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1. Introduction

Numerous infectious diseases can be studied using mathematical models incorporating a set of nonlinear differential
equations. Mathematical models addressing transmission dynamics, control, and other topics have been produced over the
past few decades. Researchers have been paying close attention to the fractional calculus since 2000, thanks to the introduc-
tion of numerous types of fractional derivatives [1-3]. The advantage of fractional derivatives is that they can better depict
the dynamics and other properties of hereditary materials. As a result, different biological models have been studied using
Caputo and Riemann-Liouville fractional derivatives which involve singular kernels [4]. The singular kernels lead to several
challenges during conventional procedures. To alleviate the drawbacks of such kernels, derivatives with nonsingular kernel
were devolved by Caputo and Fabrizio (CF) [5]; see [6,7] for more details about CF-fractional derivatives. One of the most
well-known fractional derivatives that recently has received interest from scientists is the Atangana-Baleanu-Caputo (ABC)
fractional derivative. In the work of Atangana and Baleanu, they came up with a new type of nonsingular derivative using
the Mittag-Leffler function [8,9]. Many researchers have used ABC derivative-type for infectious diseases models. All the
findings have shown to be significant and useful in comprehending the dynamics of real-world occurrences. Not long ago,
in [10], the authors analyzed the transmission dynamics of the COVID-19 mathematical model under the ABC fractional or-
der derivative where existence-uniqueness, stability and simulation solutions were established; see [11-16] for more details
about ABC fractional derivatives.

Tobacco is the main carcinogen that has been detected all over the world. Smokers are 10 to 30 times more likely than
non-smokers to acquire lung cancer [17]. The smoking-related disease has become a major public health concern. Smoking
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Total annual number of deaths by risk factor, measured across all age groups and both sexes. The annual number of deaths attributed to smoking per 100,000 people.
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Fig. 1. The risk factor and death rate of smoke epidemic disease, 2017 [26].

Death rates from smoking by age, World, 2017

Death rates are measured as the number of early deaths due to smoking per 100,000 individuals in a given
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therefore not included.
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Fig. 2. Death rate from smoking by ages up to 2017, image adopted from [26].

behavior frequently has a variety of harmful outcomes [17]. Smoking causes unfavorable effects on the heart, such as an
increase in heart rate and blood pressure [18,19]. Smoking causes damage to nearly every area of the human body and
contributes to a variety of diseases such as lung cancer, respiratory disease, heart disease, alimentary canal effect with
consequent increased mortality [20-22]. Because of the rising number of smokers, tobacco use is now considered an illness
that must be treated. Fig. 1 and Fig. 2 give a pictorial nature of the smoke epidemic and its deaths.

In recent years, a slew of mathematical models of smoking has been developed by [23-25]. The work of these authors
addresses a scheme with a total unchanging community which is split up into five classes: Potential smokers (P); Occasional
smokers (Q); Smokers (S); Smokers who temporarily quit smoking (R); Smokers who permanently quit smoking (U). The
model which contains the ordinary derivative as provided by [23-25] is as follows;

4 — A — BSP— P,

48 = BSP—1Q - uQ,

B =AQ+vQS— (1 +n)S,
® —n(1-8)S-vQS— uR,
4 — néS — puU.
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i
ﬂzl (B1S1 + B252) =

Fig. 3. Transfer diagram for the dynamism transmission of 2-age group smoke model.

126252

s

Table 1
Interpretation of state variables in the model.

Parameter Interpretation

Ny, Ny Total population size for Group 1 and Group 2

P, P Potential smokers for Group 1 and Group 2

Q1,Q Occasional smokers for Group 1 and Group 2

51,5, Smokers for Group 1 and Group 2

R, Ry Smokers who temporarily quit smoking for Group 1 and Group 2
Uy, Uy Smokers who permanently quit smoking for Group 1 and Group 2

Table 2
Interpretation of parameters in the model .
Parameter  value Interpretation
Al 1-10 (day") recruitment rate of Group 1
Ay 0.001 (day~') recruitment rate of Group 2 (G2)
Bra1 0.0014 (day~1) effective contact rate between S; and P,
I 0.0016667 (day~') effective contact rate between S, and P,
iy 0.00002, 0.0040 (day~') natural death rate for Group 1 (G1) and G2
A, A2 0.00068, 0.00021 (day~') the rate at which occasional smokers become regular smokers for G1 and G2,
ny Ly 0.00245, 0.00078 (day~') the rate of quitting smoking for both Group 1 and Group 2
vy, vt 0.0019, 0.0087 (day~') the contact rate between smokers and temporary quitters
St 1t 0.001, 0.001 (day~!) the remaining fraction of smokers who permanently quit smoking

The basic reproduction number(R) is defined as follows;

_ M
T+ pu+OCHA+ Q)

Ro

More detailed descriptions of variables and parameters are listed in Table 1 and Table 2.

Motivated by the aforementioned literature and [29], to the best of our knowledge, there is no mathematical model for
the smoking epidemic that considers two age-group specific. Hence, this paper contributes to the existing knowledge on the
spread of tobacco-related diseases and the dynamic influence of the diseases in the 2-age groups. The smoking epidemic
model not only extends to two age-group specific but also it gives a mathematical interpretation of the use of real data set
published in some literature. The rest of this paper is structured as follows; Some key ideas, fundamental definitions, and
preliminary findings are all briefly introduced in Section 2. In Section 3 we formulate age-group specific model and briefly
describe all the parameters. The mathematical analysis of the existence-uniqueness of age-group-specific models is covered
in Section 4. In Section 5, the stability findings of the age-group-specific model are presented and analysed. In Section 6 and
Section 7, discusses the numerical outcomes and graphic display. In Section 8, concludes the paper.
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2. Preliminaries

In this section, we recall some critical concepts, lemmas, and definitions to study the system (2).

Definition 2.1. [10]. The ABC-fractional differential operator on Y € H!(a, b), for u, €[0,1) is

N(M*) t _I’L*(t — S)”’*
ABC s _ /
DY (t) = T */0 Y (s)Eu*[ . ]ds,

which approaches the ordinary derivative as u. — 1, also 8 () satisfies the property (1) = X(0) = 1. And E,,, is a Mittag-
Leffler function, which is defined as follows

S tk

Definition 2.2. [13],[14]. For Y e H(a, b), for 1, € (0, 1), then the integral of ABC is given by

ABCIM*T(t) = N( lj; T(t) -+ m[ T(S)(t — S)M*ilds

assuming that the integral on the right converges.

Lemma 2.3. [10]. The definitions of ABC-fractional derivative of the function Y and the corresponding fractional integral, satisfy
the Newton-Leibniz formula

ABCL (DI () = () — T (1),

Lemma 2.4. [30,31]. Consider a function F(t) € C[0, n] then the solution of fractional differential equation

{ABCDg;T(t) =F(),t [0, 7],

1) =k,
is given by
YO =t 5l 5FO + g Jy FOC -9

Now, we let M* = C*([0, n]) be a Banach space with the following norm
||| = max{| Y|}, VY € M".
te[0.7]

Lemma 2.5. [15]. Suppose B* ¢ M*, be a closed convex non-empty subset of M* and there exist two operators T; and T,
then it is Krassnoselskii’s fixed point theorem and it follows that;

(i) Tiu+Tiu e M*, Yu e M*;

(ii) Ty is a contraction operator and T, continuous and compact. Then 3 at least one solution u € M* such that

Tiu+Tu =u.

3. Model formulation

We consider an extension of the smoke epidemic model considered by [23-25] to a 2-age group model (1) by incor-
porating age-specific parameters. From here, we represent the 1-Group by people below 70 years old (< 70 years), and
the 2-group includes the people from 70 years (> 70 years). Each population (PQSRU) consist of P; + Q; + Sy + Ry + U; for
1-Group and P, + Q3 + Sy + Ry + Uy for 2-Group. N(t) = N; + N, and N; =P, + Q; + S; + R; + U; where i =1, 2. For each i-age
group, B; is the effective contact rate between P, and S;, and A; is the rate at which occasional smokers become regular
smokers. Further, u; natural death rate, while »; is the rate of quitting smoking. Similarly, (1 — §;) is the fraction of smokers
who temporary quit smoking (at the rate n;), whilst &; is the remaining fraction of smokers who permanently quit. Also v;
is the contact rate between smokers and temporary quitters who revert back to smoking. In the same way, A is the rate of
supply to susceptible age at adolescence P;, and we assume that 1-Group (the young age group) move to 2-Group (the old
age group) by the proportion of 2-Group is A,. Hence, the 2-age group transmission model is described by the following
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system of differential equations.

dpér(t) = A1 — (B1S1+ B2S2)Pr — 1Py — APy,
% = (B1S1 + B2S2)P1 — A1Q1 — 11Qq — A2Qq,
BO = 21Q1 +v1QiS1 — (1 +11)S1 — AsSy,
WO — 1y (1= 81)S1 — viQiSy — 1Ry — AsRy,
GO = 118151 — juaUy — AqUy,

BO = AyPy — (BiS1 + B2S2)P, — b,

GO — AyQ + (BiS1 + B2S2)Py — 12Q2 — 12 Qs
B0 = AySy +A2Q + 12082 — (U2 +12)Ss.
% = AR +12(1 = 82)S2 — 12Q25 — 2Ry,

dujt(t) = AUs + 126285 — waUs.

(1)

According to the explanation of time-dependent kernel defined by the Mittag-Leffler kernel function, presented in
[32] and [34], our considered 2-age group smoke transmission model under ABC fractional derivative is defined as follows;

0PDEPi(t) = A = (B“S1 + B4 S2)P — ulf*Pr — AL"Py,
65D Qi (0) = (B{“S1 + By S2)PL = M Qi — i Qi - Ay Qi
0PDS1() = A" Qi + v} QuSt — (' + i )S1 — ALSy,
o5D Ry (£) = mi (1 = 81")S1 — vi"* QiS1 — pf "Ry — ARy,
/(‘)\BCD{‘MUl (t) — nét*gqhsl _ M/]I.*Ul _ A,zt*Ula

0D Py (t) = Ay Py — (1St + By Sa)Py — 1y Py,

5D Qa(0) = A Qi + (B S1 + B )Py — 35 Qo — ph Qo
05D Sy () = AL St + 157 Qa + 1 Qs — (4" + 15,
07D Ra(t) = A5 R+ 1" (1= 85°)S5 — v QaSy — " Ra.
5D Uy (t) = AL Uy + 1y 858y — uhUs,

(2)

with initial condition

Pi(0) =Py, Q1(0) = Qu), S1(0) =S1,, R1(0) =Ry, U1(0) =Uy,.

P,(0) =Py, Qa(0) = Qa, $2(0) =Sa, R2(0) =Ry, Us(0) = Uy, .

4. Existence and uniqueness results for the 2-age group smoke transmission model

We reformulate the right side of the model (2) as follows;

Yi(t. P+ Qi +Si+Ri+U) = A" — (B1"S1 + By S2)Py — ui"Py — A4 Py,
Yot P4 Qi+ Si+Ri+Up) = (B"S1 + BYS2)P — A" Qi — )" Q1 — Ay Qu,
T3(t, P+ Qi+ S+ Ri +Up) = A" Qq + vi“ @Sy — (uf* +nf*)S1 — AYSy.
Ya(t, P+ Qi+ S+ Ri+Up) = nf" (1 = 8)S; — v} QiS1 — uf“Ry — A5"Ry,
Ys(t, P+ Qi +Si + Ri + Up) = nf*81Sy — uf*Uy — A5Uy,

Yo(t, P+ Qi +Si+Ri+U) = AS P — (B{"S1 + BYS2)Py — b Py,

Y7(t. P+ Qi +Si+Ri+U) = Ay Qi + (B1S1 + B5*S2)P — A" Qa — ub*Qa,
Ts(t. B+ Q+Si+R+Up) = Al;*51 +)»12L*Q2 +57Q2S — (5" +157)S2,
Yo(t, P+ Qi +Si+Ri +Uj) = ARy +n4* (1= 85)S; — vi"QaS; — bRy,
Yio(t, B+ Qi+ Si+ R + Up) = A Ur + 185 Sy — b Uy

(3)

Where i =1, 2 and from (3), the generated model (2) can be expressed as

MDY () = W(t, Y (1)), te[0,n], 0<p, <1,
T(0) = Yo,
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where
R(t). P(0),
Qi(t), Q:(0),
T(o)=1Sit), Yo=1Si(0), (5)
Ri(t), Ri(0),
Ui(t), Ui(0),
foralli=1,2.

Ti(t,P+Q+Si+R +U)),
To(t, B+ Qi+ Si +Ri + Uy,
W(t,T() =14t R+Q+Si+R+Up), (6)
T4t P+ Qi+ Si+Ri +U)),
Ys(t, P+ Qi+ Si+ R +Uj).
Using the ideas in Lemma 2.4, system (4) yields,

{T(t) =Yo(t) + ;{( W(t, T () + W
X oW (s, T(s))(t —s)H—1ds,

We consider the Banach space B, = C(]0, n]), and assume that assumptions below hold
(F1) There 3 a positive constant Y, Z,, and k, € [0, 1) such that

(7)

(F) There 3 a positive constant L, >0V T, Y B, then
(T O) W, TE) <L - T[].
Suppose that operator A, : B, — B, such that
ApY(t) = Q7Y (t) + 257 (1),

basically, we can see that

QY (1) = Yo + xci5 W (£, Y (D)), (8)
LY (1) = sgbt0 Jo Y Y($)) (€ —5)kds.

From this knowledge (7) can be written as

ApY () = Yo(t) + 525 ¥ (6, T () + 5o
X fo W (s, T(s))(t —s)Hds.

(9)

Theorem 4.1. Suppose that (F1) and (f,) hold, such that, (é(“*)Lp <1, then the 2-age group smoke transmission model
has at least one solution.

Proof. We break the proof into two steps for ease of understanding.
Step 1. We prove that operator % is a contraction. If so, let Y € I1, such that IT = {Y € B, : ||[T]| <¢. ¢ > 0} is a close
convex set, thus

[QIT () - Y ()| = &( ”“;) max I\D(t Y (1) - W, Y1)l
(1— )
< N(L) LI =T (10)

Thus,

* * /’L*
1257 © - 27Ol < (AT - T

Hence € is contraction since (- “*>Lp 1.
Step 2. We prove that €2 is compact and also continuous, ¥ Y € II, then €25 will be continuous as Y is continuous, thus

* o _ «—1
1950011 = max |eetoe [ wis T sy sl
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< oo = _ Le—1
B Nwr(u* / [ =)™~ [W(s, Y ())]ds.

< M sz, (11)
R )T (s)

Hence 3 is boundedness. Now we prove equicontinuous, let t1,t; € [0, n], such that

[(€237)(t1) = (7)) = | / (s, Y () (tr =)

N (s )F(u*

- ] W(s, T (5)) (6 — 5)%|ds
0
< YoY% +2,] Mol
= NGy 1 ~827) (12)

As 01 — 03, then [(S57)(t7) — (257)(t2)| — 0 which makes the operator €23 equicontinuous and compact by well-known
Arzela-Ascoli theorem. Hence, by Lemma 2.5 the existence for the 2-age group smoke transmission model has at least one
solution. O

Theorem 4.2. The operator A, has a unique fixed point, if there 3 a positive constant A > 0 such that

(- e
=500 Lo + sgoraoLel < 1- (13)

Proof. Let Y, T e B., then we have

1A Y — A, Y| < ||Q?T—Q*T|| +1QY — Q5T
a-
< R(u* Iugnax |W (e, Y (1) W, T)l
Mo =1
TR () mon'/ PETE)NE—sy"ds
—/ W(s, () (t —s)"|ds,
0
(- ) - s
= NG & RGN T
= AllYT =TI (14)

Thus, the proof is complete, from contraction principle, the operator has a unique fixed point. Consequently, 2-age group
smoke transmission model has unique solution. O

5. Hyers-Ulam stability results for the 2-age group smoke transmission model

The stability of the proposed system will be examined in this section of the paper with regard to HU and generalised HU
stability. Recently, HU type stability is one of the most intriguing. The HU stability was initially described by [27] and later
generalized by Rassias [28]. In this analysis, we apply HU type stability for the 2-age group smoke transmission model.

Definition 5.1. The 2-age group smoke transmission model is HU stable if there 3 § > 0 and let Y ¢ B, be any solution of
inequality

SECDIY () — W (t, Y (t)) <8, Yt e [0, n]; (15)
and 3 unique solution T of system (4) with Ag > 0, such that

1T — Tl < Agb, ¥t e [0.7]. (16)
Definition 5.2. Further, if 3 ¢ € C(R, R), such that ¢(0) = 0 for any solution Y of (15) and T be unique solution of (4), such
that

1T =TI <¢(). (17)
then the system (4) is generalized HU stable.

Remark 5.3. If 3 x (t) € C([0, n],R), then Y ¢ B, satisfies inequality (15) suppose that,
@) |x(@®)| <4, for all t € [0, n],
(if) ABEDIY (£) = W(E, Y (£)) + x (¢) V t € [0, ).
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We now take a look at the system (4) perturbation equation, which is as follows:
0D Y (6) = W(t, T () + X (©),
T(0) =
We require the following relation to continue our analysis.

Lemma 5.4. From system (18),the following result holds.

(1 _M*) 77”*
YO =AW E X)) <[ V) V(u*)l“(u*)}a'

Proof. Using Lemma 2.4, relatively, the solution of perturb Eq. (18) is given as;
Y (t) = Yo +A5C I W (t, Y (£)) +85 I* x (b).
Now, from the knowledge of (9), we deduce the following

0(0) - AW (e, T ()] < [(;( O+ oy o €9 x(t)IdS}

N(ue) M)l (s
O

Theorem 5.5. The system (4) is HU stable, if there exists

_[a -
a=| N

nt ]
L,| <1.
ROl ()
Proof. Let Y e B, be any solution and Y e B, be unique solution of (4), then
T -TO =170 -AT )
< 100 =AY (O] + Ay Y (£) — Ay T (1)

(1— ) nH (1 - ) ni %
[ NG N(M*)F(u*)]8+[ N 0 F N(mrw*)”’]'” B

[Gom | o]
mm NG

5 (20)
1- [ S5 + saram e

Thus,
[(ope) 1)
@ -YOl < (T(ﬁ*> RIS
-1 R(u.) Ly + N(M*)I‘(u*)l‘ﬂ]

Hence, we conclude that, system (4) is HU stable. Consequently, it is generalized HU stable. O

Definition 5.6. The system (4) is Hyers-Ulam-Rassias (HUR) stable for £ (0') € C([0, 1],R), § > 0 and let Y € B, be any solu-
tion of inequality

0D Y (E) = W(E, Y () <&(t)8, Ve e[0,n]; (21)
and also 3 unique solution T of system (4) with Aq > 0 then,
[T =TIl < A& (D)8, Yt €[0,7]. (22)

Definition 5.7. If 3 v € C([0, n],R), with Aq, and § > 0, for all Y of system 21 and T be unique solution of (4), such that
[T =T < Aguv(0). ¥ t €[0, 7], (23)
then Eq. (4) is generalized HUR stable.
Remark 5.8. If 3 u(t) € C([0, n];R), and Y € B, satisfies inequality (21) such that,
@) lw(®)] = dv(t), Ve [0, n].
(i) QBCD#*T(t) =W, Y())+ () Ve e[0,n].
We now take a look at the system (21) perturbation equation, which is as follows
{gBCD;‘*T(t) =W (E,T(0) + p(0),

TO0)="Y (24)
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Lemma 5.9. From system (24), the following result holds. Thus,

TO - A e YO = 1§ + D b o

Proof. Using Lemma 2.4, relatively, the solution of perturb Eq. (24) is given as;
Y (t) = Yo +ABC I W (¢, Y (£)) B v (t).

Now, from the knowledge of (9), we deduce the following

(1- nt ‘ 1-
T(t) — AW (L, Y(t 5[ v(t +7/t—5 "*vtds]
TO - e YO) = [ WO+ 5 B [ -9 ol
(1_I‘L*) 77“* :|
=< + v(t)s. O 25
=[Sy * sqora )10 (22)
O
Theorem 5.10. The system (4) is HUR stable, if there exists A = [ Y ))Lp+ V(ufﬁiw*)Lp] 1.

Proof. Let Y e B, be any solution and Y e B, be unique solution for system (4), such that
T -TO =170 -AT )
< 100 =AY (O] + Ay Y (£) — Ay T (1)

(- ) nt (- p.) n Y
- n V(t)S + L, + L]l =Y
T BRIy s LA CLRE < s e L L
[(1 ) + N ]
NG) T RGIG Ly (26)
_— ‘l .
1- [(x(,f) L, + R, )F(/L )L |
Thus,
) [(1 M) L]
1T - T ()] < (T(Z*> RIS v (t)34.
1=y Le + sgora L

Hence, we conclude that, the system (4) is HUR stable. Consequently, it is generalized HUR stable. O
6. Numerical scheme for the 2-age group smoke transmission model

In this part, we will show the numerical solution for our considered 2-age group smoke transmission model, involving
ABC-fractional operator, using the two-step Lagrange interpolation. See [33], for details about the numerical scheme. Taking
the initial condition with respect to the operator ABCI(’)‘*, we convert the 2-age group smoke transmission model (2) to
fractional integral equations as

Py(t) — Py (0) =ABC I/ Wy (£, Py (1)),
Le(t) — Qq(0) =B I Wy (£, Q4 (1)),
Iy (t) — S1(0) =45 [ W5 (t, Sy (1)),
Ip(t) — R1(0) ="BC It Wy (t, Ry (1)),
Ir (t) — U; (0) =B I W5 (¢, Uy (1)),
Py (t) — P(0) =8 [ Wg (t, Py (1)),
Q2() = Q2(0) =" I W7 (£, Qa(1)).
Sa(t) — $2(0) =B I Wy (t, S, (1)),
Ry(t) = Ry(0) =B [ Wy (£, Ry (1)),
Uy (t) — Uz(0) =5 [ Wy (t, Uy (1)),

therefore we have the following

(27)

P (t) =P (0) + —Heg (e P() + / W, (s, Py (5)) (£ — s)"ds,

SGw) NG
M* Uy —
Q) = QO+ 50 Q0 + o B [ Qs -9 ds
[ -
10 =510) 4 (U €SI O) + o b [ s E- 9
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Rq(t) = R, (0) pa b 0 Yalt, Ri(0) + / Wa(s,Ri(5) (£ =) ds,

( B) §@7ﬁﬁ?
Uy (6) = Uy (0) + N( “) Ws (£, Uy () + W/ Wy (s, Uy (5)) ( — 5)*~ds,
Py(t) = Po(0) + » S LWt P(0) + W/ We (s, Po(5)) (¢ — s)*~ds
@m—mwﬂx(ﬁwmam»+wmfmjfwmaw»asW]m
S2(t) = 52(0) + ( “;\ys(t Sz(t))er/ Wy (5. 55(5)) (¢ — )= ds,
Ry(t) = Ry (0) + R( “; W (t. Ry (1)) + W/ Wo(s, Ry (5)) (t — s)1~ds,

Uy (t) = Uy (0 Wit Uy () + o | W10(s, U, t—s)*1d 28
(0 = Ua(0) 4 g5 Wit Ua0) + oo b [ (s, U ) 5y (28)
The ABC integral of Lemma 2.4 can be reproduced using the basic principles of calculus, taking into account the ABC deriva-

tive under the Cauchy problem.

_ — M Mox ‘ oY1
T(t) =Yy —|— R (L) W(t,Y(t))+ ITRINE) /0 W(s, Y(s))(t—s)*ds. (29)

Taking the point t(, 1) = (z* + 1)h and tz» = z*h, z* =0,1,2,..., with h being the time step, we deduce

1— Wy
Y(trs1) = Yo+ o0, Y +7/xp Y($))(t —s)%d
(&41) = Yo N(M)( O+ §GEG) f YE TENE-9)1ds
— M 1
=T+ W (t, Y (L +7/ v(6,000))(t —6)*~1db,
0 R() (€ Y €) 4 §GOTG0 (6.0(0) (11— 6)
— M -1
=T+ V(ty, Y(tr) + o—n— E \119,@)9 tyiq —60)1do.
0 R( ) (z (z)) N(M*)F(M*) ( ( ))(z+1 )
At the point [z, t(,, )], the two term Lagrange polynomial is given as follows;
0 6

£ —t
. (0) = oW T () = e W, T (6),
At

t - tr +1 tr*
qj(t, ’ T(tr )) \Ij(tr*—l’ T(tr*—l))

= S0~ ) - ; ©-t).
Wt Y, v Y-
T R (TS (30)
Taking the approximation solution of (30) into (30);
— M Mo
Y (- = + W (L, T t+ o
(z+l) 0 N( ) (z (z)) N(M*)F(M*)
Wt , T
xz[( ”/ (0~ b, 1) (b1 — )10
r,=0 re
e D) [ g ) (e 06 &
tr,

For simplicity, we solve the integral equations in the (31) as follow;

Cro41
ot = [ O =)y - 0) a0,
tr,

brot1
oz = [ O —t) (- 0)"do. (32)
tr,

Using integration by substitution, we deduce from (32) as follow;
et @A) 4 24 ) — (@ )2 T+ 24 210)

Q
poted (e + 1)
w1 @+ 1)t — —r)"(Z*—r*+1+pc*)
Q;/.*,rwz = h M*(M* ¥ 1) (33)
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Here, knowing €2, ; and €, ; >, we simply substitute into (31), this provides us the numerical scheme seen below;

— M Mo
Nm )\I-’(tz () + o R

h# (t Yy
X Z [ﬁ((z*-ﬂ — T (Z =1+ 24 ) — (=1 ) (2 —r*+2+2,u*))]

Y (tzy1) = Yo +

T [h“*‘l’(f,*,l Tr1)

_ * o Vel ok e (%
SR ey (7 +1-1.) 7 — 1) (2 r*+l+u*))]. (34)

Therefore, the numerical scheme for our fractional order 2-age group smoke transmission model in terms of ABC-fractional
derivative is as follows;

s

= PLO) 5 W (O P ) +

R (k)

L rhew (P
P L * _ Mo (% _ . e (5
XZ[ FGu 12y (EH1-r) @ k24 ) - @ -tz r*+2+zu*))]

r.=0

Py

41

ht=\y(t. . Py, )
N(M*) Z [ F(M* +2)

(Z+1—r)* (=) (=1 + 1+ M*))]

~ Lo
R0 )‘I’Z(fz,Ql(fz))'i‘ R

M\
X Z[%((Z +1—1’*)N (Z —r*+2+u*)_(z _r*)//v (Z _r*+2+2u*))j|

Q. = Q1(0)+

2 rhWsy(t,
Mo [ 2( re—1 Q]r*ﬂ) ((Z* +1-— r*)lbﬁFl _ (Z* _ r*)ﬂ* (Z* -1 +1+ M*))]

SR & T (i, +2)
Sty = 51(0)+ ( )‘1’3(fz ,S1(t2)) + N( *)

x 3 [%((z*ﬂ SrE A2 ) - (@ R @ 24 2)]

r.=0 *
2 rh*w
- NZ: ) Z [ r?g T 2)r 1) ((Z +1- r*)l/-*+1 - (Z* - r*)l/«* (Z* —r.+1 +,LL*)):| (35)
* r,=0
— M Mo

Ry, = R1(0)+ Nm )‘y4(fz,R1(fz ) + R(u0)

x Z[%«z 1) (@ =+ 2+ 1) = (£ - ”**“2“*)’]

Mo ; I:hu* \p4(trrl’R1rwl)

- * _ [ o I (% _
N(M*) = (. +2) (@ +1-r1) (Z" =1t (z r*+1+l/«*))].

— M Mo
R )‘I’S(tz U (t ))+N( )

2 rhws(t, Uy,
PR L L * _ Mo (5% (o Lo (o
X Z[ T (i, +2) (Z+1 =1 )" =142+ pn) — (T —1I)"(z r*+2+2M*)):|

Uy =U;(0) +

z+1

r.=0

L S U ) - o

R(L,) *:[ T I G G D € r*+1+u*))].
Pr..,, = P2(0) + (”‘;%(tz Pt + s

h*Ws(t. . Py, ) .., s " -
X Z[W((Z +1-r)* (@ -1+ 2+ 1) — (& -1)"(z —r*+2+2u*))]
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(@ +1 =) —(

Mox I:hu*\ljS(tr* 1 2r* )

Z—r)M (-1, + 1+ u*))]‘

- N1 f (e +2)
_ — s u
Q,., = QJ(O)+ Nm )‘117(tz* Q) + 5 )
x Z [%((2" H1=1)" (@ =1+ 24 ) = (= 1) (2 =1+ 2+ Zu*))]
2 rh* Wt . Qo
- NZI ) [ F7(furk;‘ (22;’*71) ((Z* + 1- r*)M*Jr] - (Z* - r*)ﬂ* (Z* =T+ 1 + ,LL*))]
S = 5200) + S Wt Sa(6:)) + 5
x Z [%((rm SR 24 ) - @ R @ T+ 24 20)]
ht g (¢
G- Z | Pt ) (24 1t = @ )@ ) | (36)
Ry,.., = R,(0) + &( )‘ljg(fz Ro(t2) + 5 R0
x [%((z* A1=1) (2 =14 24 ) = (=) (@ =1+ 2+ ZM*))]
r.=0 *
2 rh*We(t_ R
B Nf:z ) [ Fg(i':jf‘ 2;“‘71) ((Z* + 1- r*)M*+l - (Z* - r*)ﬂ* (Z* =T+ 1 + M*))]
— M o
Us,., =U(0) + R0 )\I"lo(tz* LU () + R
X Z [%((2* + 1- r*),u.* (Z* — I+ 2 + /'L*) - (Z* - r*)M*(Z* — I+ 2 + 2#*))]
W,
G- Z [ ot ) (2 1 = @ @ 1) | (37)

7. Numerical results and discussion for the 2-age group smoke transmission model

This section of the study presents the numerical results and some discussions regarding the approximate solution of the
2-age group smoke transmission model. We compute the model associated with the ABC-fractional operator . € (0.1) using
the fractional Adams-Bashforth technique for numerical simulation. Here, we take some suitable initial conditions together
with the parameter values as follows; P;(0) = 80; Q;(0) =27; S;(0) =21; R;(0) =30; U;(0) =32; P,(0)=60; Q,(0) =
24; S,(0) = 18; Ry(0) = 35; Uy(0) = 40. The numerical results given in Fig. 4-9 show numerical simulations of the solution
of our model as a function of time for different ABC-fractional order. It is worth noting that, the prediction depends on the
value of the ABC-fractional order also beside the theoretical parameters. From our observation, the memory effect of the
system increases when the ABC-fractional order w. is lowered from 1, and so the infection to smoke-related disease grows
slowly. The ABC-fractional operator w, impacts the dynamics that define patients affected with smoke-related disease due
to the memory property of fractional derivatives. When ABC-fractional order u. tends to 0, we noticed that the infection’s
maximum levels are reduced.

From Fig. 4(a),4(c) and Fig. 5(a),5(c) we noticed that the rate at which 1-Group become potential smoker and addicted to
smoking was high as compared to 2-Group. The trajectories in Fig. 4(b) and Fig. 5(b) is proportional to the fractional opera-
tor. From Fig. 4(d) and Fig. 5(d), we observed high rate of 2-Group people quitting from smoking as compared to 1-Group.
Fig. 4(e) and Fig. 5(e) shows major memory difference between 1-Group and 2-Group. In addition, when we choose differ-
ent parameter values for 8; and B, with fixed fractional operator w, = 0.90. In Fig. 6-9, we observed different transmission
between 1-Group and 2-Group. In Fig. 6, as we varied 1, obviously, the rate at which 1-Group becomes smoker increases.
On the other hand, when we varied f; resulted in a minimal transmission rate on the 2-Group smokers. In Fig. 6(e) and
Fig. 7e, when B is varied, we observed no significant impact. In Fig. 8 and Fig. 9, as we varied 3, obviously, the rate at
which 2-Group become smokers increases. On the other hand, when one varies §,, the trajectory of smokers in the 1-Group
reduces. This could be as result of the 2-Group have less contact with the public.
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8. Conclusion

We have formulated dynamics of the 2-age group smoke transmission model under ABC-fractional order. By means of
the fixed point theorem of Banach and Krasnoselskii's type, we proved the existence and uniqueness set of the solutions of
the 2-age group smoke transmission model and the stability solutions by HU stability type. Numerical simulations with the
assumption of specific parameters, we were able to achieve complex dynamics of the system by changing the ABC-fractional
operators. Figures obtained demonstrate the simulations for the analytical solutions of the special 2-age group smoke model
and notably depends on the ABC-fractional derivative. We come to the conclusion that the model can be modified to add
the effects of campaigns like publicly funded programmes to avoid the smoking epidemic. It is feasible to pinpoint the age
groups that should be addressed for a campaign to be most successful. Similarly, the model could also be useful in setting
up age-dependent treatment programmes. In the future, this work could be used to study different fractional operators and
fractal-fractional optimal control with real data.
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