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Abstract

This thesis is an extensive exposition and review of the paper "Approximation methods of
common fixed point of non-expansive mappings in a Hilbert space" in which the author,
PaulEmile Mainge proposed two numerical approaches to solving this problem by implicit and
explicit viscosity like-methods. The study as obtain in the thesis was the strong convergence
results of the implicit anchor-like algorithm and the explicit procedure for approximating the
common fixed point of countable infinite family of non-expansive self-mappings. This thesis
basically details the proofs of the main theorem of Paul’s paper as well as detailed exposition
of the mathematics involved in it. Detailed proofs of subsidiary results leading up to the proof
of the main theorem of Paul’s paper are also discussed. Finally, the main theorem of the
paper is also demonstrated in a series of lemmas.
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Chapter 1

Introduction

We give an highlight on the theory of fixed points of mappings in a general metric space, with
a few historical remarks. Details of iterative methods for approximating a fixed point of
nonexpansive mapping on a closed convex subset of a Banach space is discussed in the second
section. Particular emphasis is laid on detailed proofs of subsidiary results leading up to the
proofs of the main theorem of Paul’s paper.

1.1  Fixed Point Theory

Many problems arising in different areas of mathematics, such as optimisation, variational
analysis and differential equations can be modelled by the equation

Tx =X, (1.2)

where Tis a non-linear operator on any set X into itself. The solutions to (1.1) are called fixed
points of T. Now for a solution to (1.1) to be meaningful, the set X must allow for continuity
and separation of points and both notions are captured in the concept of a complete metric
space. Let X be a non-empty set and d : X xX = R=p. Assume that for all x,y and z in X we have
the following conditions:

1. d(xy) =0.
2. d(xy) =0ifandonlyif x=y.

3. d(xy) =d(yx).

4. d(xy) <d(x2)+d(zy).

Then we call d a metric on X, and X together with d is called a metric space (X,d). Given a
metric space (X,d), a countable sequence of elements {x»}r>1is a Cauchy sequence if for every
€ > 0, there exists a positive integer N(€) such that for all natural numbers m,n > N, we have



d(xmxn) < €. A metric space containing the convergent points of all its Cauchy sequences is
termed as a complete metric space. The set of real numbers is a typical example.

A self-map T on a complete metric space (X,d) is uniformly continuous on the space if for every
€ >0, there exists a real number 6 > 0, such that whenever d(xy) < 6, then d(Tx,Ty) < € for all
x,y € X. Given a complete metric space (X,d), the most well-studied types of self-maps are
referred to as Lipschitz mappings (or Lipschitz maps, for short), which are given by the metric
inequality

d(Tx,Ty) < cd(xy), (1.2)

where ¢ > 0 is a real number, usually referred to as the Lipschitz constant of T. The important
property of (1.2) is that they are uniformly continuous. Thus, for any sequence {xn}n>1
converging to x in X, we have d(Txs Tx) = 0 as n — . Lipschitz mappings also maps bounded
sets to bounded sets. That is, if T is a Lipschitz mapping and C is a subset of the domain on
which T acts, then supremum norm of T on Cis a finite number.

Now for technical and historical reasons, we classify Lipschitz mappings (1.2) into three
categories, thus

1. Contraction mappings, that is ¢ < 1.

2. Non-expansive mappings, that is c = 1.

3. Expansive mappings, that is ¢ > 1.

The fixed point theory of Lipschitz mappings in metric spaces is centred on these two basic
well-posed enquiries:

e Existence and Uniqueness of fixed points and

e Algorithms or lterative Schemes for approximating such fixed points

This thesis focuses non-expansive type of Lipschitz mappings. These mappings are defined by
the mathematical expression

d(Ty,Tx) < d(y,x) (1.3)



where d is a metric. In some situations, existence of fixed points of the mapping T as defined
in (1.3) may not be guaranteed in the space under consideration. For example, if T: R - R
given by Tx = x+k where k 6= 0 is any number, then T has no fixed point. In other words, the
set of fixed point of a nonexpansive map T may be empty or closed and convex as shown in
Lemma 2.0.10. In situations where the fixed point of a nonexpansive map may not exist, then
we must assume additional conditions on T or the underlying space to ensure the existence
of fixed points. The famous fixed point theorem for nonexpansive maps were given by
(Browder, 1965a), (Kirk, 1965) and (Gohde, 1965) independently in 1965. The following books
also cover a good deal of fixed points theorems Agarwal et al. (2001); Granas and Dugundji
(2013); Border (1989) and Rus (2001); Singh et al. (2013). These theorems are not true in
general when extended to arbitrary continuous functions in infinite dimensional spaces. For
instance if Bis a unit ball in an infinite dimensional Hilbert Space and T: B — B is a continuous
function, then T need not to have a fixed point. This was presented and analysed by (Kakutani
et al., 1941). The first fixed point theorem in an infinite dimensional Banach Space was also
given by (Schauder, 1930). Brouwer (1912) also presented and analysed a famous fixed point
theorem in 1912.

Fixed points of nonexpansive mappings are generally not unique. Brouwer (1912) presented
and analysed that if T: B — B is a continuous function and B is a ball in R", then T has a fixed
point. This theorem simply guarantees the existence of a solution, but gives no information
about the uniqueness of the solution. For instance, if T: [0,1] = [0,1] is given by Tx = x?, then
T(0) = 0 and T(1) = 1, that is T has two fixed points which clearly demonstrates the non-
uniqueness of fixed points. That is, fixed point problems of nonexpansive mappings in general
are ill-posed and as such additional information must be imposed on the space or T to ensure
uniqueness of fixed point. In Hilbert spaces (in general strictly convex reflexive spaces or
weakly compact subsets of Banach spaces), adding information by means of projections can
‘regularize’ the fixed point problem as in (Maingé, 2007) so that a unique solution is achieved.
Fixed points problems of contraction mappings defined in Definition 15 always exist and it is
unique due to the Banach contraction principle as proved by (Banach, 1922). The most
important feature of the Banach Contraction principle is that it gives the existence and
uniqueness of a fixed point of a contraction mapping, which can be approximated by the
Picard iterative sequence xn+1 = Txn. Concerning the fixed point approximation problem, the
sequence of Picard iterates {T"x} := T"-1(Tx) strongly converges for contractions on complete
metric space unlike in nonexpansive mappings. This is a very useful result and it has been
applied in the determination of the existence and uniqueness of many results in analysis and
economics (see for instance, Border (1989) and Freeman (1976)).

Fixed point theory is a fascinating subject, with an enormous number of applications in
various fields of mathematics and engineering. In number of situations, one may need to find
a common fixed point of a family of mappings. In practice, a modification may be needed to



turn the problem into a fixed point problem. For instance, in finding solution to a first-order
differential equation defined under suitable conditions, one can modify the problem into a
contraction mapping and therefore, by the Banach Contraction Theorem, has a unique
solution in the space within which the differential equation is defined (see for instance Picard
(1890) and Lindelof (1894)). The fixed point problem has extensively been applied to various
types of linear and non-linear problems such as equilibrium problems (see Tang and Chang
(2009)), proximal point algorithm (see Solodov and Svaiter (2000)), convex optimisation and
minimisation problems (see Takahashi (2000) and Takahashi (2009)) and variational
inequalities (see Haugazeau (1968) and Blum and Oettli (1994)).

In practice, finding an exact closed form of a solution to a fixed point problem is almost a
difficult task. For this reason, it has been of particular importance in the development of
feasible iterative methods for approximating fixed points of a nonexpansive mapping. For
instance, Bruck (1983) and Chidume (2009) analysed the asymptotic behaviour of
nonexpansive mappings in Hilbert and Banach spaces.

1.2 Iterative algorithms for nonexpansive mappings

If T is a contraction defined on a complete metric space X, then the Banach contraction
principle Banach (1922) states that for any x € X, the Picard iteration {T"x}*s=1 converges
strongly to the unique fixed point of T unlike in nonexpansive mappings where certain
conditions must be imposed on T to ensure the existence of fixed points of T and even where
a fixed point exists, the sequence of iteration in general do not converge to the fixed point.
In particular case where T is firmly nonexpansive, Picard iteration does not converge assuming
existence of fixed point as analysed and presented in (Goebel and Reich, 1984). The study of
iterative methods for approximating fixed points of a nonexpansive mapping T have been
studied extensively in the last decades and are still the focus of a host of research. The most
relevant progresses are mainly based on two types of iteratives algorithms: Mann/Ishikawa
and Halpern iterations.

Basically, the iterative schemes for nonexpansive mappings can be put into three types
namely:

¢ Implicit Iterative Methods

¢ Explicit Iterative Methods and



* Projection/Hybrid Methods

1.2.1 Implicit Iterative Methods

Sangago (2011) proposed and studied an Implicit Iterative Algorithm for approximating the
fixed point of a non-expansive mapping. His iterative scheme is as follows:

Xn = 0nXn-1+B8nT(Xn-1)+YnT(Xn), n=1 (1.4)

where ap,+8,+yn=1and 0 < infy,< supy,< 1. The above (1.4) converges weakly to a fixed point
of the non-expansive map T. The references, Browder (1965b) and Reich (1994) can also be
consulted for implicit iterative schemes for approximating a fixed point of a non-expansive

mapping.

1.2.2  Explicit Iterative Methods

An example of the explicit method is the Mann iteration Mann (1953) which is an algorithm
defined by the recursive scheme

Xn+1=(1=an)Xn +anTXn, nz=0. (1.5)

where xois an arbitrary point in the domain of T usually a closed convex subset and
{an} € [0,1] with the assumption that limn- a,= 0 and Zan = oo, For n = 1, we have that xyis
oo n=1

contained in the domain of T for that fact T is a self-map. Reich (1979) presented and analysed
that if the space under consideration is uniformly convex and has a Frechet differentiable

norm, T has a fixed point and that Zan(l - an) = oo, the sequence {x,} defined by (1.5)

n
converges to the fixed point of T. In an infinite-dimensional space, the Mann iteration cannot
have a strong convergence as it was presented by (Genel and Lindenstrauss, 1975). These
references Browder (1965b),Falset et al. (2001) and Ishikawa (1976) can also be consulted for
the convergence of the Mann iteration.

Another explicit method is the Halpern iteration initially due to (Halpern, 1967) is defined by
the recursive scheme

Xn+1 = anu+(1_an)TXn, nz O. (1.6)



where we have xoand u to be arbitrary points in the domain of T and {a,} € [0,1] with the
following impositions:

e limap=0. noeo

L4 zan = oo, n=1

Oy

. O +1
e Either Z|C¥n

—-an+1| < o or

Ilmn—)oo n=0

Strong convergence for (1.6) can be proved given that the underlying space is smooth enough
as presented in the following references (Wittmann, 1992), (Suzuki, 2007), (Reich, 1994) and
(Reich, 1980; Xu, 2002). The strong convergence for (1.6) is not that clear if the underlying
space is not smooth. Strong convergence for (1.5) and (1.6) are both guaranteed for all closed
convex subset of a Hilbert space. Halpern demonstrated that for a Hilbert space, the first two
assumptions above are necessary; but whether or not they are sufficient is not resolved.

1.2.3 The Projection Methods

Haugazeau (1968) initially proposed the projection method which was later developed by
(Solodov and Svaiter, 2000). Takahashi et al. (2008) developed special type of the projection
called the Shrinking Projection Method which was used by (Kimura, 2014). The Shrinking
Projection Method can be described by the algorithm:

yn = anXnp+(1=an)Txn
6n = {z€C:|lyn—2z|| < ||xn—2||}, C a closed convex
subset
Cn+1 = 6nNGCy
Xn+l =
Pc..1x0

where Pcq1xo is the metric projection of the arbitrarily chosen point xoin C := C1 onto the
closed convex set Cp+1. Strong convergence for the above algorithm is always guaranteed for
all closed convex subsets of a Hilbert space with the assumption that limsupa, < 1.

n—eo



1.3  Scope and Structure of Thesis

In this thesis, we study and make an extensive review of the paper Maingé (2007) by Paul-
Emile Mainge titled "Approximation methods for common fixed points of non-expansive
mappings in Hilbert spaces".

The structure of the thesis is as follows:

Chapter 1: Introduction

Chapter 2: Preliminary Results

Chapter 3: Main Results

Chapter 4: Conclusion

e References

As an extensive review of Maingé (2007), the Introduction highlights on related literatures on
the subject within which the paper under study is reviewed; more importantly, the study of
iterative algorithms which is central to the main result of Paul’s paper. The Preliminaries
section elucidate and contain detailed proofs that were used in the paper under review.
Chapter 3 gives us the breakdown on the extensive review of Paul’s paper. That is, in this
chapter we study and analyse the strong convergence of the two proposed iterative
algorithms employed in Paul’s paper for finding specific common fixed point of infinite
countable families of non-expansive self-mappings in a real Hilbert space. Under suitable
conditions imposed on the involved parameters, we study the convergence in norm of x:(as
t — 0) defined by (3.2) and that of (x») (as n = =) defined by (3.3) to the unique fixed point
of the map Pso C. The conclusion gives us a summary of Paul’s paper.

There have been several viscosity-like methods for finding common fixed points of
nonexpansive operators. Most of them are iterative processes for approximating common
fixed points of finite families of non-expansive mappings (even for more general operators
such as asymptotically non-expansive or quasi non-expansive mappings) in Hilbert or Banach
spaces. These implicit or nonimplicit algorithms have been investigated by several authors
such of which can be found in Lions (1977), Wittmann (1992), Bauschke (1996) and Zhou and
Chang (2002).



Chapter 2

Preliminary Results

In this chapter, we introduce all mathematical tools that will be used in the proof of our main
theorem and discussion. As a result, we give some basic concepts in Hilbert space and outline
the proofs of various lemma’s, propositions and theorems that will be used in the main work.

Definition 1. (Vector or linear Space)

A vector space X over a scalar field K (R or C) is the set of elements called vectors together
with two operations. The first operation is addition which associates any two vectors x,y € X
with a vector x+y € X, the sum of x and y. The second operation is scalar multiplication which
associates with any vector x € X and any scalar a a vector ax € X; the scalar multiple of x and
a. The set X and the operations of addition and scalar multiplication are to satisfy the
following axioms:

1. Xis an abelian group. That is, for all x,y,z € X, then,
* x+y = y+x (Commutative law).
o (x+y)+z = x+(y+z) (Associative law).
e There is a null vector 0 € X such that O+x = x.

* Vx € X,3 : (-x) € X such that x+(-x) = 0.

N

. A(x+y) = A x+A -y, VAEK

3. (a+6B)x=a-x+8 xVa,B6 €K

Y

. (aB)x=a(B -x)Va,B8 € K.

5. 1x=x, 1ekK



Definition 2. (Normed Linear Space)

A norm on a (real or complex) vector space X is a function || - ||: X = [0,2°) such that for all
xy € X,A € K, the following conditions are satisfied:

1. || x[|=0ifand only if x = 0.

2. || Ax ||=| A ||| x || for every scalar A € K (homogeneity).

3.0l x+y Il x|l + ||y || (triangle inequality).

A linear or vector space with a norm defined on it is called a Normed Linear Space. A Banach
Space is a complete normed linear space (complete in the metric defined by the norm).

Definition 3. (Inner product space, Hilbert Space)

An inner product (scalar product) on a vector space X is a mapping h-,:i : X xX —— C, C the set

of complex numbers with the properties that, for all vectors x,y,z € X and scalars A € C, the
following conditions are satisfied:

1. hxxi is nonnegative.

2. hxxi=0ifandonly if x=0.

3. haxyi = ahxyi.

4. hxyi = hy,xi (complex conjugation).

5. hx+y,zi = hx,zi+hy,zi.

Such a vector or linear space X is called an inner product space (or a unitary space or a pre-
hilbert space) which is denoted by (X,h-,-i). Consequently, an inner product space X is complete

if every Cauchy sequence in X converges to an element of X. A complete inner product space
is called a Hilbert Space.

Remark 2.0.1. In a real vector space, property (4) of the inner product space means symmetry.
That is,

hx,yi = hy,xi



Lemma 2.0.2. (The Cauchy-Schwarz Inequality)
Suppose a Hilbert (or, generally, any inner product) space H, then
| hx,yi |2< hx,xihy,yi,

for all x,y € H. The equality occurs if and only if x and y are linearly dependent. Proof.
If y =0, then hx,0i = 0 and the inequality is true. Assume y 6= 0 and that

__wy)
a .

Clearly a is a complex number since hxyi is a complex number and hy,yi is a real number.
Then we have,

0< (x+ayx+ay) = (x,x+ay)+{(ay,x+ay)
= (x,x) + (x,ay) + (ay,x) + (ay,ay)
= (5x) +ax,y) +a(yx)+ayay)
= (x,x)+alx,y)+ (y,x)—i—a(ay,)
= (0x)+alx,y)+aly,x) +aaly.y)
= (vx)+axy)+a(.x)+lal (yy)
ey W) (x,y) - 557 {jre
o) bwﬂ’w 0M<JHW () 03)
L _2(y) | (x,) 2
S g | s
~ xx_ﬂ@ﬂ?l@ﬁ?
S
) | (x,y) [2
R .
So we have that,
e P
0= n - o)

[ P < xx) (3hy)
[y | < V)V ()

| hxyi |2 < hxxihy,yi as desired.

Proposition 2.0.3. On a pre-hilbert space X, the function Phx,xi is a norm.
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Proof. We show that Phyx xi satisfies the axioms of Definition 2.

1. Since hx,xi is nonnegative, then clearly, Phxxi is also nonnegative.

2. Assume x = 0, then clearly we have that Phx xi = 0. Conversely, if Phxxi = 0, then clearly,

x=0.

3. For a € C, we have that

(ax,ax) = +/a(x,ax)
= \/aa(x,x)
= y/lal?{x,x)
= la|v/(x.x)

4.
hx+y,x+yi = hxx+yi+hy x+yi

hx,xi+hx,yi+hy,xi+hy,yi

hx,xi+2Rehx,yi+hy,yi
By Lemma 2.0.2, we obtain

(6, x) +2Re| (x,y) |+ (v,3)

(6,2) + 24/ 06,207/ 0,0 + O y)
(V {x,x)+ v/ (0, 0)°

Taking the square roots on both sides, we obtain

(x+y,x+y)

IA A

pp phx+yx+yi< hxxi+ hyyi (sub-additivity of norm).
This complete the proof. ]

Proposition 2.0.4. (The Parallelogram Law)
In a Hilbert (or generally, any inner product) space H, we have the identity

[x+y 121 x=y112 = 2(1 x|+ y11%),

forall x,y € H.

Proof. From Proposition 2.0.3, we have that,

11



[x+ylIP+Ix=ylI? = hx+yx+yithx-yx-yi

= hxx+yi+hy,x+yi+hx,x—-yi-hy,x-yi

= hxxi+hxyi+hy,xi+hy,yi+hx,xi—-hx,yi-hy, xi+hy,yi
= 2hxxi+2hy,yi

= 2||x|[*+2]lylI?

= 2(|Ix[1>+|ly]]®)  as desired.

]
Proposition 2.0.5. In a real Hilbert (or generally, any inner product) space H, we have the
identity
| Ix+y[|2=2hy,x+yi = |[x]|*~|[y]]%
forall xy € H
Proof. By Proposition 2.0.3, we have that
||x+y||?=2hy,x+yi = hx+y,x+yi—2hy,x+yi.
By Definition 3, the above equations becomes;
||x+y||?-2hy,x+yi = hx+y,x+yi-h2y,x+yi
= hx+yxi+hx+y,yi-h2y,xi-h2y,yi
= hxxi+hyxi+hxyi+hy,yi-2hy, xi-2hy,yi
= |Ix||*+2hxyi-2hxyi+||y||*-2||y]|?
= ||x||*>~|ly||? as desired.
]

Definition 4. A set K in a linear vector space is said to be convex if, given x1,x2 € K, all points of
the form ax1+(1-a)xo with0O <a < 1 are in K.

Proposition 2.0.6. Let T be an arbitrary collection of convex sets. Then Tie K is convex.

Proof. Let C = TyecK. If Cis empty, then the proposition is trivially proved. Let’s assume that
x1,X2 € Cand select a, 0 < a < 1. Then x3,x2 € K for all K € T, and since K is convex, axi1+(1-a)x:
€ K for all K € t. Thus, axi1+(1-a)x; €C and Cis convex. []

12



Definition 5. (Fixed point)

Let f: X —— X be a map of metric space to itself. A point x € X is called a fixed point of f if f(x)
= X.

Definition 6. Let H be a real Hilbert Space and D be a subset of H. Then the mapping T :
D-—-Dis

e nonexpansive if ||Ty=-Tx|| < ||ly-x|| =~ Vxy €D.
The set of fixed points of the nonexpansive operator T is given as Fix(T) := {x € D|Tx =

x}.
e quasi-nonexpansive if ||Ty=x|| < ||y—x|| Vy€Dand x € Fix(T).

Lemma 2.0.7. All nonexpansive mappings with a fixed point are quasi-nonexpansive.

Proof. From the definition of nonexpansive mapping, we have,

Ty=Tx]| < [ly=x]|.

Now if x is a fixed point of T, thus, Tx = x, then the above definition reduces to

| Ty=Tx|| = ||Ty-x|| < |ly-x||  as desired.
[]

Proposition 2.0.8. For any nonexpansive self mapping T : D — D, where D is a subset of a real
inner product space such that Fix(T) 6= {0/} and for all (p,x) € Fix(T)xD, we have,

|| Tx=x||? < 2hx-Tx,x- pi Vp EFix(T), VxE€ED.

Proof. For every non-expansive mapping T with Fix(T) 6= {0/}, then from Lemma 2.0.7, we
have,

|1x=pl1?= ||Tx= p|]?

= |[(Tx=x)+(x- p)II?
= ||Tx-x]|*+||x- pl|*+2hTx-xx- pi,

so that

lIx=pl |22 || Tx=x||*+||x- p|[>+2hTx-xx- pi.
Simplifying the above gives:

13



|| Tx=x||2+2hTx-xx-pi <O
[|Tx-x||> < -2hTx-xx- pi
< 2hx-Tx,x— pi as desired.
]
Proposition 2.0.9. In a real Hilbert Space H, a nonexpansive mapping T on a subset S of H is
equivalently defined by the following inequality
hTy-Tx+y-x, Ty—Tx=y+xi <,

forall x,y €S.

Proof. Using the fact that for every nonexpansive mapping, || Tv-Tx ||<]|| y-x ||, then we have
that,

[l Ty-Tx |1?- || y-x |[>< 0.
let a = Ty-Tx and b = y—x. Then we obtain:
[| a [|>=|] b ||>= ha,ai-hb,bi < 0. (2.1)
Again, we have,

(2.2)
ha+b,a-bi = ha,ai-ha,bi+hb,ai-hb,bi.

Since in a real Hilbert space, ha,bi = hb,ai, then (2.2) reduces to

ha+b,a-bi = ha,ai-hb,bi < 0. (2.3)
Since a = Ty-Tx and b = y—x, then from (2.3), we have that,

hTy-Tx+y—-x,Ty-Tx-y+xi < 0, as desired.
]

Lemma 2.0.10. If a nonexpansive mapping T is defined on a closed convex subset C of a real
Hilbert space, thus T :C —— H, then the set of fixed points of T, Fix(T) = {x €C : Tx = x} is also
convex and closed.

Proof. Let u and v be fixed points of T. Then we must show that x = au +(1 -a)v for a € [0,1)
is a fixed point, that is, Tx = x. By Proposition 2.0.9, we obtain,

hTu-Tx+u—-x,Tu-Tx-u+xi < 0. (2.4)

14



hTv-Tx+v—-x,Tv—-Tx-v+xi < 0. (2.5)

Since u and v are fixed points of T, then (2.4) and (2.5) reduce to

hu-Tx+u-x,u=Tx—-u+xi = h2u—(Tx+x),x=Txi < 0. (2.6)
hv=Tx+v—-x,v=Tx-v+xi = h2v—(Tx+x),x-Txi < 0. (2.7)

Multiply (2.6) by a and (2.7) by 1-a to obtain
h2au—-a(Tx+x),x-Txi < 0. (2.8)
h2(1-a)v-(1-a)(Tx+x),x-Txi < O. (2.9)

Adding (2.8) and (2.9) gives
h2au+2(1-a)v-a(Tx+x)-(1-a)(Tx+x),x-Txi < 0
h2x-Tx—x,x—Txi < 0 hx-Tx,x-Txi < 0.

But by Definition 3, inner product are nonnegative, so we have,

0<hx-Txx-Txi<O,

so that by the squeeze theorem, we have x—Tx = 0 which implies Tx = x, showing that the set
of fixed points of T is convex.

Now we show that the set of fixed point of T is also closed. Let {z,} be a sequence of fixed
points of T and let z be its limit. We show that z is a fixed point of T. We have that

l|zn =Tz|| = ||Tzn ~T2|| < |20 ~2|].
This implies that,
lim||zo=Tz|| =0 since |[|zn-z|| = 0. noe
and consequently z,— Tz. But we have that z,— z and so by the uniqueness of limit, we

have that Tz = z which shows that z is a fixed point of T, proving the fact that the set of fixed
points of Tis closed. []

Theorem 2.0.11. (Minimizing Vector)

(1) Let H be a Hilbert Space and let C 6= {0/} be a closed convex subset of H. For every x € H,
there exist a unique y €C which is closest to x, in the sense that, || x=y || is minimised, that
is

d(xC) =|| x=y ||= inf{|| x-z ||: z €C}. (2.10)

(2) If the above C is a closed subspace Y of H, then x-y is orthogonal to Y, thus, (x-y) LY.

Proof. (1) Existence:
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If x € C, then (2.10) holds with y = x. Otherwise if x 6€ C, let {y»} € Cbe a minimizing sequence,
that is, by the definition of infimum, there is sequence {y.} in C such that || x-y» ||— d(x,C).
Now we show that y,is Cauchy.

From Proposition 2.0.4, we have,

I

lx+y P+ x=yIP=2(x P+ 2]?) =l x—y[P=2|x [P 2|y [P = | x+¥ []*,

Then we have,

|| Yn = Ym Hz = || (3 —%) = (ym =)
= 2||yn—x H2 +2 ||ym—x||2 — || On —2x) + (ym —x) H2
= 2||lyn—x H2 +2 ||ym—x||2 - Hy”erm—Ztz

n + 2
= 2”y"—x|2+2Hym—xH2‘H2(bLE&E_x>H

I

Yn+ Yn 2
= 2130 x| +2 [l 3m—x |2 =4|| "5 x|

Now since Cis convex and the fact that every convex set contains it midpoint, it follows that
yn+ym [y +ym [ =
eC (, )< —X
and consequently, » S = || 2 H dxC N
since d(x,C) is the smallest distance
2 between x and the set C.

Thus,

yn=yml|>< 2 [| yn=x [|>+2 || ym —x ||> =4d(x,C)*.
As n,m —— oo, we obtain:

[lyn=ym||? <  2d(x,C)?+2d(x,C)*-4d(x,C)>?
[lyn=ym||> -— 0 as nm-— oo,
Hence y, ECis a Cauchy sequence. Now since the setC is closed (complete), then y,converges
say yn—— y €C. Since y €C and x €6 C, we have that d(x,C) < ||x-y||.
Also,
Hx=yIl < [Ix=ynl|+[lyn=y[| == d(x,C).

This shows that ||x-y|| = d(x,C).

Uniqueness:
Let suppose y and "y are elements of C that satisfies (2.10). Then by the parallelogram law,
we have
ly=3IF = [[0=x)—F-x)|P
2|y =l +2l[f x> = [0 —2) + FT—»)|

v 2
— 2d(x,C)*+2d(x,C)? — 4( % _x

16



y+}_’ Iy—+y [l

Since 2 €C=dxC)< HT —x||.

Thus,
[ly-v~1|? < 2d(x,C)*+2d(x,C)>*-4d(x,C)* = 0.

Hence y = y~, proving the uniqueness of the element of C that satisfies (2.10).

(2) We prove by contradiction. Let assume (x—y) LYis not true. Then

hx-y,y1i=66=0 forsome yi€EY.

. Let z = x—y. Clearly, y1 6= 0 since otherwise hzyii = 0. For any scalar a,

l|z-ay1||* = hz-ayy,z-ayii
= hz,z-ayii-hayi,z-ayii

= hzzi-a™ hz,yii-a[hyy,zi-a™ hyy,yii]

=hzzi-aB” —a[6_ —-a” hyyyii] since 8 = hz,yii.
o= P

Take (»1,31). Then the above equation becomes,

lz—aw|* = (z2)— -
v1,31)

[il&

I|z||* =
Vi)

2
< |
2
= [lx=yl|
= d(x,C)%from (1).
But this is impossible because we have z-ay; = x—(y+ay1)= x-y> Where y, =(y+ay1)€

Y because Y is a subspace and so d(xC) < ||z—ayi||. Therefore, ||z-ayi|| < d(xC) is a
contraction and hence (x-y) LY. [l

Definition 7. (weak and strong convergence)
A sequence {xn}n=1 weakly converges in a normed or Banach space X to a point x € X if for all f
€ X*, we have the inequality

lim f(xn) = f(x), noee

where f is a continuous linear functional in the dual space X* of X.

17



In a Hilbert space H, by the Riesz Representation Theorem, weak convergence of the sequence
{xn}nz1to x is thus equivalent to the statement that

hx,yi—-— hxyi as n-— oo,
for some unique y € H.

It is denoted by xn * x or xp, =" X.

On the otherhand, a sequence {xn}n=1in a normed or Banach space X converges strongly to a
point x € X if

||Xn=x|| == 0 as n-— oo
It is denoted by x,—— x.

Proposition 2.0.12. Let X be a normed linear space. Suppose that {xn}n=1 € X converges
strongly to x with x € X. Then for some unique y € X, we have that x, * x. Thus, a strongly
convergent sequence implies a weakly convergent sequence.

Proof. Suppose that x, == x, then we have that

1% =y|1? = hxn =y,xn =yi == | |x=y||?
|1xa] 12+ 1y11*=2hxnyi == hx=y,x=yi |[x]|*+||y||*-2hxn yi -—
hx-y,x-yi hx xi+hy,yi-2hx,yi —— hx-y,x-yi.

Rearranging now gives us

2hxn,yi —— hxxi+hy,yi—-hx-y,x-yi
2hxp,yi —— 2hx,yi hx,yi —— hxyi

as desired.

O

Remark 2.0.13. The converse of Proposition 2.0.12 is not generally true when extended to an
infinite dimensional space. Let’s consider the sequence of unit vectors, (en)seN in a Hilbert
space H. Then for x € H, we have
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(Bessel inequality),

2 2
Y| enrd | <114l
n

where equality holds when {en} is a Hilbert space basis. Since the series above converges, it
corresponding sequence must go to zero. Therefore,

|hen,xi|? - 0.
That is,

hen,xi — 0.

which implies e, =" 0. However, (en)neN doesn’t converge strongly to 0 because ||e,-0|| = 1

foralln €N.

Definition 8. A subset M of a metric space X is said to be

1. dense in X if for any point x in X, any neighbourhood of x contains at least one point from
M. Thus, M has non-empty intersection with every non-empty open subset of X.
Equivalently, the subset M of X is said to be dense in X if the closure of M is X.

2. nowhere dense in X if its closure M has no interior points (M does not contain an open
ball).

3. of the first category in X if M is the union of countably many nowhere dense sets in X.
That is,

M~ UA’C, Ax nowhere dense in  X.
k=1

4. of the second category in X if M is not of the first category in X.

Theorem 2.0.14. (Baire Category Theorem)
If a metric space X 6= {0/} is complete, then is of the second category in itself. Equivalently, if

X 6={0/} is complete and X — [Ak, Aiclosed, then at least one Axcontains a non-empty open
k=1
set (or open ball).
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Proof. Suppose that the complete metric space X 6= {0/} is of the first category. Then
X~ UMk, where My nowhere densein X
k=1

We construct a Cauchy sequence pk.

e Mjis nowhere dense implies that, it closure, M1 does not contain a non-empty open
ball
but X containsso M;

6=X. This implies it complement must be open. That is IVI? :X\I\/h
_ V7 I
is non-empty and open. So 3p: € M1 and an open ball 81 = Bi(p1.&1) C My, & <3

* M;is nowhere dense implies that, it closure M, does not contain an open ball. This

£
__ calso implies M, does not contain the open ball glr1, ?])_2 NB(p1, %)
and this implies M _is non-empty and open and as a result we may

=B(ps.€ (Fr‘lB .ﬂ). &<
choose an open ball in this set B> 28] C(M0B(p:, 7)), & <3

e By induction we obtain a sequence of balls;

1
Bk = B(pweEk), €K< 2—«-

such that £

and  Bi+1C B(pr, —*) € By,

BxkNMk=0/ 2 k=1,2,..
1
e Since kK ™ 2, the sequence (px) of centres is Cauchy. Thus,

Since & = %, the seq (px) of Cauchy. Th

m_l 1 1_ 1
) _28m<2'2m_2m+1 s
eforn > _NEN s 0

>m=d(pp,pm) <

as m —— oo,

Since X'is complete then px—— p € X.

Ei‘.'?
e Also for n > m we have B,“ B(pm, 7) so that
€

2
md __ as

£
(Pmsp) < d(pm,pn) +d(pap) < f +d(pn.p) —

n — oo,

Now this impliesthatp € B, Vm=1,2,..
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Since Bm C I\;m, then p €6 Mpm since Bm NMpm = {0/}. But we also have that p € X
which contradict p 6€ M. Hence X 6= {0/} is of the second category.

]

Theorem 2.0.15. (Uniform boundedness principle)

Let {T;} be a family of continuous linear operators from Banach Space X to a normed linear
space Y. If for all x € X, there is an Mx= 0 for which ||Ti(x)|| £ Mxfor all T, then there is a K 2
0, such that for all T, we have

1Tl < k.

Proof. Suppose that for every x in the Banach Space X, one has:

TiCA] < Mix.

For every integer n € N, let

An={x€X: ||T(|| < n}.

The set Anis a closed set since T;* are continuous. Then by the assumption that X is complete,
we have that,

[
An=X 6={0/}.

neN

Then from Theorem 2.0.14, the interior of Anois non-empty for some no = 1. That is for some
Xo € X and r > 0, we have B(xo,r) C Ano. The set of points in B(xo,r) is equivalent to the set of
points of the form xo+zr where z € B(0,1) such that

|| Ti(xo+rz)|| < no.

So for z € X with ||z]|| < 1, we have that,

1
T@)|| = ~|Tio+r2) =T
el rH (%0 +72) = Ti(xo)l by the linearity of T;

< = (lITo+ )l + 1T o))

1
<(no*||Ti(xo)[[) r
no.
<+Mxo. r

Taking the supremum over z in the unit ball of X, we have,
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no
sup [ITiA[ = [ITill = — +Mxw=K.

r
llzl1=1

That ends the proof.

Proposition 2.0.16. Every weakly convergent sequence in a Hilbert Space is bounded.

2 . .
Proof. Let I> be the set of real number sequences {a»} such thatX @, < Let ha,yi = ha,yi
for some a € I>and for all y € 2. We want to show that ||an|| is bounded. Now for each n €

N, we define linear operator (in fact linear functional)

Tn:h—-— C:y7- hyani.

Thus,

Ta(y) = hy,ani.
By Lemma 2.0.2, it follows that

|Tn (V)] = [hy,ani| < [|an][[]y]]

But we have that,

|T"

(v)]
|| Thl| = sup

<ty Nl

06=y€h
so that
[ Tnl| < [lan]-

On the otherhand, we have that,

|Tn(an)| = hanani = ||an||*

But we also have that,
HY;TH = sup ‘7;1(61”)‘ > ’Tﬂ(an” _ IICIIIH2
0#a,cl? ||a”|| HanH ||(lnH’

so that

[ITnl[ 2 [an]].

From (2.11) and (2.12), it follows that

22
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[ Tal[ = [lan]]. (2.13)
Now for y € I, then by the our assumption, we have that,

limTxs(y) = lim hy,ani = ha,yias n — ©9, pooo

n—eo

This means that the sequence {Tn(y) : n € N} is convergent and as the consequence is
bounded. Since it is bounded, then for each y € /,, we have

sup{|Ta(y)| : n € N} < +oo,
Then from Theorem 2.0.15, it follows that,

sup{||Ta|| : n € N} < +oo,

So using (2.13), we conclude that {||axs|| : n € N} is bounded. O

Lemma 2.0.17. If x, * x and y, —— y, then in real Hilbert space, we have

th,yni == hX,yl.

Proof. We want to show that |hx,,y,i-hxyi| =—— 0.
[hxn, yai—hx,yi| = |hxn, yni—hxg, yi+hx,yi-hx,yi|

= |hxn,yn —yi+hx, —x i
< |hxn,yn —yi|+|hx, —x,yi| (triangle inequality).

By Lemma 2.0.2, we obtain,

[hxn,yri=hxyi| < |[xa| [|lyn =yl |+hxnyi=hxyi].

Since xp * x, then from Proposition 2.0.16, we have that sup||xs|| = D < eo, and also y,—— y
== ||yn-y|| == 0 as n ——= o=. So we have,

[hxn,yni-hx yi] < Dllyn=yll+|hxpyi-hxyi
-— 0+0 as n--ee
Hence the proof is complete. ]

Theorem 2.0.18. (Demiclosedness principle)
Suppose T is a nonexpansive mapping defined on a weakly closed subset S of a real Hilbert
space H. Then if x,—Tx,—— 0 but x, * x, then Tx = x, thus x is a fixed point of T.

23



Proof. We know that a nonexpansive mapping in a real Hilbert space is equivalent to (from
Proposition 2.0.9),
hTy-Tx+y-x,Ty—-Tx-y+xi < 0.

Replacing y by x,, we obtain,
hTxn =Tx+Xn =X, TXn —TX—Xn +xi < 0.

Now since x, * x and x, — Tx, —— 0, then we have that Tx, * x since x, — Tx, * 0 by
Proposition 2.0.12. So we have the following:

h(Txn +xn)=(Tx+x),(Txn —=xn)—(Tx-x)i < 0.

Since the term Tx + x is fixed, we have that (Tx, + x,) — (Tx + x) is weak likewise (Tx»,
-Xn)—(Tx—x) is strong since (Tx-x) is also fixed. Hence as n —— oo, then by Lemma 2.0.17, we
have,

hx-Tx,x-Txi < 0.

Since by Definition 3, inner product are nonnegative, we have that

0 <hx-Txx-Txi<O,

which implies
X-Tx=0==> Tx=x,

showing that x is a fixed point of T. ]

Definition 9. (Countable Set)

A countable set is an infinite set that has a bijection with the natural numbers. That is, we
assign to each element of the set, a unique natural number, generally starting from 1 and
proceeding upwards. So we have that, the set of natural numbers by definition, are countable
since each natural number corresponds to itself.

Lemma 2.0.19. The union of countably many countable sets is a countable set.

Proof. Let the countably many sets be denoted by

51,5,,53,....

We assume that there is a countable infinite number of sets and that each set itself is
countably infinite. Consider the union

s=JSi=Siusus;u....

i=1
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of these sets. To show that it is countable, we must put it into a bijection with N. Suppose

a set Sjhas elements

ai1,a;2,a;3,....
Then we can arrange the elements of the union of the sets in a doubly-infinite array:

aill a1z agi13 Qqi4
a1 Q422 023 Q24
a3l 432 0433 Q434
aal  a42 @43 aa4

We create a bijection by counting each element as we follow the arrows:

11 - 012 a13 - 014
%

a21 a22 a23

I %

a31 a32

a41

In other words, we have the pairing:

all @12 @21 @31 Q22 Q13 Ql4
1 1 1 1 1 1 1

1 2 3 4 5 6 7

]
Lemma 2.0.20. The set Z of integers is countable.
Proof. We exhibit Z as a countable union of countable sets.
Z={123,..}u{0}u{-1,-2,-3,...}.
Hence by Lemma 2.0.19, we have that the set Z of integers is countable. 0

Lemma 2.0.21. The set of rational numbers is countable.

Proof. Let Q be the set of rational numbers. For n a positive integer, let Q, be the set of those

mn
rational numbers expressible with the denominator n. Thus Quis the set of all numbers »,m
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ranging over all integers coprime to n. Hence we have that each of the sets Qs clearly in
bijection with set of integers which is countable set. Then by Lemma 2.0.20, Qs countable.
Since Q is the union of the sets Qn,,n =1,2,3,..., it follows from lemma 2.0.19 that Q is countable.

]

Definition 10. (Denseness)

A set D is said to be dense in a normed linear space X if for each element x € X and € > 0, there
exist d € D with ||x—d|| < €. That is, if D is dense in X, there are points of D arbitrarily close to
each x € X. Thus given x, a sequence can be constructed from D which converges to x.

Definition 11. (Separability)
A normed linear space is separable if it contains a countable dense set.

Lemma 2.0.22. The space %, thus the space of square summable is a separable space.

Proof. Let L € I?the set of square summable sequence of rational numbers. That is,

L= {(gn)n>1,9 € O, quzr < °°}_

n=1

Let fix a basis eg,ey,... in L. let L =1 denote the direct sum symbol. Then we have

L = qie1tqrex+qgses+..
L = MQ
n=1

This implies that L is the countable union of countable sets and so by Lemma 2.0.19, L is a
countable set.

It remains to show that L is dense in /2. To do this, let x € I> where

X = (Sn)n=1 Where ShER.

(m)
Then for each n, let r, (sequence) be a fraction to the mth decimal place of S,. Then let’s define
the sequence

= (J",(?m)) € L
Xm m=1 .

Let also fix the basis e, ey,...enin xm. Then,

(m)

lim xm :mlim—ern en
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m—oo
nz1

m)
= Y limr}, en
m—oeo

n=1

= ZSnEn n=1
= (Sn)nZl

=X

Therefore, the space I is a separable space. L]

Theorem 2.0.23. The closed linear span of every sequence in a Hilbert space is separable.

Proof. Let {xn}n=1 be the sequence. If the vectors x, are orthogonal, then

span(xn) = Zrnxn, meR
nz1
Xn =
n >1rn||xn] |- ||
Xn||.
Xn
Since has a unit norm and the fact that all the x, are orthogonal, then we can identify all
[|Xnl|
—Xn
the as an orthonormal basis vectors for the space and as a result the above now reduces
|1xn]
to e
span(x,) =
rol o] |-€n
= ¥ =nén
vyhere
T = I x|
Xn
Since the basis vectors, en= _____ are countable, then we have
[1Xnl|
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span(x,) =P

Therefore, by Lemma 2.0.22, we have that span(xy) is separable.
If {xn} are not orthogonal, then by the Gram-Schmidt orthogonalisation theorem, we can find
an orthogonal sequence {xn}n>1 (possibly smaller in cardinality to {x»}n=1) such that

0
span(x,) = span(xn)

Then by Lemma 2.0.22, we have that span(x») is separable. (]

c l2.

Definition 12. A set S in an inner product space E is called an orthogonal set if hx,yi =
0 Vxy€Sx6=0y6=0. The setS is orthonormal if it is an orthogonal set and ||x||=1 Vx €
S.

Lemma 2.0.24. (Pythagorean Theorem) In a Hilbert (or, generally, any inner product) space
H, we have the identity

[x+y112 = X1+ Iyl 1%

provided x is orthogonal to y, that is, hx,yi = 0.

Proof.
[Ix+y|]? = hx+yx+yi
=  hxx+yi+hy,x+yi
= hxxi+hxyi+hy,xi+hy,yi
= |Ix]|>+]IylI%
which gives the Pythagorean Theorem. ]

Definition 13. Consider a Hilbert space H and a given subset S of H. The set of all vectors
orthogonal to S is denoted by S+, that is orthogonal complement of S and is defined by
St={x€Hhxsi=0 Vs € S}.

Lemma 2.0.25. SLis a closed vector subspace of H.

Proof. We show that Stis a subspace. Let s1,52 € S1,a,8 scalars and z € S. Then hasi1+8s,,zi =
ahsy,zi+6 hsy,zi = 0 Vz € S. Hence, asi1+68s; € S*. Therefore, St is a subspace of H.

We now show that Stis closed. Let{Sn }n—1 be a sequence in Stsuch that s, — sas n — oo,
We show that s € SL. For all z € S, we have
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|hs,zi| = [h(s=5n)+sn,zi|
= |hs—sp,zi+hsy,zi|
L
= |hs-sp,zi| since  ($.2) =0.5, €S7,z€S,

Applying Lemma 2.0.2 to the above equation, we obtain
[hs,zi| < |[s=sal|l|2]|
— 0 since sp—s.

This implies that hs,zi = 0 Vz € S. Hence s € SL. Therefore, Stis a closed subspace of H. [

Definition 14. Let E be a vector space. Then E is said to be the direct sum of two subspaces
M and N of E, written

E=M @GN,

if each x € E can be represented uniquely as x = m+n where m € M and n € N.
Theorem 2.0.26. Let Y be a closed subspace of Hilbert space H. Then

H=Y @Y~

Proof. Let x € H, be arbitrary. Then by (1) of Theorem 2.0.11, there exist a unique vector y €Y
such that

lx=yll < lIx=2|| ~ vz€Y.

Also by (2) of Theorem 2.0.11, we have that (x-y) €YL. So let n = x—y €YL. But

X = y+(x=y) = y+n, y€Y and neYL

Then by Definition 14, we show that the representation x = y+n is unique. Let suppose that

X =y1+ny, yi€Y and ni€YL

is another representation of x. Then we have that,

y+n =yitny,

so that
(y1-y)+(n1-n) =0, (2.14)

where y1-y €Y and  ni-n€YL
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Hence,

(yi-y) L (n-n). (2.15)

Hence by Lemma 2.0.24, we have that

0 = [|(ya=y)+(m=n)||*= |lya-yl|>*In1=n]||?,

implying that
llyi-yl| =0 2nd llm=nf[=0.
Hence,
yi=y and ni=n.
establishing the uniqueness of the representation and hence proving Theorem 2.0.26. u

Theorem 2.0.27. (Schechter, 1971)

Let H be a Hilbert space and let H* denote it dual space consisting of all continuous (bounded)
linear functionals from H into field R or C. If x (unique) is an element of H, then the bounded
linear functional f, for all y in H defined by

fy) = hy,xi,

where h-,-i denotes the inner product of the Hilbert space is an element of H*. That is, the
theorem states that every element of H* can be written uniquely in this form. Moreover, ||f]|

[x1]-

Proof. Let Y ={x € H : f(y) = 0}. Then from Definition 13, Y is a closed subspace of H. Since by
definition, the closed subspace Y is nonempty, then we have that Y = {0}. By Theorem 2.0.26
of direct sum, we have

ASKa oy 0 VR = {0}

(a) If Y=H, then we are done since we can take x € H as x = 0 and f(y) = hy,0i = 0 is satisfied.
(b) If Y 6= H, let z €Y+ arbitrary. Then,

f(2) 6=0.
Let y € H be arbitrary and let
fy)
u=y- 7. (2.16)
f(2)
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Now applying f on (2.16), we obtain

fy)
fly=  fy)- —-f(2

f2)
fly=" f-fy)=0

implying that u €Y. So we have that hu,zi = 0. Next, we take the inner product of (2.16) with
z to obtain

f(@)7
L}’) =hy,zi- hzzi.
f@)
This implies that,
fy)
hy,zi = _ hzz
f@)
*+
f@) fz)
f(y) = _hy,Zi = Y, z
hz, zi hz,zi

where

> (f(Z))Z_M_Z
X (z,2) (z,2) |, zevyL isarbitrary.

This shows that x is independent of the choice of z €YY,

f(z) x
=z, hz,zi

Unigqueness: Suppose that

fy)=hyzi=hyzii Vy€eH.

We show that z = z1. But we have that, Then we have that

hyzi-hy,z1i = 0
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hy,z-z1:i = 0 Vy€eH.
Now for special y = z-z1, we have

0

hz-z1,z-z1i

0=>z=z1 as
desired.

||z=21]]?

Now we show that ||f]| = ||x]|.
Given f(y) = hy,xi = |f(y)| = |hyxi| < [|yl|||x|| by Lemma 2.0.2. But we have that

il sup YO ol
omen DL~ I
so that
AL < [Ix]]- (2.17)

Again we have that ||x||? = hxxi = f(x) < |[f(x)].
But we also have,

FOAl - x|
|1Al] = sup 2 =Ixll,
o6=xen [|x]| [Ix]|
so that
[AL = [Ix]]- (2.18)
By (2.17) and (2.18), we have that ||f]| = ||x|| as desired. O]

Lemma 2.0.28. All bounded monotone sequence converge.

Proof. Let (an) be a bounded nondecreasing sequence. Let S denote the set {an: n € N}. Since
(an) is bounded, then its supremum exist so we let b = supS. Again, since b = supS, then for €
> 0, b—€ cannot be an upper bound for S. This implies that there is a corresponding N such
that an > b—€. Since we have that a,is nondecreasing, for all n > N, an > b-¢. But (an) is
bounded, so we have b—¢ < a, < b. But this implies that |a, —b| < €. So lima, = b which n—eo
implies anconverge. [

Lemma 2.0.29. Every sequence has a monotonic subsequence.

Proof. First, the nth term of a sequence is dominant if it is greater than every term following
it. So for the proof, we note that a sequence (an) may have finitely many or infinitely many
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dominant terms. Now, let suppose that (an) has infinitely many dominant terms. Form a
subsequence (an) solely of dominant terms of (a,). Then we have that agnwi < amk by
definition of “dominant”. Hence (an) is a decreasing (monotone) subsequence of (an). For
the second case, let’s assume that our sequence (an) has only finitely many dominant terms.
Select n1 such that niis beyond the last dominant term. But since niis not dominant, there
must be some m > ni1such that am > ani. Select this m and call it n,. However, n;is still not
dominant, so there must be an n3 > n; with an; > an; and so on, inductively. The resulting
sequence

ai,apas,....

is monotonic (non-decreasing). This complete the proof. [l

Theorem 2.0.30. (Bolzano and Berg, 1979)
Every bounded sequence of real numbers has a convergent subsequence.

Proof. By Lemma 2.0.29, it has a monotonic subsequence. Again by Lemma 2.0.28, the
subsequence converges. [

Theorem 2.0.31. (Royden et al., 1988)

Let X be a separable normed space and {T,} a sequence in its dual space X* that is bounded,
that is, there is an M = 0 for which

[To()| <M -|Ifll  VFEX andall n. (2.19)
Then there is a subsequence {Tn} of {Tn} and T in X* for which

imTa(f) = T()  VfEX

k—eo

Proof. Let i j'o:l be a countable subset of X that is dense in X. We infer from (2.19), that the
sequence of real numbers {T,(f1)} is bounded. Then by Theorem 2.0.30(Bolzano Weierstrass),
there is a strictly increasing sequence of integers {s(1,n)} and a1 for which

liMmTs(2,n)(f1) = a1. noee

Again, from (2.19), we conclude that the sequence of real numbers Ts(1,n)(f2) is bounded and
again by Theorem 2.0.30, there is a subsequence {s(2,n)} of {s(1,n)} and a number a; for
which
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limTs2n)(f2) = a2 V.

n—oo

We inductively continue this process or selection to obtain a countable collection of strictly

increasing sequences of natural numbers {{S(j’”)}}.f:l and a sequence of real numbers {a;}
such that for each j, {s(j+1),n} is a subsequence of {s(j,n)} and

limTs(;n) (f}) = @j. n—eo

For each index k, define nx= s(k,k). Then for each j, {nk};o:k is a subsequence of {s(jk)} and
hence, we have

limTw(f;) = a;
k—oo

Since every convergent sequence is Cauchy, then the above implies that {T.(f)} is a Cauchy
sequence for each fin a dense subset of X. That is, | Ta(f;)=Tnl(f;)| < €ofor all k,/ = N(go0). Now
since Tnis bounded in X*, thus, | Tw(f)| < M-||f]|, and that fact that {T.«(f)} is Cauchy for each
fin a dense subset of X, then we claim that {T.(f)} is Cauchy for all fin X. That is, | Tac(f)—Tn(f) |
< eforall k/ = N(g) and for all f € X. Now we prove this as follows:

[Tk A=TA| = [Toe(f = fi+ f)=Twlf = fi+ )|
= | Toelfi) = Tui(F)+ Toif = £i)—Twlf - £
< Tl =Tl |+ Toe f = () =Toilf = £
< | Tokl7) = TrUR) [+ T = A+ T = )

Now since {Tx«(f)} is Cauchy for each f in a dense subset of X, the above becomes

| Tk =Tni(A)| < €0t | Tolf = )|+ Twlf - £

Again using the fact that Tis bounded in X*, then the above becomes

| Tok(f)=Twi(f)| < €0+M||f = fil|[+M||f - fil| for some M =0
= eo+2MI|f - fil|

But since the fjare dense subset of X, then we can write ||f = fi|| < €1and as a result the above
becomes

| TnkU)_Tn/(fJ | < go+2Mer
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Hence {Tn(f)} is Cauchy for all fin X. Since real numbers are complete, we may define

T(A) = limTu(f)  VFEX

k—eo

Since each Tuis linear, the limit functional T is linear. Since
[ Toc(F)] <M -] |f]] forall k and VfEeX,

IT(HI = lim|T(f)| <M -|Ifl]] VFEX

k—e> Therefore, T is bounded. [J]

Proposition 2.0.32. Every bounded sequence in a Hilbert space has a weakly convergent
subsequence.

Proof. Let {hn} be a bounded sequence in H. Let define Ho to be the closed linear span of {h,}.
Then by Theorem 2.0.23, Hois separable. Let [Ho]* denote the dual space of Ho. Then for each

natural number n let’s define ¢n € [Ho]* by

Wn(h) =hhnhi  forall hE€ Ho. (2.20)

Since {hn} is bounded, then from Lemma 2.0.2, we have that {¢{)s} is also bounded. Then {{r}
is a bounded sequence of bounded linear functionals on the separable normed space Ho. Then
by Theorem 2.0.31(Helley’s theorem), there is a subsequence {{n} of {{n} that converges
pointwise to o € [Ho]*. From (2.20), we may write

Yn(h) = hhahi  forall h € Ho.

But we have that ¢ — Yo € [Ho]* as k = oo, then by Theorem 2.0.27(Riesz Representation

theorem), there is a vector ho € Ho for which T(ho) = 0. Thus we obtain

hho,hi = lim hhp,hi  forall h € Ho.

k—eo

Now let P be the orthogonal projection on H onto Ho, thus, P(H) = {x € H;hx,hi = 0, Vh € Ho}.
Then by Lemma 2.0.25, we have that P(H) is a closed vector subspace and therefore by
Theorem 2.0.26, we have that H = P(H)+P(H)+ which implies H -P(H) = P(H)+. Now for each
index k, since (Id —=P)[H] = P(H)4, then
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hhm,(Id -P)[h]i = hho(Id -P)[h]i=0  forall he€H.

Therefore,
lim hhn,hi = hhohi  forall h€eH.
k—eo
Thus {hn} converges weakly to hoin H. This complete the proof. ]

Definition 15. (Contraction)
Let (K,d) be a metric space. Then the map f : K —— K is a contraction mapping of (K,d) if for
some real number 0 < ¢ < 1, called the constant of contraction, we have

d(f(x), fly)) scd(xy) Vxy€K

Definition 16. (Uniform Continuity)

Let A and B be metric spaces and d,d® be metrics in A and B respectively. The map f: A-— Biis
said to be uniformly continuous if for any € >0, 36 > 0 such that whenever d(x,y) < 6, we have

d°(f(x), fly)) <e Vxy €A,

Proposition 2.0.33. Contraction mappings are uniformly continuous.

Proof. This is clear when ¢ = 0 since by then fis a constant function. If ¢ > 0 and we are given
€ >0, setting 6 = £&.implies that when d(x,y) < 6, then

ed(f(x), f(¥)) scd(xy) <c-_=¢e.c
This complete the proof. [
Theorem 2.0.34. (Banach, 1922)
Let (K,d) be a complete metric space. If f : K —— K is a contraction, then f has a unique fixed

point in K. Moreover, for any xo € K, the sequence of Picard iterates xo, f(xo), f(f(x0)),
converges to the fixed point of f.

Proof. Existence:
By the Definition 15, there exist a number c € [0,1) such that

d(f(x), fy)) < cd(xy). (2.21)

We want to show that for any xo € K, that the iterative sequence defined by xp+1 = f(x») for n
> 0 converges to a fixed point of our map f. Every time we iterate f, the distance is contracted
as ¢ being smaller than one is raised to higher powers. This will ensure convergence our
sequence because (K,d) is complete.
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Now we claim that {x,} is a Cauchy. To see this, first we note that for any n = 1, then by
(2.21), we have

d(Xn,Xn+1) = d(f(Xn-l), f(Xn)) < Cd(Xn-l,Xn).
Now defining for d(xn-1,xn) and other subsequent ones, we see the following geometric
pattern emerge
d(Xnxn+1) < ctd(Xn-1,Xn) < €2d(Xn=2,Xn~1) < ...c"d(x0,X1).

Using this expression on the far right as an upper bound on d(xsxn+1) shows that x,° are
getting consecutively close at a geometric rate. This implies that x,* are Cauchy. For any m >
n using the triangle inequality several times shows that

d(Xn,Xm) d(Xn,Xn+1)+d(Xn+1,Xn+2) +...+d (Xm-1,Xm)

c"d(xo,x1)+c"1d(xo,x1) +...+c™1d (x0,x1)

ININ

= (" +c™ ... +c™ Y d(x0,x1)

= (" +c™ 142+, )d (X0, X1)
Cn
= d(Xo,Xl).
1-c

To prove from this bound that the x»° are cauchy, choose € > 0 and then pick N = 1 such that

CN d(xox1) < €. Then for any m > n > N we have,
1-c
Cn CN d(Xn,Xm) <
d(xox1) < d(xox1) <&
1-c 1-c

This proves that {x,} is cauchy sequence. Since K is complete, the o converge to an element
in K. Set a = limp-—exnin K.

Since by Proposition 2.0.33 contraction f is uniformly continuous, when x, —— a, we will
have f(x1) —— f(a). Since f(xn) = Xn+1, f(Xn) = a as n —— o=. Then f(a) and (a) are both limits
of {Xn}n=0. From the uniqueness of limits, f(a)= a. This concludes that a is a fixed point of f.

Uniqueness: let a and "a be fixed points of f with a 6= a". Then
by Definition 15

d(a,a™) =d(f(a), f(a”)) < cd(a,a’).

So we have that
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d(a,a™) <cd(a,a").
Since a 6=a", then d(a,a™) > 0 so we can divide by d(a,a7) to get 1 < ¢ which is false since 0 <

c <1.Thus a =a’, showing that the fixed point of fis unique. ]

Theorem 2.0.35. Every nonexpansive self mapping on a closed bounded convex subset of a
real Hilbert Space has a fixed point.

Proof. Assume C is closed bounded convex subset and let T: C —— C be a nonexpansive
mapping. Now for every natural number n = 1, choose an arbitrary point u € C and define the
new mapping

Now,

This implies that,

1
[ N e N ]

1
< (1——)ny|| _ , | |
n since T is a nonexpansive mapping.

1
Since |~ E) <1 and Tx €C for all x €C, it implies Tis a contraction self-mapping. Hence by
Theorem 2.0.34, T, has a unique fixed point say x,. That is,

Txnn n
1
Xn=_U+Txpn n
1
Xn=Txn= _(u=Txn). n

This implies,
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1
[Ixn=Txnl| = —||u=Txal|
Now since Cis bounded, it means sup||u—Txx|| = D < o=. Hence we have that
nz1

[|Xn =Txn|| =0 as n-—oo

That is x»— Tx,—— 0. Since Cis bounded then {xa}n>1is a bounded sequence. So by Proposition
2.0.32, there exist a weakly convergent subsequence {x}«=1in C. So let xn * x and since also
xnk —Txnk = 0 (every subsequence of a convergent sequence converges to the same limit),
then by Theorem 2.0.18, we have that Tx = x, showing that x is a fixed point of T. This complete
the proof. []

Proposition 2.0.36. Let H be a real Hilbert space and let x,y € H. Then hx,yi = 0 if and only if
[1x]| < ||x+ay|| for all a = 0.

Proof. Without loss of generality, let a > 0.
if ||x]| < ||x+ay||, then we have,
[Ix11? < [Ix+ay]|?

|1x11>=[Ix+ay||*< 0.

Then by Proposition 2.0.9, we have

hx+x+ay,x—x-ayi < 0
h2x+ay,-ayi < 0
h2x,-ayi+hay,-ayi S0
-2ahx,yi-ahy,yi < 0
-2ahx,yi < a’hy,yi.
2hx,yi = —ahy,yi == 2hxyi = -a||y||% (2.22)

As a —— 0, we that 2hx,yi = 0 which implies hx,yi = 0. This complete the first part of the proof.

Conversely, if hxyi =0, since a = 0, then from (2.22), we have,

2(xy) > —alplf
-
(ryy = TH}’HZ
which implies

-2ahxyi-a*hy,yi < 0

39



I\
o

h2x+ay,-ayi

I\

hx+(x+ay)x-(x+ay)i

I\

[1x]12=[Ix+ay||?

So we have,
||x|] < ||x+ay|| as desired.

This complete the whole proof. [l
Lemma 2.0.37. Let C be a closed convex subset of a Hilbert space H, and let x € H, x~ € C such

that

hx-x",x"-yi=z0 Vy€eC
Then x™ = Pcx where the unique element x is the metric projection of x onto C.”

Proof. By Proposition 2.0.36,
hx-x"x"-yi=z0 Vy€C

if and only if

[|x=x"]] < [|x=x"+a(x"=y)|| Vy ECa 2 0.

This implies that,

[x=x7{| < |Ix=(ay+({1-a)x7)]].
Now if we take or let @ € [0,1), then since y and "x are in C, then their convex combination is
also in C, so we have
C={ay+(1-a)x",Ya € [0,1),Vy €C}.

Hence,
[Ix=x7[] = [[x=C]].

So by Theorem 2.0.11, we have that “x = Pcx. []

Theorem 2.0.38. Let Pc: H ——C be the metric projection in a real Hilbert space into a closed
convex subset C. Then Pcx is a nonexpansive mapping.

Proof. Let U = hPcx—Pcy,Pcy-yi and V = hPcy—Pcx,Pcx—xi. Then from Lemma 2.0.37, we have
that U =0, V=0 so that U +V = 0. Now we have the evaluation
0sU+V = hPx-Pcy,Pcy-yi+hPcy—Pcx,Pcx—xi
= hPcx=Pcy,Pcy-yi-hPcx—Pcy,Pcx—xi
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= hPcx=Pcy,x-y+Pcy—-Pcxi

= hPox-Pcy,x—yi+hPox—Pcy,Pcy-Pexi
= hPcx=Pcy,x-yi-hPcx—Pcy,Pcx—Pcyi
= hPcx=Pcy,x-yi-||Pcx—Pcy| |

Hence,
hPex—Pey,x—yi = ||Pex—Pcy| |2

But from Lemma 2.0.2, we have that

[1Pex=Pey|[l1x=yl| 2 ||Pex=Pcy||*

so that

[|Pcx=Pcy|| < ||x=y||  as desired.

]
Proposition 2.0.39. Let X be a Banach Space. Suppose that every subsequence of an arbitrarily

sequence {xn}n=1 has a further subsequence converging strongly to the same limit x. Then
{xn}n=1converges strongly to x.

Proof. We prove by contradiction. Suppose {x»},=1 does not converge strongly to x. Then,

[Ixn~x]|| <€,

fails for infinitely many n given a sufficiently small € > 0. Thus, let {x.}«=1 be the subsequence
failing the above inequality; hence

|Ixne—x]| 2 €,

for all k = 1, thus contradicting the fact that the subsequence {xm}«=1 must have further
subsequence converging strongly to x and so the assumption that {x,}>1 did not converge
strongly to x was false. Therefore {x,}n=1 converges strongly to x. []
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Chapter 3

Main Result

In this section, we give an extensive review of approximation methods for common fixed
points of nonexpansive mappings in Hilbert spaces presented in Maingé (2007).

Let H be a real Hilbert spaced endowed with inner product h-,-i and induced norm |-|. Let
(T?)izo be an infinite countably family of nonexpansive self-mappings defined on a closed
convex subset D of H, such that S := NixoFix(T;) =6 {0/}, where Fix(T;) := {x € D|Tix = x} is the
set of fixed points of Ti. By Lemma 2.0.10 and Proposition 2.0.6, then S is a closed convex set
of D. Henceforth, we will use the notation |:| to mean ||-||.

From Definition 6, a mapping T: D —— D is called nonexpansive if
| TX=Ty| < |x-y| Vxy € D.

Similarly, from Definition 15, a mapping C : D —— D is called a contraction map if for all p €
[0,1)
|Cx=Cy| < p|x=y| Vxy € D.

We find a common fixed point of (Ti)ixo:

find x” €H suchthat Tx =x" forall i=0. (3.1)

More precisely, we study the implicit and non-implicit algorithms for computing a specific
point in S where S := NizoFix(T;). Throughout, we denote

N:={i€N|Ti6=1} (I beingthe identity mapping onto H).

Now we consider an implicit regularization-like algorithm for approximating (3.1).

Consider the map W(-,-) defined on (0,1) x D by W(t,x) :=tCx + ZW,-,tT;x for

i20
(tx) € (0,1) x D where w;: 2 0 (coefficient of the various T;) and t € (0,1). Since W(t,x) is a
convex combination of elements in D and D is a convex set, then W(t,x) is a self mapping on

D. The expression: t + ZWﬂf: 1 since W(t,x) is a convex combination of
i=0

elementsin D.

42



CLAIM: For all x,y in D, W(t,x) is a contraction. For,
|W(tx)-W(ty)| |tCx+(1-t) Tix—tCy-(1-t) Tiy|
[tCx—tCy+(1-t) Tix—(1-t) Tiy|

|t(Cx=Cy)+(1-t) (Tx-Tiy)|

IN\

t|Cx—Cy|+(1-t) | Tix-Tiy| triangle inequality.

But C being a contraction and T;being nonexpansive, then from the above we deduce that

|W(tx)-W(ty)| < to|x-y|+(1-t)|x-y|
< (1-(1-p)t) |x-y| as claimed.

Now since W(tx) is a contraction, then from Theorem 2.0.34 (Banach contraction principle),
there exist a unique fixed point x: of W(t,x) which solves the equation (fixed point equation)

Xt = tCxt + ZWi,tTiXt, (32)

20

where t € (0,1),w;:=0forall i >0 and ZW/,t= 1-t. Moreover, when i € A\, we assume

i20
wi;: 6= 0 for t small enough.
Now we study the strong convergence of the sequence x:as t — 0. We prove that the strong
limit point of x:is in S which is a common fixed point to all the non-expansive mappings T;of
the: implicit algorithm (3.2).

The second convergence is of the sequence x, generated by a given initial point xoin D and
the non-implicit iterative process

Xn+1 = anCXn + ZWi,nTan, (3'3)

i20
for alln 20, where (as) € (0,1),w;» 20 for all i 2 0 and ZW,-,n =1-a,. When i € A\, we

=0

assume w;, 6= 0 for n sufficiently large.

The proposed methods (3.2) and (3.3) are approximation methods that are going to be used
to approximate an element in (3.1). That particular element we are approximating is the
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nearest element (metric projection) to the fixed point set S from an arbitrarily chosen point
in the Hilbert space.

3.1 The Implicit Regularization-like method

Now we discusses the strong convergence results of the fixed point equation x:of (3.2) ast —
0. To end this, we introduce the following lemma.

Lemma 3.1.1. The solution x:of (3.2) is bounded (as t — 0), besides it has at most one strong
limit point in S.

Proof. Pick g in S. Then from (3.2), we have the following:

Xt—q = tCx: + ZWi,tTiXt -q
=0

= tCx¢ + Zw,-,tﬂxt —(tg+(1-t)q)
i20

= tCx: —tq+ Zw,-,tT,-xt—(l—t)q
i20

=t(Cx:—q)+ Zwi,t(T,-xt—q) since  (1-t) = ZWi,t.
i20 >0

Now using x:—q to compute the inner product, we have

Ixe=q|> = hxe—gx:-qi
= t(Cx; —q) + Zw, .
i>0 (Tixe=q),xe—q
(t(Cx; — Zw,, Tix; — —q
i>0 p
so that
|xe—q|?

=t hCx:—qg,x:—qi+ ZWi,thTiXt_q:Xt_qi-
i=0

By Lemma 2.0.2, the above equality becomes

|xe=q|? < t hCxe —q,xe —qi+ D wie| Tixe —q| |xe=q]-
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By Lemma 2.0.7, the above inequality becomes

|xt—q|? < t hCx: —g,x: —qi+ Zw;,dxt -q||x:—q|
i=0

!

=t hCxt —qx:—qi+ ZWi,t |xt—q|?

i20
=t hCx; —q,x: —qi+(1-t)|x: —q|? since Zw,-,t= 1-t.
i20

Simplifying the above now becomes;

|xe—q|?-(1-t)|x¢ —q|* < t hCxt —g,x¢ —qi
|xe—q|?(1-1+t) < t hCxt —g,x: —qi

t|x:—q|? < t hCx: —q,x: —qi.

So we obtain

|x: =q|? < hCx: —q,x: —qi. (3.4)

Since Cis a contraction with p € [0,1), then (3.4) becomes;

|xt —q|* < hCx: —q,x: —qi
= hCx;-Cq+Cq-q,x: —qi

= hCx: —Cq,x: —qi+hCq—-qg,x: —qi

< |Cx:—Cq||x: —q|+hCq—-g,x: —qi
< plxe—ql|x:—q|+hCq-q.x: —qi = p|x:
-q|?+hCgq-g,x:-qi.

Hence,

1
2
X —q" < ——(Cqg—q,x,—q
i —d 1*10< ' ). (3.5)

By Lemma 2.0.2, the above inequality becomes
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1
i —q|* < 7= /Ca—dllvi—dl

So that
1
X —q| < ——|Cq—
Ee ql_]_p\q ql'

which proves the boundedness of (xt).

Let assume g1 and g; are two strong limit points of (x;) in S. Then from (3.4), we have the
following two inequalities:

|g1-g21>< hCq1-92q1-qai (3.6)
|g2-g1|><  hCq2-g1,92-qai = hgi1-Cg2,q1-g2i. (3.7)

Adding (3.6) and (3.7) gives us

2|g1-q2|*> <h(Cq1-Cq2)+(g1-G2),q1-qai.
By Lemma 2.0.2 and using the fact that Cis a contraction mapping, we have that
2|g1-q2/* < |(€q1-Cq2)+(91-q2) | |91-a2|

< (|Cq1-Cq2|+|q1—-921)|g1—q2| (triangle inequality)
< (plg1-q2|+]g1-92|) g1~

= ((p +1)l91-92|)|91-a2| = (o

+1)|g1-qa|*.

so that we have

2|q1-q2|*~(p +1)|q1-g2|*< 0 (2—p
-1)|g1-q2|*< 0

|g1-g2/>< 0. (since(1-p) > 0)
Since by definition, norms are non-negative, then by the squeeze theorem, we have that
0<|g1-g2/2<0.

so that |g1—g2| = 0 which implies g1 = g2 proving the uniqueness of a strong limit point of (x;)
inS. [

Lemma 3.1.2. Let t, € (0,1) such that t,— 0 as n — +oo and assume the following condition (L)
holds:

tﬂ
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(L) Vi € N, lim = 0. no+oo Wit,
Then the solution x: of (3.2) satisfies

lim |xt.=Tixta| =0  foreach i€ A.

n—+oo

Proof. By the definition of (3.2), we have that

Xt —tXt = (tCxe + z Wit Tixt) —tXt
i20

xt —txt — z witTixt = tCxt —txt

i=0
(1-B)xe— D wieToxe = t(Cxe—xt)

i20

!
Z Wi Xt = z Wit TiXt = t(Cxt —xt) since (1-t) = Z Wit
=0 =0 iz0

Z Wit(Xt =Tixt) = t(Cxt =xt).
i=0

Using the fact that for all a,b and x in an inner product space, if a = b, then ha,xi = hb,xi

which implies ha-b,xi = 0. Hence, given g € S, it follows that,

< Y wis(x — o

i>0 Tixe)—t(Cxe —xt),xt—q 0

* +

> Wie(xe=Tix),xe=q ~ht(Cxt =x:),xc—qi= 0,
20
so that

z wit hxe —Tixe, Xt —q1 =t hCx: =Xt Xt —q1
=0

From Proposition 2.0.8, the left-hand side of this equation results

1
3 Y wig| Ty — x| < t{Cx; —x1,% —q)
i=0 .
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Hence, for all i € Ajand for t small enough, since w;: 6= 0 we have

| Tixe —x¢|? < 2 _ thex —-XpXt —qi. (3.10) wit

By Lemma 3.1.1, the solution x: is bounded (as t — 0), also the quantity hCx: —x;x: —qi is
bounded since from Lemma 2.0.2, we have that,
hCx: —xe,x:—qi < |Cxe =x¢| | xc —q|

= |Cxt —Cq+Cq—xt|[xt —q|
< [xe—q|(|Cxt —Cql+|Cq—xt|)

< p|xt—q|*+|xt—q||Cq—x| since C is a contraction mapping.
Now by sub-additive of norms, we obtain

hCxe —xe.xe —qi < p|xe=q|*+|x: =q| (| Cql +|xe])-

Clearly, the expression on the right hand side of the above inequality is bounded, hence we
have that the inner product hCx: —x;x: —qgi is bounded.

Also when the condition (L) is also satisfied, it is easily deduced from (3.10) that | Tixt» —Xu|—
Oasth,— 0, foralli€A. ]

Theorem 3.1.3. Under the hypothesis of Lemma 3.1.2, the solution x: of (3.2) satisfies
lim |xtn=x"| = 0, (3.11) no+eo

where x is the unique fixed point of the contraction P~ so C, Psbeing the metric projection from
H onto S.

Proof. Put y» = xtn. Then according to Lemma 3.1.2, we have that lim |y, =Tiys| = 0 for all n—+ee

i € Arunder condition (L). Since every subsequence of a convergent sequence converges to
the same limit, we have that |y —Tiyn| = 0 as k = +oo. Also since by Lemma 3.1.1, (y») is a
bounded sequence, then by Proposition 2.0.32 there exist a weakly convergent subsequence
of (yn) labelled {yn}k21.

By Theorem 2.0.18 of the mappings T;, we have that (yn) *x” in Sso that Tix™ = x".

From (3.5), we then have

(1-p) |ync X" |2 < hCX =X, yme =X (3.12)
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As hCx™=x",ync—x71 < |Cx"=x"||lym—x"| = 0 by weak convergence of yncto “x, then inequality
(3.12) shows that ynstrongly converges to “x. Since any strong cluster-point of (y») is in S and
also by Lemma 3.5, (y») has a unique strong cluster-point in S, then we deduce that (y»)
converges strongly to "x. Then by Proposition 2.0.39, the sequence x: converges strongly to

X.

It now remains to characterize the limit "x of (x:).

Let g be any element in S. Then by (3.10), since |Tix: —x:|?is positive, then on the right hand
side, the quantity hCx: —x;x: —qi is also positive and as a result, we have that

hCxtn —Xtn,Xtn —ql > 0 since tE (0, 1)
hxtn —Cth,th —ql < 0
Now passing to the limit as t,— 0, we get
hx-Cx",x"-qgi<0 VgES§, (3.13)
so that “x = Ps(Cx"), which completes the proofs. ]
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3.2  The Explicit iterative method

In this section, we prove the strong convergence results regarding the sequence (x,) obtained
with (3.3), by imposing the following conditions:

(Q1) ) O =co
n=0

1 Q—
[—‘1 ~-2 50 1
, or ZW_i, |an —an-1| < o
| Wr':rzl Oy n
| n \
11 I : I
- — ’ — 0 = < o0
(Q2) G |Win  Win—1 or wWin  Win—1
1 1
| Z |wk~” —Wkn—1 | 70 or Z Z }Wk.n —Wikn—1| <
I

7
Wi,nOnk=0 n Wi,nk=0 Oln

(@3) __ -0 (forall i € A\)). win

The next lemmas will be needed in the proof of the main result of this section.
Lemma 3.2.1. Let (sn),(cn) < R+,(an) € (0,1) and (bs) < R be sequences such that

Sn+1< (1=an)sn +bn +cn forall n=0. (3.14)

Assume Z|cn| < oo, Then the following claim holds:

nz0

CLAIM:

1. if bn< Ban (where 8 2 0, then (sn) is a bounded sequence.

2. if
nz=00n = oo or equivalently nﬂ:l(l—an) =0 andlimsupn-s=a__,<0,

then lims, = 0. n—eo
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Proof. Set yn:= | [ (1-aj)(for n 2 k 2 0) and by condition (1),

j=k Sn+1 < (1-an)sn +B8an +cnsince  bp < Ban.

Then,

(1-an-1)sn-1+Ban-1+cn-1. (3.15)
sn-1 (1-an-2)sn-2+Ban-2+cn-2. (3.16)

We substitute (3.15) and (3.16) into the expression for s,+1and inducting backwards we obtain

Sn <
<

the following:

Sn+1 < (1-an)[(1-an-1)sn-1+Ban-1+cr-1]+Ban +cn
< (1-an)[(1-an-1)[(1-an-2)sn-2+Ban-2+cn-2]+Ban-1+cr-1]+B8an +cn
(1_an) ...(1—GO)SO+(1_an) (6an—1+Cn—1)+(1_an)(1_an—1) (6an—2+Cn—2)+...
+ (1-an)...(1-a1)(Bao+co)+Ban +cn
n n-1
<
TT(1-a)so+ D TT(1-a;)(Ba;+c;)+Ban +cn.
. j=0 j=0j
That is
n n-1
Sp+1 < ﬂ (1-aj)so+ zn (1-aj)(Baj+cj)+Ban +cn
j=0 j=0j
n-1

< (Vn0)so+ D (Vnj+1) (Baj+c))+Ban +cn
j=0

n-1 n-1

= (Vn0)s0+8 (Vnj+1)aj+8an+ D (Vnj+1)Cj+Cnj=0  j=0

n—1 n—1
= (Mo)so+P (Z(Yn,{Hl)aj'*‘an) A 1)C; + Cn

J=0 J=0

We simply the term (ynj+1)a;.
When j = k = n, the product symbol goes away so that we can find for g;. That is, y;;= 1-a;=
aj=1-y;;. So we have that

(ynj+1)a; = (ynj+1)(1-vij)

= ynj+1=(ynj+1) (vij) =
ynj+1=(yn,j).
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Hence we obtain the following

n—1 n—1
11 < (%1.0)50 + B (Z (%1.j+l - %1.,}') + an) + Z (Yn.ﬁl )Cj + ¢y

s j=0 Jj=0 . (3.17)

n-1 n-1
Now working out Z(Vn,j+1)— Z(Vn,j) gives

j=0 J=0

= (vn1)+(vn2)+..+(Vnn-1)+(Vnn) = [(¥n0) +(¥n1) +(¥n2) +...+ (Vnn-1)]
= (Vnn)=(n0)
=  (1-an)-(yno). So

from (3.17) we obtain,

n-1

$n+1 < (Vn0)So+B(1=an ~(Yn0)+an)+ ¥ (Vnj+1)Cj+Cn.

Jj=0
which simplifies to
n-1
$n+1 < (Vn0)S0+8(1-(Vn0))+ D (Vns+1)Cj +Cn (3.18)
j=0

Since ynj< 1for 0 <j < n, we deduce that
n-1
Sn+1< 50+8 + D Gj+cn
Jj=0

= s5o+6 +(C0+C1+...+Cn—1)+Cn
n

= 50+8 + D Cj.
j=0
n

so that (sn) is bounded since ch< oo which proves (1).
j=0

bn
We prove (2): Let € be any positive real number. If we have that limsup __ <0, then by the
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n—eo dn
definition of limsup, there exist p = p(€) in N such that b, <ea, for all n = p; hence by (3.18),
we obtain,

n-1

$n+1< (Vnp)Sp+e(1-(Vnp))+ D (Vnj+2)G +Cn (3.19)
j=0

Moreover, since Yjcj< o, then there exists g- in N such that

ge=p anchj<e,
Jj2Qqe+1
Hence,
n-1 ge n-1
Vn > qe, Z(yn,j+1)Cj +Cn < Vn,q£+IZCj + Z Gj+&
j=p J=p J2qe+1

< yn,qg+1ZCj +2€.
j20

Now combining this last inequality with (3.19), then for n > g¢, we obtain

sn+1 < (Vnp)Sp +€(1=(Vnp)) +Vnger1 D G+ 2€.
j20

But we have that  lim ypp=0and  lim¥g +1 = 0if Y

= an = oo; consequently, from the
n—+oo
n
-+
n=0
above, we deduce that lims, — 0, that is the second part of the claim. [ln—eo

Lemma 3.2.2. The sequence (xn) generated by the scheme (3.3) is bounded.

Proof. Now given any p € S, we have that

Xn+1— p = anCxn + ZWi,nTan -p

i=0
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= anCxn + ZWi,nTan -(pan+(1-an)p)

iz0

= anCxn — pan + ZW,',nTan - p(1-an)

i20

= on(Cxn — p)+ ZW,-,,,(T,-X,, -p) since (1-an) = ZW,-,,,.

i20 i20

Now taking the norm of the above, we obtain

Xn+1= p| = |an(Cxn = P)+ 2 Win(Tixn = p)|

20

< |an(Cxo = p)|+] 2 Win(Tixn - p)| triangle inequality

i20

= |atn(Cxn ~Cp+Cp= p) |+ S Win(Tixa - p)|

i20

< 01| Cxn = Cp| +0tn| Cp= p|+ 2 Win| Tixn = p.

i20

Since ZWi,n = 1-ap, C, a contraction with modulus p and the fact that every nonexpansive
i20
mapping with a fixed point satisfies Lemma 2.0.7, then the above inequality becomes

Xnr1—=p| < 0up|x, — pl+0,|Cp—p|+ (1 — o) |x, — pl
= (1= (T=p)an) |, — p|+0n|Cp—p|.
w—/ a,—/
Sn bn

< (1-(1-p)an)sn +bn +cn where (cn) € R+

From the above inequality, since a, € (0,1) and the fact that b, < 8o, where 8 = |Cp— p| is
positive, then by (1) of Lemma 3.2.1, we have that |x, - p| is bounded which implies that the
(xn) is bounded. [l

Lemma 3.2.3. If conditions (Q1)-(Q2) hold, then the sequence (x») given by scheme (3.3)
satisfies

[Xn+1=xn| = 0 forall i€AN.

Win
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Proof. By the definition of scheme (3.3), we have

Xn+1=Xn = (anCxn * Zwi,nﬂxn)—(an—1an—1+ zwi,n—lTan—l)

= anCxn =atn-1Cxn-1% D WinTixn = Y win-1Tixn-1

i20 i20
= onCxn —anCxp-1+anCxp-1—-an-1Cxp-1

+>WinTixn = D WinTixn-1+ Y WinTiXn-1" D Win-1TiXn-120 20 i20 i20
= an(CXn _CXn—1)+(an _an—l)CXn—l

+ZW/,n(T/Xn -Tixn-1)+ Z(W,-,n ~Win-1)TiXn-1. 20

i20

The operators T;being nonexpansive, C being a contraction with modulus p, and since

Zw;,n = 1-ay, then after taking norms of the above equation, we obtain
i20

Xn+1=Xn| € (1=(1-p)atn) | Xn =Xn=1|+|an —an-1| % | Cxn-1|
+Z|Wi,n —Win-1|x|Tixn-1|. i=0
Thus, for all i € Ajand n large enough, we get
1 1

— |Xn+1=xn| < (1=(1-p)an)
Win-1

|Xn =Xn-1] Win

+W‘ |CC,1 - Cfn—l( X ‘an—] | + , Z|Wi,n @ Wr',n—l] x ‘Tixn—l |

in f~”i20
1 1
1—(1—p)o, — — Xy
#1=(=p)a) (= Y b
1 1

By Lemma 3.2.2, the sequence (x») is bounded, hence the Lipschitz mappings Tiand C are
also bounded since
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|Txnl = |Txn = Ty+Ty|

< | Txn =Ty |+|Ty| by the sub-additivity of norm
< |xn=y|+|Ty| non-expansiveness of T;
< |xa|+|y|+| Tyl by the sub-additivity of norm.

Since (x») is bounded and the fact that |y| and |Ty| are fixed, consequently, we have that the
family (Tixn)in=0and (Cxx») are also bounded. Consequently, there exist a positive constant M
(maximum) such that

1 1 1 1
|Xn+1 Xn| < (1- ( Q)Oln) IXn = Xn- 1|+ M -
I 1 I !7 1 Wi,ﬂ_ 1 Wi,n Wi,n— 1 i,n
| 1 {Z
Sn+1 (1-an) | {Z }
{Z Sn bn
4 14 L
i lan = an-11+ i 5|Wi,n_ Wi n-1|
+M in Wi,n
| {z }en
From the above inequality, we deduce the following
- b, 1 ‘ 1 i
—=—|— =
Since we have from (Q1) nz=001n = oo and also the fact O | Wii n—1]
that ann w0 from
bn
(Q2), then we have that limsup  __ < 0. This implies that s, in the above inequality which is

n—eoo Qn
1

in—

]|)c,ﬂr — Xp_1] e

w 0. Now the sequence cn in the above inequality which is bounded

can also

be simplified to

8 01
Oy

) Z'Wrn Win— ]|
Wi nOly

i>0 0 by (Q2)

Hence we have that___|xp+1—xs| = Ofor all i€ A. [win

Lemma 3.2.4. Assume the conditions (Q1)-(Q3) hold. Then (x») given by scheme (3.3) satisfies
I|m|Xn /an - O VI E /\I.

n—seo

Proof. From (3.3), we have
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Xn+1=Xn = anCxn+ ZWi,nTan —Xn
i=0
= anCxn+ ZWi,nTan —(anxn +(1-an)xn)
i=0
= anCxn —anxn + ZWI',nTan —(1-an)xn
i=0
= an(CXn _Xn)+ ZWi,n(Tan _Xn) S|nce (1—0{,;) = ZW[,n. i=0
=0
so that

ZW:’,n(Xn —Tixn) = an(Cxn —xn)+(Xn —=Xn+1). i=0

Using the fact that for all a,b and x in an inner product space, if a = b, then ha,xi = hb,xi which
implies ha-b,xi = 0. Therefore, for any g in S, we have that

Tixn)_[an(CXn < zwﬂﬂ ()C” n —Xn)+(Xn —Xn+1)],Xn -q =0
i>0 +
<i);«)“"*"(x” ~ TXn)Xn—q —hatn(Cxn =Xn)+ (Xn =Xn+1),Xn —Gi = O
=
(Dot | _
i=0 TiXn),Xn —q —han(Cxn =xn),xn —qi—hxn —Xn+1,%, —qi = 0,

so that

(3.20)
Zw,-,n hxn —Tixn,Xn —qi = an hCxn —Xn,Xn —qi+hxp —Xn+1,X7 —qi. i20

Since each T{i=0)is nonexpansive, then by Proposition 2.0.8, wehave that
| Tixn =xn|? < 2hxn - Tixn,xn —qi. This together with (3.20) gives us

17 wWin|Tixn =xn|? < &t hCxp —Xn,Xn —qi+hxn —Xn+1,%0 —qi,

2i=0
so that, for all i € A, we have
|Tokn —xa|? < 2+ %" hCxn —XoXn =qi+2- 1 hXn =Xne1,Xn —Gi. Win
Win

By Lemma 2.0.2, the above inequality becomes
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| TiXn =Xa|2 < 2 2" hCxp —Xn Xn —Gi+2- 1 |Xn =Xn+1||Xn —q|. win

Win

So by Lemma 3.2.2, we have that hCx, —xn,x» —qgi and |x, — g| are bounded. Hence there exists
a positive constant M1 (Maximum) such that

oy

1
—_x”|2§2-M1( ' +L|xn_xn+]|)

in Win

|Tan
Applying Lemma 3.2.3 and condition (Q3) to the above inequality completes the proof. L]
Now the main the result of this section is given by the following theorem.
Theorem 3.2.5. Under the assumptions (Q1)-(Q3), the sequence (x») given by scheme (3.3)

converges strongly to x the unique fixed point of P~ so C, where Psis the metric projection from
H onto S.

Proof. By scheme (3.3), we have that

Xrt1=X" = g Con+ D WinTixn =X
i20
. ZW,‘,nTan —(anx™+(1-an)x")
i20
= e+ D WinTiXn —anx = (1-atn)x"
i20
= an(Cxn—x7)+ Zw,-,,,(ﬂxn -X7) since  (1-an) = ZW,-,,,
i20 20
= (Cxn —CX +Cx =X ")+ D Win(Tixn =X),
i20
so that
!
Xn+1=X~ = otn(Cxn —Cx")+ ZW,-,,,(T;X,7 -x7) +an(Cx"=x").
i=0 (3.21)
By Proposition 2.0.5, we have that
|a+b|2-2hb,a+bi = |a|?-|b|?< |a|% (3.22)

Now let (a+b) = xp+1—x~ and b = as(Cx"—x"). This implies that a = xp+1—x"—an(Cx"—x"). Then
from (3.22), we have the following
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[Xn+1=X"|2=20tn hCX™ =X, Xn+1-X71 < |Xn+1—X"—ata(CX™—x7) |2 (3.23) But from

(3.21), we have that

|
(x”+] — )f) — CC”(C)?— )f) = (oc,, (Cx,, — Cf) + ZW,’_H '
i20 (Tixn=x")

With the above substitution, (3.23) becomes

Xn+1=X"|2=20t0 hCX™ =X, Xn+1=X 71 < | @n(CxXn =CX )+ D Win(Tixn —x7) |2
i20

= |atn(Cxn —Cx7)+(1-0atn) (Tixn —x7) |2
Since ||a+b||?< (||al|+]|b]|)? then the above becomes

[Xne1=x"|?=20tn hCx™ =X, Xn+1-X71 < (0tn| Cxn =Cx™ |+ (1=0tn) | Tixn —x"| )2

Since Cis a contraction with modulus p and the fact that Tjis a quasi nonexpansive (see
Lemma 2.0.7), then the above inequality becomes

Xn+1=X"|2=20n hCX™ =X, Xp+1-X"1 < (np|Xn =X~ |+ (L-an) |Xn —Xx"|)? =

(1-(1-p)an)*|xn —x"|2

Since (1-(1-p)an)? < (1-(1-p)an), then from the above, we obtain

|Xn+1=x"|2=20tn hCX™ =X, xn+1-x7i < (1-(1-p)an) |Xn —x7|%
so that

b1 = X< (1= (1~ p)an) o= &I + 200 HCE= % e 1 = A
Iz v | {7 L [ -1 I {7 1

Sn+1 (1-an) sn bn

Lemma 3.2.4, shows that any weak limit point of (x,) is in S by Theorem 2.0.18 of each
operator T
By Lemma 2.0.37, we have that b, = hCx™=x",xp+1—x"1 < 0 which implies that “x = Ps(Cx").

oo
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Since by (Q1), we have Zan = oo, then
n=0
bn
limsup __<0,

n—eoo On

which by Lemma 3.2.1 implies that s, = |x, —x"|> > 0 as n — e=. Hence we conclude that (x)
converges strongly to “x which completes the proof. ]
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Chapter 4

Conclusion

In this thesis, an extensive work has been done on "Approximation methods of common fixed
point of non-expansive mappings in a Hilbert space". Detailed proofs of subsidiary results
leading up to the proof of the main theorem were offered.

In literature much research has been done on a finite family of non-expansive mappings with
errors and it is hoped that most of the results in literature could be extended to cover infinite
family of non-expansive mappings with errors.
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