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Article history: Fractional order and fractal order are mathematical tools that can be used to model real-
Received 21 April 2022 world problems. In order to demonstrate the usefulness of these operators, we develop
Received in revised form 3 June 2022 a new fractal-fractional model for the propagation of the Zika virus. This model includes

Available online 23 June 2022 insecticide-treated nets and the generalized fractal-fractional Mittag-Leffler kernel. The

existence, uniqueness, and Ulam-Hyres stability conditions for the given system are

Iéﬁf:v \z:iss determined. Using the Newton polynomial, the numerical scheme is described. From
Atangana-Baleanu the numerical simulations, we notice that a change in the fractal-fractional order directly
Mittag-Leffler kernel affects the dynamics of the Zika virus. We also notice that the use of fractal order only
Fractal-fractional derivatives converges to faster than the use of fractional order only. Testing the inherent potency of
Newton polynomial insecticide-treated nets when the fractal-fractional order is 0.99 indicates that increased
Hyers-Ulam stability use of insecticide-treated nets increases the number of healthy humans. The fractal-

fractional analysis captures the geometric pattern of the Zika virus that is repeated at
every scale, which cannot be captured by classical geometry. This backs up the idea that
the best way to control the disease is to know enough about how it spread in the past.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

The Zika virus, a vector-borne disease initially found in rhesus monkeys in Uganda in 1947, has recently emerged as
a severe threat to the global community. It was first detected in humans in 1952 in Uganda and the United Republic
of Tanzania [1,2]. There have been Zika virus illness outbreaks in Africa, the Americas, Asia, and the Pacific. Throughout
Africa and Asia from the 1960s through the 1980s, uncommon occasional cases of human infection were often followed
by moderate sickness [2]. Mild fever, skin rashes, muscle and joint soreness, conjunctivitis, and headaches are among
the Zika virus symptoms. On the island of Yap (Federated States of Micronesia), the first Zika virus disease outbreak was
reported in 2007 [2]. In 2013, French Polynesia and other Pacific nations and territories saw a large outbreak of Zika
virus infection [2]. It was discovered in July 2015 that Zika virus infection was associated with Guillain-Barré syndrome.
In March 2015, Brazil reported a large outbreak of rash illness, which was rapidly confirmed as Zika virus infection and
linked to Guillain-Barré syndrome in July 2015. In October 2015, Brazil reported a link between Zika virus infection and
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microcephaly. Rapidly, transmission evidence and epidemics appeared in the Americas, Africa, as well as other regions of
the world. Eighty-six countries and territories have reported evidence of Zika virus transmission by mosquitoes (aedes
aegypti). In tropical and sub-tropical places in the world, Aedes aegypti causes dengue fever, chikungunya, yellow fever,
and Japanese encephalitis [2]. The other means of transmission can be through blood transfusions (very probable but
unproven), organ transplants, and sexual contact with a sexual partner [3]. Infected mothers can pass the virus on to
their newborns leading to permanent disability. According to the authors of [4], even after the Zika virus has departed
from an infected person’s blood, it persists in the sperm, adding weight to the theory that it is spread through sexual
contact.

As of late, mathematical modelling has been shown to be a very successful tool for monitoring and controlling
numerous diseases by providing essential analysis (for example, [5-19]). In the absence of real data, which can be
highly expensive, mathematical models provide an alternative platform. The use of mathematical models to forecast the
dynamics of disease transmission and to reduce the infection curve has been proposed. In [20], the authors investigated
the transmission dynamics of the Zika virus in French Polynesia in 2013-2014. Their model suggested a measurement to
protect against future infection. Gonzalez-Parra et al. [21], estimated the subcritical transmissibility of the Zika outbreak
in South and North America in 2016. Recently, in [22], the authors formulated a new Zika virus model in light of both
mosquito and human transmission along with the human awareness in the host population. Alzahrani et al. [23] used
an optimal control approach to study a Zika virus model with mutants. Their results suggested controls to eliminate
the virus from the community. In [24], Zika virus model with a sexual transmission route was investigated. Mpeshe
et al. [25], formulated a model approach to investigate the dynamics of Zika virus fever in Africa. Bonyah et al. [26],
studied the dynamics of Zika virus transmission. They integrated time-dependent controls into the model to evaluate the
optimal effects of bednets, infectious illness treatments, and insecticide spraying on the spread of disease. In addition,
they utilized Pontryagin’s Maximum Principle to calculate the parameters required for efficient disease control and
numerical results were provided. Tesla et al. proposed a temperature Zika virus transmission model [27]. They revealed
that the expected minimum temperature for Zika transmission is 5 °C higher than that of dengue and that existing
global estimates of Zika’'s environmental adaptability considerably overestimate its potential range. Suparit et al. [28]
formulated a mathematical model for Zika virus transmission dynamics with a time-dependent mosquito biting rate. Cai
et al. [29] studied the global transmission dynamics of a Zika virus model. Using Lyapunov function they found that the
endemic equilibrium point is globally stable. Okyere et al. studied the dynamics of Zika incorporating sexual transmission
route together with multiple optimal controls [30]. Fractional calculus has a memory effect, which aids in the correct
prediction of physical systems. Some of the fractional order derivatives that have been proposed are Riemann-Liouville-
Caputo, Atangana-Baleanu-Caputo (ABC), and Caputo-Fabrizio (CF). The theory of fractional calculus and its illustrated
applications are gaining popularity around the world, see the works by [31,32]. New fractional operators with various
properties have been defined and are being utilized to model real-world issues. The emergence of novel operators in the
literature can be attributed to the replication of new challenges that model various forms of real-world situations. In this
regard, many types of fractional operators with varied kernels have been used to solve a range of practical problems,
and their numerical methods have been defined in terms of the fractional operators. In the work by [33] the fractional-
order biological population model is solved using the natural transform iterative method. The approach addresses a wide
variety of fractional and integer-order differential equations. Consideration is given to the fractional-order derivative in
Caputo’s sense. In [34], the authors investigated a new study on the mathematical modelling of the human liver with
CF fractional derivative and concluded that the lower the operator, the infection rate decreases. The authors of [35]
investigated the smoke model using the CF fractional derivative and concluded that there is dynamism in hereditary
and memory effects in real-world phenomena. The authors in [36] studied the dynamics of Q fever by employing the
Mittag-Leffler kernel. They noticed from their studies that, the trajectories of the integer order and some fractional orders
converge to the same endemic equilibrium point. Also, they concluded that, as compared to other operators, the ABC
fractional differential operator captures greater susceptibilities and fewer infections. Owolabi and Pindza examined a
mathematical analysis and numerical treatment for the fractional reaction-diffusion system [37]. The work in [38], studied
some chaotic systems using derivative with Mittag-Leffler kernel. In [39], the authors analysed the HIV/AIDS infection
model with the Mittag-Leffler kernel where existence-uniqueness, stability, and simulation solutions were established.
Furthermore, ABC derivatives have been applied to several contagious diseases such as tuberculosis, smoking epidemics,
measles, leptospirosis, COVID-19, etc. [40-50]. The following papers investigated the fractional dynamics of the Zika
virus [51-56]. Furthermore, the transmission dynamics of the fractional-order Zika virus in the human population were
studied in [57]. In [58], a coupled nonlinear system for Zika virus dynamics with sexual transmission pathway under
generalized Caputo-type derivative was investigated. Additionally, in [59], a Mittag-Leffler kernel-based fractional-order
Zika virus model was investigated. They showed that the results of their model are more like the results of the traditional
model, which is based on Lagrange’s interpolation polynomial scheme.

Atangana [60] presented novel operators of differentiation, including the power law convolution, exponential decay
law, and modified Mittag-Leffler law with fractal derivative. The novel differential and integral operators are known as
fractal-fractional differential and integral operators. The new operators intended to attract a greater number of non-local,
fractal-displaying natural challenges. Some additional properties are introduced, along with the numerical approximation
of these new operators and their applicability to a real-world scenario. Recently, this fractal-fractional differential and
integral operators have been used in studying the complex dynamics of non-infectious and infectious disease (see for
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example, [61-71]). Atangana [72] presented fractal-fractional mathematical modelling using differential and integral
operators to COVID-19. Detailed descriptions of properties and numerical estimates were provided. Saad et al. [73]
studied the fractal-fractional dynamics of hepatitis C virus infection based on Caputo-Fabrizio. They determined the
absolute inaccuracy of their solutions, which suggests that the mistake’s magnitude diminishes as the number of iterations
increases. The chaos of the numerical solutions for the fractal-fractional-order model is depicted graphically for various
parameter values. Zhang et al. [74], used a fractal-fractional Caputo derivative to study the dynamics of an anthroponotic
cutaneous leishmania model. Their investigation suggests that the fractal-fractional order derivatives provide deeper
insight into the intricacy of the suggested Leishmania model’s dynamics.

The World Health Organization declared the Zika virus a “Public Health Emergency of International Concern” [2].
Despite the fact that the Zika virus is a public health concern, there is currently no therapy, vaccine, medication, or
rapid diagnostic test available, but individuals can avoid mosquito bites [2]. Therefore, based on the fact that fractal-
fractional order derivatives provide deeper insight into the intricacy of epidemic models and their ability to capture
both memory and heredity traits, and repeated patterns, in this paper, we use fractal-fractional operators to build a
model for the Zika virus transmission incorporating insecticide-treated nets, and to the best of our knowledge, no single
mathematical formulation of Zika virus transmission in fractal-fractional dynamics has been presented yet. The essential
structure of the paper is as follows: We briefly show in Section 2 the fundamental definitions relation to fractal-fractional
ABC operators. Construction of the model in classical and fractal-fractional case are respectively shown in Section 3. In
Section 4, we analyse the positivity, boundedness and invariant region of the proposed model. The analysis of the existence
and uniqueness using fixed point theorem approach are discussed in Section 5. In Section 6 we discussed the stability
results under Hyers-Ulam stability. In Section 7, base on Newton polynomial approximation, we analyse the numerical
solutions of the fractal-fractional Zika virus transmission incorporating insecticide-treated net. In Section 8, we run a
numerical simulation using Matlab to provide a graphical representation of the model. Finally, Section 9 contains the
conclusion of the study.

2. Preliminaries

This section contains the basic definitions that will be used throughout the study. These definitions cover the
Mittag-Leffler kernel’s fractal-fractional derivative in general.

Definition 2.1 ([34]). Given a function 7 : Rt — R, then the fractional integral of order ju, in Caputo sense is given as

! /U(a—s)“**lr(s)ds, (1)
I'(py) 0

where I" denote the Gamma function and u, denote the fractional order.

g1 T (0) =

Definition 2.2 ([75]). Given a function T € C", then the Caputo derivative with order u, is given as

e T s
DAY (o) = " D"Y (o) = F(n_ﬂ*)/o e (2)

which is defined for the continuous functions in absolute terms and n — 1 < u, < n € N. Clearly, ng‘*T(a) approaches
T'(o) as u, approaches 1.

Definition 2.3 ([23,76]). Let T € H(a, b), b > a be a function and 0 < u, < 1. Then the ABC derivative can be stated as

Gl " o &M
ABC pya () = -CL) / T/(s)E,, [—M*M]ds, (3)
1= Jg T— s
where G(u,) is a normalization function with G(0) = G(1) = 1.
00 k
y
E =)y —— 4
1) ; R TICEREY (4)

and in a case where we have two parameters Mittag-Leffler function is as follows;
o0

E#*O(* (y) =
k=0

k
y
_ (5)
I(pik + o)
Definition 2.4 ([66]). Suppose that 7°(t) is continuous on (a,b) and the fractal-fractional derivative on (a,b) with w, and
vy, as fractal dimension and fractional order respectively, the fractal-fractional (FF) derivative of 7°(t) in Caputo sense
with power law-type kernel is given as follows;

1 cdr
FCDE (o) = / (5)(0 — )", (6)
I'(n—p) Jo ds™
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Table 1

Parameter values and initial conditions.
Parameter Interpretation Value/day Source
Ap Human recruitment rate 100 [26]
Ay Mosquitoes recruitment rate 1000 [26]
& Loss of immunity 0.05 Assumed
X1 Insecticide-treated net coverage 0.1 Assumed
Ih Natural death rate for humans ﬁ [26,77]
bn Progression of human from exposed to infectious stage 0.01 [26,78]
by Progression of mosquitoes from exposed to infectious stage 0.05 [26]
Vp The rate of recovery 0.2 [79]
Nh Disease-induced death rate for human 0.00001 Assumed
Bn Probability of humans getting infected 0.2 [78]
By Probability of mosquitoes getting infected 0.09 [77]
Ly The death rate of mosquitoes L [79]

wheren — 1 < uy, v, <neN,

d T(s) = lim T(0) = T() (7)

dsV o—>s  gVx — gV

Assume that v, = 1, then (6) becomes Caputo fractional derivative.

Definition 2.5 ([66]). The fractal-fractional (FF) derivative of 7°(t) in Riemann-Liouville (RL) case with generalized ABC
function is given as;

G . d o _ Mo
FABCDg*,v*T(G) — (1) / E,., —M*u T (s)ds, (8)
1 — u, dov Jg 1— .

with u, > 0,v, <1€Nand G(uy) =1 — py + F‘(‘;*).

Definition 2.6 ([66]). The fractal-fractional (FF) integral in relation to (8) is as follows;

ve—1

el = s e / "o — sf T (s)ds. )

FABCI}J,*,U*T —
oY) ) T o Jo

3. Model formulation

Using a system of differential equations, we study human and mosquito populations in a closed homogeneous
environment. There are four compartments in a human population of size N(t): Susceptible Sy(t); Exposed Ep(t); Infected
I(t); Recovered Rp(t); where Ny(t) = Sp(t)+ Ep(t)+In(t)+ Ry(t). Due to the facts that only female mosquitoes bite people
and transmit Zika virus, the total female mosquitoes population N,(t) is split into S,(t) Susceptible; E,(t) Expose; I,(t)
Infected. Let N,(t) = S,(t) + E,(t) 4+ I,(t). Note that the mosquito lifespan is usually shorter than their infection period,
no recovered mosquitoes are included. From the above description, using the ideas from [23,57], the ordinary differential
equations in system (10) describes the Zika virus transmission dynamics incorporating insecticide-treated nets;

Bi — A+ &Ry — (1 — x1)AnSh — nSh,

= (1= x1)AnSh — @nEn — pnEn.

%‘ = ¢nEn — (v + nn)ln — pnln,
Eh = vply — &Ry — 1enRn, (10)
% =Ay— (] — X1)ASy — HySy,

dditu =(1—x1)A,Sy — ¢ Ey — Ey,

% = ¢uEy — ol

where Ay = ﬂ,’\}:“ , Ay = % All the parameters in model (10) are summarized in Table 1. The ordinary differential model
(10) is then transformed into a fractal-fractional-order system. The reason for addressing the fractal-fractional-order case
is the substantial uniqueness of these fractal-fractional-order systems with non-local characteristics, hereditary qualities
and repeated patterns that cannot be captured by the used integer-order differential or fractional operators only. The
values u, and v, constitutes the fractional order and the fractal order respectively. In reality, dynamics of diseases can
be in a fractal manner, hence integrating fractal perspective would help us comprehend phenomena better. Thus, our
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proposed fractal-fractional ABC operator model for Zika virus transmission, which includes insecticide-treated nets is
given in Eq. (11).

FABCDY " Sy(t) = An + &nRn — (1 — X1)AnSh — (nSh,

FABCDE Y Ep(t) = (1 — X1)AnSh — @nEn — pnEn,

FABCDE " In(t) = ¢pnEn — (vh + mn)lh — anlns

FABCD" Ry(t) = vilp — &nRn — pnRp, (11)
FABCDI S, (1) = Ay — (1= X1)huSy — [4uSo,

FABCDY ™ Ey(t) = (1 = X1)ASy — duEy — iy,

FECD 1, (8) = @By — il

with the appropriate non-negative initial conditions as follows; Sy(0) = Sy, > 0, Ey(0) = Ey, > 0, I)(0) = Iy, >
0, Ry(0) =Rn, > 0, 5,(0) =Sy, >0, E,(0)=E,, >0, I,(0) =1y, >0, T;n(0) = Tp, > 0.

4. Dynamics of the model

In this section, we investigate the dynamics of the positivity, boundedness, and invariant region of the solutions for
the proposed model (10) and (11). In an epidemiological model, it is significant to assess the survival of the population
and natural restriction to growth due to limited resources. In doing so, we prove the following Theorems.

4.1. Positivity and boundedness

Theorem 4.1. Let S;(0) > 0, Ex(0) > 0, I,(0)
W = {Sn(t), En(t), In(t), Rn(t), Sy(t), Eu(t), (t)}

>0 Rh(O) >0, S,(0) >0, E,(0) >0, I,(0) > 0. Such that the solution set
€R of the Zika virus model (10) are positive for all t > 0. Furthermore

. Ap . A,
limsup Nu(t) < —, limsupNy(t) < | — ).
W

t—o0 h t—00 My

Proof. Let t; = sup{S,(0) > 0, En(0) > 0, I;(0) > 0, Ry(0) > 0, S,(0) > 0, E,(0) > 0, I,(0) > 0} € [0, t]. We know
that the initial values are greater than zero, if not there is nothing to be prove. Therefore, we assume that initial values
are greater than zero, then, t; > 0. Now let take the first dynamical equation of model (10).

dSp
P Ap + &Ry — (1 — X1)ArSh — WnSh.

For simplicity, we let M} = [(1 — x;)Ap — 4n]. Thus,
dSp

T+M 15n(t) = Ap + &pRyp.

This lead to

d t
dt t)exp / Mj(s)ds)) = (An + Sth)exp(f M;(s)ds).
0

So, we get

t)= exp(—f 1 M;(s)ds) [[ 1(A;1 + sth)exp(/ ] M;(s)ds)].
0 0 0

Hence, we proved that S,(0) > O for all t > 0. In the similar manner, we can prove that E,(0) > 0, I;(0) > 0, Ry(0) >
> 0, E,(0) > 0,1,(0) > 0, for all t > 0. Now, for boundedness, we have the following expressions as

0,S,(0)
{th = Ap — upNp,

(12)
% =A, - lLva-
Thus,
th

Ap — jupNp < < Ap — upNp,

Au - IU'UNU f dgltv f A MIJNU'
Hence,

lim infi_ oo Na(t) < ;‘7': < limsup,_, o, Ny(t) < ;‘7}:

liminf,_, o Ny(t) < fT < limsup,_, o, Ny(t) < 27

Therefore the solution is bounded.
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Using the epidemiological feasible region, we want to verify that a transformation on the Zika virus will remain in a
certain realistic limit for t > 0. Let ¥ = 2, + £, C R}, x R% where

Ap A
v = {(Sha Ep, In, Ry, Sv’ E,, Iv) € Ri :Nh(t) =—, Nv(t) =< (U)}
Kh My

Now, for positively invariant of Rzr, from (12) we solve the inequalities as follows

A A
Na(t) < Ny(0)e 10 4 =2 (11— e 10), Ny(¢) < Ny(0)e (" 4 =~ (1 - e—ﬂv<f>>.

Mh My
Therefore,
. Ap . A,
limsup Nu(t) < —, limsupN,(t) < —
t—o0 Mh t—00 My

Hence, the Zika virus transmission model is considered to be mathematically well posed, which means that all the
solutions and initial conditions remains in the feasible region ¥. O

Theorem 4.2. The solution of (11) along with initial conditions is positively invariant and bounded in R7+.

Proof. Using the results in [80] and taking the account of the initial values given, from model (11) we obtain

DL Sh(E)ls,—0 = An + &R > 0,

FABCD;L*vV*Eh(tNEh:O = (1 —x1)ApSp > 0,

FABCDE ™ In(£) 1,0 = ¢nEn > 0,

FABC D" Ru(t)IRy=0 = vhly > 0, "
DL Sy ()]s, =0 = A > 0,

FABCDI "™ E(£)|g, =0 = (1 — X1)A,S, > 0,

FABC Dl [ (£)]1,=0 = @vE» > 0.

We know that Spg > 0, Epg > 0,10 > 0,Rpp > 0,S,0 > 0,E,o > 0,10 > 0, for all t > 0. From (13), the result cannot
escape from the hyperplanes. Consequently, the domain ¥ = {Sy(t), En(t), In(t), Ra(t), Sy(t), E,(t), I,(t)} € R7+ is a positive
invariant set. O

5. Existence and uniqueness

Before delving into any kind of epidemiological model or physical problem, it is significant to assess whether such a
dynamical problem actually exists or does not exist. This concept can be derived by using various theories and tools. The
Banach’s fixed point technique help to answer this question. In this section, we use Banach’s fixed point technique to
analyse existence and uniqueness results of the fractal-fractional model (11). Consider the Banach space M = W’ under
the assumption that W = ¢(7, R) through the norm

1Dl ae = (St Ens Tns Ras Su Eus L) lLax = sup{|#(0)l = ¢ € 7},

such that |#H| := |Sy| + |En| + [In] + |Rw| + |Sy| + |Ey| + |I,]. Similarly, the right-hand side of the fractal-fractional model
(11) can be rewritten for simplicity as

M (t, Sp(t)) = An + &Ry — (1 = x1)AnSh — 14nSh,

My (t, En(t)) = (1 = X1)AnSh — $nEn — 1anEn,

Ms (t, In(t)) = ¢nEn — (Vi + mn)ln — nln,

My (t, Ru(t)) = valp — xRy — 1anRy, (14)
Ms (£, Sy(t)) = Ay — (1 = X1)ASy — 1405y,

Mg (t, Ey(t)) = (1 — x1)AySy — ¢uEy — poEy,

My (t, 1,(t)) = ¢uEy — woly.
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The fractal-fractional model (11) is reformulated as

ABRDESh(t) = vt ™~ "My (£, Sp(t)),

ABR DO ER(t) = vt M (t, Ex(t)),

ABR DO I(t) = ot ™ M3 (L, In(t)),

ABRDG tRA(t) = vyt "~ My (¢, Ry(t)), (15)
ABRD S (1) = vt T Ms (¢, S, (1)),

ABR DG ES (1) = v, t" M6 (1, Ey(1)),

ABRDEI, (1) = et ™ My (£, ,(1)).

Now, we consider the system (15), and reconstruct the extended mentioned system in the form of the compact initial
value problem

ABRDD(t) = vt~ 'M(t, D(t)),

D(0) = Dy, (10)
with the assumption
D(t) = (Sn(t), En(t), In(t), Ru(t), Sy(t), Eu(t), Iv(t))T,
Do = (Sho» Enos [ros Rnos Su0s Euos 1o0) '+ fhes v € (0, 11, (17)
and
M (¢, Si(t)),
M (t, Ex(t)),
M; (¢, In(t)),
M(t, D(t)) = { My (t, Ru(t)), (18)
Ms (£, S,(t)),
M (£, Eo(1)),
M (t,1,(t)), tedJ.
Definition of the non-singular fractional ABR-derivative gives (16) as
t
1G(_“M) % fo B[~ ‘_’“*M*(t — 5y ]D(s) ds = vt "M(t, D(t)). (19)
Moreover, taking the fractal-fractional Atangana-Baleanu integral on (19), it yields
D(e) = b(0) + T v ey
G(as)
[ Vi Lo et
m /0 s (t — s) M(s, D(s)) ds. (20)

By considering the above basic fractal-fractional integral equation, we obtain the following extended system of fractal-
fractional integral equations as
(1- M*)V*tv*_l

Sn(t) = Spo + TM](L Sn(t))

t
Hox Vs vi—1 -1
s (t — s)* 7 "My(s, Sp(s)) ds,
T (1)G(1) /0 ]
(1 — pa vyt !

Eh(t) = Epo + TMz(ts Eh(t))

t

s Ve ve—1 -1

4+ — st — 57 My(s, En(s))ds,
T (02)6(10) /0 e

(1 - /L*)V*tu*71

In(t) = Ino + ——22 Mis(t, In(t))
G(11+)
PR /ts"*_l(t — 5y Ma(s, In(s)) ds
T()6() Jo S AR
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(1- M*)V*tu*7]
G(u)
t
% Vi Vy— -
bttt [y g e,
* * 0
(1= vt
G(11+)
t
% Vi Vs — -
+ m/ s" 7 — 5)" T Ms(s, 5,(s)) ds,
% * 0
(1= paJvat™!

Ry(t) = Ryo + My(t, Rn(t))

su(t) =Sy + MS(tvsv(t))

Ev(t) =Eyo+ G(M ) Mg(f, Ev(t))
M Vs ' ve—lrp  yue—1
b fo & 1(t — ) Mgls, E,(5)) ds,
1— * ) Vk v
(D) = o + %Mm, L)
Mo Vs ‘ ve—Tlre £—1

We regard a new map to investigate a fixed-point problem, by giving T : M — M as

1 — )t 1
(1— ) M

T(D(t)) = D(0) + ) (t.D(1))
Mo Ve t ety -
+ m/{; 5 (t 5)”' M(ﬁ, D(g))d5 (21)

In relation to the existence property of solution on the Zika fractal-fractional model (11), the following is deploy:

Theorem 5.1 ([81] Leray-Schauder Theorem). Let M be a Banach space, U C M a convex closed bounded set, G C U an open
set, and 0 € G. Then for the continuous and compact map T : G — U, either:

(HY1) 3m € Gs.t.m = T(m), or
(HY2) 3m € dG and 0 < u < 1 s.t. m = uT(m).
Theorem 5.2. Let M € C(J x M, M), and also assume:
(G1) AF e L(7,R*)and 3T € C([0, 00), (0, 00)) (Y is non-decreasing) s.t. Vt € 7 and D € M,
IM(t, D(1))| < F(OT(ID(E)]);
(G2) IR* > 0 s.t.

m*
(1 — ps)ver¥t verh Py, > 1 (22)
[ s )Vse Mo Ve * ]FST(%‘*)—FDO
G(M*) F(M* + V*)G(/vb*)
with F§ = supc s | F(t)l.
Then for the fractal-fractional problem (16) and so, for the fractal-fractional model (11), at least a solution exists on 7.

Proof. To start our argument, consider T : M — M given by (21) and
Ner = [D €M : Dl < R*], for some R* > 0.

Evidently, the continuity of M implies that of the operator T. Now (G1) gives the following estimate
(1- H*)V*tv*_l

T(D(t))| < |DO)| + —————+—

| | | | G(j14)

s Vi t S P
*mf (£ =)™ [M(s, D(s))] ds

1— . *tu*fl
%_}:
G(pe)

" L/tﬁv"_l(t — sy A& (ID(s)) ds
T'(144)G(1s) Jo

IM(¢, D(t))|

=Do + ()Y (ID(t)])

8
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1 — )1 LV TR 1B, b,
<D LT ey (hes V) 2o ey
1-— ve—1 H*+U*—1[‘
— Dy + ( s )V T ]-—gT(R*)—l— s Vs T (U*)ng(R*),
G(p+) G ) (s 4 v4)
for D € Ng+. We get
1 — vt ! LV TRy,
MMMSDM{( H) - ( qﬁTmﬂ<w. (23)
G(14) Gt )T (s =+ v4)

So ||ITD||y; < oo and T is uniformly bounded on M. In the following, choose t, z € [0, 7] := 7 arbitrarily with t < z and
D € Ng-. Take

sup  |M(t, D(t))] = M* < co.
(t,D)e T x Ngx

Then

(1 — vz ! (1 — o1
|T(D(2)) — T(D(t))| < ‘G(M*)M(la D(z)) — WM(L D(1))

s Vs z - ~ o
ﬁ@@@ﬁﬁ(zﬂ“Mwmmg

+

s Vi ‘ ve—1 Msx—1
— m 5% (t _5) * M(E, D(E))dﬁ
* x) Jo
1 — v M* _ _
< gt - o (24)
s
. *M* z t
71_,&“ V)G( ] / sz —s)1ds — / L (R ds’
Mo Mo 0 0
(1 — M*)V*M* (Zv*71 _ tv*,l) + M*U*M*B(H’*s V*) Zp_mtv*fl _ tﬂ«*+\)**1]
- G(p+) (14 )G( 1)
— (1 — py)vM* (z”’ﬁ] B t”*fl) n s VM T (v,) [ZMWLV*,] _ tlt*+v*71]
G(pe4) I'(fy + v2)G(pes) ’

where (independent of D) (24) tends to 0 as z — t. Therefore,
lim [ 7(D(2)) — T(D(t))]l.4 = O,

and T is equicontinuous, and so it is compact on N+ by referring to the Arzela-Ascoli theorem. Since all the conditions
of Theorem 5.1 to be held on T, thus one of (HY1) or (HY2) will be valid. From (G2), set

® = {De./\/l - IDl|nq <m*],

(1— p v PV T 10 (0,)
G( 1) T(ps + v:)G(1t4)

for some %R* > 0 via Dg + [ ]J-‘C’;T(m*) < R*. With the help of (G1) and by (23),

we estimate

(1 — pavet™ 7 v, o710 (n,)
G( 1) T (s + vi)G(1ts)

Next, we consider the existence of D € d® and 0 < u < 1 with D = uT(D). For these selections of D and w, and by (25),

ITDllve = Do + | |7, (25)

(1= vt vt =10 (v,)
9" = D]l = ITDlpe < Do+ | |7rapis
G(pes) (s + v4)G( ) 0
1— vi—1 l’-*+V*—1[‘
<Dy + [( M )V4 T M4 VT (V*):I]__g,r(m*) < R,
G(f1+) (s + vi)G(1ex)

which is unachievable. Therefore, (HY2) does not satisfy and T possesses a fixed-point in @ by Theorem 5.1 which is the
same solution of the fractal-fractional model (11). O

To demonstrate the uniqueness of the fractal-fractional model (11), we examine the Lipschitz property for the kernels Mj,
(J=1,...,7) examined in (14).

Lemma 5.3. Let Sy, Ep, In, Ri, Sy, Ey, Iy, Sp Ef I R, SELES, LY € W= C(J,R), and for all t € 7, 14 @alii(t) > In(t),
1+ @al¥(t) > I,(t), and

(V3) 3o}, o5, 25, o, 23 g 23 > Ot (ISl < o, Bl < 63, Il < 5, IRwll < 65, IS, < 3, Iy | < x5 and |1, ]| < 3.

9
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Then My, M, M3, My, Ms, Mg, M; defined by (14) are Lipschitz with L}, L, L, L}, L, L§, LY > 0, where
LI =1 —=x)Ap+pun >0, Ly =¢n+pun >0, Ly = (vp+np) + un >0, (26)
Ly =& +mn >0, Li =(1—x1)A + 1y >0, L§ =¢, +p, >0, Lj =p, >0.
Proof. For My, we select S, S; € W := C(7, R) at random. Then

1M (¢, Su(t)) — M (¢, SE(6) I
= ” [Al1 + &nRn — (1 — x1)AnSh — Mhsh]
- [Ah + &Ry — (1 — x1)AnS; — ,U«hsff] H
= | [0 =000+ 1an] 5160 = 5300) |
= LylISh(t) — Sp()lI.

This indicates that M is Lipschitz w.r.t. S, with constant L} > 0. For the function M,, we select E,, E; € W = C(J, R) at
random. Then

I, (£, En(t)) — M (¢, Ef(0)
= H [(1 — X1)AnSh — ¢pnEn — ,uhfh]
- [(1 — X1)AnSh — oy — thﬁk] H

< [én + 1n]IlER(t) — Ex (0]
= L3|IEn(t) — E5(O)Il.

This indicates that M is Lipschitz w.r.t. E; with constant L; > 0. For M3, we select I, I € W := (7, R) at random. Then
IM3(t, In(t)) — Ms(t, I ()|
= 0 [¢h5h — (vh + )l — Mhlh]

- [¢h5h — (v + )l — l/«hl;,k] H
< [(on 4 n0) + s In(8) = L)
= L3|lIn(t) — I (0)]l.
This indicates that M3 is Lipschitz w.r.t. I with constant Lj > 0. For My, we select Ry, Ry € W := C(7, R) at random. Then
M4 (£, Ru(t)) — My (t, Ri(8)) |
= H [Vhlh — &Ry — thRh]
- [Vhlh — &Ry — MhR;] H

< [& + mn ] IRa(t) — R(0)]]
= L3|IRn(t) — R(E)]l.

This indicates that My is Lipschitz w.r.t. R, with constant L} > 0. For Ms, we select S,,S; € W = C(J, R) at random.
Then

M5 (¢, Su(t)) — Ms (£, Sy (D)l
_ H [AU — (1= x1)heS, — uvsv]
~ [av——xonst - wst]|

< [(1 = %) + ] lISu() = S2(0)]
= LIS, () — S3(O)I.

This indicates that Ms is Lipschitz w.r.t. S, with constant LY > 0. For Mg, we select E,, E; € W := C(7, R) at random.
Then

Mg (t. Ey(t)) — Mg(t, ES(t)) |
= [0 =05, = duFs - i ]

10
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— [ =x0ns, - 0uE: - k]

< [d)v + Mv]”Ev(t) - E:(t)”
= Lgl[E,(t) — E; ().

This indicates that Me is Lipschitz w.r.t. S, with constant L{ > 0. Finally, for M;, we select I,,[,* € W := C(J,R) at
random. Then

IM; (¢, 1,(6)) — My (¢, 1,"(0)) |

= |[#uEs - st
~foi ]

= Mv”IU(t) - Iv (t)”
= L;”’v(t) - Iu*(t)”-

This indicates that My is Lipschitz w.r.t. I, with constant L > 0. The proof for all given M;,j = 1---7 functions is
completed. O

Theorem 5.4. Let (V3) be fixed. Then the fractal-fractional model (11) has a unique solution when

gef{1,...,7}), (27)

I:(l - M*)V*fv*_l M*V*F(V*)Tﬂ*+u*_l] %
G(14+) (s + vi)G( 1)
and L’s are introduced in (26).

Proof. We presume that the theorem’s conclusion is invalid. Consequently, alternative solution is possible for the
fractal-fractional model (11). Consider the expression (S,;k E; Iy, Ry, S5, Ey, I*) is another solution under the initial value
condition
(Si(0), Ej:(0), I;(0), R}(0), S(0), E(0), I,*(0)) = (Sho. Ino. Iho. Reo. Swo, Evo. 1)
Then by (20), we have
(1- M*)V*rv*_l
G(pe4)

+ &/[5””1&—5)“**% (s, Sp(s)ds
I()G(p) Jo o

(1— H*)V*tv*_1

Si(t) = Sno + M; (t, Sy ()

Ej(t) = Eno + ) M, (t, E;(t))
+ #:}(M)f st — s) My(s, Ef(s)) ds,
1— * ) Vx b=l
() =1 + %Mﬂt, 1)

MoV ‘ 1 1
+ é/ s TNt — s)* T 'M3s(s, IF(s)) ds,
T (1)G(1) Jo e

1— N *tv*—l .
R(E) = Rio + %Mm, R(t)

t

Mo Vs Ve—1 -1 %

+ — | g% (e — s)'My(s, Ri(s)) ds,
F(M*)G(M*)/; AT

1-— * )V Vel
S2() = Suo + %Ms(r, S2(6))

iV ‘ 1 1
n MV s Tt — s) T M5 (s, S:j(s)) ds
()G ) /0 ’
(1— st

E:(t) =Ey+ WMG(L E:(t))

MoV ‘ 1 1
+ | "Nt — s) " Mg(s, EX(s)) ds,
F(M*)G(M*)/o °

11
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(1= p)vat!
G(u*t)
% /0 &1 — g) My (s, I,%(5)) ds.
Therefore, we can now estimate
(1 — fagut™ !
G(4e+)

t
s Vs ve—1 -1 * * K QE( K *
b e gy ‘M(m,S,(m )) — My (10", S*(10*))] dro
anwuﬂ Rl R

LX) =1Y% + My(t, 1,%(¢))

ISn(t) — S(0)] =<

M (£, Si(6)) — Ma(£, 5;(0))

(1- M*)U*tv*il s Vs ‘ -1 -1
LISk = Spll e | 8Tt — )T ILYIS), — S | dio”
Gy M P ()Gl Jo ' "

[(1 — @, D (v )Tt ]L*||Sh — s
G(/.) T+ v)G(y) 17 "

hence

(1 [(1 — e (v )Tt
G(pe4) T(ps + vi)G(14)
The above inequality holds when [|S; — S|l = 0, or Sy = S In the similar manner, from the inequality

]mﬂ&—ﬁnsa

T— vt b o, C(v)rietoe]
G(1) (s + v)G(pts)

* ( * *
1B~ Exll < | | A

we now arrive at

1— . ve—1 r Mstvse—1
(1 B [( [ JV5T pavi I (vi)T ]Lz) IEx — EX]l < 0.
G(/4+) I(ps 4 v)G(1)

This is valid when |[|E, — E;|| = 0 or E = E;. Furthermore, the inequality

(1= pa vt v D, )it ]
G(pe+) (s + v2)G(pes)

=130 < | Jesin = g,

which gives

1— [(1 — @t D (v )Tt :IL* Iy — ] <0
Gt T 4+ v)G(p,) 172)00 W=7

This is valid when I, — I|| = 0 or I, = I}}. In similar manner, we can ascertain that get R, = R}, S, = S}, E, = E;; and
I, = I,*. Therefore, for each t € 7, we get

Hence the fractal-fractional model (11) has a unique solution if (27) holds. O

6. Hyers-Ulam stability (HU)

Stability plays a significant role as far as the differential equation is concern. Among the several types of stability, HU
type stability is one of the most intriguing, recently. The HU stability was first introduced by [82] and later generalized
in the paper published by Rassias [83]. This stability-type is useful in a variety of natural phenomena where searching
for the exact or precise solution is complicated. In epidemiological model, where sometimes is quite difficult to get exact
solution, HU stability is use to get approximate solution to control the dynamism of the virus. For this purpose, in this
analysis, due to complication in transmission dynamism of Zika virus, we apply HU stability concept to study stability
nature of the fractal-fractional model (11).

Definition 6.1. The fractal-fractional model (11) is UH-stable if 30 < Om, € N,j e {1,...,7} st. VN, > 0, and
V(S Ex Iy Ry, Si EX IY) € M satisfying

‘FFMLDgf‘t*’“*)S,;‘(t) - Ml(t,S,’f(t))‘ <Ny,

‘FFMLDB{‘;‘“*)E;‘(t) — Myt E;‘(t))’ <N,

‘FFMLDf)’ft**”*)I,;"(t) — M;(t, I,T(t))‘ < N,

12
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‘FFMLD(H* ”*)R;(t) M4(t, R;(t))‘ < Ny, (28)
FMLD{ 51 (6) = M (£, 5 (0) | < N,

3(Sh. En, In. Rn, Sy, Ey, I,) € M satisfying the fractal-fractional model (11) with

|S,’1k —Sh| < QM1N1, |E)T _Eh| = QMZNZa
¥ — 1| < Om;Ns,  [Rf — Ra| < Om,Na.
sz —S,| < OMsNs,  |Ef —E,| < OMgNe,

Ik —1,| < oMyN.

Remark 6.2. (S;.E; 17 Ry, Sk E: I}) € M is termed as a solution for (28) iff 3g7,...G; € ¢([0, ], R) (based on

ho Qv Lyo

Sn Ex Ir, Ry, Sy, Ey, I, respectively) so that Vit € 7,

he Qv Ly

() 1G7(0)] < N,
(ii) We have

FFMLD(M* V) S*

FFMLD(M* V) E*

M (£, Sp(1)) + g5(¢),
M, (¢, E; (1)) + Gi(t),
FFMLD(P-* Vi) Ix(t) = 3( , )) + g5t

FFMLD(()/;*”* Ri(t) = My(t, RE()) + G5(0),
FFMLDglft*»V*)s* t) = Ms(t, S}(t)) + gz(t),
FFML,Dglft*,V*)E* t) = Ms(f EX( t)) + Gg(t),

( ks *)
FMLDg "I (t) = My (¢, I(1)) + G3(t)

Lemma 6.3. For each Ny, ..., N; > 0, suppose that (S* Ex Iy, Ry, Sy, Ey I*) € M is considered as a solution of (28). Then

he Qv Ly

the functions Sy, E;, I, R}, S;‘, Ey, Iy € W satisfies the mequalmes
(1— M*)V*tv*_l
G( 1)

s Vi t e 1 N
+ m/(; st — s ) M1(5’Sh(5))d5)

M;(t, Sy(t)

10— (Sio +

(1 — )t 1 v, I, )phetet
: [ G(ps) (s + v:)G(jts) ]Nl’ (29)
* (1= paJuat™! .
El0) - (E“" T ey MR
Mo Vs ‘ ve—lrge «—1 %
m[a T = sY T Ma(s, Ej(s)) ds)
(1 — vtV v I(v, ) oty
= [ G(1e) I + v:)G(14) ]NZ’ (30)
1— * )V ve—1
Ilf(t) - (IhO + %MB(L I’T(f))
s Vs ‘ ve—Tlrge s—1 ¥
* ey e e o)
(1 - M*)U*fv*—l M*V*F(V*)TM*+U*_1
f[ Glp) T (s + v2)G(12r) ] 3 (31)

13
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1— * V% ol
10— (R + B2 Mt i)

s Vs ‘ Vie—1 Ly —1 «
Wfo §T(E = )T My, Rh(s))ds)

[(1 — VT D(w, )it ]
4

= (32)
G(p+) T(fs + v2)G(1Ls)
* (1 - M*)V*tv*i] «
Sy(t) — (Suo + WMS(L SK(t))
t
% / 5v*—1(t _ s)u*—lMs(s, R*(E))dﬁ)
/L* v* ol v T (v, )it
<[ T(s + )G ) ] > (33)
ve—1
( o 4 Lt v*)t Ms(t, EX(t))
Mo Vs t vemlpp  yus—1 N
m/g 5" = )" M(s, E}(s)) ds
(1= pa vt v I(v,)THetvl
= [ G(px) (s + vi)G(pe4) ] 6 (34)
1-— * )V Vel
L) - (vo + %Mﬁ, (1))
Mos Vse t vemTp a1 N
m/o st — s) T My(s, IU(S))ds)
(1= vt v C(p,)rieteet
S[ G(144) (s + vi)G(pts) ] 7 (35)

Proof. Let N; > 0 be arbitrary. Since S; € W satisfies
‘FFMLDgf‘t**“*)S,j‘(t) - M1(t,5;1"(t))‘ <Ny,
so, by Remark 6.2, we are free to choose a function Gj(t) so that
FMLDG S () = M (6, S;(0) + G5(0),
and |G](t)] < Nj. It follows that
(1 — v t!
G(p+)

+#§EM)/OﬁvH(t_E)Mfl[Ml(ﬁ,s;(s))+g§‘(s)]ds-

Then, we estimate

SE(t) = So + [Mice. s + 6100

(1 — pa),t™!
G(pt)

Mo Ve t - 1 i}
+m/0 st —9) Ml(ﬁash(s))dﬁ)

16— (Sio + Mi(t, S (1)

(1 - M*)V*tv*_l Mo Ve t -1 -1
— GO+ ———— | " (t— )G (s)l ds
G(e) ! ()6 Jo !
_ (= per! M*v*r"“””*”l“(v*)N
G(1t4) ! T (ps + 14)G(114) !

_ [(1 - H*)V*TV*_l M*V*F(V*)TH*+U*_1:|
G(us) F(pe +0)6(0a) 1
This means that the inequality (29) is achieved. Similarly, we can obtain the inequalities (30)-(35). O

14
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Here, we check the UH-stability of the fractal-fractional model (11).

Theorem 6.4. Let (V3) be satisfied. Then the fractal-fractional model (11) is UH-stable on 7 := [0, t] such that

[(1 — ot ()T teel
G(pex) (s + )G 1)
in which LJ* ’s are introduced by (26).

]Lj*<1, Je(l,.... 7,

Proof. Let Ny > 0 and S; € W be an arbitrary solution of (28). Also, from Theorem 5.4, we assume S, € W as a unique
solution of the fractal-fractional model (11). Therefore Sy(t) is defined as

(1— p)vet™!

Sh(f) = Sh(o) + TMl(t, Sh(f))
M Vi t et .
T TG6) /o §" 71t — sy T My (s, Si(s)) ds.

Therefore, by Lemma 6.3 and with the help of the triangle inequality, we estimate

1— * ) Vx vl
55(6) = 0] = [55(6) = S — M 5
- %/ 5‘)*71(['—S)M*ilM](ﬁ,Sh(ﬁ))dﬁl
* * 0

(1- M*)V*tv“W]
G(f44)

IA

516 = (Sio + M (¢, S;(1))

Mo Ve t vie—1 —1 N
! mfo &7t = 57 My (s, () ds)
(1 — gt ! .
W|M1(t’sh(t)) — My (¢, Su(t))|

+ %/O "1 — 8) 1 My(s, S;(s)) — Ma(s, Su(s)] dw
1

< [(1 — /VL*)V*TV*7] /J«*U*F(U*)t/**+v*71:| N (1 — pa)vet’s~
1 _—_—
I’L*U*TM*_'—‘)*_]F(])*)
(s 4 v)G(1Ls)

[(1 — //L*)U*-CV**‘I /JL*V*F(V*)TM*+|)*7] ]
= 1

LiISy — Sall

LilISy — Sl

G(14) (s + v )G( 1)
1— vi—1 r Mxtvs—1
n [( JT P 4 WV (04)T :IL,;”S;,: —Sull.
G(j1+) (s + v:)G(1+)

Hence, we get

(1= it v D )il
]N
1

”S’;k _ Sh” S G(M*) — F(/“L* + v*)G(f'Li?j — .
B [(1 — Ui 5T MV T (0 )TH ] .
G(t4) I (ps + v4)G( 1L+ !
[(1 — e D (v )T
we let Oy, = , then ||S;* — Sp|l < OM;Nj. In the same step, we have
If we let O, i G(“)*) - F(M*FJ(F vg)i(ﬁ:)-l hen [IS; — Syl < QM;N;. In th h
— K )VTF s Vs L (V5 )T
1—[ Lt
G( 1) T + vi)G(14) !

|E; — Enll < QM,N,,
Iy — Inll < OM3N3,
IRy — Rall < OM4Ny,

IS5 — Syl < OQM;sNs,
15
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IE; — E, || < OMgNg,

Iy = LIl < OM7N7,

where

(1= @)t 1 v (v, )Thetve1
[ Glp) T(1te + v2)G(tr) ]
(1- /’L*)V*T‘)’F] ,U-*V*F(\)*)T“*Jf“**]
B [ G(pt) T(1ts + v2)G(1t) ]
Hence, the UH-stability of the fractal-fractional model (11) is fulfilled. O

oM, =

, 0ef2,....7).

*

J

7. Numerical scheme

In this section, we provide the numerical schemes for our considered fractal-fractional Zika virus transmission model
base on the Newton polynomial approximation with reference to [84]. We consider the Cauchy problem of the ABC
derivative as follows;

i ACDE Y (£) = W(t, T (1)),

7(0) = Tp. (36)

By employing the initial condition together with the operator “5[/*", we convert the Cauchy problem (36) to fractal-
fractional ABC integral equations as

V*(l - H*)tv*_l Mo Vs t 1 1
Tt)=7T0)+ ————W(t, T(t) + ——— | ™ (t —s)** ' W(s, T(s))ds. (37)

G(114) G( ) (i) Jo
Taking the point t«y1) = (z* 4+ 1)h and t» = z*h, z* = 0,1,2,..., with h being the time step, and also letting
R(t, T(£)) = vt~ 1@ (t, T(t)), then, we can simple get
(] - M*) Mos fr 41 -1
T(txy1) =70)+ —R(E, 7))+ ————— (tzxa1y — Y7 'R(s, T°(s))ds. (38)

S G(i) G (u) Jo &Y

For simplicity, we can rewrite as

T (tizer1) = T(0) + ————R(tpe, T7) +

G(ps) G ) (fas)
(39)

i Crgq
x Zf (teg1) — S TIR(s, T(s))ds

re=2 Y br*
Now, using the Newton polynomial, (39) can be written as
(1 - M*) t Mox
————R(tr, T )+ —————
G(us) G(1. )T (14

Lrx i q

x Z / (b1 — $) IR (tep, YZ ~2)ds

r¥=2
Pt R, Y1) = R(tr_z, T 2)
J. ;
X (s = tpe_g)(tzegq — S)“ !
P R, ) — 2R(Eq, YT 1) 4 R(te_g, T 72)
o[
X (5= tre_1)(S — tre 2 )(tizerr) — )™ 'ds | .

TZ*+1 — T(O) +

+

(40)

T

For simplicity (40)is written as

*

. (1— ) . [ c -
TP = 70) + —2R(t, T2 ) ————— R(tpey2, T 2)
G(1s) z G(s )T (ja4) r*2=:2 mr
Z*

fr¥gq 1
[ ey sy as

re=2 Y b
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z*

s R(tre—1, Y771 = R(te_, YT 72)
G ) (ps) o h

L q 1
% / (5 — bye_o)tesny — )
s . (41)
V4

s R, T7) = 2861, 7771 + R(be—p, T 72)
G )T (1) o 2h?

Crxgq 1
o R e

L

For further breakdown of (41), we get the following approximation

* 1— ) * M*hf: . *_
Y =710 +(7m*,rz N U R(bg, T2
O+ gy T c(u*)r(uﬁl)r; (trs2 :
x [z —m* + 1) — (2% — m*)*]

z*

,u,*hﬁ: Z *_q *_o
N (e YT = N, T2
Gl )l (s +2) = (42)

x [z —m* + 1y (z" —m* + 34 2u,) — (2F — m* )™ (2" —m* + 3+ 3u,)]

7*

,u*hf r* r¥—1 r¥—2
+ — R, T )= 2R(tp+_1, T + R(tx_2, T
TP P ,*Z:z[ (t ) = 28(ty+ 4 )+ N(tre 2 )]

x [ (2" =m* + 1) [2(z" — m*Y + (B, — 10)(z* — m*) + 217 + I + 12]
— (2 = m*Y 202" — m* Y 4 (5 — 10)(ZF — m*) 4+ 6uF + 18, + 12] | .

We now substitute back R(t, T(t)) = v.t"~1¥(t, T(t)) into (42), then, we simply get general Newton numerical scheme
for our propose model (11)

* (1_/“(/*) ve—1
YE = 1(0) + —Z vt W (e,
)+ gy et W YO+ e
x [z —m* + 1) — (2% — m*)*]

*

Vi—1 r¥—2
wboo oW (t_2, T
(M*F(M*-l-l Zv g P2 )

z

lu’*hf: r*—1 r*—2
_—— Vot T W (b, T — 0t T W (e, T
G(M*)F(M*‘i‘z)r*Z_[ bk _ (r 1 ) *bpx_ o (r 2 )]

x [z —m* + 1y (2" —m* + 34 2u,) — (2F — m* ) (2" —m* + 3+ 3u,)]

*

(43)

z

,U«*hil _— . ] .
26 )T (10, + 3) T (b, 1) = 20,8 T W (g, T (e, T
" ZG(M*)F(M*+3);[U (6, Y7 = 20,8730 (b1, T+ 0a2 W (b )

x [ (@ —=m* + 1) [2(z" — m*Y + Bu, — 10)(z* — m*) + 212 + 9, + 12]
— (" = m* Y [2(2F — m* ) + (5. — 10)(z" — m*) + 6u2 + 18, + 121 ] .

Now for simplicity we rewrite fractal-fractional Zika virus model (11) as

My(t, S, En, In, Ry, Sy, Ey, 1),
My(t, S, Eg, In, Ry, Sy, Ev, 1),
M;s(t, Sy, En, In, Ry, Sy, Ey, I,),
FABCDY ™ Ry(t) = Ma(t, S, En, In Rn, Su, Ev. 1), (44)
FABC Dy S, (t) = Mis(t, Sh, En. In, R, Su. Ev. 1),
FABCD*"*E,(t) = Ms(t, S, En. In. Rn. Sy Ev. 1),
FABCD =" 1,(t) = M(t, S, En. In. Ry, S, By 1),

FABCD,;i*.U*Sh(t)
FABCDéL*,V*E (t)

FABCDIt’-* 2V Ih(t)
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Fig. 1. Numerical dynamics of Zika transmission under the ABC fractal-fractional operator for humans.

Therefore, the fractal-fractional Zika virus numerical scheme base on Newton polynomial is as follows

Z*+1
Sh

(1 —,LL*) e —
:Sh(0)+ — v Vs Zv* ]Ml(tn;shs Eh?’hs

G(f1+)

o 1)+

i
G ) (s + 1)

Zv* U IMy(tre o, S 2 L TR0 T2 R TR ST B2 T2

— m*)ﬂ*(z*

)Z [ et Moy, Sy By 0 T R STT L E T )

—m" +3+3u,)]

r*=2
x @ —m 1y — (2 — Y]
Lk s
Gl ) (s +2) =
— M2, Sy B Iy R ST E ) ]
x [ = m* 4+ 12" —m* + 3 4 2,) — (°

[Lhl <

4+ —
26(u )T (1 +3) &

)Z [vetls "Myt Sp B IE L RY ST,

¥ Tr)

U’U’

-1 _ *_ *_ *_ *_ *_ *_
_2‘)* v* M](tr* 17Sr lEr lIr er 175{) 1,E£ 1715 1)

r*¥—1

tV -1 r*=2 pr¥—2 pg*-2 pr¥*-2 cr*-2 pr*-2 r*-2
+ vy r: ZMl(tr* Z’Sh 7Eh 7Ih 7Rh 7SU 7Ev 7IU )]

x [ (" —m* + 1) [2(z*

(z* = m* Y [2(z" — m*P + (S — 10)(z2*

m*) + (3. — 10)(z*

—m*) +2u% + 9, + 12]
—m*)+6u+18u, + 121 ] .
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Fig. 2. Numerical dynamics of Zika transmission under the ABC fractal-fractional operator for the mosquito population.
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wehl a 1
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ZG(M*)F(/L*+3)*X:2[ 2(tes, Sy s Ey s Iy E, .1, )
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Fig. 3. Numerical comparison of fractional dynamics only and fractal dynamics only of the Zika transmission dynamics.
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Fig. 4. Numerical comparison of fractional dynamics only and fractal dynamics only of the Zika transmission dynamics.
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Fig. 5. Numerical comparison of fractional dynamics only and fractal dynamics only of the Zika transmission dynamics.
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Fig. 6. Numerical dynamics of Zika transmission under the ABC fractal-fractional operator with order p, = v, = 0.99 for humans when the rate of

insecticide-treated bed net coverage is changed.
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Fig. 7. Numerical dynamics of Zika transmission under the ABC fractal-fractional operator with order mu, = nu, = 0.99 for mosquitoes when the
rate of insecticide-treated net coverage is changed.
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Fig. 8. Numerical comparison of probability of humans getting infected and probability of mosquitoes getting infected.
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Fig. 9. Numerical comparison of the probability of humans getting infected and the probability of mosquitoes getting infected.
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Fig. 10. Numerical comparison of the probability of humans getting infected and the probability of mosquitoes getting infected.
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8. Numerical simulation and discussion

The numerical solutions and some discussions of the fractal-fractional Zika virus transmission model are presented
in this section. Table 1 contains the parameters values for the numerical simulations together with the following initial
conditions: Sy(0) = 5000; E,(0) = 200; I,(0) = 300; R,(0) = 0; S,(0) = 6000; E,(0) = 200; I,(0) = 600. The numerical
results shown in Figs. 1, 2, 3,4, 5, 6,7, 8,9, 10, and 11 represents the fractal-fractional Zika virus transmission model (11).
According to the numerical simulation, when the fractional order u, and fractal order v, are reduced from 1, the number
of susceptible individuals, exposed individuals, recovered individuals, and susceptible mosquitoes decreases, whereas
the number of infected individuals, exposed mosquitoes, and infected mosquitoes increases in Figs. 1(c), 2(b), and 2(c),
respectively. From a biological point of view, these observations suggest that as people become less aware of the disease,
there could be more disease outbreaks. We also noticed crossover dynamics in Figs. 1(b) and 1(d) as the fractal-fractional
order is reduced.In Figs. 3, 4 and 5 we show the numerical comparison of fractional dynamics only and fractal dynamics
only of the Zika transmission dynamics. In Figs. 3(a) and 3(b), we can see that the fractional-only dynamics and fractal-only
dynamics of susceptible humans are not very different. This indicates that as the memory aspect and the repeated aspect
on every scale are varied with one made constant, the dynamics of the disease do not show any significant difference in
the susceptible humans. In Figs. 3(c) and 3(d), we can see that the fractional-only dynamics and fractal-only dynamics
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of exposed humans are different. This shows that the dynamics of the disease can vary between people who have been
exposed to it since the memory aspect and the repeated aspect are different on every scale. In Figs. 3(e) and 3(f), we
can see that there are no crossover dynamics in the infected humans as the fractional-only is varied, whereas there is
a crossover dynamics in the infected humans from day 30 to day 75 when the fractal-only dynamics is considered. In
Figs. 4(a) and 4(b), we can see crossover dynamics in the recovered humans happen after day 60, whereas there are
crossover dynamics in the recovered humans from day 25 to day 75 when the fractal-only dynamics are considered. In
Figs. 4(c) and 4(d), we show the dynamics of susceptible mosquitoes based on fractional only and fractal only dynamics.
We noticed that when we simulated the fractional only simulation for 120 days, none of the fractional orders converged
to the integer-order path, but the fractal only orders 0.96, 0.92, 0.88, and 0.84 did. In Figs. 4(e) and 4(f), we show the
dynamics of exposed mosquitoes based on fractional only and fractal only dynamics. We noticed that when we simulated
the fractional only simulation for 120 days, the fractional orders captured different time-space dynamics of the disease
than those of the fractal only dynamics. This indicates that there is a close dynamical behaviour of the disease transmission
at every repeated level of the disease rather than every memory lost aspect of the disease dynamics. In Figs. 5(a) and
5(b), we show the dynamics of infected mosquitoes based on fractional only and fractal only dynamics. We noticed that
when we simulated the fractional only simulation for 120 days, the fractional orders captured more infection than those
of the fractal only dynamics. This shows that forgetting about mosquitoes in the environment is a very important part of
how the disease spreads.

In Figs. 6 and 7, we show the numerical sensitivity of Zika transmission for humans and mosquitos under the ABC
fractal-fractional operator with order u, = v, = 0.99 when the rate of insecticide-treated bed net coverage is varied.
We notice that as the rate of insecticide-treated bed net coverage increases, there is a decline in the number of exposed
humans, infected humans, exposed mosquitoes, and infected mosquitoes, and a little increase in the number of susceptible
humans, see Figs. 6(b), 6(c), 7(b), 7(c) and 6(a) respectively. Fig. 7(a) shows that a change in insecticide-treated bed net
coverage does not result in a change in the dynamical nature of susceptible mosquitoes. Fig. 6(d) indicates that as the rate
of insecticide-treated bed net coverage increases, the number of sick individuals reduces. This then results in fewer people
seeking treatment to recover. In Figs. 8, 9, 10, and 11, we show the numerical sensitivity of Zika transmission for humans
and mosquitos under the ABC fractal-fractional operator with order w, = v, = 0.99 when the rate of humans getting
infected and the rate of mosquitos getting infected are changed. We notice that as the rate of mosquitoes getting infected
increases, there is a high increase in the number individuals of each compartment of the model, see Figs. 8(b), 8(d), 9(b),
9(d), 10(b), 10(d) and 11(b) respectively, than when the rate of humans getting infected increases, see Figs. 8(a), 8(c),
9(a), 9(c), 10(a), 10(c) and 11(a) respectively. From a biological point of view, these observations suggest that a reduction
in the number of infected mosquitoes’ memory (fractional) and repeated patterns (fractal) of their host may reduce the
Zika disease on a global scale.

9. Conclusion

In this study, we developed the transmission dynamism of the Zika virus using a fractal-fractional Zika virus
transmission model incorporating insecticide-treated bed nets. The model is initially formulated via a classical integer
order differential system. Then, in the first phase, we extended the Zika virus transmission model by incorporating
insecticide-treated nets using the Mittag-Leffler kernel fractal-fractional derivatives. The basic mathematical properties,
including boundedness, positivity, and model invariance, are explored. By means of the fixed point theorem, we proved
the existence and uniqueness set of the solutions of the fractal-fractional Zika virus transmission model. We applied
Hyers-Ulam stability concept to get approximate stability solution for our proposed model. In the second phase of the
paper, the novel fractional-fractal Zika virus models were solved numerically using the Newton polynomial, followed
by numerical simulations. The graphical representation indicated that the dynamics of fractal-fractional operators and
the unique dynamism of a single operator when the other operator is kept constant. Using insecticide-treated bed net
coverage shows the relative importance of controlling the dynamics of the Zika virus transmission when memory effects
and repeated patterns are taken into consideration. In the future, this work could be used to study different fractal-
fractional Caputo and Caputo-Fabrizio operators, and fractal-fractional optimal control of the Zika virus transmission to
uncover hidden dynamics before the classical dynamics of the diseases (the integer order dynamics).
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