
Informatics in Medicine Unlocked 49 (2024) 101548

A
2

Contents lists available at ScienceDirect

Informatics in Medicine Unlocked

journal homepage: www.elsevier.com/locate/imu

Non-optimal and optimal fractional control analysis of measles using real
data
Fredrick Asenso Wireko a, Joshua Kiddy K. Asamoah a,∗, Isaac Kwasi Adu b, Sebastian Ndogum a

a Department of Mathematics, Kwame Nkrumah University of Science and Technology, Kumasi, Ghana
b Department of Mathematical Sciences, Kumasi Technical University, Ghana

A R T I C L E I N F O

Keywords:
Mathematical modeling
Disease modeling
Vaccination strategies
Compartmental modeling
Sensitivity analysis

A B S T R A C T

This study employs fractional, non-optimal, and optimal control techniques to analyze measles transmission
dynamics using real-world data. Thus, we develop a fractional-order compartmental model capturing measles
transmission dynamics. We then formulate an optimal control problem to minimize the disease burden while
considering constraints such as vaccination resources and intervention costs. The proposed model’s positivity,
boundedness, measles reproduction number, and stability are obtained. The sensitivity analysis using the partial
rank correlation coefficient is shown for the fractional orders of 0.99 and 0.90. It is noticed that the rate
of recruitment into the susceptible population (𝜋), the rate at which individuals in the latent class become
asymptomatic (𝛼1), and the transmission rate (𝛽) contribute positively to the spread of the disease, while the
rate at which individuals in the asymptomatic class become symptomatic (𝛼2), the vaccination rate for the first
measles dose (𝛾1), and the rate at which individuals in the latent class recover from measles (𝛿1) contribute
significantly to the reduction of measles in the community. Utilizing numerical simulations and sensitivity
analyses, we identify optimal control strategies that balance the trade-offs between intervention efficacy,
resource allocation, and societal costs. Our findings provide insights into the effectiveness of fractional optimal
control strategies in mitigating measles outbreaks and contribute to developing more robust and adaptive
disease control policies in real-world scenarios.
1. Introduction

Significant efforts have been made to eradicate infectious diseases
through vaccination and education of the general populace. Yet, some
of these diseases, like measles, have continued to rage destruction to
human lives, especially the unvaccinated children under the age of five
years and adults beyond 50 years [1]. The measles virus, classified as
a member of the Morbillivirus genus in the Paramyxoviridae family,
is a very contagious enveloped virus with a negative single-stranded
RNA genome that affects the respiratory and the digestive tract [1,2].
Measles is highly contagious; up to 90% of those nearby or who have
interacted with contaminated surfaces are prone to contracting the
virus if they are not immune to the disease. The virus can stay in the
environment for up to 2 h when an infected person contaminates the en-
vironment through mucus-induced coughing [3]. Symptoms, usually in
the form of rashes, appear between ten to fourteen days after infection.
They can lead to life-threatening complications in the form of pneu-
monia, sinusitis, otitis media, otosclerosis, tonsillitis, and sensorineural
hearing loss [4]. Vaccination has been the driving force in preventing
measles in many parts of the world, and it has averted about 56 million
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deaths between 2000 and 2021 alone. Unfortunately, these efforts were
impeded due to the onset of COVID-19, which has drastically reduced
the number of people vaccinated. In 2020, most children in African
countries could not receive their first measles dose vaccine, and about
22.3 million children worldwide were not vaccinated [5,6].

Mathematical modeling has been vital in studying physical phe-
nomena of a complex nature into simple and logical forms using
graphical interpretations [7]. Such models, in effect, aid government
and non-governmental organizations or even institutions in making
informed decisions about the physical environment [8,9]. Many re-
searchers have used mathematical models to understand the dynamics
and transmission of the measles virus; for instance, Tilahun et al. [10]
proposed a stochastic model of measles transmission with double dose
vaccination, a five-compartmental model consisting of the standard SIR
model with first vaccinated and second vaccinated compartments. They
remarked that the disease-free equilibrium is asymptotically stable in
deterministic and stochastic models. Additionally, sensitivity analyses
were conducted to examine the impact of some parameters on the
transmission of measles. However, they did not consider the duration of
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exposure and the possibility of hospitalization, as individuals infected
with the virus might need treatment before recovering due to the
complications the disease can cause. Another model worth mentioning
is Peter et al. [11]. They developed a measles transmission model
comprising six compartments of susceptible, vaccinated, infected, hos-
pitalized, and recovered individuals. They concluded that a stable
endemic equilibrium exists if the Routh–Hurwitz condition is met and
that the local and global stability is stable if the 0 < 1. Even though
this model inculcated hospitalization as a way of treating infected
individuals and prescribing vaccination to gain immunity against the
virus, this model failed to meet the standard of measles vaccination
policy. Thus, the interval between the first and second doses should be
between six to twelve months as recommended by the World Health
Organization [12]. Also, in the work of Kuddus et al. [13], they
proposed a measles transmission model with a double-dose vaccination
by incorporating the SEIR model with first and second-dose vaccinated
individuals. They used the bacic reproduction number to determine the
stability of the equilibrium points. They observed that early treatment
of infected patients and vaccination are essential in containing the
measles disease as the transmission rate propels the spread of measles
among people. However, they did not regard that infected patients
might get hospitalized from complications arising from the disease.

In addition, Diagne et al. [14] constructed a more holistic measles
model with a non-linear incidence function, in which they conducted
a theoretical analysis with optimal control analysis. In their model, the
entire population was divided into six groups: individuals who were
virus-susceptible, individuals who had gotten initial measles vaccina-
tion, those who received a second dose of the vaccine, the exposed
class, the infected class, and the recovered class. They established that
the model follows a forward bifurcation using the center manifold
theory, and they also suggested an ideal control model with three
control measures to lessen the measles virus’s effects. The Pontryagin
Maximum Principle was applied to assess the control model. On the
other hand, the model failed to account for the treatment of infected
individuals to boost their chances of survival and recovery.

It has, therefore, been an eminent quest as researchers forecast how
long the disease will be in existence and seek to find reliable means
of controlling the spread of the disease shortly. This has prompted
researchers to develop non-optimal and optimal control models from
diverse perspectives about infectious diseases [15]. As seen in Berhe
et al. [16], a four-compartmental model with an optimal control strat-
egy for the measles epidemic in a population was developed. In the
work of Subhas et al. [17], they studied tuberculosis transmission
dynamics with exogenous reinfections and endogenous reactivation.
The researchers discovered their tuberculosis transmission model expe-
riences Hopf bifurcation regarding contact and exogenous reinfection
rates. Seidu et al. [18] focused on the dynamics of cholera in the
presence of hyper-infective individuals. They identified the optimal
combination of infection control measures, adherence to cleanliness
procedures, treatment regulation, and bacterial-shedding restrictions
necessary to manage the transmission of cholera effectively. Appiah
et al. [19] studied the cost–benefit analysis of the COVID-19 vaccina-
tion model incorporating different infectivity reductions. The findings
of Appiah et al. [19] enhanced our comprehension of COVID-19 epi-
demiology and offered valuable guidance on applying treatments to
reduce the impact of COVID-19. Mathematical modeling of two strains
Tuberculosis and COVID-19 vaccination model: A co-infection study
with cost-effectiveness analysis was also presented in [20]. The sur-
vey in [20] investigates the durability of the co-infection model by
analyzing the relationship between tuberculosis strains and COVID-19
reproduction numbers. They explored the impact of the drug-resistant
and drug-sensitive strains of Tuberculosis on the co-infection of COVID-
19 by examining the sensitivity of the parameters. Kumar et al. [21]
studied the impact of media awareness and optimal strategy on the
prevalence of tuberculosis. The model demonstrates the global asymp-
2

totic stability of the endemic equilibrium by building an appropriate
Lyapunov function. Other works that studied the dynamics of various
infectious diseases and made a significant contribution can be found
in [22,22–28].

Notwithstanding the above, integer order operators have enormous
limitations, such as their inability to measure memory effect and con-
tinuous data. This has, therefore, necessitated the need for fractional
operators. Many biological systems have a constant data measurement
and have consequently made the fractional operators of significant
usage since fractional differential operators generalize the concept of
derivatives [29]. Given this, researchers have proposed several frac-
tional operators like the Caputo fractional operator, Atangana–Baleanu
fractional operator in the Caputo sense, and Caputo–Fabrizio fractal-
fractional operators, and have received enormous applications in study-
ing infectious diseases. For instance, in [30,31], the transmission dy-
namics of gonorrhea disease were studied using fractional operators.
Also, in [32], a fractional order mathematical model was constructed
to study the heartwater transmission dynamics by emphasizing adult
amblyopia and nymph ticks. The monkeypox disease was also ex-
tensively studied through fractional operators in [8,33]. Hamadjan
et al. [34] studied the measles epidemic disease and its dynamics using
the Caputo fractional operators. In their work, the population was
stratified into six compartments, and they investigated the existence of
a single stable solution using Caputo fractional operators. Their study
reported the effect of natural occurrences contributing to the spread
of the measles disease in societies. Considering the essence of memory
effect in the study of epidemic models, Sania et al. [35] applied the
Caputo fractional operator to study the dynamics of measles where the
population was subdivided into four classes, that is, susceptible, vacci-
nated, infected and recovered. Their study also reported a reasonable
effect of the fractional operator on the dynamics of the measles disease.
Muhammad et al. [36] further used the Caputo fractional operator
to study the measles disease where they introduced the exposed and
hospital compartments, which Sania et al. [35] did not consider. They
applied diverse approaches where the constant proportion (CP) model
was transformed into a continuous proportion Caputo (CPC) model and
then derived the eigenvectors of the CPC operator. Symmetric analysis
was then carried out to study the model numerically. They reported
that the CPC model significantly represented the physical environment
more accurately than the integer-order models see, for instance, the
work in [37–41] for more insight into the use of fractional derivatives.

Measles disease is reported to be one of the leading memory-
dependent diseases in the world [42,43]. This is because the measles
virus is highly contagious such that when the measles virus infects an
individual, it targets the memory B cells, which are responsible for
immune memory, and weakens or destroys them, therefore causing the
loss of memory of previous infections and also permitting new measles
infections to replace them, this is known as immune amnesia in epi-
demiology [44,45]. This studies, therefore, demonstrate a mathematical
model for the measles disease using the Caputo fractional operator and
fractional optimal control model to help minimize the spread of the
measles disease in a population.

The rest of the paper is organized as follows: In Section 2, we
give some primary results regarding the Caputo fractional derivative.
Section 3 contains the model description, definition of the various pa-
rameters used in the model formulation, model flowchart, the invariant
region, positivity of the solution, disease-free equilibrium points, and
the reproduction number of the proposed model. In Section 4, we in-
troduce the fractional Caputo model and the existence and uniqueness
of the measles disease model with fractional operators. In Section 5,
we presented the parameter estimation of the proposed model together
with sensitivity analysis and fractional simulations. In Section 6, we
presented the fractional optimal controls based on the sensitivity analy-
sis. Finally, the conclusion and future analysis of the model is presented

in 7.
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Fig. 1. Flow diagram of the model.
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2. Basic results

This section focuses on highlighting some critical definitions of the
development of the Caputo fractional measles disease model. We then
derive these definitions from literature, see [46,47].

Definition 2.1. The fractional differentiation in the Caputo sense of
the given function 𝛺(⋎) of the order 𝜗(𝜗 > 0) is defined as
{

𝐶𝜗
0,⋎𝛺(⋎) = 1

𝛤 (𝑛−𝜗) ∫
⋎
0 (⋎ − 𝜇)𝑛−𝜗−1 𝑑𝑛𝛺(𝜇)

𝑑𝜇𝑛 𝑑𝜇, 𝑛 − 1 < 𝜇 < 𝑛,𝑚 ∈  ,
𝑑𝑛

𝑑⋎𝑛 𝛺(⋎), 𝑛 = 𝜇, 𝑛 ∈  .

here we have 𝛤 (𝑚) = ∫ ∞
0 𝑒−⋎ ⋎𝑚−1 𝑑⋎, as the Euler’s Gamma operator.

hen we define the Caputo antiderivative with order 𝜗 > 0 in the form,

𝜗(𝐶𝜗
0,⋎𝛺(⋎)) = 1

𝛤 (𝜗) ∫

𝜗

0

𝛺(𝑠)
(⋎ − 𝑠)1−𝜗

𝑑𝑠,

with ⋎ > 0.

3. Formulation of the model

In a population of social interaction, a deterministic model is formu-
lated to describe the transmission of measles disease in a susceptible
population. The total population 𝑁(⋎) is subdivided into eight (8)
compartments at time ⋎, consisting of the susceptible population 𝑆(⋎),
individuals that received the first dose of vaccination are denoted as
𝑉1(⋎), those that received the second dose of vaccination is denoted
by 𝑉2(⋎), those in the latent class 𝐿(⋎). In the latent class, individuals
are infected but not yet infectious, asymptomatic individuals 𝐴𝑚(⋎),
symptomatic individuals 𝐴𝑠(⋎), infectious individuals that are isolated
or quarantined 𝑄(⋎), and the recovered individuals 𝑅(⋎). Individuals
are recruited into the susceptible population through birth or immi-
gration of unvaccinated individuals at the rate of (1 − 𝑚 − 𝑑)𝜋. The
first dose vaccination rate is denoted as 𝛾1 while others move to the
latent compartment through the force of infection 𝛬1. The efficacy of
the measles vaccine is not 100 percent effective; therefore, individuals
3

who have received the first dose of vaccination 𝑉1(𝑡) are assumed to
transition to the latent class with the force of infection 𝛬2. Individuals
receiving their second dose of vaccine transition to the second dose
compartment at the rate of 𝛾2. It is also assumed that individuals in the
second dose vaccine compartment 𝑉2(⋎) get infected and moved to the
latent class with the force of infection 𝛬3. Also, people are infected with
the measles virus through social interaction; hence, individuals infected
without exhibiting any clinical signs enter the asymptomatic compart-
ment at the rate of 𝛼1. The asymptomatic population decreases due to
people recovering from the diseases without showing symptoms at 𝛿2
and becoming infectious symptomatic at the rate of 𝛼2 and then moving
into the symptomatic compartment. Since infectious individuals with
the measles virus suffer from complications from other illnesses, the
symptomatic population declines due to an induced death rate of 𝜙1. In
contrast, the others are isolated for treatment at the rate of 𝛼3 with the
measles-induced death rate of 𝜙2. Those who successfully get treated
from the isolation centers recover at the rate of 𝛼3. The total population
at time ⋎, is given as 𝑁(⋎) = 𝑆(⋎) + 𝑉1(⋎) + 𝑉2(⋎) + 𝐿(⋎) + 𝐴𝑚(⋎) +
𝑠(⋎)+𝑄(⋎)+𝑅(⋎). Table 1 gives the rest of the parameter description.
he following assumptions were considered in developing the measles
odel in Fig. 1.

1. The transmission rate follows a Holling type II response; thus,
the force of infection is given as

𝛬1 = 𝛽𝑆
(

𝐴𝑚
1 + 𝜖1𝐴𝑚

+ 𝐴𝑠
1 + 𝜖2𝐴𝑠

)

, (1)

where 𝛽 is the transmission rate, 𝜖1 and 𝜖2 characterizes the
strength of the saturation effect.

2. Since the measles vaccine is not 100% effective, the efficacy
of the vaccine is represented as 0 ≤ 𝜖𝑖 ≤ 1, where 𝜖𝑖 = 0
means the vaccine does not provide protection and 𝜖𝑖 = 1 means
the measles vaccine provide 100% protection against the virus.
Therefore, the force of infection in the vaccinated compartments
is given as:

𝛬2 = (1 − 𝜏1)𝛽𝑉1

(

𝐴𝑚
1 + 𝜎𝑉1

+ 𝐴𝑠
1 + 𝜎𝑉1

)

, (2)

𝛬3 = (1 − 𝜏2)𝛽𝑉2

(

𝐴𝑚 + 𝐴𝑠
)

, (3)

1 + 𝜎𝑉2 1 + 𝜎𝑉2
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Table 1
Model parameters descriptions.
Parameters Description Parameters Description

𝜋 Rate of recruitment into the
susceptible population

𝛾1 Vaccination rate for first measles
dose

𝛾2 Vaccination rate for the second
dose of measles vaccine

𝛿1 The rate at which individuals in
the latent class recover from the
measles

𝛿2 Recovery rate for asymptomatic
individuals

𝛿3 Vaccine-induced acquisition rate

𝛼1 Rate at which individuals in the
latent class become asymptomatic

𝑑 Fraction of newly recruited
second dose vaccinated
individuals

𝛼3 Rate of transition from
symptomatic to isolation

𝛼2 Rate at which individuals in the
asymptomatic class become
symptomatic

𝛼4 Rate of recovery from isolation 𝜏1 Efficacy of first dose of vaccine

𝜏2 Efficacy of second dose of vaccine 𝜖1 Inhibitory effect of susceptible

𝜖2 Psychological effect of the
infective

𝜇 Natural death rate

𝜎 Availability of measles vaccine in
the population

𝜙1 Measles-induced death rate for
the symptomatic population

𝜙2 Measles-induced death rate for
the isolated population

𝑚 Fraction of newly recruited first
dose vaccinated individuals
3

t

H

S

where 𝜏1 and 𝜏2 are the efficacy of first and second dose vaccine
respectively.

3. The natural death rate 𝜇 is considered constant in all the com-
partments, while the disease-induced death rate for symptomatic
individuals 𝜙1 differs from those isolated for treatment 𝜙2.

From the above model description and assumptions, the system of
quations without memory effects is given as follows;

𝑑
𝑑⋎

= (1 − 𝑚 − 𝑑)𝜋 − 𝛽𝑆
(

𝐴𝑚
1 + 𝜖1𝐴𝑚

+ 𝐴𝑠
1 + 𝜖2𝐴𝑠

)

− (𝜇 + 𝛾1)𝑆,

𝑑𝑉1
𝑑⋎

= 𝑚𝜋 + 𝛾1𝑆 − (1 − 𝜏1)𝛽𝑉1

(

𝐴𝑚
1 + 𝜎𝑉1

+ 𝐴𝑠
1 + 𝜎𝑉1

)

− (𝜇 + 𝛾4)𝑉1,

𝑑𝑉2
𝑑⋎

= 𝑑𝜋 + 𝛾2𝑉1 − (1 − 𝜏2)𝛽𝑉2

(

𝐴𝑚
1 + 𝜎𝑉2

+ 𝐴𝑠
1 + 𝜎𝑉2

)

− (𝜇 + 𝛿3)𝑉2,

𝑑𝐿
𝑑⋎

= 𝛽𝑆
(

𝐴𝑚
1 + 𝜖1𝐴𝑚

+ 𝐴𝑠
1 + 𝜖2𝐴𝑠

)

+ (1 − 𝜏1)𝛽𝑉1

(

𝐴𝑚
1 + 𝜎𝑉1

+ 𝐴𝑠
1 + 𝜎𝑉1

)

+ (1 − 𝜏2)𝛽𝑉2

(

𝐴𝑚
1 + 𝜎𝑉2

+ 𝐴𝑠
1 + 𝜎𝑉2

)

− (𝜇 + 𝛼1 + 𝛿1)𝐿,

𝑑𝐴𝑚
𝑑⋎

= 𝛼1𝐿 − (𝜇 + 𝛼2 + 𝛿2)𝐴𝑚,

𝑑𝐴𝑠
𝑑⋎

= 𝛼2𝐴𝑚 − (𝜇 + 𝜙1 + 𝛼3)𝐴𝑠,

𝑑𝑄
𝑑⋎

= 𝛼3𝐴𝑠 − (𝜇 + 𝜙2 + 𝛼4)𝑄,

𝑑𝑅
𝑑⋎

= 𝛿1𝐿 + 𝛿2𝐴𝑚 + 𝛿3𝑉2 + 𝛼4𝑄 − 𝜇𝑅,

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(4)

here the initial conditions are given as 𝑆(0) = 𝑆0, 𝑉1(0) = 𝑉 0
1 , 𝑉2(0) =

0
2 , 𝐿(0) = 𝐿0,

𝐴 (0) = 𝐴0 , 𝐴 (0) = 𝐴0, 𝑄(0) = 𝑄 and 𝑅(0) = 𝑅 .
4

𝑚 𝑚 𝑠 𝑠 0 0
.1. Invariant region

To show that the total population is bounded in a region, we know
hat,

𝑑𝑁
𝑑⋎

= 𝑑𝑆
𝑑⋎

+
𝑑𝑉1
𝑑⋎

+
𝑑𝑉2
𝑑⋎

+ 𝑑𝐿
𝑑⋎

+
𝑑𝐴𝑚
𝑑⋎

+
𝑑𝐴𝑠
𝑑⋎

+ 𝑑𝑄
𝑑⋎

+ 𝑑𝑅
𝑑⋎

. (5)

ence, making substitutions from Eq. (4) into Eq. (5), we obtained,

𝑑𝑁
𝑑⋎

= (1 − 𝑚 − 𝑑)𝜋 − 𝛽𝑆
(

𝐴𝑚
1 + 𝜖1𝐴𝑚

+ 𝐴𝑠
1 + 𝜖2𝐴𝑠

)

− (𝜇 + 𝛾1)𝑆 + 𝑚𝜋 + 𝛾1𝑆

− (1 − 𝜏1)𝛽𝑉1

(

𝐴𝑚
1 + 𝜎𝑉1

+ 𝐴𝑠
1 + 𝜎𝑉1

)

− (𝜇 + 𝛾4)𝑉1 + 𝑑𝜋 + 𝛾2𝑉1

− (1 − 𝜏2)𝛽𝑉2

(

𝐴𝑚
1 + 𝜎𝑉2

+ 𝐴𝑠
1 + 𝜎𝑉2

)

− (𝜇 + 𝛿3)𝑉2 + 𝛽𝑆
(

𝐴𝑚
1 + 𝜖1𝐴𝑚

+ 𝐴𝑠
1 + 𝜖2𝐴𝑠

)

+ (1 − 𝜏1)𝛽𝑉1

(

𝐴𝑚
1 + 𝜎𝑉1

+ 𝐴𝑠
1 + 𝜎𝑉1

)

+ (1 − 𝜏2)𝛽𝑉2

(

𝐴𝑚
1 + 𝜎𝑉2

+ 𝐴𝑠
1 + 𝜎𝑉2

)

− (𝜇 + 𝛼1 + 𝛿1)𝐿

+ 𝛼1𝐿 − (𝜇 + 𝛼2 + 𝛿2)𝐴𝑚

+ 𝛼2𝐴𝑚 − (𝜇 + 𝜙1 + 𝛼3)𝐴𝑠 + 𝛼3𝐴𝑠

− (𝜇 + 𝜙2 + 𝛼4)𝑄 + 𝛿1𝐿 + 𝛿2𝐴𝑚 + 𝛿3𝑉2 + 𝛼4𝑄 − 𝜇𝑅.

(6)

implifying Eq. (6) and grouping the terms, we obtained,
𝑑𝑁
𝑑⋎

= 𝜋 − 𝜇(𝑆 + 𝑉1 + 𝑉2 + 𝐿 + 𝐴𝑚 + 𝐴𝑠 +𝑄 + 𝑅) −𝛷1𝐴𝑠 − 𝜙2𝑄, (7)

therefore if no death occurs due to measles-induced death rate, then,
𝑑𝑁
𝑑⋎

≤ 𝜋 − 𝜇𝑁. (8)

Using the integrating factor method to solve Eq. (8), we obtained

𝑁(⋎) ≤ 𝜋
𝜇
. (9)

Hence, the solution for the equation is bounded in the region

𝜑 =
{

𝑆 + 𝑉1 + 𝑉2 + 𝐿 + 𝐴𝑚 + 𝐴𝑠 +𝑄 + 𝑅 ∈ 8 ∶ 0 ≤ 𝜋
}

. (10)

𝜇
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𝑆

w
𝐿

t

3.2. Positivity of the solution

By using the model equations in (4), we used the method of inte-
grating factors by starting with the first equation 𝑑𝑆

𝑑⋎

𝑑𝑆
𝑑⋎

= (1 − 𝑚 − 𝑑)𝜋 − 𝛽𝑆
(

𝐴𝑚
1 + 𝜖1𝐴𝑚

+ 𝐴𝑠
1 + 𝜖2𝐴𝑠

)

− (𝜇 + 𝛾1)𝑆. (11)

sing the method of integrating factors to solve Eq. (11), we obtained

(⋎) = 𝑒
− ∫ 𝑡

0

(

𝛽( 𝐴𝑚
1+𝜖1𝐴𝑚

+ 𝐴𝑠
1+𝜖2𝐴𝑠

)−(𝜇+𝛾1)
)

𝑑⋎

× ∫

𝑡

0

(

(1 − 𝑚 − 𝑑)𝜋 × 𝑒
∫ 𝑡
0

(

𝛽( 𝐴𝑚
1+𝜖1𝐴𝑚

+ 𝐴𝑠
1+𝜖2𝐴𝑠

)−(𝜇+𝛾1)
)

𝑑⋎
)

, (12)

the same workings showed that 𝑉1(0) ≥ 0, 𝑉2(0) ≥ 0, 𝐿(0) ≥ 0, 𝐴𝑚(0) ≥
0, 𝐴𝑠(0) ≥ 0, 𝑄(0) ≥ 0, 𝑅(0) ≥ 0 for all 𝑡 ≥ 0.

3.3. Disease-free equilibrium points

At the disease-free equilibrium (DFE), the infected classes are zero,
that is, 𝐿(⋎) = 0, 𝐴𝑚(⋎) = 0, 𝐴𝑆 (⋎) = 0, 𝑄(⋎) = 0. The equilibrium points
are then obtained by putting the L.H.S of the system of Eqs. (4) to zero.
Hence, the DFE points (𝑆∗, 𝑉 ∗

1 , 𝑉
∗
2 , 𝐿

∗, 𝐴∗
𝑚, 𝐴

∗
𝑠 , 𝑄

∗, 𝑅∗)

=
(

𝜋(1 − 𝑚 − 𝑑)
(𝛾1 + 𝜇)

,
𝜋(𝛾1 + 𝑚𝜇 − 𝑑𝛾1)
(𝜇 + 𝛾1)(𝜇 + 𝛾4)

,

𝜇2𝑑𝜋 + 𝛾1𝛾2𝜋 + 𝛾2 𝑚𝜇𝜋 + 𝛾1𝜇𝑑𝜋 + 𝛾2𝜇𝑑𝜋
(𝛿3 + 𝜇)(𝛾1 + 𝜇)(𝛾4 + 𝜇)

, 0, 0, 0, 0,
𝜏2𝛿3𝑉 ∗

2
𝜇

)

.

3.4. Basic reproduction number

From the infective classes from Eq. (4), we apply the next generation
matrix to the system and obtained

 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝛽𝑆
(

𝐴𝑚

1+𝜖1𝐴𝑚
+ 𝐴𝑠

1+𝜖2𝐴𝑠

)

+ (1 − 𝜏1)𝛽𝑉1

(

𝐴𝑚
1+𝜎𝑉1

+ 𝐴𝑠
1+𝜎𝑉1

)

+ (1 − 𝜏2)𝛽𝑉2

(

𝐴𝑚
1+𝜎𝑉2

+ 𝐴𝑠
1+𝜎𝑉2

)

0
0
0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

 =

⎡

⎢

⎢

⎢

⎢

⎣

(𝜇 + 𝛼1 + 𝛿1)𝐿
−𝛼1𝐿 + (𝜇 + 𝛼2 + 𝛿2)𝐴𝑚
−𝛼2𝐴𝑚 + (𝜇 + 𝜙1 + 𝛼3)𝐴𝑠
−𝛼3𝐴𝑠 + (𝜇 + 𝜙2 + 𝛼4)𝑄

⎤

⎥

⎥

⎥

⎥

⎦

.

Finding the Jacobian of  and  at disease-free equilibrium, we ob-
tained,

𝐹 =

⎡

⎢

⎢

⎢

⎢

⎣

0 𝑆𝛽 − 𝑉1𝛽(𝜏1−1)
𝑉1𝜎+1

− 𝑉2𝛽(𝜏2−1)
𝑉2𝜎+1

𝑆𝛽 − 𝑉1𝛽(𝜏1−1)
𝑉1𝜎+1

− 𝑉2𝛽(𝜏2−1)
𝑉2𝜎+1

0
0 0 0 0
0 0 0 0
0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

,

𝑉 =

⎡

⎢

⎢

⎢

⎢

⎣

(𝜇 + 𝛼1 + 𝛿1) 0 0 0
𝛼1 (𝜇 + 𝛼2 + 𝛿2) 0 0
0 𝛼2 (𝜇 + 𝜙1 + 𝛼3) 0
0 0 𝛼3 (𝜇 + 𝜙2 + 𝛼4)

⎤

⎥

⎥

⎥

⎥

⎦

.

The basic reproduction number is the supremum of the eigenvalues
of 𝐹𝑉 −1. That is

𝜌(𝐹𝑉 −1) = 0 =
𝛼1
𝑥𝑦

[

(

𝑉 ∗
1 𝛽(𝜏1 − 1)
𝑉 ∗
1 𝜎 + 1

− 𝑆∗𝛽 +
𝑉 ∗
2 𝛽(𝜏2 − 1)
𝑉 ∗
2 𝜎 + 1

)

+
𝛼1𝛼2
𝑧

(

𝑉 ∗
1 𝛽(𝜏1 − 1)
𝑉 ∗
1 𝜎 + 1

− 𝑆∗𝛽 +
𝑉 ∗
2 𝛽(𝜏2 − 1)
𝑉 ∗
2 𝜎 + 1

)

]

,

where 𝑥 = (𝜇 + 𝛼 + 𝛿 ), 𝑦 = (𝜇 + 𝛼 + 𝛿 ), 𝑧 = (𝜇 + 𝜙 + 𝛼 ).
5

1 1 2 2 1 3
4. Non-integer order representation of the measles model

The integer order measles model (4) is reformulated using fractional
operators in this section. Fractional systems provide veracious and
circumstantiated facts on the dynamics of a biological process, espe-
cially in reporting on memory processes in such systems. In the case of
measles, the virus fights the immune system by attacking the memory
cell B, which over time replaces the memory of previous infections
with new measles virus infections [45]. Therefore, this suggests that
we can provide robust and accurate information on the dynamics of
the measles disease by employing fractional operators. The memory
effect is significant in infectious disease modeling as individuals can
acquire an immunity or lose it over time, impacting the disease’s
spread. Furthermore, fractional calculus offers a versatile framework
for explaining phenomena characterized by long-range dependencies
and non-local interactions, frequently observed in the spread of infec-
tious diseases. Models that use fractional derivatives better capture the
complex dynamics of measles outbreaks, including factors like vaccina-
tion effects, demographic variety, and spatial layout. Fractional order
derivative models provide crucial insights for creating effective control
measures and treatments by improving the accuracy of representing the
essential dynamics of measles transmission. Therefore, using the Caputo
interpretation, the integer-order measles model (4) is reformulated in
the fractional system. What follows is an explanation of the Caputo
fractional order measles model;

𝐶𝜗
0,⋎𝑆(⋎) = (1 − 𝑚𝜗 − 𝑑𝜗)𝜋𝜗 − 𝛽𝜗𝑆

(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

− (𝜇𝜗 + 𝛾𝜗1 )𝑆,

𝐶𝜗
0,⋎𝑉1(⋎) = 𝑚𝜗𝜋𝜗 + 𝛾𝜗1𝑆 − (1 − 𝜏𝜗1 )𝛽

𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

− (𝜇𝜗 + 𝛾𝜗4 )𝑉1,

𝐶𝜗
0,⋎𝑉2(⋎) = 𝑑𝜗𝜋𝜗 + 𝛾𝜗2 𝑉1 − (1 − 𝜏𝜗2 )𝛽

𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝛿𝜗3 )𝑉2,

𝐶𝜗
0,⋎𝐿(⋎) = 𝛽𝜗𝑆

(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

+ (1 − 𝜏𝜗1 )𝛽
𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

+ (1 − 𝜏𝜗2 )𝛽
𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝛼𝜗1 + 𝛿𝜗1 )𝐿,

𝐶𝜗
0,⋎𝐴𝑚(⋎) = 𝛼𝜗1𝐿 − (𝜇𝜗 + 𝛼𝜗2 + 𝛿𝜗2 )𝐴𝑚,

𝐶𝜗
0,⋎𝐴𝑠(⋎) = 𝛼𝜗2𝐴𝑚 − (𝜇𝜗 + 𝜙𝜗

1 + 𝛼𝜗3 )𝐴𝑠,
𝐶𝜗

0,⋎𝑄(⋎) = 𝛼𝜗3𝐴𝑠 − (𝜇𝜗 + 𝜙𝜗
2 + 𝛼𝜗4 )𝑄,

𝐶𝜗
0,⋎𝑅(⋎) = 𝛿𝜗1𝐿 + 𝛿𝜗2𝐴𝑚 + 𝛿𝜗3𝑉2 + 𝛼𝜗4𝑄 − 𝜇𝜗𝑅.

(13)

ith the initial values given as 𝑆(0) = 𝑆0, 𝑉1(0) = 𝑉 0
1 , 𝑉2(0) = 𝑉 0

2 , 𝐿(0) =
0, 𝐴𝑚(0) = 𝐴0

𝑚, 𝐴𝑠(0) = 𝐴0
𝑠 , 𝑄(0) = 𝑄0 and 𝑅(0) = 𝑅0.

4.1. Existence and uniqueness

Utilizing the fixed point theory, this section delves into whether the
solution to the fractional measles disease model, as defined by Caputo
(13), exists and remains unique. Let us start by defining the norm B(𝛩)
that is, a Banach space, and also, a continuous real-valued function
given in the domain 𝛩(0, 𝑎) with a defined sub norm. In addition, we
have  = B(𝛩1)×B(𝛩2)×B(𝛩3)×B(𝛩4)×B(𝛩5)×B(𝛩6)×B(𝛩7)×B(𝛩8) on
he norm ‖(𝑆, 𝑉1, 𝑉2, 𝐿, 𝐴𝑚, 𝐴𝑠, 𝑄,𝑅)‖ = ‖𝑆‖+‖𝑉1‖+‖𝑉2‖+‖𝐿‖+‖𝐴𝑚‖+
‖𝐴𝑠‖ + ‖𝑄‖,+‖𝑅‖ and also ‖𝑆‖ = sup𝑡∈𝛩 |𝑆|, ‖𝑉1‖ = sup𝑡∈𝛩 |𝑉1|, ‖𝑉2‖ =
sup𝑡∈𝛩 |𝑉2|, ‖𝐴𝑚‖ = sup𝑡∈𝛩 |𝐴𝑚|, ‖𝐴𝑠‖ = sup𝑡∈𝛩 |𝐴𝑠|, ‖𝑄‖ = sup𝑡∈𝛩 |𝑄|,
‖𝑅‖ = sup |𝑅|. We then go on to apply the Caputo fractional
𝑡∈𝛩
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‖
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𝑉

operators on the non-linear fractional model (13); we have;

(⋎) − (0)

= 𝐶𝜗
⋎

[

(1 − 𝑚𝜗 − 𝑑𝜗)𝜋𝜗 − 𝛽𝜗𝑆
(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

− (𝜇𝜗 + 𝛾𝜗1 )𝑆

]

,

1(⋎) − 1(0)

=𝐶 𝜗
⋎

[

𝑚𝜗𝜋𝜗 + 𝛾𝜗1𝑆 − (1 − 𝜏𝜗1 )𝛽
𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

− (𝜇𝜗 + 𝛾𝜗4 )𝑉1

]

,

2(⋎) − 2(0) =𝐶 𝜗
⋎

[

𝑑𝜗𝜋𝜗 + 𝛾𝜗2 𝑉1 − (1 − 𝜏𝜗2 )𝛽
𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

−(𝜇𝜗 + 𝛿𝜗3 )𝑉2
]

,

(⋎) − (0) =𝐶 𝜗
⋎[𝛽𝜗𝑆

(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

+ (1 − 𝜏𝜗1 )𝛽
𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

+(1 − 𝜏𝜗2 )𝛽
𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝛼𝜗
1 + 𝛿𝜗1 )𝐿],

𝑚(⋎) −𝑚(0) =𝐶 𝜗
⋎

[

𝛼𝜗
1𝐿 − (𝜇𝜗 + 𝛼𝜗

2 + 𝛿𝜗2 )𝐴𝑚
]

,

𝑠(⋎) −𝑠(0) =𝐶 𝜗
⋎

[

𝛼𝜗
2𝐴𝑚 − (𝜇𝜗 + 𝜙𝜗

1 + 𝛼𝜗
3 )𝐴𝑠

]

,

(⋎) −(0) =𝐶 𝜗
⋎

[

𝛼𝜗
3𝐴𝑠 − (𝜇𝜗 + 𝜙𝜗

2 + 𝛼𝜗
4 )𝑄

]

,

(⋎) −(0) =𝐶 𝜗
⋎

[

𝛿𝜗1𝐿 + 𝛿𝜗2𝐴𝑚 + 𝛿𝜗3𝑉2 + 𝛼𝜗
4𝑄 − 𝜇𝜗𝑅

]

.

(14)

To standardize Eq. (14), we suppose that

1 = (1 − 𝑚𝜗 − 𝑑𝜗)𝜋𝜗 − 𝛽𝜗𝑆
(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

− (𝜇𝜗 + 𝛾𝜗1 )𝑆,

2 = 𝑚𝜗𝜋𝜗 + 𝛾𝜗1𝑆 − (1 − 𝜏𝜗1 )𝛽
𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

− (𝜇𝜗 + 𝛾𝜗4 )𝑉1,

3 = 𝑑𝜗𝜋𝜗 + 𝛾𝜗2 𝑉1 − (1 − 𝜏𝜗2 )𝛽
𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝛿𝜗3 )𝑉2,

4 = 𝛽𝜗𝑆
(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

+ (1 − 𝜏𝜗1 )𝛽
𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗 𝑉1 +

𝐴𝑠
1 + 𝜎𝜗𝑉1

)

+ (1 − 𝜏𝜗2 )𝛽
𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝛼𝜗
1 + 𝛿𝜗1 )𝐿,

5 = 𝛼𝜗
1𝐿 − (𝜇𝜗 + 𝛼𝜗

2 + 𝛿𝜗2 )𝐴𝑚,

6 = 𝛼𝜗
2𝐴𝑚 − (𝜇𝜗 + 𝜙𝜗

1 + 𝛼𝜗
3 )𝐴𝑠,

7 = 𝛼𝜗
3𝐴𝑠 − (𝜇𝜗 + 𝜙𝜗

2 + 𝛼𝜗
4 )𝑄,

8 = 𝛿𝜗1𝐿 + 𝛿𝜗2𝐴𝑚 + 𝛿𝜗3𝑉2 + 𝛼𝜗
4𝑄 − 𝜇𝜗𝑅.

(15)

Considering the expressions in Eq. (14) and applying the definition of
the Caputo integral operator, we then reformulate Eq. (13) in the form.

𝑆(⋎) − 𝑆(0) = 1
𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑, 𝑆(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝑉1(⋎) − 𝑉1(0) =
1

𝛤 (𝜗) ∫

⋎

0

2(𝜗, 𝜑, 𝑆(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝑉2(⋎) − 𝑉2(0) =
1

𝛤 (𝜗) ∫

⋎

0

3(𝜗, 𝜑, 𝑆(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝐿(⋎) − 𝐿(0) = 1
𝛤 (𝜗) ∫

⋎

0

4(𝜗, 𝜑, 𝑆(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝐴𝑚(⋎) − 𝐴𝑚(0) =
1

𝛤 (𝜗) ∫

⋎

0

5(𝜗, 𝜑, 𝑆(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝐴𝑠(⋎) − 𝐴𝑠(0) =
1

𝛤 (𝜗) ∫

⋎

0

6(𝜗, 𝜑, 𝑆(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝑄(⋎) −𝑄(0) = 1
𝛤 (𝜗) ∫

⋎

0

7(𝜗, 𝜑, 𝑆(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝑅(⋎) − 𝑅(0) = 1 ⋎ 8(𝜗, 𝜑, 𝑆(𝜑))𝑑𝜑.

(16)
6

𝛤 (𝜗) ∫0 (⋎ − 𝜑)1−𝜗
Now, we proceed by assuming that the Lipschitz condition of bound-
edness is satisfied given that

1(𝑆,𝜑),2(𝑉1, 𝜑),3(𝑉2, 𝜑),4(𝐿,𝜑),5(𝐴𝑚, 𝜑),

6(𝐴𝑠, 𝜑),7(𝑄,𝜑),

nd 8(𝑅,𝜑) if and only if there exists a supremum for the given func-
ions 𝑆(⋎), 𝑉1(⋎), 𝑉2(⋎), 𝐴𝑚(⋎), 𝐴𝑠(⋎), 𝑄(⋎) and 𝑅(⋎). To establish this
upposition, we start by considering the dual functions 𝑆(⋎) and 𝑆⊛

nd taking note that;

𝜗
1 =

(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

, 𝜉𝜗2 =
(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

and 𝜉𝜗3 =
(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

,

then we have;

‖1(𝜗,⋎, 𝑆(⋎)) −1(𝜗,⋎, 𝑆⊛(⋎))‖

= ‖(1 − 𝑚𝜗 − 𝑑𝜗)𝜋𝜗 − 𝛽𝜗𝜉𝜗1𝑆 − (𝜇𝜗 + 𝛾𝜗1 )𝑆‖

≤ ‖ − 𝛽𝜗𝜉𝜗1𝑆 − (𝜇𝜗 + 𝛾𝜗1 )𝑆‖

≤∥ −[𝛽𝜗𝜉𝜗1 + (𝜇𝜗 + 𝛾𝜗1 )](𝑆(⋎) − 𝑆⊛(⋎)).

ow, let us take 𝜒1 ∶= −[𝛽𝜗𝜉𝜗1 + (𝜇𝜗 + 𝛾𝜗1 )], we then have

1(𝜗,⋎, 𝑆(⋎)) −1(𝜗,⋎, 𝑆⊛(⋎))‖ ≤ ‖𝜒1(𝑆(⋎) − 𝑆⊛(⋎))‖.

y following a similar approach, we obtain the following for the
emaining dual functions as;

‖2(𝜗,⋎, 𝑉1(⋎)) −2(𝜗,⋎, 𝑉
⊛
1 (⋎))‖ ≤ ‖𝜒2(𝑉1(⋎) − 𝑉 ⊛

1 (⋎))‖,

‖3(𝜗,⋎, 𝑉2(⋎)) −3(𝜗,⋎, 𝑉
⊛
2 (⋎))‖ ≤ ‖𝜒3(𝑉2(⋎) − 𝑉 ⊛

2 (⋎))‖,

‖4(𝜗,⋎, 𝐿(⋎)) −4(𝜗,⋎, 𝐿⊛(⋎))‖ ≤ ‖𝜒4(𝐿(⋎) − 𝐿⊛(⋎))‖,

5(𝜗,⋎, 𝐴𝑚(⋎)) −5(𝜗,⋎, 𝐴⊛
𝑚 (⋎))‖ ≤ ‖𝜒5(𝐴𝑚(⋎) − 𝐴⊛

𝑚 (⋎))‖,

‖6(𝜗,⋎, 𝐴𝑠(⋎)) −6(𝜗,⋎, 𝐴⊛
𝑠 (⋎))‖ ≤ ‖𝜒1(𝐴𝑠(⋎) − 𝐴⊛

𝑠 (⋎))‖,

‖7(𝜗,⋎, 𝑄(⋎)) −7(𝜗,⋎, 𝑄⊛(⋎))‖ ≤ ‖𝜒1(𝑄(⋎) −𝑄⊛(⋎))‖,

‖8(𝜗,⋎, 𝑅(⋎)) −8(𝜗,⋎, 𝑅⊛(⋎))‖ ≤ ‖𝜒1(𝑅(⋎) − 𝑅⊛(⋎))‖,

(17)

where 𝜒2 = −[(1− 𝜏𝜗1 )𝛽
𝜗𝜉𝜗1 + (𝜇𝜗 + 𝛾𝜗4 )], 𝜒3 = (1− 𝜏𝜗2 )𝛽

𝜗𝜉𝜗2 − (𝜇𝜗 + 𝛿𝜗3 ), 𝜒4 =
−(𝜇𝜗 + 𝛼𝜗1 + 𝛿𝜗1 ), 𝜒5 = (𝜇𝜗 + 𝛼𝜗2 + 𝛿𝜗2 ), 𝜒6 = −(𝜇𝜗 + 𝜙𝜗

1 + 𝛼𝜗3 ), 𝜒7 =
−(𝜇𝜗+𝜙𝜗

2 +𝛼𝜗4 ) and 𝜒8 = −𝜇𝜗. From the above discussions, we therefore
posit that the Lipschitz condition of boundedness is well established for
1,2,3,4,5,6,7, and 8. Following the above, Eq. (16)
can be written iteratively in this manner;

𝑆𝜄(⋎) =
1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑, 𝑆𝜄−1(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝑉1𝜄 (⋎) =
1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑, 𝑉1𝜄−1 (𝜑))

(⋎ − 𝜑)1−𝜗
𝑑𝜑,

𝑉2𝜄 (⋎) =
1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑, 𝑉1𝜄−1 (𝜑))

(⋎ − 𝜑)1−𝜗
𝑑𝜑,

𝐿𝜄(⋎) =
1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑, 𝐿𝜄−1(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝐴𝑚𝜄
(⋎) = 1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑,𝐴𝑚𝜄−1
(𝜑))

(⋎ − 𝜑)1−𝜗
𝑑𝜑,

𝐴𝑠𝜄 (⋎) =
1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑,𝐴𝑠𝜄−1 (𝜑))

(⋎ − 𝜑)1−𝜗
𝑑𝜑,

𝑄𝜄(⋎) =
1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑,𝑄𝜄−1(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝑅𝜄(⋎) =
1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑,𝑅𝜄−1(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

(18)

this is related to the following initial values 𝑆0(⋎) = 𝑆(0), 𝑉10 (⋎) =
1(0), 𝑉20 (⋎) = 𝑉2(0), 𝐿0(⋎) = 𝐿(0), 𝐴𝑚0

(⋎) = 𝐴𝑚(0), 𝐴𝑠0 (⋎) = 𝐴𝑠(0),

𝑄0(⋎) = 𝑄(0), 𝑅0(⋎) = 𝑅(0). By successively computing the differences
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𝛶

P
𝑆
t
c
t

‖

w
i

yields;

𝛶𝑆,𝜄 = 𝑆𝜄(⋎) − 𝑆𝜄−1(⋎) =
1

𝛤 (𝜗) ∫

⋎

0

1(𝜗, 𝜑, 𝑆𝜄−1(𝜑)) −1(𝜗, 𝜑, 𝑆𝜄−2(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝛶𝑉1 ,𝜄 = 𝑉1𝜄 (⋎) − 𝑉1𝜄−1 (⋎) =
1

𝛤 (𝜗) ∫

⋎

0

2(𝜗, 𝜑, 𝑉1𝜄−1 (𝜑)) −2(𝜗, 𝜑, 𝑉1𝜄−2 (𝜑))

(⋎ − 𝜑)1−𝜗
𝑑𝜑,

𝛶𝑉2 ,𝜄 = 𝑉2𝜄 (⋎) − 𝑉2𝜄−1 (⋎) =
1

𝛤 (𝜗) ∫

⋎

0

3(𝜗, 𝜑, 𝑉2𝜄−1 (𝜑)) −3(𝜗, 𝜑, 𝑉2𝜄−2 (𝜑))

(⋎ − 𝜑)1−𝜗
𝑑𝜑,

𝛶𝐿,𝜄 = 𝐿𝜄(⋎) − 𝐿𝜄−1(⋎) =
1

𝛤 (𝜗) ∫

⋎

0

4(𝜗, 𝜑, 𝑆𝜄−1(𝜑)) −4(𝜗, 𝜑, 𝐿𝜄−2(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝐴𝑚 ,𝜄 = 𝐴𝑚𝜄
(⋎) − 𝐴𝑚𝜄−1

(⋎) = 1
𝛤 (𝜗) ∫

⋎

0

5(𝜗, 𝜑,𝐴𝑚𝜄−1
(𝜑)) −5(𝜗, 𝜑,𝐴𝑚𝜄−2

(𝜑))

(⋎ − 𝜑)1−𝜗
𝑑𝜑,

𝛶𝐴𝑠 ,𝜄 = 𝐴𝑠𝜄 (⋎) − 𝐴𝑠𝜄−1 (⋎) =
1

𝛤 (𝜗) ∫

⋎

0

6(𝜗, 𝜑,𝐴𝑠𝜄−1 (𝜑)) −6(𝜗, 𝜑,𝐴𝑠𝜄−2 (𝜑))

(⋎ − 𝜑)1−𝜗
𝑑𝜑,

𝛶𝑄,𝜄 = 𝑄𝜄(⋎) −𝑄𝜄−1(⋎) =
1

𝛤 (𝜗) ∫

⋎

0

7(𝜗, 𝜑,𝑄𝜄−1(𝜑)) −7(𝜗, 𝜑,𝑄𝜄−2(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑,

𝛶𝑅,𝜄 = 𝑅𝜄(𝑡) − 𝑅𝜄−1(⋎) =
1

𝛤 (𝜗) ∫

⋎

0

8(𝜗, 𝜑,𝑅𝜄−1(𝜑)) −8(𝜗, 𝜑,𝑅𝜄−2(𝜑))
(⋎ − 𝜑)1−𝜗

𝑑𝜑.

(19)

We then have

𝑆𝜄(⋎) =
𝜄

∑

𝑗=0
𝛶𝑆,𝜄(⋎), 𝑉1𝜄 (⋎) =

𝜄
∑

𝑗=0
𝛶𝑉1 ,𝜄(⋎), 𝑉2𝜄 (⋎)

=
𝜄

∑

𝑗=0
𝛶𝑉2 ,𝜄(⋎), 𝐿𝜄(⋎) =

𝜄
∑

𝑗=0
𝛶𝐿,𝜄(⋎),

𝐴𝑚𝜄
(⋎) =

𝜄
∑

𝑗=0
𝛶𝐴𝑚 ,𝜄(⋎), 𝐴𝑠𝜄 (⋎) =

𝜄
∑

𝑗=0
𝛶𝐴𝑠 ,𝜄(⋎), 𝑄𝜄(⋎) =

𝜄
∑

𝑗=0
𝛶𝑄,𝜄(⋎), 𝑅𝜄(𝑡)

=
𝜄

∑

𝑗=0
𝛶𝑅,𝜄(⋎).

Now, let us assume that

𝛶𝑆,𝜄−1 = 𝑆𝜄−1(⋎) − 𝑆𝜄−2(⋎), 𝛶𝑉1 ,𝜄−1 = 𝑉1𝜄−1 (⋎) − 𝑉1𝜄−2 (⋎),

𝛶𝑉2 ,𝜄−1 = 𝑉2𝜄−1 (⋎) − 𝑉2𝜄−2 (⋎), 𝛶𝐿,𝜄−1 = 𝐿𝜄−1(⋎) − 𝐿𝜄−2(⋎),

𝛶𝐴𝑚 ,𝜄−1 = 𝐴𝑚𝜄−1
(⋎) − 𝐴𝑚𝜄−2

(⋎), 𝛶𝐴𝑠 ,𝜄−1 = 𝐴𝑠𝜄−1 (⋎) − 𝐴𝑠𝜄−2 (⋎),

𝛶𝑄,𝜄−1 = 𝑄𝜄−1(⋎) −𝑄𝜄−2(⋎), 𝛶𝑅,𝜄−1 = 𝑅𝜄−1(⋎) − 𝑅𝜄−2(⋎),

and also considering Eq. (16) and Eq. (17), we then obtain;

‖𝛶𝑆,𝜄(⋎)‖ = 1
𝛤 (𝜗)

𝜒1 ∫

⋎

0

‖𝛶𝑆,𝜄−1(𝜑)‖
(⋎ − 𝜑)𝜗

𝑑𝜑,

‖𝛶𝑉1 ,𝜄(⋎)‖ = 1
𝛤 (𝜗)

𝜒1 ∫

⋎

0

‖𝛶𝑉1 ,𝜄−1(𝜑)‖

(⋎ − 𝜑)𝜗
𝑑𝜑,

‖𝛶𝑉2 ,𝜄(⋎)‖ = 1
𝛤 (𝜗)

𝜒1 ∫

⋎

0

‖𝛶𝑉2 ,𝜄−1(𝜑)‖

(⋎ − 𝜑)𝜗
𝑑𝜑,

‖𝛶𝐿,𝜄(⋎)‖ = 1
𝛤 (𝜗)

𝜒1 ∫

⋎

0

‖𝛶𝐿,𝜄−1(𝜑)‖
(⋎ − 𝜑)𝜗

𝑑𝜑,

‖𝛶𝐴𝑚 ,𝜄(⋎)‖ = 1
𝛤 (𝜗)

𝜒1 ∫

⋎

0

‖𝛶𝐴𝑚 ,𝜄−1(𝜑)‖

(⋎ − 𝜑)𝜗
𝑑𝜑,

‖𝛶𝐴𝑠 ,𝜄(⋎)‖ = 1
𝛤 (𝜗)

𝜒1 ∫

⋎

0

‖𝛶𝐴𝑠 ,𝜄−1(𝜑)‖

(⋎ − 𝜑)𝜗
𝑑𝜑

‖𝛶𝑄,𝜄(⋎)‖ = 1
𝛤 (𝜗)

𝜒1 ∫

⋎

0

‖𝛶𝑄,𝜄−1(𝜑)‖
(⋎ − 𝜑)𝜗

𝑑𝜑,

‖𝛶𝑅,𝜄(⋎)‖ = 1
𝛤 (𝜗)

𝜒1 ∫

⋎

0

‖𝛶𝑅,𝜄−1(𝜑)‖
(⋎ − 𝜑)𝜗

𝑑𝜑.

(20)

By stating the theorem below, we look forward to establishing the
uniqueness of the fractional measles disease model.

Theorem 4.1. There exists exactly one solution to the Caputo fractional
measles model (13), and this solution is unique under the assumption that

𝛽𝜗
𝜒𝑖 < 1, 𝑖 = 1, 2, 3,… , 8, (21)
7

𝛤 (𝜗) + 1
whenever ⋎ ∈ [0, 𝑎].

roof. It has been arguably shown that the compartmental functions
(⋎), 𝑉1(⋎), 𝑉2(⋎), 𝐿(𝑡), 𝐴𝑚(⋎), 𝐴𝑠(⋎), 𝑄(⋎) and 𝑅(⋎) are limited and also

he functions 1,2,3,4,5,6,7,8 satisfies the Lipschitz
riterion of boundedness. Through a recursive approach Eq. (19) yields
he results below;

‖𝛶𝑆,𝜄(⋎)‖ ≤ ‖𝑆0(⋎)‖
(

𝛼𝜗

𝛤 (𝜗)
𝜒1

)𝜄
,

‖𝛶𝑉1 ,𝜄(⋎)‖ ≤ ‖𝑉10 (⋎)‖
(

𝛼𝜗

𝛤 (𝜗)
𝜒2

)𝜄
,

‖𝛶𝑉2 ,𝜄(⋎)‖ ≤ ‖𝑉20 (⋎)‖
(

𝛼𝜗

𝛤 (𝜗)
𝜒3

)𝜄
,

‖𝛶𝐿,𝜄(⋎)‖ ≤ ‖𝐿0(⋎)‖
(

𝛼𝜗

𝛤 (𝜗)
𝜒4

)𝜄
,

‖𝛶𝐴𝑚 ,𝜄(⋎)‖ ≤ ‖𝐴𝑚0
(⋎)‖

(

𝛼𝜗

𝛤 (𝜗)
𝜒5

)𝜄
,

‖𝛶𝐴𝑠 ,𝜄(⋎)‖ ≤ ‖𝐴𝑠0 (⋎)‖
(

𝛼𝜗

𝛤 (𝜗)
𝜒6

)𝜄
,

‖𝛶𝑄,𝜄(⋎)‖ ≤ ‖𝑄0(⋎)‖
(

𝛼𝜗

𝛤 (𝜗)
𝜒7

)𝜄
,

‖𝛶𝑅,𝜄(⋎)‖ ≤ ‖𝑅0(⋎)‖
(

𝛼𝜗

𝛤 (𝜗)
𝜒8

)𝜄
.

(22)

From the above relations, we have

‖𝛶𝑆,𝜄(⋎)‖ ⟶ 0, ‖𝛶𝐴𝑚 ,𝜄(⋎)‖ ⟶ 0,

𝛶𝑉1 ,𝜄(⋎)‖ ⟶ 0, ‖𝛶𝐴𝑠 ,𝜄(⋎)‖ ⟶ 0,

‖𝛶𝑉2 ,𝜄(⋎)‖ ⟶ 0, ‖𝛶𝑄,𝜄(⋎)‖ ⟶ 0,

‖𝛶𝐿,𝜄(⋎)‖ ⟶ 0, ‖𝛶𝑅,𝜄(⋎)‖ ⟶ 0,

(23)

here 𝜄 ⟶ 0. To conclude, we make use of the principle of triangle
nequality in line with Eq. (21), and this gives;

‖𝑆𝜄+𝜇(⋎) − 𝑆𝜄(⋎)‖ ≤
𝜄+𝜇
∑

𝑗=𝜄+1
1 =

𝜄+1
1 − 𝜄+𝜄+1

1
1 − 1

,

‖𝑉1𝜄+𝜇 (⋎) − 𝑉1𝜄 (⋎)‖ ≤
𝜄+𝜇
∑

𝑗=𝜄+1
2 =

𝜄+1
2 − 𝜄+𝜄+1

2
1 − 2

,

‖𝑉2𝜄+𝜇 (⋎) − 𝑉2𝜄 (⋎)‖ ≤
𝜄+𝜇
∑

𝑗=𝜄+1
3 =

𝜄+1
3 − 𝜄+𝜄+1

3
1 − 3

,

‖𝐿𝜄+𝜇(⋎) − 𝐿𝜄(⋎)‖ ≤
𝜄+𝜇
∑

𝑗=𝜄+1
4 =

𝜄+1
4 − 𝜄+𝜄+1

4
1 − 4

,

‖𝐴𝑚𝜄+𝜇
(⋎) − 𝐴𝑠𝜄 (⋎)‖ ≤

𝜄+𝜇
∑

𝑗=𝜄+1
5 =

𝜄+1
5 − 𝜄+𝜄+1

5
1 − 5

,

‖𝐴𝑠𝜄+𝜇 (⋎) − 𝐴𝑠𝜄 (⋎)‖ ≤
𝜄+𝜇
∑

𝑗=𝜄+1
6 =

𝜄+1
6 − 𝜄+𝜄+1

6
1 − 6

,

‖𝐿𝜄+𝜇(⋎) − 𝐿𝜄(⋎)‖ ≤
𝜄+𝜇
∑

𝑗=𝜄+1
7 =

𝜄+1
7 − 𝜄+𝜄+1

7
1 − 7

,

‖𝑅𝜄+𝜇(⋎) − 𝑅𝜄(⋎)‖ ≤
𝜄+𝜇
∑

𝑗=𝜄+1
8 =

𝜄+1
8 − 𝜄+𝜄+1

8
1 − 8

,

(24)

where we define 𝑖 = 𝛽𝜗

𝛤 (𝜗)+1𝜒𝑖, 𝑖 = 1, 2, 3,… , 8. From the above
expressions, the sequences
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D
s
𝑖

|

𝐴

|

𝐴

|

𝐴

|

𝐴

|

𝐴

|

𝐴

|

𝐴

|

𝐴

m
𝑄
s

|

|

|

|

|

|

|

𝑆𝜄, 𝑆𝜄, 𝑉1𝜐 , 𝑉2𝜐 , 𝐿𝜄, 𝐴𝑚𝜄
, 𝐴𝑠𝜄 , 𝑄𝜄 and 𝑅𝜄 are said to be Cauchy sequences

in the Banach space B(𝛩). Therefore, the solutions uniformly converge.
Now, from the concept of limit, we observe that the sequences (17) are
limited, which implies that the fractional Caputo measles disease model
(13) has only one solution. Hence, the proof. □

4.2. Stability analysis of the measles model in Caputo fractional operator

In this section, we carry out an explicit investigation into the
stability analysis of the fractional Caputo measles disease model (13).
Stability analysis is essential in studying the dynamics of biological
systems as it has been reported in the literature that the biological
processes these biological systems undergo mostly exhibit memory ef-
fect [48]. Also, many biological systems do not have exact solutions and
are approximate. These approximations sometimes incur some errors,
where a perturbation in the neighborhood may explode the solution
set, which could best be studied through stability analysis. Therefore,
to be able to accurately capture these memory effects exhibited by these
biological systems and also minimize these mathematical errors, we
apply the Hyers–Ulam (HU) and Hyers–Ulam–Rassias (HUR) stability
criteria [49,50]. We, therefore, follow the approach in [51,52] to study
the stability of the fractional Caputo measles disease model (13).

Definition 4.1. The fractional Caputo measles model (13) is HU stable
if there exists 0 < 𝑖

∈ R for 𝑖 = 1, 2, 3,… , 8 such that, ∀𝜅𝑖 > 0 and
∀(𝑆⊛⊛, 𝑉 ⊛⊛

1 , 𝑉 ⊛⊛
2 , 𝐿⊛⊛, 𝐴⊛⊛

𝑚 , 𝐴⊛⊛
𝑠 , 𝑄⊛⊛, 𝑅⊛⊛) ∈  satisfying

|

𝐶𝜗
0,⋎𝑆

⊛⊛(⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎),

𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1,

|

𝐶𝜗
0,⋎𝑉

⊛⊛
1 (⋎) −2(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎),

𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅2,

|

𝐶𝜗
0,⋎𝑉

⊛⊛
2 (⋎) −3(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎),

𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅3,

|

𝐶𝜗
0,⋎𝐿

⊛⊛(⋎) −4(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎),

𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅4,

|

𝐶𝜗
0,⋎𝐴

⊛⊛
𝑚 (⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎),

𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅5,

|

𝐶𝜗
0,⋎𝐴

⊛⊛
𝑠 (⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎),

𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅6,

|

𝐶𝜗
0,⋎𝑄

⊛⊛(⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎),

𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅7,

|

𝐶𝜗
0,⋎𝑆𝑅

⊛⊛(⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎),

𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅8,

(25)

and there also exists 𝑆(⋎), 𝑉1(⋎), 𝑉2(⋎), 𝐿(⋎), 𝐴𝑚(⋎), 𝐴𝑠(⋎), 𝑄(⋎), 𝑅(⋎) ∈ 
which implies that the fractional Caputo measles model will be

|𝑆⊛⊛(⋎) − 𝑆(⋎)| < 1𝜅1, |𝑉
⊛⊛
1 (⋎) − 𝑉1(⋎)| < 2𝜅2,

|𝑉 ⊛⊛
2 (⋎) − 𝑉2(⋎)| < 3𝜅3, |𝐿

⊛⊛(⋎) − 𝐿(⋎)| < 4𝜅4,

|𝐴⊛⊛
𝑚 (⋎) − 𝐴𝑚(⋎)| < 5𝜅5, |𝐴

⊛⊛
𝑠 (⋎) − 𝐴𝑠(⋎)| < 6𝜅6,

|𝑄⊛⊛(⋎) −𝑄(⋎)| < 7𝜅7, |𝑅
⊛⊛(⋎) − 𝑅(⋎)| < 8𝜅8.

(26)

Remark 4.1. We suppose that (𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎),
𝐴⊛⊛
𝑚 (⋎), 𝐴⊛⊛

𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎)) ∈  is a solution to Eq. (20) if and
8

only if we have 𝓁1,𝓁2,𝓁3,𝓁4,𝓁5,𝓁6,𝓁7,𝓁8 ∈ ([0,𝑀],R) in such a way
|

that ∀⋎ ∈ (𝑀, (𝑗)).|𝜚𝑗 (⋎)| < 𝜌𝑗 for 𝑗 = 1, 2, 3,… , 8, given

𝐶𝜗
0,⋎𝑆

⊛⊛(⋎) = 1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁1(⋎),

𝐶𝜗
0,⋎𝑉

⊛⊛
1 (⋎) = 2(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁2(⋎),

𝐶𝜗
0,⋎𝑉

⊛⊛
3 (⋎) = 3(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁3(⋎),

𝐶𝜗
0,⋎𝑉

⊛⊛
2 (⋎) = 4(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁4(⋎),

𝐶𝜗
0,⋎𝐿

⊛⊛(⋎) = 5(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁5(⋎),

𝐶𝜗
0,⋎𝐴

⊛⊛
𝑠 (⋎) = 6(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁6(⋎),

𝐶𝜗
0,⋎𝑄

⊛⊛(⋎) = 7(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁7(⋎),

𝐶𝜗
0,⋎𝑅

⊛⊛(⋎) = 8(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁8(⋎),

(27)

efinition 4.2. The fractional Caputo measles model (13) is HUR
table if we have 𝛷𝑖 for 𝑖 = 1, 2, 3,… , 8 whenever 𝐷𝑖 ,𝛷𝑖

> 0 ∈ R for
= 1, 2, 3,… , 8 such that for every 𝜅𝑖 > 0 and for all
(𝑆⊛⊛, 𝑉 ⊛⊛

1 , 𝑉 ⊛⊛
2 , 𝐿⊛⊛, 𝐴⊛⊛

𝑚 , 𝐴⊛⊛
𝑠 , 𝑄⊛⊛, 𝑅⊛⊛) ∈ X satisfying

𝐶𝜗
0,⋎𝑆

⊛⊛(⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛷1(⋎),

𝐶𝜗
0,⋎𝑉

⊛⊛
1 (⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),
⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛷1(⋎),

𝐶𝜗
0,⋎𝑉

⊛⊛
2 (⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),
⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛷1(⋎),

𝐶𝜗
0,⋎𝐿

⊛⊛(⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛷1(⋎),

𝐶𝜗
0,⋎𝐴

⊛⊛
𝑚 (⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),
⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛷1(⋎),

𝐶𝜗
0,⋎𝐴

⊛⊛
𝑠 (⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),
⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛷1(⋎),

𝐶𝜗
0,⋎𝑄

⊛⊛(⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛷1(⋎),

𝐶𝜗
0,⋎𝑅

⊛⊛(⋎) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛷1(⋎),

(28)

oreover, we suppose that 𝑆(⋎), 𝑉1(⋎), 𝑉2(⋎), 𝐿(⋎), 𝐴𝑚(⋎), 𝐴𝑠(⋎),
(⋎), 𝑅(⋎),∈  satisfies the fractional Caputo measles model (13) as

tated

𝑆⊛⊛(⋎) − 𝑆(⋎)| < 1 ,𝛷1
𝜅1𝛷1(⋎),

𝑉 ⊛⊛
1 (⋎) − 𝑉1(⋎)| < 2 ,𝛷2

𝜅2𝛷2(⋎),

𝑉 ⊛⊛
2 (⋎) − 𝑉2(⋎)| < 3 ,𝛷3

𝜅3𝛷3(⋎),

𝐿⊛⊛(⋎) − 𝐿(⋎)| < 4 ,𝛷4
𝜅4𝛷4(⋎),

𝐴⊛⊛
𝑚 (⋎) − 𝐴𝑚(⋎)| < 5 ,𝛷5

𝜅5𝛷5(⋎),

𝐴⊛⊛
𝑠 (⋎) − 𝐴𝑠(⋎)| < 6 ,𝛷6

𝜅6𝛷6(⋎),

𝑄⊛⊛(⋎) −𝑄(⋎)| < 7 ,𝛷7
𝜅7𝛷7(⋎),

⊛⊛

(29)
𝑅 (⋎) − 𝑅(⋎)| < 8 ,𝛷8
𝜅8𝛷8(⋎),
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Remark 4.2. We suppose that (𝑆⊛⊛, 𝑉 ⊛⊛
1 , 𝑉 ⊛⊛

2 , 𝐿⊛⊛,
𝐴⊛⊛
𝑚 , 𝐴⊛⊛

𝑠 , 𝑄⊛⊛, 𝑅⊛⊛) ∈  is a solution to Eq. (23) if and only if we
have 𝓁1,𝓁2,𝓁3,𝓁4,𝓁5,𝓁6,𝓁7,𝓁8 ∈ ([0,𝑀],R) in relation with

(𝑆⊛⊛, 𝑉 ⊛⊛
1 , 𝑉 ⊛⊛

2 , 𝐿⊛⊛, 𝐴⊛⊛
𝑚 , 𝐴⊛⊛

𝑠 , 𝑄⊛⊛, 𝑅⊛⊛) ∈  such that ∀⋎ ∈
𝑀 ∶ (𝑖).|𝓁𝑗 (𝑡)| < 𝛷𝑗 (𝑡)𝜅𝑗 for 𝑗 = 1, 2, 3,… , 8, given

𝐶𝜗
0,⋎𝑆

⊛⊛(𝜗) = 1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁1(⋎),

𝐶𝜗
0,⋎𝑉

⊛⊛
1 (𝜗) = 2(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁2(⋎),

𝐶𝜗
0,⋎𝑉

⊛⊛
3 (𝜗) = 3(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁3(⋎),

𝐶𝜗
0,⋎𝑉

⊛⊛
2 (𝜗) = 4(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁4(⋎),

𝐶𝜗
0,⋎𝐿

⊛⊛(𝜗) = 5(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁5(⋎),

𝐶𝜗
0,⋎𝐴

⊛⊛
𝑠 (𝜗) = 6(𝑆⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁6(⋎),

𝐶𝜗
0,⋎𝑄

⊛⊛(𝜗) = 7(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁7(⋎),

𝐶𝜗
0,⋎𝑅

⊛⊛(𝜗) = 8(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| + 𝓁8(⋎).

(30)

Theorem 4.2. The measles disease model with Caputo fractional operators
is HU stable under the condition that 𝑁 ∶= [0, 𝑇 ] in a manner that 𝜑ℏ𝑖 for
𝑖 = 1, 2, 3,… , 8, and ℏ𝑖 and 𝜑 are defined to be ℏ1 ∶ ℏ1 = 𝛽𝜗𝜉𝜗1 − (𝜇𝜗 +
𝛾𝜗1 ), ℏ2 = −(1−𝜏𝜗1 )𝛽

𝜗𝜉𝜗2−(𝜇
𝜗+𝛾𝜗4 ), ℏ3 = (1−𝜏𝜗2 )𝛽

𝜗𝜉𝜗3−(𝜇
𝜗+𝛿𝜗3 ), ℏ4 = −(𝜇𝜗+

𝛼𝜗1+𝛿
𝜗
1 ), ℏ5 = −(𝜇𝜗+𝛼𝜗2+𝛿

𝜗
2 ), ℏ6 = −(𝜇𝜗+𝜙𝜗

1+𝛼
𝜗
3 ), ℏ7 = −(𝜇𝜗+𝜙𝜗

2+𝛼
𝜗
4 ) and

ℏ8 = −𝜇𝜗 and 𝜑 ∶= ⊺𝜗

𝛤 (𝜗)+1 , let us suppose 𝑃 1 to be valid, where 𝑃 1 contains
𝑆(⋎)‖ < ℏ1, ‖𝑉1(⋎)‖ < ℏ2, ‖𝑉2(⋎)‖ < ℏ3, ‖𝐿(⋎)‖ < ℏ4, ‖𝐴𝑚(⋎)‖ < ℏ5 ∥

, ‖𝐴𝑠(⋎)‖ < ℏ6, ‖𝑄(⋎)‖ < ℏ7, ‖𝑅(⋎)‖ < ℏ8.

Proof. We prove this theorem by first letting 𝛹 > 0 and also 𝑆⊛,⊛ ∈ 
in a manner that

|

𝐶𝜗
0,⋎𝑆

⊛⊛(⋎) −1𝑆
⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎)| < 𝛹1,

we then have 𝜎1 following from the knowledge of Remark 4.1, this then
leads to;

𝐶𝜗
0,⋎𝑆

⊛⊛(ð) = 1𝑆
⊛⊛(⋎), 𝑉 ⊛⊛

1 (⋎), 𝑉 ⊛⊛
2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛

𝑚 (⋎),

𝐴⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎) + 𝜎1,

and we define |𝜎1 ≤ 𝛹1|. Then,

𝑆(⋎) = 𝑆0 +
1

𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1

× 1(𝑆⊛⊛(𝜁 ), 𝑉 ⊛⊛
1 (𝜁 ), 𝑉 ⊛⊛

2 (𝜁 ), 𝐿⊛⊛(𝜁 ), 𝐴⊛⊛
𝑚 (𝜁 ), 𝐴⊛⊛

𝑠 (𝜁 ), 𝑄⊛⊛(𝜁 ), 𝑅⊛⊛(𝜁 ))𝑑𝜁

+ 1
𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1𝜎1(𝜁 )𝑑𝜁.

(31)

Referring from Theorem 4.2, we then suppose 𝑆 ∈  to be a unique
solution of the measles disease model with Caputo fractional operators.
This reformulate 𝑆(⋎) in the form

𝑆(⋎) = 𝑆0 +
1

𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1

× 1(𝑆⊛⊛(𝜁 ), 𝑉 ⊛⊛
1 (𝜁 ), 𝑉 ⊛⊛

2 (𝜁 ), 𝐿⊛⊛(𝜁 ), 𝐴⊛⊛
𝑚 (𝜁 ),

⊛⊛ ⊛⊛ ⊛⊛

(32)
9

𝐴𝑠 (𝜁 ), 𝑄 (𝜁 ), 𝑅 (𝜁 ))𝑑𝜁, 𝐴
this suffices that,

|𝑆⊛⊛(⋎) − 𝑆(⋎)| ≤ 1
𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1|𝓁1(⋎)|𝑑𝜁

+ 1
𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1

× |1(𝑆⊛⊛(𝜁 ), 𝑉 ⊛⊛
1 (𝜁 ), 𝑉 ⊛⊛

2 (𝜁 ), 𝐿⊛⊛(𝜁 ), 𝐴⊛⊛
𝑚 (𝜁 ), 𝐴⊛⊛

𝑠 (𝜁 ), 𝑄⊛⊛(𝜁 ), 𝑅⊛⊛(𝜁 ))

− 1(𝑆(𝜁 ), 𝑉1(𝜁 ), 𝑉2(𝜁 ), 𝐿(𝜁 ), 𝐴𝑚(𝜁 ),

𝑠(𝜁 ), 𝑄(𝜁 ), 𝑅(𝜁 ))𝑑𝜁
≤ 𝜚𝜅1 + 𝜚ℏ1‖𝑆

⊛⊛ − 𝑆‖.

(33)

By imposing sup norm on the inequality above, this yields, ‖𝑆⊛⊛ −
‖ − 𝜚ℏ1‖𝑆⊛⊛ − 𝑆‖ ≤ 𝜚𝜅1 which leads to;

𝑆⊛⊛ − 𝑆‖ ≤
𝜚𝜅1

1 − 𝜚ℏ1
.

We further assume that 𝐷1𝜅1 =
𝛷𝜅1
1−𝜚ℏ1

, then we have the norm ‖𝑆⊛⊛ −
𝑆‖ ≤ 𝐷1𝜅1. From a similar approach, we obtain the following norms;

‖𝑉 ⊛⊛
1 − 𝑉1‖ ≤ 𝐷2𝜅2,

‖𝑉 ⊛⊛
2 − 𝑉2‖ ≤ 𝐷3𝜅3,

‖𝐿⊛⊛ − 𝐿‖ ≤ 𝐷4𝜅4,

‖𝐴⊛⊛
𝑚 − 𝐴𝑚‖ ≤ 𝐷5𝜅5,

‖𝐴⊛⊛
𝑠 − 𝐴𝑠‖ ≤ 𝐷6𝜅6,

‖𝑄⊛⊛ −𝑄‖ ≤ 𝐷7𝜅7,

‖𝑅⊛⊛ − 𝑅‖ ≤ 𝐷8𝜅8.

(34)

Let us take it that 𝐷𝑖𝜅𝑖 = 𝜚𝜅𝑖
1−𝜚ℏ𝑖

for 𝑖 = 2, 3,… , 8. Therefore, the
measles disease model with Caputo fractional operators satisfies the
Hyers–Ulam stability criterion. □

Theorem 4.3. Supposing that we have (𝐷′) and that there is an increasing
monotonic function 𝛺𝑖 ∈ 𝐶([0, 𝑇 ],R+) for 𝑖 = 1, 2, 3⋯ , 8 and there also
exists ∏

𝛺𝑖
> 0 in a manner that ∀⋎ ∈ 𝑇 , there is 𝐶𝐼𝜗0,⋎𝛺𝑖(⋎) <

∏

𝛺𝑖
𝛺𝑖(⋎)

for 𝑖 = 1, 2, 3,… , 8. By further assuming that (𝐺1) is valid, it is then in
order to say that the measles disease model with fractional operators meets
the Hyers–Ulam–Rassias stability criterion.

Proof. Now, we begin to prove this theorem by first assuming that
𝜅 > 0 and also 𝑆⊛,⊛ ∈  indicates that

|

𝐶𝐷𝜗
0,⋎𝑆

⊛⊛(𝜗) −1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎))| < 𝜅1𝛺1(⋎),

hen, there is 𝓁1 following Remark (3.2) and this yields

𝐷𝜗
0,⋎𝑆

⊛⊛(⋎) = 1(𝑆⊛⊛(⋎), 𝑉 ⊛⊛
1 (⋎), 𝑉 ⊛⊛

2 (⋎), 𝐿⊛⊛(⋎), 𝐴⊛⊛
𝑚 (⋎),

⊛⊛
𝑠 (⋎), 𝑄⊛⊛(⋎), 𝑅⊛⊛(⋎)) + 𝓁1,

here |𝓁1(⋎)| ≤ 𝜅1𝛺1(⋎). Thus,

⊛⊛(⋎) = 𝑆0 +
1

𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1

× 1(𝑆⊛⊛(𝜁 ), 𝑉 ⊛⊛
1 (𝜁 ), 𝑉 ⊛⊛

2 (𝜁 ), 𝐿⊛⊛(𝜁 ), 𝐴⊛⊛
𝑚 (𝜁 ),

𝐴⊛⊛
𝑠 (𝜁 ), 𝑄⊛⊛(𝜁 ), 𝑅⊛⊛(𝜁 ))𝑑𝜁

+ 1
𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1𝓁1(𝜁 )𝑑𝜁.

(35)

Also recalling from theorem (3.1) we assume that 𝑆 ∈  has a unique
olution for the measles disease Caputo fractional model. 𝑆(⋎) is then
ewritten in the form

(⋎) = 𝑆0 +
1

𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1

× 1(𝑆⊛⊛(𝜁 ), 𝑉 ⊛⊛
1 (𝜁 ), 𝑉 ⊛⊛

2 (𝜁 ), 𝐿⊛⊛(𝜁 ), 𝐴⊛⊛
𝑚 (𝜁 ),

⊛⊛ ⊛⊛ ⊛⊛

(36)
𝑠 (𝜁 ), 𝑄 (𝜁 ), 𝑅 (𝜁 ))𝑑𝜁,
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and this leads to,

|𝑆⊛⊛(⋎) − 𝑆(⋎)| ≤ 1
𝛤 (𝜗) ∫

⋎

0
(⋎ − 𝜁 )𝜗−1|𝓁1(⋎)|𝑑𝜁

+ 1
𝛤 (𝜗) ∫

𝜗

0
(⋎ − 𝜁 )𝜗−1

× |1(𝑆⊛⊛(𝜁 ), 𝑉 ⊛⊛
1 (𝜁 ), 𝑉 ⊛⊛

2 (𝜁 ), 𝐿⊛⊛(𝜁 ), 𝐴⊛⊛
𝑚 (𝜁 ), 𝐴⊛⊛

𝑠 (𝜁 ), 𝑄⊛⊛(𝜁 ), 𝑅⊛⊛(𝜁 ))

− 1(𝑆(𝜁 ), 𝑉1(𝜁 ), 𝑉2(𝜁 ), 𝐿(𝜁 ), 𝐴𝑚(𝜁 ), 𝐴𝑠(𝜁 ), 𝑄(𝜁 ), 𝑅(𝜁 ))𝑑𝜁

≤
∏

𝛺1

𝜅1𝛺1(⋎) + 𝜚ℏ1‖𝑆
⊛⊛ − 𝑆‖.

(37)

Again, we apply the knowledge of norm on the inequality above, and
this yields, ‖𝑆⊛⊛ − 𝑆‖ − 𝜚ℏ1‖𝑆⊛⊛ − 𝑆‖ ≤

∏

𝛺1
𝜅1𝛺1(⋎) which then

suffices that;

‖𝑆⊛⊛ − 𝑆‖ ≤
∏

𝛺1
𝜅1𝛺1(⋎)

1 − 𝜚ℏ1
.

y assuming also that 𝐷1 ,𝛺1
=

∏

𝛺1
1−𝜚ℏ1

, yields the norm ‖𝑆⊛⊛ − 𝑆‖ ≤
𝜅1𝐷1 ,𝛺1

𝜔1(⋎). From a similar approach, we derive the following norms;

‖𝑉 ⊛⊛
1 − 𝑉1‖ ≤ 𝐷2 ,𝛺2

𝜅2𝛺2(⋎),

‖𝑉 ⊛⊛
2 − 𝑉2‖ ≤ 𝐷3 ,𝛺3

𝜅3𝛺3(⋎),

‖𝐿⊛⊛ − 𝐿‖ ≤ 𝐷4 ,𝛺4
𝜅4𝛺4(⋎),

‖𝐴⊛⊛
𝑠 − 𝐴𝑠‖ ≤ 𝐷5 ,𝛺5

𝜅5𝛺5(⋎),

‖𝐴⊛⊛
𝑚 − 𝐴𝑚‖ ≤ 𝐷6 ,𝛺6

𝜅6𝛺6(⋎),

‖𝐿⊛⊛ − 𝐿‖ ≤ 𝐷7 ,𝛺7
𝜅7𝛺7(⋎),

‖𝑅⊛⊛ − 𝑅‖ ≤ 𝐷8 ,𝛺8
𝜅8𝛺8(⋎),

(38)

by supposing that 𝐷𝑖 ,𝛺𝑖
=

∏

𝛺𝑖
1−𝜚ℏ𝑖

for 𝑖 = 2, 3,… , 8. This undoubtedly
suffices that the measles disease model with Caputo fractional operators
satisfies the HUR stability criterion. This ends the proof. □

5. Parameter estimation

Mathematical modeling of infectious diseases is meant to aid in
predicting the future transmission dynamics of the disease. To achieve
this goal, researchers employ the concept of parameter estimation
through the least squares approach to derive parameter values that
are realistic and reliable. Parameter estimation by the least squares
approach is a robust and most acceptable means as compared to the
interpolation approach and others that produce high error margins and
sometimes even yield impracticable parameter values [53,54]. As given
in [55], we mostly assume the domain values to be true values for the
least squares approach, whereas the functional values may be noisy. We
then obtain reliable data in time series for at least one compartment
of the disease that preferably exhibits the widespread presence of the
disease. Initial guesses for the parameter values to be fitted are then
pre-estimated. The solution curve is fitted from the data chosen in a
manner that makes the residual error insignificant or very minimal. Let
us take our observed values to be 𝜉⋎ and the model’s solution set to be
 (⋎, 𝜉), then the residual error is defined as;

 ∗(𝜉) =
𝑛
∑

⋎=1
(𝜉⋎ − (⋎, 𝜉))2. (39)

The data used for fitting the parameter values is given in Table 2;
this was obtained from the World Health Organization [56]. We em-
ployed the following initial values for the state variables; 𝑆(0) =
33 422 824, 𝑉1(0) = 20 000, 𝑉2(0) = 600, 𝐿(0) = 200, 𝐴𝑚(0) = 0, 𝐴𝑠(0) =
32 246, 𝑄(0) = 0, and 𝑅(0) = 0. The total population for the measles
disease model presented in this work is defined as 𝑁 = 𝑆(0) + 𝑉1(0) +
𝑉2(0) + 𝐿(0) + 𝐴𝑚(0) + 𝐴𝑠(0) +𝑄(0) + 𝑅(0). According to [57], the total
population of Ghana as of the year 2022 was 33 475 870. Also, the
10
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Table 2
Measles disease prevalence data.

Year Measles cases Year Measles cases

1990 32 246 2006 420
1991 17 135 2007 6
1992 39 933 2008 82
1993 34 641 2009 101
1994 34 821 2010 641
1995 40 276 2011 120
1996 34 273 2012 1613
1997 37 261 2013 319
1998 23 335 2014 124
1999 15 987 2015 23
2000 23 068 2016 32
2001 13 476 2017 19
2002 12 289 2018 34
2003 1939 2019 1274
2004 60 2020 88
2005 435 2021 52
2022 395

Table 3
Model parameters descriptions.

Parameters Value Source Parameters Value Source

𝜋 525 438 Estimated 𝜇 0.015 Estimated
𝛾1 0.00727 Fitted 𝛾4 0.036834 Fitted
𝛿1 0.082331 Fitted 𝛿2 0.049824 Fitted
𝛿3 0.000462 Fitted 𝛼1 0.0074 Fitted
𝛼2 0.178305 Fitted 𝛼3 0.3 Fitted
𝛼4 0.0000661 Fitted 𝜏1 0.111737 Fitted
𝜏2 4.3 × 10−14 Fitted 𝜖1 0.003316 Fitted
𝜖2 0.4 Fitted 𝜎 1.223 × 10−5 Fitted
𝜙1 0.536911 Fitted 𝜙2 0.033982 Fitted
𝑚 0.004213 Fitted 𝑛 0.001950 Fitted
𝛽 0.000011 Fitted

life expectancy of Ghanaians as of 2022 was 64.68 years, indicating
that the natural death rate of this model could be defined as 𝜇 =

1
64.68 = 0.015. This implies that the corresponding recruitment rate
efined by 𝜋 = 𝜇×𝑁 is obtained to be 525 438. The model’s parameter
stimation reported a basic reproductive number for measles disease to
e 4.32 with a mean square error of 0.000185; this indicates that the
arameters estimated are reliable and could help in future predictions
n the transmission dynamics of the measles disease. The parameter
stimated values are given in Table 3.

.1. Numerical simulation of non-optimal control model

Here, we show the numerical fit of the proposed model with real
ata and the corresponding residuals. The importance of residuals
n Caputo fractional analysis of measles using real data cannot be
verstated, as they serve as a crucial diagnostic tool for model vali-
ation, parameter estimation, and predictive accuracy assessment. In
ig. 2, we plotted the model solution in the infected compartment with
umulative measles cases. Fig. 2(a) shows that the model solution fits
elatively well with the observed data. Fig. 2(b) shows that the residuals
re randomly distributed and can be used for prediction. Fig. 3 shows
he sensitivity analysis in regards to the measles reproduction number
0. Fig. 3(a) shows that 𝜋, 𝛼1, 𝛽, 𝜏1, 𝜏2 and 𝛾2 contribute positively to the

pread of measles with 𝛼2, 𝛼3, 𝜎, 𝑚, 𝑑, 𝛾1, 𝜇, 𝜙1, 𝛿1, 𝛿2, and 𝛿3 contributing
egatively to the spread of secondary infection when the fraction order
s 0.99. Fig. 3(b) shows that 𝜋, 𝛼1, 𝛽, 𝜏1, 𝜏2 and 𝑚 contribute positively
o the spread of measles with 𝛼2, 𝛼3, 𝜎, 𝑑, 𝛾1, 𝛾2, 𝜇, 𝜙1, 𝛿1, 𝛿2, and 𝛿3 con-
ributing negatively to the spread of secondary infection when the
raction order is 0.90. This indicates that a change in memory affects
he intensity (positive or negative correlation) of the parameters 𝑚
nd 𝛾2; thus, the proportion of newly recruited first-dose vaccinated
ndividuals and vaccination ate for the second dose of measles vaccine.
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Fig. 2. Time series fitting reported data from WHO [56].
Fig. 3. PRCC plot for fractional order 0.99 and 0.90 respectively.
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ig. 4 shows the effects of simultaneously varying some parameters
n the measles reproduction number with a memory order of 0.90.
ig. 4(a) shows the effect of varying 𝛽 and 𝛾1 on 0. It indicates that an
ncrease in the first dose of the measles vaccine reduces the number of
econdary infections. Still, with an increase in the transmission rate, 𝛽

increases the number of secondary infections. Fig. 4(b) shows the effect
of varying 𝛽 and 𝛾2 on 0. This indicates that a minimal rate of a second
dose of the measles vaccine increases the number of secondary infec-
tions. Still, a reduction in the transmission rate, 𝛽, reduces the number
of secondary infections. Also, Fig. 4(b) indicates that zero transmission
rate leads to a zero number of secondary infections. Fig. 4(c) shows the
effect of varying 𝛽 and 𝛼1 on 0.

Fig. 4(c) indicates that, a simultaneous increase in the rate at
hich individuals in the latent class become asymptomatic, 𝛼 , and the
11

1

transmission rate 𝛽 increase the number of secondary infection in the
population. Fig. 4(d) indicates that simultaneous increase in the rate
of first dose vaccine 𝛾1 and second dose vaccine 𝛾2 reduces the number
of secondary infection in the population. Fig. 5 shows the effect of
varying the rate at which individuals in the asymptomatic class become
symptomatic, 𝛼2. Fig. 5(a) shows the effects of varying 𝛼2, the latent
compartment 𝐿(𝑡). It shows that an increase in 𝛼2 reduces the number of
latent individuals after the first year of the disease. Fig. 5(b) shows the
effects of varying 𝛼2, the asymptomatic compartment at time 𝑡, 𝐴𝑚(𝑡).
t shows that an increase in 𝛼2 reduces the number of asymptomatic
ndividuals after one and half years of the disease outbreak. Fig. 5(c)
hows the effects of varying 𝛼2, the symptomatic compartment at time
, 𝐴𝑠(𝑡). It shows that an increase in 𝛼2 first increases the number of
ymptomatic individuals for one and half years and later reduces the
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Fig. 4. Effects of varying some parameters in the measles reproduction number simultaneously with memory order of 0.90.
number of symptomatic individuals after one and half years of the
disease outbreak. Fig. 5(d) shows the effects of varying 𝛼2 on, the
isolated or quarantined compartment at time 𝑡, 𝑄(𝑡). It shows that an
increase in 𝛼2 first increases the number of isolated or quarantined
individuals for two and half years and later reduces the number of
isolated or quarantined individuals after two and half years of the
disease outbreak. Fig. 6 shows the effect of varying the rate at which
individuals in the asymptomatic class become symptomatic, 𝛼2, and the
effect of varying the rate at which individuals in the latent class recover
from the measles, 𝛿1 on the first and second dose vaccinated individuals
respectively.

Fig. 6(a), 6(b), 6(c) and Fig. 6(d) indicate that an increase in these
(Rate at which individuals in the asymptomatic class become symp-
tomatic, 𝛼2 and the rate at which individuals in the latent class recover
from the measles, 𝛿1) parameters increase the number of vaccinated
individuals.

Fig. 7 shows the effect of memory on the 𝑆(𝑡), 𝑉1(𝑡), 𝑉2(𝑡), and 𝐿(𝑡),
respectively. Considering 𝜗 ∈ [0.90 ∶ 0.01 ∶ 1]. Fig. 7(a) shows that a
change in the memory index by 0.01 affects the number of suscepti-
ble individuals. This indicates that the number of healthy individuals
can be overestimated when considering the integer order within five
12
years of the disease outbreak. Fig. 7(b) suggests that the number of
individuals who receive the first dose of vaccine slightly increases for
the first year and afterward reduces. This memory dynamics shows that
individuals should be advised to go for the first dose of vaccination
after the first year of the measles outbreak in Ghana. Fig. 7(c) suggests
that the number of individuals who receive a second dose of vaccine
slightly increases for one and half years and afterward reduces. This
memory dynamics shows that individuals should be advised to go for
their second vaccination dose to reduce the intensity of the measles
outbreak in Ghana. Fig. 7(d) shows that a change in the memory index
by 0.01 affects the number of latent individuals for more than two
years before finally reducing. Fig. 8 shows the effect of memory on
the 𝐴𝑚(𝑡), 𝐴𝑠(𝑡), 𝑄(𝑡), and 𝑅(𝑡), respectively. Considering 𝜗 ∈ [0.90 ∶
0.01 ∶ 1]. Fig. 8(a) shows that a change in the memory index by 0.01
affects the number of asymptomatic individuals for three years before
finally reducing. Fig. 8(b) shows that a change in the memory index by
0.01 affects the number of symptomatic individuals for more than three
years before finally reducing in intensity. Fig. 8(c) shows that a change
in the memory index affects the number of quarantined individuals
for more than three years before any crisscrossing. Fig. 8(d) shows
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that a change in the memory index affects the number of recovered
individuals for almost four years before any crisscrossing effects set in.

6. Fractional optimal control of the measles model

Measles is a highly contagious disease that spreads swiftly when it
enters a population. Based on the PRCC plot in Fig. 3, the following four
control measures are implemented to lessen the disease spread. These
controls consist of media campaign, 𝑢1(⋎), first dose of measles vaccine,
𝑢2(⋎), second dose of measles vaccine, 𝑢3(⋎) and isolation centers for
treatment purposes, 𝑢4(⋎). Using the Caputo fractional derivative, the
Caputo optimal control equation (constraints) is given as,

𝐶𝜗
0,⋎𝑆(⋎) = (1 − 𝑚𝜗 − 𝑑𝜗)𝜋𝜗 − (1 − 𝑢1(⋎))𝛽𝜗𝑆

(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

− (𝜇𝜗 + 𝑢2(⋎) + 𝛾𝜗1 )𝑆,

𝐶𝜗
0,⋎𝑉1(⋎) = 𝑚𝜗𝜋𝜗 + (𝑢2(⋎) + 𝛾𝜗1 )𝑆

− (1 − 𝜏𝜗1 )(1 − 𝑢1(⋎))𝛽𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

− (𝜇𝜗 + 𝑢3 + (⋎)𝛾𝜗1 )𝑉1,

𝐶𝜗
0,⋎𝑉2(⋎) = 𝑑𝜗𝜋𝜗 + 𝑢3(⋎) + 𝛾𝜗1 𝑉1

− (1 − 𝜏𝜗2 )(1 − 𝑢1(⋎))𝛽𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝜏𝜗2 𝛿
𝜗
3 )𝑉2,

𝐶𝜗
0,⋎𝐿(⋎) = (1 − 𝑢1(⋎))𝛽𝜗𝑆

(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

+ (1 − 𝜏𝜗1 )(1 − 𝑢1(⋎))𝛽𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

+ (1 − 𝜏𝜗2 )(1 − 𝑢1(⋎))𝛽𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝛼𝜗1 + 𝛿𝜗1 )𝐿,

𝐶𝜗
0,⋎𝐴𝑚(⋎) = 𝛼𝜗1𝐿 − (𝜇𝜗 + 𝛼𝜗2 + 𝛿𝜗2 )𝐴𝑚,

𝐶𝜗
0,⋎𝐴𝑠(⋎) = 𝛼𝜗2𝐴𝑚 − (𝜇𝜗 + 𝜙𝜗

1 + 𝑢4 + 𝛼𝜗3 )𝐴𝑠,

𝐶𝜗
0,⋎𝑄(⋎) = (𝑢4 + 𝛼𝜗3 )𝐴𝑠 − (𝜇𝜗 + 𝜙𝜗

2 + 𝛼𝜗4 )𝑄,

𝐶𝜗
0,⋎𝑅(⋎) = 𝛿𝜗1𝐿 + 𝛿𝜗2𝐴𝑚 + 𝜏𝜗2 𝛿

𝜗
3𝑉2 + 𝛼𝜗4𝑄 − 𝜇𝜗𝑅.

(40)

With initial conditions 𝑆(⋎) ≥ 0, 𝑉1(0) ≥ 0, 𝑉2(0) ≥ 0, 𝐿(0) ≥ 0, 𝐴𝑚(0) ≥
0, 𝐴𝑠(0) ≥ 0, 𝑄(0) ≥ 0, 𝑅(0) ≥ 0. The optimal control model in (40) is
subject to the objective function

𝐽 (𝑢1, 𝑢2, 𝑢3) = 𝑚𝑖𝑛∫

𝑇

0

(

𝐵1𝐿 + 𝐵2𝐴𝑚 + 𝐵3𝐴𝑠 + 𝐵4𝑄 + 1
2
𝐶1𝑢

2
1 +

1
2
𝐶2𝑢

2
2

+1
2
𝐶3𝑢

2
3 +

1
2
𝐶4𝑢

2
4

)

𝑑𝑡, (41)

here 𝐵1, 𝐵2, 𝐵3, 𝐵4 are the weight constants related to the infected
easles population and 𝐶1, 𝐶2, 𝐶3, and 𝐶4 are the costs associated with

etting up isolation centers for treating infected individuals and the cost
f procuring or manufacturing measles vaccines comprising the first
ose and the second dose of the measles vaccine. To minimize the cost
unction, we determined the optional controls 𝑢⊙1 , 𝑢

⊙
2 , 𝑢

⊙
3 , 𝑢

⊙
4 such that.

(𝑢⊙, 𝑢⊙, 𝑢⊙, 𝑢⊙) = inf{𝐽 (𝑢 , 𝑢 , 𝑢 , 𝑢 )|𝑢 ∈ 𝑈},
13

1 2 3 4 1 2 3 4 𝑖
where 𝑈 = {(𝑢1, 𝑢2, 𝑢3, 𝑢4)|𝑢𝑖(𝑡) is Lebesgue measurable on the interval
[0, T], 0 ≤ 𝑢𝑖 ≤ 1, 𝑖 = 1, 2, 3, 4}. We used Pontryagin’s maximum princi-
ple to obtain the optimal control solution 𝑢1, 𝑢2, 𝑢3, 𝑢4 that minimizes the
objective function. The Hamiltonian of the Caputo fractional control is
obtained as

 = 𝐵1𝐿 + 𝐵2𝐴𝑚 + 𝐵3𝐴𝑠 + 𝐵4𝑄 + 1
2
𝐶1𝑢

2
1 +

1
2
𝐶2𝑢

2
2 +

1
2
𝐶3𝑢

2
3 +

1
2
𝐶4𝑢

2
4

+ 𝜆1

(

(1 − 𝑚𝜗 − 𝑑𝜗)𝜋𝜗 − (1 − 𝑢1(⋎))𝛽𝜗𝑆
(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

− (𝜇𝜗 + 𝑢2(⋎) + 𝛾𝜗1 )𝑆
)

+ 𝜆2

(

𝑚𝜗𝜋𝜗 + (𝑢2(⋎) + 𝛾𝜗1 )𝑆

− (1 − 𝜏𝜗1 )(1 − 𝑢1(⋎))𝛽𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

− (𝜇𝜗 + 𝑢3 + (⋎)𝛾𝜗1 )𝑉1

)

+ 𝜆3

(

𝑑𝜗𝜋𝜗 + 𝑢3(⋎) + 𝛾𝜗1 𝑉1

− (1 − 𝜏𝜗2 )(1 − 𝑢1(⋎))𝛽𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝜏𝜗2 𝛿
𝜗
3 )𝑉2

)

+ 𝜆4

(

(1 − 𝑢1(⋎))𝛽𝜗𝑆
(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+ 𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

+ (1 − 𝜏𝜗1 )(1 − 𝑢1(⋎))𝛽𝜗𝑉1

(

𝐴𝑚
1 + 𝜎𝜗𝑉1

+ 𝐴𝑠
1 + 𝜎𝜗𝑉1

)

+ (1 − 𝜏𝜗2 )(1 − 𝑢1(⋎))𝛽𝜗𝑉2

(

𝐴𝑚
1 + 𝜎𝜗𝑉2

+ 𝐴𝑠
1 + 𝜎𝜗𝑉2

)

− (𝜇𝜗 + 𝛼𝜗
1 + 𝛿𝜗1 )𝐿

)

+ 𝜆5

(

𝛼𝜗
1𝐿 − (𝜇𝜗 + 𝛼𝜗

2 + 𝛿𝜗2 )𝐴𝑚

)

+ 𝜆6

(

𝛼𝜗
2𝐴𝑚 − (𝜇𝜗 + 𝜙𝜗

1 + 𝑢4 + 𝛼𝜗
3 )𝐴𝑠

)

+ 𝜆7

(

(𝑢4 + 𝛼𝜗
3 )𝐴𝑠 − (𝜇𝜗 + 𝜙𝜗

2 + 𝛼𝜗
4 )𝑄

)

+ 𝜆8

(

𝛿𝜗1𝐿 + 𝛿𝜗2𝐴𝑚 + 𝜏𝜗2 𝛿
𝜗
3𝑉2 + 𝛼𝜗

4𝑄 − 𝜇𝜗𝑅
)

.

(42)

here 𝜆𝑖, i=1, 2, . . . 8, are the adjoined variables to be determined by
aking the partial derivative of the Hamiltonian with respect to the state
ariables 𝑆, 𝑉1, 𝑉2, 𝐴𝑚, 𝐴𝑠, 𝑄,𝑅. The optimal conditions of Eqs. (40) and
41) according to Caputo Fractional derivative are stated as follows

𝜗
0,⋎𝑆(⋎) =

𝜕
𝜕𝜆1

(⋎),𝐶 𝜗
0,⋎𝑉1(⋎)

= 𝜕
𝜕𝜆2

(⋎),𝐶 𝜗
0,⋎𝑉2(⋎) =

𝜕
𝜕𝜆3

(⋎),𝐶 𝜗
0,⋎𝐿(⋎) =

𝜕
𝜕𝜆4

(⋎),

𝐶𝜗
0,⋎𝐴𝑚(⋎) =

𝜕
𝜕𝜆5

(⋎),𝐶 𝜗
0,⋎𝐴𝑠(⋎) =

𝜕
𝜕𝜆6

(⋎),𝐶 𝜗
0,⋎𝑄(⋎)

= 𝜕
𝜕𝜆7

(⋎),𝐶 𝜗
0,⋎𝑅(⋎) =

𝜕
𝜕𝜆8

(⋎),

(43)

⋎𝐶 𝜗
𝑇 𝜆1(⋎) = − 𝜕

𝜕𝑆
(⋎),⋎𝐶𝜗

𝑇 𝜆2(⋎)

= − 𝜕
𝜕𝑉1

(⋎),⋎𝐶𝜗
𝑇 𝜆3(⋎) = − 𝜕

𝜕𝑉2
(⋎),⋎𝐶𝜗

𝑇 𝜆4(⋎) = − 𝜕
𝜕𝐿

(⋎)

⋎𝐶 𝜗
𝑇 𝜆5(⋎) = − 𝜕

𝜕𝐴𝑚
(⋎),⋎𝐶𝜗

𝑇 𝜆6(⋎) = − 𝜕
𝜕𝐴𝑠

(⋎),⋎𝐶𝜗
𝑇 𝜆7(⋎)

= − 𝜕
𝜕𝑄

(⋎),⋎𝐶𝜗
𝑇 𝜆8(⋎) = − 𝜕

𝜕𝑅
(⋎).

(44)

Theorem 6.1. Let the solutions of the state system be 𝑆⊙, 𝑉 ⊙
1 , 𝑉 ⊙

2 , 𝐿⊙, 𝐴⊙
𝑚 ,

𝐴⊙
𝑠 , 𝑄

⊙, 𝑅⊙ and the specified optional controls are 𝑢1, 𝑢2, 𝑢3, 𝑢4. Then there
exists the following adjoints 𝜆 , 𝑖 = 1, 2,… , 8 that satisfies
𝑖
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⋎𝐶 𝜗
𝑇 𝜆

⊙
1 (⋎) = (𝑢1 − 1)𝛽𝜗

(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+

𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

(𝜆⊙1 − 𝜆⊙4 )

+ 𝜆⊙1 (𝜇
𝜗 + 𝑢1 + 𝛾𝜗1 ) − 𝜆⊙2 (𝑢2 + 𝛾𝜗1 ),

⋎𝐶 𝜗
𝑇 𝜆

⊙
2 (⋎) = (𝑢1 − 1)(𝜏𝜗1 − 1)𝛽𝜗

(

𝐴𝑚

1 + 𝜎𝜗𝑉1
+

𝐴𝑠

1 + 𝜎𝜗𝑉1

)

(𝜆⊙4 − 𝜆⊙2 )

− 𝜆⊙3 (𝑢3 + 𝛾𝜗4 )

+ (𝑢1 − 1)(𝜏𝜗1 − 1)𝛽𝜗𝑉1

(

𝐴𝑚𝜎𝜗

(1 + 𝜎𝜗𝑉1)2
+

𝐴𝑠𝜎𝜗

(1 + 𝜎𝜗𝑉1)2

)

(𝜆⊙2 − 𝜆⊙4 )

+ 𝜆⊙2 (𝜇
𝜗 + 𝑢3 + 𝛾𝜗4 ),

⋎𝐶 𝜗
𝑇 𝜆

⊙
3 (⋎) = (𝑢1 − 1)(𝜏𝜗2 − 1)𝛽𝜗

(

𝐴𝑚

1 + 𝜎𝜗𝑉2
+

𝐴𝑠

1 + 𝜎𝜗𝑉2

)

(𝜆⊙4 − 𝜆⊙3 )

+ 𝜆⊙3 (𝜇
𝜗 + 𝜏𝜗2 𝛿

𝜗
3 ) − 𝜆⊙8 𝜏

𝜗
2 𝛿

𝜗
3

+ (𝑢1 − 1)(𝜏𝜗2 − 1)𝛽𝜗𝑉2

(

𝐴𝑚𝜎𝜗

(1 + 𝜎𝜗𝑉2)2
+

𝐴𝑠𝜎𝜗

(1 + 𝜎𝜗𝑉2)2

)

(𝜆⊙3 − 𝜆⊙4 ),

⋎𝐶 𝜗
𝑇 𝜆

⊙
4 (⋎) = 𝜆⊙4 (𝜇

𝜗 + 𝛼𝜗1 + 𝛿𝜗1 ) − 𝜆⊙5 𝛼
𝜗
1 − 𝜆⊙8 𝛿

𝜗
1 − 𝐵1,

⋎𝐶 𝜗
𝑇 𝜆

⊙
5 (⋎) =

(𝑢1 − 1)𝛽𝜗𝑆
(𝜖𝜗1𝐴𝑚 + 1)2

(𝜆⊙1 − 𝜆⊙4 )

+ (𝑢1 − 1)(1 − 𝜏𝜗1 )
(

𝛽𝜗𝑉1
1 + 𝜎𝜗𝑉1

)

(𝜆⊙2 − 𝜆⊙4 ) − 𝜆⊙6 𝛼
𝜗
2

+ (𝑢1 − 1)(1 − 𝜏𝜗2 )
(

𝛽𝜗𝑉2
1 + 𝜎𝜗𝑉2

)

(𝜆⊙3 − 𝜆⊙4 ) + 𝜆⊙5 (𝜇
𝜗 + 𝛼𝜗2 + 𝛿𝜗2 )𝜆

⊙
6 𝛿

𝜗
2 − 𝐵2,

⋎𝐶 𝜗
𝑇 𝜆

⊙
6 (⋎) =

(𝑢1 − 1)𝛽𝜗𝑆
(𝜖𝜗2𝐴𝑠 + 1)2

(𝜆⊙1 − 𝜆⊙4 )

+ (𝑢1 − 1)(1 − 𝜏𝜗1 )
(

𝛽𝜗𝑉1
1 + 𝜎𝜗𝑉1

)

(𝜆⊙2 − 𝜆⊙4 ) − 𝜆⊙7 (𝑢4 + 𝛼𝜗3 )

+ (𝑢1 − 1)(1 − 𝜏𝜗2 )
(

𝛽𝜗𝑉2
1 + 𝜎𝜗𝑉2

)

(𝜆⊙3 − 𝜆⊙4 )

+ 𝜆⊙6 (𝜇
𝜗 + 𝜙𝜗

1 + 𝑢4 + 𝛼𝜗3 ) − 𝐵3,

⋎𝐶 𝜗
𝑇 𝜆

⊙
7 (⋎) = 𝜆⊙7 (𝜇

𝜗 + 𝜙𝜗
2 + 𝛼𝜗4 ) − 𝜆⊙8 𝛼

𝜗
4 − 𝐵4

⋎𝐶 𝜗
𝑇 𝜆

⊙
8 (⋎) = 𝜆⊙7 𝜇

𝜗.

(45)

The optimality requirement is satisfied by the controls 𝑢⊙1 , 𝑢
⊙
2 , 𝑢

⊙
3 , 𝑢

⊙
4

𝑢⊙1 = sup
{

0, inf
(

1,−
1
𝐶1

)}

,

𝑢⊙2 = sup
{

0, inf
(

1,
𝑆 (𝜆⊙1 − 𝜆⊙2 )

𝐶2

)}

,

⊙
3 = sup

{

0, inf
(

1,
𝑉1 (𝜆

⊙
2 − 𝜆⊙3 )
𝐶3

)}

,

⊙
4 = sup

{

0, inf
(

1,
𝐴𝑠 (𝜆

⊙
6 − 𝜆⊙7 )
𝐶4

)}

,

where

1 =𝜆
⊙
4

(𝑉1𝛽𝜗
(

𝜏𝜗1 − 1
)(

𝐴𝑠 + 𝐴𝑚
)

𝑉1𝜎𝜗 + 1
−

𝑆𝛽𝜗
(

𝐴𝑚𝐴𝑠𝜖𝜗1 + 𝐴𝑚𝐴𝑠𝜖𝜗2 + 𝐴𝑠 + 𝐴𝑚
)

(

𝐴𝑚𝜖𝜗1 + 1
)(

𝐴𝑠𝜖𝜗2 + 1
)

+
𝑉2 𝛽𝜗

(

𝜏𝜗2 − 1
)(

𝐴𝑠 + 𝐴𝑚
)

𝑉2𝜎𝜗 + 1

)

−
𝑉1𝛽𝜗𝜆

⊙
2
(

𝜏𝜗1 − 1
)(

𝐴𝑠 + 𝐴𝑚
)

𝑉1 𝜎𝜗 + 1
−

𝑉2𝛽𝜗 𝜆
⊙
3
(

𝜏𝜗2 − 1
)(

𝐴𝑠 + 𝐴𝑚
)

𝑉2𝜎𝜗 + 1

+
𝑆 𝛽𝜗

(

𝐴𝑚 𝐴𝑠 𝜖𝜗1 + 𝐴𝑚𝐴𝑠𝜖𝜗2 + 𝐴𝑠 + 𝐴𝑚
)

(

𝐴 𝜖𝜗 + 1
) (

𝐴 𝜖𝜗 + 1
)
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𝑚 1 𝑠 2 e
Proof. From Eqs. (42), (43), and (44) we obtained the adjoint equa-
tions as follows

⋎𝐶𝜗
𝑇 𝜆

⊙
1 (⋎) = − 𝜕

𝜕𝑆
(⋎) = (𝑢1 − 1)𝛽𝜗

(

𝐴𝑚

1 + 𝜖𝜗1𝐴𝑚
+

𝐴𝑠

1 + 𝜖𝜗2𝐴𝑠

)

(𝜆⊙1 − 𝜆⊙4 )

+ 𝜆⊙1 (𝜇
𝜗 + 𝑢1 + 𝛾𝜗1 )

− 𝜆⊙2 (𝑢2 + 𝛾𝜗1 ),

⋎𝐶𝜗
𝑇 𝜆

⊙
2 (⋎) = − 𝜕

𝜕𝑉1
(⋎) = (𝑢1 − 1)(𝜏𝜗1 − 1)𝛽𝜗

(

𝐴𝑚

1 + 𝜎𝜗𝑉1
+

𝐴𝑠

1 + 𝜎𝜗𝑉1

)

× (𝜆⊙4 − 𝜆⊙2 ) − 𝜆⊙3 (𝑢3 + 𝛾𝜗4 )

+ (𝑢1 − 1)(𝜏𝜗1 − 1)𝛽𝜗𝑉1

(

𝐴𝑚𝜎𝜗

(1 + 𝜎𝜗𝑉1)2
+

𝐴𝑠𝜎𝜗

(1 + 𝜎𝜗𝑉1)2

)

(𝜆⊙2 − 𝜆⊙4 )

+ 𝜆⊙2 (𝜇
𝜗 + 𝑢3 + 𝛾𝜗4 ),

⋎𝐶𝜗
𝑇 𝜆

⊙
3 (⋎) = − 𝜕

𝜕𝑉2
(⋎) = (𝑢1 − 1)(𝜏𝜗2 − 1)𝛽𝜗

(

𝐴𝑚

1 + 𝜎𝜗𝑉2
+

𝐴𝑠

1 + 𝜎𝜗𝑉2

)

× (𝜆⊙4 − 𝜆⊙3 ) + 𝜆⊙3 (𝜇
𝜗 + 𝜏𝜗2 𝛿

𝜗
3 ) − 𝜆⊙8 𝜏

𝜗
2 𝛿

𝜗
3

+ (𝑢1 − 1)(𝜏𝜗2 − 1)𝛽𝜗𝑉2

(

𝐴𝑚𝜎𝜗

(1 + 𝜎𝜗𝑉2)2
+

𝐴𝑠𝜎𝜗

(1 + 𝜎𝜗𝑉2)2

)

(𝜆⊙3 − 𝜆⊙4 ),

⋎𝐶𝜗
𝑇 𝜆

⊙
4 (⋎) = − 𝜕

𝜕𝐿
(⋎) = 𝜆⊙4 (𝜇

𝜗 + 𝛼𝜗
1 + 𝛿𝜗1 ) − 𝜆⊙5 𝛼

𝜗
1 − 𝜆⊙8 𝛿

𝜗
1 − 𝐵1,

⋎𝐶𝜗
𝑇 𝜆

⊙
5 (⋎) = − 𝜕

𝜕𝐴𝑚
(⋎) =

(𝑢1 − 1)𝛽𝜗𝑆
(𝜖𝜗1𝐴𝑚 + 1)2

(𝜆⊙1 − 𝜆⊙4 )

+ (𝑢1 − 1)(1 − 𝜏𝜗1 )
(

𝛽𝜗𝑉1

1 + 𝜎𝜗𝑉1

)

(𝜆⊙2 − 𝜆⊙4 ) − 𝜆⊙6 𝛼
𝜗
2

+ (𝑢1 − 1)(1 − 𝜏𝜗2 )
(

𝛽𝜗𝑉2

1 + 𝜎𝜗𝑉2

)

(𝜆⊙3 − 𝜆⊙4 )

+ 𝜆⊙5 (𝜇
𝜗 + 𝛼𝜗

2 + 𝛿𝜗2 )𝜆
⊙
6 𝛿

𝜗
2 − 𝐵2,

⋎𝐶𝜗
𝑇 𝜆

⊙
6 (⋎) = − 𝜕

𝜕𝐴𝑠
(⋎) =

(𝑢1 − 1)𝛽𝜗𝑆
(𝜖𝜗2𝐴𝑠 + 1)2

(𝜆⊙1 − 𝜆⊙4 )

+ (𝑢1 − 1)(1 − 𝜏𝜗1 )
(

𝛽𝜗𝑉1

1 + 𝜎𝜗𝑉1

)

(𝜆⊙2 − 𝜆⊙4 )

− 𝜆⊙7 (𝑢4 + 𝛼𝜗
3 )

+ (𝑢1 − 1)(1 − 𝜏𝜗2 )
(

𝛽𝜗𝑉2

1 + 𝜎𝜗𝑉2

)

(𝜆⊙3 − 𝜆⊙4 )

+ 𝜆⊙6 (𝜇
𝜗 + 𝜙𝜗

1 + 𝑢4 + 𝛼𝜗
3 ) − 𝐵3,

⋎𝐶𝜗
𝑇 𝜆

⊙
7 (⋎) = − 𝜕

𝜕𝑄
(⋎) = 𝜆⊙7 (𝜇

𝜗 + 𝜙𝜗
2 + 𝛼𝜗

4 ) − 𝜆⊙8 𝛼
𝜗
4 − 𝐵4,

⋎𝐶𝜗
𝑇 𝜆

⊙
8 (⋎) = − 𝜕

𝜕𝑅
(⋎) = 𝜆⊙7 𝜇

𝜗.

(46)

The optimal controls 𝑢1, 𝑢2, 𝑢3, 𝑢4 are also obtained by equating 𝜕
𝜕𝑢𝑖

=
0, 𝑖 = 1, 2, 3, 4, and making the 𝑢𝑖’s the subject, where 𝑖 = 1, 2, 3, 4. □

.1. Numerical simulation of Caputo optimal control model

We studied the trajectory dynamics of the proposed Caputo frac-
ional optimal control model. The fractional optimal solution is com-
uted using a forward–backward scheme with the predict-evaluate-
orrect-evaluate (PECE) approach of Adams–Bashforth–Moulton, as de-
cribed by Rosa et al. [58] in their numerical study of fractional optimal
ontrol of respiratory syncytial virus infection. In our numerical simula-
ions, we take into account the following initial conditions and weight
alues: The initial values are as follows: 𝑆(0) = 33 422 824, 𝑉1(0) =
0 000, 𝑉2(0) = 600, 𝐿(0) = 200, 𝐴𝑚(0) = 0, 𝐴𝑠(0) = 32 246, 𝑄(0) =
, 𝑅0 = 0, 𝐵1 = 5;𝐵2 = 1;𝐵3 = 5;𝐵4 = 1;𝐶1 = 2;𝐶2 = 2;𝐶3 =
;𝐶4 = 2, with a fractional order of 𝜗 = 0.90. The corresponding
arameter values are given in Table 3. We assumed that our ultimate
ime for the numerical simulation would be 𝑇 = 5 years because the

orld Health Organization’s goals for most diseases are typically fixed
or five-year periods [58]. Fig. 9 shows the fractional optimal control
ffects of the media campaign and isolation centers for treatment on
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Fig. 5. The effect of varying the rate at which individuals in the asymptomatic class become symptomatic, 𝛼2.
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the 𝐴𝑚(𝑡), 𝐴𝑠(𝑡), 𝑄(𝑡), and 𝑄(𝑡), respectively. As shown in Fig. 9(a),
9(b), 9(c), 9(d), the introduction of media campaigns and isolation
centers for treatment as controls causes a decrease in the number
of infected individuals. Fig. 10 shows the fractional optimal control
profiles, thus considering media campaigns and isolation centers for
treatment. It is noticed that to achieve the said numerical trajectories,
as seen in Fig. 9(a), Fig. 9(b), Fig. 9(c), and Fig. 9(d), it is advisable to
maintain media campaign control and isolation centers for treatment at
an intensity of 88% for four years six months and 100% for five years
respectively before lowing these two controls intensities.

Fig. 11 shows the fractional optimal control effects of first dose
vaccine and second dose vaccine on the 𝐴𝑚(𝑡), 𝐴𝑠(𝑡), 𝑄(𝑡), and 𝑄(𝑡),
respectively. As shown in Fig. 11(a), 11(b), 11(c), 11(d), the introduc-
tion of first dose vaccine and second dose vaccine as controls causes
a decrease in the number of infected individuals. Fig. 12 shows the
fractional optimal control profiles, thus considering the first and second
doses. It is noticed that to achieve the said numerical trajectories, as
seen in Fig. 11(a), Fig. 11(b), Fig. 11(c), and Fig. 11(d), it is advisable
to maintain first dose vaccine and second dose vaccine at an intensity of
85% for five years and 100% for five years respectively, before lowing
these two controls intensities. Fig. 13 shows the fractional optimal
control considering media campaigns, first-dose vaccines, second-dose
15

t

vaccines, and isolation centers for treatment on the 𝐴𝑚(𝑡), 𝐴𝑠(𝑡), 𝑄(𝑡),
and 𝑄(𝑡), respectively. As shown in Fig. 13(a), 13(b), 13(c), 13(d),
he introduction of media campaigns, first-dose vaccines, second-dose
accines, and isolation centers for treatment as controls causes eradica-
ion of the number of infected individuals. Fig. 14 shows the fractional
ptimal control profiles, thus considering media campaigns, first-dose
accines, second-dose vaccines, and isolation centers for treatment. It
s noticed that to achieve the said numerical trajectories as seen in
ig. 13(a), Fig. 13(b), Fig. 13(c), and Fig. 13(d), it is advisable to
aintain media campaign, first dose vaccines, second dose vaccines

nd isolation centers for treatment at an intensity of 98%, 85%, 100%,
nd 100% for five years respectively for media campaign 𝑢1, first dose
accines 𝑢2, second dose vaccines 𝑢3 and isolation centers for treatment
4, throughout the simulation time.

. Conclusion

We demonstrated the effectiveness of Caputo fractional optimal con-
rol analysis in understanding and managing measles outbreaks using
eal-world data. By employing fractional calculus techniques, we devel-
ped a comprehensive compartmental model that accurately captures
he complex dynamics of measles transmission, accounting for factors
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Fig. 6. The effect of varying the rate at which individuals in the asymptomatic class become symptomatic, 𝛼2, and the effect of varying the rate at which individuals in the latent
class recover from the measles, 𝛿1.
uch as waning immunity and heterogeneous population interactions.
hrough numerical simulations and sensitivity analyses, we identified
ptimal control strategies that effectively minimize disease burden
hile considering practical constraints such as vaccination resources,

solation centers for treatment purposes, and media campaigns. We
btained the measles disease-free equilibrium point and the measles
eproduction number and also proved that the proposed fractional
odel is stable using the Ulam–Hyers stability analysis. The sensitivity

nalysis of the model indicates the most sensitive parameters in the
easles reproduction number. Leveraging the sensitivity analysis using

atin hypercube sampling and three-D plots, we formulated an optimal
ontrol model using Pontryagin’s maximum principle. Our findings
ighlight the importance of adaptive and data-driven disease control
nd management approaches. By leveraging actual epidemiological
ata, we were able to tailor control strategies that are more robust
nd efficient in mitigating measles outbreaks. Moreover, fractional
alculus provides a flexible framework for modeling and analyzing
nfectious disease dynamics, allowing for a more accurate representa-
ion of memory effects and non-local interactions inherent in epidemic
rocesses. Extending this analysis to other contagious diseases and
onsidering dynamic socio-demographic factors would contribute to a
ore comprehensive understanding of epidemic dynamics and inform

he development of proactive public health policies.
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Fig. 7. Effect of memory on the 𝑆(𝑡), 𝑉1(𝑡), 𝑉2(𝑡), and 𝐿(𝑡), respectively. Considering 𝜗 ∈ [0.90 ∶ 0.01 ∶ 1].
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Fig. 8. Effect of memory on the 𝐴𝑚(𝑡), 𝐴𝑠(𝑡), 𝑄(𝑡), and 𝑅(𝑡), respectively. Considering 𝜗 ∈ [0.90 ∶ 0.01 ∶ 1].
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Fig. 9. Fractional optimal control effects of media campaign and isolation centers for treatment on the 𝐴𝑚(𝑡), 𝐴𝑠(𝑡), 𝑄(𝑡), and 𝑄(𝑡), respectively. Considering 𝜗 = 0.90.

Fig. 10. Fractional optimal control profiles considering media campaign and isolation centers for treatment, with 𝜗 = 0.90.
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Fig. 11. Fractional optimal control effects of first dose vaccine and second dose vaccine on the 𝐴𝑚(𝑡), 𝐴𝑠(𝑡), 𝑄(𝑡), and 𝑄(𝑡), respectively. Considering 𝜗 = 0.90.

Fig. 12. Fractional optimal control profiles considering first dose and second dose vaccines only, with 𝜗 = 0.90.
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Fig. 13. Fractional optimal control effects of all four controls on the 𝐴𝑚(𝑡), 𝐴𝑠(𝑡), 𝑄(𝑡), and 𝑄(𝑡), respectively. Considering 𝜗 = 0.90.
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R

Fig. 14. Fractional optimal control profiles considering media campaign, first dose vaccines, second dose vaccines and isolation centers for treatment, with 𝜗 = 0.90.
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