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ABSTRACT
The Levenberg–Marquardt (LM) backpropagation optimization algorithm, an artificial neural network algorithm, is used in this study to
perform integrated numerical computing to evaluate the electromagnetohydrodynamic bioconvection flow of micropolar nanofluid with
thermal radiation and stratification. The model is then reduced to a collection of boundary value problems, which are solved with the help
of a numerical technique and the proposed scheme, i.e., the LM algorithm, which is an iterative approach to determine the minimum of
a nonlinear function defined as the sum of squares. As a blend of the steepest descent and the Gauss–Newton method, it has become a
typical approach for nonlinear least-squares problems. Furthermore, the stability and consistency of the algorithm are ensured. For validation
purposes, the results are also compared with those of previous research and the MATLAB bvp4c solver. Neural networking is also utilized
for velocity, temperature, and concentration profile mapping from input to output. These findings demonstrate the accuracy of forecasts
and optimizations produced by artificial neural networks. The performance of the bvp4c solver, which is used to reduce the mean square
error, is used to generalize a dataset. The artificial neural network-based LM backpropagation optimization algorithm operates using data
based on the ratio of testing (13%), validation (17%), and training (70%). This stochastic computing work presents an activation log-sigmoid
function based LM backpropagation optimization algorithm, in which tens of neurons and hidden and output layers are used for solving the
learning language model. The overlapping of the results and the small computed absolute errors, which range from 10−3 to 10−10 and from
106 to 108 for each model class, indicate the accuracy of the artificial neural network-based LM backpropagation optimization algorithm.
Furthermore, each model case’s regression performance is evaluated as if it were an ideal model. In addition, function fitness and histogram
are used to validate the dependability of the algorithm. Numerical approaches and artificial neural networks are an excellent combination for
fluid dynamics, and this could lead to new advancements in many domains. The findings of this research could contribute to the optimization
of fluid systems, resulting in increased efficiency and production across various technical domains.
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NOMENCLATURE

a Constant term in the stretching sheet
b1, b2, d1, d2, e1, and e2 Constants of coefficient
Ĉ, Ĉ∞, Ĉw Fluid, ambient, and surface fluid con-

centration, respectively⌢
Dn̂,

⌢
DT̂ ,

⌢
DB Diffusivities of microorganism

concentration, nanofluidic temper-
ature, and nanofluid concentration,
respectively⌢

E = (0, 0,−
⌢
E0), B = (0,

⌢
B0, 0) Electric and magnetic forces,

respectively
g, N̂, ⌢σ,β Gravitational force, angular velocity,

electrical conductivity, and volume
expansion coefficient, respectively

K, S, Nr, and Q Micropolar constant, thermal strat-
ification, buoyancy ratio, and mass
stratification parameters, respectively

K∗f , j = v f
a Vertex viscosity and micro-inertia

density, respectively
M, Nt, E, and Rd Magnetic, thermophoretic, and acti-

vation energy and thermal radiation
parameters, respectively

n̂, n̂∞, n̂w Concentration of the microorganism
and ambient/surroundings and sur-
face concentration of microorgan-
isms, respectively

Pr, Pe, Lb, and Ec Prandtl, Peclet, Lewis bioconvection,
and Eckert numbers, respectively⌢ρp, ⌢ρm, ⌢ρ f Density of the nanoparticle, microor-
ganism, and fluid, respectively

Q0, bWc
ΔC ∗∇C, Wc Heat generation rate, average veloc-

ity, and speed of the microorganism
during swimming, respectively

Rb, Gr, Re⌢x, Sc Bioconvection Rayleigh, local
Grashof, Reynolds, and Schmidt
numbers, respectively

T̂, T̂∞, T̂w Fluid, ambient, and surface fluid tem-
perature, respectively

τ =
(ρ̃⌢c)p

(ρ̃⌢c) f
,α = k f

(ρ̃⌢c) f
Effectiveness heat capacity of

nanoparticles to heat capacity of
fluid and thermal diffusivity number,
respectively

x̂, ŷ Cartesian coordinates
δ, Nb, B, and Ω Heat generation coefficient, Brownian

motion, motile density stratification,
and microorganism concentration
difference parameters, respectively

λ, Gcx, E1, and λ1 Mixed convection, modified number
for the local Grashof, and electric

and heat generation or absorption
parameters, respectively

Abbreviations

AI Artificial intelligence
ANN-LMBOA Artificial neural networks Levenberg–Marquardt

(LM) backpropagation optimization algorithm
BCMN Bioconvection flow of micropolar nanofluid
CBL Concentration boundary-layer
EHs Error histograms
EMHD Electromagnetohydrodynamic
MBL Momentum boundary-layer
MSE Mean squared error
NNs Neural networks
ODEs Ordinary differential equations
PDEs Partial differential equations
R Coefficient of determination
TBL Thermal boundary-layer
TRS Thermal radiation and stratification

I. INTRODUCTION
It is imperative that the thermal properties of nanofluids in

thermal engineering, including thermal conductivity, diffusivity, vis-
cosity, and thermal transit, be enhanced. There are a variety of
components at the nanoscale suspended in the host fluid. However,
the term “nanofluid” is often used to refer to the colloidal suspension
of one or more of these components.1 With a liquid phase for the
base fluid and bulk nanomaterial, it is a two-phase system. Almost
every industrial and technical field, from the car sector to the medical
field, may benefit from the usage of nanofluid. By heating hydraulic
fluid, nuclear reactors and geothermal installations might all ben-
efit from its utilization. In vehicle components, nanofluid is used
as transmission fluid such as coolants, lubricating oils, and other
consumables. Nano-drug delivery, cryopreservation, cancer therapy,
nano-cryosurgery, sensing, and imaging are all examples of how
this technology is used in biomedicine. Microchips, for example, are
cooled by nanofluid in industrial equipment.2 Despite its great value,
the two-phase structure of this field presents a number of difficulties.
Stability analysis has been the subject of several experiments and
theoretical research in an attempt to improve the thermophysical
properties at a low laboratory cost. Keeping nanoparticles in the base
fluid over the long term is still a challenge. Because of this, scientists
are working hard to develop nanofluids via theoretical3,4 or exper-
imental research5,6 in order to increase their thermal performance
and solve their long-term stability issue. Nanofluids possess enough
stability and enough viscoelasticity and have superior saturating,
distributing, and diffusion capabilities on solid surfaces, which are
some of their main benefits.7 In addition, the fluidic movement in
the context of a magnetic ground has crucial uses in metallurgical,
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chemical, manufacturing, and other scientific fields. Regulating the
pace of cooling requires magnetic field-exposed electrically con-
ducting fluid. Regulating the rate of cooling may improve the final
product. Magnetic particles play a key role in the production of loud
speakers, in the treatment of cancer, and in the separation of sink
floats. There are a few helpful recent studies on nanofluids, such as
Refs. 8–13.

Fluids that are non-Newtonian (rheological) are used in a
variety of manufacturing processes. These fluids have properties
that differ greatly from those of viscous Newtonian fluidic mod-
els. Numerous models of non-Newtonian fluids exist, notably shear
thinning pseudo-plastics and visco-plastics (Bingham, Maxwell, and
Oldroyd-B). However, such types of models just alter the shear
stress tensor and do not take the impact of the microstructure into
account. Fluids used in many materials processing procedures con-
tain a microstructure, that is, the particles floating in the liquids
may spin. Using normal non-Newtonian models, it is impossible to
reproduce such phenomena. In response to this, Eringen14 created
a new area of fluid dynamics in the 1960s called “micro-morphic
fluid mechanics” that accurately models the angular velocity. The
concept of micro-rotation of particles in non-Newtonian fluids is
introduced.15 The micropolar model16 is a new version of the generic
“micro-morphic fluid model” that reduces the degrees of freedom of
the particles and ignores the axial compression of micro-elements.
As a result, micropolar theory has been widely used in a variety of
high-quality investigations because it correctly simulates colloidal
dispersions, smart fluids, and biologically fluent media (such as
blood and articular fluid) in a variety of ways. Another benefit of
the micropolar fluid theory is that the Navier–Stokes–Newtonian
model may be recovered by ignoring the rotation (gyratory motion
of micro-elements).17 Inspired by coatings and adhesives, a large
number of academics have examined the micropolar fluids’ outer
boundary layer flows from various geometries.18–21

Micro-organisms are single cells; they survive in animals,
humans, and bodies of plants. As micro-organisms are collected,
they become the source of bioconvection since they are considerably
heavier than water. Gyrotactic bacteria, which are up-swimming
micro-organisms due to gravitational instability, exhibit the bio-
convection phenomena.22 The cell-swimming direction in relation
to the microbe species is driven by the bioconvection model. The
phenomena of bioconvection find several uses in various biolog-
ical systems, chemical processes, and ecological structures.23 The
use of nanofluid interaction with motile microbes may improve
the stability of the suspension. Numerous researchers have noticed
this intriguing behavior.24–31 The integrating effect of micropolar
nanofluid on bioconvection phenomena has been described in sig-
nificant ways by many researchers. Shahzad et al.32 used the biocon-
vection phenomena in micropolar nanofluid Darcy–Forchheimer
flow that pass into double disks and investigated the Brownian
motion and thermophoresis diffusivity. Bioconvection containing
gyrotactic microbes in micropolar MHD Maxwell nanofluid flow has
been studied by Habib et al.33 in an extending sheet. Numerical sim-
ulation is carried out by Ali et al.34 for the multi-slip consequence
of time dependent magnetohydrodynamic micropolar nanofluid in
gyrotactic micro-organism flow past a solutal sheet that has thermal
convective boundary conditions. Tlili et al.35 studied the magneto-
hydrodynamic micropolar nanofluid flow under the effect of double
stratification and partial slip.

Computational science has evolved from experimental tactics
to model-based theoretical paradigms and finally to the computa-
tional paradigm. Information gleaned from numerous techniques is
now more sophisticated than we could have imagined. At present,
new techniques arise as a fourth paradigm through data-driven
established precise forecasts on large datasets and discovery-based
data mining tools that overcome the conventional constraints of
their predecessors.36 These three classic modes of scientific research
are now backed by the fourth paradigm and the development of
new computing technologies such as high-performance computing,
machine learning (ML), and data mining.37

Artificial neural networks have an explosion of relevant studies
that have attempted to connect novel algorithms with human per-
ception.38 A subset of artificial intelligence (AI) known as machine
learning (ML) uses statistical methods to assess and develop algo-
rithms based on data and make predictions about it. These algo-
rithms are categorized into three parts according to dataset. For
predictions from labeled data, supervised learning is used, whereas
unsupervised learning is used if someone get unlabeled data. During
supervised learning, data from the training set are used to deter-
mine how inputs and outputs are related. In unsupervised learning,
the initial step is to look for patterns in the incoming data. There
have been a significant number of new evaluations and viewpoints
on ML and fluids in the last several months. Brunton et al.,39 Sofos
et al.,40 Agwu et al.,41 and Zhang and Noack42 provide a histori-
cal assessment of fluid mechanics, identifying previous and present
advancements, as well as anticipating the future. In the field of
nanofluid, artificial intelligence has shown significant performance
in predicting the simulation accuracy of the physical model.43–45

In this article, the numerical simulation of magnetohy-
drodynamic nanofluid flow in a permeable medium is carried
out through an unsupervised neural network referred to as the
Levenberg–Marquardt backpropagation algorithm. This algorithm
is successfully used for the high order nonlinear differential
equations.46–48

This work presents new insights into the electromagnetohy-
drodynamic bioconvection flow of micropolar nanofluid flow with
thermal radiation and stratification (EMHD-BCMN-TRS) by using
sophisticated computational techniques to examine and simulate the
complex fluid dynamic behavior of these materials.

In a micropolar nanofluid, thermal radiation, stratification, and
the bioconvection flow effect combine to provide a complex problem
that is difficult to solve with customary numerical or analytical tech-
niques. Intelligent computer approaches such as fuzzy logic, ANNs,
and genetic algorithms provide a useful means of modeling and
forecasting the behavior of these materials in intricate fluid systems.

These methods make use of the capabilities of optimization
algorithms and machine learning to produce more precise projec-
tions and efficiency than those generated with traditional meth-
ods. They might also provide insight into the basic physics of the
system.

Furthermore, this field of study still has a lot of room for
growth and inquiry because intelligent computing is still a relatively
new application. These methods have the potential to make difficult
problems in micropolar nanofluids, nanofluids, and other fields of
fluid mechanics easier to understand and solve. They may also make
it easier to develop microfluidic devices that are more effective and
efficient. The following are the primary goals of this study:
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i. Depict the EMHD-BCMN-TRS mathematical modeling.
ii. Using training, validation, and testing procedures, describe the

solution for the intended EMHD-BCMN-TRS fluid model.
iii. Examine the randomly selected reference data samples for test-

ing, training, and validation. Then, compare the estimated
solutions of the suggested ANN-LMBOA with the reference
outcomes.

iv. Create datasets using LM in the training, validation, and testing
phases in order to determine the approximate solution for the
suggested ANN-LMBOA algorithm.

v. The proposed method effectively investigates the problem
dynamics for various scenarios by varying relevant parameters
to illustrate the temperature, concentration, and velocity
profiles.

vi. Based on a careful review of the evaluation of accuracy, his-
tograms, and regression analysis performed for the EMHD-
BCMN-TRS fluidic model, all of which are provided in suffi-
cient pictorial and numerical detail, the ANN-LMBOA validity
and verification are established.

vii. The EMHD-BCMN-TRS fluid model based on ODEs is solved
using a log-sigmoid activation function.

viii. Statistical operators based on single/multiple executions have
validated the consistency, exactness, and dependability of the
stochastic approach in solving the EMHD-BCMN-TRS fluid
model.

ix. The different EMHD-BCMN-TRS scenarios are investigated by
adjusting the magnetic number, electric parameter, vertex vis-
cosity, chemical reaction, and thermal radiation parameters, as
well as mass stratification and Schmidt and Peclet numbers.

II. FLOW CONFIGURATION AND MATHEMATICAL
FORMULATION

The primary goal is to explore the unsteady and incompressible
two dimensional mixed convection electrically conducting microp-
olar nanofluid having a magneto-hydrodynamic effect (MHD) that
is being passed over a stretchable plate. For the purpose of stabi-
lizing the nanoparticles in the host fluid, bioconvection containing
gyrotactic micro-organisms is combined with nanofluids in a way
that prevents microbes from changing their swimming direction or
their momentum speed as a result of the addition of the nanofluid.
Ohm’s law, temperature stratification, and thermal radiation are all
considered to have an impact on the flow. Cartesian coordinates are
assumed in the flow configuration so that the velocity (û(x̂) = ax̂)
is in the horizontal direction of the stretchable sheet whereas the

(ŷ) coordinate is in the vertical direction of the normal stretch-
able sheet. Beyond the region (ŷ > 0), the bioconvection nanofluid
flow is thought to be restricted. In the vicinity of positive (ŷ), con-
stant electric and magnetic forces of strengths

⌢
E = (0, 0,−

⌢
E0) and B

= (0,
⌢
B0, 0) are applied, respectively. In contrast, it is thought that

the local Reynolds number is so small that it is practically negligible.
The coordinate system for the flow structure is shown in Fig. 1.

Under the aforementioned supposition, the Navier–Stokes
equations for the conservation of mass, momentum, angular veloc-
ity, energy, nanofluid concentration, and gyrotactic microbial
concentration are as follows:49

∂û
∂ x̂
+ ∂ v̂
∂ŷ
= 0, (1)

û
∂û
∂ x̂
+ v̂

∂û
∂ŷ
+ =
⎛
⎝
⌢
ν f +

⌢
k f⌢
ρ f

⎞
⎠
∂2û
∂ŷ 2 +

⎛
⎝

⌢
k f⌢
ρ f

⎞
⎠
∂N̂
∂ŷ
+
⌢
σ
⌢
ρ f

E0
⌢
B0

−
⌢
σ
⌢
ρ f

⌢
B2

0û + 1
⌢
ρ f
((1 − Ĉ f )

⌢
ρ f βg(T̂ − T̂∞)

− g(⌢ρp −
⌢
ρ f )(Ĉ − Ĉ f ) − γ∗g(n̂ − n̂∞)

× (⌢ρm −
⌢
ρ f )), (2)

û
∂N̂
∂ x̂
+ v̂

∂N̂
∂ŷ
+ (

k∗f
ρ̃ f j∗f

)(2N̂ + ∂û
∂ŷ
) = (γ f

∗

ρ̃j ∗
)∂

2N̂
∂ŷ 2 , (3)

û
∂T̂
∂ x̂
+ v̂

∂T̂
∂ŷ
= α∂

2T̂
∂ŷ 2 + τ

⎛
⎝

D̃T̂

T̂∞
(∂T̂
∂ŷ
)

2

+ D̃B(
∂Ĉ
∂ŷ

∂T̂
∂ŷ
)
⎞
⎠

− 1
(ρ̃c̃p) f

∂qr

∂ŷ
+ σ
(ρ̃c̃p) f

(
⌢
B 0û − E0)

2

+ Q0

(ρ̃c̃p) f
(T̂ − T̂∞), (4)

û
∂Ĉ
∂ x̂
+ v̂

∂Ĉ
∂ŷ
+ R∗(Ĉ − Ĉ∞) =

D̃T̂

T̂∞
∂2T̂
∂ŷ 2 + D̃B

∂2Ĉ
∂ŷ 2 , (5)

û
∂n̂
∂ x̂
+ v̂

∂n̂
∂ŷ
+ { ∂

∂ŷ
(∂Ĉ
∂ŷ

n̂)}bWc

Ĉ∞
= D̃n

∂2n̂
∂ŷ 2 . (6)

The boundary constraints are50

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

û = ûw(x) = ax̂,

v̂ = 0,

N̂ = 0,

T̂ = T̂w = T0 + b1 x̂,

Ĉ = Ĉw = C0 + d1 x̂,

n̂ = n̂w = n0 + e1 x̂,

at ŷ = 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

û→ 0,

N̂ → 0,

T̂ → T̂∞ = T0 + b2 x̂,

Ĉ → Ĉ∞ = C0 + d2 x̂,

n̂→ n̂∞ = n0 + e2 x̂,

at ŷ →∞. (7)
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FIG. 1. Geometrical configuration of the model.

The term spin gradient viscosity (γ∗f ) in angular velocity (3) is
defined as

γ∗f = j(μ∗f +
1
2

K∗f ). (8)

The thermal radiation parameter in Eq. (4) can be written as

qr = 4/3
σ∗

k∗
∂T̂4

∂ŷ
. (9)

Here, k∗ → average absorption coefficient and σ∗ → constant
(Stefan–Boltzmann). The T̂4 Taylor expansion about T̂∞ is given
as

T̂4=̃T̂4
∞ + 2(T̂ − T̂∞)(2T̂3

∞ + 3T̂ − 3T̂∞) + ⋅ ⋅ ⋅ . (10)

Conversion of governing equations to a system of differential
form:

The stream function can be written as ψ = ψ(x, y),

û = ∂ψ
∂ŷ

, v̂ = −∂ψ
∂ x̂

. (11)

To solve the problem, the set of PDEs has been transformed
into a set of ODEs by introducing the stream function equations
and similarity transformations. The similarity transformations are
chosen as

η = ŷ
√

a
ν

, û = ax̂ f ′(η), v̂ = −(aν)1/ 2 f (η),

N̂ = ax̂(
√

a
ν
)g(η), θ(η) =

(T̂ − T̂∞)
(T̂w − T̂0)

,

ϕ(η) =
(Ĉ − Ĉ∞)
(Ĉw − Ĉ0)

, ξ(η) = (n̂ − n̂∞)
(n̂w − n̂0)

.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(12)

Equation (1) is identically satisfied and Eqs. (2)–(6) take the
following form:

(1 + K) f ′′′ − f ′2 −M f ′ +M
⌢
E + f f ′′ + Kg′

+ λ(θ +Nrϕ − RbΨ) = 0, (13)

(1 + K
2
)g′′ − K(2g + f ′′) − g f ′ + g′ f = 0, (14)

(1 + 4
3

Rd)θ′′ + Pr f θ′ + Pr (Nbθ′ϕ′ +Ntθ′2)

− Pr ( f ′θ + S f ′) + Pr δθ +M2 Ec( f ′2 +
⌢
E 2 − 2

⌢
E f ′) = 0, (15)

ϕ′′ + (Nt/Nb)θ′′ + Sc( f ϕ′ − f ′ϕ −Q f ′) = 0, (16)

Ψ′′ − Lb(Ψ f ′ + B f ′ −Ψ′ f ) − Pe(Ψ +Ω)ϕ′′ − PeΨ′ϕ′ = 0, (17)

Sc = ν f

DB
, Pe = bWc

Dn
, λ = Gr

Re2
x̂

, Pr = v f

α′
, M = σ̃B̃2

0

αρ̃ f
, Lb = ν f

D̃n
,

Nt =
(⌢ρ⌢cp)p

(⌢ρ⌢cp) f

τD̃T(T̂w − T̂∞)
ν f T̂∞

, Gr =
⌢
gβĈ(1 − Ĉ∞)Δx̂ 3

v2
f

, Nb =
(⌢ρ⌢cp)p

(⌢ρ⌢cp) f

D̃B(Ĉw − Ĉ∞)
ν f

,

Gc x̂ =
gβc(Ĉw − Ĉ∞)

x̂α2 , Ec = a2 x̂ 2

(⌢ρ⌢cp) f
(T̂w − T̂∞)

, K =
k∗f
μ f

,

S = b2

b1
, Q = d2

d1
, Nr =

(ρ̃p − ρ̃ f )(Ĉw − Ĉ0)
βρ̃ f (T̂w − T̂0)

, Re x̂ =
ũw(x̂)x̂

ν
,

Rb =
γ∗(n̂w − n̂0)(ρ̃m − ρ̃ f )
(1 − Ĉ∞)(T̂w − T̂0)

, δ = Q0

a(⌢ρ⌢cp) f

, Ω = n̂∞
(n̂w − n̂0)

, B = e2

e1
, E1 =

⌢
E0⌢

B0aν f
.

(18)
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By replacing Eq. (12) in Eq. (7), the equivalent non-dimensional boundary conditions may be found, which are as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g(0) = 0,

f (0) = 0,

f ′(0) = 1,

θ(0) = 1 − S,

ϕ(0) = 1 −Q,

ξ(0) = 1 − B,

at η = 0, and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f ′(η)→ 0,

g(η)→ 0,

θ(η)→ 0,

ϕ(η)→ 0,

ξ(η)→ 0,

as η→∞. (19)

It is noted that the micropolar impacts are not accounted for in the nanofluidic model by omitting the vertex viscosity, i.e., (K = 0).

III. MODELING ANNs WITH A SIGMOID FUNCTION

In several fields, the ANNs’ capacity to employ the sigmoid acti-
vation function is used to produce results that are steady, consistent,

and dependable. With backpropagation NNs, the EMHD-BCMN-
TRS fluid mathematical model found in Eqs. (13)–(17) is expressed
as follows, taking into account the derivatives in the input, hidden,
and output layers:

⎡⎢⎢⎢⎣

f , f ′, f ′′,

f ′′′
⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

s

∑
i=1

h̵iL(λ–iη + ℓi),
s

∑
i=1

h̵i
d

dη
L(λ–iη + ℓi),

s

∑
i=1

h̵i
d2

dη2 L(λ–iη + ℓi),

s

∑
i=1

h̵i
d3

dη3 L(λ–iη + ℓi)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

[g, g′, g′′] = [
s

∑
i=1

h̵iL(λ–iη + ℓi),
s

∑
i=1

h̵i
d

dη
L(λ–iη + ℓi),

s

∑
i=1

h̵i
d2

dη2 L(λ–iη + ℓi)]

[θ, θ′, θ′′] = [
s

∑
i=1

h̵iL(λ–iη + ℓi),
s

∑
i=1

h̵i
d

dη
L(λ–iη + ℓi),

s

∑
i=1

h̵i
d2

dη2 L(λ–iη + ℓi)]

[ϕ,ϕ′,ϕ′′] = [
s

∑
i=1

h̵iL(λ–iη + ℓi),
s

∑
i=1

h̵i
d

dη
L(λ–iη + ℓi),

s

∑
i=1

h̵i
d2

dη2 L(λ–iη + ℓi)]

[Ψ,Ψ′,Ψ′′] = [
s

∑
i=1

h̵iL(λ–iη + ℓi),
s

∑
i=1

h̵i
d

dη
L(λ–iη + ℓi),

s

∑
i=1

h̵i
d2

dη2 L(λ–iη + ℓi)]

. (20)

A sigmoid function is a restricted, differentiable real function with a single inflection point and a non-negative derivative, all referring to
the same mathematical idea. A sigmoid function is illustrated by the formula f (η) = 1

1+e−η .

The sigmoid function f (λ–iη + ℓi) = 1
1+eλ

–
iη+ℓi

is employed in Eq. (20). Applying this function results in a new mathematical form,

⎡⎢⎢⎢⎣

f , f ′,

f ′′, f ′′′
⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

s

∑
i=1

h̵i(
1

1 + e−(λ
–

iη+ℓi) ),
s

∑
i=1

h̵iλ–i(
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 ),
s

∑
i=1

h̵iλ–i
2( 2e−2(λ–iη+ℓi)

1 + e−(λ
–

iη+ℓi)3 −
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 ),

s

∑
i=1

h̵iλ–3
i (

6e−3(λ–iη+ℓi)

1 + e−(λ
–

iη+ℓi)4 −
6e−2(λ–iη+ℓi)

1 + e−(λ
–

iη+ℓi)3 +
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎣

g, g′,

g′′
⎤⎥⎥⎥⎦
= [

s

∑
i=1

h̵i(
1

1 + e−(λ
–

iη+ℓi) ),
s

∑
i=1

h̵iλ–i(
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 ),
s

∑
i=1

h̵iλ–i
2( 2e−2(λ–iη+ℓi)

1 + e−(λ
–

iη+ℓi)3 −
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 )]

⎡⎢⎢⎢⎣

θ, θ′,

θ′′
⎤⎥⎥⎥⎦
= [

s

∑
i=1

h̵i(
1

1 + e−(λ
–

iη+ℓi) ),
k

∑
i=1

h̵iλ–i(
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 ),
s

∑
i=1

h̵iλ–i
2( 2e−2(λ–iη+ℓi)

1 + e−(λ
–

iη+ℓi)3 −
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 )]

⎡⎢⎢⎢⎣

ϕ,ϕ′,

ϕ′′
⎤⎥⎥⎥⎦
= [

s

∑
i=1

h̵i(
1

1 + e−(λ
–

iη+ℓi) ),
s

∑
i=1

h̵iλ–i(
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 ),
s

∑
i=1

h̵iλ–i
2( 2e−2(λ–iη+ℓi)

1 + e−(λ
–

iη+ℓi)3 −
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 )]

⎡⎢⎢⎢⎣

Ψ,Ψ′,

Ψ′′
⎤⎥⎥⎥⎦
= [

s

∑
i=1

h̵i(
1

1 + e−(λ
–

iη+ℓi) ),
s

∑
i=1

h̵iλ–i(
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 ),
s

∑
i=1

h̵iλ–i
2( 2e−2(λ–iη+ℓi)

1 + e−(λ
–

iη+ℓi)3 −
e−(λ

–
iη+ℓi)

1 + e−(λ
–

iη+ℓi)2 )]

. (21)
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In the above-mentioned network, s represents the neu-
rons, W = [h̵i, λ–i, ℓi] is the unknown weight vector, i.e., h̵i

= [h̵1, h̵2, . . . , h̵k], λ–i = [λ–1, λ–2, . . . , λ–k], and ℓi = [ℓ1, ℓ2, . . . , ℓk].
Equation (21) introduces the sigmoid function f (λ–iη + ℓii)

= 1
1+eλ

–
iη+ℓi

as the objective function and its higher derivatives i.e.,
third order. Furthermore, these equations include the sigmoid func-
tion. Equation (20) denotes the function f (η) and its first, second,
and third order derivatives. Equation (21) denotes the same func-
tion f (η) and its derivatives after applying the sigmoid function. In

the same way, Eq. (20) represents the functions g(η), θ(η), ϕ(η),
and Ψ(η) along with their first and second order derivatives. On
the other hand, Eq. (21) represents the functions g(η), θ(η), ϕ(η),
andΨ(η) and their derivatives up to second order, after merging the
sigmoid function.

IV. FORMULATION OF THE FITNESS FUNCTION
Equation (22) in our modeling uses the mean squared error

(MSE) as the objective function,

ε = ε1 + ε2 + ε3 + ε4 + ε5, (22)

ε1 =
1
s

s

∑
i=1
((1 + K) f ′′′ − f ′2 −M f ′ +M

⌢
E + f f ′′ + Kg′ + λ(θ +Nrϕ − RbΨ))

2
,

ε2 =
1
s

s

∑
i=1
((1 + K

2
)g′′ − K( f ′′ + 2g) − f ′g + f g′)

2
,

ε3 =
1
s

s

∑
i=1

⎛
⎜⎜
⎝

(1 + 4
3

Rd)θ′′ + Pr f θ′ + Pr (Nbθ′ϕ′ +Ntθ′2) − Pr ( f ′θ + S f ′) + Pr δθ

+M2 Ec( f ′2 +
⌢
E 2 − 2

⌢
E f ′)

⎞
⎟⎟
⎠

2

,

ε4 =
1
s

s

∑
i=1
(ϕ′′ + (Nt/Nb)θ′′ + Sc( f ϕ′ − f ′ϕ −Q f ′))2,

ε5 =
1
s

s

∑
i=1
(Ψ′′ − Lb(Ψ f ′ + B f ′ −Ψ′ f ) − Pe(Ψ +Ω)ϕ′′ − PeΨ′ϕ′)2.

(23)

This objective function is represented by Eq. (22), where ε is the
mean of squared error (MSE), which is the summation of ε1, ε2, ε3,
ε4, and ε5. Equation (23) presents the expressions for ε1, ε2, ε3, ε4, and
ε5. The following five equations show the MSE, while the coefficient
of determination (R) is expressed as

R =

¿
ÁÁÁÁÁÁÀ

1 −

s
∑
i=1
(Xexp (i) − XANN(i))

2

N
∑
i=1
(Xexp (i))

2
. (24)

Furthermore, an additional critical parameter used in ANN
models’ efficiency scores is the discrepancy between the error and
the projected dataset. For each of the five single layer network, the
error rates (%) between the target and forecast data were determined,
and their dependability was evaluated,

Error rate(% ) = [Xexp − XANN

Xexp
] × 100. (25)

With the availability of ANN-LMBOA weights, one must optimize
∈, the objective function, so that ∈→ 0 in order to solve the EMHD-
BCMN-TRS fluid model, based on the previous necessity of the
training datapoints, testing datapoints, and validation datapoints as
required in classically supervised neural networks, trained via an
appropriate optimization method (ANN-LMBOA method).

V. DATASET FORMATION FOR PROPOSED SOLUTIONS

One of the many applications of artificial intelligence (AI)
is artificial neural networks (ANNs). Because ANNs can simulate
nonlinear phenomena and are adaptable to them, they have been
used in a variety of applications. ANNs are helpful in a variety of
sectors because they can adapt and learn from the data they are
given. Numerous fields benefit from the application of ANNs, such
as machine translation, email spam filtering, quantum chemistry,
natural resource management, sequence recognition, system identi-
fication, process control, sensor data analysis, and financial analysis.
ANNs and other machine learning methods can be used to model
complex data associations. They can therefore be used for a vari-
ety of purposes, including the ones already stated. Therefore, the
ANN-LMBOA stochastic numerical based approach based on back-
propagation is more dependable. Gradient descent is a supervised
learning technique called backpropagation, which reduces the slope
of the error curve and minimizes error.

To train the ANN-LMBOA algorithm to handle a fluid prob-
lem, pertinent data must be gathered and organized in a dataset for
suggested solutions. This dataset is used as the basis for training and
assessing the effectiveness of several algorithms, including ANNs.
It takes considerable consideration to choose representative sam-
ples, prepare the data, and ensure their quality and dependability.
In order for the model to generate reliable results and generalize, the
composition and diversity of the dataset are crucial. Therefore, the
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FIG. 2. ANN-LMBOA scheme for the EMHD-BCMN-TRS flow model.
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first step in deploying neural networks to give effective answers is to
create a well-constructed dataset.

The following three sections include the formation and
methodologies for solving the nonlinear EMHD-BCMN-TRS fluid
model.

The nonlinear EMHD-BCMN-TRS fluid model has four
classes, velocity ( f ′(η)), angular velocity (g(η)), temperature
(θ(η)), and concentration (ϕ(η)), and each class consists of two
cases.

In order to construct the dataset from differential equations
[Eqs. (13)–(17)], the initial phase furnishes the data required by the
solution i.e., bvp4c, which adds the boundary conditions [Eq. (19)]
and transforms higher order nonlinear ODEs into first order ODEs.
A built-in ANN-LMBOA computing platform with network model-
ing, layer structure, and the backpropagation mechanism is provided
in the second section. The last step offers guidance on how to solve
the nonlinear EMHD-BCMN-TRS fluid model using the suggested
ANN-LMBOA.

The “bvp4c solver” routine for solving ODEs in the MAT-
LAB software package is used to calculate the reference datasets for
the various classes of the nonlinear system of the EMHD-BCMN-
TRS fluid model, which are characterized by five case-based systems
of ODEs [Eqs. (30)–(34)], as shown in the set of equations in
Eqs. (13)–(17). Tolerance, good accuracy, stoppage conditions, and
other default parameter settings are used when the “bvp4c solver”
operation is run. The dataset collected is used to model the net-
works with different data distributions in the training data, testing
execution of data, and validation of results for the provided samples
of each instance (cases 1 through 5) in the nonlinear system of the
EMHD-BCMN-TRS fluid model [Eqs. (13)–(17)].

The suggested framework for the ANN-LMBOA methodology
is depicted in Fig. 2, along with performance analysis and opti-
mization techniques for the problem, outcome description, and
layer structure. These higher order ODEs have been transformed by
assuming

f ′′(η) = Υ3, f ′(η) = Υ2, f (η) = Υ1,

g′(η) = Υ5, g(η) = Υ4,

θ(η) = Υ6, θ′(η) = Υ7,

ϕ(η) = Υ8, ϕ′(η) = Υ9,

ξ(η) = Υ10, ξ′(η) = Υ11,

(26)

Υ′3 =
1

(1 + K)(Υ2
2 +MΥ2 −M

⌢
E − Υ1Υ3 − KΥ5

− λ(Υ6 +NrΥ8 − RbΥ10)),

Υ′5 =
(K(Υ3 + 2Υ4) + Υ2Υ4 − Υ1Υ5)

(1 + K
2 )

,

Υ′7 =

⎛
⎝

Pr (Υ2Υ6 + SΥ2) + Pr δΥ6 − PrΥ1Υ7

−Pr (NbΥ7Υ9 +NtΥ7
2) −M2 Ec(Υ2

2 +
⌢
E 2 − 2

⌢
EΥ2)

⎞
⎠

(1 + 4
3 Rd)

,

Υ′9 = −(Nt/Nb)Υ′7 − Sc(Υ1Υ9 − Υ2Υ8 −QΥ2),
Υ′11 = Lb(ΨΥ2 + BΥ2 − Υ11Υ1) + Pe(Υ10 +Ω)Υ′9 + PeΥ9Υ11.

(27)
The bvp4c approach with suitable boundary conditions is

Υa(10) = 1 − B, Υa(8) = 1 −Q, Υa(6) = 1 − S,
Υa(4) = 0, Υa(2) = 1, Υa(1) = 0, Υb(10) = 0,
Υb(8) = 0, Υb(6) = 0, Υb(4) = 0, Υb(2) = 0.

(28)

Taking both into account, we have

f ′′′(η) = Υ′3, g′′(η) = Υ′5, θ′′(η) = Υ′7, ϕ′′(η) = Υ′9, Ψ′′(η) = Υ′11.
(29)

VI. PROPOSED METHODOLOGY: LMBOA
The numerical computing stochastic procedure for the EMHD-

BCMN-TRS fluid model is provided in the following two consecu-
tive phases:

● Detailed and thorough explanations are provided for
the ANN-LMBOA based numerical computing stochastic
process.

● The EMHD-BCMN-TRS fluid model’s computing stochas-
tic numerical technique can be carried out with the support
of the implementation procedures.

Figure 1 illustrates a suitable framework for the design process flow
using the EMHD-BCMN-TRS fluid model’s stochastic numerical
approach. Figure 3 shows the multi-layer architecture that drives
the ANN-LMBOA. With a particular layer layout, the architecture
is implemented in “MATLAB” and consists of single input-hidden-
output layers with ten neurons. Many functions are used in the

FIG. 3. Stochastic architecture of the EMHD-BCMN-TRS fluid model.
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TABLE I. ANN-LMBOA method parameter modification.

Index Settings

Minimum values of the gradient 10−6

Increasing mu values 10
Fitness values (MSE) 0
Decreasing mu attributes 0.1
Validation features 15%
Sample selection Manually/randomly
Flexible parameter, i.e., mu 1 × 10−10

Training features 70%
Maximum epochs 1000
Maximum mu capabilities 109

Testing features 15%
Stoppage criteria By default
Generated dataset bvp4c solver
Hidden neurons ≈10 − 15
Layers (hidden, input, and output) Single

training process, including the ANN-LMBOA, a log-sigmoid acti-
vation function, 1000 epochs, and n-fold cross validation. Default
parameters for tolerance, stoppage limits, step size, and iteration are
used throughout the training phase. The input and target values that
make up the labeled data are obtained from a conventional numeri-
cal solution. In order to make training easier, 80% of the data that
are randomly selected are used for training of the obtained data,
with 10% going toward testing the execution of data and 10% toward
validation of the results.

Based on the current related research, a design with ten neu-
rons is chosen to guarantee a neural network model that is balanced
between overfitting data and underfitting data through the training
of the obtained data and validation of the results.51–56 This choice
aims to avoid issues such as the premature convergence linked to
underfitting and the overfitting problem, which arises when utilizing
more neurons than 10. Overfitting can lead to greater complex-
ity without significantly improving accuracy. The training features,
testing features, and validation features for the ANN-LMBOA pro-
cedure are randomly chosen, with proportions of 70%, 15%, and
15%, respectively.

It is crucial to keep in mind that using fewer training sam-
ples (e.g., 30%–50%) raises the mean square error (MSE) during
testing, which degrades the algorithm’s performance overall. Con-
versely, modestly increasing the number of training samples (e.g.,
90%) while decreasing the proportions allotted to data testing and
result validation (e.g., 5% each) improves the algorithm’s precision
for labeled data (bias input and targets). Nonetheless, the resilience
of the system is validated using a restricted set of objective data
that is acquired without being aware of the targets beforehand. The
execution of the ANN-LMBOA procedure for solving the EMHD-
BCMN-TRS fluid model together with the parameter setting is given
in Table I.

VII. NUMERICAL RESULTS SIMULATIONS
WITH INTERPRETATION

Four ANN-LMBOA-implemented classes of the EMHD-
BCMN-TRS fluid model are provided in this section. Each of the

eight variants’ mathematical descriptions is given in the following
cases:

Case 1: Velocity distribution: Consider the EMHD-BCMN-TRS
fluid model with Sc = 0.2, Nt = 0.1, K = 0.2, Nr = 0.1, Rd = 1.0,
Pe = 1.2, Nb = 0.1, Ec = 0.02, λ1 = 0.1, S = 0.1, λ = 0.1, B = 0.1,
Pr = 1.2, M = 0.05, Lb = 1.2, Q = 0.1, Rb = 0.1, δ = 0.5, Ω = 0.2,
E1 = 0.5, and Nr = 0.3 using four different velocity distribu-
tion numerical values (M and E1) to acquire the numerical
results,

Υ′3 =
(Υ2)

2
+M(Υ2 − E1) − Υ1Υ3 − KΥ5 − λ(Υ6 +NrΥ8 − Rbε)

(1 + K)
,

Υ3(0) = 6,

Υ′5 =
K(Υ3 + 2Υ4) + Υ2Υ4 − Υ1Υ5

(1 + 0.5K)
,Υ5(0) = 6,

Υ′7 =
(

−PrΥ1Υ7 − Pr (NbΥ9 +NtΥ7)Υ7

+Pr (Υ6 − S −M EcΥ2)Υ2 − Pr δΥ6
)

(1 + 0.75Rd)
,Υ7(0) = 6,

Υ′9 = −(Nt/Nb)Υ′7 − Sc(Υ1Υ9 + Υ2Υ8 +QΥ2),Υ9(0) = 6,

Υ′11 = Lb(Υ10Υ2 − BΥ2 + Υ11Υ1) + Pe(Υ10 +Ω)Υ′9
+PeΥ11Υ9,Υ11(0) = 6.

(30)

Case 2: Angular velocity distribution: Consider the EMHD-BCMN-
TRS fluid model with Sc = 0.2, Nt = 0.1, K = 0.2, Nr = 0.1, Rd
= 1.0, Pe = 1.2, Nb = 0.1, Ec = 0.02, λ1 = 0.1, S = 0.1, λ = 0.1, B
= 0.1, Pr = 1.2, M = 0.05, Lb = 1.2, Q = 0.1, Rb = 0.1, δ = 0.5,
E1 = 0.5, Ω = 0.2, and Nr = 0.3 using four different angular
velocity distribution numerical values (M and K) to acquire the
numerical results,

Υ′3 =
(Υ2)

2
+M(Υ2 − E1) − Υ1Υ3 − KΥ5 − λ(Υ6 +NrΥ8 − Rbε)

(1 + K)
,

Υ3(0) = 10,

Υ′5 =
K(Υ3 + 2Υ4) + Υ2Υ4 − Υ1Υ5

(1 + 0.5K)
,Υ5(0) = 10,

Υ′7 =
(

−PrΥ1Υ7 − Pr (NbΥ9 +NtΥ7)Υ7

+Pr (Υ6 − S −M EcΥ2)Υ2 − Pr δΥ6
)

(1 + 0.75Rd)
,Υ7(0) = 10,

Υ′9 = −(Nt/Nb)Υ′7 − Sc(Υ1Υ9 + Υ2Υ8 +QΥ2),Υ9(0) = 10,

Υ′11 = Lb(Υ10Υ2 − BΥ2 + Υ11Υ1) + Pe(Υ10 +Ω)Υ′9
+PeΥ11Υ9,Υ11(0) = 10.

(31)

Case 3: Temperature distribution: Consider the EMHD-BCMN-
TRS fluid model with Sc = 0.2, Nt = 0.1, K = 0.2, Nr = 0.1, Rd
= 1.0, Pe = 1.2, Nb = 0.1, Ec = 0.02, λ1 = 0.1, S = 0.1, λ = 0.1, B
= 0.1, Pr = 1.2, M = 0.05, Lb = 1.2, Q = 0.1, Rb = 0.1, δ = 0.5,
Ω = 0.2, E1 = 0.5, and Nr = 0.3 using four different tempera-
ture distribution numerical values (Rd and S) to acquire the
numerical results,
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Υ′3 =
(Υ2)

2
+M(Υ2 − E1) − Υ1Υ3 − KΥ5 − λ(Υ6 +NrΥ8 − Rbε)

(1 + K)
,

Υ3(0) = 10,

Υ′5 =
K(Υ3 + 2Υ4) + Υ2Υ4 − Υ1Υ5

(1 + 0.5K)
,Υ5(0) = 10,

Υ′7 =
(

−PrΥ1Υ7 − Pr (NbΥ9 +NtΥ7)Υ7

+Pr (Υ6 − S −M EcΥ2)Υ2 − Pr δΥ6
)

(1 + 0.75Rd)
,Υ7(0) = 10,

Υ′9 = −(Nt/Nb)Υ′7 − Sc(Υ1Υ9 + Υ2Υ8 +QΥ2),Υ9(0) = 10,

Υ′11 = Lb(Υ10Υ2 − BΥ2 + Υ11Υ1) + Pe(Υ10 +Ω)Υ′9
+PeΥ11Υ9,Υ11(0) = 10.

(32)

Case 4: Concentration distribution: Consider the EMHD-BCMN-
TRS fluid model with Sc = 0.2, Nt = 0.1, K = 0.2, Nr = 0.1, Rd
= 1.0, Pe = 1.2, Nb = 0.1, Ec = 0.02, λ1 = 0.1, S = 0.1, λ = 0.1, B
= 0.1, Pr = 1.2, M = 0.05, Lb = 1.2, Q = 0.1, Rb = 0.1, δ = 0.5, Ω
= 0.2, E1 = 0.5, and Nr = 0.3 using four different concentra-
tion distribution numerical values (Sc and Q) to acquire the
numerical results,

Υ′3 =
(Υ2)

2
+M(Υ2 − E1) − Υ1Υ3 − KΥ5 − λ(Υ6 +NrΥ8 − Rbε)

(1 + K)
,

Υ3(0) = 20,

Υ′5 =
K(Υ3 + 2Υ4) + Υ2Υ4 − Υ1Υ5

(1 + 0.5K)
,Υ5(0) = 20,

Υ′7 =
(

−PrΥ1Υ7 − Pr (NbΥ9 +NtΥ7)Υ7

+Pr (Υ6 − S −M EcΥ2)Υ2 − Pr δΥ6
)

(1 + 0.75Rd)
,Υ7(0) = 20,

Υ′9 = −(Nt/Nb)Υ′7 − Sc(Υ1Υ9 + Υ2Υ8 +QΥ2),Υ9(0) = 20,

Υ′11 = Lb(Υ10Υ2 − BΥ2 + Υ11Υ1) + Pe(Υ10 +Ω)Υ′9
+PeΥ11Υ9,Υ11(0) = 20.

(33)

Case 5: Motile micro-organism distribution: Consider the EMHD-
BCMN-TRS fluid model with Sc = 0.2, Nt = 0.1, K = 0.2, Nr
= 0.1, Rd = 1.0, Pe = 1.2, Nb = 0.1, Ec = 0.02, λ1 = 0.1, S = 0.1, λ
= 0.1, B = 0.1, Pr = 1.2, M = 0.05, Lb = 1.2, Q = 0.1, Rb = 0.1, δ
= 0.5, Ω = 0.2, and E1 = 0.5 using four different motile micro-
organism distribution numerical values (Q and Pe) to acquire
the numerical results,

Υ′3 =
(Υ2)

2
+M(Υ2 − E1) − Υ1Υ3 − KΥ5 − λ(Υ6 +NrΥ8 − Rbε)

(1 + K)
,

Υ3(0) = 7,

Υ′5 =
K(Υ3 + 2Υ4) + Υ2Υ4 − Υ1Υ5

(1 + 0.5K)
,Υ5(0) = 7,

Υ′7 =
(

−PrΥ1Υ7 − Pr (NbΥ9 +NtΥ7)Υ7

+Pr (Υ6 − S −M EcΥ2)Υ2 − Pr δΥ6
)

(1 + 0.75Rd)
,Υ7(0) = 7,

Υ′9 = −(Nt/Nb)Υ′7 − Sc(Υ1Υ9 + Υ2Υ8 +QΥ2),Υ9(0) = 7,

Υ′11 = Lb(Υ10Υ2 − BΥ2 + Υ11Υ1) + Pe(Υ10 +Ω)Υ′9
+PeΥ11Υ9,Υ11(0) = 7.

(34)

The numerical interpretations are provided for the EMHD-
BCMN-TRS fluid model in an input span of [0, 30]. The “nftool,” a
neural fitting command in MATLAB, is applied to solve the EMHD-
BCMN-TRS fluid model using ≈10–15 ten neurons by selecting 70%
for training features and 15% for both validation features and test-
ing features. The obtained results for the EMHD-BCMN-TRS fluid
model are plotted in Fig. 3.

Figures 4–8 show the graphs of the estimated outcomes for
the EMHD-BCMN-TRS fluid model. The EMHD-BCMN-TRS fluid
model’s competent processes for each of the four parameter mod-
ifications are developed as shown in Fig. 4 using the states of per-
formances with different attributes. The calculated MSE measures
for training, authentication, best curve fitting, and testing features
are provided in Fig. 4 (case1–case5), while the state transitions
are plotted in Fig. 5 (case1–case5) to solve the EMHD-BCMN-
TRS fluid model. The fluid model’s optimal performance results
are displayed at epochs of 149, 304, 530, 396, and 129, which lie
around 3.9113 × 10−9, 2.5601 × 10−9, 1.3123 × 10−9, 1.9625 × 10−9,
and 5.5426 × 10−9, respectively, for all cases. The gradient values
for the EMHD-BCMN-TRS fluid model are 9.8732 × 10−8, 9.9168
× 10−8, 9.966 × 10−8, 9.9012 × 10−8, and 9.8664 × 10−8, respec-
tively, for all cases. These graphical displays show how the
EMHD-BCMN-TRS fluid model converges and is accurate. Figure 6
shows the plotting of the fitting curves (case1–case5) for each
EMHD-BCMN-TRS fluid model, which shows the comparison
of the obtained and reference results. Figure 7 (case1–case5) is
drawn on the basis of EHs to solve the EMHD-BCMN-TRS fluid
model using the ANN-LMBOA. It is observed that the EH values
for case1–case5 lie around −6.6 × 10−5, 2.69 × 10−5, 6.46 × 10−6,
−1.2 × 10−5, and 1.4 × 10−5, respectively, for all cases. The correla-
tion measurement plots are depicted in Fig. 8 (case1–case5), which
indicates the regression features. The correlation features in terms
of the coefficient of determination, i.e., values of R2, lie around 1 to
solve the EMHD-BCMN-TRS fluid model. These best plots of train-
ing attributes, testing attributes, and validation features indicate the
accuracy of the scheme. The MSE-based convergence scheme based
on the training attributes, epoch-time, authentication features, test-
ing attributes, backpropagation measurements, and complexity is
shown in Tables II–VI to solve the EMHD-BCMN-TRS fluid model.
In Tables II–VI, the numerical values of the training parameter are
used in order to minimize the error between the expected and actual
outputs, and the neural network must be trained. Also Tables III,
IV, and V show the results for cases 2, 3, and 4 respectively. This
is carried out by putting the input data into the network and itera-
tively modifying the network’s weights. The objective is to enable the
network to learn from the data in order to produce precise classifica-
tions or predictions. The numerical values of the testing parameter
in Tables II–VI are used for different datasets that the neural net-
work has never seen before and are used to assess the network after
it has been trained. This aids in evaluating the model’s ability to
generalize to fresh, untested data. The numerical values of the val-
idation parameter exemplified in Tables II–VI for a subset of the
data that is not used for training are set aside for validation during
the training phase. The validation dataset aids in avoiding overfit-
ting and fine-tuning hyperparameters. When a model works well
on training data but not well on fresh data, this is known as over-
fitting. The neural network model’s performance on a fluid model
is listed in Tables II–VI. Depending on the particular values, it can
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FIG. 4. MSE for the ANN-LMBOA to solve the EMHD-BCMN-TRS fluid model for case-1 to case-5.
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FIG. 5. State transitions for the ANN-LMBOA to solve the EMHD-BCMN-TRS fluid model for case-1 to case-5.

AIP Advances 14, 035224 (2024); doi: 10.1063/5.0187124 14, 035224-13

© Author(s) 2024

 12 M
arch 2024 13:38:21

https://pubs.aip.org/aip/adv


AIP Advances ARTICLE pubs.aip.org/aip/adv

FIG. 6. Comparison using ANN-LMBOA to solve the EMHD-BCMN-TRS fluid model for case-1 to case-5.
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FIG. 7. Error histogram (EH) values using the ANN-LMBOA to solve the EMHD-BCMN-TRS fluid model for case-1 to case-5.
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FIG. 8. Regression measures through the ANN-LMBOA to solve the EMHD-BCMN-TRS fluid model for case-1 to case-5.

AIP Advances 14, 035224 (2024); doi: 10.1063/5.0187124 14, 035224-16

© Author(s) 2024

 12 M
arch 2024 13:38:21

https://pubs.aip.org/aip/adv


AIP Advances ARTICLE pubs.aip.org/aip/adv

TABLE II. Results of ANN-LMBOA for EMHD-BCMN-TRS case 1.

MSE

Scenarios Training Validation Testing Performance Gradient Mu Epoch Time (s)

I 3.085 93 × 10−9 3.571 91 × 10−9 3.964 58 × 10−9 3.09 × 10−9 9.92 × 10−8 1.00 × 10−8 131 05
II 2.765 75 × 10−9 2.650 51 × 10−9 2.709 44 × 10−9 2.77 × 10−9 9.96 × 10−8 1.00 × 10−8 153 05
III 3.276 44 × 10−9 5.352 22 × 10−9 3.466 30 × 10−9 3.28 × 10−9 9.99 × 10−8 1.00 × 10−8 183 05
IV 2.761 99 × 10−9 3.911 31 × 10−9 2.801 47 × 10−9 2.76 × 10−9 9.87 × 10−8 1.00 × 10−8 149 06

TABLE III. Results of ANN-LMBOA for EMHD-BCMN-TRS case 2.

MSE

Scenarios Train Validation Test Performance Gradient Mu Epoch Time (s)

I 2.470 77 × 10−9 2.560 14 × 10−9 3.209 82 × 10−9 2.47 × 10−9 9.92 × 10−8 1.00 × 10−8 304 09
II 2.187 23 × 10−9 2.121 33 × 10−9 2.474 37 × 10−9 2.19 × 10−9 9.98 × 10−8 1.00 × 10−8 389 11
III 2.612 21 × 10−9 4.493 07 × 10−9 2.564 48 × 10−9 2.61 × 10−9 9.99 × 10−8 1.00 × 10−8 296 05
IV 2.911 78 × 10−9 2.476 84 × 10−9 3.676 61 × 10−9 2.91 × 10−9 9.95 × 10−8 1.00 × 10−8 340 10

TABLE IV. Results of ANN-LMBOA for EMHD-BCMN-TRS case 3.

MSE

Scenarios Train Validation Test Performance Gradient Mu Epoch Time (s)

I 1.295 41 × 10−9 1.312 27 × 10−9 1.256 84 × 10−9 1.30 × 10−9 9.97 × 10−8 1.00 × 10−8 530 16
II 2.047 04 × 10−9 2.021 25 × 10−9 1.958 23 × 10−9 2.05 × 10−9 1.00 × 10−7 1.00 × 10−8 430 12
III 3.767 58 × 10−9 3.431 99 × 10−9 3.057 10 × 10−9 3.77 × 10−9 9.89 × 10−8 1.00 × 10−8 186 05
IV 3.713 41 × 10−9 3.386 98 × 10−9 3.759 21 × 10−9 3.71 × 10−9 9.98 × 10−8 1.00 × 10−8 215 05

TABLE V. Results of ANN-LMBOA for EMHD-BCMN-TRS case 4.

MSE

Scenarios Training Validation Testing Performance Gradient Mu Epoch Time (s)

I 2.076 78 × 10−9 1.962 46 × 10−9 2.643 34 × 10−9 2.08 × 10−9 9.90 × 10−8 1.00 × 10−9 396 07
II 2.179 09 × 10−9 2.169 62 × 10−9 1.963 12 × 10−9 2.18 × 10−9 9.93 × 10−8 1.00 × 10−9 278 04
III 1.891 25 × 10−9 2.408 92 × 10−9 1.722 34 × 10−9 1.89 × 10−9 9.92 × 10−8 1.00 × 10−9 307 05
IV 1.422 54 × 10−9 1.877 25 × 10−9 4.762 96 × 10−9 1.42 × 10−9 9.99 × 10−8 1.00 × 10−9 274 05

TABLE VI. Results of ANN-LMBOA for EMHD-BCMN-TRS case 5.

MSE

Scenarios Train Validation Test Performance Gradient Mu Epoch Time (s)

I 5.308 07 × 10−9 9.131 79 × 10−9 5.039 22 × 10−9 5.31 × 10−9 9.94 × 10−8 1.00 × 10−8 120 03
II 5.945 80 × 10−9 6.542 61 × 10−9 6.127 59 × 10−9 5.95 × 10−9 9.87 × 10−8 1.00 × 10−8 129 06
III 5.131 41 × 10−10 5.302 37 × 10−10 5.515 82 × 10−10 5.13 × 10−10 9.93 × 10−8 1.00 × 10−9 271 08
IV 3.131 33 × 10−10 3.284 25 × 10−10 3.390 45 × 10−10 3.13 × 10−10 9.96 × 10−8 1.00 × 10−9 105 03
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FIG. 9. Plots of the ANN-LMBO solution and errors for the velocity profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) M vs f ′(η); (b) absolute
error analysis.

be quantified using a variety of metrics, including accuracy, mean
squared error, and robustness. The vector of a function’s partial
derivatives is referred to as the gradient in the context of neural
networks. The gradient gives information about the orientation and
strength of the loss function’s sharpest ascent (or descent) in rela-
tion to the model parameters during training, which is numerically
suggested in Tables II–VI. Utilizing methods of optimization such
as gradient descent, the weights of the neural network are updated
using these data. Without more context, “mu” might relate to the

learning rate in various optimization methods, including gradient
descent. Every time the neural network’s weights are updated, the
learning rate controls the step size. Selecting the right learning rate
is essential for training convergence and stability. A hyperparameter
called the learning rate determines how much the model is adjusted
based on the anticipated error for each update of the model weights.
Selecting the learning rate can be difficult since too small of a value
could lead to an extended training process that could become stuck,
while too large of a value could cause the training process to become

FIG. 10. Plots of the ANN-LMBO solution and errors for the velocity profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) E1 vs f ′(η); (b) absolute
error analysis.
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FIG. 11. Plots of the ANN-LMBO solution and errors for the angular velocity profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) K vs g(η); (b)
absolute error analysis.

unstable or acquire a suboptimal set of weights too quickly. The
numerical values of epoch listed in Tables II–VI describe a single
forward and backward run of the neural network using all of the
training instances. Put another way, the neural network sees the
whole training dataset just once during a single epoch. Several
epochs are usually used during training so that the model may itera-
tively learn from the data. The amount of time listed in Tables II–VI
needed for inference, or generating predictions, on a dataset could be
the time needed to train the neural network model. It offers informa-
tion on the models and the training process’s computing efficiency.

The computational complexity of the algorithm is determined by
measuring the amount of time needed to train networks, or to run
all 1000 epochs, for the solution of the EMHD-BCMN-TRS fluid
model. The results of the complexity analysis listed in Tables II–VI
indicate that the ANN-LMBOA algorithm runs in around 10 ± 1 s
for each of the four EMHD-BCMN-TRS fluid model instances. The
comparison graphs and AE of the suggested and numerical solu-
tions to solve the EMHD-BCMN-TRS fluid model are shown in
Figs. 9(a)–18(b). It is shown that for every variation of the EMHD-
BCMN-TRS fluid model, there was a perfect overlap between the

FIG. 12. Plots of the ANN-LMBO solution and errors for the angular velocity profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) M vs g(η); (b)
absolute error analysis.
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FIG. 13. Plots of the ANN-LMBO solution and errors for the temperature profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) Rd vs θ(η); (b)
absolute error analysis.

suggested and numerical results. The exactness and perfection of the
designed ANN-LMBOA are indicated by the results’ perfect over-
lap. The AE values for each case of the EMHD-BCMN-TRS fluid
model are provided in Figs. 9(b)–18(b). Figures 9(b)–18(b) display
the absolute error for each example determined from the refer-
ence numerical solutions, which, accordingly, demonstrates that the
average AE is about 10−10–10−3. By employing the ANN-LMBOA,
it is seen that the AE is found in good amounts for each case of
the EMHD-BCMN-TRS fluid model. It is evident that the planned

method for resolving the EMHD-BCMN-TRS fluid model is exact
and accurate.

In order to examine the impact of different controlling fac-
tors emerging in the micropolar-type nanofluidic flow problem, the
non-dimensional fluid profiles ( f ′(η), g(η), θ(η),ϕ(η),Ψ(η)) are
graphically illustrated in Figs 9(a)–18(a). These graphs illustrate the
various values of non-dimensional parameters, i.e., magnetic num-
ber (M), electric field parameter (E1), micropolar constant (K),
thermal-radiation parameter (Rd), thermal stratification (S), mass

FIG. 14. Plots of the ANN-LMBO solution and errors for the temperature profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) S vs θ(η); (b) absolute
error analysis.
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FIG. 15. Plots of the ANN-LMBO solution and errors for the concentration profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) Sc vs ϕ(η); (b)
absolute error analysis.

stratification parameters (Q), Schmidt number (Sc), and bioconvec-
tion Lewis parameter (Lb), on these ( f ′(η), g(η), θ(η),ϕ(η),Ψ(η))
profiles. Figure 9(a) depicts the effect of a magnetic field parameter
(M) on a velocity profile ( f ′(η)). The thickness of the boundary
layer and the ( f ′(η)) profile are seen to both drop in response to
a slight increase in the magnetic field, providing more evidence in
favor of the magnetic field effect’s regular convection. Due to the
drag force produced by the magnetic effect, which causes the veloc-
ity field to decelerate, it can be demonstrated that as (M) increases,

the velocity decreases. Figure 10(a) depicts the change in the veloc-
ity field profile f ′(η) caused by an electric field parameter (E1).
Enhancing the electric field parameter results in an increase in the
velocity function. The electric field acts as a reducing force, reduc-
ing the fluid’s frictional resistance and increasing the fluid’s velocity.
Figure 11(a) clarifies the relationship between the material para-
meter (K) and the angular field velocity (g(η)). The curvature of
the impact in this graphical representation shows that (g(η)) is
increased with increasing values of (K). Because of the increase in

FIG. 16. Plots of the ANN-LMBO solution and errors for the concentration profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) Q vs ϕ(η); (b)
absolute error analysis.
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FIG. 17. Plots of the ANN-LMBO solution and errors for the micro-organism profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) Q vs Ψ(η); (b)
absolute error analysis.

the nanofluid viscosity brought on by an acclivity in the material
parameter, the angular flow speed has increased. The influence of
the magnetic field number (M) on the angular velocity (g(η)) is
investigated as shown in Fig. 12(a). By increasing the values of (M),
the non-dimensional rotational field velocity (g(η)) decreases. An
increase in (M) physically denotes an increase in the drag force,
which is the opposing force that causes the angular velocity (g(η))
to decrease. By increasing the thermal radiation factor (Rd), as
shown in Fig. 13(a), the temperature field (θ(η)) is improved. The
outcome shows that the corresponding boundary-layer formulation

exhibits a significant shift in the energy profile even with a little
change in thermal radiation bases. Figure 14(a) shows the effect
of the thermal stratification parameter (S) on the energy field
(θ(η)). The nanofluid density in the inferior area is higher than
that in the upper section due to increased heat stratification. As a
result, the temperature difference between the ambient and heated
exterior decreases, which results in a decrease in the nanofluid’s
energy field. Buoyancy forces and the thermal stratification para-
meter are strongly connected. When temperature gradients cause

FIG. 18. Plots of the ANN-LMBO solution and errors for the micro-organism profile with the reference dataset of the EMHD-BCMN-TRS fluid model: (a) Pe vs Ψ(η); (b)
absolute error analysis.
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fluid motion in natural convection scenarios, the thermal stratifi-
cation parameter aids in measuring the impact of buoyancy on the
flow. In addition, the thermal stratification parameter affects the
thickness and properties of the thermal boundary layer in boundary
layer flows, particularly those under the effect of temperature gra-
dients. Figure 15(a) illustrates the concentration ϕ(η) behavior
using different Schmidt number (Sc) values. The mass diffusivity to
viscosity ratio is known as the Schmidt number. Due to the mass
diffusion function being opposed to the Schmidt number, a decrease
in mass-diffusion results from a decrease in nanoparticle density as
the range of (Sc) is increased. Figure 16(a) shows the effect of the
mass stratification parameter (Q). The behavior of the concentra-
tion boundary layer ϕ(η) and the associated BLT (boundary layer
thickness) is reduced as parameter (Q) is increased. It is possible to
define the variation in a substance’s concentration close to barriers
and interfaces by including the mass stratification parameter under
boundary conditions. To effectively capture the impact of species
mobility, the mass stratification parameter can be used to indicate
the choice of boundary conditions for concentration gradients. The
behavior of the microbial density (Ψ(η)) field is increased by the
progressively and slowly increasing range of the mass stratification
(Q) factor, as shown in Fig. 17(a). The microbe’s density (Ψ(η))
profile is highlighted in Fig. 18(a) for various values of the biocon-
vection Lewis (Lb) number. A higher magnitude of the number
denotes a reduction in microbial diffusion, which is evident in the
density profile.

VIII. CONCLUSION
An innovative solution to this challenging issue is to apply the

Levenberg–Marquardt (LM) technique and computational numeri-
cal scheme for EMHD bioconvection flow of micropolar nanofluid
with an induced thermal radiation and stratification effect. Approx-
imating the solutions to a collection of nonlinear equations is made
possible by the LM approach, which is acknowledged as a powerful
optimization tool. Our computational architecture’s fundamental
approach, the numerical method, is a reliable way to solve higher
order differential equations. In EMHD bioconvection flow of the
micropolar nanofluid flow regime, we use the LM approach to solve
the governing equations of fluid flow and then apply it to find the
best values of key parameters. These metrics include profiles such as
temperature, concentration, and fluid velocity. The ramifications of
our findings go beyond mere theoretical progress. Our neural net-
work method and computational framework yield insights that may
be used to real-world fluid system optimization. Future work can
consider including additional physical components and more intri-
cate fluid dynamics by broadening the scope of our computational
approach. We can improve the accuracy and efficiency of our surro-
gate models by implementing new neural network topologies and
training techniques. Our work paves the path for future innova-
tion and advancement in fluid dynamics research and applications
by offering a solid foundation for future study and development of
computational approaches in EMHD bioconvection flow of microp-
olar nanofluid flow. The best compatibility is achieved at about
10−2–10−8, which means that the consistent accuracy of the ANN-
LMBAO algorithm is successfully simulated. Furthermore, following
are a few noteworthy findings that briefly demonstrate the effects of
leading parameters:

● To show the dynamics of the underlying mathematical form
of the system model, the governing relations are shown in a
differential system.

● Reference datasets for the proposed model were produced
under various scenarios by the bvp4c numerical solver.
These datasets were effectively employed as inputs and tar-
gets of LMLA-BPNN to predict approximate solutions for
each scenario.

● Several situations with magnetic, electric, and vertex viscos-
ity, thermal radiation, chemical reaction, Schmidt number,
mass stratification, and Peclet number have been simulated
utilizing the ANN-LMBAO method and computing sys-
tem. This feature makes it a helpful tool for researching the
EMHD-BCMN-TRS fluid model over a stretchable plate.

● An effective optimization technique for approximating the
solution of a system of nonlinear equations is the LMLA-
BPNN approach. Consequently, it can be effectively utilized
to resolve the difficult equations that describe the EMHD-
BCMN-TRS fluid model across a stretchable plate.

● The results of performance evaluation, including the regres-
sion index and error histogram analysis, are combined for
every EMHD-BCMN-TRS fluid model scenario.

● The applicability of ANN-LMBAO for solving models of
nanofluids with the accuracy in the range 10 × 10−8–10
× 10−3 is often demonstrated through comparison studies.
This is determined by subtracting the absolute difference
between the reference results and the mean square error of
the convergence curves.

● The velocity profile increases when the electrical field coef-
ficient is high and decreases when the magnetic field is
strong.

● The magnetic parameter causes an increase in angular
velocity, whereas the material parameter causes a decrease.

● Thermal stratification and electric field parameters cause the
energy profile to decrease, but thermal radiation variation
causes it to increase.

● Because of the increasing effects of mass stratification, the
strength of nanofluid concentration increases.

● As Lewis number and Peclet number ranges increase and
as the material parameter increases, the density of microbe
concentration weakens.
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