literature.

3.1. Example 1: An SEI model with two latent states

This example is the taken from the motivating examples of [7] and
is given by

d𝑆
d𝑡

= 𝜇𝑁 −
𝛽𝑆𝐼
𝑁

− 𝜇𝑆,

d𝐸1
d𝑡

=
𝑝𝛽𝑆𝐼
𝑁

−
(

𝜈1 + 𝜇
)

𝐸1,

d𝐸2
d𝑡

=
(1 − 𝑝) 𝛽𝑆𝐼

𝑁
−
(

𝜈2 + 𝜇
)

𝐸2,

d𝐼
d𝑡

= 𝜈1𝐸1 + 𝜈2𝐸2 − (𝛾 + 𝜇) 𝐼,

d𝑅
d𝑡

= 𝛾𝐼 − 𝜇,𝑅.

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

(12)

he Jacobian of the infected subsystem evaluated at the disease-free
quilibrium 0 = (1, 0, 0, 0, 0) is given by

(

0
)

=

⎡

⎢

⎢

⎢

⎣

−(𝜈1 + 𝜇) 0 𝜈1
0 −(𝜈2 + 𝜇) 𝜈2
𝑝𝛽 (1 − 𝑝) 𝛽 −(𝛾 + 𝜇)

⎤

⎥

⎥

⎥

⎦

,

hose determinant is given by


(

0
)

|

|

|

= 𝛽
[

𝜈1
(

𝜈2 + 𝜇
)

𝑝 + 𝜈2 (1 − 𝑝)
(

𝜈1 + 𝜇
)]

−
(

𝜈2 + 𝜇
) (

𝜈1 + 𝜇
)

(𝛾 + 𝜇) ,

hich can be written as


(

0
)

|

|

|

=
(

𝜈2 + 𝜇
) (

𝜈1 + 𝜇
)

(𝛾 + 𝜇)

×

[

𝛽
(

𝜈1
(

𝜈2 + 𝜇
)

𝑝 + 𝜈2 (1 − 𝑝)
(

𝜈1 + 𝜇
))

(

𝜈2 + 𝜇
) (

𝜈1 + 𝜇
)

(𝛾 + 𝜇)
− 1

]

.

ere we have 𝜉 =
(

𝜈2 + 𝜇
) (

𝜈1 + 𝜇
)

(𝛾 + 𝜇) and the threshold quantity is
btained as

′
0 =

𝛽
(

𝜈1
(

𝜈2 + 𝜇
)

𝑝 + 𝜈2 (1 − 𝑝)
(

𝜈1 + 𝜇
))

(

𝜈2 + 𝜇
) (

𝜈1 + 𝜇
)

(𝛾 + 𝜇)
,

which is the same as the basic reproduction number obtained in [7].

3.2. Example 2: A treatment model of TB

This example is also taken from [6] and is given by

d𝑆
d𝑡

= 𝑏 −
𝛽1𝑆𝐼
𝑁

− 𝑑𝑆,

d𝐸
d𝑡

=
𝛽1𝑆𝐼
𝑁

+
𝛽2𝑇 𝑗
𝑁

+ 𝑝𝑟2𝐼 −
(

𝑑 + 𝜈 + 𝑟1
)

𝐸,

d𝐼
d𝑡

= 𝜈𝐸 −
(

𝑑 + 𝑟2
)

𝐼,

d𝑇 = 𝑞𝑟2𝐼 + 𝑟1𝐸 −
𝛽2𝑇 𝐼 − 𝑑𝑇 ,

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

(13)
d𝑡 𝑁
⎭
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with the infection-free critical point given by 0 = (1, 0, 0, 0).

The infected sub-system is given by

d𝐸
d𝑡

=
𝛽1𝑆𝐼
𝑁

+
𝛽2𝑇 𝑗
𝑁

+ 𝑝𝑟2𝐼 −
(

𝑑 + 𝜈 + 𝑟1
)

𝐸

d𝐼
d𝑡

= 𝜈𝐸 −
(

𝑑 + 𝑟2
)

𝐼.

The Jacobian of the infected subsystem evaluated at the infection-free
critical point is given by


(

0
)

=

[

−(𝑑 + 𝜈 + 𝑟1) 𝑝𝑟2 + 𝛽1
𝜈 −(𝑑 + 𝑟2)

]

,

so that


(

0
)

=
(

𝑑 + 𝜈 + 𝑟1
) (

𝑑 + 𝑟2
)

− 𝜈𝑝𝑟2 − 𝛽1𝜈,

and the threshold quantity is obtained as

′
0 =

𝛽1𝜈
(

𝑑 + 𝜈 + 𝑟1
) (

𝑑 + 𝑟2
)

− 𝑝𝑟2𝜈
,

which is the same as the basic reproduction number found in [6].

3.3. Example 3: An SEI model with two host categories

The SEI model of [7] is considered here. The infected subsystem
presented is given by

d𝐸1
d𝑡

=
𝛽1𝑆1𝐼2
𝑁2

−
(

𝜈1 + 𝜇
)

𝐸1,

d𝐸2
d𝑡

=
𝛽2𝑆2𝐼1
𝑁1

−
(

𝜈2 + 𝜇
)

𝐸2,

d𝐼1
d𝑡

= 𝜈1𝐸1 −
(

𝛾1 + 𝜇
)

𝐼1,

d𝐼2
d𝑡

= 𝜈2𝐸2 −
(

𝛾2 + 𝜇
)

𝐼2.

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(14)

The Jacobian of the subsystem evaluated at the DFE is given by


(

0
)

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−(𝜈1 + 𝜇) 0 0 𝛽1
0 −(𝜈2 + 𝜇) 𝛽2 0

𝜈1 0 −(𝛾1 + 𝜇) 0

0 𝜈2 0 −(𝛾2 + 𝜇)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

whose determinant is given by

|

|

|


(

0
)

|

|

|

=
(

𝛾2 + 𝜇
) (

𝛾1 + 𝜇
) (

𝜈2 + 𝜇
) (

𝜈1 + 𝜇
)

− 𝜈1𝜈2𝛽1𝛽2,

so that we have

|

|

|


(

0
)

|

|

|

= −
(

𝛾2 + 𝜇
) (

𝛾1 + 𝜇
) (

𝜈2 + 𝜇
)

×
(

𝜈1 + 𝜇
)

(

𝜈1𝜈2𝛽1𝛽2
(

𝛾2 + 𝜇
) (

𝛾1 + 𝜇
) (

𝜈2 + 𝜇
) (

𝜈1 + 𝜇
) − 1

)

.

Therefore, the threshold quantity is given by

′
0 =

𝜈1𝜈2𝛽1𝛽2
(

𝛾2 + 𝜇
) (

𝛾1 + 𝜇
) (

𝜈2 + 𝜇
) (

𝜈1 + 𝜇
) .

We note that, the threshold quantity obtained here is the square of
the basic reproduction number of the model obtained using the next-
generation matrix method.
4

3.4. Example 4: A Malaria model with chemo-therapy

The model of Makinde and Okuson [12] is given by

d𝑆ℎ
d𝑡

=
(

1 −
(

𝑝1 + 𝑝2
)

𝑢1
)

𝜇ℎ𝑁ℎ

+ (1 − 𝜌)
(

𝜏𝑢2 + 𝑟
)

𝐼ℎ −
𝛽1𝜀𝐼𝑣𝑆ℎ
𝑁ℎ

− 𝜇ℎ𝑆ℎ + 𝜅𝑅ℎ,

d𝐸ℎ
d𝑡

= 𝑝1𝑢1𝜇ℎ𝑁ℎ +
𝛽1𝜀𝐼𝑣𝑆ℎ
𝑁ℎ

−
(

𝜇ℎ + 𝛼1
)

𝐸ℎ,

d𝐼ℎ
d𝑡

= 𝑝2𝑢1𝜇ℎ𝑁ℎ + 𝛼1𝐸ℎ −
(

𝜏𝑢2 + 𝜓 + 𝑟 + 𝜇ℎ
)

𝐼ℎ,

d𝑅ℎ
d𝑡

= 𝜌
(

𝜏𝑢2 + 𝑟
)

𝐼ℎ −
(

𝜅 + 𝜇ℎ
)

𝑅ℎ,

d𝑆𝑣
d𝑡

= 𝜇𝑣𝑁𝑣 −
𝛽2𝜙𝜀𝐼ℎ𝑆𝑣

𝑁ℎ
−
(

𝜈𝑢3 + 𝜇𝑣
)

𝑆𝑣,

d𝐸𝑣
d𝑡

= 𝛽2𝜙𝜀𝐼ℎ𝑆𝑣
𝑁ℎ

−
(

𝜈𝑢3 + 𝛼2 + 𝜇𝑣
)

𝐸𝑣,

d𝐼𝑣
d𝑡

= 𝛼2𝐸𝑣 −
(

𝜈𝑢3 + 𝜇𝑣
)

𝐼𝑣.

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(15)

The infected compartments are 𝐸ℎ, 𝐼ℎ, 𝐸𝑉 and 𝐼𝑣 and hence the Jaco-
bian of the infected subsystem evaluated at the disease-free equilibrium
point is given by


(

0
)

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−(𝜇ℎ + 𝛼1) 0 0
𝛽1𝜀𝜙𝑆

0
ℎ

𝑁0
ℎ

𝛼1 −(𝜏𝑢2 + 𝜓 + 𝑟 + 𝜇ℎ) 0 0

0 𝛽2𝜙𝜀𝑆
0
𝑣

𝑁0
ℎ

−(𝜈𝑢3 + 𝛼2 + 𝜇𝑣) 0

0 0 𝛼2 −(𝜈𝑢3 + 𝜇𝑣)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

whose determinant is given by
|

|

|


(

0
)

|

|

|

=
(

𝜇ℎ + 𝛼1
) (

𝜏𝑢2 + 𝜓 + 𝑟 + 𝜇ℎ
) (

𝜈𝑢3 + 𝛼2 + 𝜇𝑣
) (

𝜈𝑢3 + 𝜇𝑣
)

−
𝛼1𝛽2𝜙2𝜀2𝑆0

𝑣𝛽1𝑆
0
ℎ𝛼2

(

𝑁0
ℎ
)2

.

The threshold quantity is therefore given by

′
0 =

𝛼1𝛽2𝜙2𝜀2𝛽1𝛼2
(

𝜇ℎ + 𝛼1
) (

𝜏𝑢2 + 𝜓 + 𝑟 + 𝜇ℎ
) (

𝜈𝑢3 + 𝛼2 + 𝜇𝑣
) (

𝜈𝑢3 + 𝜇𝑣
)

𝑆0
ℎ𝑆

0
𝑣

(

𝑁0
ℎ
)2
.

In [12], the basic reproduction number was obtained for the uncon-
rolled (𝑢1 = 𝑢2 = 𝑢3 = 0) normalized (𝑆ℎ = 𝑁ℎ, 𝑆𝑣∕𝑁ℎ = 𝑚) problem.

If we use those simplifications, we obtain

′
0 =

𝛽1𝛽2𝜀2𝜙2𝛼1𝛼2𝑚
(

𝜇ℎ + 𝛼1
) (

𝜓 + 𝑟 + 𝜇ℎ
) (

𝛼2 + 𝜇𝑣
)

𝜇𝑣
.

e note again that, the threshold quantity obtained here is the square
f the basic reproduction number was obtained in [12].

We make the following conjecture.

onjecture 3.1. The threshold quantity ′
0 presented in this paper is the

asic reproduction number as determined using the next-generation method.

From the last two examples in Sections 3.3 and 3.4, we note that
he threshold quantities obtained with our novel method here are not
xactly as those in the cited literature. In fact the values obtained
ere are the squares of those obtained in the cited literature. It is
owever easy to observe that the threshold quantities of the examples
n Sections 3.3 and 3.4 have a special character different from those of
he other models; the existence of product of transmission probabilities
r powers of contact rates. The following remark is thus in order.

emark 3.1. Whenever ′
0 contains a product of transmission proba-

ilities or powers of contact rates, then  =
√

′ .
0 0
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4. Illustrative examples on constructing Lyapunov function candi-
dates

In this section, the developed technique is used to construct some
Lyapunov functions of some selected models. These examples are
specifically chosen in order to compare the result of the developed
technique and the Lyapunov functions that had been constructed in
the literature.

4.1. An SEIR model with lapse

This model is the SEIR model with relapse taken from [13] by [10]
and is given by

d𝑆
d𝑡

= 𝛬 − 𝛽 𝑆𝐼 − 𝑑𝑆,

d𝐸
d𝑡

= 𝛽 𝑆𝐼 − (𝑑 + 𝜖)𝐸,

d𝐼
d𝑡

= 𝜖 𝐸 + 𝜂 𝑅 − (𝑑 + 𝛾 + 𝛼) 𝐼,

d𝑅
d𝑡

= 𝛾 𝐼 − (𝑑 + 𝜂)𝑅.

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(16)

he infected subsystem include 𝐸, 𝐼 and 𝑅 and hence the jacobian
f the infected subsystem evaluated at the disease-free equilibrium
𝛬
𝑑 , 0, 0, 0

)

is given by

 =

⎡

⎢

⎢

⎢

⎣

−(𝑑 + 𝜖) 𝛽𝛬
𝑑 0

𝜖 −(𝑑 + 𝛾 + 𝛼) 𝜂

0 𝛽 0

⎤

⎥

⎥

⎥

⎦

,

and the infectivity vector is given by  = (0, 𝛽, 0).
The Lyapunov coefficients are thus given by

𝐾1 =
|

|

|

 1|
|

|

=

‖

‖

‖

‖

‖

‖

‖

‖

0 𝛽 0

𝜖 −𝑑 − 𝛾 − 𝛼 𝜂

0 𝛾 −𝑑 − 𝜂

‖

‖

‖

‖

‖

‖

‖

‖

= 𝜖𝛽 (𝑑 + 𝜂) ,

𝐾2 =
|

|

|

 2|
|

|

=

‖

‖

‖

‖

‖

‖

‖

‖

−𝑑 − 𝜖 𝛽𝛬
𝑑 0

0 𝛽 0

0 𝛾 −𝑑 − 𝜂

‖

‖

‖

‖

‖

‖

‖

‖

= (𝑑 + 𝜖) 𝛽 (𝑑 + 𝜂) ,

𝐾3 =
|

|

|

 3|
|

|

=

‖

‖

‖

‖

‖

‖

‖

‖

−𝑑 − 𝜖 𝛽𝛬
𝑑 0

𝜖 −𝑑 − 𝛾 − 𝛼 𝜂

0 𝛽 0

‖

‖

‖

‖

‖

‖

‖

‖

= (𝑑 + 𝜖) 𝜂𝛽.

After scaling the coefficients, we get

𝐾1 = 1, 𝐾2 =
𝑑 + 𝜖
𝜖

, 𝐾3 =
(𝑑 + 𝜖) 𝜂
𝜖 (𝑑 + 𝜂)

,

which are the same as found in [10].

4.2. The smoking model of [14]

The model is given by

d𝑃
d𝑡

= 𝜇𝑁 −
𝛽 𝑃𝑆
𝑁

− 𝜇 𝑃 ,

d𝑆
d𝑡

=
𝛽 𝑃𝑆
𝑁

+ 𝛼 𝑄𝑡 − (𝜇 + 𝛾)𝑆,

d𝑄𝑡
d𝑡

= 𝛾 (1 − 𝜎)𝑆 − (𝛼 + 𝜇)𝑄𝑡,

d𝑄𝑝
d𝑡

= 𝛾𝜎 𝑆 − 𝜇𝑄𝑝.

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(17)

he infected subsystem is given by

d𝑆
d𝑡

=
𝛽 𝑃𝑆
𝑁

+ 𝛼 𝑄𝑡 − (𝜇 + 𝛾)𝑆,

d𝑄𝑡 = 𝛾 (1 − 𝜎)𝑆 − (𝛼 + 𝜇)𝑄 ,

⎫

⎪

⎬

⎪

5

d𝑡 𝑡
⎭

so that the Jacobian evaluated at 0 = (1, 0, 0, 0) is given by

=

[

𝛽 − (𝛾 + 𝜇) 𝛼

𝛾 (1 − 𝜎) − (𝛼 + 𝜇)

]

, and  = (𝛽, 0)𝑇 .

Therefore

𝐾1 =
|

|

|

| 1
|

|

|

|

=
‖

‖

‖

‖

‖

𝛽 0

𝛾 (1 − 𝜎) − (𝛼 + 𝜇)

‖

‖

‖

‖

‖

= 𝛽 (𝛼 + 𝜇) ,

𝐾2 =
|

|

|

| 2
|

|

|

|

=
‖

‖

‖

‖

‖

𝛽 − (𝛾 + 𝜇) 𝛼

𝛽 0

‖

‖

‖

‖

‖

= 𝛽𝛼,

hich can be scaled to 𝐾1 = 𝛼+𝜇, 𝐾2 = 𝛼 which are the same as found
n [14] .

.3. Application of technique to models with backward bifurcation

.3.1. A TB model with exogenous re-infection [15]

d𝑆
d𝑡

= 𝛱 −
𝛽
(

𝑊𝑇 𝜂𝑇 + 𝑇
)

𝑆
𝑁

− 𝜇𝑆,

d𝐿
d𝑡

=
𝑓𝛽

(

𝜂𝑇𝑊𝑇 + 𝑇
)

𝑆
𝑁

+ 𝜌𝑊𝑇 −
𝜂𝑅𝛽

(

𝜂𝑇𝑊𝑇 + 𝑇
)

𝐿
𝑁

− (𝛼 + 𝜇)𝐿,

d𝑇
d𝑡

=
(1 − 𝑓 ) 𝛽

(

𝜂𝑇𝑊𝑇 + 𝑇
)

𝑆
𝑁

+
𝜂𝑅𝛽

(

𝜂𝑇𝑊𝑇 + 𝑇
)

𝐿
𝑁

+ 𝛼𝐿 − (𝜏 + 𝜇 + 𝛿) 𝑇 ,

d𝑊𝑇

d𝑡
= 𝜏𝑇 − (𝜌 + 𝜇)𝑊𝑇 .

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

The infected subsystem include d𝐿
d𝑡 ,

d𝑇
d𝑡 , and d𝑊𝑇

d𝑡 and its Jacobian
evaluated at the disease-free equilibrium of the model is given by

 =

⎡

⎢

⎢

⎢

⎣

− (𝛼 + 𝜇) 𝑓𝛽 𝑓𝛽𝜂𝑇 + 𝜌

𝛼 (1 − 𝑓 ) 𝛽 − (𝜏 + 𝜇 + 𝛿) (1 − 𝑓 ) 𝛽𝜂𝑇
0 𝜏 −(𝜌 + 𝜇)

⎤

⎥

⎥

⎥

⎦

.

he determinant of  is then obtained as

𝑀| = |

|

|


(

0
)

|

|

|

= 𝛽 ((1 − 𝑓 )𝜇 + 𝛼)
(

𝜏𝜂𝑇 + 𝜇 + 𝜌
)

− [𝜇 (𝜏 + 𝜇 + 𝛿) (𝜇 + 𝜌 + 𝛼) + 𝛼𝜌 (𝛿 + 𝜇)]

o that the threshold quantity is given by ′
0 = 𝛽((1−𝑓 )𝜇+𝛼)(𝜏𝜂𝑇 +𝜇+𝜌)

𝜇(𝜏+𝜇+𝛿)(𝜇+𝜌+𝛼)+𝛼𝜌(𝛿+𝜇)
hich is the same as the basic reproduction number of the model.

Now, for this model the interactivity vector  is given by  =
0, 𝛽, 𝛽𝜂𝑇

)

, so that the Lyapunov coefficients are obtained as follows:

1 =
|

|

|

𝑀1|
|

|

=

‖

‖

‖

‖

‖

‖

‖

‖

0 𝛽 𝛽𝜂𝑇
𝛼 (1 − 𝑓 ) 𝛽 − 𝜏 − 𝜇 − 𝛿 (1 − 𝑓 ) 𝛽𝜂𝑇
0 𝜏 −𝜌 − 𝜇

‖

‖

‖

‖

‖

‖

‖

‖

= 𝛼𝛽
(

𝜏𝜂𝑇 + 𝜇 + 𝜌
)

,

2 =
|

|

|

𝑀2|
|

|

=

‖

‖

‖

‖

‖

‖

‖

‖

−𝛼 − 𝜇 𝑓𝛽 𝑓𝛽𝜂𝑇 + 𝜌

0 𝛽 𝛽𝜂𝑇
0 𝜏 −𝜌 − 𝜇

‖

‖

‖

‖

‖

‖

‖

‖

= (𝛼 + 𝜇) 𝛽
(

𝜏𝜂𝑇 + 𝜇 + 𝜌
)

,

3 =
|

|

|

𝑀3|
|

|

=

‖

‖

‖

‖

‖

‖

‖

‖

−𝛼 − 𝜇 𝑓𝛽 𝑓𝛽𝜂𝑇 + 𝜌

𝛼 (1 − 𝑓 ) 𝛽 − 𝜏 − 𝜇 − 𝛿 (1 − 𝑓 ) 𝛽𝜂𝑇
0 𝛽 𝛽𝜂𝑇

‖

‖

‖

‖

‖

‖

‖

‖

=
(

(𝛼 + 𝜇) (𝜏 + 𝜇 + 𝛿) 𝜂𝑇 + 𝜌𝛼
)

𝛽.

ow, the time derivative of the Lyapunov function candidate  =
1𝐿 +𝐾2𝑇 +𝐾3𝑊𝑇 is simplified to obtain

d
d𝑡

=

(
(

(𝜇 (1 − 𝑓 ) + 𝛼)𝑆 + 𝜂𝑅𝜇𝐿
)

𝑁
×

′
0

((1 − 𝑓 )𝜇 + 𝛼)
− 1

)

𝛽
(

𝑊𝑇 𝜂𝑇 + 𝑇
)

,
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so that ′
0 < 1 is not sufficient for GAS which suggests the pres-

ence of backward bifurcation as shown in [16]. Now, if 𝜂𝑅 = 0
hen the time-derivative of the Lyapunov function becomes d

d𝑡 =
(

𝑆′
0

𝑁 − 1
)

𝛽
(

𝑊𝑇 𝜂𝑇 + 𝑇
)

, which is negative whenever ′
0 < 1 indicat-

ng GAS of the disease-free equilibrium in the absence of exogenous
e-infection.

.3.2. The risk-structured model of [15]
This model was used in [15] to illustrate that, stratification of the

usceptible class may cause backward bifurcation. The model is given
y

d𝑆𝑙
d𝑡

= (1 − 𝑓 )𝜋 + 𝜓ℎ𝑆ℎ −
𝛽𝐼𝑆𝑙
𝑁

− 𝜓𝑙𝑆𝑙 − 𝜇𝑆𝑙 ,

d𝑆ℎ
d𝑡

= 𝑓𝜋 + 𝜓𝑙𝑆𝑙 −
𝜃ℎ𝛽𝐼𝑆ℎ
𝑁

− 𝜓ℎ𝑆ℎ − 𝜇𝑆ℎ,

d𝐸
d𝑡

=
𝛽
(

𝑆ℎ𝜃ℎ + 𝑆𝑙
)

𝐼
𝑁

− (𝜎 + 𝜇)𝐸,

d𝐼
d𝑡

= 𝜎𝐸 − (𝛾 + 𝜇 + 𝛿) 𝐼,

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

where 𝑆𝑙 and 𝑆ℎ are low-risk and high-risk Susceptibles respectively
with different levels of Susceptibilities. The Jacobian of the infected
subsystem at the disease-free equilibrium point is given by

 =
⎡

⎢

⎢

⎣

−(𝜎 + 𝜇)
𝛽
(

𝑆∗
ℎ𝜃ℎ+𝑆

∗
𝑙

)

𝑁∗

𝜎 −(𝛾 + 𝜇 + 𝛿)

⎤

⎥

⎥

⎦

hose determinant is given by − 𝜎(𝑆ℎ𝜃ℎ+𝑆𝑙)𝛽
𝑁 + (𝜎 + 𝜇) (𝛾 + 𝜇 + 𝛿) so that

he threshold quantity can be given by

′
0 =

𝛽𝜎
(

𝜃ℎ𝑆∗
ℎ + 𝑆

∗
𝑙
)

𝑁∗ (𝜎 + 𝜇) (𝛾 + 𝜇 + 𝛿)
.

Now, the vector  for this model is given by  = (0, 1) so that the
Lyapunov coefficients are obtained as follows:

𝐾1 =
|

|

|

𝑀1|
|

|

=
‖

‖

‖

‖

‖

0 1

𝜎 −(𝛾 + 𝜇 + 𝛿)

‖

‖

‖

‖

‖

= 𝜎,

𝐾2 =
|

|

|

𝑀2|
|

|

=
‖

‖

‖

‖

‖

‖

−(𝜎 + 𝜇) 𝛽(𝑆ℎ𝜃ℎ+𝑆𝑙)
𝑁

0 1

‖

‖

‖

‖

‖

‖

= 𝜎 + 𝜇.

he time derivative of the Lyapunov function candidate  = 𝐾1𝐸+𝐾2𝐼
an be simplified into

d
d𝑡

=

(
(

𝑆ℎ𝜃ℎ + 𝑆𝑙
)

𝑁∗

(

𝑆∗
ℎ𝜃ℎ + 𝑆

∗
𝑙
)

𝑁
′

0 − 1

)

𝐼.

We observe that ′
0 < 1 does not guarantee GAS of the disease-

free equilibrium, suggesting the presence of backward bifurcation. We
also observe that if there is no risk difference among Susceptibles (ie.
𝜃ℎ = 1) then the time-derivative of the Lyapunov function reduces to
d
d𝑡 ≤

(

′
0 − 1

)

.

5. Application of the developed technique on other model types

In this section, the developed technique is applied to other models
that do not use the standard and mass action incidence functions in
order to check the generalizability of the technique to such type of
models.

5.1. Example 5: A model of Cholera model [17]

This model is chosen because it applies the saturated incidence
function which is of a different form from the standard/mass action
incidence.
6

The Cholera model [17] is given by

d𝑆
d𝑡

= (1 − 𝜌)𝐴 −
𝛽 𝑆𝐵
𝐾 + 𝐵

+ 𝜃 𝑉 −
(

𝜙 + 𝜇1
)

𝑆,

d𝑉
d𝑡

= 𝜌𝐴 + 𝜙𝑆 −
𝜎𝛽 𝑉 𝐵
𝐾 + 𝐵

−
(

𝜃 + 𝜇1
)

𝑉 ,

d𝐼
d𝑡

=
𝛽 𝑆𝐵
𝐾 + 𝐵

+
𝜎𝛽 𝑉 𝐵
𝐾 + 𝐵

−
(

𝑑 + 𝛼 + 𝜇1
)

𝐼,

d𝐵
d𝑡

= 𝜂 𝐼 − 𝜇2𝐵.

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(18)

he infected subsystem is given by

d𝐼
d𝑡

=
𝛽 𝑆𝐵
𝐾 + 𝐵

+
𝜎𝛽 𝑉 𝐵
𝐾 + 𝐵

−
(

𝑑 + 𝛼 + 𝜇1
)

𝐼,

d𝐵
d𝑡

= 𝜂 𝐼 − 𝜇2𝐵,

with the Jacobian given by


(

0
)

=

[

−(𝑑 + 𝛼 + 𝜇) 𝛽𝑆
𝐾 + 𝛽𝜎𝑉

𝐾

𝜂 −𝜇2

]

.

Now,

|

|

|


(

0
)

|

|

|

= 𝜇2
(

𝑑 + 𝛼 + 𝜇1
)

−
𝛽𝜂

(

𝑆0 + 𝜎 𝑉 0)

𝐾
,

so that the threshold quantity is given by

′
0 =

𝛽𝜂
(

𝑆0 + 𝜎 𝑉 0)

𝐾𝜇2
(

𝑑 + 𝛼 + 𝜇1
) ,

which is the same as the basic reproduction number found in [17],
using the next-generation matrix technique of [6].

5.2. Example 6: A Maize Streak Virus Disease model [18]

This example is the Maize Streak Virus Disease model of [18] given
by

d𝑆𝑚
d𝑡

= 𝑟𝑆𝑚

(

1 −
𝑁𝑚
𝐾

)

+ (1 − 𝜀) 𝜌𝐸𝑚 −
𝛽ℎ𝑚𝑆𝑚𝐼ℎ
𝑁ℎ

−
𝑎𝑆𝑚𝑁ℎ
1 + 𝐴𝑆𝑚

,

d𝐸𝑚
d𝑑𝑡

=
𝛽ℎ𝑚𝑆𝑚𝐼ℎ
𝑁ℎ

−
𝑎𝐸𝑚𝑁ℎ
1 + 𝐴𝐸𝑚

−
(

𝜌 + 𝜇𝑚
)

𝐸𝑚,

d𝐼𝑚
d𝑡

= 𝜀𝜌𝐸𝑚 −
𝑎𝐼𝑚𝑁ℎ
1 + 𝐴𝐼𝑚

−
(

𝛼 + 𝜇𝑚
)

𝐼𝑚,

d𝑆ℎ
d𝑡

= 𝑏 −
𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
− 𝜇ℎ𝑆ℎ,

d𝐼ℎ
d𝑡

=
𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
− 𝜇ℎ𝐼ℎ,

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(19)

he infected subsystem is given by

d𝐸𝑚
d𝑡

=
𝛽ℎ𝑚𝑆𝑚𝐼ℎ
𝑁ℎ

−
𝑎𝐸𝑚𝑁ℎ
1 + 𝐴𝐸𝑚

−
(

𝜌 + 𝜇𝑚
)

𝐸𝑚,

d𝐼𝑚
d𝑡

= 𝜀𝜌𝐸𝑚 −
𝑎𝐼𝑚𝑁ℎ
1 + 𝐴𝐼𝑚

−
(

𝛼 + 𝜇𝑚
)

𝐼𝑚,

d𝐼ℎ
d𝑡

=
𝛽𝑚ℎ𝑆ℎ

(

𝐸𝑚 + 𝐼𝑚
)

𝑁𝑚
− 𝜇ℎ𝐼ℎ,

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

hose Jacobian matrix evaluated at the DFE 0 =
(

𝑆0
𝑚, 0, 0, 𝑆

0
ℎ, 0

)

is
iven by

(

0
)

=

⎡

⎢

⎢

⎢

⎢

⎢

−(𝑎𝑆0
ℎ + 𝜌 + 𝜇𝑚) 0 𝛽ℎ𝑚𝑆0

𝑚
𝑆0
ℎ

𝜀𝜌 −(𝑎𝑆0
ℎ + 𝛼 + 𝜇𝑚) 0

𝛽𝑚ℎ𝑆0
ℎ 𝛽𝑚ℎ𝑆0

ℎ −𝜇

⎤

⎥

⎥

⎥

⎥

⎥

.

⎣ 𝑆0
𝑚 𝑆0

𝑚
ℎ

⎦



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 170 (2023) 113403B. Seidu et al.

T

R

T
e
b



w

|

|

|

The determinant of 
(

0
)

is given by
|

|

|


(

0
)

|

|

|

=
(

𝑎𝑆ℎ + 𝜀𝜌 + 𝛼 + 𝜇𝑚
)

𝛽𝑚ℎ𝛽ℎ𝑚
−𝜇ℎ

(

𝑎𝑆ℎ + 𝛼 + 𝜇𝑚
) (

𝑎𝑆ℎ + 𝜌 + 𝜇𝑚
)

= 𝜇ℎ
(

𝑎𝑆0
ℎ + 𝛼 + 𝜇𝑚

) (

𝑎𝑆0
ℎ + 𝜌 + 𝜇𝑚

)

×

[ (

𝑎𝑆0
ℎ+𝜀𝜌+𝛼+𝜇𝑚

)

𝛽𝑚ℎ𝛽ℎ𝑚

𝜇ℎ
(

𝑎𝑆0
ℎ+𝛼+𝜇𝑚

)(

𝑎𝑆0
ℎ+𝜌+𝜇𝑚

) − 1

]

.

herefore, the basic reproduction number is given by (using

emark 3.1) ′
0 =

√

√

√

√

(

𝑎𝑆0
ℎ+𝜀𝜌+𝛼+𝜇𝑚

)

𝛽𝑚ℎ𝛽ℎ𝑚

𝜇ℎ
(

𝑎𝑆0
ℎ+𝛼+𝜇𝑚

)(

𝑎𝑆0
ℎ+𝜌+𝜇𝑚

) , which is the same as

obtained in [18].

5.3. Example 7: An HIV-Malaria co-infection model [19]

A mathematical model proposed to study the dynamics of HIV-
Malaria co-infection in a workforce was proposed [19]. The infected
subsystem of the model is given by
d𝐼𝑝𝑎
d𝑡

= 𝑟1𝐼𝑛𝑎 + 𝑟3𝐼𝑛𝑑 − (𝜆𝑚 + 𝛿1 + 𝜇)𝐼𝑝𝑎,

d𝐼𝑛𝑎
d𝑡

= 𝜆𝑎𝑆ℎ − (𝜆𝑚 + 𝑟1 + 𝛿2 + 𝜇)𝐼𝑛𝑎,

d𝐼𝑛𝑚
d𝑡

= 𝜆𝑚𝑆ℎ − (𝜆𝑎 + 𝑟2 + 𝜓𝑚 + 𝜇)𝐼𝑛𝑚,

d𝐼𝑛𝑑
d𝑡

= 𝜆𝑚(𝐼𝑝𝑎 + 𝐼𝑛𝑎) + 𝜆𝑎𝐼𝑛𝑚 − (𝑟3 + 𝛿3 + 𝜓𝑚 + 𝜇)𝐼𝑛𝑑 ,

d𝐴
d𝑡

= 𝛿1𝐼𝑝𝑎 + 𝛿2𝐼𝑛𝑎 + 𝛿3𝐼𝑛𝑑 − (𝜓 + 𝜇)𝐴,

d𝐸𝑣
d𝑡

= 𝜆𝑣𝑆𝑣 − (𝛿𝑚 + 𝜈 + 𝜇𝑣)𝐸𝑣,

d𝐼𝑣
d𝑡

= 𝛿𝑚𝐸𝑣 − (𝜈 + 𝜇𝑣)𝐼𝑣.

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

he Jacobian of the infected system evaluated at the infection free
quilibrium point 0 =

(

𝑄ℎ
𝜇 , 0, 0, 0, 0, 0,

𝑄𝑣
𝜈+𝜇𝑣

, 0, 0
)

of the model is given
y

(

0
)

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝑘1 𝑟1 0 𝑟3 0 0 0

𝛽𝑎 𝛽𝑎 − 𝑘2 0 𝛽𝑎 0 0 0

0 0 −𝑘3 0 0 0 𝛽𝑚𝜖𝜙

0 0 0 −𝑘4 0 0 0

𝛿1 𝛿2 0 𝛿3 −𝑘5 0 0

0 0 𝛽𝑣𝜖𝜙𝜇𝑄𝑣
𝑄ℎ(𝜈+𝜇𝑣)

𝛽𝑣𝜖𝜙𝜇𝑄𝑣
𝑄ℎ(𝜈+𝜇𝑣) 0 −𝑘6 0

0 0 0 0 0 𝛿𝑚 −𝑘7

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

where

𝑘1 = 𝛿1 + 𝜇, 𝑘2 = 𝑟1 + 𝛿2 + 𝜇, 𝑘3 = 𝑟2 + 𝜓𝑚 + 𝜇, 𝑘4 = 𝑟3 + 𝛿3 + 𝜓𝑚 + 𝜇,

𝑘5 = 𝜓 + 𝜇, 𝑘6 = 𝛿𝑚 + 𝜈 + 𝜇𝑣, 𝑘7 = 𝜈 + 𝜇𝑣.

The determinant of 
(

0
)

is given by

|

|

|


(

0
)

|

|

|

= (𝜓+𝜇)(𝑟3+𝛿3+𝜓𝑚+𝜇)
𝑄ℎ(𝜈+𝜇𝑣)

[

−𝛽𝑎
(

𝜇 + 𝛿1 + 𝑟1
)

+
(

𝜇 + 𝛿1
) (

𝜇 + 𝑟1 + 𝛿2
)]

×
[

𝛽𝑣𝜖2𝜙2𝜇𝑄𝑣𝛽𝑚𝛿𝑚 −𝑄ℎ
(

𝜈 + 𝜇𝑣
)2 (𝛿𝑚 + 𝜈 + 𝜇𝑣

) (

𝜇 + 𝑟2 + 𝜓𝑚
)

]

,

hich can be written a


(

0
)

|

|

|

= 𝛬

(

1 −
𝛽𝑎

(

𝜇 + 𝛿1 + 𝑟1
)

(

𝜇 + 𝛿1
) (

𝜇 + 𝑟1 + 𝛿2
)

)

×

(

𝛽𝑣𝜖2𝜙2𝜇𝑄𝑣𝛽𝑚𝛿𝑚
𝑄ℎ

(

𝜈 + 𝜇𝑣
)2 (𝛿𝑚 + 𝜈 + 𝜇𝑣

) (

𝜇 + 𝑟2 + 𝜓𝑚
)

− 1

)

,

where 𝛬 =
(

𝜇 + 𝛿1
) (

𝜇 + 𝑟1 + 𝛿2
) (

𝑟3 + 𝛿3 + 𝜓𝑚 + 𝜇
) (

𝜈 + 𝜇𝑣
)

(

𝛿 + 𝜈 + 𝜇
) (

𝜇 + 𝑟 + 𝜓
)

𝜓 + 𝜇 . We observe that, the quantities
7

𝑚 𝑣 2 𝑚 ( )
𝛽𝑎(𝜇+𝛿1+𝑟1)
(𝜇+𝛿1)(𝜇+𝑟1+𝛿2)

and 𝛽𝑣𝜖2𝜙2𝜇𝑄𝑣𝛽𝑚𝛿𝑚
𝑄ℎ(𝜈+𝜇𝑣)2(𝛿𝑚+𝜈+𝜇𝑣)(𝜇+𝑟2+𝜓𝑚)

respectively represent

0𝐻 and 2
0𝑀 which define the basic reproduction numbers of the HIV

and Malaria sub-models in [19].

5.4. Example 8: The HIV-TB co-infection model [16]

The infected subsystem of the model is given by

𝑑𝐻1
𝑑𝑡

= 𝜆𝐻𝑆 + 𝜆1𝐻𝑇𝑆 + 𝜆𝐻𝑀𝑆 − 𝜆𝑇𝜓1𝐻1

− 𝜆2𝐻𝑇𝜓1𝐻1 − 𝜆𝑇𝑀𝜓1𝐻1 −𝐾1𝐻1,
𝑑𝐻2
𝑑𝑡

= 𝜎𝐻1 + 𝜃𝑡𝜎𝑊𝐻 − 𝜆𝑇𝜓2𝐻2

− 𝜆2𝐻𝑇𝜓2𝐻2 − 𝜆𝑇𝑀𝜓2𝐻2 −𝐾2𝐻2,
𝑑𝐿
𝑑𝑡

= 𝑙𝜆𝑇𝑆 + 𝑙𝜆2𝐻𝑇𝑆 + 𝑙𝜆𝑇𝑀𝑆 + 𝜌𝑊𝑇

− 𝜆𝐻𝐿 − 𝜆1𝐻𝑇𝐿 − 𝜆𝐻𝑀𝐿 − 𝜆𝑅𝐿 − 𝜆𝑅1𝐿 −𝐾3,
𝑑𝑇
𝑑𝑡

= (1 − 𝑙)𝜆𝑇𝑆 + (1 − 𝑙)𝜆2𝐻𝑇𝑆 + (1 − 𝑙)𝜆𝑇𝑀𝑆

+ 𝜆𝑅𝐿 + 𝛼𝐿 − 𝜆𝐻𝑇 + 𝜙𝜆𝑅1𝐿

− 𝜆𝐻𝑀𝑇 − 𝜆1𝐻𝑇 𝑇 −𝐾4𝑇 ,

𝑑𝐼1𝐻𝐿
𝑑𝑡

= 𝜆𝑇𝜓1𝐻1 + 𝜆2𝐻𝑇𝜓1𝐻1 + 𝜆𝑇𝑀𝜓1𝐻1

+ 𝜆𝐻𝐿 + 𝜆1𝐻𝑇𝐿 + 𝑙(𝜆2𝐻𝑇𝑊𝐻 + 𝜆𝑇𝑊𝐻 + 𝜆𝑇𝑀𝑊𝐻 )

+ 𝜆𝐻𝑀𝐿 + 𝜆1𝐻𝑇𝑊𝑇 + 𝜆𝐻𝑀𝑊𝑇 + 𝜆𝑅2𝐼1𝐻𝐿 −𝐾5𝐼1𝐻𝐿,

𝑑𝐼1𝐻𝐿
𝑑𝑡

= 𝜆𝐻𝑇 + 𝜆1𝐻𝑇 𝑇 + 𝜆𝐻𝑀𝑇 + (1 − 𝑙)(𝜆2𝐻𝑇𝑊𝐻

+ 𝜆𝑇𝑊𝐻 + 𝜆𝑇𝑀𝑊𝐻 ) + 𝜆𝑅2𝐼1𝐻𝐿 + 𝜃1𝛼𝐼1𝐻𝐿
+ (1 − 𝜙)𝜆𝑅1𝐿 −𝐾6𝐼1𝐻𝑇 ,

𝑑𝐼2𝐻𝐿
𝑑𝑡

= 𝜆𝑇𝜓2𝐻2 + 𝜆2𝐻𝑇𝜓2𝐻2 + 𝜆𝑇𝑀𝜓2𝐻2

− 𝜆𝑅2𝐼2𝐻𝐿 + (1 − 𝜉)𝛾𝐻𝑇 𝐼1𝐻𝐿 + 𝜃𝑡𝜎𝑊 𝐻
𝐻𝐿

+ 𝜎𝐻𝑇𝑊𝑀
𝐻𝑇 + 𝜎𝑇𝑊 𝑇

𝐻𝑇 −𝐾7𝐼2𝐻𝐿,

𝑑𝐼2𝐻𝑇
𝑑𝑡

= 𝜆𝑅2𝐼2𝐻𝐿 + 𝜃2𝛼𝐼2𝐻𝐿 + 𝜉𝛾𝐻𝑇 𝐼1𝐻𝐿
+ 𝜂1𝜎𝐼1𝐻𝑇 + 𝜎𝐻𝑊 𝐻

𝐻𝑇 −𝐾8𝐼2𝐻𝑇 ,
𝑑𝑊𝐻
𝑑𝑡

= 𝜏1𝐻1 + 𝜏2𝐻2 − 𝜆2𝐻𝑇𝑊𝐻 − 𝜆𝑇𝑊𝐻 − 𝜆𝑇𝑀𝑊𝐻 −𝐾9𝑊𝐻 ,

𝑑𝑊𝑇
𝑑𝑡

= 𝜏3𝑇 − 𝜆1𝐻𝑇𝑊𝑇 − 𝜆𝐻𝑊𝑇 − 𝜆𝐻𝑀𝑊𝑇 −𝐾10𝑊𝑇 ,

𝑑𝑊 𝐻
𝐻𝐿
𝑑𝑡

= 𝜏1𝐼1𝐻𝐿 + 𝜏2𝐼2𝐻𝐿 − 𝜆𝐻𝑅2𝑊𝐻𝐿 −𝐾11𝑊 𝐻
𝐻𝐿,

𝑑𝑊 𝐻
𝐻𝑇
𝑑𝑡

= 𝜏1𝐼1𝐻𝑇 + 𝜏2𝐼2𝐻𝑇 + 𝜃1𝛼𝑊 𝐻
𝐻𝐿 + 𝜆𝐻𝑅2𝑊𝐻𝐿 −𝐾12𝑊 𝐻

𝐻𝑇 ,

𝑑𝑊 𝑇
𝐻𝑇
𝑑𝑡

= 𝜏3(𝐼1𝐻𝑇 + 𝐼2𝐻𝑇 ) −𝐾13𝑊 𝑇
𝐻𝑇 ,

𝑑𝑊𝑀
𝐻𝑇
𝑑𝑡

= 𝜏3𝑊 𝐻
𝐻𝑇 + 𝜏2𝑊 𝑇

𝐻𝑇 −𝐾14𝑊𝑀
𝐻𝑇 ,

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(20)

where, (see Box I)

𝐾1 = 𝜇 + 𝜎 + 𝜏1, 𝐾2 = 𝜇 + 𝛿𝐻 + 𝜏2, 𝐾3 = 𝜇 + 𝛼,

𝐾4 = 𝜇 + 𝛿𝑇 + 𝜏3, 𝐾5 = 𝜇 + 𝜃1𝛼 + 𝛾𝐻𝑇 , 𝐾6 = 𝜇 + 𝜏1 + 𝜏3 + 𝜂1𝜎,

𝐾7 = 𝜇 + 𝜃2𝛼 + 𝜏2 + 𝛿𝐻𝑇 , 𝐾8 = 𝜇 + 𝜏2 + 𝜏3 + 𝜔𝛿𝐻𝑇 , 𝐾9 = 𝜇 + 𝜃𝑡𝜎,

𝐾10 = 𝜇 + 𝜌, 𝐾11 = 𝜇 + 𝜃1𝛼 + 𝜃𝑡𝜎, 𝐾12 = 𝜇 + 𝜎𝐻 + 𝜏3,
𝐾13 = 𝜇 + 𝜎𝑇 + 𝜏2, 𝐾14 = 𝜇 + 𝜎𝐻𝑇 .
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T
e

i



w

𝛽
c

S

C
𝑛
s

|

|

|

S
S
S

𝜆𝐻 = 𝛽𝐻 (𝐻2𝜂2+𝑊𝐻 𝜂𝐻+𝐻1)
𝑁 , 𝜆𝑇 = 𝛽𝑇 (𝑊𝑇 𝜂𝑇 +𝑇 )

𝑁 , 𝜆1𝐻𝑇 =
𝛽𝐻

(

𝜂𝐷𝐼1𝐻𝑇 +𝐼𝐻𝐿1+𝑐2𝜂2
(

𝜂𝐷𝐼2𝐻𝑇 +𝐼𝐻𝐿2
))

𝑁 ,

𝜆2𝐻𝑇 =
𝛽𝑇

(

𝐼1𝐻𝑇 +𝐼
2
𝐻𝑇

)

𝑁 , 𝜆𝐻𝑀 =
𝛽𝐻

(

𝑊𝐻𝑇𝑇 +𝜂𝐻
(

𝑊𝐻𝐿𝐻+𝑊 𝐻
𝐻𝑇 +𝑊

𝑀
𝐻𝑇

))

𝑁 , 𝜆𝑇𝑀 =
𝛽𝑇

(

𝑊 𝐻
𝐻𝑇 +𝜂𝑇

(

𝑊𝐻𝑇𝑇 +𝑊𝑀
𝐻𝑇

))

𝑁 ,

𝜆𝑅 = 𝛽𝑇 𝜂𝑇 𝑇
𝑁 , 𝜆1𝑅 =

𝛽𝑇 𝜂𝑟
(

𝐼1𝐻𝑇 +𝐼
2
𝐻𝑇 +𝑊

𝐻
𝐻𝑇

)

𝑁 , 𝜆2𝑅 =
𝛽𝑇 𝜂𝑟

(

𝑊 𝐻
𝐻𝑇 𝐼

2
𝐻𝑇 +𝑇+𝐼

1
𝐻𝑇

)

𝑁 .

Box I.
S
S

A

S
S
S

S
S

S
S

he Jacobian of the infected subsystem evaluated at the infection-free
quilibrium point

0 =
(

𝑆 = 𝛱
𝜇 ,𝐻1 = 0,𝐻2 = 0, 𝐿 = 0, 𝑇 = 0,

𝐼1𝐻𝐿 = 0, 𝐼1𝐻𝑇 = 0, 𝐼2𝐻𝐿 = 0, 𝐼2𝐻𝑇 = 0,𝑊𝐻 = 0,𝑊𝑇 = 0,

𝑊 𝐻
𝐻𝐿 = 0,𝑊 𝐻

𝐻𝑇 = 0,𝑊 𝑇
𝐻𝑇 = 0,𝑊𝑀

𝐻𝑇 = 0
)

,

s given by

(

0
)

=

[

11 12

21 22

]

,

here 11, 12, 21 and 22 are defined in Appendix.
The Determinant of  is then obtained as

|

|

|


(

0
)

|

|

|

= 𝛤
[((

𝜎𝜏2 +𝐾2𝜏1
)

𝜂𝐻 +
(

𝜏1𝜃𝑡 +𝐾9
)

𝜎𝜂2
− 𝜎𝜏2𝜃𝑡 +𝐾2𝐾9

)

𝛽𝐻 + 𝜎𝐾1𝜏2𝜃𝑡 −𝐾1𝐾2𝐾9
]

×
[(

𝜂𝑇 𝜏3 +𝐾10
) (

(1 − 𝑙)𝐾3 + 𝛼𝑙
)

𝛽𝑇 + 𝛼𝜌𝜏3 −𝐾3𝐾4𝐾10
]

,

which can be written as
|

|

|


(

0
)

|

|

|

= 𝛤𝛺
[

𝛽𝐻
((𝜎𝜏2+𝐾2𝜏1)𝜂𝐻+(𝜏1𝜃𝑡+𝐾9)𝜎𝜂2+𝐾2𝐾9−𝜎𝜏2𝜃𝑡)

𝐾1𝐾2𝐾9𝜎𝐾1𝜏2𝜃𝑡
− 1

]

×
[

𝛽𝑇 (𝜂𝑇 𝜏3+𝐾10)((1−𝑙)𝐾3+𝛼𝑙)
𝐾3𝐾4𝐾10𝛼𝜌𝜏3

− 1
]

,

where 𝛺 =
(

𝐾3𝐾4𝐾10𝛼𝜌𝜏3
) (

𝐾1𝐾2𝐾9𝜎𝐾1𝜏2𝜃𝑡
)

. The quantities

𝐻
((𝜎𝜏2+𝐾2𝜏1)𝜂𝐻+(𝜏1𝜃𝑡+𝐾9)𝜎𝜂2+𝐾2𝐾9−𝜎𝜏2𝜃𝑡)

𝐾1𝐾2𝐾9𝜎𝐾1𝜏2𝜃𝑡
and 𝛽𝑇 (𝜂𝑇 𝜏3+𝐾10)((1−𝑙)𝐾3+𝛼𝑙)

𝐾3𝐾4𝐾10𝛼𝜌𝜏3
are

learly the basic reproduction numbers 𝐻 and 𝑇 obtained in [16].
Following the results in the examples and the cited literature in

ections 5.3 and 5.4, the following result is established.

onjecture 5.1. For epidemic ODE models involving co-infection of
number of diseases, the determinant of the Jacobian of the infected
ubsystem is of the form


(

0
)

|

|

|

= 𝛤
𝑛
∏

𝑘=1

(

𝑘
𝑘

− 1
)

,

and the basic reproduction number is given by

0 = max
{

𝑘
𝑘

, ∀ 𝑘 = 1, 2, … , 𝑛
}

.

where 0𝑘 =
𝑘
𝑘

is the basic reproduction number of the 𝑘th diseases.

Putting all the discussions above together, we summarize algorithm
of the developed method in the next section.

6. The algorithms

With all the above, we summarize the algorithms for determination
of basic reproduction numbers and Lyapunov functions for epidemic
ODE models are as follows:

Algorithm 1: Determination of Lyapunov coefficients:

tep1 Identify the infected compartments of the model.
tep2 Find the Jacobian  of the infected subsystem of the model.
tep3 Evaluate the Jacobian of the infected subsystem at the infection-

free critical point,  (i.e. 𝑀 = 
(


)

).
8

0 0
tep4 Replace the 𝑗th row of 𝑀 with  to get 𝑀 𝑗 , 𝑗 = 1, 2,… , 𝑚2.
tep5 Find 𝐾𝑗 = |

|

|𝑀 𝑗
|

|

|

, 𝑗 = 1, 2,… , 𝑚2.

lgorithm 2: Determination of ′
0

tep1 Identify the infected compartments of the model.
tep2 Find the Jacobian  of the infected subsystem of the model.
tep3 Evaluate the Jacobian of the infected subsystem at the infection-

free critical point, 0 (i.e. 
(

0
)

).
tep4 Find the determinant, |

(

0
)

|.
tep5 Express the determinant as |

(

0
)

| = 𝜉
(


 − 1

)

, 𝜉 ∈ R.

tep6 Find ′
0 using ′

0 =

 .

tep7 Apply Remark 3.1 and/or Conjecture 5.1 as appropriate.

7. Conclusion

In this paper, a new method which we name the
Jacobian-Determinant method is presented. The method exploits the
use of determinants of Jacobian matrices to find a threshold quantity,
′

0 akin to (and conjectured to be the same as) the basic reproduction
numbers and Lyapunov functions of ODE models with standard/mass
action incidence functions. Unlike other techniques which are heuristic
or rely on the eigenvectors of next-generation matrices, our method
only requires calculation of determinants of the Jacobian matrix of
the infected subsystem, making our method very simple to use. Our
method is shown to yield the same threshold quantity as the next-
generation matrix method of [6]. Since the new method only requires
the determinant of the Jacobian of the infected subsystem, it is less
computationally expensive and hence cheaper than the next-generation
matrix method of [6]. The method also provides a routine for easy
construction of Lyapunov functions of the models of interest. The
procedure used to develop the technique here considered the global
stability of the infection-free equilibrium point. In another study that
is being undertaken by the authors, the procedure used here is exploited
to see the possibility of constructing Lyapunov functions to study the
GAS of endemic equilibria of epidemic ODE models.
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



R
Appendix

11 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝛽𝐻 −𝐾1 𝛽𝐻𝜂2 0 0 𝛽𝐻 𝛽𝐻𝜂𝐷 𝛽𝐻 𝑐2𝜂2

𝜎 −𝐾2 0 0 0 0 0

0 0 −𝐾3 𝑙𝛽𝑇 0 𝑙𝛽𝑇 0

0 0 𝛼 (1 − 𝑙) 𝛽𝑇 −𝐾4 0 (1 − 𝑙) 𝛽𝑇 0

0 0 0 0 −𝐾5 0 0

0 0 0 0 𝜃1𝛼 −𝐾6 0

0 0 0 0 (1 − 𝜉) 𝛾𝐻𝑇 0 −𝐾7

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

12 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝛽𝐻 𝑐2𝜂2𝜂𝐷 𝛽𝐻𝜂𝐻 0 𝛽𝐻𝜂𝐻 𝛽𝐻𝜂𝐻 𝛽𝐻 𝛽𝐻𝜂𝐻

0 𝜃𝑡𝜎 0 0 0 0 0

𝑙𝛽𝑇 0 𝑙𝛽𝑇 𝜂𝑇 + 𝜌 0 𝑙𝛽𝑇 𝑙𝛽𝑇 𝜂𝑇 𝑙𝛽𝑇 𝜂𝑇

(1 − 𝑙) 𝛽𝑇 0 (1 − 𝑙) 𝛽𝑇 𝜂𝑇 0 (1 − 𝑙) 𝛽𝑇 (1 − 𝑙) 𝛽𝑇 𝜂𝑇 (1 − 𝑙) 𝛽𝑇 𝜂𝑇

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 𝜃𝑡𝜎 0 𝜎0 𝜎𝐻𝑇

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

21 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 0 𝜉𝛾𝐻𝑇 𝜂1𝜎 𝜃2𝛼

𝜏1 𝜏2 0 0 0 0 0

0 0 0 𝜏3 0 0 0

0 0 0 0 𝜏1 0 𝜏2
0 0 0 0 0 0 0

0 0 0 0 0 𝜏3 0

0 0 0 0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

22 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝐾8 0 0 0 𝜎𝐻 0 0

0 −𝐾9 0 0 0 0 0

0 0 −𝐾10 0 0 0 0

0 0 0 −𝐾11 0 0 0

𝜏2 0 0 𝜃1𝛼 −𝐾12 0 0

𝜏3 0 0 0 0 −𝐾13 0

0 0 0 0 𝜏3 𝜏2 −𝐾14

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.
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