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A B S T R A C T

This paper proposes a new fractal–fractional age-structure model for the omicron SARS-CoV-2 variant under the
Caputo–Fabrizio fractional order derivative. Caputo–Fabrizio fractal–fractional order is particularly successful
in modelling real-world phenomena due to its repeated memory effect and ability to capture the exponentially
decreasing impact of disease transmission dynamics. We consider two age groups, the first of which has a
population under 50 and the second of a population beyond 50. Our results show that at a population dynamics
level, there is a high infection and recovery of omicron SARS-CoV-2 variant infection among the population
under 50 (Group-1), while a high infection rate and low recovery of omicron SARS-CoV-2 variant infection
among the population beyond 50 (Group-2) when the fractal–fractional order is varied.
. Introduction

Coronavirus disease (COVID-19) is a recent contagious disease
aused by the SARS-COV-2 virus. One of the most well-known signs of
his ailment is the appearance of minor to severe breathing issues. In
ome cases, the patient recovers without therapy. This virus exhibits
ymptoms include fever, coughing, and taste loss.1–3 The infected
eople occasionally exhibit less typical symptoms including a sore
hroat, headache, or rash, among others.1 In this setting, the age-related
ransmissibility of COVID-19 has emerged as a public health issue.
he most severe health issues affect adults over the age of 60, with
atal consequences for population above 80 year.4 This is because of
he high rate of underlying health problems in elderly population.4
solation play a significant role for limiting the spread of this disease
ince the signs of this virus sometimes do not show up, which facilitate
uick transmission. A rise in anxiety and despair has been documented
n the general population, particularly among persons who have been
solated for lengthy periods of time, according to early study.5,6 Recent
esearch has shown that even when the infected individual has recovery
rom this disease, depressive symptoms are prevalent among many of
he elderly population.7,8 SAR-CoV-2, like any other viruses, develops
hroughout time. The numerous of alterations have little or no impact
n the virus characteristics. However, some of these changes might
ffect the virus characteristics, such as how easily it transmit from one
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person to another, the degree and severity of the disease it causes, or
the effectiveness of vaccines, therapeutic medications, and diagnostic
tests. The Omicron (B.1.1.529/21K) variety was discovered in South
Africa’s Gauteng Province, before the end of November 2021. Based
on PCR-confirmed cases, the estimated reproduction number as of
November 18th, 2021, was 2.3, which was the highest recorded during
any of the previous three waves.9 The SARS-CoV-2 Omicron (B.1.1.529)
VOC (variant of concern) has been found all over the world, drawing a
lot of attention because early evidence suggests it spreads and reinfects
more easily than the Delta variant.9,10 Other VOC have been found to
include mutations similar to those in omicron’s spike, which have been
demonstrated to improve transmissibility and confer varied degrees of
escape from neutralizing antibodies.10–14 Nevertheless, various Omi-
cron mutations have not been observed on previous VOC, nor have the
functional effects of these mutations been characterized in a stringent
manner. Concerns have been raised due to the fact that the efficacy of
vaccines and therapeutic antibodies may be effectively decrease when
used against Omicron because many undiscovered Omicron mutations
are located inside antibody epitopes. These worries have sparked
decisions about policy and research priorities that will have broad
effects.10 When dealing with an epidemic, it is essential to accurately
predict what will occur in the future, understand how to stop it from
spreading, and provide the appropriate preventative measures before
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it is too late. Numerous researchers from various academic disciplines
have contributed to the study of COVID-19 (Omicron variant), (see
Refs. 15–25). As a result, many mathematical formulations relating
to the prediction of COVID-19 have been developed see Refs. 26–
31. Indeed, these models show the population dynamics of COVID-19
and how to control the disease using the ideas of integer order and
optimal control studies. Despite the results obtained through integer-
order equations and optimal control, the results obtained through
fractional-order equations give other dynamical results since they de-
pict the effects of memory on the dynamics of biological processes.
In the study of fractional calculus in mathematical modelling, there
are three most popular fractional derivatives: Caputo (C), Caputo–
Fabrizio (CF), and Atangana–Baleanu–Caputo (ABC). For example the
work in Ref. 32 studied the dynamical effects of these fractional
derivatives on the dynamical analysis of Q fever. They indicated in their
studies that Atangana–Baleanu fractional differential operator captures
a greater number of susceptibilities while simultaneously accounting
for a smaller number of infections than the other Caputo and Caputo–
Fabrizio. The work of Ref. 33, Ref. 34 and Ref. 35 also gives some
accounts on the use of fractional derivatives on COVID-19 and other
diseases. The work in Ref. 36 presented chaos study of tumor and
effector cells in fractional tumor-immune model for cancer treatment.
Ref. 37 presented numerical investigations on COVID-19 model through
singular and non-singular fractional operators, thus Caputo, Caputo–
Fabrizio and Atangana–Baleanu. Ref. 38 gives s theoretical study of the
Caputo–Fabrizio fractional modelling for hearing loss due to Mumps
virus with optimal control. The work in Ref. 39 and Ref. 40 studied the
wavelet dynamics using fractional analysis. Also, fractional derivatives’
usefulness in the dynamism of SARS-CoV-2 and Ebola–Malaria spread
in a population is presented in Ref. 41 and Ref. 42, respectively. The
work in Ref. 43 studied a mathematical model of COVID-19 spread
in Turkey and South Africa using fractional analysis. In 2017, Atan-
gana Ref. 44 introduced the concept of fractal–fractional derivatives,
thus connecting fractal and fractional calculus to predict complex
systems. The idea is essential because numerous phenomena in our
natural world take the form of repeated patterns and memory effects.
This operator is a powerful mathematical tool for modelling complex
real-world problems and supports single classical and nonlocal differen-
tial and integral operators. Mathematical epidemiological researchers
have studied various diseases using fractal–fractional derivatives to
analyse the complicated dynamics of infectious disease dissemination
in an environment. In Ref. 45 presented a model and analysis of
the dynamics of HIV/AIDS with non-singular fractional and fractal–
fractional operators. The author in Ref. 46 applied fractal–fractional
derivative to study the dynamics of Q fever. Some other application
of fractal–fractional operator can be found in Refs. 47–52. The work
in Ref. 53 studied an optimal control and cost-effectiveness analysis
of a new COVID-19 model for Omicron strains. They estimated the
basic reproduction number as 1.5188. Changjin54 presented Lyapunov
stability and wave analysis of the COVID-19 Omicron variant using ac-
tual data with fractional analysis. Simulations were made to understand
the behaviour of the virus. The work in Ref. 55 studied the influence
of NPIs and vaccination of the SARS-CoV-2 Omicron variant. They
showed that the disease-induced death shows periodic oscillation. Cai56

resented a data-derived prediction dynamics of the Omicron variant.
arman57 introduced an Atangana–Baleanu fractal–fractional model for
he COVID-19 Omicron variant and showed some mathematical analy-
is of their model. They proved the Omicron wave’s bounded solution
nd presented some numerical simulations. Farman57 did not group
heir model in the age category. This paper applies a fractal–fractional
perator to formulate two age-structure models for the Omicron SARS-
oV-2 variant. The primary goals of this research are to determine the
xtent of the COVID-19 outbreak and the Omicron variant transmission,
o predict potential future outcomes in two different age groups, and to
ssess the impact of the Omicron SARS-CoV-2 variant on the elderly in

he community. Furthermore, to use the Caputo–Fabrizio derivative to 𝑖

2

capture the exponential decay of the virus in two separate age groups
since there is no single mathematical formulation of a two-age-structure
Omicron SARS-CoV-2 variant model using Caputo–Fabrizio fractal–
fractional dynamics to capture the repeated patterns and memory of
the exponential decay of the Omicron variant.

The structure of the paper is as follows: In Section 2, we briefly dis-
cuss the essential definitions and their relationship to fractal–fractional
operators. In Section 3, we formulate the proposed model in clas-
sical and fractional cases. In Section 4, we discusses and examines
the existence-uniqueness using fixed point theorem. In Section 5, we
discuss the Hyers–Ulam stability regarding our proposed model. The
numerical answers to the omicron SARS-CoV-2 variant transmission
are found in Section 6, thus using the Caputo–Fabrizio technique and
Newton polynomial approximation. Mathematical simulations are per-
formed in Section 7 using Matlab, and the results are discussed briefly
in Section 8 before the conclusion of our study.

2. Preliminaries

In this section, we recall the Caputo–Fabrizio definitions related to
fractional calculus and some lemma.

Definition 2.1 (Refs. 44–46). The fractal–fractional (FF) derivative 𝑔
in the Riemann–Liouville (RL) case with exponential kernel known as
Caputo fractal–fractional derivative is given as

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
0,𝑡 [𝑔(𝑡)] =

𝑀∗(𝜇∗)
1 − 𝜇∗

𝑑
𝑑𝑡𝜈∗ ∫

𝑡

0
exp

(

−𝜇∗
1 − 𝜇∗

(𝑡 − 𝑥)
)

𝑔(𝑥)𝑑𝑥,

ith 𝑛 − 1 < 𝜇∗, 𝜈∗ ≤ 𝑛 ∈ N, and 𝑀∗(0) = 𝑀(1) = 1.

efinition 2.2 (Refs. 44, 46). The fractal–fractional integral of the
above fractional derivative is given as

𝐶𝐹𝐹 𝐼𝜇∗ ,𝜈∗0,𝑡 [𝑔(𝑡)] =
𝜇∗𝜈∗

𝑀∗(𝜇∗) ∫

𝑡

0
𝑥∗

𝜇∗−1𝑔(𝑥∗)𝑑𝑥∗ +
𝜈∗(1 − 𝜇∗)𝑡𝜈∗−1𝑔(𝑡)

𝑀∗(𝜇∗)
.

emma 2.3 (Ref. 58). If we suppose that Krasnoselskii’s fixed point
heorem 𝑬 ⊂ 𝑲 , be an empty closed convex subset of 𝑲∗ and there exist

two operator 𝐀𝑦 and 𝐀𝑥, thus
(i) 𝐀𝑥𝐗 + 𝐀𝑦𝐘 ∈ 𝑬, ∀𝐘 ∈ 𝑬
(ii) 𝐀𝑥 is contraction and 𝐀𝑦 continuous and compact. Then, ∃ at least

one solution 𝐘 ∈ 𝑬 such that

𝐀𝑥𝑌 + 𝐀𝑦𝑌 = 𝐘.

Lemma 2.4 (Ref. 41). Suppose that 𝛶 (0) ∈ 𝐶([0, 𝜂]), then the solution of
fractal–fractional differential equation
{ 𝐶𝐹𝐹𝐷𝜇∗𝜈∗

𝑡 𝛶 (𝑡) = 𝛷(𝑡, 𝛶 (𝑡)),
𝛶 (0) = 𝛶0,

is given as

𝛶 (𝑡) = 𝛶 (0) +
𝜈∗(1 − 𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝛷(𝑡, 𝛶 (𝑡)) +

𝜇∗𝜈∗
𝐺(𝜇∗) ∫

𝑡

0
𝜏𝜈∗−1𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏.

. Model formulation

We consider the entire population into two age groups, where
e represent the Group-1 by people below 50 years old, thus young
opulation (<50 years old), and the Group-2 includes the people from
0 years, thus aged population (≥50 years old). We consider the com-
artments as susceptible (𝑆), exposed (𝐸), COVID-infected without
micron (𝐼), omicron-infected (𝑂), quarantine (𝐾), recovered (𝑅). Each
opulation (𝑆𝐸𝐼𝑂𝐾𝑅) consist of 𝑆1 + 𝐸1 + 𝑂1 + 𝐼1 + 𝐾1 + 𝑅1 for
roup-1 population and 𝑆2 + 𝐸2 + 𝐼2 + 𝑂2 + 𝐾2 + 𝑅2 for Group-2
opulation. 𝑁(𝑡) = 𝑁1 +𝑁2 and 𝑁𝑖 = 𝑆𝑖 + 𝐸𝑖 + 𝐼𝑖 + 𝑂𝑖 +𝐾𝑖 +𝑅𝑖 where

= 1, 2. Table 1 provides a detailed description of the proposed model
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parameters. As a result, the set of differential equations below describes
the two age-structure model for the omicron SARS-CoV-2 variant.
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⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪
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⎪
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⎪

⎪

⎪
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⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑑𝑆1(𝑡)
𝑑𝑡 = 𝛬1 −

(

𝜇1 + 𝛾1
)

𝑆1 + 𝛿1𝑅1

−𝑆1

(

𝛽1𝐸1 − 𝛽2𝐸2 − 𝛽3𝐼1 − 𝛽4𝐼2 − 𝛽5𝑂1 − 𝛽6𝑂2 − 𝛬2

)

,

𝑑𝐸1(𝑡)
𝑑𝑡 = 𝛽1(1 − 𝜖1 − 𝜖2)𝑆1𝐸1 + 𝛽2(1 − 𝜖1 − 𝜖2)𝑆1𝐸2

−
(

𝜇1 + 𝛼1 + 𝜃1 + 𝜎1
)

𝐸1 − 𝛬2𝐸1,
𝑑𝐼1(𝑡)
𝑑𝑡 = 𝛽3𝑆1𝐼1 + 𝛽4𝑆1𝐼2 + 𝛼1𝐸1 −

(

𝜇1 + 𝜅1 + 𝜂1 + 𝜌1
)

𝐼1 − 𝛬2𝐼1,
𝑑𝑂1(𝑡)
𝑑𝑡 = 𝛽1𝜖2𝑆1𝐸1 + 𝛽2𝜖2𝑆1𝐸2 + 𝛽5𝑆1𝑂1 + 𝛽6𝑆1𝑂2 + 𝜎1𝐸1

−(𝜔1 + 𝜗1 + 𝜈1 + 𝜇1)𝑂1 − 𝛬2𝑂1,
𝑑𝐾1(𝑡)
𝑑𝑡 = 𝛾1𝑆1 + 𝜃1𝐸1 + 𝜂1𝐼1 + 𝜔1𝑂1 − 𝜇1𝐾1 − 𝛬2𝐾1,

𝑑𝑅1(𝑡)
𝑑𝑡 = 𝜌1𝐼1 + 𝜗1𝑂1 − (𝛿1 + 𝜇1)𝑅1 − 𝛬2𝑅1,

𝑑𝑆2(𝑡)
𝑑𝑡 = 𝛬2𝑆1 −

(

𝜇2 + 𝛾2
)

𝑆2 + 𝛿2𝑅2

−𝑆2

(

𝛽7𝐸1 − 𝛽8𝐸2 − 𝛽9𝐼1 − 𝛽10𝐼2 − 𝛽11𝑂1 − 𝛽12𝑂2

)

,

𝑑𝐸2(𝑡)
𝑑𝑡 = 𝛬2𝐸1 + 𝛽7(1 − 𝜖3 − 𝜖4)𝑆2𝐸1 + 𝛽8(1 − 𝜖3 − 𝜖4)𝑆2𝐸2

−
(

𝜇2 + 𝛼2 + 𝜃2 + 𝜎2
)

𝐸2,
𝑑𝐼2(𝑡)
𝑑𝑡 = 𝛬2𝐼1 + 𝛽9𝑆2𝐼1 + 𝛽10𝑆2𝐼2 + 𝛼2𝐸2 −

(

𝜇2 + 𝜅2 + 𝜂2 + 𝜌2
)

𝐼2,
𝑑𝑂2(𝑡)
𝑑𝑡 = 𝛬2𝑂1 + 𝛽7𝜖4𝑆2𝐸1 + 𝛽8𝜖4𝑆2𝐸2 + 𝛽11𝑆2𝑂1

+𝛽12𝑆2𝑂2 + 𝜎2𝐸2 − (𝜔2 + 𝜗2 + 𝜈2 + 𝜇2)𝑂2,
𝑑𝐾1(𝑡)
𝑑𝑡 = 𝛬2𝐾1 + 𝛾2𝑆2 + 𝜃2𝐸2 + 𝜂2𝐼2 + 𝜔2𝑂2 − 𝜇2𝐾2,

𝑑𝑅2(𝑡)
𝑑𝑡 = 𝛬2𝑅1 + 𝜌2𝐼2 + 𝜗2𝑂2 − (𝛿2 + 𝜇2)𝑅2.

(3.1)

nd our considered CF fractal–fractional two-age structure model for
micron SARS-CoV-2 variant is defined as follows;
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⎪
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⎪
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⎪

⎪

⎨

⎪
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⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝑆1(𝑡) = 𝛬1 −

(

𝜇1 + 𝛾1
)

𝑆1 + 𝛿1𝑅1

−𝑆1

(

𝛽1𝐸1 − 𝛽2𝐸2 − 𝛽3𝐼1 − 𝛽4𝐼2 − 𝛽5𝑂1 − 𝛽6𝑂2 − 𝛬2

)

,

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝐸1(𝑡) = 𝛽1(1 − 𝜖1 − 𝜖2)𝑆1𝐸1 + 𝛽2(1 − 𝜖1 − 𝜖2)𝑆1𝐸2

−
(

𝜇1 + 𝛼1 + 𝜃1 + 𝜎1
)

𝐸1 − 𝛬2𝐸1,
𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝐼1(𝑡) = 𝛽3𝑆1𝐼1 + 𝛽4𝑆1𝐼2 + 𝛼1𝐸1

−
(

𝜇1 + 𝜅1 + 𝜂1 + 𝜌1
)

𝐼1 − 𝛬2𝐼1,
𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝑂1(𝑡) = 𝛽1𝜖2𝑆1𝐸1 + 𝛽2𝜖2𝑆1𝐸2 + 𝛽5𝑆1𝑂1

+𝛽6𝑆1𝑂2 + 𝜎1𝐸1 − (𝜔1 + 𝜗1 + 𝜈1 + 𝜇1)𝑂1 − 𝛬2𝑂1,
𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝐾1(𝑡) = 𝛾1𝑆1 + 𝜃1𝐸1 + 𝜂1𝐼1 + 𝜔1𝑂1 − 𝜇1𝐾1 − 𝛬2𝐾1,
𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝑅1(𝑡) = 𝜌1𝐼1 + 𝜗1𝑂1 − (𝛿1 + 𝜇1)𝑅1 − 𝛬2𝑅1,

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝑆2(𝑡) = 𝛬2𝑆1 −

(

𝜇2 + 𝛾2
)

𝑆2 + 𝛿2𝑅2

−𝑆2

(

𝛽7𝐸1 − 𝛽8𝐸2 − 𝛽9𝐼1 − 𝛽10𝐼2 − 𝛽11𝑂1 − 𝛽12𝑂2

)

,

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝐸2(𝑡) = 𝛬2𝐸1 + 𝛽7(1 − 𝜖3 − 𝜖4)𝑆2𝐸1

+𝛽8(1 − 𝜖3 − 𝜖4)𝑆2𝐸2 −
(

𝜇2 + 𝛼2 + 𝜃2 + 𝜎2
)

𝐸2,
𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝐼2(𝑡) = 𝛬2𝐼1 + 𝛽9𝑆2𝐼1 + 𝛽10𝑆2𝐼2
+𝛼2𝐸2 −

(

𝜇2 + 𝜅2 + 𝜂2 + 𝜌2
)

𝐼2,
𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝑂2(𝑡) = 𝛬2𝑂1 + 𝛽7𝜖4𝑆2𝐸1 + 𝛽8𝜖4𝑆2𝐸2

+𝛽11𝑆2𝑂1 + 𝛽12𝑆2𝑂2 + 𝜎2𝐸2 − (𝜔2 + 𝜗2 + 𝜈2 + 𝜇2)𝑂2,
𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝑅2(𝑡) = 𝛬2𝐾1 + 𝛾2𝑆2 + 𝜃2𝐸2 + 𝜂2𝐼2 + 𝜔2𝑂2 − 𝜇2𝐾2,
𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝑅2(𝑡) = 𝛬2𝑅1 + 𝜌2𝐼2 + 𝜗2𝑂2 − (𝛿2 + 𝜇2)𝑅2.

(3.2)
𝐶

3

4. Existence and uniqueness results

In this section, we examine the existence and uniqueness of our
epidemiological model. It is important to establish whether or not
such a dynamical problem actually exists in any epidemic model. The
solution to this evaluation is guaranteed by the fixed point theory. We
try to apply the same approach to the above model from the viewpoint
of Banach and Krasnoselskii’s fixed point theory (3.2) to study existence
and uniqueness results. Regarding to the aforementioned requirement,
we rewrite the right-hand side of the model (3.2) as follows;

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝑆1(𝑡) = 𝛶1(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝐸1(𝑡) = 𝛶2(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝐼1(𝑡) = 𝛶3(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝑂1(𝑡) = 𝛶4(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝐾1(𝑡) = 𝛶5(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝑅1(𝑡) = 𝛶6(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝑆2(𝑡) = 𝛶7(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝐸2(𝑡) = 𝛶8(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝐼2(𝑡) = 𝛶9(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝑂2(𝑡) = 𝛶10(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝐾2(𝑡) = 𝛶11(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝑅2(𝑡) = 𝛶12(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖),

(4.1)

or all 𝑖 = 1, 2, where

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝛶1(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛬1 −
(

𝜇1 + 𝛾1
)

𝑆1 + 𝛿1𝑅1

− 𝑆1

(

𝛽1𝐸1 − 𝛽2𝐸2 − 𝛽3𝐼1 − 𝛽4𝐼2 − 𝛽5𝑂1 − 𝛽6𝑂2 − 𝛬2

)

,

𝛶2(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛽1(1 − 𝜖1 − 𝜖2)𝑆1𝐸1 + 𝛽2(1 − 𝜖1 − 𝜖2)𝑆1𝐸2

−
(

𝜇1 + 𝛼1 + 𝜃1 + 𝜎1
)

𝐸1 − 𝛬2𝐸1,

𝛶3(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛽3𝑆1𝐼1 + 𝛽4𝑆1𝐼2 + 𝛼1𝐸1 −
(

𝜇1 + 𝜅1 + 𝜂1 + 𝜌1
)

𝐼1 − 𝛬2𝐼1,

𝛶4(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛽1𝜖2𝑆1𝐸1 + 𝛽2𝜖2𝑆1𝐸2 + 𝛽5𝑆1𝑂1 + 𝛽6𝑆1𝑂2 + 𝜎1𝐸1

− (𝜔1 + 𝜗1 + 𝜈1 + 𝜇1)𝑂1 − 𝛬2𝑂1,

𝛶5(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛾1𝑆1 + 𝜃1𝐸1 + 𝜂1𝐼1 + 𝜔1𝑂1 − 𝜇1𝐾1 − 𝛬2𝐾1,

𝛶6(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝜌1𝐼1 + 𝜗1𝑂1 − (𝛿1 + 𝜇1)𝑅1 − 𝛬2𝑅1,

𝛶7(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛬2𝑆1 −
(

𝜇2 + 𝛾2
)

𝑆2 + 𝛿2𝑅2

− 𝑆2

(

𝛽7𝐸1 − 𝛽8𝐸2 − 𝛽9𝐼1 − 𝛽10𝐼2 − 𝛽11𝑂1 − 𝛽12𝑂2

)

,

𝛶8(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛬2𝐸1 + 𝛽7(1 − 𝜖3 − 𝜖4)𝑆2𝐸1 + 𝛽8(1 − 𝜖3 − 𝜖4)𝑆2𝐸2

−
(

𝜇2 + 𝛼2 + 𝜃2 + 𝜎2
)

𝐸2,

𝛶9(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛬2𝐼1 + 𝛽9𝑆2𝐼1 + 𝛽10𝑆2𝐼2 + 𝛼2𝐸2

−
(

𝜇2 + 𝜅2 + 𝜂2 + 𝜌2
)

𝐼2,

𝛶10(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛬2𝑂1 + 𝛽7𝜖4𝑆2𝐸1 + 𝛽8𝜖4𝑆2𝐸2

+ 𝛽11𝑆2𝑂1 + 𝛽12𝑆2𝑂2 + 𝜎2𝐸2

− (𝜔2 + 𝜗2 + 𝜈2 + 𝜇2)𝑂2,

𝛶11(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛬2𝐾1 + 𝛾2𝑆2 + 𝜃2𝐸2 + 𝜂2𝐼2 + 𝜔2𝑂2 − 𝜇2𝐾2,

𝛶12(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖) = 𝛬2𝑅1 + 𝜌2𝐼2 + 𝜗2𝑂2 − (𝛿2 + 𝜇2)𝑅2.

(4.2)

ssume that 𝐶1([0, 𝑇 ], 𝑅+) be the Banach space endowed with supre-
um norm

𝛶 ‖ = ‖𝛶1(𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖)‖ = sup
𝑡∈[0,𝑇 ]

|𝛶 (𝑡)|,

here |𝛶 (𝑡)| = |𝑆𝑖|+|𝐸𝑖|+|𝐼𝑖|+|𝑂𝑖|+|𝐾𝑖|+|𝑅𝑖| and 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝐾𝑖, 𝑅𝑖 ∈
1 +
([0, 𝑇 ], 𝑅 ), and for all 𝑖 = 1, 2.



E. Addai, L. Zhang, J.K.K. Asamoah et al. Partial Differential Equations in Applied Mathematics 6 (2022) 100455

o

Table 1
Parameter definitions.

Parameter Definition

𝛬1 Recruitment rate of Group 1
𝛬2 Recruitment rate of Group 2
𝛽1 , 𝛽2 Effective contact rate between 𝑆1∕𝐸1 and 𝑆1∕𝐸2
𝛽3 , 𝛽4 Effective contact rate between 𝑆1∕𝐼1 and 𝑆1∕𝐼2
𝛽5 , 𝛽6 Effective contact rate between 𝑆1∕𝑂1 and 𝑆1∕𝑂2
𝛽7 , 𝛽8 Effective contact rate between 𝑆2∕𝐸1 and 𝑆2∕𝐸2
𝛽9 , 𝛽10 Effective contact rate between 𝑆2∕𝐼1 and 𝑆2∕𝐼2
𝛽11 , 𝛽12 Effective contact rate between 𝑆2∕𝑂1 and 𝑆2∕𝑂2
𝜇1 , 𝜇2 Natural death rate for Group 1 and Group 2
𝛾1 , 𝛾2 The rate of 𝑆1 and 𝑆2 who have been in quarantine
𝛿1 , 𝛿2 The rate of recovering from 𝑅1 and 𝑅2
𝜖1 , 𝜖2 The rate of recognizing non-omicron variant and omicron variant in group 1
𝜖3 , 𝜖4 The rate of recognizing non-omicron variant and omicron variant in group 2
(𝛼1 , 𝛼2) The screening rate for the individuals infected with COVID-19 in both group 1 and group 2
𝜃1 , 𝜃2 The rate of quarantine people infected without symptoms in both group 1 and group 2
𝜎1 , 𝜎2 The rate of effective screening for the individuals infected with omicron variant in group 1 and group 2
𝜅1 , 𝜅2 disease induce rate in group 1 and group 2
𝜌1 , 𝜌2 The rate of people recovery from infection in both group 1 and group 2
𝜂1 , 𝜂2 The percentage of people in quarantine who are infected with COVID-19 in both group 1 and group 2
𝜗1 , 𝜗2 The rate of people recovery from omicron variant in both group 1 and group 2
𝜈1 , 𝜈2 Disease induce rate in group 1 and group 2
𝜔1 , 𝜔2 The percentage of people in quarantine who are infected with omicron variant in both group 1 and group 2
T

𝛺

H
t

A
A

From (3.2), the developed model (4.1) can be written in the form
f the following
{ 𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝛶 (𝑡) = 𝜈∗𝑡𝜈∗−1𝛷(𝑡, 𝛶 (𝑡)), 𝑡 ∈ [0, 𝑇 ],
𝛶 (0) = 𝛶0,

(4.3)

where

𝛶 (𝑡) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑆𝑖(𝑡),
𝐸𝑖(𝑡),
𝐼𝑖(𝑡),
𝑂𝑖(𝑡),
𝐾𝑖(𝑡),
𝑅𝑖(𝑡),

𝛶0 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑆𝑖(0),
𝐸𝑖(0),
𝐼𝑖(0),
𝑂𝑖(0),
𝐾𝑖(0),
𝑅𝑖(0),

𝛷(𝑡, 𝛶 (𝑡)) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝛶1(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖),
𝛶2(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖),
𝛶3(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖),
𝛶4(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖),
𝛶5(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖)
𝛶6(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖)
𝛶7(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖),
𝛶8(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖),
𝛶9(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖),
𝛶10(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖),
𝛶11(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖)
𝛶12(𝑡, 𝑆𝑖, 𝐸𝑖, 𝐼𝑖, 𝑂𝑖, 𝑅𝑖).

(4.4)

In view of Definition 2.5, the fractal–fractional problem (4.3) is equiv-
alent to the following fractal–fractional integral equation

𝐶𝐹𝐹 𝐼𝜇∗𝜈∗𝑡 [𝛶 (𝑡)] = 𝛶0 +
𝜈∗(1 − 𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝛶 (𝑡)

+
𝜇∗𝜈∗
𝐺(𝜇∗) ∫

𝑡

0
𝜏𝜈∗−1𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏.

(4.5)

From here, we let 𝒁∗ = 𝐶([0, 𝑇 ]) be the Banach space, assuming that
the following hypotheses hold

(𝐻1) There will be a positive constants 𝐖,𝐌, and 𝐤 ∈ [0, 1) such
that

𝛷(𝑡, 𝛶 (𝑡)) ≤ 𝐖|𝛶 |

𝐤 +𝐌.

(𝐻2) There exist a positive constant 𝐂𝑝 > 0 for all 𝛶 , 𝛶̃ ∈ 𝒁∗ then

|𝛷(𝑡, 𝛶 (𝑡)) −𝛷(𝑡, 𝛶̃ (𝑡))| ≤ 𝐂∗[|𝛶 − 𝛶̃ |].

Also, we define operator 𝐀𝑝 ∶ 𝒁∗ → 𝒁∗ such that

𝐀𝑝𝛶 (𝑡) = 𝛺∗
1𝛶 (𝑡) +𝛺∗

2𝛶 (𝑡),

basically, we can see that

⎧

⎪

⎨

⎪

𝛺∗
1𝛶 (𝜎) = 𝛶0 +

𝜈∗(1−𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝛶 (𝑡),

𝛺∗
2𝛶 (𝜎) =

𝜇∗𝜈∗ ∫ 𝑡
0 𝜏𝜈∗−1𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏.

(4.6)
⎩

𝐺(𝜇∗) T

4

From this knowledge (4.5) then can be written as
{

𝐀𝑝𝛶 (𝜎) = 𝛶0 +
𝜈∗(1−𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝛶 (𝑡) +

𝜇∗𝜈∗
𝐺(𝜇∗)

∫ 𝑡
0 𝜏𝜈∗−1𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏. (4.7)

heorem 4.1. Suppose that (𝐻1) and (𝐻2) hold, such that, 𝜈∗(1−𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝐂∗

< 1, then the two-age structure model for omicron SARS-CoV-2 variant has
at least one solution.

𝐏𝐫𝐨𝐨𝐟 . We split the proof into two parts for ease of understanding.
Step 1. We show that 𝛺∗

1 is contraction. If so, let 𝛶̃ ∈ 𝛱 , where
𝛱 = {𝛶 ∈ 𝐙∗ ∶ ‖𝛶 ‖ ≤ 𝜑, 𝜑 > 0} is a close convex set, thus

|𝛺∗
1𝛶 (𝑡) −𝛺∗

2𝛶 (𝑡)| = 𝜈∗(1−𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
max𝑡∈[0,𝑇 ] |𝛷(𝑡, 𝛶 (𝑡)) −𝛷(𝑡, 𝛶̃ (𝑡))|,

≤ 𝜈∗(1−𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝐂∗‖𝛶 − 𝛶̃ ‖.

(4.8)

Thus,

‖𝛺∗
1𝛶 (𝑡) −𝛺∗

2𝛶 (𝑡)‖ ≤
𝜈∗(1 − 𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝐂∗‖𝛶 − 𝛶̃ ‖.

Hence 𝛺∗
1 is contraction since 𝜈∗(1−𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝐂∗ < 1.

Step 2. We show that 𝛺∗
2 is completely continuous, for all 𝛶 ∈ 𝛱 , then

∗
2 will be continuous as 𝛶 is continuous, thus

‖𝛺∗
2(𝛶 )‖ = max𝑡∈[0,𝑇 ] |

𝜇∗𝜈∗
𝐺(𝜇∗)

∫ 𝑡
0 𝜏𝜈∗−1𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏|,

≤
𝜇∗𝜈∗
𝐺(𝜇∗)

∫ 𝑡
0 |𝜏𝜈∗−1| |𝛷(𝜏, 𝛶 (𝜏))|𝑑𝜏.

≤
𝜇∗

𝐺(𝜇∗)
[𝑊∗|𝛶 |

𝑘∗ +𝑀∗].

(4.9)

ence 𝛺∗
2 is boundedness. For equicontinuous, let 𝑡1, 𝑡2 ∈ [0, 𝑇 ], such

hat

|(𝛺∗
2𝛶 )(𝜎1) − (𝛺∗

2𝛶 )(𝜎2)| =
𝜇∗𝜈∗
𝐺(𝜇∗)

|

|

|

∫ 𝑡
0 𝑡𝜈∗−11 𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏

− ∫ 𝑡
0 𝑡𝜈∗−12 𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏||

|

≤
𝜇∗[𝑊∗|𝛶 |

𝑘∗ +𝑀∗]
𝐺(𝜇∗)

[𝑡1 − 𝑡2].

(4.10)

s 𝜎1 → 𝜎2, then |(𝛺∗
2𝛶 )(𝑡1) − (𝛺∗

2𝛶 )(𝑡2)| → 0. In view of the well known
rzela–Ascoli theorem operator 𝛺∗

2 is equicontinuous and compact.
herefore hypothesis (𝐻 ) hold. Thus the proof is completed. □
1
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Fig. 1. Numerical trajectory under different fractional order derivative, 𝜇∗, and constant fractal dimension, 𝜈∗, for Group-1.
heorem 4.2. Assume that ∃ a positive constant 𝛬 > 0 such that

𝛬 =
(

𝜈∗(1−𝜇∗)+𝜇∗
𝐺(𝜇∗)

)

𝐂∗ ≤ 1, (4.11)

then 𝐀𝑝 has a unique solution.

𝐏𝐫𝐨𝐨𝐟 . Let 𝛶 , 𝛶̃ ∈ 𝒁∗, then we say

‖𝐀𝑝𝛶 − 𝐀𝑝𝛶̃ ‖ ≤ ‖𝛺∗
1𝛶 −𝛺∗

1 𝛶̃ ‖ + ‖𝛺∗
2𝛶 −𝛺∗

2 𝛶̃ ‖,

≤ 𝜈∗(1−𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
|

|

|

max
𝑡∈[0,𝑇 ]

|𝛷(𝑡, 𝛶 (𝑡)) −𝛷(𝑡, 𝛶̃ (𝑡))||
|

+
𝜇∗𝜈∗
𝐺(𝜇∗)

max
𝑡∈[0,𝑇 ]

|

|

|∫

𝑡

0
𝜏𝜈∗−1𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏

− ∫ 𝑡
0 𝜏𝜈∗−1𝛷(𝜏, 𝛶̃ (𝜏))𝑑𝜏||

|

,

≤
(

𝜈∗(1−𝜇∗)+𝜇∗
𝐺(𝜇∗)

)

𝐂∗‖𝛶 − 𝛶̃ ‖,

= 𝛬‖𝛶 − 𝛶̃ ‖.

(4.12)

Hence, hypothesis (𝐻2) hold, 𝐀𝑝 has a unique fixed point. Conse-
uently, two-age structure model for omicron SARS-CoV-2 variant has
nique solution. □
5

5. Hyers-Ulam stability results

Definition 5.1. The two-age structure model for omicron SARS-CoV-2
variant is HU stable if for 𝛿 > 0 and letting 𝛶 ∈ 𝒁∗ be any solution of
below inequality

𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗
𝑡 𝛶 (𝑡) − 𝛹 (𝑡, 𝛶 (𝑡)) ≤ 𝛿, ∀𝑡 ∈ [0, 𝑇 ]; (5.1)

and with a unique solution 𝛶̃ of problem (4.4) with a positive constant
𝜆𝑞 > 0, such that,

‖𝛶 − 𝛶̃ ‖ ≤ 𝜆𝑞𝛿, ∀𝑡 ∈ [0, 𝑇 ]. (5.2)

Definition 5.2. Suppose that the function 𝜙 ∈ 𝐶(𝑅,𝑅), such that
𝜙(0) = 0 for any solution 𝛶 of (5.1) and 𝛶̃ be unique solution of (4.4),
then

‖𝛶 − 𝛶̃ ‖ ≤ 𝜙(𝛿), (5.3)

then the system (4.4) is generalized HU stable.
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𝛶

Fig. 2. Numerical trajectory under different fractional order derivative, 𝜇∗, and constant fractal dimension, 𝜈∗, for Group-2.
T
(

𝐏
s

emark 5.3. Suppose 𝜒(𝑡) ∈ 𝐶([0, 𝑇 ], 𝑅), we say 𝛶 ∈ 𝒁∗ satisfies
inequality (5.1) suppose that,

(𝑖) |𝜒(𝑡)| ≤ 𝛿, for all 𝑡 ∈ [0, 𝑇 ],
(𝑖𝑖) 𝐶𝐹𝐹𝐷𝜇∗

𝑡 𝛶 (𝑡) = 𝛷(𝑡, 𝛶 (𝑡)) + 𝜒(𝑡), ∀𝑡 ∈ [0, 𝑇 ].
We now take into account the system perturbation Eq. (4.4) as

follows;
{ 𝐶𝐹𝐹𝐷𝜇∗ ,𝜈∗

𝑡 𝛶 (𝑡) = 𝛷(𝑡, 𝛶 (𝑡)) + 𝜒(𝑡),
𝛶 (0) = 𝛶0.

(5.4)

The below Lemma is needed for our results.

Lemma 5.4. From Eq. (5.4), we assume that the result of the following
satisfy, thus,

|𝛶 (𝑡) − 𝐀𝑝𝛷(𝑡, 𝛶 (𝑡))| ≤ [
𝜈∗(1 − 𝜇∗) + 𝜇∗

𝐺(𝜇∗)
]𝛿.

𝐏𝐫𝐨𝐨𝐟 . Let us consider Lemma 2.4, similarly, solution for Eq. (5.4) is given
s;

(𝑡) = 𝛶 + 𝐶𝐹𝐹 𝐼𝜇∗𝛷(𝑡, 𝛶 (𝑡)) + 𝐶𝐹𝐹 𝐼𝜇∗𝜒(𝑡).
0 𝑡 𝑡

6

Now, by (4.7), we deduce that

|𝛶 (𝑡) − 𝐀𝑝𝛷(𝑡, 𝛶 (𝑡))| ≤ [ 𝜈∗(1−𝜇∗)𝑡
𝜈∗−1

𝐺(𝜇∗)
|𝜒(𝑡)| +

𝜇∗𝜈∗
𝐺(𝜇∗)

∫ 𝑡
0 𝜏𝜈∗−1𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏]

≤ [ 𝜈∗(1−𝜇∗)+𝜇∗𝐺(𝜇∗)
]𝛿. □

(5.5)

heorem 5.5. Assume that the problem (4.4) is HU stable, such that

𝜈∗(1 − 𝜇∗) + 𝜇∗
𝐺(𝜇∗)

)

𝐂∗ < 1.

𝐫𝐨𝐨𝐟 . By Lemma 5.4, let 𝛶 ∈ 𝒁∗ be any solution and 𝛶̃ ∈ 𝒁∗ be unique
olution for considered problem (4.4), then

|𝛶 (𝑡) − 𝛶̃ (𝑡)| = |𝛶 (𝑡) − 𝐀𝑝𝛶̃ (𝑡)|
≤ |𝛶 (𝑡) − 𝐀𝑝𝛶 (𝑡)| + |𝐀𝑝𝛶 (𝑡) − 𝐀𝑝𝛶̃ (𝑡)|
≤ [ 𝜈∗(1−𝜇∗)+𝜇∗𝐺(𝜇∗)

]𝛿+
[ ( 𝜈∗(1−𝜇∗)+𝜇∗

𝐺(𝜇∗)

)

𝐂∗
]

|

|

|

|

|

|

𝛶 − 𝛶̃ |

|

|

|

|

|

≤
[ 𝜈∗(1−𝜇∗)+𝜇∗𝐺(𝜇∗)

]
[( 𝜈∗(1−𝜇∗)+𝜇∗

) ] 𝛿.

(5.6)
1− 𝐺(𝜇∗)
𝐂∗
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Fig. 3. Numerical trajectory under different fractal dimension 𝜈∗, and constant fractional order derivative, 𝜇∗, for Group-1.
A
a
𝑡

𝛶

a

𝛶

Thus,

‖𝛶 (𝑡) − 𝛶̃ (𝑡)‖ ≤
[ 𝜈∗(1−𝜇∗)+𝜇∗𝐺(𝜇∗)

]

1−
[ ( 𝜈∗(1−𝜇∗)+𝜇∗

𝐺(𝜇∗)

)

𝐂∗
]

𝛿.

ence, we conclude that, the two-age structure model for omicron SARS-
oV-2 variant is HU stable. Consequently, it is generalized HU stable. □

. Numerical scheme

The numerical methods for our suggested model, which is based
n Newton polynomials, are provided in this section. For more details
bout Newton polynomials approximation see in Ref. 59. As presented
n Ref. 59 in the case of the CFF-derivative, the Cauchy problem can
e expressed as;
{ 𝐶𝐹𝐹𝐷𝜇∗𝜈∗

𝑡 𝛶 (𝑡) = 𝛷(𝑡, 𝛶 (𝑡)), (6.1)

𝛶 (0) = 𝛶0.

7

The above (6.1) is equal to below equations

𝛶 (𝑡) = 𝛶 (0) +
𝜈∗(1 − 𝜇∗)𝑡𝜈∗−1

𝐺(𝜇∗)
𝛷(𝑡, 𝛶 (𝑡)) +

𝜇∗𝜈∗
𝐺(𝜇∗) ∫

𝑡

0
𝜏𝜈∗−1𝛷(𝜏, 𝛶 (𝜏))𝑑𝜏.

(6.2)

t the point 𝑡(𝑛∗+1) = (𝑛∗ + 1)ℎ and 𝑡𝑛∗ = 𝑛∗ℎ, 𝑛∗ = 0, 1, 2,…, with ℎ
s time step. Let 𝐹 (𝑡, 𝛶 (𝑡)) = 𝜈∗𝑡𝜈∗−1𝛷(𝑡, 𝛶 (𝑡)), then, we will get, when
(𝑛∗+1) = (𝑛∗ + 1)ℎ;

(𝑡(𝑛∗+1)) = 𝛶 (0) +
(1 − 𝜇∗)
𝐺(𝜇∗)

𝐹 (𝑡(𝑧∗), 𝛶 (𝑡(𝑛∗))) +
𝜇∗

𝐺(𝜇∗) ∫

𝑡𝑛∗+1

0
𝐹 (𝜏, 𝛶 (𝜏))𝑑𝜏,

(6.3)

nd at the point 𝑡𝑛∗ = 𝑛∗ℎ

(𝑡(𝑛∗)) = 𝛶 (0) +
(1 − 𝜇∗)
𝐺(𝜇∗)

𝐹 (𝑡(𝑛∗−1), 𝛶 (𝑡(𝑛∗−1))) +
𝜇∗

𝐺(𝜇∗) ∫

𝑡𝑛∗

0
𝐹 (𝜏, 𝛶 (𝜏))𝑑𝜏.

(6.4)
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𝛶
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(

𝑆

𝐸

𝐼

𝑂

Taking the difference of (6.3) and (6.4), we have

𝛶 (𝑡(𝑛∗+1)) = 𝛶 (𝑡(𝑛∗)) +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝐹 (𝑡(𝑛∗), 𝛶 (𝑡(𝑛∗))) − 𝐹 (𝑡(𝑛∗−1), 𝛶 (𝑡(𝑛∗−1)))
]

+
𝜇∗

𝐺(𝜇∗) ∫

𝑡𝑛∗

0
𝐹 (𝜏, 𝛶 (𝜏))𝑑𝜏.

(6.5)

To make things simpler, we may rewrite as

𝛶 (𝑡(𝑛∗+1)) = 𝛶 (𝑡(𝑛∗)) +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝐹 (𝑡(𝑛∗), 𝛶 (𝑡(𝑛∗))) − 𝐹 (𝑡(𝑛∗−1), 𝛶 (𝑡(𝑛∗−1)))
]

×
𝑛∗
∑

𝑚∗=2
∫

𝑡𝑚∗+1

𝑡𝑚∗
𝐹 (𝜏, 𝛶 (𝜏))𝑑𝜏.

(6.6)

Now, applying the Newton polynomial, (6.6) can be written as

𝛶 𝑛∗+1 = 𝛶 𝑛∗ +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝐹 (𝑡(𝑛∗), 𝛶 (𝑡(𝑛∗))) − 𝐹 (𝑡(𝑛∗−1), 𝛶 (𝑡(𝑛∗−1)))
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[

∫

𝑡𝑚∗+1

𝑡𝑚∗

𝐹 (𝑡𝑚∗−1, 𝛶𝑚∗−1) − 𝐹 (𝑡𝑚∗−2, 𝛶𝑚∗−2)
ℎ

× (𝜏 − 𝑡𝑚∗−2)𝑑𝜏

+ ∫

𝑡𝑚∗+1

𝑡𝑚∗

𝐹 (𝑡𝑚∗ , 𝛶𝑚∗ ) − 2𝐹 (𝑡𝑚∗−1, 𝛶𝑚∗−1) + 𝐹 (𝑡𝑚∗−2, 𝛶𝑚∗−2)
2ℎ2

× (𝑠 − 𝑡𝑚∗−1)(𝜏 − 𝑡𝑚∗−2)𝑑𝜏
]

.

(6.7)

For further breakdown of (6.7) we get the following

𝛶 𝑛∗+1 = 𝛶 𝑛∗ +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝐹 (𝑡(𝑛∗), 𝛶 (𝑡(𝑛∗))) − 𝐹 (𝑡(𝑛∗−1), 𝛶 (𝑡(𝑛∗−1)))
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[

𝐹 (𝑡𝑚∗−1, 𝛶𝑚∗−1) − 𝐹 (𝑡𝑚∗−2, 𝛶𝑚∗−2)
ℎ

× ∫

𝑡𝑚∗+1

𝑡𝑚∗
(𝜏 − 𝑡𝑚∗−2)𝑑𝜏

+ ∫

𝑡𝑚∗+1

𝑡𝑚∗

𝐹 (𝑡𝑚∗ , 𝛶𝑚∗ ) − 2𝐹 (𝑡𝑚∗−1, 𝛶𝑚∗−1) + 𝐹 (𝑡𝑚∗−2, 𝛶𝑚∗−2)
2ℎ2

× ∫

𝑡𝑚∗+1

𝑡𝑚∗
(𝜏 − 𝑡𝑚∗−1)(𝜏 − 𝑡𝑚∗−2)𝑑𝜏

]

.

(6.8)

Now, solving integral equations in (6.8) by applying integration by
substitution;

∫

𝑡𝑚∗+1

𝑡𝑚∗
(𝜏 − 𝑡𝑚∗−2)𝑑𝜏 = 5

2
ℎ2,

∫

𝑡𝑚∗+1

𝑡𝑚∗
(𝜏 − 𝑡𝑚∗−1)(𝜏 − 𝑡𝑚∗−2)𝑑𝜏 = 23

6
ℎ3.

(6.9)

Substituting Eq. (6.9) into (6.8), we have

𝛶 𝑛∗+1 = 𝛶 𝑛∗ +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝐹 (𝑡(𝑛∗), 𝛶 (𝑡(𝑛∗))) − 𝐹 (𝑡(𝑛∗−1), 𝛶 (𝑡(𝑛∗−1)))
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

𝐹 (𝑡𝑚∗−1, 𝛶
𝑚∗−1) − 𝐹 (𝑡𝑚∗−2, 𝛶

𝑚∗−2)
)

( 5
2
ℎ)

+
(

𝐹 (𝑡𝑚∗ , 𝛶𝑚∗
) − 2𝐹 (𝑡𝑚∗−1, 𝛶

𝑚∗−1) + 𝐹 (𝑡𝑚∗−2, 𝛶
𝑚∗−2)

)

( 23
12

ℎ)
]

.

(6.10)

For further breakdown of (6.10) we get the following scheme

𝛶 𝑛∗+1 = 𝛶 𝑛∗ +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝐹 (𝑡(𝑛∗), 𝛶 (𝑡(𝑛∗))) − 𝐹 (𝑡(𝑛∗−1), 𝛶 (𝑡(𝑛∗−1)))
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝐹 (𝑡𝑚∗−1, 𝛶

𝑚∗−1)ℎ

+ 5 𝐹 (𝑡𝑚∗−2, 𝛶
𝑚∗−2)ℎ + 𝐹 (𝑡𝑟∗ , 𝛶𝑚∗

)ℎ
)]

.

(6.11)
12

8

We substitute ℵ(𝑡, 𝛶 (𝑡)) = 𝜈∗𝑡𝜈∗−1𝛷(𝑡, 𝛶 (𝑡)) into (6.11), then, we have the
eneral Newton numerical scheme as follows;

𝑛∗+1 = 𝛶 𝑛∗ +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛷(𝑡(𝑛∗), 𝛶 (𝑡(𝑛∗−1)))

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛷(𝑡(𝑛∗−1), 𝛶 (𝑡(𝑛∗−1)))

]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗−1𝛷(𝑡𝑚∗−1, 𝛶

𝑚∗−1)ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛷(𝑡𝑚∗−2, 𝛶

𝑚∗−2)ℎ + 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛷(𝑡𝑚∗ , 𝛶𝑚∗

)ℎ
)]

.

(6.12)

nd for our two-age structure model for omicron SARS-CoV-2 variant
3.2) is given as follows;

𝑛∗+1
1 = 𝑆𝑛∗

1 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶1(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶1(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶1(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 ,

𝐼𝑚
∗−1

𝑖 , 𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶1(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶1(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.13)
𝑛∗+1
1 = 𝐸𝑛∗

1 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶2(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶2(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶2(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶2(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶2(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.14)
𝑛∗+1
1 = 𝐼𝑛

∗

1 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶3(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶3(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶3(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶3(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶3(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.15)
𝑛∗+1
1 = 𝑂𝑛∗

1 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶4(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶4(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶4(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶4(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶4(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.16)
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𝐾

𝑅

𝐾𝑛∗+1
1 = 𝐾𝑛∗

1 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶5(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶5(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶5(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶5(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶5(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.17)

𝑅𝑛∗+1
1 = 𝑅𝑛∗

1 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶6(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶6(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶6(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶6(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶6(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.18)

𝑆𝑛∗+1
2 = 𝑆𝑛∗

2 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶7(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶7(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶7(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶7(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶7(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.19)

𝐸𝑛∗+1
2 = 𝐸𝑛∗

2 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶8(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶8(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶8(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶8(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶8(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.20)

𝐼𝑛
∗+1

2 = 𝐼𝑛
∗

2 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶9(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶9(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶9(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶9(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶9(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.21)
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Table 2
Parameter values.

Parameter Value Parameter Value Assumed

𝛬1 0.099 𝛬2 0.015 Assumed
𝛽1 0.0207 𝛽2 0.0014 Assumed
𝛽3 0.00173 𝛽4 0.00120 Assumed
𝛽5 0.0001 𝛽6 0.001 Assumed
𝛽7 0.00313 𝛽8 0.00101 Assumed
𝛽9 0.0003 𝛽10 0.00101 Assumed
𝛽11 0.00117 𝛽12 0.000011 Assumed
𝜇1 0.0001 𝜇2 0.009 Assumed
𝛾1 0.00015 𝛾2 0.00023 Assumed
𝛿1 0.0018 𝛿2 0.00041 Assumed
𝜖1 0.0021 𝜖2 0.0021 Assumed
𝜖3 0.0014 𝜖4 0.0011 Assumed
𝛼1 0.000034 𝛼2 0.000037 Assumed
𝜃1 0.00010 𝜃2 0.00020 Assumed
𝜎1 0.0080 𝜎2 0.0051 Assumed
𝜅1 0.0012 𝜅2 0.0083 Assumed
𝜌1 0.0011 𝜌2 0.0017 Assumed
𝜂1 0.0041 𝜂2 0.003 Assumed
𝜗1 0.09 𝜗2 0.01 Assumed
𝜈1 0.00002 𝜈2 0.0003 Assumed
𝜔1 0.002 𝜔2 0.009 Assumed

𝑂𝑛∗+1
2 = 𝑂𝑛∗

2 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶10(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶10(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶10(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶10(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶10(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.22)

𝑛∗+1
2 = 𝐾𝑛∗

2 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶11(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶11(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶11(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶11(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶11(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.23)

𝑛∗+1
2 = 𝑅𝑛∗

2 +
(1 − 𝜇∗)
𝐺(𝜇∗)

[

𝜈∗𝑡
𝜈∗−1
𝑛∗ 𝛶12(𝑡𝑛∗ , 𝑆𝑛∗

𝑖 , 𝐸𝑛∗
𝑖 , 𝐼𝑛

∗
𝑖 , 𝑂𝑛∗

𝑖 , 𝐾𝑛∗
𝑖 , 𝑅𝑛∗

𝑖 )

− 𝜈∗𝑡
𝜈∗−1
𝑛∗−1𝛶12(𝑡𝑛∗−1, 𝑆𝑛∗−1

𝑖 , 𝐸𝑛∗−1
𝑖 , 𝐼𝑛

∗−1
𝑖 , 𝑂𝑛∗−1

𝑖 , 𝐾𝑛∗−1
𝑖 , 𝑅𝑛∗−1

𝑖 )
]

+
𝜇∗

𝐺(𝜇∗)

𝑛∗
∑

𝑚∗=2

[(

−4
3
𝜈∗𝑡

𝜈∗−1
𝑚∗ 𝛶12(𝑡𝑚∗−1, 𝑆

𝑚∗−1
𝑖 , 𝐸𝑚∗−1

𝑖 , 𝐼𝑚
∗−1

𝑖 ,

𝑂𝑚∗−1
𝑖 , 𝐾𝑚∗−1

𝑖 , 𝑅𝑚∗−1
𝑖 )ℎ

+ 5
12

𝜈∗𝑡
𝜈∗−1
𝑚∗−2𝛶12(𝑡𝑚∗−2, 𝑆

𝑚∗−2
𝑖 , 𝐸𝑚∗−2

𝑖 , 𝐼𝑚
∗−2

𝑖 , 𝑂𝑚∗−2
𝑖 , 𝐾𝑚∗−2

𝑖 , 𝑅𝑚∗−2
𝑖 )ℎ

+ 23
12

𝜈∗𝑡
𝜈∗−1
𝑚∗ 𝛶12(𝑡𝑚∗ , 𝑆𝑚∗

𝑖 , 𝐸𝑚∗
𝑖 , 𝐼𝑚

∗
𝑖 , 𝑂𝑚∗

𝑖 , 𝐾𝑚∗
𝑖 , 𝑅𝑚∗

𝑖 )ℎ
)]

.

(6.24)



E. Addai, L. Zhang, J.K.K. Asamoah et al. Partial Differential Equations in Applied Mathematics 6 (2022) 100455

3
2
r
m
s

Fig. 4. Numerical trajectory under different fractal dimension 𝜈∗, and constant fractional order derivative, 𝜇∗, for Group-2.
7. Numerical simulation and discussion

It is an old adage that a picture or image is worth a thousand
words. In this section of our paper, we use the suggested numerical
scheme to present numerical simulations for the fractal–fractional two-
age structure model for omicron SARS-CoV-2 variant. To achieve this,
we take account the following initial conditions; 𝑆1(0) = 40; 𝐸1(0) =
5; 𝐼1(0) = 15; 𝑂1(0) = 10; 𝐾1(0) = 25; 𝑅1(0) = 20; 𝑆2(0) = 30; 𝐸2(0) =
0; 𝐼2(0) = 7; 𝑂2(0) = 8; 𝐾2(0) = 15; 𝑅2(0) = 8, with assumed pa-
ameter values in Table 2. For the fractal–fractional two-age structure
odel for omicron SARS-CoV-2 variant, the numerical trajectory are

hown in Figs. 1–6. In Fig. 1(a)–(e), we kept the fractal dimension
10
constant 𝜈∗ = 1 and changed fractional order 𝜇∗, we observed that in
Fig. 1(a) there is convergency between the fractional order 𝜇∗ and the
integer order at the end of the simulation time. We also observed that in
Fig. 1(a)–(f) there is proportionality between fractional order derivative
𝜇∗ and the rate of individuals joining each compartment. This means
that when we increase the fractional value the individual population
increases, which then means that using fractional order we can obtain
clear qualitative information on omicron SARS-CoV-2 variant. In Fig. 2,
although the trajectory is similar to Fig. 1, but the different is that,
in Fig. 2(f) when we increase the fractional value, we capture more
recovery population as to in Fig. 1(f). From Fig. 3 and Fig. 4, when
we maintained the fractional order derivative as constant 𝜇∗ = 1 and
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Fig. 5. Numerical trajectory under different fractal dimension 𝜈∗, and different fractional order derivative, 𝜇∗, for Group-1.
changed fractal dimension 𝜈∗, we observed that all the subplots in
igs. 3 and 4 have proportionality between fractal dimension 𝜈∗ and
he rate of individuals joining each compartment or subplots. This
ndicates that fractal dimension has significant influences on the control
f omicron SARS-CoV-2 variant. In Figs. 5 and 6, when the fractional
rder 𝜇∗ and fractal dimension 𝜈∗ are simultaneously reduced from

1, the rate of recovery increases significantly, and there is a distinct
behaviours in recovery compartment in both Group-1 and Group-2.
This indicates that combining fractal–fractional operators directly affect
the dynamics of the two-age structure and shows hidden behaviours of
omicron SARS-CoV-2 variant among the two age.
11
8. Conclusion

In this paper, a new mathematical model for two-age structure
omicron SARS-CoV-2 variant transmission dynamism has been inves-
tigated using Caputo–Fabrizio fractal–fractional technique. The impor-
tant mathematical assessments including the existence and uniqueness
of the epidemic model have been proved using the fixed point theorem
of Banach and Krasnoselskii’s type. The stability of the proposed model
have been proved under HU stability-type. The modified Newton poly-
nomial was utilized to obtained the iterative solution for our proposed
model. Simulation has been made to demonstrate the impact of the
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Fig. 6. Numerical trajectory under different fractal dimension 𝜈∗, and different fractional order derivative, 𝜇∗, for Group-2.
fractional and fractal orders for the analysis of the omicron SARS-
CoV-2 variant dynamics among the two-age groups in a community.
One can observe from the graphical results that reducing the fractal–
fractional order, the infection and recovery increase in Group-1. While
reducing the fractal–fractional order, the infection increase but re-
covery decrease in Group-2. The combined operators provide very
effective results for the proposed model as compared to the single order
case. Due to such results, we aim to design other mathematical model
involving optimal control parameters in the next papers.
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