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model is shown to exhibit a forward bifurcation phenomenon using Center Manifold

gﬁgﬂ;d;odel Theory. Sensitivity analysis is carried out to determine the relative importance of the
Optimal control theory model parameters to the spread of the disease. Using optimal control theory, the model
Sensitivity analysis is further extended to a nonlinear optimal control model to explore the impact of four
Lyapunov function time-dependent control variables, namely, personal protection, treatment drug therapy
Cost-effectiveness analysis for latently infected individuals, treatment control for symptomatic individuals and

Forward bifurcation insecticide control for mosquito reduction, on dengue disease dynamics in a population.

Cost-effectiveness analysis is conducted on various strategies with combinations of at
least three optimal controls to determine the least costly and most effective strategy
that can be implemented to contain the spread of dengue in a population.
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1. Introduction

Dengue is one of the most important vector-borne diseases nowadays [1]. With the geographic distribution of the
disease continuing to expand, dengue remains the leading cause of arthropod-borne viral disease globally [2,3]. It has
dispersed almost all over the world [1]. Currently, dengue is endemic in at least 128 tropical and subtropical countries [3].
The disease has a vast impact on the economy of countries, especially where the disease is endemic [1]. Dengue is primarily
caused by dengue virus (DENV), which can be subdivided into four distinct serotypes, namely, DENV-1, DENV-2, DENV-3
and DENV-4 [3-5]. The mosquito-borne viral pathogen (DENV) is transmitted by two species of mosquito, which are Aedes
aegypti and Aedes albopictus [3,6]. Aedes aegypti mosquitoes are considered as the main vector for DENV transmission in
urban regions, whereas Aedes albopictus mosquitoes are often found in peri-urban and rural environments [7].

Currently, more than 55% of the world’s population live in areas at risk of dengue fever (DF) transmission [6], placing
almost 3.9 billion people at risk of infection [3]. According to World Health Organization [8], there are about 50 million
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to 100 million cases of DF and 500,000 cases of severe dengue, resulting in hundreds of thousands of hospitalizations
and over 20,000 deaths, mostly among children and young adults each year. Over the past half century alone, the global
prevalence of dengue has increased 30-fold, with a 500-fold increase in the most severe clinical manifestations such as
dengue hemorrhagic fever (DHF) and dengue shock syndrome (DSS) [3].

DENV is transmitted from humans to vectors and from vectors to humans when a female Aedes mosquito bites an
infected person and then bites another healthy individual [1,9]. The mosquitoes acquire infection from an infected person,
then transmit the infection to other susceptible humans during blood meals [7]. The symptoms of dengue appear after
3-14 days of infected mosquito bite [4,6]. When a person is infected first time by a DENV, the immune response against
that DENV is activated [6]. Recovery of such person from the primary dengue infection by one of the four DENV serotypes
will acquire life-long immunity to the specific serotype but temporary cross-immunity to the remaining serotypes [4,10].
So, people who are reinfected with another serotype may experience antibody-dependent enhancement (ADE) in which
the body’s immune response exacerbates the clinical symptoms of dengue [9], and thereby at high risk of developing
more severe diseases such as DHF and DSS [5].

Once infected, the typical symptoms of DF begin to develop over the incubation period [11]. The typical symptoms
of this disease are identified by high fever, severe headache, pain behind the eyes, joint pains, nausea, vomiting [6,7],
arthralgia, myalgia, rashes and others [11]. Though many of the cases end in uncomplicated DF, some may progress to
a more severe form, namely, DHF which usually occurs soon after the end of the febrile phase and results in plasma
leakage. If plasma leakage becomes severe, with hypovolemic shock, the disease may progress to DSS which is potentially
fatal [11]. Failure to provide a timely medical treatment for any dengue-related human infections, particularly DHF and
DSS, can lead to deaths [4]. It has been reported that the mortality of dengue is less than 0.4% [11].

As of now, there is no licenced therapeutic treatment or vaccine against dengue, although enormous efforts are in
place to develop an actual vaccine [4,6,10]. Hospital treatment, which primarily relies on supportive care, is given only to
encourage care like bed rest, antipyretics, analgesics and so on [6,12]. In particular, a live attenuated Dengvaxia vaccine,
the chimeric yellow fever dengue virus tetravalent dengue vaccine (CYD-TDV), has been developed and licenced to be
undertaken in dengue-endemic countries [13], including Thailand [13] and Indonesia [ 14] among others. However, aside
from approving the vaccine only in countries where all the dengue virus serotypes co-circulating, a cautionary note
that the vaccine should be given to individuals with prior dengue infections makes dengue vaccination programmes
complicated. With this shortcomings, mosquito vector control and personal protection (precautionary measures) against
mosquito bites remain the possible primary tools to fight against dengue [4,12]. This is primarily based on insecticides
and community engagement for environmental management initiatives [12]. Insecticide-based control plays a major role
among other dengue control activities [2].

The widespread of DENV can be linked to numerous factors, such as ineffective control strategies, geographically
expanding Aedes mosquitoes, asymptomatic DENV-carrying humans movement on a large scale [7] and so on. So,
numerous Mathematicians have developed models to analyse different aspects of dengue and other vector to human
diseases for further understanding of the transmission dynamics and to influence the process of decision-making in
respect of the intervention programmes for prevention and control of the diseases in a community in recent decades [15-
21]. These include the vector-host interactions in homogeneous environments with the presence of a single DENV
serotype [1,4,9,12,13,22-25], coexistence of two or more dengue virus serotypes [7,26-28], effects of human movements
on the disease spread in a patchy environment [29,30], effects of seasonal variation [30,31] and within-host DENV
transmission dynamics [6] among others. In particular, Sharma et al. [6] formulated and analysed a nonlinear mathematical
model governed by an eight-dimensional system of ordinary differential equations describing the dynamics of T-cells and
cytokines in dengue infection based on antiviral treatment to explore the interactions among dengue and body immune
cells.

Abidemi et al. [27] developed and analysed a two-strain model to explore the impacts of administering Dengvaxia
vaccine on seropositive individuals (that is, those who have previous health history of dengue infection and have
recovered from at least primary infection before being vaccinated) and the use of vector control with constant rates
of implementation on dengue transmission and control in a community. In another development, Abidemi et al. [26]
studied the global asymptotic behaviour of a two-strain dengue model. The model was further extended to an optimal
control model to evaluate how to effectively minimize the spread of dengue with the use of optimal Dengvaxia vaccine
and insecticide control at a minimum cost.

In Knerer et al. [12], a mathematical model governed by an eleven-dimensional nonlinear system of ordinary
differential equations describing the dynamics of transmission and control of dengue was developed and analysed. The
model features the human population, Wolbachia-free mosquito population, Wolbachia-carrying mosquito population and
vaccination control for the human population. In a similar work, Mentuda [23] studied different mathematical dengue
models to compare the impacts of vaccination and vector control interventions in minimizing the number of dengue
infections in the population. By extending the models to an optimal control problem, the study suggested that the
healthy human population is better maximized in a short period using an optimal vector control than optimal vaccination.
A nonlinear mathematical model incorporating vaccination administered on individuals after the primary infection is
formulated and analysed to describe the dynamic of dengue by Chamnan et al. [13]. The authors further extended the
model to an optimal control problem by incorporating two time-dependent control variables, namely, vaccination control
and mosquito population control.
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Brito da Cruz and Rodrigues [1] formulated and analysed a non-autonomous system of ordinary differential equations
incorporating a time-dependent control function representing personal protective measures for optimal control of dengue
disease transmission and spread. One insightful result arising from the study is that long protection may lead to the
elimination of the disease in the population. Moreover, the idea of this study led Brito da Cruz and Rodrigues in [28]
to propose a two-strain mathematical dengue model incorporating different personal protective measures with constant
control rates and the effect of public awareness to the importance of using these personal protective measures. A key result
arising from this study is that dengue can be prevented through human population perception to protect themselves from
mosquito bites throughout the disease outbreak period.

In light of the result of sensitivity analysis conducted on the nonlinear mathematical model incorporating the effects
of media awareness on dengue eradication programmes, Aldila [24] used the optimal control theory to analyse how
three different control interventions, namely, media campaign policy, hospitalization control, and fumigation, affect the
transmission dynamics of dengue. To determine the most cost-effective strategy to curtail the spread of the disease, the
author carried out the cost-effectiveness analysis (CEA) on the intervention strategies. Similarly, Abidemi and Aziz [10]
developed and analysed a nonlinear mathematical model for dengue disease transmission and control. Optimal control
theory was employed for the qualitative analysis of the non-autonomous version of the model. Furthermore, the authors
conducted CEA on different combinations of optimal personal protective intervention, larvicide and adulticide controls in
stemming the spread of dengue in Malaysia.

A nonlinear mathematical model featuring the impact of information-based behavioural response and segregation of
infected human population into detected and undetected population to assess the dynamics of transmission and control
of dengue was proposed and discussed by Srivastav et al. [25]. The model was further extended to an optimal control
problem by incorporating five time-dependent control variables accounting for intensity of behavioural response through
information (protective measure), reduction of human-mosquito interaction control (protective measure), quarantine
control for detected infected individuals, screening control for undetected infected individuals, and insecticide control
for mosquito population reduction.

In [9], Asamoah et al. studied and analysed the global asymptotic behaviours of a seven-dimensional system of
ordinary differential equations describing the transmission dynamics of dengue between the two interacting human and
mosquito populations by constructing suitable Lyapunov functions. Further, the model was extended to an optimal control
problem including four time-varying control variables representing insecticide-treated bed nets, vaccination, treatment
(prophylactics) and insecticides. The authors conducted CEA on five different control combination strategies involving the
use of at least two control measures to ascertain the least costly and most cost-effective control strategy.

Despite that the density of asymptomatic individuals (carriers) is higher than that of symptomatic individuals, with
respective proportions of dengue-related infections [4,9], only few of the previous mathematical study considered the
asymptomatic carriers of dengue infection [4,9,16]. For instance, Abidemi et al. [4] formulated and analysed the qualitative
properties of solutions and existence of dengue-free equilibrium (DFE) of an eight-dimensional nonlinear mathematical
dengue model incorporating asymptomatic (carrier) class and effects of four control interventions, namely, insecticide-
treated bed nets (ITNs), treatment control for exposed individuals, treatment control for symptomatic individuals and
insecticide control for mosquitoes, with constant rates. However, the authors did not determine the dengue-present
equilibrium, examine the global asymptotic behaviours of the model around the dengue-free and dengue-present
equilibria, and carry out global sensitivity analysis of the control reproduction number. Also, the optimal control version
of the model was not studied, which did not allow for the economic evaluation of the control interventions considered
in the study.

Motivated by the non-optimal control model presented in [4], we aim to study the global asymptotic dynamics of
dengue, construct and analyse a nonlinear optimal control dengue model that captures asymptomatic class. Our nonlinear
mathematical optimal control model, which is a modification of that of Abidemi and co-workers [4], is constructed to
include four time-dependent control variables accounting for personal protection (with the use of ITNs or mosquito-
repellent lotion), treatment drug therapy for latently infected individuals, treatment control for symptomatic individuals
and insecticide control for mosquitoes. With the aid of suitably constructed Lyapunov functions, global asymptotic
dynamics of the non-optimal control model is shown for both the DFE and dengue-present equilibrium (DPE). The new
nonlinear optimal control dengue model is analysed using Pontryagin’s maximum principle [32]. Numerical experiment
is conducted to enhance the results arising from theoretical analysis. Lastly, CEA is carried out to determine the most
cost-effective strategy for the minimization of dengue spread in the community using incremental cost-effectiveness ratio
(ICER). This cost assessment can provide insightful information about the economic impact of dengue infections and can
be used as a guide on how to prioritize control strategies for policy makers.

The following is how the rest of the paper is organized: A brief introduction to the formulation of the nonlinear
mathematical model for dengue spread without optimal control is discussed in Section 2. Section 3 looks at the model’s
qualitative analysis. Numerical simulation of the model’s global asymptotic stability and global sensitivity analysis is as
well carried out in this section. In Section 4, the dengue model with optimal control is developed and its qualitative
analysis is discussed in depth. In Section 5, numerical solution of the optimal control model is presented and the
cost-effectiveness analysis results are also discussed in depth. The conclusion and final remarks are given in Section 6.

3
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2. Dengue model without optimal control

Here, we give a brief introduction to the formulation of non-optimal control dengue model. In a previous study [4],
Abidemi et al. presented and examined a compartmental mathematical model describing the transmission and control
dynamics of dengue fever incorporating the effects of constant control rates, where the human and mosquito populations
are stratified into five and three epidemiological classes respectively. The epidemiological classes for the total human
population, denoted as Nj(t), are susceptible humans (those who are prone to contract dengue infection), denoted as
Sk(t), exposed humans (those who have been infected without the disease symptoms), denoted as E(t), asymptomatic
humans (those that are not symptomatic but infectious), denoted as Ap(t), symptomatic infectious humans (those who
exhibit dengue symptoms and capable to spread the disease), denoted as Iy(t), and recovered humans (those who are
immune to the disease), denoted as Ry(t). Thus, at any given time ¢,

Niy(t) = Sp(t) + En(t) + Ap(t) + In(t) + Rp(1).

While the total mosquito population, represented as N,(t), is grouped into susceptible mosquitoes (S,(t)), exposed
mosquitoes (E,(t)) and infectious mosquitoes (I,(t)). Consequently, the total mosquito population at any time t is
expressed as

Ny (t) = Sy(t) + E,(t) + L(t). (1)

The dengue model governed by eight-dimensional nonlinear autonomous system of ordinary differential equations as
proposed in [4] is presented as

dSh bﬁh(] — E)Shlv

— = Ay —————— — xS 2
dt h N, Khoh, (2a)
dEh b,Bh(] — E)Shlv

—_— = — En, 2b
I N, (otn + pen)En (2b)
dAp

rTi (1= @varEp — (Vo + n)An, (20)
dI

o = (1= )1 = )y = (yi+ 18 + ), (2d)
dRp,

- danEn + voAn + (Vi + 718 — mnRp, (2e)
ds, bB,(1 — &)Sy(nAp + 1)

2= (-, - M) e+ s, (26

t Ny
dE bB,(1 — &)Sy(nAn +1
R (2)
t Ny
di,
E = a,E, — (//Lv + TZS)IIH (Zh)
subject to the initial conditions (ICs) given by

(Sh(O), Eh(O), Ah(o), Ih(O), Rh(o), SU(O), EU(O), IU(O)) = (SOhv EOhs AOhs IO]'h ROha SOU’ EOU? IOU)' (3)

The description and assumptions of model (2) are detailed in [4]. Here, the model parameters as described by the authors
are reproduced in Table 1 for easy reference, while the modified schematic diagram of the dengue model (2) can be found
in supplementary information.

3. Analysis of model (2)
3.1. Qualitative properties of solutions

3.1.1. Positivity of solutions
To establish the epidemiological meaningfulness of model (2), it was shown in [4] that the solutions of system (2)
along with the non-negative ICs given in (3) remain non-negative for all time t > 0.

3.1.2. Invariant region
We study the solutions of model (2) in the closed set 2 given as

2 =9,U%, CR. x R3, (4)
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Table 1
Description of the parameters for dengue model (2).
Parameter Description
Ap Human recruitment rate
Ay Mosquito recruitment rate
Br Transmission probability of dengue virus from I, to Sy
h Human lifespan (per day)
b Mosquito biting rate
By Transmission probability of dengue virus from I; and Aj to S,
oy Disease progression rate of exposed mosquitoes to become infectious
My Lifespan of the female mosquitoes (per day)
v Fraction of new infectious humans that are asymptomatic
n Modification parameter that accounts for the reduced infectiousness of
humans in the A; class when compared to humans in the I, class
o) Proportion of effective treatment
12} Killing efficacy of adulticide control
op Progression rate from either class Ay or I
oy Progression rate of mosquitoes to become infectious
Ya Progression rate from class A, to class Ry
Yi Recovery rate of individuals in class I
& Personal protection using insecticide-treated bed nets (ITNs) or

mosquito-repellent lotion

Treatment drug therapy for latently infected humans, Ej
Chemotherapy or treatment of individuals in class I

Mosquito reduction effort using open space spray of insecticide

wr o e

with
A
Dy = {(Sh(t), En(t), An(t), In()Rn(£)) € R, : Na(t) < l/«:} ’
Ay(1 — 128)
9, = {(sv(r), E,(£). 1()) € B3 Ny(t) < M;;)} '

In respect of model (2), the set 2 is positively invariant as previously carried out by Abidemi et al. in [4].
3.2. Existence of equilibria

Definition 3.1. An octuple & = (Si, En, An, I, Ru, Sy, Ey, I,) € R® is said to be an equilibrium point of the system (2) if
the derivatives of the right-hand of Eq. (2) is set to zero. Thus, the equilibrium point, &, which is biologically meaningful
whenever & € 2, is said to be a dengue-free equilibrium (DFE), denoted as &, or dengue-present equilibrium (DPE),
represented by &,, depending on Ep, Ap, I, E, and I,. If there is no disease in the interacting human and mosquito
populations (i.e., E, = A, = Iy = E, = I, = 0), then & coincides with &. Otherwise, if either E, > 0, A, > 0, I, > 0,
E, > 0 or I, > 0, then the equilibrium point & is called &,.

3.2.1. Dengue-free equilibrium
The dengue model (2) has a dengue-free equilibrium, &, given by [4]
A A1 —
5 = (S, B AL, I, R ST, L TE) = (J,o, 0.0.0, 2075 0), (5)
M (1 + T2§)
Using the next-generation operator approach [33], the control (or effective) reproduction number, denoted as %;, of
the dengue model (2) is computed in [4] as

(1= ePb?BnBo(1 — @)onpan(ksnv + ka(1 — )ty Ay(1 — &)
kikakskaks(iwy, + 126)Ap

where ki = ap + un, ko = yo + pn, ks = yi + t16 + pn, ks = @y + oy + ©€ and ks = p, + €. The control reproduction

number, %, is used as an invasion threshold for both predicting dengue outbreaks and evaluating control strategies that

would reduce the spread of dengue in the community. By lowering parameters that would increase the disease’s spread,
the control (effective) reproduction number will also reduce.

c%l? = ’ (6)

3.2.2. Dengue-present equilibrium
Let & = (Sp*, Ex*, Ay, I, Ry*, S¥*, Ex*, I**) denotes any arbitrary DPE of model (2). Further, let

v Pt 2T

bBn(1 — &)Ii* (72)

A'** —
h Kk ’
Nh
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_ bB,(1 —e)nAy" + ;™)

A= N , (7b)

where A;* and A}* represent the forces of infection of humans and mosquitoes at steady state respectively. Then, solving
the system (2) with the right-hand set to zero yields

" Ap e (1 —128)
S = S = e k)
M+ (W5 + ks)
E** _ Ah)";* *k AU(l - TZS))“:*
" kg 4 )’ U ka(Ap 4 ks)
. k7 ApAy* e QA (1 — T8
A= v S T T (8)
kika(Ap* + pn) kaks(A¥* + ks)
[ — kg/\h)n;*
e kiks(Ap* + pan)’
kk kgAh)\.;*
kikokspn(Ar* + pn)’
where kg = y; + 716, k7 = (1 — ¢)vay, ks = (1 — d)(1 — V).
Next, the two forces of infection in Eq. (7) are perturbed together.
Using Ay*, Iy and I from Eq. (8) in Eq. (7), and after rigorous simplifications lead to the polynomial given as
Po(ii* Y + p1(A") +p2 =0, (9)

where,

Po = kaks An(kakspun + ksks e + kakgpn + ko)
X [bBy(1 — &)(kskyn + kakg)in + kaksksjun + ksksk un + kaksksun + kskol, (10)
= {kikakskakspn An[bBy(1 — e)(ksksn + kakg)un + kaksks i + kskskz i + kakskspn + kskol
+ kikokskakZ pun An(kakspin -+ ksky pun + kokgpen + ko)

— kikaksb*(1 — &) BuBu(ksksn + kaoks)upor, Ay(1 — 128)} (11)
po = k? k2k3k4ksuh n — kikaksb?(1 — €)% BuBu(kskyn + kzkg)pLhOtUAu(] —1¢), (12)
1 — £)?b? BBy (ksk ko k v Au(1 —
P> = Ik 12 AR | 1 — (1 —&)°b*Bnpu(kskyn + <22<8)th¥ (1-né) ’
kikoksksks Ay
p2 = kik3k3kakZpup An (1 — %2) (13)

and kg = kykspay + ksksy, + koksks. It is clear from Eq. (9) that pg is positive, and p, is positive whenever %; < 1 and
negative whenever %, > 1. Thus, we claim the following result in Theorem 3.1.

Theorem 3.1. The dengue model (2) has:

(i) a unique DPE if and only if p < 0 and %; > 1;

(ii) a unique DPE if p < 0, and p, = 0 or p% — 4pop2 = 0;
(iii) two DPE points if p, > 0, p; < 0 and pf — 4pepy > 0;
(iv) no DPE otherwise.

In Theorem 3.1, case (i) obviously shows that the dengue model (2) has a unique DPE whenever #%; > 1. Furthermore,
case (iii) of Theorem 3.1 shows the possibility of backward bifurcation whenever %; < 1. To show this possibility, we set
the polynomial p? — 4pop, = 0, and solve for the critical values of %, denoted by %,. Thus, %, is given as

2

. p?
K = |1 — . 14
' \/ Apok2kak3kakZ pu? Ap (14)

So, the dengue model (2) can exhibit backward bifurcation for the values of % such that %, < % < %, < 1, where %,
is the basic reproduction number derived from the expression #%; in (6) as

(15)

a b2 B Buaniin(nv(yi + ) + k(1 — v))er, A,
70 =
kika(vi + pn)ud (et + o) An
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3.2.3. Existence of forward bifurcation

Proof. From the model Eqgs. (2a)-(2h), the following variables can be defined: z{ = Sy, z; = Ey, 25 = Ap, 2} = Iy, 2 = Ry,
z; =S,,2z; =E, and z§ = I,. Hence, Ny(t) = z{ +2z5 +23, +z; +z% and N,(t) = zf +2z; +z§. Now, using the vector notation
z* = (z’{,z;‘,z;‘,z},z;‘,zg,z;,zg‘)”, the model Eqs. (2a)-(2h) can be written as % =F = (f],fz,fg,f4,f5,f6,f7,fg)T* as
shown in (16):

dzy _ bBi—e)g

& = An TZT — unzy = fi(z%),
dz bBr(1—e)z
2 8 ——
G = U gy — kazg = (2,
dz; * * . *
G = kazy — kozy = f3(z"),
Y ezt — ezt = fulz")
a — 842 344 -— J4 s (]6)
dz¥
5 = PonZs + vaZs + kezj — unzi = fs(z*),
dz} bBy(1—e)(nzX+z})
= =(1-108)A, - %Zé — kszg = fo(z*),
dzf bBy(1—e)nzti+2)
= D e kazy = fr(2"),
dzg

= a,z5 — ksz§ = fg(z*),

and as defined before, k1 = oy + wn, ko = Yo + ttn, k3 = yi + 118 + i, ka = ay + oy + 1€, ks = oy + &, ks = yi + 716,
k7 = (1 — ¢)vap, ks = (1 — ¢)(1 — v)ap. The transformed model at the DFE has a Jacobian matrix given as

—up 0 0 0 0 0 0 —bBu(1—¢)
0 —k 0 0 0 0 0 bBn(1 —¢)
0 k7 —k; 0 0 0 0 0
0 ks 0 —ks 0 0 0 0
(&)= 0 dap Ya ke —h 0 0 0
_bB(—ePndvAn  _ bBy(1—¢)*AvAp _
0 0 (mo+728)n (mv+m28)n 0 ks 0 0
bBy(1—ePn Ay Ap bBy(1—£ Ay Ay _
0 0 (mo+728)mn (mv+28)n 0 0 ks 0
0 0 0 0 0 0 ap —ks
Now, consider the case when % = 1, we can choose f; as the bifurcation parameter and solving for g, from the

expression for Z; = 1, we have

. k1kakskaks(py + 128)Ap
P = (1= e2b2B,(1 — lanun(ksnv + ka(1 = v))ar, A, (1 = §)’
It can be proven that the converted system (16), having B, = B;, does have a nonhyperbolic equilibrium point with a

simple eigenvalue with zero real part and all other eigenvalues with negative real parts in the linearized system [34]. As
a result, the dynamics of the model (16) near B, = f; can be studied using the center manifold theory (CMT) [35].

(17)

Eigenvectors of (&)l Bn=b} The right eigenvector in relation to the zero eigenvalue evaluated at J(&;)| =} is denoted by

W = [wq, wy, w3, wa, Ws, wg, Wy, wgl,

. . bBn(1 —¢ k k
with the components obtained as w; = —L)wg, wy, = wy; > 0,wy = Ilwz,w4 = I—swz, ws =
5 \9) K3
apwa + Yaws + kgw Aws + Bw Aws + Bw o 2
ponws + yaws +kews - (Aws +Buy) | - AwsHBws O ere A = BRO=Piddy gogp
ks ks ks (o FT2E )t

Mh

) . . . . .
bby(=e) Avhn 1y addition, the left eigenvector, denoted as V, in relation to the zero eigenvalue evaluated at J(&f)|g, g
(Ho+T28)uy h=Pp

satisfying the property W.V = 1, is defined by
V = [v1, v2, v3, V4, V5, Vg, V7, Vs],

. . k
with the calculated components given as vy = 0,v; = vy > 0,v3 = 0,v4 = —]vz, vs = 0,v5 = 0,v; = 0, vg

kg

bB(1 —¢)
ks
Computations of bifurcation coefficients a and b

v2.
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Fig. 1. Bifurcation diagrams (a) g, = 0.2, 8, = 0.2. (b) 8, = 0.75, B, = 0.45, while all other parameters are fixed at the given values in Table 3.

Utilizing Castillo-Chavez and Song’s notation in [35], we have

° 0*fi : 0°fi
a= Z Ukwiwjm(éaf), b= Z Ukwim(@@f) (18)
k.ij=1 LI k,i=1 1
Thus, from Eq. (18), we have the following:
92 bBi(1—¢)A 92
*fz* _ _ bB ) h *fz* —b(1—¢)
025023 M 0z30p;,

It follows that

bB(1 —¢)A
a—= —Mvzwzws <0, b =vwgh(1—¢)>0.

Mh
Therefore, Theorem 4.1 of Castillo-Chavez and Song [35] indicates that the proposed model exhibits forward bifurcation
at #; = 1. Fig. 1 shows the numerical output of the above established analysis. The ramification of the above result tells
us that if the disease transmission dynamics is categorized as shown by the system (2), we can control the disease in a
community that uses preventive measures. As a result of the establishment of the existence of forward bifurcation, one
can proceed to show the global stabilities of the equilibrium points of the proposed model (2). O

3.2.4. Global stability of DFE, &
Since DFE & is the unique equilibrium of the dengue model (2) whenever the corresponding reproduction number

Z is below unity, we are left to show that DFE is globally asymptotically stable (GAS). To this aim, we use the direct

Lyapunov method. Suppose the positive constants @; > 0 (i = 1, 2, ..., 5) are defined as

_ Npkaks o — bB,(1 — &)na, S 0 — bBu,(1 — &), S

T b1 —e)S; 2T N;'k; ’ T Niks

Then, consider the Lyapunov function # : 2 — R defined as

ai , (g = oy, as = ky. (19)

W = a1Ep + a3An + azly + a4E, + asl,. (20)
The time derivative of % in Eq. (20) is
dy dEy dAp dly dE, di,

a = T +a27dt +aBE+a47dt +GSE7
bB,(1 — ¢e)ns
= [=arks + ax(1 — $)van + as(1 — BT — vyxu] By + [w% - azkz}Ah
h
bB,(1—¢)S, bBr(1 — €)S
+ |:G4M - a3k3] In + (asor, — asky) E, + |:G1M - ﬂsks] L. (21)
h h

8
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Replacing a; (i = 1,2,...,5) in Eq. (21) by their respective terms in Eq. (19), and using the fact that S, < S = 2—:
S, < S:%‘Tf)) and N, < Nj =S} in 2, we obtain
dw _ bB,(1 — €)ayon(1 — @)lksnv + ko (1 — v)ISE Nykiksks (22)
dt = N; ks bBu(1—e)St |
dw < kikaks b%(1 — €)?BuBuatyorn(1 — @)ksnv + kx(1 — v)ISy 1] g, (23)
dt bﬁh(l — 8) ,(1k2k3k4k55;;
dw kiksks 5
— < —— (% — 1) Ey. 24
dr—bﬁh(l—g)(f ) En (24)

Therefore, ¥ < 0 if % < 1, with ¥2 = 0 if % = 1 or E, = 0. Further, A, = 0, I, = 0, E, = 0 and I, = 0 whenever
Ey = 0. Substituting E, = Ay = I = E, = I, = 0 in Eqgs. (2a) and (2f) yields Sy(t) — S; = Ny and S,(t) — S} = N; as

t — oo. Thus,
[Sn(t), En(t), An(E), In(t), Ru(t), Su(t), Ev(t), L(£)] — &

as t — oo. It follows from LaSalle’s invariance principle [36] that every solution of the dengue model (2) with initial
conditions in 2 converges to DFE & as t — oo. Therefore, the DFE & of the dengue model (2) is GAS in 2 expressed
by Eq. (4) if #; < 1, since the Lyapunov function is positive and zero at the equilibria. Hence, we claim the following
result.

Theorem 3.2. If %; < 1, then the DFE & of model (2) is GAS in 2 given by (4), and it is unstable otherwise.

The epidemiological implication of Theorem 3.2 is that dengue elimination is possible regardless of the initial sizes of
the sub-populations of model (2) whenever %; < 1. This result is graphically illustrated in Fig. 2.

3.2.5. Global stability of DPE, &,
Suppose

Zo = {(Sh(t), En(t), An(t), In(t), Rn(£), Su(t), Eu(t), L,(t)) € 2 : En(t) = An(t) = In(t) = Rn(t) = Ey(t) = I,(t) = 0} (25)
is defined as the stable manifold of DFE, &;. Then, we summarize the result of the global asymptomatic stability of DPE
& in the following result.

Theorem 3.3. If #; > 1, then DPE &, of model (2) is GAS in the interior of region 2\ %.

Proof. It is easy to exclude the differential Eq. (2e) describing the dynamics of the recovered human subpopulation, Ry,
from the dengue model (2) as Ry is not coupled with the other state variables in the remaining differential equations.
Then, following [26,37,38], we make use of the Goh-Volterra type Lyapunov function # : 2\ %, — R defined in (26) as

Y = b] Sh - Sh - Sh lI‘l oy + b2 Eh - Eh - Eh ln Twx + b3 Ah - Ah - Ah ln ”
Sh Eh A;

I \ E,
by (= =L In—= ) +bs (S, —S™* —S™In =2 ) + bg ( E, — E** — E** In — (26)
Iy S E;*
ok Kok IU
+by (b= 1" =17 In o)
with suitably determined coefficients b; > 0(i=1,2,...,7) as
by — by — N By (nAy* + 11 )or, S3* _ bBy(1 — &)aynA;*S,* _ bB(1 = E)an IS
T Ni* BulS* * BT ONF(A = panEr T T N (1= @)1 — v)anEr* o7
b — b b — k bB,(1 — e)nAy* 4 I*)S¥*
= = Uy, = = .
5 6 v 7 4 N,T*E;:*
The time derivative of # in Eq. (26) along the solutions of model (2) is given by
dw ds S dS dE, E¥* dE dA A dA di I dl,
o2 ) o (S T o (2R D TR L, (S T
dt dt Sy dt dt E, dt dt Ap dt dt In dt (28)

ds, S¥*ds, dE, E*dE, dl, I**dI,
by (B — 2w Do) (S S Bv) Ly (Se L )
Jr5<dt S, dt>+6<dt E, dt)+7<dt I, dt)

9
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Fig. 2. Global stability plots for the DFE by taking b = 0.16272, g, = 0.55, B, = 0.55, y, = 0.028833, o, = 0.00396 so that 2, = 0.3661 < 1.

At equilibrium, the below relations in (29) hold from the dengue model (2).

 bB(1— Sy

Ap N + Sy, (1 —né)A,
h
bBu(1 — &)I*S;*
T “
(1— @venky”
ky=———Ih
Ap
1-9¢)1—- Er*
ks = ( 2 e vk, s Np
h

ks =

_ bB(1 —&)mAY + 1))

Hok
Nh

+ ksS)*,

_ bB,(1 = &)(nAy" + I;)ST™

a,Ex*

*
I3

— N** —
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d Sn S
=by | S (2 — 2 -
= [ (-5

So,

b [bBa(1 — )IE*Sy* S bBu(1— &) bBu(1 — eMSuEy*  bpa(1 — NS
L N Sh N;* N;*Ep N;*Ef* h
b (1= gy Py (T ONE e
L An Ay
I Ei* (1= @)1 —v)anE*
by [ ~(1 = $)1 = Ve = + e (30)
L h h

r S S**
be | keS¥ (2 — =% _ v
o 5”( S 5)]

[bB.(1 — e)nA + ;¥)Sy* S5 bBy(1 — e)nAy* +1;")  bBu(1 — &)(nAn + In)S.Ey*

b
il N S, N} N;*E,
bB,(1 — &)nAL* + [*)S:* EJ  a,Er
1 2B )(*'1“+”)“E:*}+b7[—av“ + D% ”1:;*].
N;7Er* I, I

Replacing the coefficients b; (i = 1,2...,7) in (30) with their terms as defined in (27), and simplifying gives

7 Bu(nAy" + I ety pnS,” 5 S $ 4 5bﬂv(l — &)aynAL* S 4 5bﬂ,,(l — &) I;*Sy*
e Bul* S S N;* N;*
B bB,(1 — &)y nA;*Si* S B bB,(1 — &), I} Si*Sp*
N;*Sh N;:*Sh
B bB,(1 — &)y nA;*Ef*S¥*1,Sp B bB.(1 — &)y IF*Ep*Si*1,Sp
NI S Ep N;*[¥*S;*Ep
bB,(1 — &)aynA;*Sy* EpAy*  bBu(1 — &)y I*S3* Exli™
N,;‘* E;‘*Ah N;‘* E,T*Ih (31)
Q2EF*SH* 5 Su B $ B bB,(1 — &)aynAp*Sy* $ B bB,(1 — &), I*S3* $
Ix* Six S, N Sy Ny Sy
b,Bv(l - S)HMAhSuE:* bﬂv(] - g)athSvE:*
NE, N*E,
n bB,(1 — &)aynA;*SEr* n bB,(1 — &), I;*SI*Ex*
Ny*Ex* N;*Ep*
bB,(1 — &)aynAy*Sy* E,IX* b (1 — &) I;*S3™ E, I*
N,f* E;‘*IU N,f* E;‘*IU '
Then,
7 Bu(nAy" + 17 oty unS,” 5 S Sy N Q2EF*SH* 5 S, S¥
d Bl St Sy = S= S,
bB,(1 — &)y nA;*Si* (5 B $ B I, SpE™ B EpAp B ﬁ B E*ApS, )
Ny Sn D*SPEn EffAp S, EASH (32)

LB eSS LSS B S ETRS,
N} Sv  ISPEn Effly S, EJrS
| bBuT = edaunArS B (1 Evlj*> bBu(1 — &), [3*SH*Ex* (1 Evlj*)

N;*Er* EF, N;E;* - E¥,

Since arithmetic mean is greater than or equal to geometric mean, it follows that

E,I** Sv S S, S
1— 2 ) <o (2-2_2h )<, (2—-=X -2 )<o,
Erl, ) ~ St S )T S S, )~

<5 S LSES EAY ST ESAMS ) o,

Sh  IPS{En Ef*Aw S, E,ADSH
(5 S LSWES B S EFBS, ) §

Sn I¥SEy  EPL, S, EJSH
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Therefore, 4 < 0 since all the model parameters are positive, with £ = 0 if and only if S, = S;*, E, = E*, A, = A%,
Iy =1, S, =S, E, = E* and I, = I*. Hence, by LaSalle’s invariance principle [36],
(Sh(t), En(t), An(t), In(t), Su(t), Eu(0), I(£)) — (Sp* Ex*, Ap*, I, Sy EX* IM*) as t — oo, (33)

Now, using lim sup Ep(t) = E;*, lim sup Ap(t) = A;* and lim sup Ip(t) = I;* (which implied from (33)), and for sufficiently
t— t— t—
small ¢ > 0, theroe<> exist three nonneoéative constants G (i = 1,2, 3) such that limsupEy(t) < E;* + € for t > Cj,

t—
limsupAx(t) < A;* + € for t > G, and limsuply(t) < I}* 4+ € for t > Cs. Thus, for t > ?ﬁax{C,-} (where i = 1, 2, 3), it

t—o0 t—o0
follows from (2e) that
dR
d—;‘ < pan(Ef* + €) + valAL* + ) + (v + 18I + €) — wnRn. (34)

By applying comparison theorem, we obtain

Ex* Ak . S
lim sup Ry(t) < don(By” + €) F valdy Z:)HV’JF“ i +€). (35)
t—o0

It follows from (35) that as € — 0,
PanEy™ + voAY + (i + 10"

lim sup Ry(t) < (36)
t—o00 Mh
Furthermore, in a similar manner, it can be shown using liminf Ex(t) = E;*, liminfAp(t) = A;* and liminfI,(t) = I;* (as
t— t— t—
implied from (33)), that > ~ oo
liminfRy(t) > 22nEn Vel i+ Ty (37)
t—o0 Mh
Consequently, from (36) and (37), one gets
liminfRy(t) > danki” + o + (i " lim sup Ry(t), (38)
t—o0 Mhn t—00
implying that
Jim Ry(t) = ki’ + yahi” it T e (39)
— 00

Mh
Combining (33) and (39) gives rise to

Jim (Sp(t), En(t), An(t), n(6), Ra(t), Sult), Eu(€), L,(1)) = (Sis B, AR I RS, SEF B, 1) = &
—00

h »2v »=v 2N
Therefore, DPE &, is GAS whenever %; > 1. O

From biological viewpoint, Theorem 3.3 implies that regardless of the initial sizes of the infectious humans in the
population, dengue will establish itself in the community if %, > 1. This result is graphically illustrated in Fig. 3.

3.3. Sensitivity analysis

3.3.1. Local sensitivity analysis
In the sense of the approach previously used by many authors [27,37,39], analysis of the sensitivity of parameters of
model (2) with respect to the dengue threshold quantity (control reproduction number, %;) is conducted to assess how
importance the sensitive parameters are to the dynamics of the model. The epidemiological insights arising from the
analysis may be helpful in developing effective control intervention strategies to curtail dengue transmission and spread.
The normalized forward-sensitivity index is defined as

AT 0% X b

x = 3 40
F S w (40)
where, p! represent the various parameters in %;. The close form solutions from the above equation is given as
1 1 1 1
%f__i Rt __ %[—, %[_7 %[_7
Ap T Z’Ab _1’ A/Sh _Z’A/Sv _2’ Au_z’
A% _ AG+AT+AS+ 208 Yaun VT — 2008 Y ViV T — 20r 8N Va n V Ty

M2 (an ) atmn) ((Va+un) 0 =1 —nv i+ un+811)) i+ pmn+3871)
e A b By (1-9) (1= (1-8)
T An (i + 128 (an + 1tn) (Vo + in) (o + oy + T2 6) 243
12
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Fig. 3. Global stability plots for the DPE using b = 0.4272, 8, = 0.45, 8, = 0.45,y, = 0.028833, y; = 0.228833, o, = 0.02899,n = 0.4000,
a, = 0.00396, u, = 0.0238, v = 0.01000, ¢ = 0.01,¢ = 0.15,8 = 0.05, & = 0.01, r; = 0.002 and 7, = 0.01 so that 2, = 1.5538 > 1.

A% — Mo+ 128 B _ _ My Qay +3uy +3126)

o 2(“v+llv+f2$)’ fo 2(Mv+r2$)(av+ﬂv+72$)’

A% V(Y — Mh— Yot nin+380T1)

' 2 ((Vat+mn) =1 =nv i+ un+381))’

A% _ _ NYav (Vi + in+3811)

ra 2 (Vat+mn) (Va+mn) A=v)+nv i+ un+811))

A% _ Vi Wa+pn) (1—v)

g 2((a+mn) A=v)+nv i+ mn+81) i+ un+811)

AP — Mh A% — _ & R _ ¢ R _ _ & Qoy+3uy, +3128)
2 (an+pn)C (1-g) ¢ 2(1—-¢) 2 2 (y+128) (y + o + 128)°
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Table 2

Normalized Forward-Sensitivity Indexes in relation to Table 3 .
Parameter Value Parameter Value
b 1.000 Ap —0.5000
Bn 0.5000 Iy —1.1151
A, 0.5000 Ya —0.1927
n 0.1928 ¢ —0.0882
B 0.5000 v —0.1145
I 0.5000 Vi —0.2938
oy 1.4347 x 1074 e —0.0101
a, 0.4430 T —0.0134
) —0.3280 3 —0.0134
3 —0.3330

811 (Ya+ pn) (1—v)

Rr __
A= (Vatmn) A=v)+0v i+ un+81) Gi+un+811)
A% _ Az (Mvz_ﬂv725+3livf2+(xvﬂu_272252"‘37225_avfzg—FZOluTZ)
§ 2 (o +128) (Va+un) A=) +nv i+ un+811)) 1 —§) (@ + o + 226)’
A% _ _ 871 (Ya+ pn) (1 —v)
“ 2 ((Va+mn) A=v)+nv i+ un+81) i+ mn+811)’
where,

Ay =any’ viv—ond v Ti+ an Vi’ v — an 8 un’ T + 20 Vi n’ v,

Ay =2vamn® — mn* v+t 4+ va® mn® et v = 2vamn’ v — vat un® v — an va© vi — o vi i + AT

AP = 2p 8 Vatn T1 + 2 Nk VT — A N Va ViV — O ) Ya n Y + 0 8 Yo v T,

Ay =0y un’ v — 20 Ya Vit + 200 Va Vi i v + AT,

Ay =an S v +28npn’ v + 28y’ vor — an 8 nyav T’ — 2000 Ya Vi ln Vs

A — Ayanay b B By pn (Va4 1) (1=v) +1v i+ pn+381) (1—¢) (1—¢)* (1-§)

3 — k)
An (o + 728 (an + 1) Va+ ) i+ pn +871) (@ + o + 12 )

Ap=Vatin—YaV —HhV+0yiv+nppv+8nvT1).
Now, using the parameter values in Table 3, Table 2 shows the numerical values of the above analytic results. The
epidemiological insight from Table 2 is that a 0.5 reduction in A, will have a corresponding reduction in the spread
of dengue, b increased by 1 will lead to 1% increase in the basic reproduction number, 84, 8,, A, and uy equal to 0.5
means that an increase in any of the parameters will lead to 0.5 increase in the spread of dengue. This idea holds for the

other numerical values in Table 2. Therefore, Table 2 indicates that the most sensitive parameter in the proposed model
is the mosquito biting rate, b.

3.3.2. Latin hypercube sampling

Here, we investigate the global sensitivities of the model parameters using scatter plots and the Latin hypercube
sampling (LHS). Scatter plots are sometimes used to visually examine the connection between the basic reproduction
number and model parameters, or between model output variables and parameters [39,40]. More sensitive parameters
give an evident association, with a clear correlation pattern in the scatter plot [39,40]. LHS is a Monte Carlo sampling
technique. It divides the range of each parameter into n even intervals and takes one sample from each interval randomly
just once [39,40]. LHS is often used in conjunction with the partial rank correlation coefficient (PRCC) to quantify the
nonlinear, but unmodulated, link between parameters or variables [39,40]. We utilize a sample size of n = 1000
to determine the dependency of parameters in the control reproduction number. The scatter plots are displayed in
supplementary information. The partial rank correction coefficients (PRCC) values of the parameters are shown in Fig. 4(a).
The longer bars in Fig. 4(a) indicate that those factors have a significant statistical impact on the control reproduction
number, %;. On the other hand, the uncertainty analysis (UA) in Fig. 4(b) shows that the range of %; is approximately
[1 — 4], though most of the outputs are concentrated in low values ([1 — 2.6]).

4. Dengue model with optimal control and its qualitative analysis

In a previous study [4], model (2) was used to analyse the impact of personal protection using insecticide-treated bed
nets (ITNs) or mosquito-repellent lotion (&), treatment drug therapy for latently infected individuals (¢), chemotherapy
or treatment of symptomatic infectious individuals (§) and effort of mosquito reduction with application of open space
spray of insecticide (£) control interventions with constant rates. Here, these four control interventions are modelled as
time-dependent control functions by considering ¢, ¢, § and & as up(t), ug(t), u;(t) and uu(t), respectively.

14
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Fig. 4. Global sensitivity and uncertainty analysis of ;.

Consequently, the autonomous system (2) is modified to form the non-autonomous system involving eight mutually
exclusive time-dependent ODEs given as

dsa() _ , bAx(1 — up(O))ly

rramial Tsh — WnSh,
dEn(t)  bBr(1 — up(t),
i N, n — (otn + tn)En,
dAn(t
;t( ) = (1 — ug(t))vanEn — (Ya + tn)An,
dIy(t
% = (1 — ug(t))(1 — v)anEp — (yi + 11y (t) + pen)ln,
dR Et) @
(;t = ug(t)anEp + yaAn + (vi + Tag(6))ln — R,
: (1 — A+
D8 = (1— van(ena, - LU w0,
E, (1 — Ay 41
dE) _ DA =AW 5 () 4 1, + coia(O)E,,
dt Ny
I
dcviit) = ok, — (Mv + TZHA(t))Iv-

To reduce dengue infection burden in the community by minimizing the exposed human, asymptomatic infected hu-
man, symptomatic infectious human, exposed mosquito and infectious mosquito subpopulations and the costs associated
with prevention and control measures, we make use of the cost or objective functional designed as

T
T(ua(t), ug(t), wi(t), up(t)) = / [A1E(t) + A2An(t) + Asln(t) + Aa(Sy(t) + Ey(t) + 1,(¢)) (42)
0
+Byup(t) + Boug(t) + Bsuf(t) + Bauj(t)] dt,
where A; and B; (i = 1, ..., 4) are the positive weight constants and T represents the final time such that 0 <t < T. The
terms B1u,2,, B, u%, B3u,2 and B4uf\ are the respective costs associated with the use of ITNs, treatment drug therapy for latently
infected humans, chemotherapy or treatment of symptomatic infectious humans and open space spray of insecticide. We

consider quadratic control costs in respect of the standards in literature on optimal control problems [10,26,37,41-44].
Our interest, in particular, is to seek an optimal control quadruple u* = (u}) such that

g =min{ 7(w):u €%}, (43)
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where % is a bounded Lebesgue measurable non-empty control set presented as
% ={u(t): 0 <u(t) <1, t €[0,T]}, (44)

fori=(P,E,I,A).

4.1. Qualitative analysis of optimal control problem

4.1.1. Existence of optimal controls
This section explores the existence of optimal control quadruple for optimizing (minimizing) the objective functional
7 in (42). To this aim, the existence result (see Theorem 4.1, pp. 68-69) by Fleming and Rishel [45] is employed.

Theorem 4.1. There exists an optimal control quadruple u* = (u}), withi = (P, E, I, A), that minimizes the objective functional
7 in (42) constrained by the state equations in (41) over the control set % provided that the five properties below hold:

(i) The optimal control set and the state variables set are not empty.
(ii) Control set % is closed and convex.
(iii) The right-hand side of the state system (41) is continuous and bounded by a linear functional in both the state and
control variables.
(iv) The integrand of the objective functional ¢ in (42) is convex over the control set % .
(v) There exist constants dq, d, > 0 and d3 > 1 such that the integrand of the objective functional ¢ in (42) is bounded
below by

d3
di (Jupl? + lug* + lwl? + [ual®) % — da.

Proof. To prove Theorem 4.1, we verify each of the five properties as follows:

(i) The first property is satisfied, since system (41) has bounded coefficients and its solution trajectories are confined
in a compact region in a finite time horizon.
(ii) The closure and convexity of the control set % follow immediately from the definition.
(iii) By priori boundedness of the state solutions, the right-hand sides of system (41) satisfy the third property.
(iv) Clearly, the integrand of the objective functional #, denoted as .#(t, x, u), is convex on the control set %. Thus,
we have proven the fourth property.
(v) Given the integrand .#(t, x, u). Then,

N (, %, u) = A1Ey + ArAy + Asly + Ag(S, + E, +1,) + Byu? + Bou? + Bsu? + Bguj
> B]UIZ) + Bzuﬁ + B3u,2 + B4u/2‘

a

3

> dy (Jupl* + lugl® + [u® + [ual®) 2 — da,

where d; = min{B1, By, B3, B4}, d, > 0andd; =2. O

4.1.2. Characterization of the optimal control

Pontryagin’s maximum principle [32] provides the necessary conditions that an optimal control quadruple u* =
(up, ug, uy, uy) of the dengue model (2) must satisfy. The principle helps in converting the non-autonomous system (2)
together with the objective functional (42) into a problem of minimizing pointwise a Hamiltonian .»#, with respect to the
time-dependent controls up(t), ug(t), u;(t) and u,(t). Associated with system (2) is the Hamiltonian obtained as

ji”:L/V(t,X,u)-i-Z)»jj, (45)
i

where .#" is the integrand of the Lagrangian form of the objective functional ¢ in (42), }; is the adjoint (co-state) variable
and f; is the right-hand side of the non-autonomous system (2) for j = Sp, Ex, Ap.In, Ry, Sy, Ey, I,. To obtain the necessary
conditions for the optimal control, we claim the characterization result summarized in Theorem 4.2.

Theorem 4.2. If u* = (u}), where i = (P, E, I, A), is an optimal control quadruple that minimizes the objective functional ¢
in (42) over the control set % constrained by the state system (2), then there exist co-state variables As,, Ag,, Aa,, Ay Ay As,»
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Ag,, A1, satisfying

dis,
dt
dAg,

d)"Ah
dt

dh,

dt

dh,
dr
dhs,
dt
d)\‘E”

dr
dhy,

dt

b1 — up), b1 — up)L, Sy

= As,in + (As, — Ag,) N + (g, — Asy) N?
i

’

= —A1 + rgy(an + pn) — {[Aa,v + A, (1 = )] (1 — ug) + A g} o,

bB,(1 — up)nS,
= —Ay + A, (Ya + tn) — Mgy Va + (As, — )»E,,)TP
bﬂv(1 - uP)’]Ath

+ (Ag, — As,) N2

)

bB,(1 — up)S
= —As + A, (¥i + Tty + pn) — A, (vi + Tiur) + (As, — )»EU)UNiPU
h
bB,(1 — up)IyS
+ (A, _)\sv)ﬁ”(izp)h”’
N
=)"Rh/“th

bB,(1 — up)(nAp + Ix)

= —Ag + As,(1y + T2Ua) + (A5, — Ag,) N,

s

= —Ag + Ag,(ay + Wy + Talig) — Ay,

bBn(1 —up)S

h
= —Aq + (As, — Ag,) N + A, (o + T2Uia),
h

with terminal (or boundary) conditions

)"Sh(T) =0, )"Eh(T) = 07 )‘Ah(T) = 07 )‘Ih(T) = O’ )"Rh(t) = Oa A-S,,(T) = Ov )‘fE,,(T) = 07

A, (T) =0,

and the control characterizations

*
up =

*
U =

*
u =

*__
Uy =

Proof. We

H =

. { (Ag, — As )bBrlySh + (Ag, — As, )bBu(nAn + 11)Sy } }
min {max {0, , 1,

2B1Ny,
[(Aa, — A )v + (Ay, — Ag,)] nEn ;
2B, ’ ’
(A, — Agy)Tiln ;
2B; ’ ’
[2s,(Av + S0) + Ag, Ev + A 1] ;
2By ’ ’

min { max {0,

min { max :0,

min { max 4 0,

first write the Hamiltonian 2# in (45) explicitly as

A1Ep + AAn + Asly + AsNy(Sy., Ey., 1) + Byup + Byuj + Bsuf + Byu;

+ A, [Ah _ Al = up(tDly ;V:P(t))lv Sh — Mhsh:|
+ Ag, [bﬁh(] 7\[':.117([))11, Sp — (ap + Mh)Eh]

+ A, [(1 = ue(®))vanEn — (o + tn)An]
+ Ag, [(1 = ug(6))(1 — v)arEp — (i + Taug(t) + pn)ln]
+ Ag, [ue(t)anEn + voAn + (i + Tir(€))h — pnRn]

#3501 = ran(ea, - L=
+ Ag, [bﬂv“ — up(t))(nAn + 1)

Nh
+ )"Iv [ava - (,uv + t2uA(t))Iv] .

Sv - (Mv + TzuA(t))Sv]

Sv - (av + wy + IZUA(t))Evj|
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Table 3

Parameter values used in simulating model (2).
Parameter Value Source Parameter Value Source
Ap 120.2407 [4] m ﬁ [4,46]
b 0.66272 [4,10] Bn 0.75 [4,16]
By 0.75 [4,16] Ya 0.328833 [4,16]
Vi 0.328833 [4,16] o 0.12899 [4,10]
Ay 231978.5714 [4] n 0.6000 [4]
oy 0.00396 [4,10] Iy ﬁ [4,10]
v 0.5000 [4] e 0.01 Assumed
) 0.15 Assumed ) 0.05 Assumed
& 0.01 Assumed T 0.3 [4]
T 0.7 [4]

Then, the co-state system (46) is determined from
dyj 9
dt — 9j°

where j = Sy, Ep, Ap, In, Ry, Sy, Ey, I, with terminal conditions (47). In addition, the optimal control quadruple u* =
(up, uf, uy, uy) given by (48) follows from the direct solution of the partial differential equations:

oA

(50)

=0 for uf, 51
au,- ! ( )
where i = P, E, I, A. By standard control arguments, the use of bounds on the controls leads to the characterization
0 ify <0
uf =y ifo<yr<1 (52)
1 ifyr=>1

fori={P,E,I, A} and where
(Ag, — Asy bBulySh + (Ag, — As, )bBu(nAn + I4)Sy

Ve = 2B1N,

w* _ [()"Ah - )‘Ih)v + ()"Ih - )“Rh )] (XhEh
BT 2B, ’
w (A = Ag)Tln

wl — %7

2B3
% [)‘~5U(Av + Su) + )\‘EUEU + )"IUIU] 2

WA = .

2By

5. Numerical simulations and cost-effectiveness analysis

To numerically demonstrate the impact of using five different combinations of the four control parameters consider
in the dengue model (2) on the transmission of dengue in interacting human and mosquito populations, most of the
model parameter values are taken from a previous study [4], and are as reproduced in Table 3, with ICs S,(0) = 3247503,
En(0) = 120, Ap(0) = 40, I,(0) = 37, Ry(0) = 0, S,(0) = 12990600, E,(0) = 100 and I,(0) = 100 [4].

5.1. Numerical simulations of the non-autonomous model

To find the optimal control strategies to minimize dengue fever spread at minimum costs, the 16-dimensional
optimality system is solved numerically by an iterative method of fourth-order Runge-Kutta forward-backward sweep
method implemented in MATLAB. The two-point boundary value problem optimality system consists of the state Eq. (41)
coupled with the costate Eqs. (46) with ICs at time t = 0, the terminal conditions given in (47) and the optimal control
characterization in (48). The optimality system has different time orientation, and as a result, the state Eqs. (41) with ICs
at t = 0 and the controls initial guess are solved forward in time over the simulated time. Using the solutions of the
current iteration, the costate system (46) is solved backward in time owing to the terminal conditions expressed in (47).
For details of the numerical procedure, see Lenhart and Workman [47].

The impacts of different combinations of any three of the four optimal control intervention strategies are demonstrated
on the dynamics of dengue fever transmission in a population by taking, in addition to the parameter values given in
Table 3, the weight constants values as A; = 0.1 (fori = 1,2,3,4), By = 35, B, = 15, B3 = 15 and B, = 25. The
simulations are carried out over the time interval t € [0, 250] in days.
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5.1.1. Strategy A: Optimal use of ITNs, treatment drug therapy of latently infected individuals, chemotherapy or treatment of
infectious individuals and open space spraying of insecticide

This control intervention strategy combines human protective effort using ITNs, up(t) with the efforts of treatment drug
therapy control for latently exposed individuals, ug(t), treatment control for symptomatic infectious individuals, u(t),
and vector control using adulticide, ux(t), to optimize the objective functional ¢ given in (42). Fig. 5 shows the effect of
applying this control intervention strategy on the dynamics of dengue population. It is seen that the implementation of
this control strategy diminishes the sub-populations of exposed, asymptomatic and symptomatic humans, as well as the
exposed and infectious mosquito sub-populations (see Figs. 5(a) to 5(e)). To minimize the objective functional # given in
(42) optimally, Fig. 5(f) shows that control up(t) should be held consistently at the lower bound (0%), except between the
180th and 225th days when the control needs to be held at the upper bound (100%), both controls ug(t) and u;(t) need
to be increased from lower bound to about 0.19 (19%) from 210 to 225 days and remain at the lower bound throughout
the remaining control intervention period, whereas the optimal control uu(t) should be held at 100% maximum level
throughout the entire simulation period.

5.1.2. Strategy B: Optimal use of ITNs, treatment drug therapy of latently infected individuals and chemotherapy or treatment
of infectious individuals

The prevention of humans (using ITNs) control up(t), treatment drug therapy control of latently exposed humans,
ug(t), and treatment control of symptomatic infectious humans, u,(t), are used simultaneously to optimize the objective
functional ¢ in (42) while we set control u4(t) to zero. Graphical illustrations of the implementation of this control
intervention strategy is presented in Fig. 6. It is observed from Figs. 6(a) to 6(d) that due to this control strategy, the
numbers of asymptomatic infected, exposed and symptomatic humans, and the exposed mosquitoes only reduced during
the last 5 days of the control intervention period, whereas the control strategy has no significant effect on the sub-
population of the symptomatic infected mosquito subpopulation as Fig. 6(e) shows. To minimize the objective functional
7 given in (42) optimally, controls up(t) and ug(t) should be implemented at maximum coverage level (100%) during
the last 10 days and kept at minimum coverage (0%) during the other times of control implementation period, while the
control u(t) is at the lower bound during the intervention period except for the need to hold it maximally from 240th
day to 246th day before decreasing sharply to the lower bound at the final time of control implementation as shown in
Fig. 6(f).

5.1.3. Strategy C: Optimal use of [itns], treatment drug therapy of latently infected individuals and open space spraying of
insecticide

In this control intervention strategy, human protective effort using ITNs, up(t), is combined with treatment drug
therapy control of latently exposed humans, ug(t), and vector control using adulticide u,(t) to optimize the objective
functional ¢ in (42) while we set control u(t) to zero. Graphical illustrations of the implementation of this control
intervention strategy is shown in Fig. 7. We observe in Figs. 7(a) to 7(e) that due to the implementation of this control
strategy, the sizes of exposed, asymptomatic infected and symptomatic infected humans, and exposed and symptomatic
infected mosquitoes sub-populations diminish during the entire control implementation period. Fig. 7(f) depicts that to
minimize the objective functional _# given in (42) optimally, control up(t) should be held consistently at the lower bound
(0%), except between 180 and 225 days (counting from the commencement of control intervention programme) when
the control needs to be implemented at maximum coverage level (100%), control ug(t) needs to be increased from lower
bound (0%) to about 0.19 (19%) from 210 to 225 days and remain at the lower bound throughout the remaining control
intervention period, while the optimal control us(t) should be held at 100% maximum level throughout the period of
control intervention programme.

5.1.4. Strategy D: Optimal use of ITNs, chemotherapy or treatment of infectious individuals and open space spraying of
insecticide

This control intervention strategy considers the application of human protective effort using ITNs, up(t), treatment
drug therapy control of symptomatic infectious humans, u;(t), and vector control using adulticide u4(t) to optimize the
objective functional ¢ in (42) while we set control u to zero. Fig. 8 presents the dynamics of dengue population using this
intervention strategy. Due to the implementation of this control strategy, the sizes of exposed, asymptomatic infected and
symptomatic infected humans, and exposed and symptomatic infected mosquitoes sub-populations diminish during the
entire period of control implementation period as Figs. 8(a) to 8(e) show. In Fig. 8(f), it is revealed that control up(t) should
be held maximally between 180 and 225 days (counting from the commencement of control intervention programme)
while it should be sustained at the lower bound (0%) during the remaining period of control intervention, control u;(t)
needs to be increased from lower bound (0%) to about 0.19 (19%) coverage between 210 and 225 days (counting from the
beginning of control implementation period) and keeps at the lower bound throughout the remaining period of control
intervention, whereas the optimal control u4(t) needs to be implemented at 100% maximum coverage level throughout the
entire period of control intervention programme in order to minimize the objective functional # given in (42) optimally.
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Fig. 5. Effect of Strategy A on the optimal control dengue model (41).

5.1.5. Strategy E: Optimal use of treatment drug therapy of latently infected individuals, chemotherapy or treatment of infectious

individuals and open space spraying of insecticide

Here, treatment drug therapy control of latently infected humans, ug(t), treatment control of infectious individuals,
u;(t), and vector control using adulticide, u4(t), are applied simultaneously to optimize the objective functional ¢ in (42)
while we set control up(t) to zero. Dengue population dynamics in the interacting human and mosquito populations and
optimal control profiles are demonstrated in Fig. 9. It is observed from Figs. 9(a) to 9(e) that due to the implementation of
this control strategy, the sizes of exposed, asymptomatic infected and symptomatic infected humans sub-populations, as
well as the exposed and symptomatic infected mosquitoes sub-populations diminish from the commencement till the end
of control implementation period. In order to minimize the objective functional ¢ given in (42) optimally, it is revealed
in Fig. 9(f) that optimal control ug(t) only needs to be implemented at maximum level of coverage (100%) for about
46 days (between 180th and 225th days) and sustained at the lower bound for the remaining control implementation
period, optimal control u;(t) should be held maximally between 165 and 225 days (counting from the commencement of
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Fig. 6. Effect of Strategy B on the optimal control dengue model (41).

control intervention programme) and sustained minimally at the other times of control implementation period, whereas
the optimal control uu(t) needs to be implemented at 100% maximum coverage level throughout the entire period of

control intervention programme.

5.2. Cost-effectiveness analysis

By following the approach used in previous studies [9,10,37,41,43,48], the incremental cost-effectiveness ratio (ICER) is
worked out to determine the least costly and most effective strategy of all the different combinations of optimal controls
investigated in this paper. This cost analysis approach is concerned with the comparison of changes between the costs
and health benefits associated with any two alternative control strategies competing for the same limited resources. In a
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Fig. 7. Effect of Strategy C on the optimal control dengue model (41).

simple definition, ICER is given as
A in total cost

ICER = .
A in control benefits

(53)

Based on the results arising from simulations of the optimality system, the control intervention strategies A, B, C, D and
E are ranked from the least to the highest total number of infection averted as Table 4 shows. Thus, the ICER as shown
in Table 3 is calculated for the competing intervention Strategies B and D using (53) as follows:

5.6866 x 10? 4
ICER(B/NS) = =——————— =2.3644 x 107%,

2.4051 x 106

7.2575 x 10° — 5.6866 x 10°
ICER(B/D) =

2.8840 x 108 —2.4051 x 106

=2.3388 x 107>,
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Fig. 8. Effect of Strategy D on the optimal control dengue model (41).
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Table 4
Ranking of strategies A-E from least to the highest according to the infections averted .
Intervention strategy Total infections averted Total cost ($) ICER
No strategy (NS) 0 0 -
B: up(t), up(t), uy(t) 2.4051 x 10° 5.6866 x 10? 2.3644 x 1074
D: up(t), uy(t), ua(t) 2.8840 x 108 7.2575 x 10° 2.3388 x 107>
C: up(t), ug(t), ua(t) 2.8840 x 108 7.2578 x 10° -
A up(t), ug(t), us(t), ua(t) 2.8840 x 108 7.2588 x 103 -
E: ug(t), us(t), ua(t) 2.8840 x 108 7.4534 x 103 -
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Fig. 9. Effect of Strategy E on the optimal control dengue model (41).

From Table 4, comparison of ICER(B) and ICER(D) reveals that ICER(D) is lower than ICER(B). This implies that Strategy
D strongly dominates Strategy B. This simply means that Strategy D is cheaper and more effective than Strategy B. On
this note, Strategy B is left out of the set of control strategies and alternative interventions to implement in order to
preserve the limited available resources. At this juncture, there is no need for further re-calculation of ICER since it can
be seen from Table 4 that the remaining intervention strategies (Strategy A, Strategy C, Strategy D and Strategy E) avert
the same total number of infections. However, comparison of the four control intervention strategies in terms of the total
cost of control implementation suggests that Strategy D requires least cost, followed by Strategy C, Strategy A, and lastly
Strategy E. Consequently, control intervention Strategy D (combined efforts of optimal ITNs, chemotherapy or treatment
of symptomatic infected individuals, and insecticide) is considered the most cost-effective among the five optimal control
combination strategies investigated in this study. The next most cost-effective strategy is Strategy C (combination of
optimal ITNs with the efforts of optimal treatment drug therapy of latently infected individuals, and insecticide), followed
by Strategy A (combination of optimal ITNs, treatment drug therapy of latently infected individuals, chemotherapy or
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treatment of symptomatic infected individuals, and insecticide) and Strategy E (combined effort of optimal treatment drug
therapy of latently infected individuals, chemotherapy or treatment of symptomatic infected individuals, and insecticide).
While the least cost-effective control intervention is Strategy B (combination of optimal ITNs, treatment drug therapy of
latently infected individuals, and chemotherapy or treatment of symptomatic infected individuals).

6. Conclusion

In this paper, we studied the Lyapunov stability, bifurcation, local and global sensitivity analysis of a previously
proposed non-optimal control dengue model in [4]. From the LaSalle’s invariance principle, it is noticed that every solution
of the dengue model converges to DFE & as t — oo. The public health explanation is that dengue elimination is possible
regardless of the initial sizes of the sub-populations if the tackling of the disease follows the dynamics governed by the
model. Furthermore, it is proven that DPE is globally asymptomatically stable. From a biological viewpoint, it implies that
regardless of the initial size of the infectious humans in the population, dengue will establish itself in the community if and
only if the threshold quantity %, called “control reproduction number" is greater than unity. Based on the prior results,
the local and global sensitivity analyses are studied. We then noticed that a 50% reduction in A will have a corresponding
reduction in the spread of dengue, b increased by 100% will lead to 100% increase in the control reproduction number, the
sensitivity indices of 8y, By, A, and w, equal to 0.5 means that an increase in any of the parameters by 50% will lead to
50% increase in the spread of dengue. Therefore, these indicate that the most sensitive parameter in the proposed model
is the mosquito biting rate, b, which corresponds to the scatter plot and the partial rank correlation coefficient (PRCC).
Furthermore, the constant control parameters ¢, ¢, § and & (representing personal protection using insecticide-treated
bed nets (ITNs) or mosquito-repellent lotion, treatment drug therapy for latently infected individuals, chemotherapy or
treatment of symptomatic infectious individuals, and the effort of mosquito reduction with the application of open space
spray of insecticide, respectively) appearing in the non-optimal control model are considered as time-dependent control
variables by extending the model to an optimal control dengue model using the concepts of optimal control theory. We
establish the existence and characterization of the optimal control quadruple for the dengue model. Simulations of the
effects of different strategies involving the combination of at least three of the optimal controls show the dynamical
behaviours of the optimal control model. It is observed that all the strategies that include insecticide control with the use
of adulticide are sufficient to optimally eliminate dengue in the population. Thus, this result highlights the significance
of considering mosquito reduction through the use of insecticide (adulticide) in dengue control policy. After a careful
study of the optimal control problem and simulations, we introduce cost-effectiveness analysis, which indicates that a
control intervention strategy (Strategy D), which combines optimal ITNs, chemotherapy or treatment of symptomatic
infected individuals and insecticide, is the most cost-effective among the five different intervention strategies considered
in this paper. In the future, the discussion of feedback control can be used. Thus, the controlled variable is measured and
compared to a target value.
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