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ABSTRACT

The inferential analysis of hourly solar irradiation for Kumasi ~Ghana was conducted using 14
years of data of measured values by the KNUST SOLAR LABORATORY. The analysis was
carried out to find out the probability distributions that best fit the data of a given month of the
year. Further analysis was carried out to find out the cluster for the month of the year. From the
analysis conducted, it was found that solar irradiation for January, March and May can be fitted
with the lognormal probability distribution. The month of April can be fitted with the Exponential,
Weibull, lognormal Geometric and Gamma distribution while tht_: months of June to December can
be fitted with Exponential, Weibull, Geu:;n&qicgjar'rg_j_};ﬁgmnju. Promthe hypothesis testing carried
out it was discovered that the months of the year can be put into two clusters. The first cluster is
from the month of January to October and the second cluster is the November and December,
Further analysis w.as conducted to find out'if there are significant difference between the two
clusters of the year and it was found that the result of the test showed significant different between

the clusters.

Bayesian analysis on high or low (i.e. respectively abeve or below a threshold of
120kWhm™ hourly solar irradiation) for each month with given prior beta distribution
converged to posterior beta distribution after20 iteration with average mean of 0.86. This
shows that the on average the solar-irradiation pattems in Kumasi tends to be high
frequently. Also the prior variance of the various menths of the year converged to the
posterior tolerance level of 0.000001

Comparing the sunshine output of the two clusters indicated that cluster one have the
highest hourly ﬁi&--imdim; than that of cluster two. The Bayesian analysis of
the clasters also confirms that the first cluster have a higher possibility (0.8600) of solar

irradiation output as compared with the second cluster (0.76000).
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CHAPTER ONE

INTRODUCTION

1.1 BACKGROUND

The mobilization of adequate national financial resources for the planning and development
of the local solar energy resource depends on the :]n-ai]uhilih' of solar radiation data which’
could be used to evaluate available |fesolirces lp lp_Bssgss the probable long term

performance of systems and hence their economigiyiability.

The solar radiation received at the earth’s surface is subject to dailv, scasonal and annual

variations and hence many years of observation (perh

r_ﬂ least 20 years) must be acquired
in order to obtain a ﬂhdy dccurate estimale _'_af' long term ava;i:bﬂﬂx and distribution.
However many locations in thefeqeire_lépig,_g r.:mmmes _ﬂ;.ﬁ",];ua!-haw the facilities for
continuous and accurate measusements. of selar radiation and it is then necessary 1o use
empirical methods whu.ha.r: based" m!mﬂ; meastred mﬁﬂngmal- Jparameters such as
temperature, relative hum"dui'v%muf all, cloudiness zmddﬁ:ﬁmn ug,mgm sunshine.

o

Many such formulae have been ducuW@ﬁMn (Knight et al, 1991) although
the most widely used correlation and perhaps the simplest, is the Angstrom (B) linear
regression equation as modified by Page (1964) and others. This correlation relates the
monthly average, daily gﬁm;tinn on the horizontal to the relative duration of

sunshine. and it has been applied 10 a variety of climates including tropical locations. Except



for the recent work of Neba-Fabs et al., (1988) and of Exel(1978) neatly all the work done
for locations in the West Africa sub-region and other tropical locations have sought to
determine a single regression equation which could be used for all months and hence all
scasons of the year, The results of Eze and Ododo (1988) and of other researchers however
tend to indicate that the Angstom-Page correlation coefficients depend on both the local
climate and the season. Furthermore, it is anticipated that more accurale estimates of
monthly average global irradiation would be obtained from corrclations for particular

months.

Liu and Jordan (1963) as well as Bendt et al (1981) Conducted extensive statistical analysis
of daily global irradiation on the horizontal partieularly investigating possible variations of
the frequency distribution with both location and season. Their tesults showed that
frequency distribution of daily global irradiation on the horizontal for the monthly period
corresponding to a specified value 6f 4 monthly mean clearness index, is almost independent
of the location and the time of the year. Bendt ef al (1981), moreover, went ahead and
showed that the gencralized cumulative distribution function may be obtained from a
probability density function which assumed among others random daily insolation

sequences.

In this study, we shall not dwell on the-regression methods used to estimate the monthly
global averages which, in any case, has already comprehensively been dealt with by Jackson

et al (1990) hu},_ralher, taking advantage of the currently abundant data on solar irradiation

el e i _'_,_,—-"".-_-_-_'_ - ag 0
data for Kumasi, we underfake the determination of the pertinent probability density curves

based-en randomly selected samples in respect of monthly or seasonal variations.



1.2 STATEMENT OF THE PROBLEM

There is the need to investigate the variability or otherwise of solar irradiation in terms of
daily monthly seasonal or annual distributions. For example, one may need to determine or
test whether there is a significant change from month to month or whether climatological
conditions will affect the probability density functions. For purposes of applications
knowledge of how universal are the probability distribution characterizations for a particular

location is very important,

1.3 OBJECTIVES
The major objectives of the study arc as follows:
I, To determine the pertinent standard probability distributions functions in respect of

the daily solar irradiation in Kumasi

2. To investigate thc existenee of significant differencés in the pattern of solar

irradiation within the year
3. Toundertake a Bayesian analysis of the frequency ofhigh solar irradiation.
1.4 JUSTIFICATION OF STUDY

The knowledge of the probability distribution function of solar irradiation will assist

engineers to design systems based on months or seasons that have similar solar irradiation

patiems.



L5 METHODOLOGY

1.5.1 Nature and Source of data

Data on hourly solar irradiation in Kumasi was collected from the Solar Energy Laboratory
of the Mechanical Engineering department of KNUST, Kumasi. The irradiation data which
was measured in kilowatt hours per meter squared was collected by means of a pyranometer.

The data consists of fourteen years of hourly solar irradiation data from 1995-2008.

1.5.2 Methods of data analysis A St
Analysis was conducted on the daily seldr tadiion-data-ebtained in the past years 1o gain
much insight of the data to constructively solve the problems as stated. The statistical

methods adopted included

1. Descriptive statistics.

b

Curve fitting in respect of the various months of the year.
3. Inferential statistical analvsis:

4. Bayesian analysis.
1.5.1 Computational tools
The various computational mﬂ!&:uscdincﬂ_lmiad

1. Visual Basic

2. Microsoft Excel

3, INSTAT cimatic Sofiware
4 SPSS



1.6 ORGANISATION OF THE STUDY

The thesis consists of four chapters .The first chapter comprises the introduction,

background and methodology.

Chapter two seeks to review the relevant literature on the theory of statistics and probability

as well as some relevant research work dope on'the statisticAl analysis of solar irradiation
In chapter three we analyze the data and presentthe results of the analysis.

Finally in chapter four conclusions and recommendation are drawn based on the findings.



CHAPTER TWO

LITERATURE REVIEW

Knowledge of the solar irradiation climate of an area is of paramount importance in
assessing the potential use of a solar energy system, converted into either thermal or
electrical energy, as a power source in thal area. Such information is a prerequisite for the

design of such solar energy conversion sysi€m.

2.1 DEFINITION OF TERMS

Sunshine arrives on the earth as a type of energy called radiation. Radiation is composed of
millions of high energy particles called phetons; This-energy is easily converted into  heat
energy (objects placed in direct sunshine gain energy ‘and hecome hot). /It can also be
converted into stored chemical energy. (as plants do throngh photosynthesis) or it can be

converted into electricity using solar cells.

2.1.1 Solar Irradiance

Solar wradiance refers to the solar radiatibn-actually strikmg a surfaee, or the power received
per unit area from the sun. This is measured mwatts-or kilowatts per square meter (W/ m” or
kW/ mz}. If the solar module is facing the sun directly, irradiance will be much higher than if

the module is ata large angle to the sun.

—— e



2.1.2  Insolation
Insolation (incident solar radiation) is a measure of the solar energy received on a specified
area aver a specified period of time. It is normally measured in kilowatt hours per square

meter per day (kWh/ m? per day) or peak sun hours per day,.It measures the amount of

radiant energy collected at a site.

213 Pyranometer

It is the device used to record the sunlight data. It is MadeTp of solar cell modules which
harvest energy from the sun. The output of the solar ¢éell modules depends on the amount of
sunlight (or solar radiation) falling on them and it is affeeted by seasonal and daily solar
radiation changes. It also changes depending on how eloudy or dusty the site is, It records

two types of radiations: global average and diffused average.

The global average radiation is the houtly average irradiance of the direct solar energy
reaching the earth’s surface and the diffused average radiation is as a result of the direct
solar energy being blocked by a black ring: elouds ordust before reaghing the solar cell
modules. However, this rescarch wverk-makes use ol the global average radiation which is

useful in the production of solar energy.

Clouds and dust absorb and scatter radiation, reducing the amount that reaches the ground.
On as day most of the radiation is direct, but on a cloudy day. up to100% of the
sunny _a? mos J_t:__r_______,_ 1 C Vo day. up o

radiation is diffuse.

SN



2.2  REVIEW OF RELEVANT SOLAR IRRADIATION RESEARCH

Jackson et al studied Angstrom - Page type correlation between monthly average, daily
global irradiation on the horizontal and the monthly average relative duration of sunshine
has been derived for Kumasi, Ghana, using 20 vears data of measured values by the Ghana
Meteorological Services Department. The correlations were carried out at three levels: for
each month of the year; for the dry, wet and harmattan seasons and for the full year. At the
three levels, the maximum absolute erroi€ in the lestimatedsglobal irradiation are 0.59%,
4.24% and B.34% respectively. The analyses were repeated after incorporating multiple
reflections between the ground and sky and non-burning of the sunshine recorder chart when
the solar elevation was below 4°. These latier considerations did not significantly affect their

results.

The frequency distribution of inselation values for any location s esscntial for predicting
long term performance of solar epergy systems, Liu and Jordan (1963) first conducted
statistical analysis of daily global irradiation on. the horizontal for 27 locations. In
approximately 5 years of dataegllection theyproducedicumulative distreibution curves which
were considered to have universal validity. Bendt et al {1981) cenducted a study on the
frequency distribution of daily insolation. In théirstudy they ohzerved that the data used by
Liu and Jordan (1963) were limited both in location and duration of observation and they
repeated the ailiiﬁfms using iﬂ:fﬁl______sivm:l_ata from 90 stations each for approximately 20 years
of observation. They particularly investigated possible vanations of the frequency

GJMn with both location and scason. Their results truly confirmed Liu and Jordan's

8



observation, showing that frequency distribution of daily global irradiation on the horizontal
for the monthly period corresponding to a specified value of a monthly mean clearness
index. is almost independent of the location and the time of the year. Bendt et al (1981),
moreover, went ahead and showed that the generalized cumulative distribution function may
be obtained from a probability density function which assumed among others random daily

insolation sequences.

An obvious consequence of the generalized cumulative distribution curves is that the
maximum and the minimum values of the cleamess 1r1dc'c are also independent of location
and season Bendt ef al (1981) suggested a constant value for the Kmin = 0,05 which
corresponds to overcast sky conditions. Hollang‘and Huget published a report in 1983 titled
“a probability denéily function for the cleéarness index with application. In their paper they

proposed that an expansion for the maximum value (kmax) depends on only the monthly

meal c]aarm:ss inde:v..
K,...=.6313k —11.9(k —.75)%

Saunier et al (1987) noted thal the earlier analysis of the Lin and Jordan (1963) and also
Bendt e/ af (1981) had used irradiation data from.North America and they conducted similar
analysis using Syears ol data-for ‘Bamgkok, Thailand “Lh&ir reSults disagreed with the
generalized CDC as proposed by Bendl el"af (19817, and also proposed by Hollands and
Hugets (1983) for the generalized CDC. Saunier et a/ (1987) observed that for other
locations in Il'_[@]ldnd as we’Il’a,s_[ndia.-and they concluded that the generalized CDC may be
invalid for tropical locations. However, satisfactory agreement was obtained when suitable

_—
values of Kmax for Bangkok were used by the Bendt et al (1981). Consequently they

9



proposed an expression for Kmax, based on observations in Thailand. to be used with the

Bendt et al. CDC:
b U TRt Bt ) S G S R S S (2)

They also suggested that the Kmax defined by eqn(2) might be suitable for other tropical
locations. Following the method used by Bendt er al (1981), Saunier er al (1987) also
derived a higher order probability density of function for the daily global irradiation which
provided better agreement with observation, as compared with the model by Bendl et al
(1981). Apain they suggested that their model may be validfor both tropical and temperate

climates.

Saunier ef al (1987) conclusion concerning the validity of the generalized CDC for tropical
locations has been corroborated by the analysis of from other tropical locations. Feuillard ef
al (1989) noted that the CDC for tropical-locations exhibils “a more pronotnced S-shape”
than that for temperate climates as ‘@ censequence of more propounced peaks in the
corresponding probability density funetions.  They also proposed @ new probability density
function and suggested that Kmax be ealculated from the annual correlation equation of
daily clearness index with relative sunshine. This proposal is not in’agreement with general

observation, which clearly indicates that Kmax varies andidepends ont the season.

The work of Olseth and Skartveit (1984) has also shown that the disagreement with the
generalized CDC is not only confined to tropical climates. They observed that universal
values of the maximum daﬂ-rﬁ‘[éﬁﬁ_wgs_index, as suggested by the generalized CDC are

iﬁ‘uﬂif_l_;__ﬁi_t_]'lﬁr, the maximum daily clearmess index is climatologically dependent.
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Gordon and Reddy (1988) proposed an expression for the probability density function of
daily global irradiation which they claim had universal validity. As noted by Knight ef al
(1991) this claim needs investigated further.

Akuffo and Hammond (1993) presented the results on statistical analysis of daily global
irradiation for Kumasi, Ghana, also located in the tropics. Their study objective was to
obtain the CDC and compare their findings with the generalized curves. Their work was 1o
ascertain the validity of generalized curves for Ghana's conditions and consequently the
applicability of available design proceddre€ Which dre €T onfihese curves, In addition,
they compared their results with the mgﬁ:ff ﬂl Hﬁun%?{t al and with the observations of
IDeriah and Suleman (1989) for Ibadan, which ig‘alsedocated in the West Africa sub region
and has similar agro-climatic conditions as pertains in Kumasi. The work by Akuffo and
Hammond in 1993 demonstrated that [‘lﬂdananﬂﬁm are all in the tropics though
Kumasi had cloudier conditions. ﬁLgmn cumulative frequency curves for Kumasi differed

from that of Ibadan in cases where there wcredmrgmmmsml(mﬁnnd Kmin.

F. Youcef Ettoumi and er a/ (2002) published a paper on Statistical analysis of solar
measurements in Algeria using beta distributions. ln their paper a mwﬂw@ﬁf smoothing solar
data by beta probability da-‘:ﬁjﬁ%um was implemented. m%ﬁf'x»-as used to process
daily sunshine duration data recorded at thirty-three mﬂe@:ﬂngiual stations in Algeria for
eleven year periods or more. Secondly the method has been applied to hourly global solar
irradiation flux measured in Algiers during the 1987/89 period. For each location and each
month of the year, beta p"i'nm density functions fitting the monthly frequency

distributtons of the daily sunshine duration measurements are obtained. Both the parameters
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characterising the resulting beta distributions are then mapped, enabling them to build the
frequency distributions of sunshine duration for every site in Algeria. In the case of solar
radiation for Algiers, the recorded data have been processed following two different ways.
The first one consists in sorting the hourly global solar irradiation data into cight typical
classes of the daily clearness index. The second one is based on the repartition of these data
per month. The results of the first classification show that for each class of daily clearness
index, the hourly data under consideration are modeled by only one beta distribution. When
using the second classification. linear combinations of two Ibammg*urihmiuna are found to fit

the monthly frequency distributions of the heurly aﬁiamxadiauml data.
23 REVIEW OF PROBABILITY THEORY

A Probability Space is a triple (Q.F, !‘}ﬂnmﬁtmgt}f a ser, O called the sample space, a
o-algebra F consisting of subsets of Q) (these subsets arc called evenis)and a measure P

(called probability measure) on (ﬂ, Fjsuch that P(Q) = L called the probability measure,
2.3.1 Random Variables

Let (Q,F,P)be a probability space and {¥,G) be o measurablé space then the random
variable .X is defined s a measurable
function X :Q — ¥ . Where Y % and G is a o-algebra of ¥ consisting of subsets of ¥

A random variable X is said to be E{mlinuuus if there exists a function f, called the

i F,,rﬂ'-__-_
probability density function or (probability distribution function (pdf)) of X and a function F

..——-'-'--_-
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called the cumulative distribution function (edf), such that

F(x)-F(x)= j f(x)dx = xlﬂ.‘{ix]}

A random variable X will be called discrete if there exists a finite or countable set U of

real numbers with U ={x,x,,..x,} such that P{U} =) P(X =x)=1. The probability

K Eif

distribution function (pdf) of a discrete random variable X and the cumulative distribution

function (edf), F are given by f(x)=P (X=x)and F (x, )= 2 (=)
4 -1 !

If X isarandom variable such that f(x) is the probability distribution function then the
expectation £ and the variance Var of X are given as
fo(x} if X is discrete
E(X)=
E Xf (x)dx i X is continiotis
D(x—E(x) ) (x) X is discréte

Var(};’} . |
[[(x=E(x)) /(x)drifX is continious

2.3.3 Properties of edf of a Cantinuous Random Variable

1. F(X)is a monotonically non decréasing funiction.

2. lim F(x)=0
3. lim F(x) =1

i
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If F(X)is absolutely continuous if its derivative exists. Integrating the derivative gives

back the (cdf) again. The random variable X is then said to have a probability density

function (pdf).
_OF(x)
f{x) p= ax .

Foraset £ C R, the probability of the random variable X being in Eis
P(XeE)=[ dF(x)=[ f(x)dx

2.3.3 Partition and total probability rule

2.33.1 Definition

A class of events H ={H,H......| forms & partition of the sample space-Qif the event

excludes one another and oné-ol themrmust occur. That means that
HnH =¢ Vi, jand
H,\OH, .. v=0

A partition is called finite or getmiable 1f 1t contains a finitg. or gountable many infinite

number of events.

2332 Definition

Given two pamnans H=| e d K={K,.K,.....| we say that H is finer than K or

H is refinement of K if for every / in H there exist an event K suchthatH, c K .

14



2333 Theorem

Let H ={H,~.f = 1,2%,.} be a positive finite or infinite partition and let A be an arbitrary

event. Then

in the case of partition / into a finite number » of sets,

And
P(A)=P(A|H,)P(H )+P(AH,)P(H,)+...
in the case of partition // into a countable number of set.
2.3.3.4 Conditional Probability
Let H={H  H,,..}be a posilive partition of the sample space Xand lél 4. Bbe two event
with P(B)>0, then P(4|B)=7 [ P(4 B~ 11,) p{H |B)
Proof

Using the expression on the righthand sidevof the above equationit ean be deduced that

P(AnBnH,) P(BnH,)
P(BnH, ) " B(B)
(Am B)

iﬁz" P{A;B s Hf):?%?w B U, = PPTZ P(4|B)

> P(4BnH, ]P(HJ |3) =3

—-—-'.--_._
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2.3.35 Bayes’ Formula

We shall now consider a question opposite 1o the total probability formula. Given that the

event occurred what is the probability of the event. of the partition 7 The answer is contained

is contained in the theorem below.

2.3.3.6 Theorem (Bayes’ formula)

Let H={H _H,,..}be a positive partition of Qand A be any event with P(A4)>0Then
for any event H, of the partition H we haye

P4 H,)P(H,)
(4|H,)P(H,)+P(A|H,) P(H,) vt P(4| 1, P(11,)

.P(H,JA):P

24 EXAMPLES OF CONTINUOUS PROBABLILITY DISTRIBUTIONS

24.1 The Uniform Distribution

The random variable X isuniformly distributed over the interval, [a, b}.if it has probability

density function defined as: —
d a<X <bh
f(X)=4a+b’ QA 57
0 otherwise

Tl Ei

=i d_‘_._ﬂ..--"_'_— 5 [1

J

.I

-

= ;

e
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So that the mean and variance are:

E(X)= "_"""md Var(X) = ibl':l‘

The uniform distribution provides a simple probability model to describe a continuous
random variable that canrmdumlynmmanyvnluebﬂmtwnpuinuauﬂb{rch}m

a line. The uniform probability density function has a rectangular shape over the interval [

b] with height L so that the area under the density function equal to 1. Thus, the uniform

distribution provides a good model for KN)UnSI-EmhIL whose values are

uniformly distributed over an interval. For examples

1. If buses arrive at a given bus stop over 15

The exponential probability distribution for the continuous random vanable, X which

represents an interval of time or space is defined as:
'.__-.-J‘;n == -y
o
f(X)= o
17 wiwe .l'-lllllt
FEWAR UbiviRSiTy oy

SCIENCE uwp
= - TECsman oy
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Where, the parameter 6 > 0 is the mean number of events that occur in the given unit of time

or space. The mean value of X (that is, the mean length of time or space between successive

occurrences of the event and the variance are-

E(X)= Var(X )= E}T

2]
0

Typical situations resulting in this random variable are:

1. The length of time until a machinelér a ¢omponentiof infails.
2. The length of time between arrivals at a car wash.
3. The length of time in a service line or quéue.

4. The length of time between successive filing of elaims in an insurance office.

From the above examples, the expenential distribution models situations in which the
random variable represents waiting time or measurements of length of time between
successive occurrences of an event, It plays an important role in Reliability Theory where

we try to find the reliability of a system at time .

243 The Normal Distribution,
The probability density function for the normal-random-variable, X' which is simply called

normal distribution is defined by:

i

0 otherwise
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o>0,-00 <y < = and the mean and variance of the measurements, X are;

E(X)=pand Var(X)= o’

If the random variable is modeled by the Normal distribution with mean p and variance, o’

then it 1s simply denoted as x UN (u.o'). The graph of a normal distribution is a bell-

shaped smooth curve,

The Normal distribution is one of the most widely used probability distributions for
modeling random experiments. It provides a good model fomcontinuous random variables
involving measurements such as time. heights/ weight of persons, marks scored in an

examination, amount of rainfall, growth rate and'many other scientific measurements.

The normal curve has the following desirable properties, accounting for the wide-spread

applications of the Normal distribution.

1. The normal curve is symmettigal dbotitits mean. 1.

2. The mean, median and modeé of x are the same.

3. The total area under the normal curve is equal to 1.

4. The probability distribution of «the “normal random variable,” xis completely
determined by its two paraniefers |Land .

5. The curve is asymptotic to its horizontal axis, x.

6. The probabilities of the normal random variable, x are given by the areas under the

.-‘--- ;

curve, —— S
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2.4.4 The Weibull Distribution
The continuous random variable X has a Weibull distribution, with parameters @ and g it

its density function is given by

X A1 —aX?"
af i A =0
0. elsewhere

f(X:a.f) ={

where a>0and £>0.

The mean and variance of the Weibull dispributien drefgivén®y’

7

ot (r 1) 3]

ey, f

Modern technology has enabled us to design many complicated systems whose operation, or
perhaps safety, depends on the el iability of various components. The Weibull distribution
has been used extensively in réeent times to deal with such preblems. This is applied to
reliability and life-testing problems such as time to {ailure or life length of a component,

measured from specific time until it fails.

24.5 The Gamma Distribution

The continuous random variable [ has.a gamma distribution, with parameter erand £, if

its density function is given by

—-—___-T-. X""Ej‘ii'-—--‘—'_—
f(X;a, B)y=1¢ B°T () X >0
0. elsewhere

S
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Where, ®=0and £>0.

The gamma distribution for which @ =] is the exponential distribution. The mean and

variance of the gamma distribution are
7
u=aff and b= aﬁz

The exponential thus turns out 1o be a special case of the gamma distribution. The
exponential gamma distribution plays an important role in both queuing theory and
reliability problems. Time between arrivdls at sﬁp’icc Jacihitics, and time to failure of
component parts and electrical systems, often is nicely modeled by the exponential
distribution. The relationship between the gamma and exponential allows the gamma to be

involved in similar types of problems

24.6 Lognormal Distributien

The continuous random variable X has a_lognormal disiribution if the random variable

Y—']n(X) has normal distribution with mean uand standard deyiation o .The resulting

density function of X is

L W S,

J(X pua)=1 PIeXx i

0,elsewhere, X <0

The mean and variance of the lognormal distribution are

o d___.__,_.--'-"_'_

= i 2 '
t=¢ 7 and g’ =" (:r" -|)
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The lognormal distribution is used for a wide variety of applications. The distribution

applies is cases where a natural log transformation results in a normal distribution. The

cumulative distribution function is quite simple due to its relationship to the normal

distribution
2.4.7 Beta Distribution

The family of distribution most commonly used to model researchers’ uncertainty about the
unknown probability p of some event is the family of beta distributions, defined as follows:

A random variable X is said to have a befadistribution with Parameters >0 #>0 if the

density of & is f(x)= lifi;f f}—} 2 (1-x)"" for0<x<1land

£(x)=0 outside the interval [ﬂ.lj

The mean and the variance of the beta-distribution are given below

Mean denoted £( X | = p = “__ and variance denoted Var(X)=-— L
a+p i (@&+7) (a+p8+1)

22



2.5.0 METHODS OF PARAMETER ESTIMATION
2.5.1 The Maximum Likelihood Estimator

The Maximum likelihood estimator represents one of the most important approaches to

estimation in all statistical inference. The method of maximum likelihood is that for which
the likelihood function is maximized. The likelihood function is best illustrated through the

use of a discrete distribution and a single parameter.

Let x,,x,,..... x, denote independent rapdom varipblas ke from a discrete probability

distribution represented by f(x,6). where '@ is a single parameter of the distribution.
EX .00 = 1(X,%,,...., %, 0) = F(x, 0. 0).... f(x,.0)is the joint distribution
of the random wvariables. The quantity /. (7,855, 5,22, the likelihood of the sample, is the
joint probability: P(X &Ex,.=x,.. 3k, =x,;@), which is the probability of obtaining
the sample values x,.x,.....x, . For the discrete case:the maximun likelihood estimator is

one that results in a maximum value for this joint probability or maximizes the likelihood of

the sample.

Although the interpretation of the likelibood Tinction as a joint probabilily is confined to the
diserete case, the notion of the maximum/likelihood exténds to fhe estimation of parameters

of a continuous distribution. The maximum likelihood estimation is as follows:

Given independent observation x,.x,.,....x, from a probability density function (continuous)
P gtk T et

or probability mass function (discrete case) f(x.#). the maximum likelihood estimator & .
e
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is that which maximizes the likelihood

L(%: %000 %,30) = £ (5.0) £ (x,.8)...7 (x,.6).

L(0) = £ (%50).f (32:0)..ocf (3,,0) =] | £ (x,.6) .0 €2

=1

alnL(H]_ﬂ dinL(f)  BInl(e)
o6,

§naam —

a6, T

&

Solving the resulting system of equation will give

= H(X XX, )
2.5.1.1 Properties of Maximum Likelihood Estimation
2:5.1.2 Unbiasedness

. function

Let X, X,,...X be a randem sample from a distribution with probability distribution

f(X.8).An estimator 6= h(x ,x,..4,%, )is said (0 be unbiased for@ if £ ({-}) =6

2513 Efficiency

Let é’l and ézbe two unbiased estmators for & with x-'ariancc.lfur(ﬁ] and Vm‘{ Eiz)

respectively, 6, is said to be relatively more efficient than 0, if Var(ﬁ] ) < Var (ﬂ;)

s . = —==ap)
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2.5.14 Definition

An unbiased estimator, 6 = h(x,,x,.....x,) is said to be efficient if and only if

Fl 1 o
Var(EJJ = = - Thus the efficient estimator for 0is the minimum variance
{ am,_f(;f,ﬂ}}
nk| | — ﬁ—&

unbiased estimator whose variance attains the Crammer-Rao Lower hound.

25.1.5 Consistency:

Let #=h(x,x,;...%,) be an estimate of the parameter@. The estimator Ois said to be

consistent for #if lim F{:|f’s‘ -E}| > :} =0 OR lim P{|£‘—Hi£ 5] =1%# and =0

Fl=hm

2.5.1.6 Theorem:

Let 0= h(x,%,,....x,) be an-estimaté.of the parameter & based-on.samplc of size n .if

lim £ (é) ={) and lim P?:n'{t“j} - () then @is a consistent gstimator for 7

l=rm =0 .

2.6 LEAST SQUARE ESTIMATES

For any given set of data, our problemyor main objective 18 to_draw the particular straight
line that best reflects the linear trend indicated by the points. In other words, the problem is
simply that of determining appropriate constants @ and bassociated with the straight line.

The principle invelved in obtaimmy “ihe line of best fit” is called the method of least

25



mm}=a+bﬂiﬂnliﬂﬂmh¢uﬂuhdﬁmﬁ:ﬁqﬂn pairs of
values(x,, y, ). (x,. ¥, )......(x,.3,). - this is called the prediction equation.

For instance ?,mbx,mprmmstltprudicmd value of dependent variable when the value
of the independent variable isx . v, is the corresponding observed v -value in the data. The
quantities y,-y,.y,-¥,...y V.. that is Yi-(a+bx), v, -(a+bx,)... Lolaebx), give
deviations of the observed y- values and each is called the residual or emmor denoted€ . Thus

e,=y-y

~SNUR

The principle of the method of least squaruflu \Ilpl}r.ﬂt as follows. Of all possible straight
lines that can be drawn on a scatter diagram, chogse as the line of best fit the one for which
the sum of the squares of the deviations of the observed v -va/ues from the predicted
y-valuesis a minimum. That is determining the ¢onstants « and 5 in such a way that
Ye’=Y [y, ~(a+bx)] 1sthe minimum.

The straight line obtained using lhlh(fl‘im is '-;:allé'd’ the Mﬁ;;:u regression line. The
line of & and bthat determine the line uf'he-l! ﬁtﬂw hc cﬁmcd from the following
formulas. The least squarcs formulas ﬁirﬂwsmnfhstﬁl'h given hy"; :

- "'-"

b= _Z £V = Z -“‘.Z .J' , _.::FL__;H
"z x,! - (Z x ) .

And its y-intercept by
a=y-bx .
S __..---'-‘-'__d_
Where n is the number of pairs of observations in the data, ¥ is the mean of the observed
i

y=valuesand ¥ is the mean of the x — values .
26
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2.7 PARAMETRIC HYPOTHESIS TESTING
[n some practical problem of statistical inference we may be required to take decision

concerning the parameters of the population instead of finding estimates for them. The

following are some situations requiring such decisions:

. A health personnel may claim may a drug is effective in 90% cases it is
administered.

2, The mean life span of a type of an eléctde bulb is at Ii:q;t R.ﬂﬂﬂ hours.

3. An accused, in a criminal trial, is always assumed to be innocent until proven
otherwise.

4. An educationist may claim that two methods of teaching arc cqually effective.

3. An educational programme will result in improved eommunication between parents
and children.

6. A medical researcher may hiypothesis that a new drug ‘is more effective that another
one in curing a discase.

The above statements can be subjected to statistical verification using the sample
observations.
Thus by means of hypothesis testing we are able to-determine whetl.er or not the statements

are consistenl with avaitable data or evidence.

e I
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2.7.1 Definitions

1. A hypothesis is a statement, assertion or conjecture about the nature of one or more

situations (or populations) to be studied.

2. Hypothesis Testing is a statistical procedure that uses a random sample data to
determine whether a statement about a population should be rejected or not.
Hypothesis testing involving population parameters are called Parametric or

(lassical tests.

2,72  Types of Hypothesis

In testing for the validity of a hypothesis we usually propese two types of hypotheses,

namely;

. Null hypothesis, denoted H,,. which is the tentative statemient assumed to be true.
2. Alternative hypothesis deneted Hi, which contradicts the null hypothesis. It is

accepted only when sufficient evidence exisis to-establish its truth;

2,73 Formulation of H;, and H,.

When we wish to establish the validity of a statement about a population using the evidence

obtained from arandom sam ta, the negative of the statement is whal we take as the

numgjhcﬂis. The statement itself constitutes the alternative hypothesis. In some
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applications, it is not obvious how Hy and H should be formulated. The following

guidelines for developing hypotheses of three types of situations are suggested:

1. Testing Research Hypothesis: This is formulated as alternative hypothesis.

2. Testing the validity of a claim: This generally corresponds to the “innocent until
proven guilty” analogy. The claim made is chosen as the null hypothesis while the
challenge to the claim is taken as the alternative hypothesis.

3. Testing in decision-making situations: This occurs when the decision-maker must
choose between two courses of m.,hsan ang q,ﬁm.ﬂt:.agm;nﬁqu.. and the other with H,.
If example, the decision involves the rmp:f!ali-.mi parameter, & we should have the

two hypotheses formulated as: Hy: 6 = OgagainstH,: 0 = 0,

where By is a particular value of 6 and an instant action is taken if H, is rejected.

2.74 Forms of Tests

In general a hypothesis testing involving @ parameter, sav u takes one of the following

forms:
(1) One-Tailed test 10k right which is formulated ass
Ho: p = po

Hyzg=>
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(i)  Ome-tailed test to the left. formulated as:
Hot w2 p,

Ho: p < g CR(w)

s/

(i)  Two-tailed Test, which takes the forg of chaicesbetween two courses of

action.

Ho: =g CR (g

H|: 1L Ly

/

:|__—.—._ —— —

(iv) Remark: In many situalions, the choice of Hy and Hy'is not obvious. In such
cases, judgment on the partof the user is needed to select the proper form of
Hy and H; However, as the three forms show, the equalitypart of expression
(eitherz, < or'=) always appear inthe null hypothesis. In sclecting the proper
form of Hy and H, keép in-mind that thé alternative hypothesis is what the
sampling study is attempting to establish. Thus asking whether the user is

looking for evidence to support [ < po, > po or 4 # o will help determine

— _,..--'-""'---_—
H;.
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.75 Test-Statistic

The test-statistic is a decision rule which leads 1o a rejection or acceptance of Hy. Its value is
obtained from the randomly selected sample data. The entire set of values of a test-statistic
is divided into two sets or regions called Critical (or Rejection) Region and Acceptance
Region. The critical region contains the set of values that require Hy to be rejected. The

acceptance region contains values supporting Hi,

2.7.6 Errors in Hypothesis Testing

C | Q
When Hy is tested against H, using a randbmly ﬁ[LEJ sﬁ?ﬁle«dma. two possible errors
may be committed. These are the 7ypes [ and TypedI errors which come about as a result of

the decisions which are taken. These are ilustrated in ﬂiedquam below.

Actual Situation
Decision Hy istrue Hﬂs’&m (Hj is true)

Correet decision Type Tl tﬂ%
Accept Hy {' ’!F-- o) ) r(ﬁai;

i Iype | error = Correct decision o
Reject Hy (o) (1-B)
== LS =0
LSEe
31
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(1) Type I error is committed when the null hypothesis. Hj is rejected when in
actual situation it is true, The probability of committing this error is o, which
is also referred to fevel of significance and indicates the size of the critical
region.

(i)  Type U error is committed when Hy is accepted when in actual situation it is

false. The probability of committing this error is [3.

2.7.6 P -Value

The p-value is the smallest level of significance for which the observed data would
call for rejection of H in favour of Hy. The p-value gives additional ingight into the
strength of the decision taken. A very smallyp=value, such as 0.0001, indicates that
there virtually no tikelihood that Hy s trued ©n the other hand. a high p-value such
as 0.20 means that Hy'is not rejected and there i3 little likelihood that it is false. The
p-value is often referred to as the wbserved level of signifiéance. For a given level of

significance, o, the null hypethesis, H

1. 15 rejected ifp-valie < o. -
2. fails to be rejected iF p-palie = q,
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2.7.7 Elements of Statistical Tests

We note from the above discussion that a typical statistical test of hypothesis

involves the following elements:

I. The Null and Alternative Hypotheses

2. The Test-Statistic
3. Critical or Rejected Region

2.7.8 Tests for the Population Means and Proportions

We shall discus the tests for the population mgan, W and jthe difference between two
population means, (k) - p) taking into consideration for each situation the size of the

sample(s). In addition, tests for population P.and difference between two proportions, (F; -

P) shall be discussed.

2.7.9 Testing for the Population Mean, |

{a)  Case I: When the sample size, n is large.

(1) The hypotheses are  Hy: 1= pgy bt = pg ot (1< i

Hi: s po, p < g or p > pg o ate teyel of significance.

|
|
I
I
I
I
|
{

P >

Vi L
~Z.. 0 zﬂ;‘f?fﬂr-_jzlr 0 zZ 0 Z,
‘_.f'z B
e ——

Hi: po# o Hi: p < o Rz =y
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(1)  The test-statistic is gt

where o is replaced by its estimate s if it is unknown.

(i) The decision rule is to reject Hy if the test-statistic (2) falls in the critical
region, That is, Il is rejected if |7| > Z,,, - for two-tailed test; or Z < ~Z, or

Z = Z, , for one-tailed test.

(iv) Assumptions: The sample obsefvations are randomdy and independently selected

from a normally distributed population, The sample size, 1= 30.
(b)  Case lI' When the sample size, n issmall
(i) The hypotheses are
Hp: p= po, USpgor s py
Hi: p# po. p < po onip > g

at a-level af significance

|
|
|
|
|
f//’ : ) S //l

Lo
login-ny 0 bogiony € __faw-n 0 f 0
S _'_,_,..--""'-_-_._
tﬂ'{k—]}"‘
e
LIERARY

- AWAME N Ruman UNIVERSITY 1y
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¥
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Hy: p# py Hizp< g Hipp >y

(ii)  The test-statistic is: ;:;&
Sf

/n

which has r-distribution with degrees of freedom, Cr—1).

(i)  The decision rule is to reject I, if the test-statistic (1) falls inthe critical

region. That is, Hy is rejected i€ | 4B 15 4 forkwatailed test:  or

P =ty or t 2 ¢, . for one-tailed test,

(iv)  Assumptions: Same as large samplé size exeept that 7 <30 and o is

unknown.

2.7.10 Testing For The Difference Between Two Population Means, (11, - 12)

(a) Case [ When the two'sample sizes are Targe.

(i) "The hypotheses are
Ho: (b1 - p2) = Dy (i - p2) 2 D, of (i - p2) = Dy

His (i qi2) # D, , (1 = par<or (i = ) > D,
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at o - level of significance, where D, is the difference between the

[WO medns.

(i)  The test-statistic is: Z = ¥ —%2) — D,
2 3
ﬂ‘] 0,
+ —

H‘] M

F]

where o7 and o} are replaced by 52 and s, respectively if they are

unknown.

(i)  The decision rule is to rej ect Mg if (he tesi=stansiic (£) falls in the

*

critical region. That is, Hy is rejected if']z} > 7, ,, for two-tailed test;

ZE£—2Z or Z2Z,, for one-tailed test.

Case II: When the samesizes areésmall.

(1) The hypotheses are

Ho: (1 - 1) = D, (- 12) = Dy or (i = g < By

Hit (b - p2) # By, () - pod< Byror (e =pa)s D,

at a-level of significance:

X = x) =D,
(ii)  The test-statistic is: 1 = 5 ]xz} l—“,
o E ,—-"""'---_.__SJ-,I T + Liadrey
\ 7 Hy

which has t-distribution with degrees of freedom, (m +n, —2)and
36
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A (m =1 s +(n -1
n+nm-2 °

which is the estimate of a common variance assumed for the two

populations

(iii) The decision rule is to reject Hy if the test-statistic (1) falls in the eritical region. That is,
Hy

lsm}el:tocllﬂ |EI,!,,;|{“I - for two- tmlT<N U S-r Colh s nindill 7 0 05

T ,y for

one-tailed test.
Giiy The assumptions are that ample andomly and independently
selected ":*: iNnances are the

2.7.11 Testing for Popula;

%
o
(a) Test for the population proportion: £ :

(i)  The hypotheses are

Ho: P=pgP2p, or P<py

__H: Pz p,. P<p,orP>p,
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b Mﬁ-fnﬂnbm

(ili) The decision
rule
is 10 reject Hy if the test-statistic (2) falls in
the cntcal

‘u'lhi.ll- is rejected if (222, ).
) KINSTeseoaes

one-tailed test




", B

e tﬁl_‘_ ﬁ:]:ﬁ AR =)
thl—m ,P0-p) | _{_u
n

— _4+Xx, mp +np, y
where p = L1 = 20798 e estimate for the common
n +n, n +n,

propertion P, n, >30and n, > 30.

(iii)  The decision rule is to reject Hy if the test-statistic (Z) falls in the
critical region. That is. Hy is rqi::::l?:'c_lﬁ'!;?tl 2;7_'*.’. . for@fWo T@iled test: or Z < -Z_ or

Z2Z, , for one-tailed test.

8 HISTORY OF BAYESIAN ESTIMATION

Though several key concepts were developed carlier-such as mathematical expectation
(Huygens 1657), significance testing (Arbuthnot 1711), and the approximation of the
binomial by the normal distribution(de Moivre 1718). many of the carlicst statistical
methods were developed in the latter part of the nineteenth century. For example, the
concept of linear regression first appeared in the work of Galton (1889). building on the
concept of least squares intraduced by Legendre (1805) and arguably ahicr by Gauss (who
claimed that he had been using the method since 1795 (Gaussi809)). Galton (1888) also
mtroduced the concept of statistical correlation, which was later developed by Edgeworth
(1893), Yule (1897) and Pearson (1896). who also began the development of goodness-of-fit
measures (e.g. Peamon 1900) at-arotnd the turn of the century. The field really took off in

the 1920s and 1930s when Fisher (1922, 1925) developed the notion of likelihood for

—-—-'---_
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general estimation; Neyman & Pearson (1933) developed the basis for frequentist (often

termed classical) hypothesis testing; and Yates & Cochran (1938) established the principles

for the analysis of variance. Since then, the field has continued to grow and statistical

inference now plays a key role in nearly every area of scientific research. Bayesian methods
date to the original paper by the Reverend Thomas Bayes, read to the Roval Statistical
Society in 1763 (the paper was in fact read by Richard Price several years after Bayes’
death). The area generated interest from Laplace (1774), Gauss (1809) and Pearson (Pearson
& Filon 1898) amongst others and dominated statistical thinking.thsoughout the nineteenth
century. The Bayesian approach fell out of fayvour at the beginning of the twentieth century
due, in part, to the domination of the field by staunch'@pponents such as Neyman and Fisher,
who held philosophical objections to the subjeetivity of the Baycsian approach. Nonetheless.,
Bayesian stalwarts such as Jeffreys (1939), Savage (1954), Lindley (1965) and de Finetti
(1970) kept the Bayesian fame. alive by continling to advogate HBayesian methods as
remedies for certain deficiencies.in the frequentist approach, Tt was notuntil the late 1980s
that the Bayesian approach began to re-emerge, motivated both by rapid recent
developments in computing and by the growing desire to describe increasingly complex
scientific phenomena that alder sampling theories were il equipped (0 address. Since then
the Bayesian approach has begun 1o dhminali-::_ﬁtalirstica] rescargh onice more with new
computational tools providing a far more-{lexible framework for statistical inference
matching exactly the increasing complexity of scientific resecarch as we move into the

twenty first century,”
e = =sm s
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2.8.1 Two Approaches to Statistical Inference

The two competing approaches to statistical inference are perhaps best explained in the
context of a simple example. Suppose that we wish to toss a single coin X" . Our statistical
model places a probability, say @ on it coming down heads (X =1) and a probability, 1-6
of it coming down tails. (X =0) This is a statistical model parameterized by the unknown
probability & which simply says that Pr ob(X =1)=0and Pr ob(X =0)=1-8 In fact, we
can write down a general formula which  covers both cases. i.e.

P(){:;):&‘{luﬂ}]” :f{_r|ﬂ] for x = 0l and x =%

Given a whole series of  # coin tosses XX We gan write down a joint probability
for all n outcomes: f(x,x,...,x|0), which s read aloud as 'the joint probability
distribution, /', of x; up to X, “given the ¥alue of & and explicitly states the dependence of

the series of observed coin tosses on the walue of the parameter @ This joint probability
distribution then forms the basis for statistical inference, whichever inferential approach is

used.
282 The Objective Approach (Frequentist)’

Statistical inference is essentially an inversion problem, The probability of an event is the
proportion of times the event would occur if the experiment were repeated many times under

identical conditions. —

- L

Given a parametric model and associated parameter values, it is possible to predict potential
_,—--'"'_._.

outcomes. For example, given the probability distribution above and the value of @ it would
41
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be possible to simulate or predict the outcomes of the coin-tossing experiment. However, in

practice, it is the oulcome of the experiment that is obscrved and the values of the

parameters that are unknown. For example, we might observe three coin tosses each of

which were heads and wish to infer from these observations what the value of @ (ie. the
probability of a head) might be. In practical terms, this means that the frequentist approach
to inference involves the maximization of a function of the model parameters. In some
simple cases, this maximization can be performed analytically: by taking derivatives of the
likelihood function, for example. However, for more complex examples numerical
optimization procedures are required. wihich treat \(he likedihdod function as a multi-
dimensional surface where the height of the surfacelat any vector point & is given by the
likelihood at that point. The frequentist approach to this, problem relies on the strong
repeated sampling principle and assesses the performance of our statistical estimation
procedure for a single samplec of data on-the basis of the expected lorig-rum performance

given a hypothetical series of datascts collected under identical conditions.
2.83 The Bayesian Approach

The Bayesian approach to ‘statistical inferenceis based upon Bayes’ theorem (Bayes1763),

Consider the problem of finding & point gstimate of the pardmeterffor the population with

distribution f{x| 7} )giwn 6 Denoter ( & )ihe prior distribution of 6.

Suppose that a random sample of size n, denoted by X =(x,.x,....x, )is observed. For

B e
continuous distribution the bayes’ theorem is defined as follows ;’r(r‘i‘ |x] ot f(x |B);r{6'}

_-—-'--_._._
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Definition: The distribution of 8 ,given data x,which is called the posterior distribution is

given by

f(xe)z(8)
;r(ﬁ Ix)= ( - (}x) Where g(x) is the marginal distribution ofx.

The marginal distribution in the above definition can be calculated using the following

formula

ZHI(IIS}?T{HL & is di_‘;urgm

iy Ef(-l' Iﬁ):‘?‘[ﬁ}. € is continous

2.84 Differences in Approach

As in the frequentist case above, the Bayesian approach ends up with a function of the
model parameters given the observed data, but this fime out inference i§ in the form of a
probability distribution for@ rather than & simple point estimate, This illustrates one of the
fundamental differences between the beliefs of the Bayesian and frequentist statisticians.
The frequentist statistician-belicves that there exists a fixed true-wvalue for the model
parameters and tries lo estimate this value by maximizing- the” likelinood. The Bayesian
believes that the unknown paramélérs:have-a—fixed bul tinknown distribution which
represents their beliefs about those parameters having observed the data. Note that the
Bayesian may also believe that a true value exists, but since this ¢an never be known with

"

absolute certainty-they prefer tetinK instead in terms of a distribution which rellects this
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uncertainty. As their level of information increases, the width of this distribution decreases

and, in the hmit

2.8.5 Principles of Bayesian Statistical Analysis

There are four basic principles of Bavesian statistical analvsis

1. Specify an objective probability model of the trials in terms of some unkiown parameters.

2. Form subjective beliefs about the unknown parameters. These original beliefs are called

the prior probabilities.

3. Update beliefs in light of the information contained in the sample by applying Bayes’
Rule. The updated beliefs are called the posterior probabilities.

4, Base decisions on the updated beliefs (i.e., the pastetior probabilities).

Remember that the prior distribution:shows your beliefs about different parameter values
before seeing any data. The likelihood essentially shows what the obscrved data tells about
how probable different parameter.wvalues are. The posteriorprobability combines the
information in these two distributions, and shows your updated beliefs about parameter

values after having seen the data,
In frequentist statistics. the goal is (o oblain good point estimates of parameler values.

In Bayesian statistics, the goal is instead to obtain a probability distribution over all possible

parameter values. This is the pﬁmquahilit}’ distribution. It shows how uncertain we



are about the parameter value, and can be used as the basis for asking many different

guestions.
2.8.6 Bayesian Prior, Posteriors and Estimators

If 1,K....Y, denote the random variables ussociated with a sample of size n. Let the
notation L(y,, ¥; ... ¥, [#) denote the likelihood of the sample. Tn the discrete case, this
function is defined to be the joint probability P(¥; =y.¥,=y,,.¥,=y ) and in the
continuous case, it is the joint density off ¥4 .. ¥, Evaluaf®d G875, v,..... v, .The parameter
fis included among the argument of L(y.y,,..,», |#)to denote this function depends

explicitly on the value of some parameter .

In Bayesian approach, the unknown parameter@is viewedo be a random variable with a
probability distribution ealled the-prior distribution of #.This prior distribution of fis
specified before any data are collected and provides a theoretical description of information
about Hthat was available before any data swere obtained. In our initial discussion we will

assume that the parameter& has a eontinuous. distribution with density g (&) that has no

unknown parameters. Using'the likelihood of the-data and the ptioron @, it follows that the

joint likelihood ¥, 7,,..¥, .0 is

45



F (3322, 0) = L(Jﬁ » Yo, |f9)?< 3(15'} And that the marginal density or mass function of

Y ealyis m(y.3,..,,0) = EL(MJT"}%

ﬁ]xg{ﬁ}a‘ﬂ also the posterior density

L[J’.syp--}’.;

J:L[y],yl...yn

6)xg(0)

function of 6]y, ¥5...y, is &*(8).,..3,) =
0)x g(0)da

Let ¥.1;,....Y, denote a random sample from a Bemoulli distribution of 7 observed MOTming
where P(¥ =l)=pand (¥ =0)=1- pand assume that the prior distribution for pis

beta(cx, )

29 BETA AS CONJUGATE PRIOR

What is the posterior distribution for p whete pis the probability of sunshine?

Since the Berngull; probabil ity funcrion can be written as
P(y,|p)=p" (1-p)"™" .y, =0,Lhelikelihood Ly, .. 35 1p) s
L0t Ds0es3a[9) = 2 (30,72 o)
=p" (l=p) " PRI )T =)
:pzl'{l_,p]i-zl : Jf':n,t Bﬂdﬂij){l
s e
e
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The joint probability distribution is

T (im0 2) = L (33300003, o) ()
P (1 D)

a-1fy A8
Mar(p)” 7
F(.-:x +)8] z_p -1 u—zv,+ﬂ—1
f@rp” )
And the marginal density function is
X IL[”"'.I"?J 2D ] 3 S TEp STy
(Vs Va5 ¥, ) = “ r(a}r(,ﬂ'}'p H 1
X _ﬁ:+ (Eu +u.f H-Z}{,+,¢5‘)
[(a)T {,B) F{"n-i-a L B)

The posterior density of pis given by

‘r(}j ™ 1ﬁ)x g(ﬁ}
.[: I{};] s K, Iﬂ]x g(ﬂ'}dﬂ

E*(SL}’I:J’:---}’L ) =

Hence

(H-I—,ﬂ} Ew-c-a] - "'z.'?'.'ﬁf:-l
): ﬂr]f{ﬁ} { P-)
[”_ﬁ} r_[M}_(H—L} "‘ﬁ)
(H}F{ﬁ) l'{n+a+_ﬁ‘}
I {H +|‘I+ﬁ} E}-_.+a—] 1 ]
F[Zyl+{z'}l( =3y +8) e (1-p)

The posterior beta density filfiction is with the parameters
a*=)'y, +aand f*=n Y y+pB

—-—-'---__

g* [Fl.]"'th]"'E""’ Yy
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CHAPTER THREE
31 ANALYSIS OF DATA

3.1.1 Nature and Source of Data

The solar radiation data was obtained from the Department of Mechanical Engineering
KNUST. It comprised 14 years (1995-2008) of daily global irradiation, compiled from
hourly measurements at the KNTIST Solar labogatory. The ‘pbservations were made with
Bellan distillation pyranometers. These radiometerssare robust and simple and are therefore
appropriate for the prevailing conditions in, many developing countries. In spite of these
observations, the data for Kumasi is consisient with-measurements from locations in the sub

region with similar climatic-and vegetation charagteristics
3.1.2 Data Quality Information

A lot of data is usually lost due to malfunctioning of the Pyranometer sensor at certain
periods. The data from 2005 — 2007 for inswance were-lost, because dumng that period the
calibrator of the Pyranometer wasundergoing repairs. Moreover, there are few missing data
points in the 1995 and 1996 data. In"1997; some of the sunlight measurements were
negatives so these data may not be reliable since their true accuracy is unknown. Tt is
therefore highly probable that useful information and details might have been lost in

compiling data, which could aff(d:’r—e_sl.d,is_nl‘ the analysis.
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312 Scope of Analysis

Sunlight has a lot of uses, especially in Africa and for that matter Ghana where it is in
abundance. It is useful in hybrid lighting, drying clothes and bricks. etc. This vesearch work

however, focuses mainly on fitting a probability distribution function for the month of the

year and also cluster the various months of the year.

Moreover analysis will also include Bayesian analysis of the daily solar irradiation in

Kumasi-Ghana.

3.1.3  Compilation of Data

Due to the large size ofithe secondary data, and also the fact that total amount of energy
available changes considerably from month o month, the data was grouped into months
ranging from 1995 —2008. With the help ofthe data analysis teolin excel, one thousand five
hundred random samples were seleeted from the population for each month for the from
1995-2008 available data. (Consisting of over 7.000'd4ta points) and andlyzed as follows. A

detailed presentation of the primary dala is pmuidt‘d in the appendix of this document.

314  Analysis of Data

The analysis adopted both descriptive and inferential methods, The descriptive methods

and relative frequency distribution tables, probability density curves, and

used arc ﬁ'ﬁqur:n;:}f

i
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histograms. Hypothesis testing. least squares estimation. and maximum likelihood

estimation are the only inferential statistics used.

3.1.5 Frequency Distribution

Since the sampled data were too many to gain an insight into, and impossible for one to
convey much information about its characteristics, it became necessary to organize and
reduce it into meaningful forms as follows:

The data for each month was organized into groups, called classes or categories using the

Sturges (approximation) rule, which states at:
The number of classes, K = 1 +3.322 log)y n. and ¢léss widih, C = Sange
¥

Where n is the total number of observations or frequencies and

Range = (maximum — minimum) of the observations

3.1.7 Probability Distributions

To make inferences with respect to the population distribution of each month, some standard
continuous probability distributions were selected based.on their shape patameters to fit the
data for each month. The distributiens-ace the exponential, Weibdll, Gamma. Lognormal and
Beta, Least square and maximum likelihoed estimation proeedures were then applied to
estimate the parameter for each distribution from the data. The probability density function

and their respective histogram for the various months are shown below,

e —
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3.1.9 Mean Squared Errors

The mean squared error of the monthly data and each distribution selected were computed to

)

> (rf, = f(x))

come up with the best candidate fitting the data as follows: MSE - =1

m

Where 7/, = each relative frequency for the month
S{x,) = values computed using the probability distribatiog uifder ¢onsideration.

x, = the class mark(x), ie. the hourlyfsolar irradiance for the month under

consideration.

32 PRESENTATION.QF RESULTS

3.2.1 Histogram and Probability Density Function

A random sample of size one thousand five hundred was selected from each month of the
year and probability density funetion and histogrant in réspect of hourlySolar irradiance for

the various months of the year was'produeed,

3.2.1.1 Probability Density Function and Histogram for January

The histogram and the probability density function for the month of January are presented in

4 = _,,-d—""'_-_-_'_
the Fig 3.1 and Fig 3.1a below respectively.

A e
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3.2.1.2 Probability Density Function and Histogram for February
From a random sample of size one thousand five hundredWas selected from the population
.The histogram and the probability density funetion for the month of February are presented

in the Fig 3.2 and Fig 3.2arespectivcly.

Probability Density Function ! Histogram
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3.2.1.3 Probability Density Function and Histogram for March

From a random sample of size one thousand five hundred selected from the population . The

histogram and the probability density function for the month of March are presented in the

Fig 3.3 and 3.3a below respectively

Probabhility Density Function
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Fig 3.3:Probabilility density function for march
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Fig 3.3a:Histozram for the month of march

3.2.1.4 Probability Density Kunction and Histogram for April

From a random sample of size one thousand five hundred sélected fram the population .The

histogram and the probability density fumction for the month of April are presented in

Figures 3.4 and 3.4a respectively,
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Fig 3.1: Probability density function for April
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Fig 3.11: Histogram for the month of April
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3.2.1.5 Probability Density Function and Histogram for May

From a random sample of size one thousand five hundred selected from the population, the

histogram and the probability density function for the month of May were obtained and are

presented in Figures 3.5 and 3.5a respectively,
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(5} z&'ﬁ“"""ﬁ&*"“‘*ﬂﬂ"""'“:?ﬂ-. wea . hourly solar irradiance (W m]
Fig 3.5: Probability density function for May Fig 3.5a: Histogram for the month of May

3.2.1.6 Probability Density Function and Histogram for June

From a randem sample of size one thousand five hundred selected from the population, the
histogram and the probability density funetion for the month of June were obtained and are

here presented in Figures 3.6 and 3.6a below respectively.
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Fig 3.6: Probability density function for June Fig 3.6a: Histogram for the month of June §
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3.2.1.7 Probability Density Function and Histogram for July

From a random sample of size one thousand five hundred selected from the population, the
histogram and the probability density function were obtained for the month of July and are

here presented in Figures 3.7 and 3.7a below respectively

Probability Density Function Histogram
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Fig 3.7; Probability density functian for duly Fig 3.?;:_HI$9E_!_“.1H for t]u,:;. month of July

3.2.1.8 Probability Density Function and Histogram for August

From a random sample of size-ane thousand five huadred selected fromithe population, the
histogram and the probability dmzt}' {unetion were oblained ﬁarr:ﬂ}&rﬁernth of July and are

here presented in Figures 3.8 and 3.8a below respectively.
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Fig 3.8: Probability density fuhetion for August Fig 3.8a: Histogram for the month of August

3.2.1.9 Probability Density Function and Histogram for September

From a random sample of size one thousand five hundred'sclected from the population, the
histogram and the probability density funetion were obtained for the month of September

and are here presented in Figlires- 3.9 and 3.9a below respectively.
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Fig 3.9: Probability density function for Scpterher Fig 3.9a: Histogram for the month of September
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3.2.1.10 Probability Density Function and Histogram for Octoher

From a random sample of size one thousand five hundred selected from the population, the

histogram and the probability density function were obtained for the month of October and

are here presented in Figures 3.10 and tables 3,10a below respectively
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J! "y : houriy solar |n'ad|af'h:f:['.|\|_,fﬂ_'l!1 = B !
Fig 3. 10:Probabilility density function for October Fi,g;i.,-},ﬂ-g:ljismgrmu for the month of October

3.2.1.11 Probability Density Funetion and Histogram for November

From a random sample of size one thousand five hundred selected from the population . The
histogram and the probabilitv density function for the month of November is presented in

the Figure 3.11 and tables 3.1] abelow respectively.
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Fig 3.11a: Histogram for the month of November

3.2.1.12 Probability Density Function and Histogram for December

From a random sample of size one thousand five hundred selected from the population, the

histogram and the probability density funetion were obtained for the month of December

and are here presented in Figures 3.12 and 3.

Fig 3.12: Probability density function for Dec

12a respectively.
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Fig 3.12a; Histogram for the month of December
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33 PROBABILITY DISTRIBUTIONS

The data collected for each month was fitted to various standard probability distributions to
find out which of the probability distributions gave the best fit. To decide on which

probability distribution best fit the data, the method of mea square error was used

3.3.1 Mean Square Errors of the Distributions

The standard distribution with the smallest mean square error with respect to the data was

considered the best candidate distribution for the particular month under consideration.

Due to the large number of distributions dealt with. The remainin ¢ tables and charts have

been omitted here and rather presented in the appendix.

Tables 3.1 and 3.2 below show the mean square efrors for various standard probability
distributions for the months of January and February respectively. We find that the
lognormal distribution is thebest fitred disiribution for the month of January since it has the
smallest mean square error while in the month of February the following class of probability
distributions all fit best: Expomential. Weibull, Gamma. Tognormal. and Geometric

distributions,
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3.3.1.1 Mean Square Errors of the Distributions for

Tabie 3.1 Distribution Mean Square Error for Jan

Jan and F

eh

Table 3.2: Distribution Mean Square Error for Feb

DISTRIBUTION MEAN SOUARE ERROR DISTRIBUTION MEAN SQUARE ERROR
Exponential Distribution 0.000003 Exponential Distribution
Weibull Distribution 0.000003 Weibulf Distribution
Gamma Distribution 0.000003 Gamra Distribution
Lognormal Distribution 2.54456E-06 Lognormal Distribution
Beta Distribution 2 0DSE+AgY Beto Distribution
Geometric Distribution &.umnnTlZI Geometric Dlstabutian

33.12 Mean Square Errors of the Distribution$ifor March and May

Tables 3.3 and 3.4 below show the mean square errors for various standard probability
distributions for March and May respectively. The log normal distribution can be seen to be
the best fitted distribution for the month of March and Mav singe it-has the smallest mean

square error in both cases.

Table 3.3; Distribution Mean Square Crrofdfor March — Tubled 4: Distribution Mean  Square Error form May

DISTRIBUTION MEAN SQUARE ERROR D(STRIELTION MEAN SQUARE ERROR

Exponential Distribution Exponentiol Distribution

Weibull Distribution Weilbull Distribution

Gamma Distribution 0.000003 Gamima Dlstribution
Lognormal Distribution 5 G16BAEDE Lognarmal Distribution

Beta Distribition 1.79185E+60 Beta Distribulion

Geometric Distribution 000003 . Geometric Distribution
el
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3.3.13 Mean Square Errors of the Distributiong for April

The table 3.5 below shows the mean square errors for the various standard probability

distributions under consideration for the month of April. The Weibull, exponential, gamma

and the geometric distribution as can be seen below is (he hest fitted distribution for the

month of April since it has the smallest mean square error.

Teble 3.5: Distribution Mean Square Frror fur April

DISTRIBUTION MEAN SQUARE ERROR
Exponential Distribution 3. TO3TE-(8 _u
Weibull Distribution 37037E-08 - § W
Gamma Distribution 3.7037E-08
u!nnmd Distribution 7.10438E-D6
Beta Distribution 4.(449E+ 248
Geemetric Distribution 3. T03TE-OR

3.3.1.4 Mean Square Errors.of the Distributions for June and Sept

Tables 3.6 and 3.7 below show the mean square eriors for the various standard probability
distributions under consideration for June and September respeetively, The Exponential,
Gamma, Weibull and Geometric distributions as can beseen_below were the best fitted
distributions for both the months of June and-September. sinee they all have the smallest

Mean square error
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fuble 3.6; Distribution Mean Square Error for June  Table3 7. Distribution Mean Square Error § Sept
- 1:“— L

& DISTRIBUTION MEAN SQUARE ERROR DISTRIBUTION PMEAN SQUARE ERROR
_'_—.élwnﬂ“’“’ Dlstribution 3T0STEGE . Exponential Disiribution 3. 25826E-G7
— Weibull Distribution A.P05TENE Welbell Dlstribution 9,258
Gomma Distribetion 3. FATE-08 ""-f-lv'-?ﬂi_ Gomma Distribution 3 ZES26E-07
—_Lognormal Distribution B7S0GTEDE Lognormai Distribution 7 11702605
= Beta Distribuiion 1.0862E+237 - & Beta Distribution B.073ZE+238
Grometric Distribution 3. T03TEDE -’g‘}ﬁr Geometric Distribution 9 2EOZEE.OT

3.3.1.5 Mean Square Errors of the distributions for July,

Table 3.8 below shows the mean square errogs, for the various standard probability
distributions under consideration for July. The Exponential, Gamma. Weibull and Geometric
distributions were the best fitted distributions for-beth the months of June and September
since they each have the smallest meanisquare error,

Table 3.8: Distribution Mean Square Emer for Julv

DISTRIBUTION MEAN SQUARE ERROR

Exponential Distribution 1 %m

Weibull Distribution

Gammua Distribution

Lognormal Distribution 7 5ACIE-00% a

Beta Distribution 12338E+233 Rﬂ%
Geometric Distribution 13333306 |
E = —
_,—-"'_'_'_
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33.1.6 Mean Square Errors of the Distributions for August

R 0w stows the mean square errors for the various probabil ity distributions under

consideration for August best fitted distribution for the month of August since it has the

smallest mean square error.

Tble 3.9: Distribution Mean Square Error for August

DISTRIBUTION MEAN SQUARE ERROR
Exponential Distribution
Weibull Distribution g9 EEQQEE-Z h
Gomma Distribution 0250260 0 & ]
Lognormal Distribution 7 4561BE-DB
Beta Distribution 5.7038E+2
Geometric Distribution 8.25926

3.3.1.7 Mean Square Errors of the Distributions for Oct and Nov

Tables 3.10 and 3.11 below show (he mean squarg errors for various-standard probahility
distributions for October and Nevember respectively. The-Exponential, Gamma, Weibull
and Geometric distributions were thebestfitted distributions [or both the months of October

and November since they all have the smallest mean square error,
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Table 3.10: Distribution Mean Square Error for Octgber

Tabled. | 1:Distribution Mean Sgquare Error for

i= DISTRIBUTION MEAN SQUARE ERROR T OETRUTOR
SREaentia Bistibution S.roare08 Y Expanential Distribution
~_ Welbull Distribution 5.7201E-128 ;’ﬁ Weiball Distborion
=Gl Distribution 370S7EDE % Gamma Distribution
__mm!mn‘bun‘an 6.37252E-07 - ,’;@] Lognonal Dietrbiten
= Betn Distributicn 1.13013E+89 - - Beta Distribution
Geometric Distribution S F0ITEOR el Geometric Distribution

3.3.1.8 Mean Square Errors of the Distributions for December

Table 3.12 below shows the mean squarg errors for the various standard probability

distributions under consideration for Degember. The Fxponential, Gamma, Weibull

Lognormal and Geometric distributions. were the best fitted disiributions for the month of

December since they all havethe smallest mean square error.

Table 3.12: Distribution Mean Square Error for December

DISTRIBUTION MEAN SQUARE ERROR
Exponential Distribution PRIE
Weibull Distribution z}!ﬁﬁ?ﬁﬁm
Gomma Distribution Z,E?M?E-ﬂﬁi-':-ﬁg
|2 Lognormal Distribution 3 14557E06 |
Beta Distribuzhnf

Geometric Distribution 237057608
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332 Monthly Probability Distributions
The randomly selected solar irradiation data was fitted into the various probability

distributions and the resulting graphs of their probability distributions are presented for the

various months of January march and May.

As diseussed in section in section 3.3 the lognormal probability distribution can best fit the

month of January march and May. Fig 3.16 below gives the graph of the lognormal

distribution for the month of January march and May solar irradiation.

Lognormal distribution model for hourly solar
irridiance

51 E5]

0 200 400 L1CY B0 1000

heurly solar irridiange{Wym?)

Fig3.16 Lognormal distribution for January, Marchand May

As discussed in section in section 3.3 the Exponential, Gamma, Weibull Lognormal and

Geometric distributions can best fit the month of April June September October and

-

November ., Fig 3.16 to fig 3.21 below gives the graph of the above mentioned probability
distribution for the month of April, June, September, October and November
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Weibull Distribution Madel for hourly Solar
irradiance
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Gamma distribution model for hourly solar

Geametric distribution model for hourly salar
irridiance %

irfidiance

‘below gives the graph of the above mentioned probability distribution for the month
»
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35 HYPOTHESIS TESTS

The mean and the variance the various standard distributions that were fitted to the observed
solar irradiation dafa was computed for cach month. These mean and variance values were
used in hypothesis testing 1o help determine the existence of clustering in terms of similarity

in patterns of solar irradiation for various months of the year. The hypothesis was conducted

to fest the difference between the population means of the various months of s

ear solar

irradiation based on the sample selected. Japuary heing the Jirstrgonth of the year was used
to test with the rest of the months unfil Yhere Wasea refeetiont (existence of significant
difference between the means corresponding to the'menths).

The hypothesis test used in the test aboutythe difference between two populations means.
Here the population corresponds to the month of the year. Testing:

Hyt gy = oty — 1, =0 H, 7w, With the test statistic:

_E-%)-D,

1 2
() 2
_'|-.__|,_ 2

'n'l HZ
We reject H,in favor of H at a level of significance.a=0.05 if and only/if the appropriate

tejection point condition holds. Le.il 2> eré orZ < _Z";'z

The test between each month and subsequent months is performed until the rejection point

condition holds. The test is repeated between the last month used in the latter test and
s

subsequent monthstintil the rejection point condition holds again. This procedure grouped

the mﬂlhs_g__j,mo clusters, shown in the tables below.
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351 Testing of Hypothesis between Mean Solar Irradiation of January and

February

The month of January was used to test against the month of February, it was noticed that
there is no significant difference between mean solar output for January and February, Thus
January and February belong to the same cluster. The Table 3.20 below shows the results of

the test.

Table3.20; Tesl of Hypulthesis between Mean Solar | rraifliationiint afuaey and FebMigr

Month sample size (n) | Variance( s”) |
Samplel JJAN 1500 :
Sample2 |FEB = 1500}
{ RESULTS |
7 = | osessin Hypothesized difference (Do) | . _Q
1Z,p1= - wfﬁﬁ&] _ Mean difference 5@'1 17801
Decision: | Accept He ( sinceZ >-1.96)
Conclusion: | There.is.no difference between the popuiation means

352 Testing of Hypothesis between Mcan Solar Irradiation of January and March

The month of January was tested with March and it was found that there is no significant
gt
difference betweerthe two months Which indicate that January and March can also be in the

same cluster. The table 3.21 below shows the result of the test.

B9



fﬂ”'f Test of Hypothesis between Mean sular Irradiation of Jaruss wnd March

RESULTS
A M’WE_ Hypothesized difference (Do) |

1Zgp 1= l Mean difference | ass

Decision: Accept Ho ( since Z < 1.96)
L Em - -—
—— - -
Conclusion: There is no différéncl betWetnthe mafuifion means

353 Testing of Hypothesis between Mean Solar Irradiation of January and April

The month of January was tested with April @@ IWas found that there is no significant
difference between the two idionths which-indicate that Januaryand Apetcan also be in the

same cluster. The table 3.22 bétow shows the result ol the tést

Toble3.22: Test of Hypothesis between Mean Salar Prradiafon oi tanuesy and April

& Month
Sample 1 |JIAN :
Sample 2 |APRIL
| RESULTS =1
Z = | 0012233989 Hypothesized difference (Do) | :
; 44
PR - I T
Decision: l Accept Ho ( since Z < 1.96)
i
Conclusion: | There Is no difference between the population means

70



3,54 Testing of Hypothesis between Mean Solar Irradiation of J anuary and May

The month of January was tested with May and it was found that there is no significant

difference between the two months which indicate that January and May can also be in the

same cluster. The table 3.23 below shows the result of the test.

Tabled.23, Test of Hypothesis between Mean Solar Irradistion of January and May

Month sample size (n) Mean{ x].
Sample 1 |JAN ; 9N | 8881985
Sample2 |mAY v\ 1912

RESULTS
Z = 0.011044822 Hypothesized difference (Do) |
12y 1= Mean difference
Decision: Accept Ho ( sinee'Z < 1.96}
Conclusion: There is no difference between the population means

3.5.5 Testing of Hypothesis hetween Mean Solar Irradiation of Jangary and June

The month of January was tested wigh June and it was fotmd thal there is no significant
difference between the two months which indicate that January and June can also be in the

same cluster. The table 3.24below shows the result of the test.

-

S __‘_'_,-r'_'_---_._
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Table 3,24: Test of Hypothesis between Mean Solar Irradiation of January and June

sample size (n)

BT e

Variance(

Sample 1 |JAN
sample 2 |JUNE

$%)

RESULTS
Z = Hypothesized difference (Do)
1Zg21= Mean difference
Decision Accept Ho { sipce Z = -1.86)
Conclusion: There is no differenca belweanhe pefulation means

35.6 Testing of I-[yp_ruthrsis between Mean Selar Irradiation of January and July

The month of January was tested with July and it was found that there is no significant
difference between the two nionths which-indicate that Januany and July can also be in the

same cluster. The table 3.25 below shows the result of the test,

Tihle3.25: Test of Hypothesis between Mean Solar Irradiavion of anwary and February

Month sample size fn)
Sample I |JAN B - < % 1a00]

sample 2 [JULY %IE“'

| RESULTS ]
Z = | -ize7siseas| Hypothesized difference (Do] |
1Z,,1= | e &ﬂ Mean difference [ 2521178
Decision: | — AecenTHo | since Z > -1.96)
Conclusion: |_ There is no difference between the population means
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35.7 Testing of Hypothesis between Mean Solar Irradiation of January and August

The month of January was tested with August and it was found that there is no significant
difference between the two months which indicate that January and August can also be in

the same cluster. The table 3.26 below shows the result of the test.

‘Jabled, 26: Test of Hypothesis between Mesn Solar Irradiation of January and August

Month sample size (n) | Mean(x)
“sample 1 JJAN 1s00f |/
“Sample2  |AUG 1500
[ RESULTS N
zZ = | - }&%QI Hypothesized difference (Do) | of
1Z.21= | | Wean difference T zea 2117809
Degision: | #gcept Ho (Bince 7> -1.86)

Conclusion: | There 's ne.difference between the population means

358 Testing of Hypoethesis between Mean Solar Irradiation of January and

September

The month of January was tested with-Scptember and-it was found that there is no

significant difference between the two months which indicate that January and September

can also be in the same cluster. The table 3.27 below shows the result of the test.

e _,.,--"'"_'_-_-_-_._
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bled.27; Test of Hypothesis between Mean Solar Irradiation

of January and September

l RESULTS =

£ = -1.

Hypothesired difference {Da) ]

R _ tog Mean difference |

Decision: I Accept Ho [ since Z = -1 96)

I_'ﬂldmlfﬂﬂ-' ] There is no differefic&befwenn the_pgbulation Means

359 Testing of Hypothesis between Mean Solar Ircadiation of January and October

The month of January wag tested with.October-and it was found that there+€ no significant
difference between the two months whieh indicate that January.and @ctober can also be in

the same cluster. The table 3.28 below shows the result of the test,

Table3.28: Test of Hypothesis betWe Mean Solar fradiation of Januar ind Octobc:
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| RESULTS )

Z_= | -0scooossecE] Hypothesized difference (Do) |

1Zoa1- @ Mean difference T sz
Decision: | Accept Ho ( since Z > -1.96)
Conclusion: | There is no difference between the population means

3.5.10 Testing of Hypothesis between Mean  Solar Irradiation of January and

November

The month of January was tested with November and it was found that there is a significant
difference between the (we-months which indicate thar Januaryand November cannot be in

the same the same cluster. The table 3.29 below shows the resilt of the test.

Table 3.29: Test of Hypothesis between Mear Solar Irtadiation of January and November

Month sample size {n}
Sample 1 |JAN :
Sample 2 [NOV B =
= RESULTS e |
z = | -2.295!59% Hypothesized difference (Do) |
1Z,,1= | __._..:T 1 ___—Mean difference
Decision: Reject Ho in favour of Ha { since £ < -1.96)
_;—-'-"-—
Conclusion: | There is a difference befween the population means
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35.11 Testing of Hypothesis between Mean Solar Irradiation of November and

December

Since the test for .Fanua_r}f and November shows a significant difference, we will now test

November with December to check the result. It was found that the there is no significant

difference between the solar irradiation for November and December and these two month

gan also form another cluster, Table 3.31 below shows the test results,

Hable3 30: Test of Hypothesis between Mean Solar lraiétionoRNdvember indigecember

Month sample size (n) Mean( %) Variance( s )

Sample1 |NOV ’ 1 4 1
Sample2 |DEC : ™

FJ‘E ’ i 51

RESULTS
Z = -0.3065028] Hypothesized difference (Do)
1Z 1= : 1.96' Mean difference
Decision: Accept Ho ( since Z > -1.96)
r_l'.‘um:l'usiam Thereis no differénce batwean the population means

3.5.12 Testing of Hypothesis between Mean Solar Irradiation of November and

January

The month of Noverber was tested with January and it was found that there is a significant
! o _,-:-""'_'_--_--_'__
difference between the two months which confirms the fact that January and November

Eﬂnnmhe same cluster, Table 3.31 below shows the result of t
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Table 3.31: Test of Hypathesis between Mean Solar Irradiation of November and Januare

sample size (n)

1RO

sample 1 |NOV
Sample 2 |JAN

RESULTS
Z = Hypothesized difference (Do) |
12,21 9 Mean difference
Decision: Reject Hoin favour of Ha ( singesZ a.i.06)
Conclusion: There is a differenee’betWeeh-te pepliation means

354 Testing of Hypothesis between Mean Solar Irradiation of the Clusters.

The result of the series ofitests indicalc that the there are tw@ clusterg it the year in respect
of similar patterns of solar irradiation, namely. ene from January e October and the other

from November to December.

Further hypothesis testing analysis was conducted an these two clustets of the year and it
was also found that there is a Siemificant difference betweth (the mcan outputs of solar
irradiation for the two clusters of the year. The'resilt of theclister analysis is shown inTable

3.33 below.
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Table 3.32: Test of Hypothesis between Mean Solar Irradiation of Jan-Oct nd Nov.p
f=LicC

& INPUTS ]
|Level of Significance | 0.05 ;I]

Month
Sample 1 jan-oct
Sample 2 |nov-dac

| RESULTS |
Z o= | 36713139869 Hypoihesized difference (Do) |
1Z.,21=| 1.96] Mean difference |
Decision: I Rejact Ho in favour of Ha ( since Z = 1.86)
Conclusion: [ There is a difféerence between the population means
3.6 BAYESIAN ANALYSIS

In the Bayesian analysis we use the random variable X° which represents the event of having a

high or low sunshine.

Thiis ¥ = 0 lnf:nw sunshilne
1 high sunshin

‘The values of X are generated based on a given threshold below which we describe the sunshine

level as being low and as high otherwise. The threshold value used in this analysis

is120&Whm A random samﬂm{r sunshine hours were selected and based on the above

mentioned threshold the monthly average number of high and low sunshine levels was
_—-_-’-_-- .

computed.
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The beta distribution was used as prior distribution and the Bernoulli probability distribution as a

tikelthood function. The posterior probability distribution is derived in section 2.46

Bayesian analysis for the various months of the year was conducted to estimate the posterior

expectation and variance of the beta distribution for mimber of iterations watll ticss femtiois v

converging to a certain value given a tolerance level. The analysis started with initial parameter

values of alpha and beta to compute the prior means and prior variance . The posterior parameters

are then computed based on the sample size and the number of high sunshine hours. The
posterior parameters were then used as the prior parameters to compute the mean and variance.

The procedure is repeated for twenty iteratiéns for all the mofths of the vear.
3.6.1 Beta Distribution

As discussed in the section 2.4.7 a random variable X is said to have beta distribution

with parameters a>0 >0 if  the density of X is

Cla+f) .y

— X {1".1'}’ﬂ_| fort<xZland f|x)=10 outside the interval |01

f(x)=

The mean and the variance of the beta distribution s given below

-.Hﬁ
(@+0) (a+p+1)

Mean denoted E(X )= u== &
a+

and variance denoted Var [}&] =

3.6.2 Bayesian Methodology

The prior beta distribution is used to together with the likelihood function to obtain the posterior
distribution. '[In-,_-bém distribution being-a-conjugate prior always has a posterior beta distribution

with parameters

-—-—ﬂ-_
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Where nthe sample is size and Z_x is the total number of sunshine hours in the sampled data

under the threshold of 120kwh/m"2.The alpha and beta values were computed and used as the

initial guess. The posterior parameters were computed using the formula above, The posterior

alpha and beta values were used as the prior alpha and beta values to compute the posterior

parameters for that iteration.

The posterior mean and variance for the pofteridr probbifity di§tribution was computed as

below for the number of iterations,

*

o
iy
Var(X)= {f.‘gr

(H' +j5l‘ )I (.l':f:- |' ﬁ’ + ]}
363 Presentation of Results

A sample of size 1500 was selected from each month of the year. Based on the threshold value
the total number of sunshine hours is caleulated to help in the computation of posterior beta

distribution parameters.
3.6.4 Bayesian Results for January
The sample selected from the month of January was analyzed using Bayesian approach.

S 3 ﬂ_'_'_._,__...--—-_'_
performed and the results are shown on the table 3.34 below

Twenty iterations were

e —

g0



The results in table 3.34 indicate that the prior and posterior means converges to 0.87000 with

tolerance level of 0.0001 while the prior and posterior variances are converging to 4.0E-06 at

0.000001 tolerance level. The analysis shows that the month of January has a high possibility

(.87000) of sunshine,

TJable 3,34 Bayesian analysis for January

ITERATION S alpha.  beta  priormean  prioe variznoe Fasterior alpgha  posterior beta  posteriormean  pesterior variance

1 7 0 D.794117647  DOD4GET124 1332 202 0,E6331E123 TA4ESTE-05
z 1332 30¢ 0.BBE2318123 7.44B97E-05 2637 147 0869142637 374723605
3 2637 397 DBEI149€37  3T4T2IE0S 3942 502 0,B60A300G5 2503 21E-05
i 3041 587 D.BEDA30SEE  25031E-05 5247 787 0.EEI5T2421 1.A7931E-05
5 5247 737 DOBE9S72423  1ETOIE0E G552 L:Tohd D.BE9ESTE5Y 1,5M3EE-05
] 6552 987 OEEYE57ESZ  1S0436E-05 7857 1177 11853714412 1.25414E-05
7 7857 1477 0869713412 125414cls ha163 37 0869755075 1.07528E-05
g 9162 1372 0869755070 1.07529E08 Suady 15y 086375607 8.410776-06
9 10467 1567 0186978507 94107766 1178 azid D.E63E09369  B.IGGSIE06
10 11772 1762 0.BEYE09360 RIRESIEOE 13077 1957 0.568E2838D 7.53089C-06
11 13077 1957 (.B696233R9 753089605 14332 2152 0.869543058 684702606
12 14382 2157 (.BG9E43558 EE4702E06 15647 Jaa7 0.869856937 627 T01E-06
13 15687 2347 (.869856837 6.2770ME-0B 16932 2542 0.869867923 5, 7946 1E-06
14 16992 2542 0.BR98G7S73 & T94R1E0G 18297 2737 0,868877341 £,38107E D&
15 18297 2737 0.BG9E77341 S3R107EADS 19607 7917 0.369885506 502262606
16 19602 7937 O.BGYEB3E06  507262E06 20907 3117 0.369852652 4. 70854E-06
1?7 20907 3127 0.BESEDZES2  4.70B94C-05 27212 3377 0,860898058 4,432 14E-0%
18 22712 3322 0.BE9EOATSI  £43714F08 e[ 3517 0.BE0904565 4, 1B508E-06
19 23517  3517,0.869904565  4.18608E-05 74331 ariz 0.BE9909582 3.9659E-05
20 24822 3712 0868903582 3.9559E-06 26127 3807 0,BG3H14057: 3, 767T2E-06

3.6.5 Bayesian Analysis for February

The sample sclected from the menth of February was analyzed using Dayesian approach.
Twenty iterations were performed and the results are shown on the table 335, The results in the
table 3.35 below indicate that the prier and posterior means colvelgeto 083000 with tolerance
level of 0.0001 while the prior and posterior variances are converging to 6.0E-06 at 0.000001

~tolerance level, The analysis shows thal the month of February has a high possibility (0.82000)

of sunshine.
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1

2

3

4

5

6

3

8

9

10

H

ek =
13 12541
14

15

14

17

18

19

20

beta
1 b
461

prioe mean
0142857143
0634094227
671 0757060101
BE1 070682101
1091 0.793057663
1301 0.BD0BT4123
1511 0.B05833976
1721 0.809560605
1931 0.812378546
2141 D.E14583875
2351 0.B16356819
2561 OB17B1318%
2771 DR1903082%
2981 0.820063983
3191 0820951633
3401 0821722493
611 0.82239819
IRI1 ORII995321
4031 0823526837
4741 0.824002988

45321
17766
18611
19856

59 dphs  postenor bets  postenor masn

0015306123 1045
0.000140801 2001
B.6SE54E05 136
4. 36136E-05 4181
311281605 5336
ZAM4TREDS BITt
01035605 7316
1. 70582E-05 Bi61
1.480R1E-05 m
130791805

1ATOS6E-05 IMH

1.059B6£-05
967931606
8 S0E27E-06 “

B24T21E-DR
THTETIE-O
718337606
6. 74792E-06
636214E-06

lEH]
L7766

461

351

81

1081
1301
151
i
1231
141
381
561

301
3611
3811
4031

0SBl
0TS 7080101
0 TROGRZ101
07908 7663
0800674123
QBOSERIIG
0 B0 G654
OE12ITRS4E
OB 1458387S
0 B1EI5ER1S
ORLTRINIES

105082
BI006 Y583
1 BI095 1633

0R1172249)
082279819
Q.B2r995311L
0823526837
QRI4007988
(B28431997

1 AKE1E-O05
1 30791805
1170 0%
1 OF9RGE -5
FEMALE-06

TEMTIE-08
TARAAM-06
6. 74T -06
6 367 14E-06
6.01801E-06
5. M09 L8006

Table 3.36: Bayesian analysis for }

Meration  alpha beta  prior mean medy  pastennr wanence
1 13 1 0928571429 4 6 2iRE 08
4 1363 151 0900264201 5 7 HLASI-0%
3 IS 301 nmnz:ru,‘
4 4063 451 ;
5 5413 B01 !
e P
:l 463 1051 7 AREAIE O
£ 10813 1201 # 65752008
10 11163 1351 i51 ;l"ﬂ-ﬂ

u 13513 1501 (0.900026642 5992596 53 LB 06
12 14BE3 1651  0.000014312 5A4B4IE-06 ik 1 0300022205 & FoaRsE-06
13 16213 1601 0.500017205 459483606 17563 1851 090001038 LR1IL06
14 17563 1551 0900020458 4611806 18011 2101 OF001905% FETTTITEY
15 18813 2101 0900019035 4B193E06 2026 281 0N0NMEY M08
16 20263 2I51 0900017767 39967606 21613 240 0900018457 LTTIIO8
7 613 2401 'ammv 37471606 21963 1551 0S0001S6TE N S36EN.04
1] 22963 = 352685606 24312 i 09000 4307 B E104¢-08
B 43:3 201 mmm 333104E-06 75663 5 0900014038 mﬂm
20  jseea——385) 09000u0s—TTSSBEGe 27013 3001 @800013327



The sample selected from

iterations were performed and the results are shown on the table 3

3.35 indicate that the prior

0,0001 while the prior and posterior variances are converging to 3.0E-06 at 0.000001

level. The analysis shows that the month of February has a high

3.6.7 Bayesian Analysis for April

The sample selected from the month of Afril"wis afial§zed ing Bayesian approach. Twenty
iterations were performed and the results are’shéwh on the Yable .37 The resulis in the table 3.37
indicate that the prior and posterior means converge to 86000 tolerance level of 0.0001 while the

prior and posterior variances are converging to 6.0E-06 at 0.000001 tolerance level. The analysis

shows that the month of April has a high possibility (0.86000) of sunshine

Table 3.37: Bayesian analysis-far April

priar mean
0.B1904 7RIS
0.B5343 7055
0.B56673241
D.BE7TrFIo0T
0.B58325058
C.BSRERE1RT
0858880772
0LESO0a003
0.85%150608
0.859252655
QLASG32T217
QLBSSIEREZ 24
0.85%435087
0850483141
0.858515057
L.E5955106
,85857307
(.85960379

3796 0.859625767

teration  alpha beta
1 25 16
i 1316 226
3 2806 438
4 3856 646
5 5186 856
] 6476 1066
7 L
-] 9056 1486
- ] 10346 1696
10 11636 19056
11 135926 2116
12 L4216 2316
13 15506 2535
14 16796 2746
i5 18086 2955
15 19376 3166
7 20686 3376
18 21956 3586
13 232486
20 24536 4006

_.'—_-'-'-'-'-_'_

O.AG0E45435

:'.rir:ru-rlr‘l.‘nt&;p pdméur'_ﬂnh.: Pﬂltl:'lml" betz

0005454364 1316
8. 10643E-05 2606
403497605 3396
2 GESABEOS S186
20123605 GATE
1.60897E-0% 1758
L34031E05 T
1. 1885405 10346
100477505 11636
8.5 9B0EDE 12026
2,035 F9E-06 14216
7.304B1FD6 15508
5.60531E-DE 16796
5.1 TORAE-DE 15086
5. 73B0GE-DE 19376
5.35503F-0F 20666
5 DAII0E-DE 21956
4.7 247BE-06 23246
846213E 06 24536
4270 23878

g3

120
435
645
1255
1066
1776
14EB
165G
1806
2115,
2316
2536
2746
2956
3166
3376
3986
3796
4006
A216

posterormean
0853437045
0858673241
O8STFT107
DLB5EAI5058
OBERGSEIEL
OB5ERROTIE
0.25904003
0.ES9LSOEOE
CME0253R05
(.R5031 TH1T
OESTIEEFS
D.E50410087
0859482141
O.B58515057
085855106
085857907
0.85960373
0859625767
0.B29045435
0.850663138

the month of March was analyzed using Bayesian approach. Twenty

36. The results in the table

and pasterior means converges to 0.9000 with tolerance level of

possibility (0.9000) of sunshine.

posterior variance
8. 10643E-05
4, 0349 7E-05
2.6E543E-05
1012305
|.GOE9TE-O5
1.24031E-05
1. 14854E-05
1.00477E-05
B O7989E-0B
B.035B9E-06
7.30461E-06
£.GA531E-06
E£.17984E-06
5. 73806E-06
£.35523E-06
EO2029E-06
4. 72478E-06
4.46213E-06
4,22 714E-06
4.01565E-06

tolerance



3,15.3 Bayesian Analysis for May

= seie slected from the month-of February was analyzed using Bayesian approach.

Twenty iterations were performed and the resulis are shown on the table 3.38. The results in the

table 3.38 indicate that the prior and posterior means converge to 0.92000 with tolerance level of

0.0001 while the prior and posterior variances are converging to 2.0E-06 at 0.000001 tolerance

level. The analysis shows that the month of February has a very high possibility (0.92000) of

sunshine.

Table 3.38: Bayesian analysis for May

iteration alpha beta prior mean  prior variance  [postgrial sloi  pasgeaier begad podlerior mean  posteriorvarlance
1 15 1 09375  0.003446691 1400 116 0.9234R285 4.G5E03E05
F) 1400 116 092348285 465803605 Lidh 231 0.523408488 2 34427E-00
a 4785 231 0523408488  3.34377F0% 4170 346 0523383525 1.56623E-05
4 4170 346 0523383525  1.5RAIIF05 ESGE 451 0333371041 1.175A5E-05
5 5555 46l 0523371011 117595005 F940 576 DA233R3I491 8.41179F-06
& 6340 576 05233634531  5.41378E-06 4325 o1 0.5233584.74 T B4E24E-D6
7 8325 E91 0923358474  7.84824FE-06 9710 B0& 0.523354388 B.72917E-D6
B 9710 BO6 0S9Z3354888  E£.72917EN6 11095 g1 0333353157 5.BE94E-06
g 11095 921 0923352197 0889400 12484 1036 0923350104 5.23558E-06
10 12480 1036 0923350104  5.23598E-06 13368 1151 0.933348428 4,71307E-06
11 13865 1151 0.913;1&'3'-!?!! 4, 71307 EDE .EESI:I 1268 0923347067 A.28513E-08
12 15250 1266 0.923347057. 4.28510E-00 16635 1351 [.523345915 3.92841E-06
13 16635 1381 0523345915 T 92841E-00 18020 1896 . IR R RN S 3.62653E-06
14 18020 1496 09233449458 1 2.62653E400 13405 1611 0523344119 3,367 7AE-06
15 19406 1611 0.923344119  LIGTMEDE 20730 1726 00233134 3.14342E-06
16 20790 1726 09233434 3143206 22175 1341 [.923342771 2,947 12E-0¢
17 22175 1841 0923342771 1.94TI2EDG 23560 1958 Bo33392217 2, 77389E-06
18 23560 1956 0923342217  277IB5E D6 24845 2071 BB23341773 2 B100E-0E
19 24945 2071 05923341723 2 BI49E-0R “26330 2186 [_!5'315'314.'!352 ZABIIE-0E
20 26330 2186 0923341287 2 ARZIEDE FL 0 L 230 0H233408ES 2. 35B0BE-0E
3.6.9 Bayesian Analysis for June ==

The sample selected from the month of JuneWas analysed using Baycsian approach, Twenty
iterations were I_]@rﬂ':rmed and the results are shown on the table 3.39. The results in table 3.39

indicates that the prior and posterior means converge to 0.77000 with tolerance level of 0.0001

while the prih_r_a_ﬁd pﬁa1criorm 3:3 converging to 6.0E-06 at 0.000001 tolerance level.

Thﬂ I iS S}'IGWS thﬂt lhe mul‘lﬂ'l ﬂf Fe brua_r}.‘ I‘:as a hjgh p033|h|1]t}" ({)TT{I[}U} Ofsuﬂﬂhine
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%3_3.391 Bayesian analysis for June

|teration  alpha beta priar maan
1 e | 18 (538451538 ’:;:_E;;:;":: Dﬂsmlé}?ﬁafuiu Posteriorbots  posterlor mean  pesterior variance
1 1075 464 0.69BS05523  DO0O1IETS 178 464 0698505573 0.00013675
3 2129 910 0700559385 ¢ s0052E.0c 3183 1510 0700539395 690052605
4 3183 1356 (701255783 4.614esp e 4237 1355 SR sl St
& 4237 1801 O.701606226  34BB14E-05 Lagy 122: 0.701606226 3.46514E-05
3 5291 2B 001177 2.775éee0c 6345 SEd SIARIIZL  RTISANEGH
7 6345 7694 701958181 23143605 7349 S JRESERE | GlalaEds
5 7399 3140 0702059019 1 9845EE: B153 s e O o
0 10345 1696 0.859159608 100477605 11400 2142 S den
0 11400 2142 084182543 58320406 o : i 432 9,83200E-06
11 12454 I588B  0.BZ7948411 G.48951E0% 2388 0327948411 0.46951E-06
: 13508 3034 08165
1z 13508 3034 0.B1658807%  9.0535F-05 14567 HEOTE 9.0535E-06
13 M562 3480 0HO7116738 BesmiaEge 1 s’ ORORlGEE mecesOn
14 15615 3936 [.799099376 82 G16 3426 0.799093376 8.714GRE-06
[ JT4RBE-DE 16670 4372 0797275074 7.E2179E-0F
15 16670 4372 0.792225074  7.82229E-06 17724 a1 0785325547 A
16 17724 4818 0786265637  T.AS473E-06 18778 s34 n.'.ra1m9‘l_ug AR AR
1 W76 5364 0381049339 7A17I1EDG 19837 s710 0776448537 6. 79540E-06
i 13832 S0 0.776446637 6.79548E-D6 0286 155 0777354116 6.50162E-0
;: i*:::; :;g ?;f::z:]? :E 223;225: i;au B0z | 0768591753 € 22936E-0R
4 ‘ e | 045 0765395114 4 9 FEYSE-Of
3.6.10 Bayesian Analysis for July
Table 3.40: Bayesian analysis for July
lteration alpha beta prior mean [-Ir'ﬂ"fll‘igl'lﬁt nﬂsbe‘rinralghg posterior bela  posteror mean posteror variance
1 28 8. 0666666667 0.00516TI5T 1082 427 0717031148 0.000134368
z 1082 8270717031146 0000134368 2136 B40 0717741935 6.BO512E-05
3 2136 Baf 0717741935 680512605 1o T253- 0717933345 4.55633E-05
4 3190 1253  “Q.117963345% 4.55633E-05 4748 1666 0.718104307 3.42464E-05
5 4244 1666 0713104907 T42464E.05 5208 o9 0.718178121 274327605
[ 5298 2079 07181781210 27432 7E05 BA52 Ja97 0.7 1K227047 7 IREDAE L5
7 6352 7497 0718227047 Z2EBO4E-0S 7406 95 0, 71526205 1.96239E-05
B 7406 28905 071826205  1952309L-05 BAED 3318 0716238334 1.71783E:05
5 8460 3318 0718788334 1.71785¢-05 14 73 0.715308796 1.52757E-05
16 8514 3731 0.71B30BYEE NAE2ISIELS 10568 4144 0,718335177 137521E-06
11 10568 4ddfl, 718325177 13T521E-05 11622 3557 U,416338587 1. 25048E-05
12 11622 45570 0.718338587 125048605 17676 a9t 0716349768 1.1465E-05
13 12676 2970, 0718349768 1 14G5E-05 13730 5383 0.715359232 1 D5HAGE-D5
14 13730 5383 . 0.71R350237 1 OSR4NEIS — T4TR4 5736, 0.7 1E36T247 9.83022E-05
15 14784 5706  OFEI67I47 TRAOIZE-06 15838 B2Y 0718374382 3.17601E-06
16 15838 6209  0.71837038Z+ 9.1MeULE-U6 16832 BET2 0.716380539 B.G0J44E-06
17 16892 6622  0.718380539 EFDI4AELG 17946 7035 0.718335973 2 MOR1IE-D6
18 17946 7035 0.718385973 EOE1IE0E 20000 7448 0.7 1E390805 7 B48RIE-06
15 19000 7448 0718300805 7G4EROE-UE 20054 1861 0716395128 7.24687E-06
20 20054 7E61 0718395128 7.296B7E-06 21108 8274 0, 71430902 £.BESE 06
_-'-F--
— _._'_,_,_,—'—""-_-_'__
m—
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>

ihe sample selected from the month of July was analyzed using Bayesian approach. Twenty

Winﬂs were performed and the results are shown on the table 3.40. The results in the table 3.40

below indicates that the prior means and posterior mean converges to  0,72000 tolerance level of

00001 while the prior and posterior variances are converging to 7.0E-06 at 0.000001 tolerance level.

e analysis shows that the month of July has a greater possibility (0.72000) of sunshine

3.6.11 Bayesian Analysis for August

Table 3.41: Bayesian analysis for August

|tration alpha beta priormean  priorveriarce  postericralpha  posteriorbeta posterior mean  postersor varlance
1 26 16 0619047519 0.005484354 1277 25 0.828145265 9.22363E-05
ki 1277 265  (LB2B145266  9.22363E-05 1528 514 0,831032216 461445E-05
3 523 514  0.B31032216  4.614456-05 3718 763 1.832012329 307655E-05
4 1779 763  D.B32012319 3. 07ESSE-05 5030 10Ld 0832505793 2.30746E-05
5 5030 1012 0.832505793  2.3074RE-05 E241 1361 0.BIZAOILT 1.B4598E-05
B 6281 1361  QE3ZB0297  1.B4598E-05 7532 1510 0,833001543 1.53R32E-05
7 7532 1500 0.B33001548 153832605 BTES 1759 0833143616 1.31856E-05
E 8783 1758 (0.B33143516 1.31BSGE-05 10034 2008 0.833250291 115373E-05
9 10033 2008 O.B33250251 1.15373E-03 11735 1257 N.333333333 A 02554F-05
10 11636 1906 0659252695 BS2955E-06, 12887 2155 085673847 FB15931E-06
11 12887 2185  0.856734477 -£.155316-08 14438 2304 NESAETINEL 7 E0A14E-06
12 14138 404 DESARTINRE T EOE1SEOE 15389 2653 0852054218 6.95136E-06
13 15389 2653 QLB52954718 ESSIS6E-0E 16640 7| O R51408335 G AT0ZRE-06
14 16640 2802  (.851499335  6.47076E-06 1185 3151 Qasas1aTr £.05060E-06
15 17881 3151  D.RSO251877  E.0SOGAE-0E 19142 3400 Dig42170437 5.E3150E-06
15 19142 3400  D.849170437 | 5 EE1S9E-08 FiEE 640 n.a'a'tgmgm 5 3A545RE-06
17 20666 20393 3549 £, UBE 3HE-06 21917 206492 051579205 5 BEETIE-06
18 21917 20642 0,514579205  5.BS8THE-0E 23168 20891 QE2524035 5 E5803E-06
18 23168 20851 052584035 .€5E03E06 24419 21140 01535985302 5.458E5E-06
0 24419 31140 0535026303 1, C.ASEESEE" J5640 21383 (1.5454 85454 526BAE-06

The sample selected from the month of Angust was _&rml‘_\.-'zed-using?ﬂaf&:ﬂian approach. Twenty
iterations were performed and the results are-shiown in'table 3.4 The results in table 3.41 indicaies

that the prior and posterior means converge to 0.55000 with tolerance level of 0.0001 while the prior

and Pﬂstﬁriﬁf variances are ggnvarging it 6.0E-06 at 0.000001 tolerance level. The Eﬂﬂi}fﬂiﬂ shows

that the month of August has a low-passibility (0.55000) of sunshine

26



3.6.12 Bayesian Analysis for September

The sample selected from the month of September was analyzed using Bayesian approach. Twenty

iterations were performed and the results are shown on the table 3.42. The results in the table 3.42

below indicate that the prior and posterior means converge to 0.79000 with tolerance level of 0.0001

while the prior and posterior variances are converge to 6,0E-06 al 0.000001 tolerance level. The

analysis shows that the month of September has a high possibility (0.79000) of sunshine

Table 3.42: Bayesian analysis for September

teration  alpha beta  prior mean griof variance  postenor alpha’s posteriorbeta  posterior mean  postersar varance

1 29 13 0630476 0.004870205 1307 a3 0. 782749676 0.000110208
! 1307 5 078375  0.000110209 1188 657 fi. 744023660 5 56A59E-05
E| 2385 657 0784024 5 56459E-05 Eut] a7a 0_TH3456187 17218 7E-05
4 3563 a7% 0784456 3.721E7C-05 aFai liﬂl . TRAG 73949 2. 79597E-05
5 a7a1 1301 0OFRIARTA 7 T9RSTE05 450 1523 BL7Ra805001 2 TIBORE-D5
[ 5919 1623 0784805 2 13ASHE-0S 1057 14943 1 TEAHS2 123 1. BETOE-DS
T J097 1945 0754803 1 BEMGAE-0S Bis 2167 (.7EAB55416 1010 E-05
5 H3TS FIE7 0.7E4055 1-pIL0TF-05 CIEE] I5EY T RESO02A91 T A0 2E-05
] 5453 2585 OFEE0Z A 0Taz 05 1631 2911 . rER08% 1A 7 $ 2460505
10 10631 2911 0.7B5039 1.7AGOEE-05 1108 2233 0. 785068475 LA2169E 05
11 11808 3233 0785068 1 1X169E05 175937 3585 ﬁ.TSE»ﬁD?A!Q;;. 1.0193¢E-05
12 12987 3555  OFEL092  10099E-05 14155 ‘|77 0785102515 9,35049E-06
13 14165 A\877 075113 9. 35049C0-06 15343 4105 ,!:L'."EHIM B.G3731ED6
" 15343 #4183 075120 BGR3IFIIEOE 16521 4571 0.785143598 B.01655E-06
15 16521 4521 0785144  B.01ASEE-DG b 4823 U-?551555_i"7 T.48284E-06
15 17699 4543 0765157 7.48284E-06 18677 5165 0,785167671 70157420k
17 13877 5165 [L7RS 16805 T4F-05 20055 487 0385177355 E,ﬁﬁg.‘n 1E0B
18 20055 5487 0.7BS177  hA0E53E-06 21233 5809 0. 785186007 B IV0EE06
18 21333 SE00 0785135 GRA7OEC-06 z#ara 5131 0.78519375 S 01 AE-06
22411 §131 0785199 G 909T4E-DR L ——— D85 00715, 551397606

3.6.13 Bayesian Analysis for October

A sample selected from the data for October was analyzed using the Bayesian approach. lterations
performed and the re:‘ﬁj_i'ts_ (see table 3.43) indicate the prior and posterior means converge (o 0.7200

at tolerance level of 0.0001 while the prior and posterior variances converge to 7.0E-06 at 0.000001

toleries Tevel. Thus the month of October has a high possibility of sunshine.
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Table 3.43: Bavesian analysis {or October

terstion  alpha beta Briee mean  prior variance :
1 29 9 0761157895 0ondciseer Pmm:f.;:m MT:; b T;:ﬂ: bl ot
2 104 43¢ 0717B1S345 0000131816 2179 355 o i
2 I1Ta a59 DTIT2AB1S  E.57335000 T i % .]'1'.'05.59:'1 B.G73I5E-05
4 3254 1289 0717055972 4 46985E05 s i i i 246308505
5 4329 1708 0.7169593%3  3.3G03Es 5404 34 e 15901:::: : SnEl
& 5404 2138 0716901035 269705605 e o o BAZO5E-05
7 BAT4 2550 OTIEBERIIE 22455008 s s B-;iss:uam 4 2455605
B S Bl D.7IERANE. Loaenaras 8529 3409 0715813424 :.:::ﬁij:
» G623 303 O716ELI924.  LEAG1IFAOS 5704 14 671677164 1.49936E-05
i %04 3EBL. 0716797164  1.49936F05 10773 429 0.716750147 130985605
= AU MR CO716T8MAT 13888E0S 11854 A58 0.716772481 123746605
% 1858 dERC 0716773403 122746E05 13828 5109 0.716754608 11I541E.08
13 12929 510 OT16VBAG08  1.12541F-05 14004 zoiq 0.71ETS mEe i:niﬂlaf-:m
W 10k S5 DILETRIOES. 10450 13079 sa59 0716750602 Q.GASEEEDE
15 15079 5953 0716750642 S649GGE-OG 16154 538 0 716745053 T
16 16154 53584 DTIETA50%3  S.00757E-0 172149 SROD 0 716740161 BAAEEE B
i AT EE0L D TIETINIRT.  RAAEEE.0 15804, 7 746735045  94953¢.-05
18 18304 T34 DILIETISA4S  FU4953E-06 Ladpé 760 716537007 7 SOBREE-06
L] 13379 FEE0 DTIETAI0O0T T GOBEEE D& 20454 ‘0 ﬁ.?lﬁfﬁiﬁu L
m 0454 HOBA  0TI872H572 T.11408E-06 3L T g=g 0. 718z £ 7SEAAE-DE

3.6.14 Bayesian Analysis for November

A sample selected from data for November was analyzed using the Bayesian approach. Twenty
iterations were performed and.the results are shown on the table 3.44. The results-in the table 3.44
below indicate that the prior and posterior means converge to 0.9000 with-tolerance level of 0.0001
while the prior and posterior varianees aré eonvergmg to 6.0E-06 at 0000001 tolerance level. The

analysis shows that the month of November hasa high possibility (0.9000) of sunshine,
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‘Table 3.44: Bayesian analysis for November

neritl'm al::a ook fior mean  prier variance Postersdr 2lpha  posteriorbets  pocterior mean  posteriorvariance

6 DEZSINMID 0004152245 1406 138 0316558018 498237605

2 1406 128 0S165580: ;
1B 4.58237E405 2784 250 0817600527 2401 FGE05
3 784 250  DOITED0SAT  2.49125C-05 4162 a7 08171953242 1.66075E-05
4 4182 372 DOLTO5IMI . | GLOTSEAS L5an 494 0.918130593 1.24551E-05
5 5540 424 O91B130583  L24551E405 BU1R 16 (LR ERERE 4.96384C-06
[ B91R B1G 0018237424 G OBIRIE-06 8296 T1E 0.915I0RE12 B 30303E-06
7 7766 1276 ©0.B58830779 1.34031F-05 9144 1333 OLBETIRETSH 1.09102E-05
i 9144 13%  08R7IETISZ  LO9I0PE-US 10533 1520 0.87377512 $.A582E-06
9 10522 1520 DEFITISIZ  9.1533E-06 11800 1642 OBTETATE T BETREE0E
10 11900 1642 08787476 786755606 13278 1764 0.882728361 6.88154E-06
11 13278 1764 0882728361 6.ABISGE-UB 14R5%6 LRAS 043507184 G ADELAE-0E
12 14655 1BBE  0.985947184 &, 10634C-05 16034 R e 0. 358 /04135 5.4BEBSE-DE
13 16044 008 0884704135 5 4R@SE0E | 1§42 2130 0891003997 4.9G334E-06
14 17412 2130 0891003991 4.96388E.05 18750 has2 0892975951 4 S8165F-0F
15 18790 2351 0892975053  4.54965E%06 W68 2874 0.8945854976 4.17972E-06
16 20168 1374 0B946A54TR 4 17972E-06 21545 406 0.896181682 1.8607T4E-DE
17 21546 2496 0896131682 3.86974E-06 1384 2618 0897502153 1 A0146E-DR
18 22924 2618 0857507153  3.6014GE-0G 24302 2740 0.B9BETE133 3.36713E-06
19 24302 1740 0.BSA6TE133 3 IGTIZE-06 23680 2862 OLESGT26719 1 1807%E-06
0 25680 2862  0.A99726719  3.16079b-Ca 17058 2984 0.G006T1 352 2 97779606

3.6.15 Bayesian Analysis for December

The sample selected from daia perainmg to the month of December sias analyzed using the
Bayesian approach. Twenty iterations were performed and the resnls are shown on the table 3.45,
The results in the table 3.45 below indicate that the prier and posterior means converge to 0.87000 at
a tolerance level of 0.0001 while the prior and posterior variances are converging to 6.0E-06 at
0.000001 tolerance level. The amalvsis shows thai-the.month of December has a high possibility

(.87000) of sunshine.
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Table 3.45: Bayesian analysis for December

fteratiun dpha  beta priormean  priorvariance  posterior alpha Pusterior beta  posterior mean  posteriorvariance
1 & T 0TI11TE4T (000467128 133z 202 0.B68316123 7.44897E405
2 1332 202 0.B6BI1B173 74489705 2637 297 0.B69149537 3. TAT2IEDS
3 2637 397 (REUL40637  3.74723E-05 3847 597 0863430066 2.50321E-05
4 3342 532 0569430966 250321E-05 5247 TET 0.BB95724823 1.87931F-05
5 5447 787 0.B6O572473  1.87931E-05 F552 982 0.869657552 1.50436E-05
6 6552  9B2 0.BEOG57552  1.S0436E-05 7857 177 D.BG3714412 1.25414E-05
7 7857 1177 U0.H69714412 1.25414E.05 9162 1372 0L.BRS755070 1.07528E-05
B 9162 1372 D.BG9755079 < 075I8E-0S 10467 1567 D.8EYTRSE0T 9 4107 7E-06
g 10467 1567 D.BGSTESG07  9.41077E-05 11772 1752 0.969809368 8.36653E-06
10 11772 1762 0.BGIB0936Y  B.IEESIE-DG 13077 1957 0.850828380 7.53089F-06
1 13077 1957 D.B6URIEIED  T.SINNSE-DG 14387 7152 0.8659843953 624707 F-0F
17 14387 2157 DHEOR4I05E  5.RATOIEOG 15687 2347 08698565937 6.27701E-06
13 15687 2347 D.B6RASEA37 E.I770IE-DE 16092 2043 0859367573 5 T9461E-06
14 165992 2542 DBE9BETIIS  5T9461F-06 18297 2737 0,869877341 £ 38107E-05
15 18297 2737 D.EURTTIA1  5.38107E-06 facla 7982 0869585506 5 D2262E-06
16 19607 20932 DBEUSESSOE  5.02263E-06 20987 3187 0869822657 4,70894E-06
17 20907 3127 DBEEAYIGS? 4 TORIAE-04 a2z 330z 0860298058 4.43714E-08
18 22212 3312 DBG98IASSE 4432 14E-06 13517 1517 {1 BEIS0456S 4.1360BE-06
14 23517 3517 DBG9S04565  4.1860BE-06 24322 3712 0,BE9909582 1,5R59E-0R
10 24822 3712 DBEYS0S58  3SG50E-06 6127 3907 0.B69914037 3 76TT2E-06

3.6.16 Bayesian Analysisfor Clusters

Samples were selected in respect of months pertaining to the two clusters found and analyzed using
the Bayesian approach, Twenty iterations were performed and the resulls are shown in tables 3.46
and 3.47 for cluster one and two respeetively, The results in the table 3.46 and 3 .47 indicates that the
prior and posterior means coiverge respectively to0.86000-and 76000t fhe olerance level of
0.0001 while the prior and posterior varianees for cluster one and-twgieonverged to 6.0E-06 and
4.0E-06 respectively at 0.000001 tolerance fevel: The:analysis shows thal the clusters indicate a high

potential (86000 and 0.76000) of sunshine. This is also an indication that Kumasi generally has a

high possibility of sunmy days

—— = _,_,...-a-"'"'-_-_._
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Table 3.46: Hayesian analysis for cluster one
L

| MERATION S

8 8 i~ =30 ot e el - R B R T
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Ef;hhh: 3.47: Bayesian analysis for cluster two
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CHAPTER FOUR

CONCLUSION AND RECOMMENDATIONS
41  SUMMARY OF RESULTS

4,1.1 Probability Distribution

It is well known that the solar irradiation reaching the surface of the carth is not normally

distributed. There is the need to find the probability defisity function that best describes the

sunshine hours in the various month of the year, In the present study, the method of mean

square error was used to obtain the best distribution among a selection of standard
distributions for each month of the year: In each ease the siandard probability distribution

with the smallest mean square errop relative 10 observed. data was considered the best

probability density function.

It was thus found that the solar irradiation for the month of April was Weibull distribution
January, March and May is Lognormal a:jL-s,trjllz;utred~ angd-those for the months of June,
August, September October and November follows-Exponential, Weibull, Geometric and
gamma distribution while February July and December were Lognormal, Exponential,

Weibull, Geometrieand gamma distributed.
i 3 .,-'-"'_'_'-._.-_-_-_

Table 4.1 below summarizes the results for the various months indicating the relevant
_—----_-

probability density function
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Classification of Distribution by Months

e 4.1 summary of monthly probability distributions

- __i':.’l”’ Pmbabﬂj.t}l' disu'ibutimﬁ

Lognormal

Lognormal, Exponential, Weibull, Geometric and gamma

Lognormal
Weibull, exponential, pa el ic I
Lognormal

Exponential, Weibull, Geometric and gamm:

.....

— ~

Exponential. Weibul - Geomelrie and gamima

 December Exponential, Weibull, Geometric, Lognormal and gamma

e

1 tailed charts and tables for the—various probability density functions are displayed in the

Appendix (II)
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4.1.2  Mean hourly solar irradiation of the Months

The figure 4.1 Mean hourly solar irradiation of the Monihs

MEAN SOLAR IRRADIATIDN{kwhrSfm“Ij-
#0 ————— -

600
500
e /—qjvr
/\—"""‘-"‘ —— MEAN SOLAR
fRAAC -"".T"IDN|::'.'\.I1r-.,-' nh2h
‘:.,.-
'@‘ %

There are certain climatic factors that are ageounting for the rise and fall of the hourly solar

- 8 § 8

irradiation pattern in the year. The factors include cloudiness and the presence of dust
particles in the atmosphere. Fig 4.1 above indicates that the maximum mean solar irradiation
received occurred in February. This perhaps tuay be due to the fact that February marks the
end of the harmattan and the beginning of the rainy season where both cloudiness and dust
particles level in the atmosphere are low'and hence the solae irradiation level reaching the
earth is high. The months of March, Apnl and-May.werc found to be the months with the
least mean solar irradiation. Perhaps this may be due to the fact by March, the rainy season

would have begun for some time and the cloudiness level would be quite high resulting in a

low level of solar-srradiation. In-theTronth of June there was a rise in solar irradiation even

though the solar irradiation level falls in July, August, September and October which may
_—-'---.-.-
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r Pgrhaps be due to the fact that in June there is intermittent cloudiness and sunshine level. In

some cases we have a cloudy day throughout and also sunshine through certain day’s

amount of rainfall is not as in march April and May. The cloudiness level reduces and so the

solar irradiation output is higher. The month of July, August, September and October marks

the end of the raining season which also results in higher amount of rainfall hence higher

cloudiness level resulting in low solar irradiation output. The month of November and
December which form the second cluster also had higher solar irradiation level above the
solar irradiation level of July, August, September and October, This may be due to the fact
that the month of November is the beginging of Whe barmatiim saason with low cloudiness

and low dust particles level resulting in high solar irsadiation.
4.1.3 Putting the Months into Clusters

Based on the theory of hypothesis testing the various nionths of the year with similar solar
irradiation patterns were put into clusters. From the hypothesis testing earried out it was
discovered that the months of the year can be put into two- such-elusters. The first cluster
extends from the month of January to October and the second eluster is from November to

December.

4.1.4 Bayesian Estimation for Months

As indicated in table 4.2, the Bayesian analysis was conducted for the various months of the

year. The summary of the results are given in table 4.2. The results presented are the means

e

and the variance-for twenty iteratiensforthe various months of the year. The results in table

4.2 indicate that the beta distribution which was used as the prior distribution converged to
i
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the mean and variance of the posterior distributions shown. The posterior means of various

months indicates that despite the rain fall patierns in Kumasi there is a higher potential

sunshine region

Table 4.2 Final iterative values of the Dayesian analysis

MONTH PRIOR MEAN  PRIOR VARIANCE  POSTERIOR MEAN  POSTERIOR VARIANCE
JANUARY 0.869 3.97E-06 0,809 3.77E-06
FEBRUARY 0.824 E.02E-06 0.824 5.71E-06
MARCH 0.9 3.16E-06 0.5 2.99E-06
APRIL 0.853 4.22E-06 0.859 4.02E-06
MAY 0.923 2.48E-06 0.923 2.35E-06
JUNE 0.769 6.22E-06 068 5.96E-06
JULY 0.718 7.25E-06 W05 18 6.28E-06
AUGUST 0.536 5.45E-06 G35 5.27E-06
SEPTEMBER 0.785 5.91E-06 0.785 G.61E-06
OCTOBER 0.717 7.11E-06 0717 6.76E-06
NOVEMBER 0.899 3.16E-06 0.899 2.98E-06
DECEMBER 0.86% 3.97E-06 0.869 2.77E-DR
BAYESIAN SUMMARY OF THE CLUSTERS
CLUSTER ONE 0.86 4.17048E-06 0.86 4.00754E-06
CUSTER TWO 0.765 6.30737E-06 0.764 5,.99232E-06
4.2 CONCLUSION

The hourly solar irradiation data for Kumasi, Gihana, was-analyzed in order {o determine standard
probability distribution models perlaining to the various months oftheyear, as well as for
clusters of months of the year with swnilar paticins. Erom the analysis conducted it was

found out that the month of February has the highest mean hourly solar irradiation of

675Whm™ and the month of May has least mean hourly solar irradiation of 34Whm * From
e s 1 o i

the analysis conducted it was also found that hourly solar irradiation for January, March and

May-eemtd be fitted to the lognormal probability distribution while the month of April could
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._-.gqm]ly well fitted to the Weibull, exponential. gamma and the geometric distributions.
The months of June, July, August, September, October, November and December could be
jually well be fitted to the Exponential, Weibull, Geometric and Gamma distributions.

rom hypothesis testing carried out, it was discovered that the months of the vear could be
. into two clusters. The first cluster is from the month of January 1o October and the
second cluster comprises November and December. It was observed that there is a
enificant difference between the mean hourly solar irradiation pertaining to the two

clusters. The first cluster had a higher mean hourly solar irradiation of 428Whm™ while the

d cluster had a mean hourly solar ‘“‘K‘NL.;J’S T

Bayesian analysis on high or low (ie. respecti fely above or below a threshold of

;--'ﬂk%m'i hourly solar irradiation) for eaeh month wi

converged to posterior beta distribution af | _ ratic h average mean of 0.86. This
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RECOMMENDATIONS

The following are the recommendations made after the study,

1. That a similar and more comprehensive study should be conducted in respect of

other geographical locations T{LIN: Cﬂf«gmrﬁmlriy solar irradiation
distributions.

2. That Scientists and Engineers take cognizance of the results obtained in this work

when analyzing or designing phot energy systems in areas with
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