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Abstract

The coronavirus disease 19 (COVID-19), caused by the Severe Acute Respiratory Syn-
drome Coronavirus 2 (SARS-COV-2), is an infectious disease constituting the most signifi-
cant challenge to human and socio-economic development across the globe. Many studies
have been conducted to gain more knowledge on the dynamic spread of SARS-COV-2 in
the community of people. In this study, a new mathematical model made up of a system
of non-linear ODEs is designed and meticulously analyzed to understand the dynamics
of transmission of COVID-19. Specific necessary properties exhibited by the COVID-19
model are examined through the theory of non-negativity and boundedness of solutions.
The threshold parameter measuring the invasion potential of COVID-19 in the population
is worked out by employing the Next Generation Matrix approach. The model is shown to
have two endemic equilibria whenever basic reproduction number R, < 1. The analysis of
the endemic equilibrium stability is explored using a suitably constructed Lyapunov func-
tion. It is shown that the COVID-19 model is globally asymptotically stable whenever the
associated basic reproduction number is beyond unity. The Latin Hypercube Sampling or
Partial Rank Correlation Coefficient is utilized to examine how parameter changes affect
the COVID-19 spread in the population. Furthermore, the study considers six optimal con-
trol interventions to flatten the curve of the coronavirus pandemic in society. Numerical
experiments of the COVID-19 model are executed in MatLab to corroborate the qualitative
analysis of the model.

Keywords Mathematical modelling - COVID-19 - Dynamical system - Sensitivity
analysis - LHS/PRCC - Optimal control analysis - cost-effectiveness analysis

Mathematics Subject Classification 49J15

1 Introduction

Coronavirus disease is a contagious disease otherwise known as COVID-19. The Severe
Acute Respiratory Syndrome Coronavirus-2 (SARS-CoV-2) is the causative agent respon-
sible for this deadly infection. It is not news anymore that COVID-19 is a disease of
global concern due to the atrocity COVID-19 has wreaked on the general populace. It was
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reported that approximately 760 million people got ill with the disease, with over 6.9 mil-
lion deaths globally since its emergence in December 2019 (World Health Organization
2024; Centre for Disease Control and Prevention 2024). Coronavirus disease is primarily
transmitted among individuals sharing a common closed environment through the drop-
lets or aerosols deposited in the surroundings when an infected person speaks, sneezes,
breathes, coughs or sings (Kouidere et al. 2023; Garba et al. 2020; Tang et al. 2020).
COVID-19 may be contracted by any individual and become seriously sick or die depend-
ing on the immunity of the infected individual. At the same time, people may recover from
the disease without any medical intervention. Individuals above 60 years of age and those
with underlying ailments are most vulnerable to COVID-19, and symptoms may be fatal if
control efforts are not sought early enough to combat the disease (Masandawa et al. 2021).
The deadly coronavirus disease is characterized by different categories of symptoms, with
sore throat, chills, and fever being the most common, while severe fatigue, dizziness, sore
eyes, sneezing, breathing problems, tingling and loss of sense of smell or taste to mention.
Still, a few are the less common symptoms (World Health Organization 2024; Centre for
Disease Control and Prevention 2024; Abriham et al. 2021; Abidemi et al. 2021).

The vaccine against COVID-19 was recently invented in January 2021 to fight against
the coronavirus dynamics in the population (Mekonen et al. 2023; Paul et al. 2023; Yang
et al. 2022). In March 2023, the World Health Organization recommended using primary
series vaccination (i.e. use of any two doses of vaccine) and booster doses to fight COVID-
19 dynamics in the population (Huang et al. 2021). Vaccination against COVID-19 is
time-constrained depending on the invasion potential of coronavirus in the population and
potency of the vaccine. An estimated 13 billion vaccines have been administered as of June
2023 to forestall the COVID-19 spread globally (Mekonen et al. 2023). The intervention of
vaccines against the infection has mitigated the COVID-19 spread by rescuing millions of
lives from the threat posed by COVID-19 in the population through preservation against
severe disease, hospitalization, and death. Inoculation against COVID-19 does not guaran-
tee total recovery as there is every likelihood that vaccinated individuals who are still har-
bouring COVID-19 may transmit the disease (Srivastav et al. 2021; Ferguson et al. 2020).

To understand the complexities relating to SARS-CoV-2 transmission in the popula-
tion, efforts have been made by several researchers and scientists around the globe using a
variety of approaches. Particularly in epidemiology, mathematical modelling has become a
vital tool in understanding the mechanism behind the dynamical spread of SARS-CoV-2.
In addition, mathematical models focused mainly on compartmental models, which can be
defined as the sub-categorization of the overall population at time, t, into various classes.
Compartmental models are considerable tools used in battling problem formulations due to
their ability to describe disease transmission patterns precisely. To this end, various mul-
tigroup models have been designed to explore the transmission dynamics of SARS-CoV-2
and other diseases in a locality. A stochastic model of HIV/AIDS was formulated by Zhai
et al. (2023), which incorporates the susceptible individuals who are aware of the protec-
tive measures. The study’s results revealed that increasing the efficacy of protecting sus-
ceptible individuals with protection awareness would reduce the infected persons’ scale.
Also, using antiretroviral therapy continuously can control the population of infected per-
sons. The media reports that focus on the use of post-exposure prophylaxis can subdue the
infection spread. The study of the application of optimal control to the recurrent situation
of malaria was carried out by Olaniyi et al. (2023). The numerical experiments carried out
express the impacts of doubling optimal control functions on the malaria recurrent situ-
ation. The work of Balakrishnan and Varadharajan (2024) deals with a multilevel model
of Paediatric TB and a spatial method was used to detect 62 hotspots in India. The model
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showed a nested structure, with states and districts contributing greatly to the changes in
paediatric tuberculosis, and the autocorrelation pattern shown by the hotspots emphasizes
the need for targeted tuberculosis eradication programmes.

Authors in Okuonghae and Omame (2020), Olaniyi et al. (2020), Asamoah et al.
(2020), Goswami and Shanmukha (2021), Khan et al. (2022), Asamoah et al. (2022), Kifle
and Obsu (2022), Li and Guo (2022), Rai et al. (2023), Das et al. (2023), Sharbayta et al.
(2023), Rois et al. (2023), Abidemi et al. (2023), Idisi et al. (2023) have worked on the
modelling of COVID-19. In Okuonghae and Omame (2020), the authors investigated the
influence of certain interventions that are not pharmaceutical on the dynamical transmis-
sion of SARS-CoV-2 through the implementation of a deterministic mathematical model.
The designed model was calibrated to Lagos State, Nigeria’s COVID-19 active cases data.

Olaniyi et al. (2020) rigorously studied the dynamics of coronavirus disease spread by
considering three transmission means, including symptomatic, asymptomatic, and hospi-
talized people. The model was calibrated to the number of cumulative cases of COVID-19
in Nigeria. The analysis was further extended to incorporate two time-dependent optimal
controls to curb COVID-19 spread in the population. Authors in Asamoah et al. (2020)
designed and analyzed a robust mathematical model incorporating environmental effects
on the coronavirus disease transmission dynamics. The authors extended the developed
model to accommodate control strategies explored using the theory of optimal control, and
economic analysis was employed to determine the most cost-effective approach that would
best avert the highest number of COVID-19 cases in the population. The authors concluded
that the non-pharmaceutical intervention strategy is the most economical approach that
best averts the highest number of infections in the community among all the intervention
strategies competing for the same goal.

In another development, a mathematical model featuring the combined effect of vac-
cine efficacy and environmental factors on the spread of COVID-19 was studied in Rai
et al. (2023). Similarly, Das et al. (2023) investigated the immigration and emigration
effects of the infected individuals on COVID-19 transmission with environmental factors.
Sharbayta et al. (2023) stressed the influence of double-dose vaccination on the corona-
virus dynamics using a mathematical framework based on a system of ODEs. The study
stratified the formulated model into two categories: the vaccination and no-vaccination
models. The model was rigorously analyzed, concluding that efforts should be intensified
in vaccinating individuals to successfully forestall the coronavirus disease menace. In a
study by Rois et al. (2023), a new mathematical model classifying the total human pop-
ulation was developed, and the classes comprised the isolated infected individuals who
were treated and isolated infected individuals without treatment regimes. The study con-
sidered a single optimal control intervention representing a public education programme
to subdue COVID-19 using optimal control theory. Abidemi et al. (2023) explored the
influence of COVID-19 on higher education in developing countries. The authors in Idisi
et al. (2023) crafted a robust mathematical model to understand the transmission mecha-
nism of the alpha variant of coronavirus in Nigeria. The effects of vaccination and certain
non-pharmaceutical approaches were taken into account to provide lasting solutions to the
ongoing pandemic. For further details on the SARS-CoV-2 dynamical transmission in the
population, readers may see the following recent works and the references cited therein
Iyaniwura et al. (2023), Sepulveda et al. (2023), Venkatesh et al. (2023), Awasthi (2023),
Hagq et al. (2023). Also, hen et al. (2021) studied the optimal control analysis of a COVID-
19 model with vaccination, with four control strategies being deployed into the model.
However, the SARS-CoV-2 transmission from an acutely infected individual is limited
in the literature. This study, therefore, designs a new mathematical model considering
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acutely infected individuals capable of transmitting COVID-19, intending to provide sug-
gestions that will assist the general populace in utterly mitigating the invasion of the Cor-
onavirus in society. The model’s scope was expanded to incorporate six time-dependent
optimal control interventions, and the non-autonomous part was analyzed using the cel-
ebrated Pontryagin maximum principle.

Further presentation of the study is structured as follows: Sect. 2 is dedicated to the
formation of the COVID-19 model, and the investigation of basic properties exhibited by
the COVID-19 model is explored in Sect. 3; In Sect. 4, the stability analysis is explored
and it also consists of the determination of the disease-free equilibrium and basic reproduc-
tion number of the COVID-19 model, the investigation of the endemic equilibrium point
of the model and the global stability of the model around the endemic equilibrium point
is examined through a suitably constructed Lyapunov functions; Sect. 5 has the presenta-
tion of how changes in parameters of the model affect the disease outbreak; In Sect. 6, the
proposed COVID-19 model was extended to accommodate optimal control sextuple. The
study ended with a conclusion in Sect. 7.

2 Formation of the coronavirus model

The whole human population at time ¢, denoted by N(¢), is subdivided into six mutually
disjointed classes of susceptible S(7), exposed E(f), acutely infected A(?), infectious I(7),
hospitalized H(¢) and recovered R(f), so that: N(¢t) = S(t) + E(¢) + A(#) + I(¢) + H(t) + R(?).
The population S(¢) is formed by recruiting new active individuals (assumed susceptible)
into the community at a rate A. This population is decreased by the standard incidence

e PU@ + nA®)

N

acutely infected individuals have a lesser chance of being infectious compared to infec-
tious individuals, and f is the effective infection rate. The population (E(¢)) comprises

BU) + nA®)
N

, where 7 is the modification parameter based on the assumption that

newly infected persons at the rate . This class size decreases due to progres-

sion to A(?) and I(¢) classes at rates € and 0, respectively. The population (A(#)) grows by
the progression of infected people from E(f) compartment at a rate €. The size of the class
is further diminished due to the progression of individuals to the I(¢) class at a rate y, H(¢)
class at a rate ¢, and R(¢) class at a rate k, accordingly. The population of (/(¢)) is prolifer-
ated by the movement of COVID-19 infectious people from the compartments E(f) and
A(?) at rates 0 and y receptively. The population reduces following the progression of
individuals to H(t) class at a rate w. The class is further downsized at a rate 6 representing
coronavirus-induced death. The class of individuals in the isolation centre, (H(t)), is gen-
erated from the progressions of acutely infected individuals, A(?), at a rate ¢, infectious
individuals, I(7), at a rate . It decreases by recovery of infected people at a rate (p). The
coronavirus-induced death rate § further reduces the compartment size. Furthermore, the
population class of (R(#)) of those who are cured of the deadly disease is increased by
movement from A(f) and H(¢) classes at rates ¥ and p, respectively. The overall human
population (N(¢)) diminishes by the natural mortality at rate u. Consequently, the classi-
cal-order mathematical model portraying the transmission dynamics of the coronavirus
disease is given in subsection 2.1.
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Table 1 Meaning of the variables

of model (1) Parameter Variable Parameter Variable
S Susceptible class E Exposed class
A COVID-19 Acutely- 1 Infectious class

infected class

H Hospitalized class R Recovered class

Table 2 Meaning of each parameter of the model (1)

Parameter Description Parameter Description

A Constant recruitment rate p COVID-19 transmission rate

n Modification parameter for A(t) " Natural mortality rate

I3 Movement rate from E(t) to A(t) 0 Movement rate from E(t) to I(t)
W Movement rate from A(t) to I(t) [} Hospitalized rate of A(t)

K Recovery rate of A(t) o Induced mortality rate

w Hospitalized rate of I(t) p Recovery Rate of H(t)

2.1 Model with no COVID-19 infection control formulation

Here, the autonomous system of equations representing the time-evolution of the SARS-
COV-2 is presented as follows

ds

Do A-(A+ws,
0 A+ w (1a)
9E _ }S—(e+6+ wE, (1b)
dr
A
i,—t=6E—(ﬂ+u/+¢+K)A, (1c)
dI
= OE+yA=-(u+5+a)l, (1d)
B = pa+ol - (u+s+pH, (1e)
AR _ A+ pH — iR, (1p)
dt
where
I+nA
it Lo} . ), (2a)

The model is diagrammatically represented in Fig. 1, and the variables and parameters of
the coronavirus model (1) are described in Tables 1 and 2, respectively.
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Fig. 1 Flow chart of the coronavirus model where 4 is given in (1)

For computational convenience, we set
Ci=(E+0+p, C=W+y+d+x),
Ci=(u+o+w), C,=W+o6+p).
Then, the equations of the coronavirus model (1) become

ds

” =A—-(A+un)s,
CZ—?=AS—C,E,
%=5E—C2A,
%:9E+V/A—C3I,
%=¢A+a)l—C4H,
%:KA+pH—/,¢R.

3 Basic properties of the model

The fundamental attributes exhibited by the coronavirus model (1)
explored in this section.
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3.1 Positivity of solutions

Here, it is noteworthy that every state variable and the associated epidemiological features
describing the coronavirus model (1) are non-negative for all possible time ¢ > 0 since the
model explains the evolution of the coronavirus infection in the human population. There-
fore, it is convenient to confirm that the parameters and variables of the coronavirus model
(1) are non-negative for all times greater than zero.

Theorem 3.1 The solutions S(t), E(t),A(t), I(t), H(t) and R(?) of the model (1) concerning
the starting data S(0) > 0, E(0) > 0,A(0) > 0,1(0) > 0, H(0) > 0 and R(0) > O are all pos-
itive for all values of time greater than zero.

Proof Let 1, = sup{t >0 : S(t) > 0,E(t) > 0,A(r) > 0,1(t) > 0, H(r) > 0 and R(r) > 0} > 0, and recall
that

ds

T =A-(+ws. @

The following differential inequalities hold

ds
I >—(A+ws 5)
2 t
1 dS 1
2> | —(G+pd 6
/0 S /0 g ©
S@t;) > SO)e 1=k 4O > 0 as 1) — oo 7)

Following the same process, it can be demonstrated that the other state variables are all
greater than zero for all future values of ¢ (+ > 0), and hence, the verification ends here.
O

3.2 The Invariant region

Theorem 3.2 Let S(¢), E(1),A(t), I(t), H(t) and R(t) be the solutions of the coronavirus
model 1 with the initial values S(0), E(0), A(0), 1(0), H(0) and R(0) be positive for all values
of t > 0. Then, the closed set

D={@EAL&meﬁ:Ngé}
M

is positively invariant with non-negative initial values in Rfr.

Proof The proof is done by adopting the procedures used in Ajao et al. (2023). Then, tak-
ing the summation of all the classes of (1) gives:
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‘%:A—yzv—a(HH).

It then follows that

dN
— < A—uN,
dr — K

such that

N(H) < N©O)e ™ + %( | = ey

If NO) < é, then N(¢) < é Therefore, all solutions of the model with initial values in the
H H

biologically feasible region D stay in D for all # > 0. This implies that D is positively invar-
iant. Thus, it suffices to explore the evolution of the coronavirus model (1) in the biologi-
cally feasible region D. a

4 Stability analysis
4.1 Disease-free equilibrium and the basic reproduction number

In a situation where Coronavirus does not exist in the community, the disease-free equilibrium
is achieved which is represented by EY and is given by

ES = (80, E%, A%, I°, HO, R) = (ﬁ,o,o, 0, 0,0> ®)
u

The classical quantity, R, called the basic reproduction number is significant to the field
of epidemiology as it determines the disease extinction and persistence in the society. The
basic reproduction number is the average number of secondary COVID-19 cases caused by
a coronavirus-infected person when introduced into a locality containing only the suscepti-
ble people van den Driessche and Watmough (2002). The basic reproduction number of the
coronavirus model (1) is calculated based on the approach pointed out in van den Driess-
che and Watmough (2002). We define the new infection terms matrix F and the transition
terms V as follows;

0
0
ol 9
0

and
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¢ 0 00
- C, 00
V=|-60 -y C; 00 (10)
0 0 —pwO
0 0 -Z0 Ty
Then, R, = p(FV~!), is given by
PneCs+ywe+0C,)
Ry = : 2 (11)

The Ry in (11) gives the average number of secondary infections that one COVID-19-in-
fected individual can bring about when introduced in a community having only the suscep-
tible individuals. Therefore, by using the Theorem 2 of Castillo-Chavez et al. (2002), the
following result is claimed:

Lemma 4.1 The disease-free equilibrium of the coronavirus model (1) is locally asymptot-
ically stable whenever the associated basic reproduction number is less than unity (R, < 1)
and otherwise if Ry > 1.

The epidemiological interpretation of lemma 4.1 is that COVID-19 can be wiped out from
the locality if the sizes of starting subpopulations of the coronavirus model (1) are in the basin
of attraction of EY.

4.2 Endemic equilibrium

This section is dedicated to the investigation of the phenomenon where COVID-19 is preva-
lent in the population. If E, = (§*, E*,A*, I*, H*, R*) is assigned to be the endemic equilib-
rium of the coronavirus model. Then, solving the model equations (1a)—(1f) simultaneously at
steady state, gives

——
M4y

B = A ’
C (A" + )

At = — AT
C,Cy(A* + )

. (CO+yoin (12)

C,CC5(A* + 1)’

= [C3¢e + w(C,0 + we)lA'n

)

C,C,C3C4(A* + p)
[C3Cyxe + p[Cipe + w(C,0 + we)]| A
h C,C,C5C4(A* + p)

R*
If the force of transmission (2a) associated with the endemic is assumed to be A*, then
BU* +nA*)

A=
N (13)
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Substituting (12) into (13) leads to
P A+ PyA" + Py =0, (14)
where

Py = CC3Cyp + C3Cyep + Cuu(CL0 + we) + pu[Cspe + o(C0 + we)]

(15)

+ [C3Cyxe + pIC3pe + w(CL0 + we)]],
Py = ulP, + (1 -Ry)C,C,C5C4],, (16)
Py = (1= Ry)C,C,C5Cypi’ a7

From (14), P, > 0, P; > 0if Ry < 1 and P; < Oif R, > 1. Therefore, the following result
is obtained:

Theorem 4.1 The COVID-19 model (1) has

a unique endemic equilibrium if P; < 0 (Corresponding to when Ry > 1)
a unique endemic equilibrium if P, < 0 and P; = 0 or Pg —4P P; =0
two endemic equilibria if Py > 0 and P, < 0 or P% —4P P; >0

none otherwise

L=

This indicates that multiple equilibria will exist when the reproduction number (R))) is
less than unity

4.3 Global stability of endemic equilibrium: special case

The behaviour of the transmission dynamics of the coronavirus model (1) around the
endemic equilibrium point, E?, is examined specifically when 8 = ¢ =0, and 6 =0,
which translates to the absence of progression rate from E(¢) to I(t), hospitalized rate, and
COVID-19-associated death rate. Then, the coronavirus model has the endemic equilib-
rium as

Ef = (5™, E*, A, I"*,H*™* ,R*™). (18)
By assuming 6 = 0, thus N — % as t — oo and by so doing, the force of infection reduces
to
A= B +nA), (19)
where
=t

Furthermore, let the associated basic reproduction number of the model when
0=¢=5=0DbeRy=Ryjp-ps-0-

@ Springer



Mathematical model of COVID-19 dynamics in the presence of...

Theorem 4.2 Consider the COVID-19 model (1) when 6 = ¢ = 0. The endemic equilib-
rium, EY, of the coronavirus model (1) is globally asymptotically stable in D\D,, whenever

Iéo > 1, where
D,={(S,E,A,ILHR)eD : E=A=1=H=R=0}.

Proof Consider the COVID-19 model (1) having § = ¢ = 0 with (19) and RA0 > 1, we use
the Lyapunov function given by

L=S= 8" =§"In 4+ E— B~ E"ln—— + X[A- 4" -4 2|

I H (20)
Y[I—I** - Il —] Z[H—H** - H™1 —]
+ nl** + nH**
Taking the time derivative of (20) leads to
r=s-Sgyp_Ep +X[A A A'] + Y[ - ’—1']
S E I
CE @D
Z[H - —H ]
+ H
where
G
X=—, (22)
E
C,C, - fS
y= &&= Pne 23)
ey
_ GGGy — pSneCs - ﬂASey/, o,
ey
with A = f(I** + nA*)S™ + uS*, Equation (21) becomes
S**Z _ S**+ AI**+ A** S**Z R ) )
B(I + nA)SE** C
_cyp - PUAASET | e O [eE _ca- EEAT CZA**]
e
+ GG, - ﬁS”lf [WA —Cy - IVAI** + CSI*Y] C,G,C; - ﬁSﬂfcs - l?SflI/
ey 1 ey
x ol -, - 2 @H” | con |
(25)
Further simplification with
=PI+ nAST Bt Y c, =2 e
leads to
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AT+ k) Q2 k2 A sk
L =uS™ — uS + 3™ + nA™)S™ + s — sa +1;A sz MSS +us™ - ﬂ(1+f?)SE
B ﬁ([** +V[A**)S**EA** B ﬂ"I*ZAS**
EA AT
@7
Then, it follows that
U mpres (4 S AL BAT SIE ) ey ST S
S A®l  E*A  SY[*E S S (28)
(3250 MBS BT
n S S AxE ErExA )T
Therefore, with the A.M surpassing G.M, the following inequalities hold:
SN S o 4T SIETBA™ A oL S SAETEA™
s s S SUIYE  E¥A A% S SUA“E  EvA

Therefore, L' < 0 for RA0 > 1. Thus, L is a Lyapunov function in D\D,, and on the basis
of LaSalle‘s Invariance Principle LaSalle (1976), all trajectories of the coronavirus model
with the starting conditions in D\D,, go to the associated endemic equilibrium E} as t — oo
whenever Iéo > 1. This, therefore, terminates the proof. O

As a consequence, the implication of the global asymptotic stability of E} demon-
strated in Theorem (4.3) from the biological viewpoint is that the coronavirus disease
will be prevalent in the locality whenever the associated basic reproduction number
transcends unity, however large or however small the initial populations of the model.
This result is corroborated by quantitative illustrations displayed in Figs. 2, 3 and 4.

15000

)

g
S
|

Exposed Humans E(t

5000 =

| | | | | | | | |
0
0 20 40 60 80 100 120 140 160 180 200

Time (days)

Fig.2 Convergence of the solutions of the exposed population to the endemic equilibrium regardless of the
values of initial conditions, using the parameter values presented in Table 3 except for f = 0.7
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8000
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Time (days)

Fig.3 Convergence of the acutely-infected population to the endemic equilibrium regardless of the values
of initial conditions, using the parameter values presented in Table 3 except for f = 0.7

14000

12000 — *

10000 — *

8000 — =

6000 =

Infected Humans I(t)

4000 -

2000 =

1 1 1 1 1
0
0 50 100 150 200 250 300

Time (days)

Fig.4 Convergence of infectious population trajectories to the endemic equilibrium regardless of the values
of initial conditions, using the parameter values presented in Table 3 except for f = 0.7

5 Sensitivity analysis

This section examines the behaviour of certain important epidemiological features of the
model on the dynamics of the deadly coronavirus infection. As a result, the influence of
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Table 3 Values of the parameters used in model 1

Parameter Baseline value Range Source

p 0.492 0.002—0.75 Garba et al. (2020)

n 0.4 0-1 Assumed

u 0.01277 0.0107-0.0148 Oke et al. (2023)

3 0.18 0.098—0.278 Cauchemez et al. (2014)
0 0.02 0.009-0.4 Assumed

W 0.1 0.05-0.5 Kouidere et al. (2023)

6 0.036 0.01-0.06 Garba et al. (2020)

A 1500 500-3500 Yang et al. (2022)

p 0.096 0.0625—0.125 Ferguson et al. (2020)
&) 0.0264 0.0059—0.0679 Okuonghae and Omame (2020)
¢ 0.083 0.04—0.2 Paul et al. (2023)

K 0.13978 0.033-0.333 Tang et al. (2020)

Table 4 Sensitivity analysis

result Parameter PRCC value Parameter PRCC value
p 0.9614 n 0.1439
Z —0.0610 £ —0.1566
0 0.5005 w 0.3626
@ —0.7102 ¢ —0.1504
K —0.2047 1) -0.6221

each parameter of the coronavirus model associated with the basic reproduction number
(R,) s painstakingly audited through sensitivity analysis.

At this juncture, it is imperative to state that the consequence of the sensitivity analysis
enables predictions for efficient control measures to be considered in mitigating the corona-
virus invasion in the population. One of the ways to achieve this is by conducting the sen-
sitivity analysis of such a model with the help of the normalized forward sensitivity index
as pointed out in Olaniyi and Obabiyi (2014), Kifle and Obsu (2022), Paul and Kuddus
(2022). The definition of the normalized forward sensitivity index of the basic reproduction
number, R, that depends differentiably on a parameter, b, is given as

R, IRy (b
y,= 2 =)
b ob RO (29)

Consequently, the sensitivity analysis of the parameters relative to the threshold quan-
tity, R, is examined using the values specified in Table 3 and results are summarised in
Table 4. It is instructive to state that Latin Hypercube Sampling or Partial Rank Correlation
Coefficient (LHS/PRCC), a more realistic and robust aspect of sensitivity analysis involv-
ing several parameter spaces is adopted to corroborate the sensitivity analysis as presented
in Table 3. It is noticed in Fig. 5 that the transmission rate, f#, modification parameter,
n, movement rates, y, and 8 have positive PRCCs implying that these COVID-19 model
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parameters are positively correlated to the basic reproduction number. Any shoot-up in
these parameter values tends to elevate the basic reproduction number indicating the ende-
micity of SARS-CoV-2 in the community. It should be noted that the positive correlation of
p to R, suggests that efforts should be intensified on measures that will effectively down-
size the infection rate of COVID-19 in a susceptible environment. This, therefore, encour-
ages the optimum use of non-pharmaceutical interventions to set the dynamics spread of
the disease to total extinction. In a similar spirit, the positive correlation of the modifica-
tion parameter # suggests that control measures that will mitigate the degree of infectious-
ness of an acutely infected individual should be enforced. Additionally, the implication of
the positive correlation of the parameters 6 and ¢ is that COVID-19 will be prevalent if
efforts are not sought early enough to curb the progression of COVID-19.

Furthermore, it is also noted that parameters such as € representing movement rate,
natural mortality rate, y, ¢ and w, describing hospitalization rate of acutely infected and
infectious individuals, recovery rate, x, and coronavirus mortality rate, § have negative cor-
relation coefficients with regard to the basic reproduction number. Thus, any slight incre-
ment in these parameter values will downplay the basic reproduction number’s value. The
implication of this from the perspective of epidemiology is that coronavirus elimination
from the population is guaranteed if serious attention can be given to the parameters that
lower the COVID-19 reproduction number.

6 Optimal control model

This section introduces the optimal control version of our proposed model based on the
results of the sensitivity analysis carried out in section 5. Specifically, the transmission
rate of COVID-19, g, the modification (infectivity) parameter for the acutely infected
individuals, #, and the movement rate from E class to / class have impacts on the
spread of the coronavirus. To reduce the intensity of these parameters, we introduced
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the following time-dependent controls: public education, u, (), vaccination with a sin-
gle dose, u, (1), vaccination with the second dose, u;(#), an increase in polymerase chain
reaction (PRC) testing equipment, u,(#), hospitalization rate us(¢), and treatment rate
(prophylaxis) uy(#). Furthermore, the parameters that significantly lessen the infection
burden in the proposed model are the COVID-19-related death rate, 6, and the hospi-
talization rates of acutely infected and infectious persons, ¢ and w, respectively. But
it is logical that at every event of disease spread, the rate of preventing people from
dying is a major concern to society, so the disease-induced death rate cannot be used
as a control measure. Therefore, we additionally impose time-dependent controls on
¢ and w, denoted as detection rate and availability of hospital beds, us(¢). Hence, the
modified version of the COVID-19 model 1 with time-dependent optimal controls is
given as

ds  _ A _ [ Q-uyO—uy()—uz(0)BU+NA)
da A S+E+A+I+H+R tH )S’

= (ot ORI e (- )+
37 =€eE — (u+us() + x)A,

5_[ =1 —-uy(DE +wA —(u+ 6+ us@)I,

j—fz = us(HA + us(H)] — (u + 6 + ug(2))H,

o KA + ug()H — pR.

Further, our main goal is to lessen the subpopulations of exposed, acutely infected, infec-
tious and increase hospitalization and polymerase chain reaction (PRC) testing equipment,
and the cost reduction of controls implementation so that the objective or cost functional,
denoted as J, is given by

J(uy, uy, s, uy, s, Ug) =
v ([N (SN (VS (SIRC N ISR g
(TIE + TyA + Tyl + T,H + ~K 18 + =Kyt + ~ Kyl + =K1l + =K1l + —K6u6>dt.
o » 2 2 2T 2 2
(30)

In (30), T,.7,,7T; and T, are the positive balancing weight constants for exposed,
acutely infected individuals, infectious individuals, and hospitalized infected individu-
als, respectively. For instance, choosing T, greater than T,,T; and T, suggests that con-
trol is more focused on decreasing the exposed humans than decreasing the num-
bers of acutely infected persons, infectious, and hospitalized humans. The terms
%Kl ui, %Kzug, %K3u§, %Kwi, %Ksug, %Kéug describe the costs in the reduction of the dis-
ease in each class, respectively. Whereas #; is the terminal time expected to implement the
control intervention strategies. To show the nonlinearity of the costs of implementation, we
use the standard quadratic functional as in other previous works (for example, see Asamoah
et al. 2020, 2022, Asamoah et al. 2021, Asamoah et al. 2021, 2023 and some of the refer-
ences cited therein). Our aim is to obtain the optimal control u* = (uf), (i=1,2,3,4,5,6),
such that

Ju*) = min{J(u;) : u; € U}, 31)
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where U represent a set of Lebesgue measurable control given by

U=A{u; 1 0<u,,;, <u@®) <u,, <1, 0<1<1}

1 imax —

Using the existence results as pointed out in Fleming and Richel (2012) coupled with the
explicit approach x-rayed in Abidemi et al. (2022), Olaniyi et al. (2023), we show the exist-
ence of an optimal control which satisfies problem (31), with regard to the time-variant
COVID-19 system (30).

6.1 Control characterization

The optimal control problem (31) with regard to the optimal control model (30) is changed
to a problem of minimizing pointwise a Hamiltonian H, with the help of the celebrated
Pontryagin’s maximum principle Pontryagin et al. (1962). The Hamiltonian, H function is
defined by

HDD =)z (Hug+Ax —Rpu) — Ay (1(us + 6+ pu) —Ay +E (uy — 1))
K> Kyu? Kyus?  Kyug?  Ksus®  Kgug?
2 2 2 2 2 2
PAn+D (uy +uy +u3 —1)$
S+A+E+H+I+R

An+1 -1
+/IS<A—S<ﬂ_ﬁ( n+D (1 +uy + 13 )>>+/IH(Au5+Iu5—H(u6+5+/4))

—/IE<E(—u4+e+;4+1)+ >+AA(E5—A(u5+K+;4))

S+A+E+H+I1+R

+AT,+ET, +HT, +1T;,
(32)

where ,,n = S,A,E,I,H,R, are the corresponding adjoint variables to the state variables
S,E,A,I,H,andR, of the optimal control model (30). The required costate variables con-
ditions and characterization of the six controls for the optimal control problem are estab-
lished in the next result.

@ Springer



J. 0. Akanni et al.

Theorem 6.1 Considering an optimal control u* in a way that J(u*) = min{J(u;) : u; € U},
then there exist costate variables , satisfying the adjoint system

dis _ —diff(HDD, S),
dt
=/ls(ﬂ— PAn+D(uy +uy+us = 1)  SPAn+D) (g +uy + s — 1))
S+A+E+H+I1+R (S+A+E+H+I1+R)?
PALAn+D(uy +uy+us = 1) pAg(An+1D)(u; +uy +uz; — 1)
(S+A+E+H+I+R)  (S+A+E+H+1+R)>

dig .
o —diff(HDD, E),

ﬁ(A11+I)(u1 +uy +uz — l)S |

+
(S+A+E+H+1+R)}

SPAsAn+1) (uy +uy +us — 1)

=/1E<,u—u4+5—

Ay =Ty + A (uy — 1) +

(S+A+E+H+1+R)?
di, .
—2 = _diff(HDD, A),
dt
Brn(uy +uy+us —=1)S  pAn+D(u; +uy +uz—1)S
P\ S+A+E+H+I+R  (S+A+E+H+1+R)
—KAR—TZ—/IIII/—/IHMS+/1A(M5+K+M)
1 ﬁr/(u1+u2+u3—1) ﬁ(An+I)(u1+u2+u3—1)
S\S+A+E+H+1+R  (S+A+E+H+1+R)
i _ diff(HDD, I)
a 1} ,1),
= A (us + 6+ p) = Ayus — Ty
Bluy+uy+us—1)S  pAn+D(uy +uy +uz —1)S
E\S+A+E+H+1+R  (S+A+E+H+I+R)
o Bluy+uy+us—1)  pAn+D(uy +uy +uz— 1)
S\S+A+E+H+1+R  (S+A+E+H+1+R)
diy ,
o = —diff (HDD, H),

BA(An+1) (uy +uy +us —1)S
(S+A+E+H+1+R)

= Ay (ug+ 6+ ) — Agug — Ty —

SPAGAn +1) (u; +uy +us — 1)
+
S+A+E+H+1+R)}

dAg ;
i —diff (HDD, R),

PAgAn+D) (uy +uy +us —1)S  SPAGAn+1D) (uy +upy +uz — 1)
- + .
(S+A+E+H+1+R)? (S+A+E+H+1+R)?
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with transversality conditions
A(ty) =0, n=S,AEI.H,R, (33)

and optimal control characterizations

SpApAntD)  SpAgAntD)
u* — SHATE+HAIHR  SHA+E+HAIHR
1 K,
SBAg (An+l) _ Sp g (An+l)
% S+A+E+H+I4+R  S+A+E+H+I+R
u. =
2 K,
SPAE (An+D) _ Spig (An+l)
¥ = STAAEtHIITR  S+ATE+H+I4R
3 Ky ’ (34)
w = — EAz-E A
4 K, ’
x _ A+ A=Ay (A+D)
u - 9
5 K
wt = H Ay—H A
6 K :

Proof The proof is premised on finding the partial derivatives of the Hamiltonian, H, with
regard to all of the state variables S, E, A, I, H and R, respectively, as defined hereunder

dA oH .
= —(5T): Al =0. with n=S.EALH.R. (35)

In addition, the optimal control characterization is obtained through the implementa-
tion of the following optimality condition and by finding the solutions of the controls
u,i=1,2,3,4,5,6.
du, = diff (HDD, u,)
SpAp(An+1) SpAs(An+1) (36)
S+A+E+H+1+R S+A+E+H+I1+R’

=Ku —

du, = diff (HDD, u,)
SpAg(An+1) SPpAs(An+D 37N
S+A+E+H+1+R S+A+E+H+I+R’

=Kyu, —

duy = diff (HDD, u)
SPAL(An +1) SPAg(An+1) (38)
S+A+E+H+I+R S+A+E+H+I+R’

= K3u3 -

duy, = diff (HDD, u,)

=Kyu, +EA; —EA,, (39

dus = diff (HDD, us) 40

=Ksus — 1A, —Ady + Az(A+ 1), (40)
dug = diff (HDD, uy)

(4D

= Kgug — HAy + Hag.

Now, by adopting the standard bounds for the controls u;(¢), (i = 1,2, 3,4) yields
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u, if0<u <1,

u(H* =40, ify; <0, (42)
1, ifu; > 1,
where
SpigAnt) SPAs(An+D)
w = S+A+E+H+1+R S+A+E+H+I+R
1= P
Kl
Spig@Ant) SPAs(An+D
_ S+A+E+H+I+R S+A+E+H+I+R
U = K )
2
SpigAnth) _ _SPAs(AntD
_ S+A+E+H+I+R S+A+E+H+I+R
U = K 5
3
Ei;—EJ
“WETTTR,
4
Ady+14 = Ay (A+T)
us = )
KS
H Ay —H g
M6 = T.
6
a

6.2 Effect of parameters of the COVID-19 model

Herein, the effect of the transmission rate of COVID-19 on the exposed population,
COVID-19-acutely infected humans and infectious humans, respectively, are demon-
strated in Fig. 6. It is observed that an increase in the COVID-19 transmission rate from an
infected individual leads to a corresponding increase in the populations of E(t), A(f)and.I(?).
This implies that a surge in the effective contact of susceptible individuals with COVID-
19 infected individuals will result in the prevalence of the disease in the population when
there are no effective controls or preventive measures set in place to nip the disease dynam-
ics into the bud. From another perspective, Fig. 7 flaunts how the transmission rate, f, of
COVID-19 and the modification parameter, #, measuring the degree of infectiousness of
acutely infected humans affect the basic reproduction number. An increase in any of these
parameters is noticed to accelerate the prevalence of coronavirus disease in the population.

6.3 Simulations of the optimality system

The optimality system which is a combination of the state equation (30) with the co-state
equation (33) and the optimal control characterizations (34) in conjunction with the ini-
tial sizes and corresponding transversality conditions are numerically solved with the help
of forward-backward Runge—Kutta method of order four, implemented in MatLab. The
forward-backward solution approach is used following the procedures x-rayed in Akanni
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et al. (2020), Khan et al. (2022), Olaniyi et al. (2020), Sharma and Samanta (2015). Uti-
lizing the parameter values presented in Table3, the numerical experiments of the opti-
mality system are executed over a time frame [0, 15], implying that the terminal time for
interventions’ execution is chosen as #, = 15 weeks. While the starting sizes of the state
variables are taken as S(0) = 268850000, E(0) = 3065400, A(0) = 1146200, 1(0) = 4085,
H(0) = 136, R = 416600. The balancing weight and rate constants of the functional J are,
respectively, taken as T, = 800, T, =900, T, =750, T, =900, K, =5, K, =7, K3 =9,
K, =70, Ks = 60 and K; = 800. The influence of six distinct scenarios, combining any
two or more time-dependent controls on the population of exposed, acutely infected, and
infectious humans are explored in Figs. 8, 9, 10, 11, 12, 13. The intervention scenarios
considered are listed as follows:

(i) Scenario A: combination of u,(¢) and u;(?),
(i1) Scenario B: combination of u,(¢) and u,(?),
(iii) Scenario C: combination of u,(¢) and u;(?),
(iv) Scenario D: combination of u,(¢), u,(¢) and u,(?),
(v) Scenario E: combination of u,(¢), u;(f) and u4(?),
(vi) Scenario F: combination of u, (), u, (), u5(f), us(), us(¢) and ug ().
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Fig. 8 Effect of scenario A on the COVID-19 dynamics
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Fig.9 Effect of scenario B on the COVID-19 dynamics

Figure 8 showcases the effect of implementing Scenario A on the COVID-19 dynamics
in the population. It can be seen that as the population increases with time, each popu-
lation of the exposed, acutely infected humans and infectious humans reduces when
controls are deployed in comparison with the situation when control is not assigned.
The control profile for Scenario A on the other hand reflects that controls u; and u,
should be upheld at maximum for the first 14th weeks of implementation to the termi-
nal time of implementation so as to truncate the coronavirus transmission effectively
in the community. Critically looking at Figs. 9, 10, 11, 12, 13, one sees that simi-
lar behaviours are observed for the exposed, acutely infected, and infectious humans,
respectively when other combinations of the controls are put into practice while reduc-
tions in each population differ. However, It is observed from the control profile for
Scenarios B, C, and D that intervention strategies u;,u,, and u; should be kept up at
maximum within the first 14 weeks before retracing infinitesimally to the final imple-
mentation period, while optimal implementation of u, right from the first day of imple-
mentation is encouraged. Furthermore, the control profile for Scenario E reflects that
intervention u,, representing treatment control should be maintained optimally within
the first 4 to 5 weeks before retiring to the end time of implementation. In Scenario
F, when all the controls are considered, it can be seen that controls u,, u,, and u; need
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Fig. 10 Effect of scenario C on the COVID-19 dynamics

to be kept at the highest level for approximately 3 weeks of the application period
before gradually coming to zero, while u, is encouraged to upheld at maximum of 100%
throughout the entire implementation time before dropping down to zero. And u5 and
ue are maintained at a maximum 100% for a length of time 13 to 14 weeks of the stipu-

lated implementation period before gradually retracing to the terminal implementation
period.

7 Conclusion

In an attempt to forestall the lingering threat posed by the coronavirus disease outbreak in
the population, a robust nonlinear autonomous mathematical model for the transmission
dynamics of coronavirus disease was designed. The designed model categorized the entire
population of humans at time ¢ into six epidemiological classes: susceptible population,
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Fig. 11 Effect of scenario D on the COVID-19 dynamics

exposed population, acutely infected population, infectious population, hospitalized pop-
ulation, and recovered population, respectively. Several dynamical system methods were
employed to qualitatively and quantitatively analyze the model for more insights into the
dynamics of coronavirus transmission in the population.

The model’s solutions were proved to be positive and bounded. The threshold param-
eter responsible for the justification of the existence and stability of the steady states of
the COVID-19 model was obtained. In particular, by item 3 of Theorem 4.1, the COVID-
19 model will exhibit backward bifurcation, which is a phenomenon where both stable
endemic and stable disease-free equilibria co-exist whenever the basic reproduction num-
ber of the model is not up to unity. Implying that there will be serious difficulty prevent-
ing and controlling COVID-19 spread in the population. Moreover, using the Lyapunov
function, the endemic equilibrium point of the COVID-19 model was proved to be globally
asymptotically stable whenever the associated reproduction number of the model exceeds
unity.

Furthermore, some key epidemiological features like transmission rate, £, modification
parameter, 7, movement rates, 8, and y, responsible for the prevalence of the disease, were
identified. As a fallout of this identification, the model was further extended to incorporate
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Fig. 12 Effect of scenario E on the COVID-19 dynamics

six time-dependent optimal control interventions, including public education, vaccination
with a single dose and second dose, hospitalization and treatment efforts to allow for effec-
tive control of the coronavirus spread in the community. The non-autonomous version of
the COVID-19 model was analyzed using the celebrated Pontryagin’s maximum principle.
To significantly reduce the episodes of the SARS-Cov-2 disease, the optimal control sex-
tuple was stratified into different scenarios, combining any two, three, and all the inter-
vention strategies. Consequently, a remarkable cutdown was observed in the COVID-19
prevalence when each control scenario was applied compared to when the scenarios were
not implemented. It is important to mention that one of the limitations of this study is that
the initial conditions used for the simulations were hypothetical values.

Further simulations of the COVID-19 model revealed that a surge in the values of such
parameters as transmission rate, modification parameter that measures the degree of infec-
tiousness of acutely infected individuals, and movement rates would hinder the extinction
of COVID-19 in society. Hence, the result of the findings availed in this study suggests that
serious attention should be given to such parameters to achieve a COVID-19-free environ-
ment. Moreover, by simulating various scenarios and interventions, this work offers valu-
able insights that can help policymakers craft effective, efficient, and adaptable strategies
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Fig. 13 Effect of scenario F on the COVID-19 dynamics

to mitigate the impact of COVID-19. Specifically, we noticed that the use of these controls:
public education, u,(#), vaccination with a single dose, u,(f), vaccination with the second
dose, u;(?), an increase in a polymerase chain reaction (PRC) testing equipment, u,(t), hos-
pitalization rate us(f), and treatment rate (prophylaxis) u4(f) could help policymakers gain
insights into protecting the population from another major COVID-19 outbreak. Notably,
the parameter values and initial conditions utilized in this research to simulate the COVID-
19 model were hypothetically chosen. Nevertheless, real situation data could be used to
forecast the possible dynamic patterns of the disease in the community. In addition, we
plan to study the dynamics of the disease based on the socio-economic status.
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